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Chapter 1

Introduction

In this thesis we study homogenization of heterogeneous structures modeling elastic thin
films with microstructure. The search for lower dimensional models describing thin three-
dimensional structures is a classical problem in mechanics of materials, and the process
of obtaining 2D models as limits issuing from 3D frameworks is referred to as dimension
reduction.

Since the early *90s this problem has been tackled successfully by means of variational
techniques. For both for 3D-1D and 3D-2D, the theory is well established within the linear
elastic setting, and work stemming from Ciarlet and Destuynder [27] has lead to research
in areas ranging from linear elastic plates [23] to beam models [47, 48, 82], shells [26],
and various constitutive behaviors [14]. However, the linearized elasticity model is not
the proper setting for describing the properties of hyperelasticity, which drove researchers
to study the nonlinear elasticity case. Motivated by the one-dimensional work in [3], the
first paper in this context was written by Le Dret and Raoult in [61] for a two-dimensional
model as a variational limit of a three-dimensional material, and this led to several others
including [7,13,44,59,60,62,63]. Resulting from these works, hierarchies of limit models
have been deduced using ['—convergence techniques (for a treatment of I'-convergence see,
e.g. [17,18,31]). To make these ideas precise, let w be an open, connected domain in R2,

Q= w x (=h/2,h/2) for h >0, and Q:=wx (—1/2,1/2). (1.0.1)

In the preceding papers, the authors consider a sequence of functionals of the form

To(u) = —

= W (z, Vu(z)) dz, (1.0.2)
Qp,

where u : ), — R3 is a suitable deformation of (2. Different characterizations of the
limiting functional are obtained according to the scaling of the elastic energy, h*, relative
to the thickness parameter h.

In this thesis we undertake the derivation of 2D models for thin composite materials.
Understanding microstructure is paramount to the study of many important problems in-
cluding biological tissue growth and the development of new materials. As thin film tech-
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1.1. A Note on Two Scale Compactness for p=1 2

nology has advanced, scientists are able to have precise control over the thickness and com-
position of a film, as noted in [40], and in turn this has motivated the mathematical study
of highly heterogeneous material models. It is generally assumed that the microstructure
is periodic on a scale ¢, and the limit of the energy as ¢ — 0 is taken in order to obtain an
effective energy for the material at a macroscopic scale, or the homogenized material.

The first homogenization results in nonlinear elasticity, without dimension reduction,
were proved in [16] and [69]. In these two papers, A. Braides and S. Miiller assume
p-growth of a stored energy density W. that oscillates periodically, e.g. W(z;:) =
W (x,%;-). They show that as the periodicity scale goes to zero, the elastic energy W,
converges to a homogenized energy, whose density is obtained by means of an infinite-cell
homogenization formula. Later, the growth conditions were relaxed somewhat, such as in
[51,52] by Hafsa et al.

The analysis of problems involving simultaneous dimension reduction and homoge-
nization was initiated in [8, 19] for the membrane energy regime with p-growth assump-
tions on the stored energy density. It should be noted that these growth assumptions on
the energy W do not prevent interpenetration of matter, in that the energy remains finite
as the Jacobian of the transformation tends to 0, which renders the model necessarily non-
physical, as explained in [10]. More recently, in [57,73,83] models for homogenized plates
have been derived under physical growth conditions for the energy density.

The focus of this thesis is the study of a problem within the realm of homogenized
thin structures: multiscale homogenization in the Kirchhoff nonlinear plate theory. The
Kirchhoff plate model refers to the energy in (1.0.2) with £ = 3. We analyze an energy of
this form with two periodicity scales.

This thesis is organized as follows: in Chapter 3 we discuss a compactness result for
two-scale convergence in L'(§2). Two-scale convergence is an important tool in the study of
homogenization, and plays an important role in the arguments found in Chapter 4. Chapter
4 addresses multiscale generalizations of [57,73,83] in which we consider two microscopic
scales, £(h) and £?(h). In particular, we are able to characterize the I'-limit for the Kirch-
hoff scaling under physically realistic growth assumptions through a careful application of
the rigidity estimates of Friesecke, James and Miiller in [45] and through the study of the
interaction of the two scales.

1.1 A Note on Two Scale Compactness for p=1

The method of two-scale convergence, introduced by G. Nguetseng in [74] and further
developed by G. Allaire in [4], is an important tool in the study of homogenization the-
ory. Although periodicity poses constraints on physically realistic models, it is generally
agreed that understanding the effective behavior of periodically structured composite ma-
terials may aid in the study of more complex media. Accordingly, the theory of two-scale
convergence has played an important role in the study of PDEs and their applications in
homogenization.
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Both Nguetseng and Allaire restricted most of their interest to the case of two-scale
convergence in L2(U), where U is an open subset of RY. The proof by Allaire in [4] of
two-scale compactness in L?(U) relies on duality and the separability of L?(U). As stated
in his paper [4], this proof easily extends to the case of two-scale compactness in LP(U)
with 1 < p < 4-00. This is the form of two-scale compactness that is most commonly used
in the literature. The arguments used for the case when 1 < p < 4-00 cannot be applied to
the case when p = 1, rarely mentioned explicitly, due to a lack of separability of the dual of
LY(U), L>=(U). A few authors have touched on the problem, including Holmbom, Silfver,
Svanstedt and Wellander in [54] and A. Visintin in [84], although detailed arguments seem
to be unavailable in the literature. In [24,25] the authors address a related case of two-scale
convergence in generalized Besicovitch spaces where there is also lack of separability.

In Chapter 3 we present three proofs for the two-scale compactness of bounded se-
quences in L'(U) under appropriate assumptions. To be precise,

Theorem 1.1.1. Let U be an open subset of RY. Let {u.} C L' (U) be a bounded sequence
in L' (U), equi-integrable, and assume that for all n > 0 there exists an open set E C U
such that |E| < 400 and

sup/ lus(x)|de < n.

e>0 JU\E

Then there exists a subsequence (not relabeled) such that {u.} two-scale converges to some
ug € L' (U x Y). In particular, u. — g in L' (U), with g(z) := [, uo(z,y)dy.

The first proof of this theorem uses a truncation argument in order to apply two-scale
compactness results for p > 1. The second makes use of the two-scale compactness proved
for Radon measures by M. Amar in [6]. The last approach relies on the periodic unfolding
characterization of two-scale limits, as introduced in [28] (see also [30,32, 84]). The latter
proof is the simplest and most intuitive, due to the fact that the periodic unfolding method
reduces two-scale convergence in L”(U) to standard weak L? convergence in U X Y (where
Y is the period of the oscillations) of the unfolded functions, thus allowing us to replace
rapidly oscillating test functions with non-oscillatory test functions. This method has been
used in many contexts, including electromagnetism, homogenization in a domain with os-
cillating boundaries, and thin junctions in linear elasticity [11,15,29,33,34,49,50,67].

This work, jointly with Irene Fonseca, will appear in Port. Math., [22].

1.2 Multiscale Homogenization in Kirchhoff’s Nonlinear
Plate Theory

In Chapter 4 we present a multiscale generalization of the problems posed in [57,73, 83].
We briefly describe the previous results. Let €2, defined as in (1.0.1), be the reference
configuration of a nonlinearly elastic thin plate, where w is a bounded domain in R?, and
h > 0 is the thickness parameter. Let 2’ := (r1,72) € w. Assume that the physical
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structure of the plate is such that an in-plane homogeneity scale €(h) arises, where {h} and
{e(h)} are monotone decreasing sequences of positive numbers, h — 0, and (h) — 0 as
h — 0. In [57,73, 83] the rescaled nonlinear elastic energy associated to a deformation
v € W2(Qy; R3) is given by

T"(v) = %/Qh W(%,Vv(x)) dx,

where the stored energy density W is periodic in its first argument and satisfies the com-
monly adopted assumptions in nonlinear elasticity, as well as a non-degeneracy condition
in a neighborhood of the set of proper rotations.

In [73] the authors focus on the scaling of the energy corresponding to Von Karmén
plate theory, that is they consider deformations v" € W12(£2;,; R3) such that

timsup 2 < 4
imsu 00.
h—0 P ht
Under the assumption that the limit
i h
= lim —
T ()

exists, different homogenized limit models are identified, depending on the value of v, €
0, +00].

A parallel analysis is carried out in [57], where the scaling of the energy associated to
Kirchhoff’s plate theory is studied, i.e., the deformations under consideration satisfy

(™)

h2

lim sup < +00.

h—0

In this situation a lack of compactness occurs when v; = 0 (the periodicity scale tends to
zero much more slowly than the thickness parameter). A partial solution to this problem,
in the case in which

Y2 = = +00,

N }ILILI[IJ e2(h)
is proposed in [83], by means of a careful application of Friesecke, James and Miiller’s
quantitative rigidity estimate, and a construction of piecewise constant rotations (see [45,
Theorem 4.1], [46, Theorem 6] and [83, Lemma 3.11]). The analysis of simultaneous
homogenization and dimension reduction for Kirchhoff’s plate theory in the remaining
regimes is still an open problem.

In Chapter 4 we deduce a multiscale version of the results in [57] and [83]. We focus
on the scaling of the energy which corresponds to Kirchhoff’s plate theory, and we assume
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that the plate undergoes the action of two homogeneity scales - a coarser one and a finer
one - i.e., the rescaled nonlinear elastic energy is given by

J"(v) = %/Qh W(%, %,VU(@) dx

for every deformation v € W12(Q;,; R3), where the stored energy density W is periodic in
its first two arguments and, again, satisfies the usual assumptions in nonlinear elasticity, as
well as the nondegeneracy condition (see Section 4.1) adopted in [57,73,83]. We consider
sequences of deformations {v"} C W12(Q,; R?) verifying

: J" (")
lim su
h—0 P h2

< +0o0, (1.2.1)

and we seek to identify the effective energy associated to the rescaled elastic energies
jhh(; h)} for different values of +; and -, i.e., depending on the interaction of the ho-
mogeneity scales with the thickness parameter.
As in [57], a sequence of deformations satisfying (1.2.1) converges, up to the extrac-
tion of a subsequence, to a limit deformation u € W'?(w;R3) satisfying the isometric

constraint

Opou(x) - Opyu(a’) = bop forae. 2’ cw, a,f€{1,2}. (1.2.2)
We prove that the effective energy for u € W1?(w; R3) is given by

M (u) = L [ Dpen(I14(2')) dz’  if u satisfies (1.2.2),
00 otherwise,

where II* is the second fundamental form associated to u (see (4.2.4)), and @ng is a
quadratic form dependent on the value of ~y;, with explicit characterization provided in
(4.3.2)—(4.3.4). To be precise, our main result is the following.

Theorem 1.2.1. Let v, € [0, +00] and let v, = +oo. Let {v"} C W'2(Qy;R3) be a
sequence of deformations satisfying the uniform energy estimate (1.2.1). There exists a
map u € W?%(w;R3) verifying (1.2.2) such that, up to the extraction of a (not relabeled)
subsequence, there holds

v (2!, has) — ][ V" (@', has) dr — u  strongly in L*(Q1; R?),
Q1
V(' has) — (V'uln,)  strongly in L*(Qy; MP*3),

with
Ny (z') = Opu(x’) A Opyu(z’)  forae z' € w,
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and

h(,h
limint ) S g (), (1.2.3)

h—0 h?

Moreover; for every u € W?2%(w; R®) satisfying (1.2.2), there exists a sequence {v"} C
Wh2(Qy,; R?) such that

h(,h
hr;?jélp J h(zv ) < EM(u). (1.2.4)

We remark that our main theorem is consistent with the results proved in [57] and [83].
Indeed, in the presence of a single homogeneity scale, it follows directly from (4.3.2)—
(4.3.4) that 2] reduces to the effective energy identified in [57,83] for v, € (0, +00]
and vy; = 0, respectively. The main difference with respect to [57,83] is in the structure of
the homogenized energy density @hgm, which is obtained by means of a double pointwise
minimization, first with respect to the faster periodicity scale, and then with respect to the
slower one and the x5 variable (see (4.3.2)—(4.3.4)).

The quadratic behavior of the energy density around the set of proper rotations to-
gether with the linearization occurring due to the high scalings of the elastic energy yield
a convex behavior for the homogenization problem, so that, despite the nonlinearity of the
three-dimensional energies, the effective energy does not have an infinite-cell structure, in
contrast with [69]. The main techniques for the proof of the liminf inequality (1.2.3) are
the notion of multiscale convergence introduced in [5], and its adaptation to dimension re-
duction (see [71]). The proof of the limsup inequality (1.2.4) follows that of [57, Theorem
2.4].

The crucial part of the argument is the characterization of the three-scale limit of the
sequence of linearized elastic stresses (see Section 4.2). We deal with sequences having
unbounded L? norms but whose oscillations on the scale ¢ or 2 are uniformly controlled.
Asin [57, Lemmas 3.6-3.8], to enhance their multiple-scales oscillatory behavior we work
with suitable oscillatory test functions having vanishing average in their periodicity cell.

The presence of three scales increases the technical difficulty of the problem in all
scaling regimes. For v; € (0, +oc], Friesecke, James and Miiller’s rigidity estimate ([45,
Theorem 4.1]) leads us to work with sequences of rotations that are piecewise constant on
cubes of size (h) with centers in €(h)Z?. However, in order to identify the three-scale
limit of the linearized stresses, we must consider sequences oscillating on a scale £2(h).
This problem is solved in Step 1 of the proof of Theorem 4.2.1, by subdividing the cubes
of size €2(h), with centers in %(h)Z?, into “good cubes” lying completely within a bigger
cube of size £(h) and center in £(h)Z? and “bad cubes”, and by showing that the measure
of the intersection between w and the set of “bad cubes” converges to zero faster than or
comparable to €(h), as h — 0.

The opposite problem arises in the case in which ; = 0. By Friesecke, James and
Miiller’s rigidity estimate ([45, Theorem 4.1]), it is natural to work with sequences of
piecewise constant rotations which are constant on cubes of size ?(h) having centers in
the grid £2(h)Z?, whereas in order to identify the limit multiscale stress we need to deal
with oscillating test functions with vanishing averages on a scale £(h). The identification
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of “good cubes” and “bad cubes” of size £%(h) is thus not helpful in this latter framework
as the contribution of the oscillating test functions on cubes of size %(h) is not negligible
anymore. Therefore, we are only able to perform an identification of the multiscale limit in
the case 7, = 400, extending to the multiscale setting the results in [83]. The identifica-
tion of the effective energy in the case in which 7; = 0 and 7, € [0, +00) remains an open
question.

Chapter 4 is organized as follows: in Section 4.1 we set the problem and introduce
the assumptions on the energy density. In Section 2.4 we recall a few compactness results
and the definition and some properties of multiscale convergence. Sections 4.2 and 4.3
are devoted to the identification of the limit linearized stress and to the proof of the liminf
inequality (1.2.3). In Section 4.4 we show the optimality of the lower bound deduced in
Section 4.3, and we exhibit a recovery sequence satisfying (1.2.4).

This work, in collaboration with Elisa Davoli and Irene Fonseca, has been accepted for
publication in Math. Models Methods Appl. Sci., [21].
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Chapter 2

Preliminaries

2.1 Notation

In this thesis {¢} = {e,}22, stands for a generic decreasing sequence of positive numbers
such that lim,_,., g, = 0. Y will denote a unit cube in R" with faces parallel to the
coordinate axes, i.e., Y = (0,1)".

Whenever amap v € L?, O, ..., is Y -periodic, that is

v(ix+e)=v(x) i=1,2.. N

for a.e. © € RY, where {e1,...,en} is the canonical othonormal basis of RY, we write
ve L2, Cx . .. respectively. We implicitly identify the spaces L?(Y) and L?_ (RY). We

per’ ~'per’ * per
denote the Lebesgue measure of a measurable set A C RY by |Al.

2 . . . .
We use (Q := ( — %, %) to denote the unit cube in R? centered at the origin and with

sides parallel to the coordinate axes. We will write a point z € R? as
r = (7', 23), where 2/ € R? and 23 € R,

and we will use the notation V' to denote the gradient with respect to z’. For every r € R,
[7] is its greatest integer part. With a slight abuse of notation, for every 2/ € R?, [2] and
| 2’| are the points in R? whose coordinates are given by the greatest and least integer parts
of the coordinates of 2/, respectively. Given a map ¢ € W12(R?), (y - V/)¢(x') stands for

(y-VNo(2) := 1105, 0(2') + y20,,(z") forae. 2’ € R*and y € Q.
We write (V’)*¢ to indicate the map
(V) o(2') i= (=0, p(2), 0y, 0(2'))  forae. 2’ € R2

We denote by M"*™ the set of real-valued matrices with n rows and m columns and by
SO(3) the set of proper rotations, that is

SO3) :={ReM***: RTR = Idand det R = 1}.

9
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Given a matrix M € M3*3, M’ stands for the 3 x 2 submatrix of M given by its first two
columns. For every M € M"™*" sym M is the the n x n symmetrized matrix defined as

M+ MT
SR

We adopt the convention that C' designates a generic constant, whose value may change
from expression to expression in the same formula.

sym M :=

2.2 The Direct Method of the Calculus of Variations and
['-Convergence

In this section we present a brief introduction of the direct method of the calculus of varia-
tions and basic properties of ['-convergence as motivation for work in Chapter 4.

Let (X, d) be a metric space and let f : X — R be a function not identically equal to
oo, where R is the extended real line, [—o0, co]. The direct method provides conditions on
X and f to ensure the existence of a minimum point for f. Tonelli’s direct method may be
summarized in four steps ([41]) :

Step 1: Consider a minimizing sequence {u,} C X, that is, a sequence such that

lim f(u,)= 1£1)f( f.

n—oo

Step 2: Prove that {u, } admits a subsequence {u,, } that converges with respect to some
(possibly weaker) topology 7 to some point ug € X.

Step 3: Establish the sequential lower semi-continuity of F' with respect to 7.

Step 4: In view of Steps 1-3, conclude that v is a minimum of f because
i =1l =1 ) > > ] .
inf f= lim f(un) = lim f(un,) 2 f(uo) > inf f

We now turn our attention to describing the behavior of a family of minimum problems
depending on a parameter, for example,

inf{ fr(u) : v € X}

for h > 0. The goal is to approximate these problems by using a limit theory as h — 0
leading to an “effective energy” f, with the limiting problem being described by

min{ f(u) : u € X}.

A suitable notion of convergence for the family of functionals f;, so that the limiting func-
tional may be treated using the direct method, as outlined above, is ['-convergence. A more
detailed explanation can be found in [17].

Next we define De Giorgi’s notion of ['-convergence and state some of its basic prop-
erties (see [17,31,35,36]).
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Definition 2.2.1. (I'-convergence of a sequence of functionals). We say that a sequence
fn: X = RTI'—convergesin X to f : X — Rifforall x € X we have

(i.) (lim inf inequality) for every sequence {x,} converging to x

flx) < linlinf falzn);

(ii.) (lim sup inequality) there exists a sequence {x, } converging to x such that

f(z) > limsup f,(z,).

n— o0
The function f is called the U'limit of { f,} and we write f = T' — lim,,_, o, fn.
For every h > 0 let f;, be a functional over X with values in R, f;, : X — R.

Definition 2.2.2. (I'—convergence of a family of functionals). A functional f is said to be
the I' — lim of { fy }», with respect to the metric d, as h — 0, if for every sequence h,, — 0

f=T—liminf f; ,
n— o0
and we write
f=T- hlirln_}glffh.
Proposition 2.2.3. [17, Prop.1.28] If f ="' —limy,_,¢ fr, then f is lower semi-continuous.

If (X, d) is a separable metric space then the following compactness property holds.

Theorem 2.2.4. [17, Prop. 1.42] For each sequence {h,}, there exists a subsequence
{hn, };j such that T —lim;_, fn; exists.

Definition 2.2.5. A family of functionals { f} is said to be equi-coercive if for every real
number \ there exists a compact set Ky in X such that for each sequence <,, — 0,

{reX : fr,(u) <A} C Ky foreveryn e N.

The following is one of the most important properties of I'-convergence: the conver-
gence of (almost) minimizers of a family of functionals to the minimum of a limiting func-
tional, under appropriate assumptions.

Theorem 2.2.6. [35, Thm. 2.6] If { f1 }1, is a family of equi-coercive functionals on X and
if
F=T g
then the functional f has a minimum on X and
min f(x) = lim inf f,(x).

zeX h—0zeX

Moreover, given h,, — 0 and {x,},, a converging sequence such that
li = lim inf 2.2.1
B0, Fraln) = i, 0k S (2), 22D
then its limit is a minimum point for f on X.

If (2.2.1) holds, then {u, }, is said to be a sequence of almost-minimizers for f.
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2.3 Some Useful Compactness Results

While in Chapter 4 we deal with weak convergence in reflexive spaces, in Chapter 3 we
work in L', and we will need to invoke equi-integrability:

Definition 2.3.1. A family F of measurable functions f : U — [—00, +0o0] is said to be
equi-integrable if for every ¢ > 0 there exists 6 > 0 such that

[ 1flds <

forall f € F and for every measurable set E C U such that |E| < ¢
We recall the Dunford-Pettis criterion for compactness in L* (see e.g. [41, Prop. 2.82]).
Theorem 2.3.2 (Dunford-Pettis). A family F C L*(U) is weakly sequentially precompact
if and only if
(i) F is bounded in L*(U),

(ii) F is equi-integrable,

(iii) for every n > 0 there exists a measurable set E C U with |E| < 400 such that

sup/ |fldx <. (2.3.1)
feF JU\E

Remark 2.3.3. By the regularity properties of LY, it can be shown that assuming con-
ditions (ii) and (iii) is equivalent to assuming (ii) and (iii’), where in (iii’) E is an open
bounded set of finite measure.

Next we present a preliminary result which will allow us to deduce compactness for
sequences of deformations satisfying the uniform energy estimate (4.1.1). We recall [45,
Theorem 4.1], which provides a characterization of limits of deformations whose scaled
gradients are uniformly close in the L2-norm to the set of proper rotations.

Theorem 2.3.4. Let {u"} C W12(Q; R3) be such that

lim sup dist*(Vyu" (), SO(3)) dx < +oo. (2.3.2)

oo h? Jg
Then, there exists a map u € W%?(w; R3) such that, up to the extraction of a (not relabeled)
subsequence,

u — ][ u"(z)de — u  strongly in L*($; R?)
Q

Viau" — (V'uln,)  strongly in L*(€2; M*3),
with
Orult) - Oryu(a’) = bag forae s’ €w, afef{l2 (233

and
nu(2') = Op u(z’) A Opyu(a’)  forae z' € w. (2.3.4)
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2.4 Multiscale Convergence

We recall the definitions of two-scale convergence and three-scale convergence, as intro-
duced in [4]. For a detailed treatment of two-scale convergence we refer to, e.g., [4,66,74].
The main results on multiscale convergence may be found in [5,9,38,39]. We recall that U
is an open subset of RY and Y = (0, 1)¥.

Definition 2.4.1. Ler {u.} C LP(U) where 1 < p < +00. Then {u.} two-scale converges
2—s
to a function ug € LP(U X Y'), and we write u. — uy, if

e—0

lim Uu6 () (m, g) dr = /U/Yuo (x,y) ¢ (z,y) dydx (2.4.1)

forally € C[U;C2 (Y]

per

We say that {u.} converges strongly two-scale t0 uy € LP(U x Y'), and we write and

2—s
we write u. — u, if
2—s

us — u  weakly two-scale

and
[uell o)y = llulle@xy)-

Let {u.} C LP(U) where 1 < p < 4o00. Then {u.} three-scale converges o a function
3—s
ug € LP(U x Y xY), and we write u, — wuy, if

lim [ w. ($)¢($7§7:—2> dx:///uo (x,y,2)V (z,y,2) dzdy dz (2.4.2)
U vy Jy

e—0

forally € CXU;C2 (Y xY)).

per

We say that {u.} converges strongly three-scale to ug € LP(U x Y x Y'), and we write
3—s
and we write u. — u, if

37
Ug S weakly three-scale
and
HUsHLP(U) - ||u||LP(U><Y><Y)-

Remark 2.4.2. In the above Y may be replaced by (—1/2,1/2)". In the standard literature
Y is generally used, however, in Chapter 4 is it convenient for the use of other theorems to
consider periodicity cells centered at the grid point of R%. Thus, we will use the convention
of taking the periodicity cell to be Y in Chapter 3, and to be () in Chapter 4.
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We now present the standard two-scale compactness result for p > 1, as proved by
Allaire in [4, Corollary 1.15].

Theorem 2.4.3. Let {u.} be a bounded sequence in LP(U), with 1 < p < +oo. There
exists a function uy(z,y) in LP(U X Y') such that, up to a subsequence, {u.} two-scale
converges 1o .

An analogous result holds for three-scale convergence.

In order to simplify the statement of Theorem 4.2.1 and its proof, we introduce the
definition of dr-3-scale convergence (dimension reduction three-scale convergence), i.e.,
3-scale convergence adapted to dimension reduction, inspired by S. Neukamm’s 2-scale
convergence adapted to dimension reduction (see [71]).

Definition 2.4.4. Letu € L?(Q x Q X Q) and {u.} C L*(Q). We say that {u.} converges
dr—
weakly dr-3-scale to u in L*(Q x Q x Q), and we write u" X u, if

o
/ue(a:)gz)(x,;,g—z) dm—)///u(z,y,z)gp(x,y,z)dzdydz
Q QJIQRJIQ

for every p € C(; Co5.(Q x Q)).

Remark 2.4.5. We point out that dr-3-scale convergence is just a particular case of classi-
cal 3-scale convergence. Indeed, what sets apart dr-3-scale convergence from the classical
3-scale convergence is solely the fact that the test functions in Definition 2.4.4 depend on
x3 but oscillate only in the cross-section w. In particular; if {u.} € L*(Q) and

dr—3—s
u. — u weakly dr 3 scale

then {u.} is bounded in L*(Q). Therefore, by [5, Theorem 1.1] there exists £ € L*(Qx(Qx
(—3.3)) x (@ x (=3, 3))) such that, up to the extraction of a (not relabeled) subsequence,

3—s
u. — & weakly 3-scale ,
that is u. weakly 3-scale converges to & in L*(Q x (Q x (—3,3)) x (Q x (—=1,1))) (in the

sense of classical 3-scale convergence). Hence, the dr-3-scale limit, u, and the classical
3-scale limit, &, are related by

= [

We now characterize the limits of scaled gradients in the multiscale setting adapted to
dimension reduction.

E(z,y,2,m,7)dndr  forae v €wandy,z € Q.

wl»—' N
m|,_. N[
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Theorem 2.4.6. Let u,u" € W2(Q) be such that
u —u  weakly in W'2(Q)

and
limsup/ V" (x)]? dr < oo.
Q

h—0

Then u is independent of x3. Moreover, there exist uy € L*(; W2 (Q)), ug € L*(€2 X
Q;W3A(Q)), and € L? (w x Q x Q; W'2( — £, 3)) such that, up to the extraction of a
(not relabeled) subsequence,

dr—3—s

Vyu" — (V’u + Vyur + V,uy 390311) weakly dr-3-scale.

Moreover,
(i) if 1 =2 =400 (ie. e(h) << h), then 0y,u = 0,,u =0, fori =1,2;

(ii) if 0 < v1 < 400 and vy, = +00 (i.e. €(h) ~ h), then
_w

u=—
T

1
(iii) if y1 = 0 and 5 = 400 (i.e. h << g(h) << h2), then

Opsu1 =0 and 0, u=0,1=1,2.

We omit the proof of Theorem 2.4.6 as it is a simple generalization of the arguments in
[71, Theorem 6.3.3].

Next we present some properties of sequences having unbounded L? norms but whose
oscillations on the scale ¢ or 2 are uniformly controlled. Arguing as in [57, Lemmas
3.6-3.8], we highlight the multiscale oscillatory behavior of our sequences by testing them
against products of maps with compact support and oscillatory functions with vanishing
average in their periodicity cell. In the proof of Theorem 4.2.1 we refer to [57, Proposition
3.2] and [83, Proposition 3.2], so for simplicity we introduce the notation needed in those
papers.

Definition 2.4.7. Let f € L*(w x Q) be such that
/ f(-,y) dy=0 a.e inw.
Q

We write
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tim [ 1)@ ; ) d —//f:c Yele)gly) dy do’

for every p € C*(w) and g € C35.(Q), with ng )dy = 0.

if

Let {f"} C L*(w) and letfe L*(w x @ x Q) be such that

/f:('mz)dZZO a.e. inw X Q.
Q

We write

Z =
hOSLf

lim / P g )e(a) @ = [ ] 7w oue e dyar

for every ¢ € C°(w; C2.(Q)) and p € CX.(Q), with fQ o(z)dz = 0.

Remark 2.4.8. As a direct consequence of the definition of multiscale convergence and
density arguments, if { f"} C L*(w), then

2—s
" — f  weakly 2-scale

if and only if
h osc, Y
) g = [ sy
Analogously,
3—s ~
" — f  weakly 3-scale
if and only if

osc,Z  ~

f'a) — f - f(f)f y,z)dz.

We recall finally [57, Lemma 3.7 and Lemma 3.8].
Lemma 2.4.9. Let { f"} C L>(w) and f° € L>(w) be such that

fh = f° weakly-* in L>(w).

Assume that f" are constant on each cube Q(s(h)z,e(h)), with z € Z2. If f° € W% (w),

then . Y
gf—h) R V)
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Lemma 2.4.10. Let {f"} ¢ W'?(w), f© € W'*(w), and ¢ € L*(w; W, 2(Q)) be such
that
= Y weakly in W"*(w),

and ,
Vfh — v+ V¢ weakly 2-scale,

with fQ o(2',y)dy = 0 for a.e. ¥’ € w. Then,

fh osc,Y

—_ N

e(h)

We conclude this section with a result that will play a key role in the identification of
the limit elastic stress, and in the proof of the liminf and limsup inequalities (1.2.3) and
(1.2.4). We omit its proof, as it follows by [73, Lemma 4.3].

Lemma 2.4.11. Let 2 : R? x R? x MP*3 — [0, +-00) be such that
(i) 2(y, z,) is continuous for a.e. y, z € R?,

(ii) 2(-,-, F) is Q x Q-periodic and measurable for every F € M>*3,

3x3

sym’

(iii) for a.e. y,z € R?, the map 2(y, z, ) is quadratic on M and satisfies

1
GlsymFl® < 2(y, 2, F) = 2(y, z,symF) < ClsymF|*

forall F € M**3, and some C > 0.
Let {E"} C L2 (Q;M**3) and E € L*(Q x Q x Q; M**3) be such that

hdr—3—s
E" — FE  weakly dr-3-scale.

Then

o ' 2 . -
llgl_:(l)rlf/S)Q(E(h>,€2(h),E (93)) da:_/Q/Q/Qe@(y,z,E(x,y,z))dzdydm.

If in addition

dr—3—s
E'" — E  strongly dr-3-scale,

then

T o

]lzig(l) QQ<€(h)’52(h)’Eh(x)> dm:/Q/Q/QQ(y,z,E(a:,y,z))dzdydm.
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Chapter 3

A Note on Two Scale Compactness for
p=1

If a sequence {u.} in LP(U) two-scale converges for 1 < p < +o0, since we may consider
C*(U) as a subset of C°[U; Cp, (V)] and as C°(U) is dense in LP(U), then we also
know, from [4], that u. — [, uo(z, y)dy in LP(U) (= if p = +00). This argument does
not apply to p = 1, because C°(U) is not dense in L°>°(U). However, this is a property
we would like to preserve for two-scale compactness theorem for L' functions. Hence, we
assume the Dunford-Pettis criterion for weak sequential compactness in L!(U) (see [41])

on {u.} in our main theorem.

3.1 Method Using Two-Scale Compactness for p > 1

Our first proof relies on the two-scale compactness result for p > 1, Theorem 2.4.3. We
are able to use this result to prove the following:

Proposition 3.1.1. Let U be an open subset of RY with |U| < +oo. If {u.} C L*(U) is
a bounded equi-integrable sequence, then there exists a subsequence (not relabeled) such
that {u.} two-scale converges to uy € L' (U x Y').

Proof. For M > 0, let 7, be the truncating operator 7, : L'(U) — L'(U) defined by

u(z) if ju(x)| < M,
mu(x) :=q M  ifu(z)>M
—M ifu(z) < —M,

where u € LY(U). Since |U| < +o0, if u € L' (U) then 7psu € Ni<pe oo LP(U) and (iii)
in Theorem 2.3.2 is trivially satisfied. Equi-integrability of {u.} and Theorem 2.3.2 imply
that there exists a weakly convergent subsequence and so, without loss of generality, we
assume that u. — u in L' (U) for some u € L*(U).

19
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Step 1: Consider first the case in which u. > 0O a.e. in U and for all ¢ > 0. Fix M > 0.

2—s
By Theorem 1.2 in [4] we know that, up to a subsequence (not relabeled), {Tpsu.} — ups
for some uy; € L*(U x Y), ie.,

lim [ 7pue (x) 0 (x, g) dr = /U/YUM (x,y) ¢ (x,y) dydx

e—0 U

for all o) € C[U; C35,.(Y)]. From this we deduce that uy, > 0.

We will extract a two-scale convergent subsequence as follows: For M = 1 let
{u.)} be a subsequence of {u.} such that {7yu.q) } two-scale converges to a function
up € L?(U xY). Recursively, for M > 1, M € N, apply the compactness theorem
for p = 2 in [4] to the sequence {Tpsu -1} to obtain {u.an} C {u.a-1} such that

{Taru.n } two-scale converges to some uy, € L2(U x Y). Since {¢M*V} is a sub-
2—s
sequence of {e™)}, we have that Tyu a1y — uyp,. In turn, as u. > 0 ae., then

TM41Ue(mt1) > TarU.m+1), and thus, passing the the two-scale limit we conclude that
Upr+1 > uy a.e. Let

ut(z,y) == supuy(z,y) = lm uy(z,y). (3.1.1)
M M——+oco

Next we show that u™ € L' (U x Y'). Consider an increasing sequence of test functions
{¢n} € Cg°(U;10,1]) such that , = 1in {z € U : dist(z,0U) > 1} N B(0,n) and
¢n =0in{z € U : dist(z,0U) < 5=} U (R \ B(0,n + 1)). Then ¢,, € C°[U; Cper(Y)]
and

400 > limsup/ u. dx zlimsup/ Tauon () do
U U

e—0 e(M)_50

> lim TarUon () n () dxz//uM(:r,y)cpn(x) dydx
vy

T e U

for all M,n € N. Taking the limit first in n as n — +o00, and applying the Monotone
Convergence Theorem, we obtain

+oo>limsup/u5dx2 / / up(z,y) dyde,
e—0 U UJy

and next taking the limit in M as M — +o00, by (3.1.1) we deduce

+ o0 >limsup/u€dx2 / / ut(z,y) dyda. (3.1.2)
U vty

e—0

Hence, as u™ is non-negative, u™ € L' (U x Y).
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We claim that, up to a subsequence, for all ¢ € C° [U; C5,(Y)]

per

lim Uus(x)dj (x,g) dx = /U/Yqu(x,y)dJ(x,y) dydz.

e—0t

Fix ¢ € C*[U; C%.(y)]. We have

per

[ ey (2. %) d - / / (o)l y) dyds
/TMUE( ) x— d:r—//quy (z,y) dydx

[ [ Gt = @) vt 9) dya
+ [ o) = mte) v (2.2 ar

First, we analyze the convergence of the first difference in the right hand side above.
Consider the diagonalizing sequence {£} where ¢; := £; G) , the jth element of the subse-
quence {9}, We claim that

[ e (2.2) o= [ [t pitas) dyie

lim
E—0

=0 (3.1.3)

for all M. This can be easily seen by observing that for j > M, {¢;} is a subsequence of
{1, Hence,

. x x
lim [ 7apue(x)y (x, E) dv=_ Jm TMUE(M)( ) (ac, g(M)) du

=0t Jy (M) 0+

proving (3.1.3). We conclude that

[ ety (.2 o= [ [ @pota) dyo

<[Pl wsyy Jim U[J/Y(W(:B,y)—uM(x,y)) dydx (3.1.4)

lim
E—0t

+sup /U (ue(2) —TMuE(x))da:} .

e>0

From (3.1.1), taking into account that u™ € L'(U x Y'), we have by the Monotone
Convergence Theorem,

A}igloo/U/Y (u* (2, y) — unm(z,y)) dydz = 0.
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Also,

sup/(us(x) — Tyue(z)) de < sup/ us(z) de,
U {ue>M}

e>0 e>0

so using the equi-integrability of {u.} and the fact that |U| < oo, we conclude that

lim [ (u.(x) — Tpue(x)) de = 0.
M—o0 U

By (3.1.4), this concludes the proof.

Step 2: In this case the sequence {u.} may take both positive and negative values. The
positive and negative parts of these functions can be considered separately, precisely, let
ul = ucXqu >0y and u; = —u-X{u.<o0}. Then forall €, u. = vl —u_, where u} > 0 and
u_ > 0. From the previous step, there exists a subsequence {¢7} C {e} such that {u.+}
two-scale converges to some u™ € L' (U x Y'). Applying that step again we can extract an
additional subsequence {é~} C {é1} such that {u.-} two-scale converges to some u~ €
L' (U xY).Letug :=u" —u~. Thenug € L' (U x Y), and for all v € C°[U; C, (V)]

per

é—hg(lw /ng(x)zb (ZL’, £> dx—/U/Yuo(x,y)w(x,y) dydx
+5JEI3)+ /Uué(x)z/} <x,é£_> dw—/lj/yu(x,y)w(:v,y) dydx
=0. ]

Now that we have established two-scale compactness assuming that U is of finite mea-
sure, we may use this result in order to prove Theorem 1.1.1.

First Proof of Theorem 1.1.1. For each k € N let £, C U be open and such that |Ey| <
400, Ep_1 C E}, and

1
sup/ luc(z)|de < —.
e>0 JU\E k

Step 1: Again, we first address the case in which u. > O a.e. in U. By Proposition 3.1.1,
for k = 1 there exists a subsequence {1} C {e} such that {u_u)} two scale converges in
L' to some uf € L'(F; x Y) with

/ uy (z,y) dydr < limsup/ ue dr < limsup/ uedr =: C' < 400
FE1xY E1 U

e—0 e—0
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2—s
where we have used (3.1.2). For k > 1 extract {¢®} C {¢*~V} such that u.x — u;
for some u;” € L'(E), x V) with

/ uy (z,y) dydx < C. (3.1.5)
EkXY

The function u; can be extended to be a function in L*(U x Y') by setting it to be zero on
(U\ E;) x Y. Consider the diagonalizing subsequence {é} where ¢; := e(j ). the jth element
of the subsequence {¢/)}. We prove that u;} < u} if k < j. Lett € C°° [Er: C2.(Y)]
and define ¢ € C°[E;; C2, (Y)] by ¢ = ¢ in Ek and ) =0on E; \ E. Then

per

// (x,y)y xydydx—// xyd;xy)dydx
Ey

= lim ( ) dr =lim | wue(x)y (x, g) dx

£—0 é—0 o

5@L%@wmmwm

and we conclude that u;r = u} ae. in B}, x Y. The claim now follows by observing that
0=wuf <ulonU\ Ey. Setut :=sup, uf = limy_o 1. By (3.1.5),

/ ut(z,y) dyde = lim uy (z,y) dydx
U><Y k=oo Juxy
= lim u (z,y) dydz < C' < +o0.

k—o00 EpxY

Hence ut € L'(U x Y).
We claim that {u.} two-scale converges to u™. Let ¢ € C[U;C] be given. We
have forall k € N

L%mwxﬁzmi//w@wwmw@w

< ue ()1 ,Adx—//ukxy (z,y) dydx
Ey,
/ / (z,y) — uf (z,y)dydz
Ey,
+ / us () <$,7 dﬂ?—/ /u+ (x,y) ¥ (z,y)dydz|. (3.1.6)
U\E, € U\E, JY

2—s
For a fixed k € N, recall that {£;}52, C {egk) 221 80 ue — wf, and thus

[t (e 2y [ [ i)

lim =0.

£—0
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Also, recall that u; = u" in B}, therefore

//W(x,y)—u;(x,y)dydx
E,JY

Moreover, by the Monotone Convergence Theorem and as u; — uj in L'(E;),

/ /u+(x,y) dydz = lim /u;r(a:,y) dydz
U\E, JY I J(U\E)NE; JY

=0.

1
= lim lim uz(z) de < sup/ us(z)de < —.
J=00 20 J(U\Ey)nE; e JU\E; k
Also,
| w0 2)do- [ [t @) o) dyds
U\Ej, € U\E; JY
2|[¢]| e wxy)

< 2|l wxy) Sup/ ue(z) dx < S —
e>0 JU\Ey

By first taking the limit £ — oo and then the limit £ — oo in (3.1.6) we obtain

[ weaye (2.2 o= [ [ o o) dy

and thus {u:} two-scale converges in L' to u™.

lim
£—00

=0,

Step 2: A similar argument as in the previous proof can be used for the case in which u,
may also take negative values.

Lastly, we notice that should a weak limit, @, of {u.} exist, then for all ¢ € C'°(U)

o(2)To(z) dr = lim | @(z)u.(z)dz =
/ /

0 90(35)/ uo(,y) dydz. (3.1.7)
E— U U .

From this we see that Gio(x) = [, uo(x,y)dy a.e. x € U. From Theorem 2.3.2 we know
that {u.} is weakly sequentially precompact and from (3.1.7) it is easy to see that @y(z) —

[y wo(z, y)dy. O

3.2 The Measure Approach

In [6] Amar defines two-scale convergence of measures. We will denote by M (U) the set
of all signed Radon measures on U, Co(U; RY) is the space of all continuous functions that
vanish on the boundary of U, and Cy[U; Cper(Y')] is the space of all continuous functions
@ : U = Cpe(Y) that vanish on 0U (see [6]).
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Definition 3.2.1. A sequence of measures {p.} C M(U) is said to two-scale converge fo
a measure 1o € M(U x Y) if for any function ¢ € Cy|U; Cper(Y')] we have

lim [ ¢ <33, f) dpe(z) = / o(x,y) duo(z,y). (3.2.1)
€ UxY

e—0t U

Using an argument similar to that of Allaire in [4], if U is an open bounded subset
of RY with Lipschitz continuous boundary AU, then the following compactness result for
measures is obtained in Theorem 3.5 in [6].

Theorem 3.2.2. Every bounded sequence of measures {u.}. € M(U), admits a subse-
quence {i., }», which two-scale converges to a measure [ € M(U x Y).

We remark that the boundedness of U and the Lipschitz continuity of its boundary are
not used in the proof of this result in Theorem 3.5 in [6]. Using this theorem we provide
an alternate proof for the two-scale compactness of sequences bounded in L' (U). We will
use the following lemma.

Lemma 3.2.3. Let \ be a finite positive Radon measure on an open subset U C R™. Then
\ is absolutely continuous with respect to LV ( X << L) if and only if for all € > 0 there
exists a 0 > 0 such that for all ¢ € C°(U; [0, 1]) with |supp(¢)| < 0

/Ugo(x) d\(z) < e.

Proof. First assume that A\ << L. Then, for all ¢ > 0 there exists § > 0 such that
A(A) < e for all measurable sets A such that |A| < J. Let ¢ € C°(U; [0, 1]) be such that
|supp(¢)| < 6, and let A := supp(y). Then

/ e(x)dA(x) < / d\(z) = MA) < e.
U A
Now, assume the alternate condition. Fix € > 0 and choose § > 0 such that for all

¢ € C(U;[0,1]) with [supp(p)| < &

/ o(z)d\(z) <
U

DN ™

As ) is a Radon measure, every Borel set in U is outer regular and every open set in U is
inner regular. Let A C U be a Borel set such that |A| < 2. We claim that A(A) < e. By
the outer regularity of \, there exists an open set F, with A C E and |E| < %(5 . We may
use the inner regularity of A to find a compact set X' C FE such that

€

A(E) < MK) + 5. (3.2.2)
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As K is compact and F is open, there exists a function p € C°(U; [0, 1]) such that p = 1
on K and ¢ = 0 outside . Then

MEK) < /U o(x)dA(@) < = (3.2.3)

where in the second inequality we have used the assumption. Hence, by (3.2.2) and (3.2.3),

/\(A)g)\(E)gg+§:€

and this concludes the proof that ) is absolutely continuous with respect to £V U

Second Proof of Theorem 1.1.1. Step 1: Assume that u. > 0 a.e. in U. By Theorem 3.2.2
there exists a finite Radon measure \ such that u. LN |U = A. Note that, by (3.2.1),
Sy €@, y)dN(z,y) > 0 forall ¢ € CP[U; Cper(Y)] such that ¢ > 0, so A is a positive
Radon measure.

We claim that \ is absolutely continuous with respect to L*¥|U x Y, and for this
purpose we will use Lemma 3.2.3. Fix > 0. By equi-integrability there exists o > 0 such
that for all measurable A C U such that |A| < J,

sup/ us(x) de < n. (3.2.4)
A

e>0

Let p € C(U x Y; |0, 1]).

First let us assume that supp(p) C A x B C U x Y where A := z¢ + (—p, p)" for
some zg € U, B :=yy + (—p, p)" for some 3y € Y, and p > 0. We can take, without loss
of generality, p > ¢. Note also that |A| = 2¥p". Extend ¢ periodically in the variable y
with period Y so that ¢ is an admissible test function for two-scale convergence. Then, for
any € > 0

supp(gp(-,é)) Q{xGU:xeAand§€k+B,k€ZN},
SO

’supp o ( —)‘ < S ek +eB| = 3 NBl. (32.5)

9
keZN:An{ek+eB}#0 keZN:An{ek+eB}#0

Now, if k = (ki, ks, ..., ky) € Z" is such that AN {ek +eB} # 0, then there exists b € B,
with b = (by, ..., by ) such that ek € A — b or, equivalently, there exist s; € (—p, p) (where
bi = yo,i + s;) such that

ek; € (36072- —p— S(yo,i + Si), Toi+p— €<y0,i + SZ)) .
This is equivalent to

Zo,i

ki - Xi,g + <__,0 — Si, B — Sz’) with X@e = — Y0,i-
9

9 €
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Therefore, the number of integer valued vectors in Z" such that A N {ek + eB} # 0 is
N
at most the number of integer valued vectors in X + (—E — P, P + p) with X € RY,
3 3

N (=2p 2p\ "
which is the number of k € Z" such that k € (—B -, Ly p> C (—p, _p) (here
5 5 e €

A\ N
we used the fact that p > ¢), and this is at most (_p) . In view of (3.2.5), we deduce that
€

. N
supp (10 (- 2) )| < 4V =¥ B) = 24 B, (3.2.6)

Now let ¢ be a function in C°(U x Y'; [0, 1]) such that for K := supp(p), | K| < SNTI-

By the construction of the Lebesgue measure and the compactness of K, there exists a finite
cover of K by sets of the type A; x B; := (i + (—ps, pi)) x (y; + (—ps, pi)™), pi > 0,
r; €U,y € Y,suchthat E C |J" | A; x B; CU x Y and

m m 5
D A x Bil =) |A||B| < o
=1 =1

Set po := min{p; : i = 1,2, ...,m}. Then, for € < py and by (3.2.6),

)supp<90(-,g>)‘ Si}{zéU:ZEAiandZEeSk—l—gBi,keZNH

=1

<2V |AIBi| <6, (3:2.7)

i=1

and so, in view of (3.2.4) and (3.2.7), we have

X
d\ — 1 i 2 d
/Mw(x,y) (z,y) = lim L (7)p (w 5) %

< lim sup/ ue(z) dr < n.
0 Jum(o(-2))
By Lemma 3.2.3 we deduce A << L*V|U x Y, and so by the Radon-Nikodym Theorem
there exists a function vy € L'(U x Y) such that A = uoL*¥|U x Y. Thus, for all
p € CU; Coer (V)]

lim [ ¢ (x f) ue(x)dr = / o, y)uo(z, y)dyde,
=0 Ju € UxY
and {u.} two scale converges in L' to w.

Step 2: The proof for the general case in which u,. are allowed to take both positive and
negative values can be completed in the same manner as Step 2 of the proof of Proposition
3.1.1. From here, it is also easy to see that @io(z) = [, uo(z,y)dy. O
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3.3 Periodic Unfolding Approach

Recall that {u.} is a family of functions in L*(U). For the following we will extend
u. by zero outside of U for convenience of notation. An alternate approach to the study
of two-scale convergence, the periodic unfolding introduced in [28], involves defining a
family of scale transformations S, : RY x [0, 1) — RY which, for € > 0, are defined by

S.(z,y) :=eN(z/e)+ey for (z,y) € RN x [0,1)V, (3.3.1)
where
N(z) = (A(x1),....,n(zy)) forz = (z1,...,2y5) € RY,
and
n(s) :=max{n € Z:n<s} forseR.

Furthermore, let
r(s) :=s—n(s)€[0,1) forseR
and
R(z) =z — N(x) €[0,1)Y forx e R,

Using these scale transformations it is possible to define obtain a characterization of two-
scale convergence as follows (see [84] Proposition 2.5 and (1.9)).

Proposition 3.3.1. Let {u.} C L' (U). Then

2—s

U — Uy ifand only if u.o0S. — uy in L*(RY x [0, 1)V). (3.3.2)
Additionally, we will use the following result in [84]:

Lemma 3.3.2. Let [ be a function in L*(RY). Then for any ¢ > 0

faydo= [ f(Siley) dudy (333)
RN RN x[0,1)N

For our last proof of Theorem 1.1.1, we present a modified version of the proof of two-
scale compactness by Visintin in [84], Proposition 3.2 (iii).

Third Proof of Theorem 1.1.1. From the periodic unfolding characterization (3.3.2) of two-
scale limits, it is sufficient to prove that if {u.} is weakly sequentially precompact in
LY(RY) then so is {u. o S.} in LY(RY x [0,1)"). In turn, the latter condition is equivalent
to {u. o S.} being weakly sequentially precompact in L!(RY x Y'), therefore, in view of
Theorem 2.3.2 it is sufficient to check that conditions (i), (i1) and (iii) hold for the sequence
{ue o S:}. Additionally, we may assume, without loss of generality, that 0 < ¢ < 1.
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(i) From (3.3.3) it is easily seen that if {u.} is bounded in L'(U) then so is {u. o S.} in
LY(RY x Y).

(ii) By the de la Vallée-Poussin criterion, {u.} is equi-integrable if and only if there
exists a Borel function ¢ : RT™ — R™ such that

t
lim 20) =400  and sup/ o(|us(x)]) de < +o0. (3.3.4)
RN

t—+oo €

By (3.3.3),
p(|ue(2)]) dx =/ p(|ue(Se(z,y))) dyd.
RN RN xY
Therefore, the criterion (3.3.4) holds for {u.} in RY if and only if it holds for {u. o S.} in
R™ x Y.
(iii) Last we show that {u. o S.} also inherits property (iii) from {u.}, i.e., we claim
that for all » > 0 there exists a set £ C RY x Y such that |E| < 400

sup [ Juu(Se(o )l duda < .
(RN xY)\E

£

Fix n > 0 and in view of Remark 2.3.3 let £, be open, bounded and such that

sup/ luec(x)| dx < n. (3.3.5)
RN\ Eq

£

Let £ := (Ey + [—1,1]V) x Y. Clearly |E| < +00, and we show that if (z,y) € (RY x
Y)\ E then S.(z,y) € RV \ Ey. Indeed, (RN xY)\ E = (RV\ (Ey+[—1,1]Y)) x Y, thus
the claim reduces to proving that if v € RN \ (Ey + [—1,1]V) then S.(z,y) € R \ Ey, or,
equivalently,

if  S.(v,y)€E, then x¢€FEy+[-1,1". (3.3.6)

From the definition of S, we know that

:E:Sa(a:,y)—s[y—’l?,(fﬂ,

£
and e[y — R(%)] € [-1,1]", and this asserts (3.3.6). We conclude that
[ s o)l dyds = [ (S o, )| dyda
(RN xY\E (RN\(Eo+[—1,1]V))xY

< / XeM\ B (S= (2, y)) [ue(Se(, y))| dydx
RN xY

:/’ fue(@)| dz < 7
RN\ E

where in the last equality we have used (3.3.3) and (3.3.5).

We have shown that {u. o S.} is relatively weakly sequentially compact in L'(RY),
therefore it admits a subsequence that converges weakly in L'(RY) which, by (3.3.2), is
equivalent to {u.} admitting, up to a subsequence, a two-scale limit. [
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Chapter 4

Multiscale Homogenization in
Kirchhoff’s Nonlinear Plate Theory

4.1 Setting of the Problem

Let w C R? be a bounded Lipschitz domain whose boundary is piecewise C. This regular-
ity assumption is only needed in Section 4.4, while the results in Sections 2.4—4.3 continue
to hold for every bounded Lipschitz domain w C R?. We assume that the set

)

is the reference configuration of a nonlinearly elastic thin plate. In the sequel, {h} and
{e(h)} are monotone decreasing sequences of positive numbers, h — 0, £(h) — 0 as
h — 0, such that the following limits exist

Qpi=wx (-

[y
s

Y

Y h d i
M= hli%% and 72 = hlg(l)%a
with 1,792 € [0, +0c]. There are five possible regimes: 71,7, = +00; 0 < 3 < +00 and
Yo = 400; 1 = 0and 5 = +00; 71 = 0and 0 < 75 < +00; 11 = 0 and 7y, = 0. We focus
here on the first three regimes, that is, on the cases in which v, = +o0.
For every deformation v € W12(Q;,; R3), we consider its rescaled elastic energy

J"(v) = %/ﬂh W(%, %,VU(I‘D dz,

where W : R? x R? x MP*3 — [0, +00) represents the stored energy density of the
plate, and (y, z, F') — W (y, z, F’) is measurable and Q)-periodic in its first two variables,
i.e., with respect to y and z. We also assume that for a.e. y and z, the map W(y, z, ) is
continuous and satisfies the following assumptions:

(H1) W(y,z, RF) = W(y,z,F) for every F € M?*® and for all R € SO(3) (frame
indifference),

31
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(H2) W (y,z, F) > C,dist*(F; SO(3)) for every F' € M>*3 and for some C; > 0 (nonde-
generacy),

(H3) there exists § > 0 such that W (y, z, F) < Cydist*(F; SO(3)) for every F' € M?3*3
with dist(F; SO(3)) < ¢ and some Cy > 0,

(H4) lim|g0 W(y’z’ldﬁgl);’@(y’z’@ = 0, where 2(y, 2, -) is a quadratic form on M?>*3,

By assumptions (H1)—(H4) we obtain the following lemma, which guarantees the continu-
ity of the quadratic map 2 introduced in (H4).

Lemma 4.1.1. Let W : R? x R? x M*3 — [0, +0c0) satisfy (HI)~(H4) and let 2 :
R? x R? x M3*3 — [0, +-00) be defined as in (H4). Then,

(i) 2(y,z,-) is continuous for a.e. y, z € R?,
(ii) 2(-,-, F) is Q x Q-periodic and measurable for every F € M>*3,

(iii) for a.e. y,z € R?, the map 2(y, z, ) is quadratic on M33, and satisfies

sym’
1
5\SymFl2 < 9(y,z F) = 2(y, z,symF) < C|symF|?

for all F € M3*3, and some C > 0. In addition, there exists a monotone function
r: [0, +00) — [0, +00],
such that r(§) — 0 as § — 0, and
Wy, 2 Id+ F) = 2(y, 2, F)| < |[FPr(F))
forall F € M®*3, fora.e. v,z € R2.

We refer to [72, Lemma 2.7] and to [73, Lemma 4.1] for a proof of Lemma 4.1.1 in
the case in which 2 is independent of z. The proof in the our setting is a straightforward
adaptation.

As itis usual in dimension reduction analysis, we perform a change of variables in order
to reformulate the problem on a domain independent of the varying thickness parameter.
We set

Q=0 =wx(—1,1)
and we consider the change of variables PP Q — QF, defined as

Y"(x) = (', has) forevery z € Q.

To every deformation v € W2(Q,; R?) we associate a function u € W12(Q; R?), defined
as u := v o 1", whose elastic energy is given by

EMw) = J" () = /

Q

/ /

W(%, %, th(x)> dx,
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where

Viu(x) := <V’u(x)‘ax%(z)> fora.e. z € Q.

In this chapter we focus on the asymptotic behavior of sequences of deformations
{u"} € WH2(Qy; R?) satisfying the uniform energy estimate
/ /
hy, by ._ X 2
EMu") = /QW(%, () , Vi (z )) dx < Ch® forevery h > 0. 4.1.1)
We remark that in the case in which W is independent of y and z, such scalings of the
energy lead to Kirchhoff’s nonlinear plate theory, which was rigorously justified by means
of I'—convergence techniques in the seminal paper [45].

4.2 Identification of the Limit Stresses

Due to the linearized behavior of the nonlinear elastic energy around the set of proper
rotations, a key point in the proof of the liminf inequality (1.2.3) is to establish a char-
acterization of the weak limit, in the sense of 3-scale-dr convergence, of the sequence of
linearized elastic stresses

(thh)Tthh —Id

Eh .=
h

We introduce the following classes of functions:

Coy oo = {U € L2(Q x Q x Q; M¥3) 4.2.1)
there exist 1 € L (w; W (( — 3, 1), Wi2(Q; R?)))
and ¢y € L*(Q x Q; W”(QR )
¢

25 ) +sym(V.0200) |

-'53

such that U — sym( 01

Conotos 1= {U € L2(Q x Q x Q; M*?) 4.2.2)
there exist d € L*(;R?), ¢1 € L? (O W2 (Q; R?))
and ¢ € L*(Q x Q; W12(Q; R?))

per

such that U = sym(V,¢1|d) + sym(Vzng2|O)},
and

Covpon = {U € L2(Q x Q x Q; M¥3) 4.2.3)
there exist ¢ € L*(Q; W12(Q;R?)), n € L*(w; W2%(Q)),

per per
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g € LA (QxY),i=1,2,3, and ¢ € L*(Q x Q; W2(Q; R?)) such that

per

V€ + l‘svzﬁ g1
U = sym g2 ) +sym(V.9|0) ».

a1 g2 g3

We now state the main result of this section.

Theorem 4.2.1. Let y; € [0,+00] and v = +oo. Let {u"} € W12(Q;R3) be a se-
quence of deformations satisfying (2.3.2) and converging to a deformation u in the sense
of Theorem 2.3.4. Then there exist E € L*(2 x Q x Q;MZ)3), B € L*(w; M**?), and
U € O, 400, Such that, up to the extraction of a (not relabeled) subsequence,

hdr—?)—s
E" — E weakly dr-3-scale,

where / /
3 [1%(2) +sym B(x') 0
E(L%Z)Z( oIH(@) Oy (@) O>+U(x,y,2),

for almost every (x,y,z) € Q x Q x Q, with
HZ’B(QZ/) = — iﬂu(:c’) ‘nyu(2")  fora,B=1,2, (4.2.4)
and
nu(x') := oru(a’) A dyu(’) (4.2.5)
forevery z' € w.

A crucial point in the proof is to approximate the scaled gradients of deformations with
uniformly small energies, by sequences of maps which are either piecewise constant on
cubes of size comparable to the homogenization parameters with values in the set of proper
rotations, or have Sobolev regularity and are close in the L2-norm to piecewise constant
rotations. The following lemma has been stated in [83, Lemma 3.3], and its proof follows
by combining [46, Theorem 6] with the argument in [45, Proof of Theorem 4.1, and Section
3]. We remark that the additional regularity of the limit deformation « in Theorem 2.3.4 is
a consequence of Lemma 4.2.2, and in particular of the approximation of scaled gradients
by W12 maps.

Lemma 4.2.2. Let vy € (0,1] and let h,§ > 0 be such that
1

Yo

> =

Yo <

There exists a constant C, depending only on w and ~y,, such that for every u € W12 (w; R?)
there exists a map R : w — SO(3) piecewise constant on each cube x +0Y, with x € Y/
and there exists R € W2 (w; M**3) such that

IVt — R 72y + 1R = Rll72mmsxs) + P2V Rl T2 gsxs xapss)
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< O|\dist(Vu; SO(3)) |26
Moreover, for every £ € R? satisfying

[€loc :=max{[¢ - e1], [{ - e2]} < h,
and for every w' C w, with dist(w', Ow) > Ch, there holds
IR(:) = R(- + )l 2 wrpaz=sy < Clldist(Viu; SO3)) | 220
Proof of Theorem 4.2.1. Let {u"} be as in the statement of the theorem. By Theorem 2.3.4
the map u € W??%(w; R3) is an isometry, and
Viou" — (V'uln,)  strongly in L2(Q; M>*?), (4.2.6)

where n,, is defined in (4.2.5).

For simplicity, we subdivide the proof into three cases, corresponding to the three
regimes 0 < 7y, < +00, 71 = 400, and y; = 0, and each case will be treated in mul-
tiple steps.

Case 1: 0 < vy, < o0 and o = +00.
Applying Lemma 4.2.2 with §(h) = e(h), we construct two sequences {R"} C
L>®(w; SO(3)) and {R"} € Wh2(w; M®*3) such that R" is piecewise constant on every
cube of the form Q(e(h)z,e(h)), with 2z € Z?, and
IV — Rhl|%2(Q;M3X3) +|R" - Rh”%%w;ww) (4.2.7)
‘l’ h2||V/Rh||%2(W;M3xst3x3) S C(Hdlst(VhU,h7 50(3))”%2(9)
By (2.3.2) and (4.2.7), there holds
Viyu" — R" — 0 strongly in L?(€; M**3),
R"— R" -0 strongly in L*(w; M>*®),
and {R"} is bounded in W'2(w; M?>*3). Therefore, by (4.2.6) and the uniform bounded-
ness of the sequence { R"} in L>(w; M®*3), and in particular in L?(w; M*3),
R" — R strongly in L?(w; M**3), R" =~* R weakly* in L™ (w; M**%), (4.2.8)
and .
R" =~ R weakly in W"?(w; M**3), (4.2.9)

where
R(2") := (V'u(x")|n.(2)). (4.2.10)

In order to identify the multiscale limit of the linearized stresses, we argue as in [57,
Proof of Proposition 3.2], and we introduce the scaled linearized strains

RMTVul — Id

no_ |
G" = .

(4.2.11)
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By (2.3.2) and (4.2.7) the sequence {G"} is uniformly bounded in L?(); M**3). By stan-
dard properties of 3-scale convergence (see [5, Theorem 2.4]) there exists G € L*(Q x Q x
Q; M3*3) such that, up to the extraction of a (not relabeled) subsequence,

3—s
G" — G weakly 3-scale. (4.2.12)

By the identity

V(Id+ hF)(Id+ hF) = Id 4+ hsym F + O(h?),

and observing that

o VTV — 1d_/Td 4 hGYT(1d + hG™) — Id

h h ’
there holds
E =symG. (4.2.13)
By (4.2.12), it follows that
2—s

G" — [ G(x,y,2)dz weakly 2-scale.
Q

Therefore, by [57, Proposition 3.2] there exist B € L*(w; M?*?) and ¢, €
L? (w; Wl’z(( — %, %), W2(Q; R3))) such that

per

sym /QG(m, y, &) dE (4.2.14)
U ! / 8:1:3 ,

fora.e. x € Qand y € Y. Thus, by (4.2.13) and (4.2.14) to complete the proof we only
need to prove that

sym Gz, y, =) — sym / G2y, ) dE = sym (V. a(z, . 2)|0) 4.2.15)
Q

for some ¢ € L* (2 x Q; W)2(Q; R?)).
Set

ul (2’ x3) drs forae. 2’ €w (4.2.16)

I
>
&\
i
—
ol—= NI

and define r" € W'%(Q; R?) as

ul(z) =: @"(@') + hasRM (2 )es + b (', x5)  forae. x € Q. (4.2.17)
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/

thh o Rh _ (V’ah o (Rh)/
h h

We first notice that by (2.3.2), (4.2.7), (4.2.9), and (4.2.18), the sequence {r"} is uni-
formly bounded in W 12(£2; R3). Hence, by Theorem 2.4.6 (ii) there exist r € W12 (w; R3),
¢1 € L2(w; W2 (= L 1), Wi2(Q:R%))) and ¢y € L*(Q x Q; W2(Q; R?)) such that,
up to the extraction of a (not relabeled) subsequence,

‘We remark that

(2, m3) dus = 0, 4.2.18)

o= NI

and

~ ph _ ph
+ xgv’Rheg‘weg) LV (4.2.19)

dr—3—s

) o |y
vh’l“h _— (V,T + qubl + vngg 3¢1

71

) weakly dr-3-scale. (4.2.20)

By (2.3.2) and (4.2.7), and since R" does not depend on z3, {M} is bounded in
L?(w; M*?). Therefore by [35, Theorem 2.4] there exists V € L?(w x Q x Q; M3*?) such
that, up to the extraction of a (not relabeled) subsequence,

Ih Rh I 3_g
% "XV weakly 3-scale. 4.2.21)

Case 1, Step 1: Characterization of V.
In view of (4.2.15), we provide a characterization of

V(e y, ) - /Q V(. €) de.

We claim that there exists v € L*(w x Q; W2(Q;R?)) such that

per
V(x',y,z) — / Vi(x' y,£)dé =V, v(a'y,z) forae. 2’ €w, andy,z € Q. (4.2.22)
Q

Arguing as in [57, Proof of Proposition 3.2], we first notice that by [5, Lemma 3.7] to prove
(4.2.22) it is enough to show that

/W/Q/Q (V(‘”,’y’z) —/QV(I’,%&) df) (V) ()0, y) dzdy da’ =0 (4.2.23)

for every ¢ € C} (Q;R?) and ¢ € C®(w;C35(Q)). Fix ¢ € Cp(Q;R?) and ¥ €
C>(w; C2.(Q)). We set

per

(') = ez(h)g0<€2<h)> for every 7’ € w.
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Then,

/ V(@) .(V’)Lso(ng;l))w@’,%) dz’ (4.2.24)
/ D) (e (v, %}) da’
- [ C @y [ (e, )]
_ /wv' Z( >:{¢f(x')® (V000(s' 22) + s (e ) )]

The first term in the right-hand side of (4.2.24) is equal to zero, due to the definition of
(V')1. Therefore we obtain

/w w (V) (%’h)ﬂ (f,;f, ;h)> 4’ (4.2.25)

/

- [ ) o el

_i:)/wvlah(x’): [go(%/h)) (V )Lw( 7€x]’l))}

By (4.2.7), the regularity of the test functions, and since v, = 400, we get

52(h) I=h/ I\ . $/ L / ZE’ /
T/wvu (') : [@(52(h)> ® (V )x¢<x,€(h)>} dr' = 0, (4.2.26)
while by (4.2.6), (4.2.10), and the regularity of the test functions,
5(h) I—h $/ nL / .1', /
lim = /v («') : [¢(€2(h)) ® (V)su(v, Th)ﬂ dz 4.2.27)

/ / / R(z ® (V)iu(',y)) d=dy de' =0,

where the latter equality is due to the periodicity of ¢/ with respect to the y variable. Com-
bining (4.2.24), (4.2.25), (4.2.26) and (4.2.27), we conclude that

. v/ﬂh(:p/) . nL ' / 7’ ;5
lim [ = (V) SO(WW(@” , m) da’ = 0. 4.2.28)

In view of (4.2.21), and since

/W/Q /Q (/Q Vi y.¢) dg) (V) o(2)y(2!, y) dz dy dz’ = 0
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by the periodicity of ¢, (4.2.23) will be established once we show that
}%h 1!
(R @)

h—0 J,, h

/ /

(V) (;h))zp (:U ;—h)> dz' = 0, (4.2.29)

In order to prove (4.2.29), we adapt [57, Lemma 3.8] to our framework.

Since ¢ € C°(w; C55.(Q)) and k. — 0, we can assume, without loss of generality, that
for h small enough

dist(supp ¢; dw x Q) > (1 + 73>h
1

We define
20 = {2 € 21 Qe(W)z.(h) x QNsuppv # 0 .

and

Q. = |J Q)= ().

Z€EZE

Since 0 < 1 < 400, for A small enough we have ﬁe(h) < ?y—? so that

dist(Q.; Ow) > (1 + %)h —V2e(h) > (1 + %) h.

We subdivide
Q. = {QE (M) - A € 2 and QA2 (h) N Q- # 0]
into two subsets:

(a) “good cubes of size EQ(h)”, i.e., those which are entirely contained in a cube of size
e(h) belonging to ()., and where (R")’ is hence constant,

(b) “bad cubes of size 52(h)”, i.e., those intersecting more than one element of ()..

We observe that, as 5 = 00,

dist(Q.; w) > dist(Q.; dw) — V2e2(h) > h (4.2.30)
for h small enough, and
|w]
7F < C . 4231
#LE < O ) ( )

Moreover, if z € Z¢, A € Z?, and
2(h)X € Qe(h)z,e(h) — 52(h)),

then Q(e%(h)A,€2%(h)) is a “good cube”, therefore the boundary layer of Q(e(h)z,e(h)),
that could possibly intersect “bad cubes” (see Fig 1) has measure given by

|Q(e(h)z, £(h))| = 1Q(e(h)z,e(h) — e*(h))| = e(h)® — (e(h) — e(h)*)* = 2e(h)* —e(h)".
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—

"good" cube

{ o,

Fig 1. The layer Q(e(h)z,e(h)) \ Q(e(h)z,e(h) — e%(h))

By (4.2.31) we conclude that the sum of all areas of “bad cubes” intersecting (). is bounded
from above by
|w]

“am

(26*(h) — *(h)) < Ce(h). (4.2.32)
We define the sets
75 = {A € 7232 € Z° st Q(2(R)N, £2(h)) C Q(s(h)z,e(h})},

and
7 = {)\ € 72 : Q(e(h)*\,e2(h)) N Q. # 0 and \ ¢ Zg}
(where ‘g’ and ‘b’ stand for “good” and “bad”, respectively). We rewrite (4.2.29) as

/

[ o i Yol )
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(BY() s (2N TN
- Z/QWMW Ve ) ) e

AEZS
(Rh),(x/) L ZC/ / x/ /
- Z / (V)T Yz, dz’.
rezg J QER (A2 (h) h ( (52(h)> ( e(h))

Since the maps {(R")'} are piecewise constant on “good cubes”, by the periodicity of
¢ we have

/ L 21(:/%0)1/}(:6/’ ) (3239

BYE) s (&N |
' Z /Q(e?(h)A,e2(h)) h (V) 90(52(11))‘”(5 ()X, e(h)A) da'.

AL

We claim that

lim =0.

ol /Q<s2(h>x,s2(h>> h

(4.2.34)
Indeed, by the periodicity of ¢,

/

x
(V’)ﬂo( ) de' =0 forevery \ € Z?,
/Q(a%h)x,e?(h)) e*(h)

and we have

2 /Q(€2(h))\,€2(h)) (ha("’",) | Wl)w(ﬁfh)>¢<€2(h)/\’8(h)>\> dx,

Iy (R"Y (') — (RMY(2(h))
Q(e2(h)Ae2(h))

\EZ§

/

: (V’)l<p<€2x(h>)w<52(h))\,e(h))\) dz'|.
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Therefore, by Holder’s inequality,

(RY(@) o ons (@ (s |
;Zi /Q(EQ(h)A,s2(h)) W) S0<82(h)>¢<5 WM@WM) dx (4.2.35)
< g |(Rh)/(113/) . (Rh)/(€2(h))\)| dr’

Usezg Q(2(MA2(h))

1
C =
< E’ Unezs Q(E2 (W)X, €2(R))|* | (R") (2) — (R (€ (MM 220y Qe2rc2())-

Every cube Q(g%(h)\,%(h)) in the previous sum intersects at most four elements of ).
(see Fig 2). For every \ € Zg, let Q(e(h)z}, ), i = 1,- -+ , 4, be such cubes, where
#{2i=1,--- 4} <4,

)

Without loss of generality, for every A € Z; we can assume that

e?(h)A € Q(e(h)z3,e(h)),

so that
[(R")' (") = (R") (* (M)A = 0 ae. in Q(e(h)z],e(h)).

Hence,

S oy ) = (00

AEZy

vy (R @)~ (RN i’

rezg i=1 J QE WA (M)NQ(e(r)) e (h))
Since the maps { R} are piecewise constant on each set
Q(* ()X, €*(h) N Q(e(h)z}, e(h)),
there holds
(B")(2') = (R") (2 (M)N)] = |(B") (2) — (B") (2 + ©)|
for some & € {+e?(h)ey, £e?(h)ey, +e*(h)e; + 2(h)es}.

Fig 2. For every A € Z¢, the cube Q(2(h)\, e?(h)) intersects at most four element of Q..

Therefore, by (4.2.30) and Lemma 4.2.2, and since y; € (0, +00), we have

> / [(RMY (') — (R™Y (£2(h)N)|? da’ (4.2.36)
Q(e2(h)Ae2(h))

NELE
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< O|dist(Vpu"; SO(3))I72(0

Combining (2.3.2), (4.2.32), (4.2.35), and (4.2.36), we finally get the inequality

2 /(52(h)/\52(h)) (ha(x,) | (V’)%(%W(ﬁ(h)xg(h))\) dx,

rezg @
C 1
< ﬂ Urezg QM)A (1) | |dist (Vs SO(3) 2o
1
< C‘ U)\GZ‘Z Q(€2(h))\,€ ‘2 < C\/

and this concludes the proof of (4.2.34).
Estimates (4.2.33) and (4.2.34) yield

i M;w/)w(%)w(% ")

L h LDAMIRD
: <V'>iw(€j§ h)) (¢ (as', %) (@A) d

/

: (v’)ﬂp(ﬁ(m) (/01 %@(52(}1))\ 4tz — (V) dt) dz,
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where ¢.(z') := 9 (x’ , %) for every x’ € w. Therefore, by the periodicity of ¢

/ /

lim / (ha(ml) :(v’)%(gg’zh))@b(ag/,%) dz’ 4.2.37)

(R")' (@)« (V')

Ny QA (h)
_ P2
x 5( /v¢€ )\+tx—€(h))\))~mdt>dx’].

Changing coordinates in (4.2.37) we get

lim /w (Rh)# : (V')ﬂo(%)@b(z', - )dw’ (4.2.38)

: (v’)w(z)( V' (e2(h) + te2(h)z) dt - z> dz

. %(h) NI 2
= lim (R (*(h)z + e*(h)N)
- L(Z%Z;) " /Q o

1

(V) e(2) ( /0 (Vg (2 (W)X + te*(h)z) — V' (e*(h)N)) dt - z) dz

= [y Eme o)

We notice that

lim
h—0

> &hh) /Q (R")'(e*(h)z + *(R)A) (4.2.39)

AE(ZFUZE)
: (v’)igo(z)( /0 (Ve (e2(R)X + te*(h)z) — V’gbg(SQ(h)A))dt) -zdz] = 0.

Indeed, since ||(V")2Pe || oo (wx @3y < 52—%), we have

> S [y Eme o

AE(ZFUZE)
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1

: (V/)igo(z)( /0 (V' (2 (M)A + te2(h)z) — V¢ (e*(h)N)) dt - z) dz

6(h)
= c- }(z Z / [(R") (€%(h)z + e (MMII(V')?0: || Lo axq) €% (h) 2] d=

< (Jg6(h § | /| (RM(£2(h)z + €2(R)N)| dz
h
AE(ZZIZLG)
/ (R @] da' < €
Q(e*(M)A.e2(h))

which converges to zero by (4.2.8) and because v, = +00.
By (4.2.39), estimate (4.2.38) simplifies as

(h)
R s e

AE(ZFUZE)

) Y (:cﬂ =0 ) dz’ (4.2.40)

(TRl (E )N - ) d
=h%[ > gﬁf@«RW@%mﬂ+ﬁmnwwRW@%MM>
oo

Ae(ZEUZE)

‘We observe that

lim L > 562]1) /Q((Rh)’(a?(h)z+62(h)A)—(Rh)/(gz(h)A)) (4.2.41)

h—0 .
€(Zzuze)

(V) o) (V6. (2 (M)N) - 2) dz | = 0.

Indeed, since ¢ € O}, (R* M**®) and ||(V') el L (wxq) < ?‘i) recalling the definition
of the sets Zj and Z¢, and applying Holder’s inequality, (2.3.2), (4.2.32), and (4.2.36), we

obtain

> ﬂlf)/cg((Rh)’(ez(h)erg?(h))\) — (RM(£2(h)N))

AE(ZFUZE)
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(V) 0(2)(V/ge(e*(h)A) - 2) dz

<5 S [IRYEm 0N - (R

€(Z; VL)
:CE—(h) Rh/I/_Rh/Qh)\dx/
h /\Z/Q(EQ(h)Aﬂ(h))K )'(@) = (B (7 (R)A)]

< M Uiy @A, 200 P it SOE) ey < ().

Collecting (4.2.40) and (4.2.41), we deduce that

N

: (Rh)/(ml) . L :LJ / 33" /
flfi%/wT (V) ¢<€2(h)>¢(x,%> d (4.2.42)
~ lim (Z) a0 /Q (RY(E(W)A) : (V) (o) (Vo)) - 2) dz .

Since 0 < y; < 400 and v, = +00, by (4.2.8) we have

hm Z

2
)\GZUZ (e

(@) 1 (V) p(2)(V'u(a) - 2) do’ d2

hyXe2( h)

Rh

h—>0
/

(V) (2 )[( x¢< (h)> ?z)vgﬂ#(x’, 5($_h)>> z] dz dz’

/UJ//R/ o(2)(Vyh(a',y) - 2) dzdy da’ = 0,

by the periodicity of ¢» with respect to y. We observe that if A € Z;, then
f (RY(@') - (V) p(2)(V'o.(a') - 2)
Q(e2(R)Ae(h))
= (R") (2 (M)A) : ][ (V) o (2) (Ve () - 2) da,

Q(e*(M)A.e2(h))

and we obtain

131[ > Eﬁéh) / (RYY(()A) : (V)1 0(2) (V' (2()A) - 2) dz
Ae(ZEUZE)

Q(e2(h)X\e2(h
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(V) e(2) (Vg (2) - 2) da’ dz]

DR CIVITEIIARY

15
g

[ (Ve[ (Ve (h)X) — Vio.(x') da') - 2| dz
/Q< o) [(To-E ) ]Q(EQ(W(M) o.(a') ') -]
+ Z #/(Rh)/@?(h))\) : (v/)LSO(Z)(V/Qse(EQ(h)/\)‘z) d=

\EZ; Q
- () R (') (V) p(2)(V'pe(a') - 2 dac'dz].
T Sy ) T AT 2

By the regularity of ¢ and 1, and the boundedness of { R"} in L°°(w; M*3),

> @(Rh)'(&(h)x) (4.2.43)
AEZS
e (Vodmn - f V6. (a') ') ] @z
Q Q(e2(h)\,e2(h))
<oy | V0 (RN — V'ee(e!)| o’
h 3 aemnem)
4(h 2(h
< C#”VQQ%HLN(MXQ;MM?,) < Cih),

which converges to zero, because v, = +00. On the other hand,

Z 56§Lh) /Q

N

(RMY(2(h)A) - (V) Fo(2) (V¢ (e2(h)N) - 2) dz (4.2.44)

- (RY(@) (V) () (Vo) - 2) dx'] &
Q(e*(h)Ae2(h))

AELE

9@ (Vo - f

V¢ (") dx’) : z] dz
Q(e2(R)Ae2(h))

@ h\/ 2,_:2 - h\/ :L'/
5 Ly (N = (Y (09)
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S (V) o(2)(Vge(2)) - 2) da’ dz.

Therefore, arguing as in (4.2.43), the first term on the right hand side of (4.2.44) is bounded
2
by C#, whereas by (4.2.32) and the boundedness of { R"} in L (w; M**3),

@ hyr (2 - hY! (o
AGZZ% h /Q][Q(62(h)>\,62(h))((R ) (e (h)A) = (B?) () (4.2.45)
(V) (=) (V'e(a)) - 2) da’ dz
C@ Rh/$/—Rh/2h)\dx/
<C— = /Q(EQ(,IM(W [(R")(z") — (R")'(€*(h)N)]
e?(h)
<C T

which converges to zero as v, = +00.
Combining (4.2.42)—(4.2.45) we conclude that

lim | (Rh)# : (V’)ﬂo(%)qﬂ(m', ;é) da’ = 0. (4.2.46)

By (4.2.21), (4.2.28), and (4.2.46), we obtain
[ ]| (v~ [ vined) () o) dedyds’ =0
wJQJQ Z

forall p € CL.(Q;R?) and ¢ € C°(w; Coo.(Q)).
This completes the proof of (4.2.22).

Case 1, Step 2: Characterization of the limit linearized strain G.
In order to identify the multiscale limit of the sequence of linearized strains G", by (4.2.13),
(4.2.15), (4.2.19)—(4.2.21) we now characterize the weak 3-scale limits of the sequences
{$3V’Rh63} and {% (Rheg — Rheg)}.

By (4.2.9) and [5, Theorem 1.2] there exist S € L*(w; W3 (Q; M**®)) and T' € L*(wx
Q; W2(Q; M3*3)) such that

per

~, 3—s
V'R'" —V'R+V,S+V,T weakly 3-scale, (4.2.47)

where fQ S(2',y)dy = 0 for ae. 2’ € w, and fQ T(z',y,2z)dz = 0 for a.e. ¥’ € w, and
y € Y. By (2.3.2) and (4.2.7), there exists w € L*(w x Q x Q;R3) such that

~ 3—s
(R"es — R'es) — w  weakly 3-scale

S| =
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and hence,
(R"es — R"es3) — wy  weakly in L*(w; R?)

S| =

where

wo(z") :z//w(m’,y,z)dydz,
RJQ

for a.e. ' € w. We claim that

1 ~ 3—s 1 . / /
z(Rheg — Rheg) _— ’LU()(Z'/) + IS(:CI, y)eg + (y v ’)Ylpb(l’ >63, (4248)

weakly 3-scale. We first remark that the same argument as in the proof of (4.2.29) yields

Rh€3 osc,Z
—_\
h

Moreover, since v, € (0, 4+00), by (4.2.8), Lemmas 2.4.9 and 2.4.10, there holds

Rteg oseY  (y-V')Res
h 2!

and ~
Rh€3 ose,Y Ses

h ’717

where in the latter we used the fact that fQ V.T(z',y,z)dz =0forae. 2’ €wandy € Y
by periodicity, and fQ S(z',y)dy = 0 for a.e. 2’ € w. Therefore, by Remark 2.4.8, to

prove (4.2.48) we only need to show that
Rlte o2
h

(4.2.49)

To this purpose, fix ¢ € C'.(Q), with fQ o(z)dz = 0,and ¢ € C(Q; C2.(Q)), and

per per
let g € C?(Q) be the unique periodic solution to

{Ag<z> = o(2)

fQ g(z)dz = 0.
Set
(2') := &*(h) ( v ) for every 2’ € w (4.2.50)
g - g 52(h) y ) Al
so that . /
. x
Ag (IE,) = %¢<%> for cvery x’ € w. (4251)
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By (4.2.50) and (4.2.51), and for i € {1, 2,3}, we obtain

/lengx/)“O( gz )>¢< v, ;h)) da’
)

=S [ Reag (s )

Integrating by parts, we have
Rly(«) ¢ o x :
/ h (,0( )> ( 0 )dm (4.2.52)

)

/V’R V/(g ( () ))dm,
2)LR¢3< (2@ o) (7 )
B (7, o))

- [ R V) (e )

+ 2¢°(2")(div, V1)) (a:’, %)} dx’

- h;h) /w Rly(a)g (2') 80 (4, %) da'.
Since V’(gf( W( = ))) € L°(w; R?),

)/V R ¢ (z )¢<x’, ;—h)» dz' =0, (4.2.53)

h—0

where we used the fact that v, = 400, and similarly,

/

lim Y / Rly(a!) (2997 (') - (V) (o ;—h)) +g° (@) (Av) (o af@)) dr' = 0.

h—0
(4.2.54)
Regarding the third term in the right-hand side of (4.2.52), we write
g(h) ph (7 /€ / i / 7’ !
T/OJRm(x )29 (@) - vy (w, (h)) + 29 (@) (div, Vo)) (' €<h))} d
(4.2.55)
_ €<h) ph (1 ! ' / ' /
=2, | Bale)V 9<52( )) 'VW<$ ’ e(h)) de
253<h) Dh (.. ' / ' /
+ N ] R (x )g<€2<h)>(dlvy V1)) (ac , (h)) dx
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By the regularity of g and v,

x x

V/g(%> -V, (x’, m) Z Vg(2)V,(x',y) strongly 3-scale.

Therefore, by (4.2.9), and since 0 < 7; < +00 and 5 = +00, we obtain

lim [# /w RA () [2V’g€(x’) V0 (x’, %) (4.2.56)

h—0
/

+2¢° (2")(div, V1) (x', %)} dx'}

= %/w/Q/CgRi?)(q:’)Vg(z).vyw(x/?y) dzdyda’ = 0,

where the last equality is due to the periodicity of 1) in the y variable.
Again by the regularity of g and v,
x’ , T\ 3-s ,
g(%> AWRT) (x , %> — g(2)Ay(a’,y) strongly 3-scale,
hence, by (4.2.9), and since 0 < ; < +oo and ¢ € C°(w; C2

>:.(Q)), the fourth term in
the right-hand side of (4.2.52) satisfies

. x
lim

h—0 h;h) /WR%(x')gg(x’)Ay@b <I/’ %)) dz' (4.2.57)

1
- // / Ri3(‘xl)g(z)Ay¢(lL‘/,y) dz dy dz’ = 0.
M JodoJo
Claim (4.2.49), and thus (4.2.48), follow now by combining (4.2.52) with (4.2.53)—(4.2.57).

Case 1, Step 3: Characterization of E.
By (4.2.8), and by collecting (4.2.19), (4.2.20), (4.2.21), (4.2.47), and (4.2.48), we deduce
the characterization

R(l'/)G(QL’, Y, Z) = (V’T’(l’/) + Vy¢21 (.’I?, y) =+ vz$2<x> Y, z))%aﬁ,&l (:U7 y)>
b VIRE),)

g
+ a3 (V’R(m')eg +V, S y)es + V. T (2, y, Z)€3|O>

1
+ (V(xla Y, 2)‘w0(1‘/) + ’Y_S(ZE,7 y)63 +
1

forae. z € Qandy,z € Q, where r € W12(w;R3), ¢, € L(w; W2 (-1, 3);
W12(Q;R3))), wy € L*(w;R3), S € L?(w; WLA(Q; M>*3)), V € L?(w x Q x Q; M>*?),

per per

bo € LAQxQ; WL2(Q:R?)), and T € L*(wx Q; WL2(Q; M*<3)). Therefore, by (4.2.22)

per per

symG(x,y,z)—/stmG(:c,y,g)dﬁ
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R (Vg2 - |

)

R(wl)T (VZU(I}/, Y, Z) + Vz$2(x7 Y, Z) + mSVZT($/> Y, 2)63

Viwﬂy,Z)+-VQ$2@ay7zﬂ0>

= sym

+ 23R (VT y, 2)es

= sym

@l

where Tes, 7 € L*(w x Q; WA2(Q; R®)). The thesis follows now by (4.2.13), (4.2.14), and
by setting X
(bg = RT('U + ¢2 -+ $3T€3).

forae. x € Q,and y, 2z € Q).

Case 2: y; = o0 and v, = +00.
The proof is very similar to the first case where 0 < ; < 4+00. We only outline the main
modifications. In order to complete the proof we will need the following lemma.

Lemma 4.2.3. Let a € Ny. Then for every z € 7 there exists 2’ € 7 such that
Q(e(h)z,e(h)) € Q(o(h)2",0(h))

or, equivalently, with m = i% eN,

11 1
(z——¢+—)cW(5—§Jw~). (4.2.58)
holds with m = 2a + 1.

Proof. Without loss of generality we may assume that z € Ny (the case in which z < 0 is
analogous). Solving (4.2.58) is equivalent to finding 2z’ € Z such that

z—31> (2@%—1)2’—@,
: , (2ar1) (4.2.59)
245 < (2a+1)2 + 5=,

that is
> (2 1)z —
22 Qat 1) —a, (4.2.60)
2<(2a+1)7 +a.
Letn,l € N be such that z = n(2a + 1) + [ and
<2 +1. 4.2.61)
Then (4.2.60) is equivalent to
2 1 l > (2 1)2
n(2a+1)+1l+a> (2a+1)7, 42.62)
n2a+1)+1—a<(2a+1)2.
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Now, if 0 < [ < a it is enough to choose z’ = n. If [ > a, the result follows setting
2z :=n+ 1. Indeed, witha + 1 > r > 1 € Nsuch that | = a + r, (4.2.62) simplifies as

n(2a+1)+2a+r> (2a+1)(n+1),
n(2a+1)+r < (2a+1)(n+1),

that is,

2a+1>2a+1

r <2a+1,
which is trivially satisfied. O
Remark 4.2.4. By Lemma 4.2.3 it follows that, setting p = 552((]2) and provided p is odd,

for every z € 72 there exists 2’ € 72 such that

Q(*(h)z,*(h)) € Q(d(h)z, d(h))

This observation allowed us to construct the sequence {R"} in Case 3 of the proof of
Theorem 1.2.1.

Remark 4.2.5. We point out that if m is even there may be z € 7 such that (4.2.58) fails
to be true for every 2 € 7, Le.,

1 1
(z—§,z+§> Z <mz’—%,mz’+%).

Indeed, if m is even, then z = gm € Nand (4.2.59) becomes

2 2 27

Sm+ i <m+ %2,

2

which in turn is equivalent to

z'e[l—l— L 2 !
om’ 2ml’

This last condition leads to a contradiction as

1 1
1+—,2——} NZ =10 foreverym € N.
2m 2m

We now return to the proof of Case 2. Arguing as in [57, Proof of Proposition 3.2], in
order to construct the sequence { R}, we apply Lemma 4.2.2 with

5(h) == (2 {T’M + 1)5(@.
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This way,
h 1

Sy 2
and the maps R are piecewise constant on cubes of the form Q(5(h)z, d(h)), with z € Z2.
3(h)
e(h)
piecewise constant on cubes of the form Q(e(h)z,e(h)) with z € Z?, and (4.2.7) holds
true. Defining {r"} as in (4.2.17), we obtain equality (4.2.19). By Theorem 2.4.6(i), there
exist r € Wm(w;Rf’)) b1 € LA WI(Q;RY), ¢ € LA x Q; WL2(Q; R?)), and

per per

¢ € L*(w; WH2(( = 1,1);R?)) such that

In particular, since { } is a sequence of odd integers, by Lemma 4.2.3 the maps R" are

dr—3—s

Vit == (V'r + V1 4 V.2|0sy¢)  weakly dr-3-scale. (4.2.63)

Moreover, (4.2.14) now becomes

sym /Q G, y,€) de

(P mBE) 0 (9

0rs0)

forae. z € Qandy € Y, where B € L?(w; M?*?). Arguing as in Step 1-Step 3 of Case
1, we obtain the characterization

E(r,y,2) = ( (@) JBSymB(fU') 8 )

+sym(Vyér (2, y)|d()) + sym(Vaga(z, y, 2)|0),
with d := 8,,0 € L*(QR?), ¢1 € L*(Q; W)2(Q; R?)), and ¢ € L*(Q X Q;
Wi (Q; R?)).

per

Case 3: 7v; = 0 and v, = +o00.
We apply Lemma 4.2.2 with

h
e2(h)

and by Lemma 4.2.3 and Remark 4.2.4 we construct

5(h) == (2{ ] + 1)52(h),

{R"} € L®(w;SO(3)) and {R"} c Wh?(w;M>*?),

satisfying (4.2.7), and with R" piecewise constant on every cube of the form
Q(e2(h)A, %(h)), with X € Z2.

Arguing as in Case 1, we obtain the convergence properties in (4.2.8) and (4.2.9), and
the identification of £ reduces to establishing a characterization of the weak 3-scale limit
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G of the sequence {Gh} defined in (4.2.11). In view of [83, Proposition 3.2], there exist
B € L?(w;M?*?), £ € L*(Q; Wpléf(Q;R2)),77 € L*(w; WSé%(Q;RQ)), and g; € L*(QxY),
1 =1, 2,3, such that

/E(w’,y,z) dz = sym / G2 y,2)dz (4.2.64)
Q Q
B ( z3lI%(2") + sym B(z') 0 )
N 0 0
symV,&(x,y) + 23Vin(a',y) gi(z,y)
+ ( 92(2,y) )
g1(@,y)  ga2(,y) gs(x,y)

forae. v € Qandy € Y. We consider the maps {#"} and {r"}, defined in (4.2.16)
and (4.2.17), and thg decomposition in (4.2.19); By Theorem 2.4.6 (iii) there exist maps
re WRBY), b € L WEQEY). b € LHQ x QWAQE), and €
L*(w x Q;WH2((— 4, 1);R?)) such that
dr—3—s ~ ~ _
Viur" — (V'r 4+ Vb1 + V.|0py6)  weakly dr-3-scale.

Defining V" as in (4.2.21), we need to identify the quantity
V(z'y,z) — / V(d'y,2)dz.
Q

Case 3, Step 1: Characterization of V
We claim that

V(' y, z) — / V(z' y,2)dz = V,u(2',y, 2) (4.2.65)
Q

fora.e. 2’ € w,and y, z € Q, for some v € L*(w x Q; W, (Q; R?)).

As in Case 1-Step 1, by [5, Lemma 3.7] and by a density argument, to prove (4.2.65) it
is enough to show that

/// (V(a',y, 2) —/V(x',y,z) dz) : (V') o(2)d(y)¢(a') dz dy da’ = 0 (4.2.66)
wdQJQ Q

for every ¢ € C2.(Q;R?), ¢ € C2.(Q) and ¢ € C°(w). Without loss of generality, we
may assume in addition that [, ¢ (z) dz = 0.
Fix p € C3(Q;R?), ¢ € C2.(Q), ¥ € C°(w), and set

/ /

©°(a') = 52(h)¢<€fh)>gp<€;(jh)> for every ' € R2.

‘We notice that

/

(V)i (a') = V%(éfm))ab(f )+ a(h)ng(gf(h)) ® v%(g(xh)) (4.2.67)
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for every 2/ € R?. Integrating by parts, in view of the definition of V+ we have

/w V};Lu (V) et (2 )y (a) da’ = _/w VI;LU % () @ (V') (a) da

— _82§Lh) /wvhﬂh(x) : gb(efh))go(g;gh)) ® (V) (2 de'.

Therefore, by (4.2.7) and since v, = +00, we obtain

—h
lim/ Vil (V)R (2 )(2)) da’ = 0.
h—0 [, h

By the regularity of ¢ and ¢,

/ /

¢<;h)>vi¢<;éh)> 3 0()Vp(2)  strongly -seale

and
/ / 3_g

S0<5;Eh)> ® vlgb(sfh)) — ¢(2) ® V' o(y)  strongly 3-scale.
By the definition of V (see (4.2.21)), (4.2.67), and since R" does not depend on x5, we
deduce that

~h __ h\/
lim w L (V) (2)b(7) do! (4.2.68)

- / /Q /Q Vg, 2) - VEe(2)6(y)6(!) dz dy da.

In view of (4.2.68), (4.2.66) reduces to showing that

lim (Rh)# (V) (2)ah(a!) da’ = 0. (4.2.69)
Defining
7F = {)\ € Z?: Q(2(h)\, €2(h)) Nsupp ) # @},
we obtain
/ (R 2’(9«"’) : ¢(€?f};)><v)¢¢<%’h>>w(ﬁ) d’ (4.2.70)
— 2 S EYEmN)

| /Q<s2(h)x,62(h)> <¢(€fh)>w(:€/) - qb(g(h)A)w(g(h))‘)) (v/)LQO(ngh)) dz’,
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where we used the fact that
/

/ (V’)Lgo( f ) dr' =0 forevery \ € Z°
Q(e2(R)A\e2(h)) g?(h)

by the periodicity of (. The regularity of ¢, ¢ and v yields

/

o) ¥ = SN

/Olci[¢<€ “t ;h h>>‘>>¢(5z(h)/\+t($/—82(h))\))}dt

/

/0 [Vlﬁb(é /\+t (;(Eh h>>\>>w(52(h)/\+t(l’,—62(]1)/\))
<$/ e( hgh )]
+/01 (b(g A*’f( h (h)A ))vw( (h)A +t(z' — *(h)N))
(@ 2(h))] .

Therefore (4.2.70) can be rewritten as

/W(Rhiz/(m/) :¢(;f;)>(v/)%"<%>¢($/> dz’ 4.2.71)

= SRR

\eZe

: /Q (EQ(hW(h))(v’)ﬂo(gjéh)){ /0 [V’gb(s(h))\jtt(% ()

o SRV EN

/ /

ST G, ol -009)

V(2 (WA + (' — 2(h)N) - (2 — gQ(h)A)} dt} dz'.

The first term in the right-hand side of (4.2.71) can be further decomposed as follows:

- Z (RM)'( (4.2.72)
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// V(e (G2 (M)A + 12(h)2) — Y(E2(W)N)) (V') - o(2) dt
h)th)( (W)

: /Q { /0 [(V'¢(e(R)X + te(h)z) — V'g(e(h)N)) - 2]
Y(EX(M)A +te2(h)2) (V) Fp(2) dt} dz

P W[ [ v NV plz) dt e

\eZe

In view of the regularity of the maps ¢, ¢, and v, and the boundedness of {R"} in
L (w; M3*3), the first term in the right-hand side of (4.2.72) is estimated from above as

‘Ei(lh) Z(Rh)’(e2(h)>\) (4.2.73)
/ / [V'o(c (B(E WA +12(R)2) — BRIV (V) (=) dt d2
N E (Vo (e(h)NI VY| L wir2)|(V ) p(2)|dz
A\EZ / | )
< 083?,

using the fact that #7F = O< 1

m) (see (4.2.31)), which converges to zero because v, =
+00.
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Similarly, the second term in the right-hand side of (4.2.72) is bounded by

€G(h) h\’/ 2 N2 L
—= 2 RY(EMN) - /Q (V)2 @l e oy [l e | (V) (=)l (4.2.74)
A\€ZE
e2(h)
S CTJ

and hence it converges to zero, as 7, = +00.
The third term in the right-hand side of (4.2.72) is further decomposed into

&hh)Z(Rh)’(g?(h))\); /Q /0 [V'o(e(R)A) - 2] (2(MA) (V') () dtdz (4.2.75)

x/

B ][Q(EQ(h)/\,EQ(h)) V/Qb(g(h))l/}(l‘/) dm’} . z} dz

65(h) Rh "y
T Z][Q@?(hms%h>>/cz( ')

(V)| (5

We first study the second term in the right-hand side of (4.2.75). We add and subtract the

. Dh .
function £=, and we obtain

S [V (90 [ ) <]tz

ANEZE

/

> : z} P(2') dz dr’.

(4.2.76)

\eZe

5(h) hNI () DhN\! (]
=53 /Q 7{2 oo L) = (R @)
(V) e(2) [v%p(%)) : z} ¢(x’)} dz da’

M RN (2!
T 2 é(e%hw?(h)) /Q(R ')

AE€ZE

(V) () |V

x/

e(h)
By (4.2.7) and by the regularity of the test functions ¢, ¢, and v, we have

55(h) AP AN Nh/x/
h gz ]é(az(hw(h)) /Q {(<R)<:v> (R")'(a")) (4.2.77)

> : z} P(2') dz dr’.
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I/

(V) (2) [V'¢(€<h)) : z} W(@) dz} dz’
RhY — Rh /
< Cs(h)H( ) — (R")
h
Hence the first term in the right-hand side of (4.2.76) is infinitesimal.
Regarding the second term in the right-hand side of (4.2.76), by (4.2.9) and [5, Theorem
1.2], there exist S € L?(w; WL2(Q; M3*3)),and T € L?*(w x Q; WL2(Q;R?)) such that

per per

< Ce(h).

LQ(w;M3X2) -

~, dr—3—s
V'R" — V'R+V,S+V.T weakly 3-scale, (4.2.78)

where [, S(2',y)dy = 0 forae. ' € w, and [, T(2',y,2)dz = 0 for ae. v’ € wand
y € . By Lemma 2.4.10, there holds

Rh osc,Y

—_ N

Y
and hence
Rh/ / /
( )(x)V/qj(gZ”h))w(x/)dx/: / /Q S, y)V'o(y)(a') de’ dy.  (4.2.79)
Since 5 = 400, (4.2.79) yields
. 85(h) ][ / h\! [ ./
lim ——= R 4.2.80
w0 h Z Q(2(h)Ae2 (k) Q{( ') ( :

(V) e(2) [VI(b(aZCh)) : z} w(x’)} dzdx' = 0.

Combining (4.2.76) with (4.2.77) and (4.2.80), we conclude that

: 55(h) ][ / AN (o
lim E R")(x 4.2.81
ns0h Q(e2(h)Ae?(h)) Q{( ') ( )

\eZe

(V) He(2) | Vo

e

/

x/

e(h)

It remains to estimate the first term in the right-hand side of (4.2.75). Since

) : z}ﬁ}(m’)} dzdz' = 0.

Vol ~ f (e
< 21Vl oo (@azx) ¥l e () + IV Wl o0 iy |V Dl oo (@02 ) € (R),

there holds

e*(h)
h

D (R (2 (b)) (4.2.82)

A\€EZE
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AT (votemmueom

- ]éez(h)x,e%h)) VI¢<€ECh)>w($/> dx/> ' Z] } =

Therefore, by (4.2.73), (4.2.74), (4.2.75), (4.2.81), and (4.2.82), and since 7, = +00,
we conclude that (see (4.2.72))

e*(h)
-

lim {% > (RM(£2(h)A) (4.2.83)

\eZe
/ /

: /Q(s?(h)A,s?(h))(V/)Lw(gszh)) /0 [V'gb(s(h))\ * t<€fh) - E(h))\»

(M)A + H(' — 2(h)A)) - (ﬁ#)] dt da’ } —0.

The same argument as in the proof of (4.2.83) yields also

gﬂ%ZmW@wm

a2 ) [ [o(e0 415 —<03))

V()N + t(a' — 2(W)N)) - (2 — ﬂh)A)} dt dx’} — 0,

which, in turn, implies that (4.2.71) (and thus (4.2.70)) is infinitesimal as A~ — 0.
To complete the study of the asymptotic behavior of (4.2.69), we observe that

%lnmv%pQ%Q®WN£QMMM’ 42,84

: /Q( 2(h)Ae2(h)) [¢(5232h>) ? v%(&fh))} W) = v(emA) do'
5 > (RYY(£2(h)A)

\eZe
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We bound from above the first term in the right-hand side of (4.2.84) by

h
‘g(h_) > (B (2 ()A) (4.2.85)
AE€Ze
x 7!
: VL N 20m0)) da’
/Q<a2<h>x,a2<h>> [¢<€2(h)) @ ¢(€(h))](¢(x) Y(e*(h)N)) dz
3(h
< Ce ]i )HRhHLOO(w;MSXS)||VL¢||LOO(UJ;R2)HSOHLOO(UJ;RS)||v/(/}|’LOO(w;R2)

therefore, it goes to zero due to the boundedness of {R"} in L>°(w; M*3), the regularity
of the test functions, and the fact that v, = 4-oc.
Regarding the second term in (4.2.84), we observe that

/

;g%i}?/(m)( ) [(/Q <>dz)®w( o )u i
i 0 ()

(e >®VL (&QW’W

A [y [( [ etora) e vio( 55 ) Juwar} <o

due to (4.2.7), (4.2.79), and because v, = +00.
Therefore, and since | 0 ¢(z) dz = 0, by changing coordinates we deduce

ﬂ NI 2 ) a’ i a’ !
L Y E BN L #iy) @ 7o)
(4.2.86)
= |Z S (Y )
: /Q 0(2) ® [VLgb(a(h))\Jra(h)z)—VngS(g(h))\)} dz gcﬁh).

In view of (4.2.86) and since v, = 400, we conclude that the second term in the right-hand
side of (4.2.84) is infinitesimal. This completes the proof of (4.2.65).
Case 3, Step 2: Characterization of the limit linearized strain G.
To identify £ we need to characterize the weak 3-scale limit of the scaled linearized strains
G" (see (4.2.11), (4.2.12) and (4.2.13)). By (4.2.19) this reduces to study the weak 3-scale
limit of the sequence
Rheg — Rheg
S
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By (4.2.7) there exists w € L*(w x @ x Q;R3) such that

R" — RM) 3-s
(—h) — w(z',y,z) weakly 3-scale.

We claim that
w(‘rla ya Z) - / UJ(I'/, y7 Z) dZ - 0 (4287)
Q

forae. ' € w,andy, z € Q.
To prove (4.2.87), by Remark 2.4.8 we have to show that

R'es — Rleg o0sc.z
N
h

A direct application of the argument in the proof of (4.2.69) yields

Rhreq osce,z
R (4.2.88)
h
Therefore, (4.2.87) is equivalent to proving that
Rh osc,Z
he?’ o, (4.2.89)

that is, to characterize

. Rh(x/)ﬁ ! ! / ’
}1151[1) . h gp(s;“Q(h))(b<5(h))w<aj ) do
for every p € C55,.(Q), ¢ € C(w), and ¢ € C35.(Q), fori = 1,2, 3.
Fix ¢ € C55(Q), ¥ € CX(w), ¢ € Cp(Q), and define g as the unique periodic
solution to

—Ag=¢ inQ
g=0 ondQ,
and set /
(! 2 T / 2
g-(2') =« (h)g(€2(h)> for every 2’ € R*. (4.2.90)
Then ) , )
T T
Ao N — _ d () —
g(@) 52(h)“0<g2(h)) and Vg~ (') V9<g2<h)>
for every 2’ € R?. Integrating by parts, we obtain
Rh<xl)i3 x 2
" dx' 4291
/w h g0<a2(h)>¢<g(h))Wc) v (4.291)
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Since 5 = 400, by (4.2.9) and by the regularity of the test functions, there holds

: 52(}7’) I D / ! el ! ! /o

}lllg(l)T/wVRh(m )iz - Vg (x)¢<€(h)>¢(x)dx —0, (4.2.92)
and Z(h) )

lim gT /w Rh(x’)igv’gf(x’)qs(gfh)) V() dr’ = 0. (4.2.93)

The third term in the right-hand side of (4.2.91) can be rewritten as

/

i}f) / Rh(xl)i3v/g( aéh)) ' (W))(; ))W’/) da

/

h
/Rh 3v’ (h)) v¢(£h)>¢(x’)d:¢’

Ma)is — R"(2)is) o, [ @ as N
+e(h) [J(R( z) hR )Vg<%>-v¢(€<h)>w(x)dx.

Therefore, it is infinitesimal due to (4.2.9), (4.2.88) and the fact that v, = +o0.
Claim (4.2.89) follows now by (4.2.92) and (4.2.93).

Case 3, Step 3: Identification of .

Performing the same computation as in Case 1, Step 3, and combining (4.2.65) with
(4.2.78), and (4.2.87), we obtain

R@)G(e,.2) - [ RE)Glop,2) dz
Q
= (VZU(xla Y, Z) + 373VZT(.T/, Y, 2)63 + VZ<52(‘I7 Y, Z)’O)
forae. z € Q,andy, z € Q, where v, Tes € L*(w x Q; W2(Q;R?)), and ¢, € L*(Q x

per
Q;Woi(Q:RY)).
Thus, by (4.2.13),

E(QZ,y,Z) —/QE<LU,y,Z) dz = Sy (qub(:c,y, Z)|0)
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forae. = € Q, andy, 2 € Q, where ¢ := R (v + x3Te3 + ngSQ) In view of (4.2.64) we
conclude that

Elz,y,2) = ( x3r“%17)+6synll3(xq 8 )

sym V,&(v,y) + 23Vin(a',y) gi(z,y)
+ ( g2(x, ) ) + sym (V. ¢(x,y, 2)[0)
gz, y) g2(z,y) g3(z,y)

forae. v € Q,and y,z € Q, where B € L*(w; M**?), ¢ € L*(Q; W12A(Q;R?), n €

per

LA (w; W22(Q)), g; € L*(QxY), i =1,2,3,and ¢ € L*(Q x Q; WL2(Q;R?)). The thesis

per per

follows now by (4.2.3). ]

4.3 The I'-liminf inequality

With the identification of the limit linearized stress obtained in Section 4.2, we now find
a lower bound for the effective limit energy associated to sequences of deformations with
uniformly small three-dimensional elastic energies, satisfying (1.2.3).

Theorem 4.3.1. Let v, € [0,+00] and let 5 = +oo. Let {u"} < WH3(Q;R3) be a
sequence of deformations satisfying the uniform energy estimate (4.1.1) and converging to
u € W??(w; R?) as in Theorem 2.3.4. Then,

h(,h 1 )
lim inf g ,ﬁ? ) > . / Dy (I1"(2")) da’,
where 11" is the map defined in (4.2.4), and
(a) if 1 =0, for every A € MZ?
ggom(A) := inf / Qhom Y, ( xSA_’_ Bo ) (431)
(-1 1) g 0 0
22
sym V,&(z3,9) +23Von(y) o123, y)
+ sym 92(73, ) dzzdy :
91(z3,y)  g2(73,9) 93(x3,y)

§eL*((—3,3): Woa(@Q:R?)), n € W2(Q),

0 (=19 xQi=123.5 eM}

(b) if 0 < v < 400, for every A € M2X2

sym

D (A) = inf{ /(

Qhom (y; (
Lo 00
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ax3¢1(x3ay)) ) dl‘gdy .

T

+ sym (Vbel(fL’& Y)

per sym

¢1 c W1,2 ((_%’ %)’ Wl,Q(Q;RS)) 7 Be MQXQ};

(c) if y1 = +oo, for every A € M2xX2

sym

Dpo (A) = inf { /(;,

+sym <vy¢1<x3,y>|d<x3>>) dusdy - d € L*(—4, 1) BY),

v3A+ B 0 ) 4323)

)< Qh‘)m(y’( 0 0

N =

per sym

¢1 € L*((—1, 1), W22 (Q;R?)), and B € MM}

where

Zhom(y, C) := inf { /Q Q(y, z,C + sym (ngﬁg(z)‘O)) dz : ¢y € W;gf(Q;RS)}

4.3.4)
fora.e. y € Q, and for every C € M2X3

sym*

Proof. The proof is an adaptation of [57, Proof of Theorem 2.4]. For the convenience of
the reader, we briefly sketch it in the case 0 < v; < 4-00. The proof in the cases y; = +00
and y; = 0 is analogous.

Without loss of generality, we can assume that f, u"(z) dz = 0. By assumption (H2)
and by Theorem 2.3.4, u € W%?(w; R?) is an isometry, with

u" — u  strongly in L?(; R?)
and
Viuu" — (V'uln,) strongly in L*(Q; M**3),

where the vector n, is defined according to (2.3.3) and (2.3.4). By Theorem 4.2.1 there
exists £ € L*(2 x Q x Q;M?>*3) such that, up to the extraction of a (not relabeled)
subsequence,

Eh Y (thh)Tthh — Id dr—3-s
o h

— FE weakly dr-3-scale,
with

sym B(z') + a3l1*(z') 0 ) (4.3.5)

Bla - (PRI T 0



4.4. The I'-limsup Inequality: Construction of the Recovery Sequence 67

arg(bl (Z’, Y

+ sym <Vy¢>1(ﬂf,y) - )> + sym (V.os(z,y,2)|0),

for ae. 7' € w, and y,z € Q, where B € L*(w;M?**?), ¢, € L?(w;Wh2((=1,21);

272

WLA(Q;R?)), and ¢y € L*(w x Q; WEA(Q;R?)). Arguing as in [45, Proof of Theorem

per per
6.1 (1)], by performing a Taylor expansion around the identity, and by Lemma 2.4.11 we

deduce that

EM(uh) o
)
it =5 > gt | 2. i B o

///gy,zmy, 2)) dz dy d.

By (4.3.2), (4.3.4), and (4.3.5), we finally conclude that
. EMuM) sym B(z') + z3I1*(z) 0
>
gt 2 [ o 0 )
argd)l(‘r?y)) ) dy dx

§i!
/ T (2aIT(2')) d — /Q 2T (1(2')) da
_ 12/w°@h0m(1'[“( ) da.

+ sym (Vy¢1 (*Ta y)

O

4.4 The ['-limsup Inequality: Construction of the Recov-
ery Sequence

Let W5*(w; R?) be the set of all u € W2?(w; R?) satisfying (2.3.3). Let .A(w) be the set
of all u € W5*(w; R?) N C*(w; R?) such that, for all B € C>(w; M%2) with B = 0ina
neighborhood of

{2/ € w: I*(2") = 0}
(where IT“ is the map defined in (4.2.4)), there exist @ € C°°(w) and g € C*(w; R?) such
that

B =symV'g + all". (4.4.1)

Remark 4.4.1. Note that for u € W5 (w;R?) N C>(@w;R?), condition (4.4.1) (see [57,
Lemmas 4.3 and 4.4]), is equivalent to writing

B = sym ((V'u)"V'V) (4.4.2)
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for some V € C™(w;R3) (see [83, Lemmas 4.3 and 4.4]).
Indeed, (4.4.2) follows from (4.4.1) setting

V= (V'u)g + an,,
and in view of the cancellations due to (2.3.3). In fact, by (2.3.3) we have

(V'u)'V'u = Id
(V'u)T0,(V'u) = (V'u)T0,(V'u) = 0
(V'u)'n, = 0.

Therefore,

sym ((V'u)"(V'u)g) = sym ((V'u)" (01(V'u)g + (V'u)dig] 9(V'u)g + (V'u)dag))
=symV'y,

and

sym ((V'u)"V'(an,)) = sym ((V'u)" ((1a)ny| (8:a)n,)) + oIl
= oll".

Conversely, (4.4.1) is obtained from (4.4.2) defining g :== (V'u)TV and o ==V - n,,.

A key tool in the proof of the limsup inequality (1.2.4) is the following lemma, which
has been proved in [57, Lemma 4.3] (see also [55], [57], [56], [75], and [76]). Again,
the arguments in the previous sections of this chapter continue to hold if w is a bounded
Lipschitz domain. The piecewise C'-regularity of dw is necessary for the proof of the
limsup inequality (1.2.4) (although it can be slightly relaxed as in [57]), since it is required
in order to obtain the following density result.

Lemma 4.4.2. The set A(w) is dense in W5 (w; R?) in the strong W2 topology.

Before we prove the limsup inequality (1.2.4), we state a lemma and a corollary that
guarantee the continuity of the relaxations (defined in (4.3.2)—(4.3.4)) of the quadratic map
2 introduced in (H4). The proof of Lemma 4.4.3 is a combination of [57, Proof of Lemma
4.2], [73, Proof of Lemma 2.10] and [83, Lemma 4.2]. Corollary 4.4.4 is a direct conse-
quence of Lemma 4.4.3.

Lemma 4.4.3. Let 2,

hom and Dyom be the maps defined in (4.3.1)-(4.3.4), and let vy, =
+o00.

(i) Let 0 < 7y, < +o00. Then for every A € M2 there exists a unique pair

Sym

(B, 6n) € METT X WH(=5, 3): W (@ R?))

sym per
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with
/( ¢1($37 ?J) dydxs =0,
such that

) Q*’@hm (y’ ( ng0+ ? 8 )

l X
2
ax3¢1(x37 y)) d.fl?gdy
M

+ sym <Vy¢l(3737 Y)

The induced mapping
A€ MER - (B(A), 61(A)) € M2 x W2((=4, 1) WiA(QRY)

sym sym 29 per

is bounded and linear.

(ii) Let vy = +o0. Then for every A € M2 there exists a unique triple
(B,d, é1) € MEZ0 > L¥ (=3, )i R) x L2((=3, 5): Wy (@i R?))

with
/ . ¢1($37y) dydxs =0,
(—575 XQ

"@hom(A) :/< 1 1) Qghom (y: ( ’ 0 0 >
—2:3)%

+ sym (V¢4 (z3, y)|d(:v3))> dxsdy.

such that

The induced mapping A € MQXQ = (B(A),d(A),¢:1(A)) € Mz;n% X
L2((—3,1);R3) x L2((—1,1); W”(Q R3)) is bounded and linear:

per

(iii) Lety, = 0. Then for every A € M2X2 there exists a unique 6-tuple

sym
(B;£77I7g1,g27g3)
with B € MZ2, ¢ € L*((-3.1);W2(QRY), n € W2XQ), g €

sym’ 272 per per

L2 ((—3.3):xQ), i =1,2,3, such that

—0 z3sA+B 0
o@hom(14) = / 11 °@hOHl <y7 ( 5 0 O )
(-3:2)x@
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sym Vy&(z3,y) + 23Von(y)  g1(zs,y)

g2(3,9) dzsdy.
gi(z3,y)  g2(z3,y) g3(23,y)

+sym

The induced mapping

A (B(A),£(A),1(A), 91(A), g2(A), g3(A))

from M2 to M2 x L2((—3, 3): R?) x W22(Q) x L*((—3, 3) x Q; R®) is bounded
and linear.

For a.e. y € Q and for every C € M3%3 there exists a unique ¢ € W12(Q;R3),

Sym

per
with fQ ¢2(z) dz = 0, such that

Qhom ya / Q yv 2, C + sym (v¢2 |0))
The induced mapping

C' € Mz = 62(C) € W2 (QRY)

per

is bounded and linear. Furthermore, the induced operator
P12 ((mg:9) X QiMYT) = L2 (=3, 5) x QW@ RY)
defined as
P(C) := ¢4(C) forevery C € L* ((—%, %) X Q;M3X3)

is bounded and linear.

Corollary 4.4.4. Let y, € [0, +0c]. The map 2, is continuous, and there exist c1(7,) €
(0, 400) such that

—\F!2 < Dyom(F) < a1 FI?

for every I € M2

sym*

(i) If 0 < 41 < +oo, then for every A € L*( MS *2) there exists a unique triple
1
12

w’
(B € L (wM32) x L (w012 (1 1) WI2(QE)) x L2(@ x
Q; WS;(Q, R3)) such that

%AQM&WMEAZ@mMDM

Al@)+ B(x') 0
= Qhom (ya(xS (x )O (x) O)
QxQ



4.4. The I'-limsup Inequality: Construction of the Recovery Sequence 71

+ sym (wl(x,y) —8””3‘1)}29”’ d )) dy dz

Lo (25 )

+ sym (Vy¢>1 (z,y) Ory1(2,4) aﬁ}yix y)>

+sym (Vaa(z,y,2)[0) ) dz dy da.

(i) If v = oo, then for every A € L*(w;MZ2) there exists a unique 4-
tuple (B,d, ¢1,¢2) € L*(w;MZ52) x L*(€;R?) x LQ(Q WiE(Q;R?)) x L*(Q x
Q; Wge%(Q; R?)) such that

= /w Ty (Al)) do’ = /Q D7 (@A) do
S ) G O EE P N R

[ (o (AT D) g T )
+sym (V.éo(z,y,2)]0) )) dz dy dz.

(iit) If y1 = 0, then for every A € L*(w; M%) there exists a unique 7-tuple
(B,&,m, 91,92, 93, ¢) € L*(w; MZ57) x L2( Wi2(Q;R?)) x LA W22(Q)) <
L2(Q x Q;R?) x L*(Q x Q; W;ef(Q, R?)), such that

5 [ Bnla@ e = | B i) i
[ o (y, ( ) 4 B() 0 )

( sym V,&(x,y) + 2sVon(2',y)  gi(z,y) ) )
+ sym g2(z,y)
gz, y)  g2(z,y) 95(

Lot (70)

sym Vy&(z,y) +23Vin(a',y)  gi1(x,y)
+ sym 92(2,y)
gi(z,y)  ga(z,y) 93(,y)

+ sym (V ¢o(x,y, 2 ’0)) dz dy dzx.
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We now prove that the lower bound obtained in Section 4.3 is optimal.

Theorem 4.4.5. Let v, € [0, +0c]. Let 2,!  and Pyon, be the maps defined in (4.3.1)—
4.34), letu € Wé’z(w; R3) and let 11" be the map introduced in (4.2.4). Then there exists
a sequence {u"} C WH2(Q; RS) such that

lim sup

st h2 <3 / 20 (I1*(z")) do’. (4.4.3)

Proof. The proof is an adaptation of [57, Proof of Theorem 2.4] and [83, Proof of Theorem
2.4]. We outline the main steps in the cases 0 < 3 < 400 and ; = 0 for the convenience
of the reader. The proof in the case ; = 400 is analogous.

Case1: 0 < 13 < 400 and v, = +00.

By Lemma 4.4.2 and Corollary 4.4.4 it is enough to prove the theorem for u € A(w). By
Corollary 4.4.4 there exist B € L*(w; M**?), ¢1 € L*(w; W"2((—3, 3); Wit (Q: R?)),
and ¢y € L*(Q x Q; WL2(Q;R?)) such that

per

12/Qhom “(z")) da’
C[ [ [ 2 (B e 0
alolto $ 0 0

+sym (Vycbl(iv,y) %qbl—(x,z/)) + sym (V.¢a(z,y, }0)) dz dy dz.

N

Since B depends linearly on II* by Lemma 4.4.3, in particular there holds
{' : I"(2") =0} C {2’ : B(z) =0}.

By Lemma 4.4.3, we can argue by densr[y and we can assume that B € C>(w; M?*?),
B = 0 in a neighborhood of {2’ : II*(2/) = 0}, ¢, € C°(w; C=((—1,1); C=(Q; R?)),

and ¢ € C°(w x Q; C°°(Q;R?)). In addition, since u € A(w), by (4.4.1) there exist
a € C™(w), and g € C*°(w; R?) such that

B =symV'g + oll".

Set
V() 1= ula) + h((as + ale)n(a) + (o) - V)y(@'),
R(') = (V'u(e!) n,(a")).
b = = (G )+ (),
and let
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for a.e. x € (), where

gEl = R<¢1 +71x3< 8 )) and QEQ = Ros.

Arguing similarly to [57, Proof of Theorem 2.4 (upper bound)], it can be shown that (4.4.3)
holds.

Case 2: v, = 0 and v, = +o0.
By Lemma 4.4.2 and Corollary 4.4.4 it is enough to prove the theorem for u € A(w).
By Corollary 4.4.4 there exist B € L*(w;M2X2), ¢ e L*(Q;W2(Q;R?)), n €

sym per

L QWEHQ)), g € L*(2xY), 7 = 1,23, and ¢ € L*(Q x Q W22 (Q; R?)) such
that
/Qhom (I1*(2")) da’

ol (e 1

sym V,&(x,y) + 23Vin(a',y) gi(z,y)
+ sym 92(z, )
a(z,y) g2z, y) g3(z,y)

+sym (V.¢s(z,y,2)[0) ) dzdy dx.

By the linear dependence of B on II“, in particular there holds
{' - I*(2") =0} C {«': B(z) =0}.

By density, we can assume that B € C®(0;M>*?), £ € C*(w;C.(Q:R?)), n €
C(w; C2(Q)), and g; € C(w; C2((—3,3) x Q)), i = 1,2,3. Since u € A(w),

by (4.4.2) there exists a displacement V' € C*°(w; R?) such that

B = sym ((V'u)"V'V).

Set
V() = u(@) + hagn,(2') = h(V(2') + hasp(a’)),
p(a’) = (Id — ny(2') @ ny,(2)) (A V (') A Oqu(a’) + Oru(z’) A O,V (27)),
R(2') = (V'u(2’)nu(2")),

and let
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+ he?(h)xsR(x")

+ he(h)R(2') ( ¢ <$O ) )

/ / /

+ h? /_913 R(x/)g(x', t, %) dt + th(h)R(x/)qb<x, 6(xh)’ 52x(h)>7

fora.e. x € (). The proof of (4.4.3) is a straightforward adaptation of [83, Proof of Theorem
2.4 (Upper bound)]. OJ

Proof of Theorem 1.2.1. Theorem 1.2.1 follows now by Theorem 4.3.1 and Theorem 4.4.5.
[



Chapter 5

Future Research Directions

Future research related to the topics in Chapter 4 will include:

e Studying time dependent dimension reduction problem with homogenization of the
material, in the sense of [1,2]. In these papers the authors study the dynamic equation
of nonlinear elasticity

O?u — div, DW(Vu) = f" in [0, 7] x Q.

It would be interesting to modify the equation such that W also depends on x/&(h)
and study the limit at A — 0.

e Studying varied preferred strain spatially instead of a varied elastic energy as related
to tissue growth and inhomogeneous swelling of materials. Some analysis of these
problems can be found in [37,58, 64,65, 68], however it has yet to be studied for fast
periodically varying preferred strains.

e Considering minimizing over functions other than gradients in the sense of A-—
quasiconvexity (see [20,42,43,70]). In continuum mechanics and electromagnetism,
linear PDEs other than curl v = 0 naturally arise (see [77-81]). One can work with
A free fields, where the differential operator A is given by

ou
Gxi’

N
A L(QRY) - WEMI(QRY,  Av:i=) AV
=1

AW are linear operators and A has constant rank. In particular, it would be interest-
ing to explore these operators under appropriate rigidity bound growth assumptions,
rather than the standard p-growth assumption that are generally found in the litera-
ture.

e Studying the resulting 2D models for the effect of wrinkling [12, 53] and folding for
these homogenized material models.
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