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Abstract

We present a novel methodology for estimating/testing the Bansal-Yaron (2004)
and related long-run risks (LRR) models based on the observation that the latent state
variables are known functions of observables. The large standard error of the estimated
IES explains the controversy on its magnitude. The model requires higher persistence
of consumption and dividend growth to explain the cross-section of returns than that
observed in the data. The model matches the unconditional moments of consumption
and dividend growth, but implies a higher risk free rate and lower volatility of the
price-dividend ratio, risk free rate, and market return than those observed in the data.
Contrary to the model implications, the conditional variance of the LRR variable fails
to capture the large time-variation in the equity premium.
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Introduction

A burgeoning literature in finance addresses investors’attitudes towards the timing

of resolution of uncertainty of future consumption and cash flows through the class

of preferences introduced by Epstein and Zin (1989), Kreps and Porteus (1978), and

Weil (1989). Models initiated by Bansal, Dittmar, and Lundblad (2005), Bansal and

Yaron (2004), and Hansen, Heaton, and Li (2008) have rich implications on prices and

show promise in explaining the time series and cross-sectional properties of returns of

financial assets. These models pay particular attention to the low frequency properties

of the time series of dividends and aggregate consumption– hence their characterization

as long run risks (LRR) models.1 The main diffi culty in assessing their empirical

plausibility is their reliance on latent state variables.

We propose an empirical methodology for estimating and testing asset pricing mod-

els of the cross-section of equity returns when the state variables are latent. We apply

this methodology to revisit the log-linearized LRR model introduced by Bansal and

Yaron (2004) (hereafter B-Y) and provide novel insights into this class of models. The

latent state variables, the conditional mean of the aggregate consumption growth rate

(the LRR variable) and the conditional variance of its innovation, are hard to measure

in the data. We bypass the need to filter the latent state variables, a procedure which

potentially introduces estimation error and decreases the power of the tests. We argue

that the two latent state variables are, in fact, observable because both the aggregate

log price-dividend ratio and log risk free rate are affi ne functions of only these two state

variables with coeffi cients that are known functions of the preference parameters and

of the parameters of the time-series processes. This observation allows us to invert the

system and express the two state variables as known affi ne functions of the observable

aggregate log price-dividend ratio and log risk free rate. Whereas this methodology is
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common in the context of affi ne term structure models (for example, Dai and Singleton

(2000) and Duffee (2002)), this is the first application in the equities literature.

We estimate the model through GMM on the joint system of the Euler equations

of consumption and the restrictions imposed on the model parameters by the uncondi-

tional moments of the aggregate dividend and consumption growth over 1931− 2009.

We are able to write down the Euler equations without reference to the latent state

variables because we express the log pricing kernel as an affi ne function of the aggregate

log price-dividend ratio, the log risk free rate, and their lags, in addition to consump-

tion growth. The estimated parameter values and, most importantly, their standard

errors, provide insights beyond those obtainable via calibration.

The most notable finding is that the standard error of the estimated intertemporal

elasticity of substitution in consumption is large. One cannot reject either the hypoth-

esis that it is lower than one or the hypothesis that it exceeds one. Furthermore, one

cannot reject the hypotheses that it is either lower or higher than the inverse of the risk

aversion coeffi cient. Therefore, these results offer an insight as to why the magnitude

of the elasticity is controversial in the literature. The results suggest that one should

explore LRR models with a wide range of values for the elasticity.

Another finding is that the model requires higher persistence of consumption and

dividend growth to explain the cross-section of returns over the period 1931−2009 than

the persistence estimated from the time series of consumption and dividend growth

alone. This suggests that one should explore channels through which a lower level of

persistence can address the cross-section of equity returns.

In simultaneously testing the Euler equations of consumption and the restrictions

imposed on the model parameters by the unconditional moments of the aggregate

dividend and consumption growth, we find that the model matches the unconditional
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moments of the aggregate consumption and dividend growth rates. Therefore, the

model is on the right track. However, it implies a higher value for the risk free rate

than that observed in the data (2.8%-4.5% versus 0.6%), lower volatility of the risk free

rate (0.9%-1.7% versus 3.0%), and lower volatility of the market-wide price-dividend

ratio (0.11-0.19 versus 0.45). Moreover, it implies economically large annual pricing

errors for the "Small" capitalization and the "Value" portfolios. An implication of

these findings is that one should explore ways to enhance the model by refining the

definition of the state variables and possibly introducing additional ones.

Finally, we address the model’s implications regarding predictability. The model

implies that the conditional expectation of the equity premium is an affi ne function of

the conditional variance of the LRR variable, yet we find that the conditional variance

does not predict the equity premium. We also find that the LRR variable predicts

the equity premium, despite the implications of the model to the contrary, suggesting

that the model may be enhanced either by making the conditional expectation of the

equity premium dependent on state variables other than the conditional variance of

the LRR variable or by an alternative specification of the dynamics of the conditional

variance process. We verify the model’s implication that the LRR variable predicts

consumption and dividend growth. However, the fact that the conditional variance

also contributes in predicting consumption and dividend growth, even though the model

does not imply such predictability, suggests that the model may be enhanced in ways

that make the conditional expectation of consumption and dividend growth dependent

on state variables in addition to the LRR variable. Whereas these predictability results

may be partly due to estimation error in the model parameters, we argue in Section 4

that this is unlikely to be the full explanation.

In our second application of the methodology, we revisit the co-integrated exten-
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sion of the B-Y model by Bansal, Gallant, and Tauchen (2007) which introduces the

aggregate consumption-to-dividend ratio as a third state variable. The two latent state

variables are observable because both the aggregate log price-dividend ratio and log

risk free rate are affi ne functions of only the two latent state variables and the ob-

servable consumption-to-dividend ratio with coeffi cients that are known functions of

the preference parameters and of the parameters of the time-series processes. This

observation allows us to invert the system and express the two latent state variables

as known affi ne functions of the observable aggregate log price-dividend ratio, log risk

free rate, and consumption-to-dividend ratio. The conclusions are broadly similar to

those for the B-Y model.

We address the possibility that the decision interval may be monthly instead of

annual by comparing our estimation and testing results at the annual frequency to those

obtained using the B-Y monthly calibration. The results are very similar, suggesting

that our findings are unlikely to be driven by the choice of the decision frequency.

The paper is organized as follows. In Section 1, we describe the estimation and

testing methodology of the B-Y model. We discuss the data in Section 2. In Section 3,

we estimate the model, discuss the parameter estimates, present the empirical evidence

on the cross-section of returns, and explore the robustness of the results. In Section

4, we present the results of the model-implied in-sample forecasting regressions for the

equity premium and the aggregate consumption and dividend growth rates. In Section

5, we estimate and test the co-integrated extension of the model. Section 6 concludes.

The appendix contains derivations and details of the testing methodology.
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1 The Model and Its Testable Implications

We describe the LRR model of Bansal and Yaron (2004) and derive its testable im-

plications for the equity premium and the cross-section of returns. Then we derive its

testable implications for the predictability of the equity premium, dividend growth,

and consumption growth.

1.1 Model

The Bansal and Yaron (2004) LRR model introduces the novel state variable, xt,

and the variance of its innovation, σ2t , that jointly drive the conditional mean of the

aggregate consumption and dividend growth rates:

xt+1 = ρxxt + ψxσtεx,t+1, (1)

σ2t+1 = (1− υ)σ2 + υσ2t + σwεσ,t+1, (2)

∆ct+1 = µc + xt + σtεc,t+1, (3)

∆dt+1 = µd + φxt + ϕσtεd,t+1, (4)

where ct+1 is the logarithm of the aggregate consumption level and dt+1 is the logarithm

of the aggregate stock market dividends. The shocks εx,t+1, εσ,t+1, εc,t+1, and εd,t+1 are

assumed to be i.i.d. N(0, 1) and mutually independent. The time-series specification

in equations (1)-(4) introduces nine parameters: µc, µd, φ, ϕ, ρx, ψx, σ, υ, and σw. In

Appendix A.1, we derive various unconditional moments of consumption and dividend

growth rates as functions of the time-series parameters.

The model further assumes that the representative consumer has the version of

Kreps and Porteus (1978) preferences adopted by Epstein and Zin (1989) and Weil
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(1989). These preferences allow for separation between the coeffi cient of risk aver-

sion and the elasticity of intertemporal substitution. The utility function is defined

recursively as

Vt =
[
(1− δ)C

1−γ
θ

t + δ
(
Et
[
V 1−γ
t+1

]) 1
θ

] θ
1−γ
, (5)

where δ denotes the subjective discount factor, γ > 0 is the coeffi cient of risk aversion,

ψ > 0 is the elasticity of intertemporal substitution, and θ = 1−γ
1− 1

ψ

. Note that the

sign of θ depends on the relative magnitudes of γ and ψ. The standard time-separable

power utility model is obtained as a special case when θ = 1, i.e. γ = 1
ψ
.

For this specification of preferences, Epstein and Zin (1989) and Weil (1989) show

that, for any asset j, the first-order conditions of the consumer’s utility maximization

yield the Euler equation,

Et [exp(mt+1 + rj,t+1)] = 1, (6)

where

mt+1 = θ log δ − θ

ψ
∆ct+1 + (θ − 1)rc,t+1 (7)

is the natural logarithm of the intertemporal marginal rate of substitution; Et[.] denotes

expectation conditional on time t information; rj,t+1 is the continuously compounded

return on asset j; and rc,t+1 is the unobservable continuously compounded return on

an asset that delivers aggregate consumption as its dividend each period.

We rely on log-linear approximations for the log return on the consumption claim,

rc,t+1, and on the market portfolio (the return on the aggregate dividend claim), rm,t+1,
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as in Campbell and Shiller (1988):

rc,t+1 = κ0 + κ1zt+1 − zt + ∆ct+1, (8)

rm,t+1 = κ0,m + κ1,mzm,t+1 − zm,t + ∆dt+1, (9)

where zt is the log price-consumption ratio and zm,t the log price-dividend ratio. In

equation (8), κ1 = ez

1+ez
and κ0 = log(1 + ez) − κ1z are log-linearization constants,

where z denotes the long-run mean of the log price-consumption ratio. Similarly, in

equation (9), κ1,m = ezm

1+ezm
and κ0,m = log(1 + ezm) − κ1,mzm, where zm denotes the

long-run mean of the log price-dividend ratio.

B-Y show that zt and zm,t are affi ne functions of the state variables, xt and σ2t ,

zt = A0 + A1xt + A2σ
2
t , (10)

zm,t = A0,m + A1,mxt + A2,mσ
2
t . (11)

The coeffi cients A0, A1, A2, A0,m, A1,m, and A2,m depend on the parameters of the

utility function, those of the stochastic processes for consumption and dividend growth

rates, and the linearization parameters, κ0, κ1, κ0,m and κ1,m (see Appendix A.2.1 for

expressions for these coeffi cients and for the procedure that ensures that the lineariza-

tion parameters κ0, κ1, κ0,m and κ1,m are consistent with equations (10) and (11)).

For this model specification, the log risk free rate from period t to t+1 may also be

expressed as an affi ne function of the state variables (see Appendix A.2.2 for expressions

for A0,f , A1,f , and A2,f),
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rf,t = − logEt [exp(mt+1)] ,

= A0,f + A1,fxt + A2,fσ
2
t . (12)

Equations (11) and (12) express the observable variables, zm,t and rf,t, as affi ne

functions of the latent state variables, xt and σ2t . These equations may be inverted to

express the latent state variables, xt and σ2t , as affi ne functions of the observables, zm,t

and rf,t, (see Appendix A.2.3 for details and expressions for α0, α1, α2, β0, β1, and

β2),

xt = α0 + α1rf,t + α2zm,t, (13)

σ2t = β0 + β1rf,t + β2zm,t. (14)

1.2 Testable Implications for the Equity Premium and the
Cross-Section of Returns

Substituting the log-affi ne approximation for rc,t+1 in equation (8) into the expression

for the pricing kernel (equation (7)), and noting that zt is given by equation (10), we

have,

mt+1 = (θ log δ + (θ − 1) [κ0 + (κ1 − 1)A0]) +

(
− θ
ψ

+ (θ − 1)

)
∆ct+1

+(θ − 1)κ1A1xt+1 + (θ − 1)κ1A2σ
2
t+1 − (θ − 1)A1xt − (θ − 1)A2σ

2
t . (15)
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Equation (15) for the pricing kernel involves the unobservable (from the point of

view of the econometrician) state variables, xt and σ2t , and, hence, is not directly

testable on a cross-section of asset returns. Substituting the expressions for xt and σ2t

from equations (13) and (14) into the pricing kernel in equation (15), we have,

mt+1 = c1 + c2∆ct+1 + c3

(
rf,t+1 −

1

κ1
rf,t

)
+ c4

(
zm,t+1 −

1

κ1
zm,t

)
. (16)

The parameters c = (c1, c2, c3, c4)
′ are functions of the parameters of the time-series

processes and the preference parameters (see Appendix A.2.4 for details). The above

expression for the pricing kernel is entirely in terms of observables. We substitute this

expression into the set of Euler equations (6) to obtain a set of moment restrictions

that are expressed entirely in terms of observables.

We first examine the empirical plausibility of the model when the set of assets

consists of the market portfolio and the risk free rate, thereby focusing on the equity

premium and risk free rate puzzles. To the set of their Euler equations we add restric-

tions on the unconditional moments of consumption and dividend growth implied by

the time-series specification of the model. We estimate the parameters with GMM and

test the specification of the model with the overidentifying restrictions. We then ex-

amine the ability of the model to explain the cross-section of returns. The set of assets

consists of the "Value", "Growth", "Small" capitalization, and "Large" capitalization

portfolios, in addition to the market portfolio and the risk free rate. To the set of their

Euler equations we add moment restrictions implied by the time-series specification of

the model and test with GMM.
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1.3 Testable Implications for Predicting Returns and Growth
Rates

Equations (9), (11), (4) and (12) imply that the equilibrium expected market return is

an affi ne function of the state variables, xt and σ2t :

Et[rm,t+1] = B0 +B1xt +B2σ
2
t ; (17)

and the expected equity premium is an affi ne function of the state variable σ2t alone:

Et[rm,t+1 − rf,t] = E0 + E1σ
2
t ; (18)

The coeffi cients are known functions of the underlying time series and preference pa-

rameters.

The model also implies that the conditional variance of the market return is an

affi ne function of the state variable σ2t :

V art (rm,t+1) = (κ1,mA2,mσw)2 +
[
(κ1,mA1,mψx)

2 + ϕ2d
]
σ2t . (19)

Finally, the time series specification of the model implies that the expected con-

sumption growth rate is given by

Et[∆ct+1] = µc + xt, (20)

and the expected dividend growth rate is given by

Et[∆dt+1] = µd + φxt, (21)
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both affi ne functions of the state variable xt.

Since the state variables, xt and σ2t are affi ne functions of the observables zm,t and

rf,t, we use the point estimates of the time series and preference parameters and the

time series of zm,t and rf,t to extract the time series of the state variables. In Section

4, we test the predictive implications of the model through in-sample linear forecasting

regressions of the realized equity premium on the state variable σ2t and of the aggregate

consumption and dividend growth rates on the LRR variable xt.

2 Data

We use monthly data on prices and dividends and annual data on consumption from

January 1929 through December 2009. The proxy for the market is the Centre for

Research in Security Prices (CRSP) value-weighted index of all stocks on the NYSE,

AMEX, and NASDAQ. The construction of the size and book-to-market portfolios is

as in Fama and French (1993). In particular, for the size sort, all NYSE, AMEX,

and NASDAQ stocks are allocated across ten portfolios in June of each year according

to their market capitalization at the end of June. NYSE breakpoints are used in the

sort. Value-weighted monthly returns on these size-sorted portfolios are computed from

July of the year to June of the next year. "Small" and "Large" denote the bottom and

top market capitalization deciles, respectively. For the book-to-market equity sort, all

NYSE, AMEX, and NASDAQ stocks are allocated across ten portfolios in June of each

year according to their book equity (BE) to market equity (ME) ratio at the end of

the previous year. NYSE breakpoints are used in the sort. Value-weighted monthly

returns on these BE/ME-sorted portfolios are computed from July of the year to June

of the next year. "Growth" and "Value" denote the bottom and top BE/ME deciles,

respectively.
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The monthly portfolio return is the sum of the portfolio price and dividends at the

end of the month, divided by the portfolio price at the beginning of the month. The

annual portfolio return is the sum of the portfolio price at the end of the year and

uncompounded dividends over the year, divided by the portfolio price at the beginning

of the year. The real annual portfolio return is the above annual portfolio return

deflated by the realized growth in the Consumer Price Index.

The proxy for the real annual risk free rate is obtained as in Beeler and Campbell

(2011). Specifically, the quarterly nominal yield on 3-month Treasury Bills is deflated

using the realized growth in the Consumer Price Index to obtain the ex post real 3-

month T-Bill rate. The ex-ante quarterly risk free rate is then obtained as the fitted

value from the regression of the ex post 3-month T-Bill rate on the 3-month nominal

yield and the realized growth in the Consumer Price Index over the previous year.

Finally, the ex-ante quarterly risk free rate at the beginning of the year is annualized

to obtain the ex-ante annual risk free rate.

The annual price-dividend ratio of the market is the market price at the end of the

year, divided by the sum of dividends over the previous twelve months. The dividend

growth rate is the sum of dividends over the year, divided by the sum of dividends

over the previous year and is deflated using the realized growth in the Consumer Price

Index.

Consumption data are obtained from the Bureau of Economic Analysis. The real

annual consumption growth rate is the real per capita personal consumption expendi-

ture on nondurable goods and services over the year, divided by the per capita personal

consumption expenditure on nondurable goods and services over the previous year.

Table 1 provides descriptive statistics for the continuously compounded returns on

the assets, the market-wide price-dividend ratio, and the aggregate consumption and
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dividend growth rates for the annual sample over the period 1931 − 2009. The table

illustrates the well documented equity premium and the size and value premia. Over

the sample period, the annual equity premium over the risk free rate has mean 5.6%

and the volatility of the market return is 19.8%. The annual risk free rate has mean

0.6% and volatility 3.0%. The annual mean premium of small over large stocks is 4.7%

and of value over growth stocks is 4.5%. Value stocks are more volatile than growth

stocks and small stocks are much more volatile than large stocks.

The annual log price-dividend ratio on the market has mean 3.38 and volatility 0.45

over the sample period. The average annual log dividend growth rate on the market

portfolio is 1.0% with volatility 11.7%. Finally, the annual log consumption growth

has mean 2.0% and volatility 2.1% over the sample period.

3 Parameter Estimates and Model-Generated Mo-
ments

3.1 Parameter Estimates from the Time-Series Processes

We estimate the parameters of the time-series processes of aggregate consumption and

dividend growth over 1931− 2009, without reference to the Euler equations. We esti-

mate the nine parameters of the time-series model (1)-(4) to match the following nine

sample moments: the unconditional mean, variance, and first-order autocorrelation

of consumption and dividend growth rates, the correlation between consumption and

dividend growth rates, and the variance of squared consumption and dividend growth

rates. These estimates serve as a benchmark for comparison when we subsequently re-

estimate these parameters from the joint system of the time-series moment restrictions

and the Euler equations.
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The point estimates, along with the associated standard errors (Newey-West (1987)

corrected using two lags) in parentheses, are displayed in the first row of Table 2. Note

that the system is exactly identified and, therefore, the model-generated moments

computed at the point estimates of the parameters closely match their sample analogs.

The estimated parameter values and, most importantly, their standard errors, provide

insights beyond those obtainable via calibration. The point estimate of the persistence

parameter (ρx) of the LRR variable is 0.44 and is significantly different from zero. This

finding lends support to the major risk channel highlighted in the LRR literature - a

predictable component in the aggregate consumption and dividend growth rates. The

parameter φ, that measures the sensitivity of the expected dividend growth rate to

changes in the LRR variable, is statistically significant while the parameters ϕ and

ψx, that determine the volatility of the innovations to dividend growth and the LRR

variable, respectively, are very imprecisely estimated. Finally, the parameters governing

the dynamics of the conditional variance process in equation (2), namely (σ, υ, σw),

are imprecisely estimated and none of them is significantly different from zero. This

imprecision may be due to the lack of power or misspecification of the dynamics of

the volatility process. In Section 4, we find support for the latter by showing that

the conditional variance (σ2t ) does not forecast the equity premium, contrary to the

implications of the model.

3.2 Parameter Estimates andModel-GeneratedMoments from
the Time-Series Processes and the Two-Asset System

We re-estimate the parameters of the time-series processes of aggregate consumption

and dividend growth along with the preference parameters over 1931− 2009 from the

joint system of the nine unconditional moments implied by the time-series processes
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and six Euler equations of consumption on the market return and risk free rate. This

enables us to address the ability of the model to explain the equity premium and risk

free rate puzzles. We are able to write down Euler equations without reference to the

latent state variables because we express the log pricing kernel as an affi ne function of

the aggregate log price-dividend ratio, the log risk free rate, and their lags, in addition

to consumption growth. We augment the two unconditional Euler equations for the

market return and the risk free rate with four Euler equations conditional on the lagged

log price-dividend ratio of the market and the lagged log risk free rate. Combined

with the nine time-series moment restrictions, this system of 15 restrictions and 12

parameters (9 time-series parameters plus 3 preference parameters) is overidentified.

We estimate the parameters with GMM using the effi cient weighting matrix and test

the model with the overidentifying restrictions.2 The point estimates, along with the

associated standard errors in parentheses, are displayed in the second row of Table

2. We also verify the robustness of the estimation and tests by replacing the effi cient

weighting matrix with the identity matrix in Section 3.5.2.

The most notable finding is that the standard error of the estimated intertemporal

elasticity of substitution in consumption (ψ) is large and one can reject neither the

hypothesis that it is lower than one nor that it exceeds one, thereby providing an insight

as to why the magnitude of the elasticity is a controversial issue in the literature. This

lack of precision should be contrasted with the plausible and relatively precise estimates

of the subjective discount factor (δ) and relative risk aversion coeffi cient (γ). The lack

of precision in estimating the elasticity suggests that one should explore LRR models

with a wide range of values for this parameter.

In Table 2, we also report the historical and model-generated moments of the con-

sumption and dividend growth rates, market return, risk free rate, and market-wide
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price-dividend ratio. The column entitled "Data" reports the moments computed from

historical data along with standard errors in parentheses. The column entitled "Model"

presents the model-generated moments along with the 95% confidence intervals in

square brackets. We calculate the model-generated moments from the analytical ex-

pressions for these moments at the point estimates of the parameters. We calculate

their 95% confidence intervals from 10, 000 simulations of 80 years each, the same size

as the historical sample. The model does a good job at matching the unconditional

moments of the aggregate consumption and dividend growth rates and the mean mar-

ket return. However, it implies a higher value for the risk free rate than that observed

in the data (4.5% versus 0.6%), lower volatility of the risk free rate (1.0% versus 3.0%),

and lower volatility of the market return (10.7% versus 19.8%).

The model also implies a lower volatility of the market-wide price-dividend ratio

(0.11 versus 0.45) as noted earlier in Beeler and Campbell (2011). The reason for

this can be explained as follows. The price-dividend ratio is an affi ne function of

the two state variables (equation (11)). Using the point estimates of the parameters

in Table 2, most of the variability of the price-dividend ratio in the model is due to

variation in the LRR variable (85.9%) with the conditional variance of the LRR variable

only accounting for 14.1% of the variance of the price-dividend ratio. Therefore, the

volatility of the price-dividend ratio is largely determined by the persistence parameter

of the LRR variable and the elasticity of intertemporal substitution that determine

the loading of the price-dividend ratio on the LRR variable. The point estimate of

the persistence parameter of the LRR variable is 0.48 in Table 2 that gives rise to a

volatility of 0.11 for the price-dividend ratio. For example, if we choose the persistence

parameter to be 0.88, the model-implied volatility of the price-dividend ratio becomes

0.44 and closely matches the observed volatility of 0.45. However, this counterfactually
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implies a much higher persistence of the consumption growth rate than that observed

in the data (0.69 vs 0.45) and much higher persistence of the dividend growth rate

(0.80 vs 0.16).

Finally, the J-stat is 9.45 and has asymptotic p-value 2.4%. Overall these results

suggest that one should explore ways to further enhance the model by refining the

definition of the state variables and possibly introducing additional state variables.

3.3 Interpretation of the Model at the Monthly Frequency

The estimation results in Table 2 were obtained under the assumption that the de-

cision interval of the agent is annual. We next examine the B-Y model under the

interpretation that the decision frequency is monthly. Since we do not have reliable

monthly data to directly test the model at the monthly frequency, we adopt the B-Y

calibration at the monthly frequency and examine the model’s implications at the an-

nual frequency. We compute the model-implied moments from a single simulation of 1

million monthly observations and the 95% confidence intervals from 10000 simulations

of the same length as the historical time series.

The results are reported in Table 3. The model does a better job than the model in

Table 2 in matching the volatility of dividend growth, market return, risk free rate, and

price-dividend ratio. However, the model does a worse job than the model in Table 2 in

matching the volatility of consumption growth, the correlation between consumption

and dividend growth, and the mean of the price-dividend ratio. Overall, the results

suggest that the interpretation of the model at the monthly frequency improves the

ability of the model to match certain moments of the data compared to an annual

decision interval while worsening the model’s fit for certain other moments.
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3.4 Parameter Estimates andModel-GeneratedMoments from
the Time-Series Processes and the Six-Asset System

We augment the set of assets to include the "Value", "Growth", "Small" capitalization,

and "Large" capitalization portfolios, in addition to the market portfolio and the risk

free rate. The unconditional Euler equations for these six assets along with the nine

time-series moment restrictions give 15 moment restrictions in 12 parameters. The

model does a better job at pricing some unconditional moments than others. The large

standard errors of the estimated preference parameters and the parameters governing

the conditional variance process, σ2t , neither lend support nor deny the possibility that

the channels of high elasticity and the particular conditional variance process in the B-

Y model are pivotal in addressing the cross-section of returns. The results are reported

in Table 4.

The point estimate of the persistence parameter of the LRR variable is 0.75 and

is much higher than the value of 0.44 estimated from the time series of consumption

and dividend growth alone. Therefore, the model requires much higher persistence

of consumption and dividend growth to explain the cross-section of returns than the

persistence estimated from the time series of the growth rates. The point estimate

of the elasticity (1.82) and its standard error are both higher than the corresponding

values in Table 2. These findings reinforce the earlier conclusion that one should explore

LRR models with a wide range of values for the elasticity.

The model-implied unconditional moments of the aggregate consumption and divi-

dend growth rates in the 6-asset system are comparable to those in the 2-asset system.

However, the 6-asset system exacerbates pricing discrepancies on the mean market

return and risk free rate that we previously identified when we estimated the model

on the 2-asset system. We compute the model-implied mean returns of the "Value",
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"Growth", "Small" capitalization, and "Large" capitalization portfolios.3 The annual

pricing errors for the “Large” and "Growth" portfolios are small while the error for

the “Small”portfolio is 5.1% and for the “Value”portfolio is 3.9%. The J-stat is 11.30

and the p-value is 1.0%, based on the asymptotic distribution of the J-stat.

3.5 Robustness Tests

In Section 3.5.1, we address the robustness of our results to observation error in the

price-dividend ratio and risk free rate. In Section 3.5.2, we examine the robustness of

our results to the choice of weighting matrix in the GMM estimation. In Section 3.5.3,

we address the robustness of our results to the post war sub-period.

3.5.1 Observation Error in the Price-Dividend Ratio and Risk free Rate

A crucial step in observing the latent state variables consists of inverting the system

that expresses the risk free rate and price-dividend ratio as affi ne functions of the latent

state variables. Therefore, the latent state variables are observed with error because

both the risk free rate and price-dividend ratio are observed with error. In particular,

our proxy for the one-year real risk free rate is the deflated one-year nominal risk free

rate. We address the sensitivity of our results to this potential source of error by

introducing a third observable, namely the conditional variance of the one-year market

return, that is an affi ne function of the latent state variables σ2t (equation (19)). We

proxy this conditional variance with the sum of squared daily market returns over the

previous 12 months.4 We now have a system of three observables, the risk free rate,

price-dividend ratio, and conditional variance of the one-year market return, as affi ne

functions of the two latent state variables. At each time period, we estimate the values

of the latent state variables by a cross-sectional least squares regression of the three

observables on their loadings on the latent state variables and proceed as in Section
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3.4. The results are reported in Table 5.

The point estimates of the parameters are not significantly different from those

in Table 4. The model-implied mean of the market return and the volatility of the

risk-free rate are slightly closer to their sample counterparts than the model-implied

moments in Table 4. Overall, we find that the introduction of the conditional variance

of the one-year market return as a third observable does not significantly enhance the

fit of the model.

3.5.2 Sensitivity to the Choice of Weighting Matrix in the GMM Estima-
tion

We investigate the robustness of the estimation and tests by replacing the effi cient

weighting matrix with the identity matrix. Table 6 reports results for the same sys-

tem of moment restrictions as Table 5, but using the identity weighting matrix. The

mean and volatility of the market return and risk free rate, the volatility of the price-

dividend ratio and dividend growth, and the mean of "Small" and "Value" portfolio

returns are closer to their sample counterparts than the model-implied moments in

Table 5. However, the mean and volatility of consumption growth, the autocorrelation

of consumption and dividend growth, and the mean of the price-dividend ratio are fur-

ther apart from their sample counterparts. Overall, the use of the identity weighting

matrix does not unambiguously enhance the fit of the model.

3.5.3 Robustness to the Post War Sub-Period

Since the period prior to 1947 was one of great economic uncertainty, including the

Great Depression, World War II, and structural breaks in the equity premium (Pastor

and Stambaugh (2001)), the inability of the B-Y model to match certain moments in

the data over the full sample period may be due to its poor performance in the pre
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war period.

We explore this possibility by repeating the estimation and testing of the 6-asset

system over the post war sub-period 1947 − 2009. The results are reported in Table

7 and are worse than those obtained over the full period in Table 4. The model does

a better job at matching the unconditional volatility of dividend growth. However, it

does a worse job at matching the mean of "Small", "Large", "Growth" and "Value"

stocks and the volatility of the market return. The J-stat is 12.38 and has asymptotic

p-value less than 1%. Therefore, the inability of the B-Y model to match certain

moments in the data cannot be attributed to poor performance in the prewar period.

4 Forecasting Returns and Consumption and Div-
idend Growth

The B-Y model implies that the conditional expectation of the equity premium is an

affi ne function of the conditional variance, σ2t , of the LRR variable (equation (18)).

Bansal, Khatacharian, and Yaron (2005) show that the conditional volatility of con-

sumption growth predicts valuation ratios. We address the question as to whether the

conditional vaiance forecasts the equity premium. We regress the realized annual eq-

uity premium, rm,t+1−rf,t, on the conditional variance, σ2t , over the period 1931−2009.

The results are displayed in the first row of Table 8, Panel A. The regression coeffi cient

is not statistically significant and the R2 is zero.5 Figure 1 displays the time series of

the realized equity premium along with the predicted time series from the above model-

implied forecasting regression. Years with NBER recessions in at least two quarters

are displayed as shaded columns. The conditional variance exhibits a countercyclical

pattern with a correlation coeffi cient of 0.36 between the time series of the conditional

variance and an indicator variable that takes the value of one in a recession year (de-
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fined as above) and zero otherwise. The figure shows that the conditional variance

does not predict the equity premium as this conditional variance is flat.6

Next, we add the LRR variable, xt, as a second predictor variable in the regression,

even though the model implies that the expectation of the equity premium is a function

of the state variable σ2t alone. The results are displayed in the second row of Table

8, Panel A. The regression coeffi cient of σ2t remains statistically insignificant, the

regression coeffi cient of xt is marginally significant, and the R2 increases to 3.3%. We

repeat the regressions over the post war subperiod 1947− 2009 and display the results

in the first two rows of Table 8, Panel B. In the regression of the equity premium

on the conditional variance, the regression coeffi cient remains insignificant and the R2

remains zero. In the regression on the conditional variance and the LRR variable, the

regression coeffi cient on σ2t remains statistically insignificant, the coeffi cient on xt is

strongly statistically significant, and the R2 increases to 7.2%.

Similar results are obtained at the 2-year and 5-year frequencies and are reported

in Table 9. The B-Y model implies that the 2-year and 5-year expected equity premia

are affi ne functions of σ2t alone. At the 2-year frequency, a forecasting regression of

the realized equity premium on σ2t produces a statistically insignificant slope coeffi cient

and R2 0.6%. When xt is added as a second predictor variable in the regression, the

regression coeffi cient on σ2t becomes marginally significant, the regression coeffi cient on

xt is strongly significant, and the R2 increases by two orders of magnitude to 13.0%. At

the 5-year frequency, the regression of the equity premium on the conditional variance

alone gives R2 0.6% while the inclusion of the LRR variable as an additional predictor

variable raises the R2 dramatically to 31.4%.

The overall conclusion is that the conditional variance does not predict the eq-

uity premium. This suggests that the dynamics of the conditional variance process
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in equation (2) may be misspecified and the ability of the model to forecast the large

time-variation in the equity premium may be improved by alternative volatility spec-

ificatons. Also, the fact that the LRR variable predicts the equity premium, despite

the implications of the model to the contrary, suggests that the B-Y model may be

enhanced in ways that make the conditional expectation of the equity premium depen-

dent on state variables other than the conditional variance of the LRR variable. Which

of these two approaches is more promising is the scope of future research.

The B-Y model also implies that the conditional expectation of the aggregate con-

sumption growth rate is an affi ne function of the LRR variable (equation (20)), and the

conditional expectation of the aggregate dividend growth rate is an affi ne function of

the LRR variable (equation (21)). We regress the realized consumption growth on the

LRR variable, over the period 1931−2009. The results are displayed in the third row of

Table 8, Panel A. The regression coeffi cient is not statistically significant and the R2 is

1.5%. Figure 2 displays the time series of the realized consumption growth rate along

with the predicted time series from the model-implied forecasting regression. The LRR

variable is not very correlated with the business cycle with a correlation coeffi cient of

only −0.17 between the variable and an indicator variable that takes the value of one

in a recession year and zero otherwise.

Next, we add the conditional variance, as a second variable in the regression, even

though the model does not imply that the expectation of consumption growth is a

function of this variable. The results are displayed in the fourth row of Table 8,

Panel A. Both coeffi cients are statistically significant and the R2 increases by an

order of magnitude from 1.5% to 13.9%. The results in Panel B over the post war

subperiod 1947 − 2009 make this point even more strongly. The regression of the

realized consumption growth rate on the lagged LRR variable, xt, gives a statistically
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insignificant coeffi cient on xt and negative R2 (Row 3). Adding the lagged conditional

variance, σ2t , as a second predictor variable to the regression produces statistically

significant coeffi cients on both variables and 21.1% R2(Row 4).

We obtain similar results for the dividend growth rate. Over the period 1931−2009,

a forecasting regression of the aggregate dividend growth rate on xt gives R2 5.3%

(Panel A, Row 5) while the inclusion of the state variable σ2t doubles the R
2 to 10.2%

(Panel A, Row 6). Figure 3 displays the time series of the realized dividend growth

rate along with the predicted time series from the model-implied forecasting regression

of the realized dividend growth rate on the LRR state variable. Over the post war

subperiod 1947− 2009, the LRR variables loses its forecasting power for the dividend

growth rate with R2 −1.6% (Panel B, Row 5). The conditional variance, on the other

hand, predicts the dividend growth with a statistically significant coeffi cient and R2

5.3% (Panel B, Row 6).

Overall the results suggest that the LRR variable does have some predictive power

for the consumption and dividend growth rates. However, the conditional variance

has strong incremental predictive power for the aggregate consumption and dividend

growth rates over and above that contained in the LRR variable, contrary to the

implications of the model. Note that, since the expected market return depends on

both state variables (equation (17)), a misspecification of the ex-ante risk free rate

could cause both predictors to enter the risk premium regression. Also, the forecasting

power of the LRR variable may be an artifact of measurement/estimation error in

the extraction of the two state variables and/or time-aggregation that might make the

innovations to the state variables correlated at the annual frequency. However, the fact

that the conditional variance strongly predicts the dividend growth rate in the post war

period even when the LRR variable loses its forecating power suggests that it is unlikely
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that our findings are entirely driven by measurement error or time-aggregation. The

results suggest that the B-Y model may be potentially enhanced in ways that make

the conditional expectation of consumption and dividend growth dependent on other

state variables in addition to the LRR variable.

5 A Co-integrated Long Run Risks Model

Bansal, Gallant, and Tauchen (2007) consider an extension of the LRR model of B-

Y that imposes a co-integrating restriction between the logarithm of the aggregate

stock market dividends and consumption. Bansal, Dittmar, and Kiku (2009) point out

that this co-integrating relation measures long run covariance risks in dividends and is

important in understanding sources of risk and explaining the equity risk premia across

investment horizons.7 We estimate the log-linearized model and test its implications

on the cross-section of returns and on forecasting the equity premium and consumption

and dividend growth, using an extension of the methodology introduced in Section 1.1.

5.1 The Model and Testable Implications

The aggregate consumption growth, the LRR variable, and the variance of its inno-

vation are modeled as in equations (1)-(3). Therefore, the pricing kernel, the log

price-consumption ratio, and risk free rate are functions of the LRR variable and the

variance of its innovation, given by equations (15), (10), and (12), respectively. The

point of departure from the B-Y model is the imposition of a co-integrating restriction

between the logarithm of the aggregate stock market dividends and consumption,

dt − ct = µdc + st, (22)
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where the cointegrating residual, st, is an I(0) process with the cointegrating coeffi cient

set at one,8

st+1 = λsxxt + ρsst + ψsσtεs,t+1. (23)

The shocks εx,t+1, εσ,t+1, εc,t+1, and εs,t+1 are assumed to be i.i.d. N(0, 1) and

mutually independent.

From equation (22), we have,

∆dt+1 = ∆ct+1 + ∆st+1, (24)

= µc + (1 + λsx)xt + (ρs − 1)st + σtεc,t+1 + ψsσtεs,t+1,

where the second line follows from equations (3) and (23).

The model has three state variables, the LRR variable xt, the variance of its in-

novation σ2t , and the co-integrating residual st. Note that the B-Y model obtains as

a limiting special case when ρs = 1. We conjecture that the log price-dividend ratio

is an affi ne function of the LRR variable, the variance of its innovation, and the co-

integrating residual. In Appendix A.3.1, we verify this conjecture and explicitly solve

for the coeffi cients. The co-integrating residual is observable as the demeaned difference

between the log aggregate dividend and consumption levels (equation (22)). We invert

the equations for the equilibrium risk free rate and market-wide price-dividend ratio

and express the unobservable state variables, xt and σ2t , in terms of the observables,

zm,t, rf,t, and st, (see Appendix A.3.2 for details). Finally, we express the pricing kernel

as an affi ne function of zm,t, rf,t, and st, their lags, and consumption growth.
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5.2 Empirical Evidence on the Co-integrated Model

We estimate the preference parameters and the parameters of the time-series processes

of aggregate consumption and dividend growth over 1931 − 2009 by GMM from the

joint system of Euler equations and the restrictions on the unconditional moments

of consumption and dividend growth imposed by the time series specification of the

model. The asset menu consists of the market portfolio, risk free rate, and portfolios

of "Small" capitalization, "Large" capitalization, "Growth" and "Value" stocks. The

Euler equations for the 6 assets give 6 moment restrictions. To this set of pricing re-

strictions, we add the following 7 time series moment restrictions: the unconditional

mean, variance, and first- and second-order autocorrelations of consumption growth,

the variance and first-order autocorrelation of dividend growth, and the correlation

between consumption and dividend growth (see Appendix A.4 for expressions for these

moments). Thus, we have a total of 13 moment conditions. The total number of para-

meters to be estimated is 12 (9 time-series parameters and 3 preference parameters).

We estimate the parameters with GMM using the effi cient weighting matrix and test

the model with the overidentifying restriction.

The results are reported in Table 10. The point estimate of the parameter ρs, that

determines the persistence of the cointegrating residual, st, is 0.90 and is statistically

indistinguishable from unity. Therefore, the data cannot distinguish the co-integrated

model from the B-Y model which obtains as a limiting special case when ρs = 1. This

explains why the conclusions drawn from Table 10 are similar to our earlier conclusions

from Table 4. The persistence parameter of the LRR variable is much higher at 0.96,

compared to the value of 0.44 estimated from the time-series model alone in the first

row of Table 4. Therefore, the co-integrated model, like the B-Y model, requires much

higher persistence of consumption growth to explain the cross-section of returns than
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the persistence estimated from the time series of consumption growth alone. The model

does a fair job at matching the unconditional moments of the consumption and dividend

growth rates. However, like the B-Y model, it implies a higher level of the risk free rate

than that observed in the data (2.8% versus 0.6%), lower volatility of the risk free rate

(0.8% versus 3.0%), and lower volatility of the market return (9.3% versus 19.8%). The

model performs better at matching the volatility of the price-dividend ratio compared

to the B-Y model. The annual pricing errors for the "Small" capitalization and "Value"

portfolios are better than those obtained for the B-Y model but the pricing error for

the "Growth" portfolio is worse. Finally, the GMM overidentifying restrictions test

rejects this model with J-stat 17.2 and asymptotic p-value less than 1%.

We next examine the forecasting power of the model-implied state variables for

the equity premium and the aggregate consumption and dividend growth rates. The

cointegrated model implies that the conditional expectation of the equity premium is

an affi ne function of the conditional variance, σ2t , of the LRR variable, (see Appendix

A.3.3 for derivation). We regress the realized equity premium, rm,t+1 − rf,t, on the

conditional variance, σ2t , over the period 1931− 2009. The results are displayed in the

first row of Table 11, Panel A. The regression coeffi cient is not statistically significant

and the R2 is −1.1%. Next, we add the LRR variable, xt, as a second predictor variable

in the regression, even though the model implies that the expected equity premium is

a function of the state variable σ2t alone. The results are displayed in the second row

of Table 11, Panel A. The regression coeffi cients are statistically insignificant and the

R2 is negative. Row 3 shows that inclusion of the cointegrating residual, st, as a third

state variable makes all three regression coeffi cients statistically indistinguishable from

zero and the R2 is still negative. We repeat the regressions over the post war subperiod

1947 − 2009 and display the results in the first three rows of Table 11, Panel B with
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similar results. The overall conclusion is that σ2t does not predict the equity premium,

contrary to the predictions of the model. This conclusion is similar to that obtained

for the B-Y model. The fact that the other state variables, namely the LRR variable

and the cointegrating residual, also do not have any forecasting power for the equity

premium suggests that this class of models are missing important state variables that

drive the dynamics of the equity premium.

The cointegrated model, like the B-Y model, also implies that the conditional ex-

pectation of the aggregate consumption growth rate is an affi ne function of the LRR

variable (equation (20)). We regress the realized consumption growth on the LRR

variable, over the period 1931 − 2009. The results are displayed in the fourth row of

Table 11, Panel A. The regression coeffi cient has the wrong sign and the R2 is 2.6%.

Next, we add the conditional variance, as a second variable in the regression, even

though the model does not imply that the expected consumption growth is a function

of this variable. The results are displayed in the fifth row of Table 11, Panel A. The

coeffi cient on σ2t is strongly statistically significant and the R
2 rises by an order of mag-

nitude from 2.6% to 27.8%. Row 6 shows that inclusion of the cointegrating residual,

st, as a third state variable does not change the outcome. The results show that the

conditional variance has strong predictive power for the aggregate consumption growth

rate, contrary to the implications of the model. The results in Panel B over the post

war subperiod 1947 − 2009 show that the LRR variable performs well at forecasting

the consumption growth rate over this period with the conditional variance and the

cointegrating residual not having much incremental forecasting power.

Finally, the cointegrated model, unlike the B-Y model, implies that the conditional

expectation of the aggregate dividend growth rate is an affi ne function of the LRR

variable and the cointegrating residual (equation (24)). We regress the realized dividend
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growth on xt and st over the period 1931−2009. The results are displayed in Row 7 of

Table 11, Panel A. The regression coeffi cient of the cointegrating residual is statistically

significant, that of the LRR variable is not, and the R2 is 7.6%. Next, we add σ2t as a

third variable in the regression, contrary to the implications of the model. The results

are displayed in Row 8. The coeffi cient on σ2t is strongly statistically significant and the

R2 more than doubles to 18.3%. This shows that the conditional variance has strong

predictive power for the aggregate dividend growth rate, contrary to the implications

of the model. The results in Panel B over the post war subperiod 1947 − 2009 show

that the none of the state variables have statistically significant coeffi cients and in both

cases the R2 is negative.

The co-integrated model generalizes the LRR model of B-Y by introducing the

difference between the log dividend and consumption levels as a third state variable.

The combined evidence from the estimation, pricing tests, and forecasting regressions

suggest that the problems identified with the model of B-Y remain to be resolved.

6 Concluding Remarks

We presented a novel methodology for estimating and testing the class of long-run

risks models and related models that contain latent state variables. We illustrated

the methodology by estimating and testing the long-run risks model of Bansal and

Yaron (2004) and its cointegrated extension in Bansal, Gallant, and Tauchen (2007)

and provided insights for building the next generation of such models. The results

are summarized in the introduction. Recent studies by Ferson, Nallareddy, and Xie,

(2011), Ghosh and Constantinides (2011), and Jagannathan and Marakani (2010) are

already building on this methodology.

The main diffi culty in assessing the empirical plausibility of such models is their
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reliance on latent state variables. The methodology is based on the insight is that the

model yields expressions of various observable quantities such as the market-wide price-

dividend ratio and risk free rate as functions of the latent state variables and the model

parameters. These functions may be inverted to express the latent state variables as

known functions of the observables and the model parameters. The procedure bypasses

the need to filter the state variables and, more importantly, bypasses the need to spell

out the information set over which consumers filter the state variables.

The latent state variables may be readily related to the time series of financial and

macroeconomic variables. The stochastic discount factor and the Euler equations of

consumption are expressed in terms of these observables. The model may be estimated

and tested with one-step procedures, such as GMM, on the joint system of the Euler

equations and the unconditional moments of observables.

Finally the methodology yields novel testable implications on predictability. For

example, whereas the B-Y model implies that the conditional mean of the equity pre-

mium is a function of the price-dividend ratio and risk free rate (and, equivalently, a

function of the LRR variable and its conditional variance), closer examination reveals

that the model has the sharper implication that the conditional mean of the equity

premium is a function of the conditional variance of the LRR variable but not of the

LRR variable itself. This sharper implication is readily testable with the methodology

that reveals the latent state variables.
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Figure Legends

Figure 1. The figure plots the time series of the realized equity premium (red-dashed

line) along with the premium predicted by the model (black solid line). The predicted time

series is obtained as the fitted value from a forecasting regression of the realized premium

on σ2t , the conditional variance of the LRR state variable xt. The grey shaded areas denote

years in which at least two quarters are in NBER-dated recession periods.

Figure 2. The figure plots the time series of the realized consumption growth rate

(red-dashed line) along with the growth rate predicted by the model (black solid line). The

predicted time series is obtained as the fitted value from a forecasting regression of the realized

consumption growth rate on the LRR state variable xt. The grey shaded areas denote years

in which at least two quarters are in NBER-dated recession periods.

Figure 3. The figure plots the time series of the realized dividend growth rate (red-dashed

line) along with the growth rate predicted by the model (black solid line). The predicted time

series is obtained as the fitted value from a forecasting regression of the realized dividend

growth rate on the LRR state variable xt. The grey shaded areas denote years in which at

least two quarters are in NBER-dated recession periods.
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Notes

1For further references, see Alvarez and Jerman (2005), Bansal, Dittmar, and Kiku (2009), Bansal,

Gallant, and Tauchen (2007), Bansal, Kiku, and Yaron (2010), Bansal and Shaliastovich (2010),

Beeler and Campbell (2011), Bekaert, Engstrom, and Xing (2009), Chen, Favilukis, and Ludvigson

(2011), Colacito and Croce (2011), Croce, Lettau, and Ludvigson (2010), Drechsler and Yaron (2011),

Ferson, Nallareddy, and Xie, (2011), Ghosh and Constantinides (2011), Hansen and Scheinkman

(2009), Jagannathan and Marakani (2010), Lettau and Ludvigson (2009), Lustig, Van Nieuwerburgh,

and Verdelhan (2008), Malloy, Moskowitz, and Vissing-Jorgensen (2009), Parker and Julliard (2005),

and Piazzesi and Schneider (2006).

2The numerical search for a global minimum is done using the library "DEoptim" that is built in

the statistical package R. An independent grid search algorithm produces very similar results.

3For the cross-section, the model-implied mean return on portfolio i is computed as Ê (Ri) =
1− ̂
Cov(M̂t,Ri,t)

Ê(M̂t)
, where x̂ denotes the estimated value of x and M is the pricing kernel. We compute

the model-implied mean returns for the cross-section using this approach because we are unable to

simulate returns on these assets without making assumptions about their dividend processes.

4Andersen, Bollerslev, Diebold, and Labys (2003) and Barndorff-Nielsen and Shephard (2002) show

that the sum of squares of high-frequency returns is a highly accurate estimator of the return variance

over a discrete time horizon. We do not use the term premia on nominal bonds as the third (or

fourth) observable because the conversion of this premia to the term premia on real bonds introduces

a maintained hypothesis on the inflation process. We do not use the dividend-price ratio of some other

portfolio, for example the value portfolio, as the third observable because this introduces a maintained

hypothesis on the dividend growth process of the value portfolio and also involves estimation of the

parameters of this process.

5Throughout the paper, R2 refers to the adjusted-R2.

6For the results displayed in Figures 1 − 3 and Table 7, we obtain the time series of the latent

state variables from the observed price-dividend ratio, risk free rate, and the conditional variance of
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the market return, as in Section 3.5.2. We also obtained the time series of the latent state variables

and corresponding figures and tables from the observed price-dividend ratio and risk free rate, as in

Sections 3.2 and 3.4. We chose to display the set of results that cast the model in the best light.

7In a different context, Lettau and Ludvigson (2001) and Menzly, Santos, and Veronesi (2004)

apply the co-integrating residual between consumption, labor income, and aggregate stock market

dividends to explain the cross-section of returns.

8Bansal, Gallant, and Tauchen (2007) perform a heteroskedasticity-robust augmented Dickey-Fuller

test for a unit root in dt − ct and the results provide strong evidence for a cointegrating relationship

between the variables with a coeffi cient equal to unity.
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A Appendix

A.1 Estimation of Time-Series Parameters of the B-Y Model

The decision interval of the agent is assumed to be annual. We estimate the model at
the annual frequency, such that its annual growth rates of consumption and dividends
match salient features of observed annual consumption and dividend data. There are
9 parameters to be estimated - µc, µd, φ, ϕ, ρx, ψx, σ, υ, and σw.
From the specification of the consumption growth process, we have

E (∆ct+1) = µc (25)

We also have

V ar (∆ct+1) = V ar (xt) + V ar (σtεc,t+1) + 2Cov(xt, σtεc,t+1)

= V ar (xt) + σ2 + 0

=
ψ2xσ

2

1− ρ2x
+ σ2 (26)

and,

Cov(∆ct+1,∆ct+2) = ρx
ψ2xσ

2

1− ρ2x
(27)

From the specification of the dividend process, we have

E (∆dt+1) = µd (28)

V ar (∆dt+1) = φ2
ψ2xσ

2

1− ρ2x
+ σ2ϕ2 (29)

Cov(∆dt+1,∆dt+2) = φ2ρx
ψ2xσ

2

1− ρ2x
(30)

Also, from the consumption and dividend growth processes,

Cov(∆ct+1,∆dt+1) = φ
ψ2xσ

2

1− ρ2x
(31)

Finally, we have
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V ar
(
(∆ct+1)

2) = E
[
V art

(
(∆ct+1)

2)]+ V ar
[
Et
(
(∆ct+1)

2)] (32)

Now,

(∆ct+1)
2 = µ2c + x2t + σ2t ε

2
c,t+1 + 2µcxt + 2xtσtεc,t+1 + 2µcσtεc,t+1 (33)

Hence,

Et
(
(∆ct+1)

2) = µ2c + x2t + σ2t + 2µcxt

V ar
[
Et
(
(∆ct+1)

2)] = V ar(x2t ) + V ar(σ2t ) + 4µ2cV ar(xt) + 4µcCov(xt, x
2
t )

+2Cov(x2t , σ
2
t ) + 4µcCov(xt, σ

2
t ) (34)

Now, V ar(σ2t ) = σ2w
1−υ2 , Cov(xt, σ

2
t ) = 0, Cov(x2t , σ

2
t ) = ψ2xσ

2
wυ

(1−υ2)(1−υρ2x)
, Cov(xt, x

2
t ) =

0, and

V ar(x2t ) =
3ψ4xσ

2
w(1 + υρ2x)

(1− ρ4x)(1− υ2)(1− υρ2x)
+

1

1− ρ4x

[
2σ4 +

4ρ2xψ
4
xσ

4

(1− ρ2x)

]
Substituting the above expressions into equation (34), we have

V ar
[
Et
(
(∆ct+1)

2)] =
3ψ4xσ

2
w(1 + υρ2x)

(1− ρ4x)(1− υ2)(1− υρ2x)
+

1

1− ρ4x

[
2σ4 +

4ρ2xψ
4
xσ

4

(1− ρ2x)

]
+

σ2w
1− υ2 + 4µ2c

ψ2xσ
2

1− ρ2x
+

2ψ2xσ
2
wυ

(1− υ2)(1− υρ2x)
(35)

Also, from equation (33),

V art
(
(∆ct+1)

2) = 2σ4t + 4x2tσ
2
t + 4µ2cσ

2
t + 8µcxtσ

2
t

Hence,

E
[
V art

(
(∆ct+1)

2)] = 2
σ2w

1− υ2 + 2σ4 +
4ψ2xσ

2
wυ

(1− υ2)(1− υρ2x)
+

4ψ2xσ
4

1− ρ2x
+ 4µ2cσ

2 (36)

Substituting equations (35) and (36) into equation (32), we have
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V ar
(
(∆ct+1)

2) =
3ψ4xσ

2
w(1 + υρ2x)

(1− ρ4x)(1− υ2)(1− υρ2x)
+

1

1− ρ4x

[
2σ4 +

4ρ2xψ
4
xσ

4

(1− ρ2x)

]
+

3σ2w
1− υ2

+4µ2c
ψ2xσ

2

1− ρ2x
+

6ψ2xσ
2
wυ

(1− υ2)(1− υρ2x)
+

4ψ2xσ
4

1− ρ2x
+ 2σ4 + 4µ2cσ

2 (37)

Similar calculations yield,

V ar
[
Et
(
(∆dt+1)

2)] = φ4
[

3ψ4xσ
2
w(1 + υρ2x)

(1− ρ4x)(1− υ2)(1− υρ2x)
+

1

1− ρ4x

(
2σ4 +

4ρ2xψ
4
xσ

4

(1− ρ2x)

)]
+

σ2w
1− υ2ϕ

4 + 4µ2c
ψ2xσ

2

1− ρ2x
φ2 +

2ψ2xσ
2
wυ

(1− υ2)(1− υρ2x)
φ2ϕ2

E
[
V art

(
(∆dt+1)

2)] =

[
2

σ2w
1− υ2 + 2σ4

]
ϕ4 +

[
4ψ2xσ

2
wυ

(1− υ2)(1− υρ2x)
+

4ψ2xσ
4

1− ρ2x

]
φ2ϕ2

+4µ2dϕ
2σ2

Hence, we have

V ar
(
(∆dt+1)

2) = φ4
[

3ψ4xσ
2
w(1 + υρ2x)

(1− ρ4x)(1− υ2)(1− υρ2x)
+

1

1− ρ4x

(
2σ4 +

4ρ2xψ
4
xσ

4

(1− ρ2x)

)]
+

3σ2w
1− υ2ϕ

4

+4µ2c
ψ2xσ

2

1− ρ2x
φ2 +

6ψ2xσ
2
wυ

(1− υ2)(1− υρ2x)
φ2ϕ2 +

4ψ2xσ
4

1− ρ2x
φ2ϕ2

+2σ4ϕ4 + 4µ2dϕ
2σ2 (38)

Equations (25)-(31), (37), and (38) give 9 moments restrictions in the 9 time-series
parameters.

A.2 Details of Estimation Methodology for the B-Y Model

A.2.1 Expressions for A0, A1, A2, A0,m, A1,m, and A2,m

Bansal and Yaron (2004) show that zt and zm,t, are affi ne functions of the state vari-
ables, xt and σ2t ,
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zt = A0 + A1xt + A2σ
2
t ,

zm,t = A0,m + A1,mxt + A2,mσ
2
t ,

where

A1 =
1− 1

ψ

1− κ1ρx

A2 =

0.5

[(
− θ
ψ

+ θ
)2

+ (θκ1A1ψx)
2

]
θ (1− κ1υ)

A0 =
log(δ) +

(
1− 1

ψ

)
µc + κ0 + κ1A2σ

2(1− υ) + 0.5θκ21A
2
2σ
2
w

1− κ1

A1,m =
φ− 1

ψ

1− κ1,mρx

A2,m =
(1− θ)A2 (1− κ1υ) + 0.5

[
γ2 + ϕ2 + ((θ − 1)κ1A1 + κ1,mA1,m)2 ψ2x

]
1− κ1,mυ

A0,m =
θ log(δ) +

(
− θ
ψ

+ θ − 1
)
µc + (θ − 1)κ0 + (θ − 1) (κ1 − 1)A0 + (θ − 1)κ1A2σ

2(1− υ)

1− κ1,m

+
κ0,m + µd + κ1,mA2,mσ

2(1− υ) + 0.5 [(θ − 1)κ1A2 + κ1,mA2,m]2 σ2w
1− κ1,m

Finally, we express the linearization parameters κ0 and κ1 in terms of the preference
and time series parameters through the restriction that the long run mean of the log
price-consumption ratio, z, that defines κ0 and κ1 should equal the unconditional ex-
pectation of zt implied by equation (10); and express the linearization parameters κ0,m
and κ1,m in terms of the preference and time series parameters through the restriction
that the long run mean of the log price-dividend ratio, zm, that defines κ0,m and κ1,m
should equal the unconditional expectation of zm,t implied by equation (11).

A.2.2 Risk Free Rate

To derive the expression for the risk free rate, note that
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Et

[
exp

(
θ log δ − θ

ψ
∆ct+1 + (θ − 1)rc,t+1 + rf,t

)]
= 1

Hence,

exp (−rf,t) = Et

[
exp

(
θ log δ − θ

ψ
∆ct+1 + (θ − 1)rc,t+1

)]
= exp(θ log δ − θ

ψ
µc −

θ

ψ
xt + (θ − 1)κ0 + (θ − 1)κ1A0

+(θ − 1)κ1A1ρxxt + (θ − 1)κ1A2(1− υ)σ2 + (θ − 1)κ1A2υσ
2
t

−(θ − 1)A0 − (θ − 1)A1xt − (θ − 1)A2σ
2
t + (θ − 1)µc + (θ − 1)xt

+0.5

[(
− θ
ψ

+ θ − 1

)2
σ2t + (θ − 1)2κ21A

2
1ψ

2
xσ

2
t + (θ − 1)2κ21A

2
2σ
2
w

]
)

Therefore, the risk free rate is

rf,t = −θ log δ −
(
− θ
ψ

+ θ − 1

)
µc − (θ − 1)κ0 − (θ − 1)(κ1 − 1)A0 − (θ − 1)κ1A2(1− υ)σ2

−0.5(θ − 1)2κ21A
2
2σ
2
w −

[
(− θ
ψ

+ θ − 1) + (θ − 1)(κ1ρx − 1)A1

]
xt

−
[

(θ − 1)(κ1υ − 1)A2 + 0.5

((
− θ
ψ

+ θ − 1

)2
+ (θ − 1)2κ21A

2
1ψ

2
x

)]
σ2t

= A0,f + A1,fxt + A2,fσ
2
t

where

A0,f = −θ log δ −
(
− θ
ψ

+ θ − 1

)
µc − (θ − 1)κ0 − (θ − 1)(κ1 − 1)A0 − (θ − 1)κ1A2(1− υ)σ2

−0.5(θ − 1)2κ21A
2
2σ
2
w

A1,f = −
[
(− θ
ψ

+ θ − 1) + (θ − 1)(κ1ρx − 1)A1

]
A2,f = −

[
(θ − 1)(κ1υ − 1)A2 + 0.5

((
− θ
ψ

+ θ − 1

)2
+ (θ − 1)2κ21A

2
1ψ

2
x

)]
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A.2.3 Latent state variables in terms of observable variables

The model implies

zm,t = A0,m + A1,mxt + A2,mσ
2
t ,

rf,t = A0,f + A1,fxt + A2,fσ
2
t .

These equations may be inverted to express the state variables in terms of the
observables,

xt = α0 + α1rf,t + α2zm,t,

where

α0 =
A2,mA0,f − A0,mA2,f
A1,mA2,f − A2,mA1,f

,

α1 =
−A2,m

A1,mA2,f − A2,mA1,f
,

α2 =
A2,f

A1,mA2,f − A2,mA1,f
,

and

σ2t = β0 + β1rf + β2zm,t,

where

β0 =
A0,mA1,f − A1,mA0,f
A1,mA2,f − A2,mA1,f

,

β1 =
A1,m

A1,mA2,f − A2,mA1,f
,

β2 =
−A1,f

A1,mA2,f − A2,mA1,f
.

A.2.4 The pricing kernel in terms of observables

The pricing kernel is given by (15),
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mt+1 = (θ log δ + (θ − 1) [κ0 + (κ1 − 1)A0]) +

(
− θ
ψ

+ (θ − 1)

)
∆ct+1

+(θ − 1)κ1A1xt+1 + (θ − 1)κ1A2σ
2
t+1 − (θ − 1)A1xt − (θ − 1)A2σ

2
t

Substituting the expressions for xt and σ2t from Section A.2.3 into the pricing kernel,
we have

mt+1 = c1 + c2∆ct+1 + c3

(
rf,t+1 −

1

κ1
rf,t

)
+ c4

(
zm,t+1 −

1

κ1
zm,t

)
where

c1 = θ log δ + (θ − 1)[κ0 + (κ1 − 1) (A0 + A1α0 + A2β0)]

c2 = − θ
ψ

+ (θ − 1)

c3 = (θ − 1)κ1[A1α1 + A2β1]

c4 = (θ − 1)κ1[A1α2 + A2β2]

A.3 Estimation Methodology for the Co-integrated Model

The model is given by the equations

∆ct+1 = µc + xt + σtεc,t+1,

xt+1 = ρxxt + ψxσtεx,t+1,

σ2t+1 = (1− υ)σ2 + υσ2t + σwεσ,t+1,

dt − ct = µdc + st,

st+1 = λsxxt + ρsst + ψsσtεs,t+1,

∆dt+1 = µc + (1 + λsx)xt + (ρs − 1)st + σtεc,t+1 + ψsσtεs,t+1. (39)

Therefore, the equilibrium solution for the log price-consumption ratio and risk free
rate are identical to the Bansal and Yaron (2004) model.

A.3.1 The Dividend Claim

We conjecture that the log price-dividend ratio is an affi ne function of the state vari-
ables, xt, σ2t , and st:
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zm,t = A0,m + A1,mxt + A2,mσ
2
t + A3,mst. (40)

The coeffi cients A0,m, A1,m, A2,m, and A3,m are computed using the method of unde-
termined coeffi cients as described below.
The Euler equation for the observable return on the aggregate dividend claim,

rm,t+1, is,

Et

[
exp

(
θ log δ − θ

ψ
∆ct+1 + (θ − 1)rc,t+1 + rm,t+1

)]
= 1 (41)

Substituting the expression for rm,t+1 from equation (9) into the above Euler con-
dition, we have

Et[exp(θ log δ − θ

ψ
µc −

θ

ψ
xt −

θ

ψ
σtεc,t+1 + (θ − 1)κ0 + (θ − 1)κ1A0

+(θ − 1)κ1A1ρxxt + (θ − 1)κ1A1ψxσtεx,t+1

+(θ − 1)κ1A2 (1− υ)σ2 + (θ − 1)κ1A2υσ
2
t + (θ − 1)κ1A2σwεσ,t+1

−(θ − 1)A0 − (θ − 1)A1xt − (θ − 1)A2σ
2
t

+(θ − 1)µc + (θ − 1)xt + (θ − 1)σtεc,t+1

+κ0,m + κ1,mA0,m + κ1,mA1,mρxxt + κ1,mA1,mψxσtεx,t+1 + κ1,mA2,m (1− υ)σ2

+κ1,mA2,mυσ
2
t + κ1,mA2,mσwεσ,t+1 + κ1,mA3,mλsxxt + κ1,mA3,mρsst

+κ1,mA3,mψsσtεs,t+1 − A0,m − A1,mxt − A2,mσ2t − A3,mst
+µc + (1 + λsx)xt + (ρs − 1)st + σtεc,t+1 + ψsσtεs,t+1)]

= 1

Using the assumed conditional log-normality of the stochastic processes, the left-
hand-side of the above expression simplifies to
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exp(θ log δ +

(
− θ
ψ

+ θ

)
µc + (θ − 1)κ0 + (θ − 1) (κ1 − 1)A0 + (θ − 1)κ1A2 (1− υ)σ2

+κ0,m + (κ1,m − 1)A0,m + κ1,mA2,m (1− υ)σ2

+

[(
− θ
ψ

+ θ − 1

)
+ (θ − 1) (κ1ρx − 1)A1 + (κ1,mρx − 1)A1,m + (1 + λsx)

]
xt

+ [κ1,mA3,mλsx]xt + [(κ1,mρs − 1)A3,m + ρs − 1] st

+ [(θ − 1) (κ1υ − 1)A2 + (κ1,mυ − 1)A2,m]σ2t

+0.5{
(
− θ
ψ

+ θ

)2
σ2t + [κ1,mA3,m + 1]2 ψ2sσ

2
t

+ [(θ − 1)κ1A1 + κ1,mA1,m]2 ψ2xσ
2
t + [(θ − 1)κ1A2 + κ1,mA2,m]2 σ2w})

= 1 (42)

Since the Euler equation (42) must hold for all values of the state variables, we have

(κ1,mρs − 1)A3,m + ρs − 1 = 0

A3,m =
ρs − 1

1− κ1,mρs
(43)

(
− θ
ψ

+ θ − 1

)
+ (θ− 1) (κ1ρx − 1)A1 + (κ1,mρx − 1)A1,m + κ1,mA3,mλsx + 1 +λsx = 0

A1,m =
1− 1

ψ
+ λsx(1 + κ1,mA3,m)

1− κ1,mρx
(44)

(θ − 1) (κ1υ − 1)A2 + (κ1,mυ − 1)A2,m + 0.5{
(
− θ
ψ

+ θ

)2
+ [κ1,mA3,m + 1]2 ψ2s + [(θ − 1)κ1A1 + κ1,mA1,m]2 ψ2x}

= 0
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A2,m =
(θ − 1) (κ1υ − 1)A2 + C

1− κ1,mυ
(45)

C = 0.5{
(
− θ
ψ

+ θ

)2
+ [κ1,mA3,m + 1]2 ψ2s

+ [(θ − 1)κ1A1 + κ1,mA1,m]2 ψ2x}

θ log δ +

(
− θ
ψ

+ θ

)
µc + (θ − 1)κ0 + (θ − 1) (κ1 − 1)A0 + (θ − 1)κ1A2 (1− υ)σ2

+κ0,m + (κ1,m − 1)A0,m + κ1,mA2,m (1− υ)σ2 + 0.5 [(θ − 1)κ1A2 + κ1,mA2,m]2 σ2w
= 0

A0,m =
θ log δ +

(
− θ
ψ

+ θ
)
µc + (θ − 1)κ0 + (θ − 1) (κ1 − 1)A0

1− κ1,m
(46)

+
(θ − 1)κ1A2 (1− υ)σ2 + κ0,m + κ1,mA2,m (1− υ)σ2 + 0.5 [(θ − 1)κ1A2 + κ1,mA2,m]2 σ2w

1− κ1,m

A.3.2 Latent State Variables in Terms of Observable Variables

We have

zm,t = A0,m + A1,mxt + A2,mσ
2
t + A3,mst

rf,t = A0,f + A1,fxt + A2,fσ
2
t

The above equations may be inverted to express the unobservable state variables,
xt and σ2t , in terms of the observables, zm,t, rf,t, and st.
Define,

D ≡ A1,mA2,f − A1,fA2,m
We have,
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xt = α0 + α1rf,t + α2zm,t + α3st

α0 =
A0,fA2,m − A0,mA2,f

D

α1 =
−A2,m
D

α2 =
A2,f
D

α3 =
−A3,mA2,f

D

σ2t = β0 + β1rf,t + β2zm,t + β3st

β0 =
A0,mA1,f − A1,mA0,f

D

β1 =
A1,m
D

β2 =
−A1,f
D

β3 =
A1,fA3,m

D

Now, from equations (7), (8), and (10), the pricing kernel is given by the expression

mt+1 = (θ log δ + (θ − 1) [κ0 + (κ1 − 1)A0]) +

(
− θ
ψ

+ (θ − 1)

)
∆ct+1

+(θ − 1)κ1A1xt+1 + (θ − 1)κ1A2σ
2
t+1

−(θ − 1)A1xt − (θ − 1)A2σ
2
t

Substituting the expressions for xt and σ2t into the above expression for the pricing
kernel, we have

mt+1 = c1 + c2∆ct+1 + c3

(
rf,t+1 −

1

κ1
rf,t

)
+ c4

(
zm,t+1 −

1

κ1
zm,t

)
+ c5

(
st+1 −

1

κ1
st

)
,

where
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c1 = θ log δ + (θ − 1)[κ0 + (κ1 − 1) (A0 + A1α0 + A2β0)]

c2 = − θ
ψ

+ (θ − 1) = −γ

c3 = (θ − 1)κ1[A1α1 + A2β1]

c4 = (θ − 1)κ1[A1α2 + A2β2]

c5 = (θ − 1)κ1[A1α3 + A2β3]

A.3.3 Predictive Implications for the Equity Premium and Consumption
and Dividend Growth

Equation (3) implies

Et (∆ct+1) = µc + xt,

and equation (4) implies

Et (∆dt+1) = µc + (1 + λsx)xt + (ρs − 1) st.

Equations (9), (24), and (40) imply that the equilibrium market return is given by

rm,t+1 = κ0,m + κ1,m
(
A0,m + A1,mxt+1 + A2,mσ

2
t+1 + A3,mst+1

)
−
(
A0,m + A1,mxt + A2,mσ

2
t + A3,mst

)
+µc + (1 + λsx)xt + (ρs − 1) st + σtεc,t+1 + ψsσtεs,t+1.

Taking conditional expectation of the two sides of the above equation, and using
equations (1), (2), and (23), we have

Et (rm,t+1) = κ0,m + (κ1,m − 1)A0,m + µc + κ1,mA2,m (1− υ)σ2

+ [(κ1,mρx − 1)A1,m + κ1,mA3,mλsx + 1 + λsx]xt

+ (κ1,mυ − 1)A2,mσ
2
t + [(κ1,mρs − 1)A3,m + ρs − 1] st.

Therefore, the expected equity premium is given by

Et (rm,t+1 − rf,t) = E0 + E1σ
2
t ,

whereE1 = (κ1,mυ − 1)A2,m+(θ−1)(κ1υ−1)A2+0.5

((
− θ
ψ

+ θ − 1
)2

+ (θ − 1)2κ21A
2
1ψ

2
x

)
.
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A.4 Estimation of Time-Series Parameters of the Co-integrated
Model

In this specification, there are 9 parameters to be estimated - µc, ρx, ψx, σ, υ, σw, λsx,
ρs, and ψs.
We have

E (∆ct+1) = µc (47)

Also,

V ar (∆ct+1) = V ar (xt) + V ar (σtεc,t+1) + 2Cov(xt, σtεc,t+1)

= V ar (xt) + σ2 + 0

=
ψ2xσ

2

1− ρ2x
+ σ2 (48)

and,

Cov(∆ct+1,∆ct+2) = ρx
ψ2xσ

2

1− ρ2x
(49)

Cov(∆ct+1,∆ct+3) = ρ2x
ψ2xσ

2

1− ρ2x
(50)

From the specification of the dividend growth process, we have

V ar (∆dt+1) = (1 + λsx)
2 V ar (xt) + (ρs − 1)2 V ar (st) +(

1 + ψ2s
)
σ2 + 2 (1 + λsx) (ρs − 1)Cov(xt, st) (51)

where V ar (xt) = ψ2xσ
2

1−ρ2x
, Cov(xt, st) = λsxρx

1−ρxρs
V ar (xt), and

V ar (st) =
λ2sxV ar (xt) + ψ2sσ

2 + 2λ2sxρxρsV ar(xt)
1−ρxρs

1− ρ2s
Also,

Cov(∆dt+1,∆dt+2) = (1 + λsx)
2Cov(xt+1, xt) + (ρs − 1)2Cov(st+1, st)

+ (1 + λsx) (ρs − 1) [Cov(xt+1, st) + Cov(xt, st+1)]

+ (ρs − 1)ψsCov(st+1, σtεs,t+1) (52)
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where Cov(xt+1, xt) = ρxV ar (xt), Cov(st+1, st) = λsxCov(xt, st) + ρsV ar (st),
Cov(xt, st+1) = λsxV ar (xt)+ρsCov(xt, st), Cov(xt+1, st) = ρxCov(xt, st), andCov(st+1, σtεs,t+1) =
ψsσ

2.
Finally,

Cov(∆ct+1,∆dt+1) = (1 + λsx)V ar (xt) + (ρs − 1)Cov(xt, st) + σ2 (53)

Equations (47)-(53) give 7 moment restrictions.
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