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Abstract

Despite the increasing availability of personal fabrication hardware and
services, the true potential of digital fabrication remains unrealized due to
lack of computational techniques that can support 3D shape design by non-
experts. This work develops computational methods that address two key
aspects of content creation:(1) Function-driven design synthesis, (2) Design
assessment.

For design synthesis, a generative shape modeling algorithm that facil-
itates automatic geometry synthesis and user-driven modification for non-
experts is introduced. A critical observation that arises from this study is
that the most geometrical specifications are dictated by functional require-
ments. To support design by high-level functional prescriptions, a physics
based shape optimization method for compliant coupling behavior design has
been developed. In line with this idea, producing complex 3D surfaces from
flat 2D sheets by exploiting the concept of buckling beams has also been ex-
plored. Effective design assessment, the second key aspect, becomes critical
for problems in which computational solutions do not exist. For these prob-
lems, this work proposes crowdsourcing as a way to empower non-experts
in esoteric design domains that traditionally require expertise and specialized
knowledge.
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Chapter 1

Introduction

1.1 Motivation

Digital fabrication is expected to bring a new revolution [3]. Recent advances in 3D print-
ing and scanning technologies are the main drivers of these expectations. Despite the
increasing availability of fabrication equipment and services, the dissemination of digital
fabrication to large populations is yet to remain a challenge.

Achieving the real revolution of digital fabrication is about developing the fundamen-
tal concepts, such as design process and design assessment, as much as developing
the fabrication techniques. For a successful realization of digital fabrication, the effec-
tive engagement of large populations is of utmost importance. The key objective is to
foster creativity of a more general public rather than limited number of experts. To date,
we have digitally native generations, widely accessible fabrication techniques and depth
sensors incorporated in our phones that support a general access. Surrounded by these
developments, here, we see an opportunity to bridge the gap between these advances
and content creation through novel computational approaches.

Current computer-aided design technology is largely tailored towards expert users
and require extensive knowledge and training. For this reason, the current content cre-
ation does not cater to needs of non-expert users. If we want to expand access to these
cheap and effective tools, we need to make them easier to use for non-experts. Addition-
ally, as the technology develops, the complexity is increasing for non-experts and experts
alike; is not meeting the needs of the experts themselves.

The overarching goal of this thesis is to explore and develop computational tools for
function-driven design by simple geometry specification and directly prescribing high level
functions. Both synthesis and assessment aspects of function-driven design are investi-
gated. As depicted in Figure 1.1, this thesis embodies four computational methods that

1
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Behavior Design
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Figure 1.1: We investigate content creation for digital fabrication through four computational tech-
niques from the two key aspects.

explore these two key aspects of content creation to enhance the overall digital fabrication
experience and catalyze its widespread dissemination.

1.2 Research Questions and Scientific Challenges

In general, widespread dissemination of digital fabrication is hindered hindered by the
lack of computational tools that can support the engagement of the general population
in content creation. Under the overall aim of enhancing computational fabrication experi-
ence, the following research questions and challenges are addressed in this thesis.

1. Can we make geometry modeling easier? Effective use of current 3D modeling
and design software is still grueling for most novice users. Discovering core design
intentions and developing practical design tools yet to remain a challenge. Another
challenge in 3D modeling originate from the increasing capabilities of the machines
to produce complex geometries. Current modeling software requires tedious design
process as the geometries become more detailed. (Chapter 3)

2. Geometry design is usually hard and indirect, can we directly prescribe function
instead of geometry? As we seek to step into not only understanding but also to
enabling design by functional specifications, we choose one particular example,
mechanical coupling behavior. Here, we specifically address the challenges in ex-
tending appropriate coupling behavior to arbitrary object pairs as opposed to limited
prevalent uses (e.g.snap fits). (Chapter 4)
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3. Can we fabricate complex 3D surfaces in simpler and more convenient ways? 3D
printing thin surface objects may turn into a very costly process due to support
material requirements and production time. We present 2D laser cut patterns that
deploy into 3D surfaces after the addition of rigid inserts. Specific challenge ad-
dressed here stem from understanding the highly non-linear underlying mechanism
in the deployment of flat patterns into 3D surfaces. (Chapter 5)

4. How can we empower non-experts in problem solving? More sorecifically, can we
employ the power of crowds in digital fabrication process? While crowdsourcing
has been proven to be effective in many applications, esoteric design domain has
not been taking advantage of these advances. An open challenge here is deter-
mining under what conditions crowdsourcing can be utilized for esoteric problems.
(Chapter 6)

1.3 Methodology

This thesis presents methods for facilitating prevalent use of digital fabrication. The pre-
sented methods span a variety of aspects in content creation that are open to significant
advancement in order to catch up with the coveted rise of fabrication techniques. In
Chapter 2, we go over the works that are foundational to this thesis. We describe how we
build on them and extend their methodologies.

In Chapter 3, we introduce a shape modeling system to increase engagement of
novice users in design. To make the modeling process easier and more convenient for
novice users, we developed a generative design system where the shape is automatically
created by only specifying a few key points. To better facilitate expression of design
intentions, we utilize modifier sketches on the automatically generated content. The main
idea of the presented generative modeling system is to enable the design flexibility to
generate structures that could serve different functions as opposed to parameterized
designs of specific objects with certain functions.

A critical observation that arises from this study is that the most geometrical specifi-
cations are dictated by functional requirements. This observation lends itself naturally to
the immediate insight of prescribing function instead of geometry. In line with this idea,
Chapter 4 presents a computational method for designing mechanical coupling behavior
between a rigid object and a compliant enclosure based on high-level functional spec-
ifications. In particular, we introduce a method that maps the geometrical parameters
of the compliant object onto sequentially observed coupling behaviors, such as the grip,
insertion and removal forces that develop as the rigid object is engaged.

Although digital fabrication has enabled us to make almost anything, there are still
many factors that need to be considered such as material and time cost, product quality
and even manufacturability. Moreover, depending on the application, some fabrication
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techniques become more desirable. For example, laser cutting is faster than 3D printing
but 3D printing can generate more complex objects. In Chapter 5, we present a shape
parameterization method to map 3D complex surfaces into 2D flat patterns such that the
3D surfaces can be realized by installing rigid inserts. In this work, we exploit the concept
of buckling beams to achieve 3D surfaces from flat layouts. This approach will pave the
way for simpler, faster manufacturing and convenient flat shipping of 3D surface objects.

In Chapter 6, we explore the use of crowdsourced populations in esoteric engineering
design domain. Understanding the underlying mechanisms of crowdsourcing in esoteric
problems, we aim to solve challenging design problems, that can only be solved by ex-
perts, via crowdsourced populations. In this work, we gather empirical data by conduct-
ing a crowdsourcing experiments with varying difficulty and intuitiveness levels on crowds
with ranging expertise. We analyzed this empirical data using a computational Bayesian
framework. We observe that crowd estimations exceed the accuracy of individuals in
the vast majority of instances indicating a wisdom of crowd effect. Our observations also
show that the wisdom of crowd effect is maintained for micro-crowds of practitioners, 4-15
individuals, for less intuitive problems suggesting that the challenging engineering design
problems can vastly benefit from crowdsourcing.

1.4 Contributions

In line with the aforementioned motivations and challenges, main contributions of thesis
are:

• A generative shape modeling framework that facilitates easy geometry specification
and modification for novice users.

• The use of deformation profiles to describe and optimize mechanical behavior.

• A physics based shape optimization method for compliant coupling behavior design
involving two-part interactions.

• A practical insertion simulation based on collision elimination for computing defor-
mation profiles.

• Showing that wisdom of crowds effect is valid for esoteric engineering problems
where crowd estimations exceed the accuracy of individuals in the vast majority of
instances

• Finding the wisdom of crowd effect is maintained for micro-crowds of practitioners,
4-15 individuals, for less intuitive problems.
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Chapter 2

Background and Related work

This thesis is related to digital fabrication which is making things using an all digital pro-
cess. More specifically, digital fabrication is studied through geometry design, functional
behavior design and crowdsourcing esoteric problems. These approaches are discussed
in detail in this chapter.

2.1 Generative Interface Structure Design

One objective of this thesis is investigating how geometry specification can be made
easier for non-experts. Below we cover the background on non-expert design tools, gen-
erative design and bio-inspired design algorithms.

2.1.1 Design Tools for Non-Expert Users

Recently, design tools for non-expert users have received significant attention. In [13], a
chair design tool is proposed to create balanced chairs from extruded 2D profile sketches.
To enable informed exploration, Umetani et al.[14] proposed a suggestive design tool
for plank-based furniture. In that work, the user adds planks and edits their positions,
orientations or size. A data-driven approach to interactive design of model airplanes is
proposed in [15] where the user creates free-flight gliders with 2D sketches. In this work,
we focus on creating a large range of products instead of one specific group such as
chairs or gliders. While all three systems are notable interactive tools, components of the
resulting designs are limited to 2D laser cut pieces. Our system generates organic 3D
geometries that can take advantage of the opportunities in 3D printing.

Much of recent research on design for 3D printing addresses modifications of existing
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digital models by optimizing physical properties, such as balance and structural strength.
For this purpose, inner carving with deformations [16, 17] and thickening of thin sections
[18] have been used. Here, we focus on geometric shape generation whereas their focus
is on shape modification.

2.1.2 Generative Design

Generative design methods are recognized as significant technologies to rapidly generate
different design alternatives. Fabrication of generatively produced designs have been
examined illustrating how geometrically complex shapes can be physically created in
[19, 20]. In computer graphics, generative design methods have been used to create
architectural models such as buildings [21], virtual cities [22] and trees [23, 24]. In this
work, we are inspired by a specific generative design method developed to simulate the
tree growth process for automatic shape generation.

2.1.3 Topology Optimization as Generative Design

In structural design, an ubiquitous generative design approach is topology optimization.
One major drawback of the topology optimization is its high computational cost. In the
current state, 3D topology optimization with even a fairly small grid resolution may take
hours to days depending on the complexity of the chosen finite element types, i.e., linear
or nonliner material models, linear or higher order shape functions [25]. In contrast, our
aim in this work is to develop a practical, easy to use geometry modeling tool for non-
experts. Therefore, an interactive framework with small computational cost is desirable
for our purposes. In addition, our work puts an emphasis on user’s design intentions
with sketch modifications. This presents another challenge in a topology optimization
based method since maintaining structural optimality under user modifications such as
sketch strokes would require an additional optimization step. In addition, we believe one-
of-a-kind property of the designs that are produced with our framework is an important
characteristic for casual designers and mass customization that are not prevalent in con-
ventional topology optimization approaches.

2.1.4 Bio-inspired Growth Algorithms

Tree Growth methods have been widely used in computer graphics for urban modeling
and computer animation. As such, tree growth has been vastly investigated in the litera-
ture. L-systems have been used to generate trees in [23]. Runions et al. [24] proposed a
space colonization algorithm to mimic open and closed venation process in the leaf for-
mation. Later, the space colonization algorithm has been extended to grow trees in [26]
and [27]. Tree generation inside various geometries is investigated using spatial attractor
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distribution in [28]. In this work, our automatic interface generation process has been in-
spired by the space colonization algorithm. We use its spatial attractor distribution feature
to enable the interaction with the design space. Moreover, interaction of the tree model
with the obstacles in the environment has been studied in [29]. In that, a fully grown
tree model is placed around an object and the colliding branches are removed. For our
purposes, this approach cannot be used since the grown structure has to be connected
to the target points and a branch connected to a target can not be removed. Hence, we
utilize obstacle avoidance during the growth process.

2.2 Designing Coupling Behaviors

Fundamentally, our approach involves mechanical behavior control through shape opti-
mization. Below, we review the works that are foundational to our work.

2.2.1 Deformation Behavior Control

Deformation control through shape and structure optimization has been addressed in var-
ious ways including (1) Material distribution optimization [30, 31, 32], (2) Multi-material
distributions [33], (3) Wireframe thickness optimization [34], and (4) Nonlinear mate-
rial design through prescribed stress-strain curves [35]. Xu et al. [36] introduce model
reduction to design heterogeneous deformable materials to achieve prescribed displace-
ments and forces. Chen et al. [37] explore rest shape optimization to account for the
deformations due to prescribed forces to obtain desired deformed states.

We extend these works to scenarios involving a coupling process with part contacts
between a compliant and a rigid object rather than relying on forces known a priori. We
formulate a broader problem where the compliant object acquires its final (steady) state
through a progression of contacts where neither the location of the contact, nor the result-
ing contact forces can be known in advance. Additionally, it is not possible to prescribe
the final deformed configuration in advance, as the contact forces deforming the object
cannot be known explicitly a priori. Finally, each new hypothesis for the compliant object
during its design likely produces new contact configurations. This necessitates shape
design and contact analysis to be performed conjointly.

2.2.2 Computational Design for Fabrication

There exists a large body of work for structure design to enable prescribed functional
objectives such as kinematic goals [16, 17, 38], strength improvements [39, 40, 41, 42],
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or other physical qualities of interest [43, 15, 44]. Closely related to our work [1] cre-
ate automatic connectors between object pairs involving parameterized primitive geome-
tries such as cylinders and rectangular prisms using a data-driven approach informed by
a battery of physical experiments, or use partitioned rigid connectors to accommodate
free-form objects. Our work extends their work by formulating compliant mechanical cou-
pling design as a conjoint shape optimization and physics-based contact simulation. This
allows our method to transform arbitrary free-form objects into pairs that can be made
attachable to one another.

2.2.3 Compliant Mechanisms

Compliant mechanisms exploit flexible and continuous joint structures [25]. Typically,
compliant mechanisms are structurally optimized for input/output displacement or force
transfer ratios [45, 46], for matching the displacement path of a compliant mechanism
for an input actuation [47], or for enabling gripping behavior through known input force
points [48, 49, 50, 51, 52]. Our compliant structures are not externally activated through
prescribed contact points. Instead, deformations are generated through part interactions
that are unknown a priori.

Bruns et al. [51] present a designer guided topology optimization method for gen-
erating a snap-fit mechanism to mount onto walled openings. However, contacts are
deterministic as they follow imposed boundaries such as continuous sliding across a line.
Lawry et al. [53] present a topology optimization method that produces a snap fit pair
starting from objects with perfectly matching boundaries (i.e.,one object is a complement
of the other). The aim is to optimize harmonic separation forces without considering grip.
Optimization of connectors for simple pin geometries has been shown in [54, 55]. Our
approach builds on these ideas to make arbitrary geometries attachable to one another
rather than fine-tuning existing snap fit configurations. With our formulation, engagement
and disengagement forces as well as grip tightness can be designed in a decoupled way,
thereby enabling the creation of couplings that require weak engagement forces but result
in tight grips. Moreover, our work extends the above works in 2D to 3D.

2.2.4 Contact Simulation

Our approach seeks to optimize the compliant object so as to produce the desired defor-
mation behavior in the form of deformation profiles. The deformation, however, depends
exclusively on the interaction between the current shape of the compliant object and the
rigid object, thus necessitates a heavy use of contact simulations throughout the shape
optimization process. Kloosterman [56] provides a detailed review of the large body of
research in contact simulations. Voxmap Point Shell [57] models the environment as a
map of voxels for penetration calculations and computes virtual penalty forces to elimi-
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nate penetrations. This method works for rigid object contacts but it is also extended to
deformable objects in [58]. Kaufman et al. [59] presents a method that can model the
frictional contact between deformable objects. Complex contact scenarios in dynamic
simulations are studied in [60]. Continuous penalty force approach is presented in [61].
Based primarily on these works, we formulate our insertion simulation as a friction-free
penetration elimination problem using distance fields.

2.3 Wisdom of Micro-Crowds in Esoteric Design Problems

Amazon Mechanical Turk (AMT) [62], CrowdFlower (CF) [63] and Prolific Academic (ProA) [64]
are among the most prominent crowdsourcing platforms. These platforms have a wide
reach and are designed to be representative of the general public consisting of diverse
crowds [65]. While AMT allows the surveys to be targeted toward specific demographics,
it is difficult to identify crowds that share a prescribed technical background. By contrast,
our work focuses on solving esoteric problems via micro-crowds that consist of practition-
ers.

Previous studies have developed task design and response quality detection methods
as a way to maximize the useful information content in crowdsourcing [66, 67]. Example
methods include the use of explicitly verifiable questions to identify malicious users and to
encourage honest responses, and task fingerprinting to monitor completion time, mouse
movements, key presses, and scroll movements, which can all be used as indicator at-
tributes for detecting suspect responses [68]. The presented work uses response speed
as one such indicator to vet data quality.

Consensus through collaboration is a widely used approach in engineering [69, 70].
However, driven by the previous observations that there is a danger of expert collab-
oration to result in a singular thought pattern that could be outperformed by diverse
groups [71], this work explores WoMC with individuals who remain independent and form
crowds that are more diverse than collaborating experts. Surowiecki [72] argues that one
requirement for a good crowd judgement is that people’s decisions remain independent
of one another. This was further validated by Lorenz et al. [73] where individuals were
observed to produce collectively more accurate crowd estimations over cases where the
same individuals were informed by others’ estimates.

Burnap et al. [2, 74] explored the use of crowdsourcing in engineering design as-
sessment as well as techniques for identifying the experts in a crowd. These studies
do not assume an apriori knowledge of the individuals’ background and are thus greatly
suited for studies involving large crowds. Our work builds on and complements these
studies by focusing on a small group of practitioners, none of whom may be an expert
but whose technical familiarity with the problem domain is significantly higher and more
homogeneous compared to crowds extracted from the general population.
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Crowdsourcing has also been used in design for identifying customer preferences to
balance style with brand recognition [75] or to study the relationship between product
geometry and consumer judgment of style [76]. While these works primarily focus on
eliciting subjective judgments of preference and perception, the main focus of the pre-
sented work is to crowdsource solutions to engineering problems where an objectively
true solution must exist (albeit unknown).

Another popular use of crowdsourcing involves the discovery of diverse solutions to
complex technical problems involving very high-dimensional design spaces, such as the
GE bracket design challenge [77]. While the generation of solutions is typically the core
challenge (hence crowdsourced), candidate solutions can be rather easily assessed us-
ing computational analysis tools. However, the main hypothesis and the utility of our work
is that further crowdsourcing to assess candidate designs may in fact produce successful
outcomes, which would be critically important in cases where no appropriate computa-
tional evaluation technologies exist.

Another open problem within the engineering design research community where crowd-
sourcing could provide value relates to the consistent evaluation of conceptual designs.
In contrast to engineering problems with known solutions (i.e., structural mechanics),
conceptual design problems have no true solution. When studying the conceptual design
process, researchers often utilize cognitive studies to explore specific process character-
istics, such as the impact of analogical stimuli on solution output [78, 79, 80]. Typically,
design output from such studies is evaluated qualitatively; trained experts rate defined
metrics, such as the novelty or quality, across a wide design space [81]. Unsurprisingly,
the process of both training and rating design solutions can be incredibly time consum-
ing and costly. This is particularly true for cognitive studies requiring hundreds of design
concepts to be evaluated at a given time [82]. Another challenge with the current ap-
proach to evaluating conceptual design solutions is that when multiple experts are used,
they do not always agree upon the particular merits of a given design concept. This can
lead to low inter-rater reliability metrics, and require researchers to retrain experts prior
to having them re-evaluate designs. With this in mind, a combined human-computational
framework that removes the necessity of training experts could greatly improve and ex-
pedite the conceptual design evaluation process. In this work, we also explore WoMC for
evaluation of conceptual designs.
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Chapter 3

Generative Interface Structure
Design for Supporting Existing
Objects

Increasing availability of high quality 3D printing devices and services now enable ordi-
nary people to create, edit and repair products for their custom needs. However, an ef-
fective use of current 3D modeling and design software is still a challenge for most novice
users. In this work, we introduce a new computational method to automatically generate
an organic interface structure that allows existing objects to be statically supported within
a prescribed physical environment. Taking the digital model of the environment and a set
of points that the generated structure should touch as an input, our biologically inspired
growth algorithm automatically produces a support structure that when physically fabri-
cated helps keep the target object in the desired position and orientation. The proposed
growth algorithm uses an attractor based form generation process based on the space
colonization algorithm and introduces a novel target attractor concept. Moreover, obsta-
cle avoidance, symmetrical growth, smoothing and sketch modification techniques have
been developed to adapt the nature inspired growth algorithm into a design tool that is
interactive with the design space. We present the details of our technique and illustrate
its use on a collection of examples from different categories.

3.1 Introduction

The customization and personalization of products started to compete with traditional
mass production principles with the contribution of maker movement and DIY (Do-It-
Yourself) culture. DIY commonly refers to any fabrication, modification or repair event

This chapter is based on Ulu and Kara, 2015 [6, 7].
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(a) (b)

(c) (d)

ground

object target
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Figure 3.1: Example problem to generate a phone stand (a) given object and environment con-
figuration (b) user defined target and root points (c) generated interface structure (d) 3D printed
result.

that is outside of one’s professional expertise [83]. With the rise of DIY culture, there is a
growing interest for design and fabrication tools tailored towards non-expert users.

Recent advances in 3D design and manufacturing technologies now have made con-
tent creation accessible to novice users. Besides the basic consumer level 3D printers,
online on-demand 3D printing services (e.g. Shapeways, i.Materialise) have enabled or-
dinary people to access high quality machines. 3D modeling software, such as Autodesk
123D and Tinkercad, allow consumers to create 3D shapes using simplified geometric in-
teraction methods. However, current commercial design software do not take advantage
of capabilities of 3D printing. While almost anything can be fabricated using 3D printing,
these design software limit potential design outputs by mimicking features of traditional
manufacturing and assembly methods. In this work, we extend the design possibilities
by taking a generative design approach to create organic looking branching shapes that
would be challenging to design and fabricate with traditional methods.

We propose a framework that automatically generates interface structures under pre-
scribed constraints. The input to our algorithm is a surface mesh for the object to support
and a mesh to represent the ground surface with target and root points to create a shape
in between (Fig.3.1). Then, automatic interface structure generation is achieved by a na-
ture inspired growth mechanism. Users can control the design by changing target-root
combinations at the input phase as well as by using sketch modifications after the shape
is created. Moreover, the stochastic nature of the growth algorithm lets users design one
of a kind pieces by generating different outputs for the same problem on each run. The
main contribution of this work is the novel application of a nature inspired growth algo-
rithm for automatic product generation. This is accomplished by the introduction of target
attractor and pruning concepts, embedding product design considerations and user in-
teraction.
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(e) (f) (g) (h)

Figure 3.2: Interface structure generation process. First, user defines the environment configura-
tion (a) and selects the root and target points shown as red and blue, respectively (b). Attractors
are generated randomly in the design space (c) and interface structure is grown automatically (d).
Then, unnecessary branches are removed automatically (d-e) and the skeleton of the interface
structure is smoothed as desired (f-h). Resulting shape is shown on the right.

(a2)

(a1)

(b2)

(b1)

(c2)

(c1)

(d2)

(d1)

(e2)

(e1)

Random AttractorsRoot Target Attractor

Figure 3.3: Space colonization algorithm with (a1-e1) and without (a2-e2) target attractors.

3.2 Methods

In this work, the aim is to automatically create an interface structure between given ob-
jects. This process is illustrated in Fig.3.2 starting with the user input and the steps of
the automatic shape creation performed on the background. First, the user supplies the
input geometries as 3D mesh models (a). Then, a set of target points are selected by the
user to define where the interface structure should be in contact with the input models
(b). Then, a root point or points are provided by the user to start the growth process (b).
Attractors are randomly generated inside the design space (c). The structure is gener-
ated akin to a tree originating at its root and growing in 3D space to reach the targets (d).
Branches that are not connected to the input objects through target points are removed
from the structure (e). We also refer to this step as pruning or unnecessary branch re-
moval. Finally, the skeleton of the structure (f) is smoothed (g-h). In the following sections,
the details of these steps are described.
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Figure 3.4: Egg holder generated using volume (top) and surface (bottom) hormones. Left: prob-
lem setup, middle: digital model, right: 3D printed result.

3.2.1 Growth Algorithm

The proposed method uses an attractor based growth approach of space colonization
algorithm given in [24]. Space colonization algorithm creates a branching tree structure in
space as demonstrated in Fig.3.3.a1-e1. The tree structure grows without the guarantee
that it would touch any specific point in the design environment. In this work, we need to
create shapes between objects ensuring that the generated interface would be in contact
with the target objects to support them. For this reason, we introduce a novel target
attractor concept to create branching structures that grow to the required target positions
(Fig.3.3.a2-e2).

The target based growth process starts with the definition of the design space, e.g. rect-
angle in (a2) and target-root point selections. Then, random attractors are sampled uni-
formly inside the design space. These random attractors have an influence distance that
they can pull a branch to themselves as well as a kill distance that makes them inac-
tive when they get too close to a branch in the growing structure. At every growth step,
depending on the influence and kill distance, each attractor is associated with the tree
node that is closest to it (yellow lines) if the node is within the influence distance. Then,
normalized vectors from the node to the attractors are created and their average (black
arrow) is calculated and used as the growth direction for the node (b2). The new node is
added in the growth direction in the distance of branch length. All attractors are checked
if they are in the kill distances of nodes. In other words, an attractor is killed if it is close
enough to the tree (c2). This process iterates until all attractors are killed. While target
attractors also pull the branches towards them, they are a special type of attractor with
zero kill distance. If an attractor is a target attractor, it does not get killed until a tree node
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Figure 3.5: Example projection growth. Generating the interface structure. Left: problem setup
with root & target points illustrated, middle: digital model, right: 3D printed result. Orthogonal
(top) and top (bottom) views of the same part are given.

reaches it (notice difference in d1 and d2). The position of a new node is calculated as
follows

~v
′
=

{
~t, if reaching target
~v + Ln̂, otherwise

(3.1)

~n =
~a− ~v
||~a− ~v||

(3.2)

n̂ =
~n

||~n||
(3.3)

~v
′
, ~v, ~t, L, n̂, ~a are the position vector of a new node, the position vector of node in

the tree set, the position vector of the target attractor, branch length, unit growth direction
vector and position vector of attractor in the set, respectively.

3.2.2 Random Attractor Placement

Placement of random attractors is a crucial step in our algorithm, especially to create
variations for the same problem. Since the placement of the attractors defines the virtual
design space in which our structure can grow, how attractors are placed in 3D drasti-
cally affects the resulting geometry. This effect is demonstrated for three distinct cases
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in Fig.3.4 and Fig.3.5. Figure 3.4 compares the use of volume and surface attractors to
generate an interface structure between the same objects. In the first one, we use the
bounding box volume of the two objects to generate the attractors inside of the volume.
On the other hand, in the second one, attractors are sampled on the surface of these
objects. From this figure, it can be seen that the resulting interface geometries with very
distinct characteristics can be obtained by only changing the distribution of the attrac-
tors even for the same problem setting. Here, an important distinction between these
two cases is that we do not require target attractors for the surface growth case simply
because we are guaranteed to touch the surfaces of both objects in this case. Another
distinct case for attractor distribution is illustrated in Fig. 3.5. Here, the aim is to generate
an interface structure that would give a desired 2D profile when viewed from a certain
direction. For this purpose, we sample the attractors on a surface that is created by
extruding the desired 2D profile in the viewing direction. Hence, this specific attractor
generation case can be classified as a subset of the surface growth explained previously.
Moreover, any 3D swept/curved surface can be used to create 3D profiles. However, the
main distinction here is that we require target attractors to be defined in this case, to en-
sure the resulting structure touches and supports the objects in the problem setup. This
is mainly because the surface which the attractors generated on is a virtual one rather
than the actual surface of the objects.

Apart from the aforementioned cases, we also enable symmetry in the resulting ge-
ometries. In product design, symmetry is considered to be a critical feature for everyday
objects [84]. In our shape creation algorithm, we can ensure symmetry by simply placing
the attractors in the design space symmetrically. Hence, the addition of a symmetry fea-
ture does not add any computational cost in our algorithm. However, the only case that
may need special attention is the one where the root point is placed on the symmetry
plane. In such cases, growth only happens on the symmetry plane because of the equal
attraction from both sides. We solve this problem by moving the user defined root point
slightly in both directions orthogonal to the symmetry plane by duplicating the root point.

3.2.3 Obstacle Avoidance

When designing an object, its interaction with the environment is important. For this
reason, structure growth may be restricted in some parts of the design space. First of all,
the interface structure should not intersect with the objects that it is intended to support.
For this purpose, we utilize mesh representations of the objects for collision detection.
In addition, users may define geometric obstacles in the form of spheres to restrict the
growth. As an example for the use of spheres for functional purposes, a sphere is placed
under the smart watch to limit the growth of the interface structure on the magnetic touch
charging area in Fig 3.6.

During growth, the intersection of the new branch and obstacles are tested at each
step. If there is a collision between the obstacle and the branch, a random direction is
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Figure 3.6: Obstacle avoidance is used to restrict growth in specific parts in the space. The
restricted regions may be the objects represented as octrees or user defined spheres.

Figure 3.7: Effect of Laplace and Biharmonic operators on smoothing is illustrated for skeleton
(top) and skin (middle-bottom) of the resulting geometries. Left: the original, middle: after smooth-
ing with Laplace & Biharmonic operators together, right: after smoothing with Laplace operator
only. Note that the use of the combined Laplace & Biharmonic operators allows smoothing without
significant shrinkage.

chosen for growth until collision is eliminated or maximum number of trials is reached.
Intersection tests are conducted using a parametric representation of a line segment and
an implicit representation of spherical and triangular objects. Details of the intersection
test can be found in [85]. To increase the efficiency of collision detection for triangular
meshes, we use octree representation [86].
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3.2.4 Smoothing

While jagged transitions between biological branches look realistic for trees, smooth tran-
sitions are usually more appealing in product design. For this purpose, we apply curve
smoothing to the tree structure as shown in Fig.3.7. Here, the position of each node
on the tree skeleton is updated based on the positions of the neighboring nodes using
Laplacian and Biharmonic operators as follows [87, 88].

~vi = ~vi + λ14~vi + λ24(4~vi) (3.4)

where Laplace and Biharmonic operators can be defined as:

4~vi = ∇2~vi =
1

2
(~vi+1 − ~vi) +

1

2
(~vi−1 − ~vi) (3.5)

4(4~vi) = ∇4~vi (3.6)

~vi−1 and ~vi+1 denote two neighbors of the node, ~vi.

In order to achieve smooth curves, we linearly combined Laplace and Biharmonic
operators. Although it is possible to accomplish smoothing with only the Laplacian term,
Biharmonic term is included to suppress the shrinking behavior arising from the Laplace
operator when used alone (Fig.3.7). Here, we select the coefficients λ1, λ2 as 0.2 and
0.1, respectively.

3.2.5 Branch Pruning

As can be observed from Fig.3.2 and Fig.3.3, our approach creates many branches that
may not serve a structural function on the interface (i.e., branches that do not touch a
target point). Hence, branches that are not connected to the target object or ground are
automatically detected and removed form the tree graph (Fig.3.2(d)-(e)).

3.2.6 Modifications and Variation In The Design

Although we produce the interface structures automatically, we enable users to control
many aspects of the geometry generation. The user control starts by importing 3D mod-
els of the objects and the selection of root-target attractor configurations. Then, another
significant control comes from the placement of random attractors as explained previ-
ously. In addition to these inputs, there are four factors that affect the growth process (1)
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influence distance, (2) kill distance, (3) branch length and (4) number of random attrac-
tors. These factors are very important to generate variations in the space colonizations
algorithm for tree generation such as trees with dense or sparse branch structures [26].
On the other hand, results of our proposed growth algorithm are not affected by the
changes in those parameters primarily due to the target attractor and branch removal
concepts. As long as the parameters are suitable, results do not change significantly.
There is a wide range of suitable parameters for a given problem. Any suitable parameter
set has the following properties:

• Influence distance is greater than kill distance.

• Branch length, which can be considered as step size, is small compared to the envi-
ronment dimensions but it is large enough to facilitate efficient growth computation.

• The number of random attractors is high enough to create uniform distribution in
the design space, we used 2000 attractors for the examples in this work.

• Influence distance is high enough to enable attraction of a node for the created
uniform distribution.

In this work, we choose default values using the given guidelines. For each problem
setup, we use the default values by scaling them with the dimensions of the bounding
box of the system.

Another set of important controls comes into play after the interface structure is gener-
ated automatically. At this point, users can control the radius variation in the branches of
the interface structure as well as modify the skeleton of the structure by sketched strokes.
Now that the skeleton of the structure is obtained, a 3D skin is created by covering each
branch with a truncated cone and taking the union of all cones. The radius at each node
is calculated based on its age as

r = rmin + (rmax − rmin) ∗ e−kα (3.7)

where r, rmin, rmax, α, k is the radius, minimum radius, maximum radius, age and
decay of radius, respectively. Here, age of each node is determined in such a way that
every node starts with age of 0 and the age increases by 1 at each growth step. Decay of
radius defines how fast the radius changes from the root to the targets between maximum
radius and minimum radius and is set by the user. Also, rmin, rmax are set by the user.

Sketch modifications are performed through modifier sketches performed by the user
to specify the new shape of the skeleton curve as it would occur from the current view-
point. To do this, a surface is created by the rays emanating from the user’s eyes, passing
through the strokes and extends into the page. In theory, there are infinitely many candi-
date solutions on this surface. The best 3D configuration is thus found by computing the
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(a1) (b1) (c1)

(a2) (b2) (c2)

Figure 3.8: Effect of target-root selection and stochastic growth demonstrated on two different
target-root configurations (a1-c1, a2-c2). For the same problem setup (a), various stochastic
growth results (b and c) can be obtained.

minimum distance projection of the original curve onto the surface. For the details of the
sketch modifications please refer to [89].

3.3 Results

Our approach enables the automatic generation of interface structures for 3D printing.
The user may control the geometry generation through target-root configurations, ran-
dom attractor placement, skin radius selection and sketch modifications. We applied our
algorithm to a variety of examples including gadget accessories, decoration and restora-
tion of existing objects and furniture. In order to transform the existing objects into the
digital design environment, we utilized 3D scanning using a Kinect device. We down-
loaded the 3D digital models through the stock 3D model websites like GrabCAD and
Google 3D Warehouse for the common objects.

The latest trends in decorating and modern furniture design include hybrid design ap-
proaches where natural materials with imperfections are combined with machine-made
parts to create innovative and original designs. In Figure 3.8, an example hybrid design
created using our system is shown. Here, we take a natural rock piece and design a
support structure that complements its organic geometrical features. One important con-
trol that our system provides is the target-root placement. We generated two different
target-root configurations (a1, a2) for the same problem to demonstrate the significant
variance in the resulting geometries (b1, b2). Moreover, we would like to draw attention
to the stochastic nature of our algorithm that comes from the random sampling of attrac-
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Figure 3.9: Use of sketch modifications for a functional purpose. Top part of the planter holder is
enlarged to be able to insert the planter. Left: Sketch modification steps, Right: 3D printed result
with the inserted planter.

tors inside the design space where different results are obtained for distinct set of random
attractors. However, the effect of the stochastic nature on the resulting geometries (b1-c1
and b2-c2) are subtle compared to the effect of target-root selection.

Another direction for craft, arts and design is the restoration of broken objects through
3D printing to obtain new artistic expressions rather than restoring the original object [90].
In that, the motivation is not to restore the initial function of the object, but rather use it
to function as a memorial. In Fig.3.10, we show that our method can be used for similar
purposes. Here, a missing part of a broken vase is restored with the generated interface
shape. For this, we first scanned the broken vase and placed desired target-root points.
Then, the resulting piece to complete the broken part is grown using our algorithm. We
also 3D printed and assembled the resulting part to the broken vase. Another alternative
interface structure for this example can also be seen in Fig.3.14.a.

In addition to the aesthetic needs, the need for sketch modifications may arise from
functional requirements. Use of sketch modifications for a functional purpose is illustrated
in Fig.3.9. In this example, a hanger is designed to suspend the planter. However, the
planter can not be inserted into this automatically generated structure. For this reason,
sketch modifications are applied on the skeleton of the structure to enlarge the top part
of the hanger so that the planter can be inserted.

In some configurations, users might need to control the growth process more strictly
to achieve a geometry with particular desired properties. In such cases, our geometry
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Figure 3.10: Form completion: A broken vase is restored using a scanned model. Left: problem
setup, middle: digital model, right: 3D printed result.

creation process can be guided by progressively manipulating the problem setup. To do
this, instead of defining all target points at once, we start with a subset of targets and pro-
gressively add the remaining ones as we grow the structure. Figure 3.11 demonstrates
this on an example to attach the phone to a baseball cap for first person view camera
shots. Here, the aim is to guide the growth on the side of the cap instead of any other
possible outcome. First, only five of the targets are defined (a) and the growth process is
completed (b). Then, a new target point is added (b) and another growth process is ac-
complished. This process is iterated (c) until the final desired shape is created (d). Since
we are using a consumer level 3D printer with a limited build volume, we partitioned the
resulting object into smaller pieces to be able to 3D print. For the assembly, we manually
added dovetail structures on the assembly surfaces (f).

There are many communities that promote reuse of materials through community en-
gagement, resource conservation and creativity e.g.Pittsburgh Center for Creative Reuse
and Lancaster Creative Reuse. Since our design framework is developed to work with
existing objects, users can easily utilize our algorithm for creative reuse purposes. A vir-
tual example of material reuse is shown in Fig. 3.14.e. Here, the usage of a seat and
back from a broken chair to design a new support and legs is demonstrated. In the ex-
ample, while we have virtual models for the elements to be reused, as mentioned earlier
any object can be scanned and used to create the interface structures. Although for the
previous examples, we focus on creating attachment structures that hold the object in
place without fixing or gluing, this example requires the interface structure to be fixed to
the supported objects.

Since our framework is tailored towards non-expert users, we fabricated all our ex-
amples with a consumer level low-cost 3D printer, PrintrBot Simple 1405, to study the
printability of our results. However, more advanced 3D printers can be used to fabricate
resulting geometries with higher qualities using various material options.

We recorded the computation time for automatic shape generation for a number of
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(a) (b) (c) (d)

(e) (f) (g)

Figure 3.11: Guided progressive growth (top) is shown on a baseball cap example to attach a
phone for first-person view recording. Use of assembly structures to 3D print larger designs
(bottom) have been demonstrated with the zoomed in dovetail joint detail (g).

Table 3.1: Runtime Performance of Our Generative Design Algorithm

Total Run Time [s]

Run
1

Run
2

Run
3

Run
4

Run
5

Fig.3.14.a 11 12 10 10 9

Fig.3.14.b < 1 < 1 < 1 < 1 < 1

Fig.3.14.c < 1 < 1 < 1 < 1 < 1

Fig.3.14.d 2 2 2 2 2

Fig.3.14.e 4 2 4 3 2

examples. Since our method has a stochastic nature, computation time changes as the
random attractor set changes. Thus, the results are reported for three different random
attractor sets for each example in Table 3.1. One reason computation time changes for
each example is the change in the complexity of the objects that increases the time for
collision checks. Another, important factor is how easy or difficult it is to reach the targets
inside the design space.

User Study:

We conducted a user study to evaluate the usability of our system. 25 users who had

25



(a) Given Problem (b) User Designed Solutions

Figure 3.12: Users were given two design problems: designing legs for a table top (a-top row),
and designing a stand for a smart watch (a-bottom row). Some designs created by the users are
shown (b). The users configure the root and target nodes for the given problem and the software
produces the final shape. The users may further modify the shapes using sketch input.

no prior knowledge of our software participated in the user study. Each participant was
given 30 minutes to finish all the tasks including software introduction, two modeling
assignments and completing out a post survey. The same two modeling tasks were
assigned to all participants as shown in Fig. 3.12. Some example designs generated by
the users are also shown.

All users were able to complete the tasks in 30 minutes or less. We believe this indi-
cates that users were able to learn the software easily and use it efficiently. The survey
results also support this with a strong agreement in questions 1, 3 and 4 (Fig. 3.13).
During the user study, we observed some issues with shape modification. Some partici-
pants had a hard time figuring out how sketch modification works. This observation also
explains the weaker agreement in question 2 in the survey. However, our observations
showed that if the participants experimented more with the sketching part of the software,
they were able to understand and efficiently use sketch modifications.

In addition to the Likert scale questions (Fig. 3.13) on the survey, we asked the partic-
ipants to write comments if they had any. One important conclusion we drew from some
of the comments was that some of the participants tended to imagine a design and tried
to generate that exact solution. Since, our system automatically creates shape solutions
to a given problem, the software is not intended to be used to produce a specific shape
the user has in mind. It was interesting to see that people felt compelled to control every
aspect of the shape with the conventional design approaches even when the results were
automatically generated for them. We believe increasing the expressive power of such a
design system is very important even when the results are automatically created.
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It is easy to configure & generate a shape

It is easy to modify the generated shape

The time I spent modeling was reasonable

It is easy to learn modeling with this software
1 2 3 4 5

Figure 3.13: Survey results collected from all 25 participants of the user study (1: Strongly Dis-
agree, 5: Strongly Agree). Circles and error bars represent the mean value and one standard
deviation, respectively.

3.4 Limitations and Future Work

Our focus has been on generating tree-like structures on the skeletons we grow that make
the resulting designs resemble biological trees. We expect the proposed formulation to
be readily applicable with different building blocks instead of our current truncated cones
to achieve a richer variation in form. Moreover, since our obstacle avoidance is achieved
through random search directions, our algorithm may not converge to a solution within
predefined maximum number of trials. While we have observed this issue rarely, increas-
ing the maximum trial number for complex problem settings may be required. Finally, in
this work, we do not consider structural performance of the resulting shapes. Yet, our
algorithm can be extended to ensure structural soundness for a given problem configura-
tion. This may require finite element analysis during the shape generation process.

3.5 Conclusions

We present a generative design framework to create interface structures to support ex-
isting objects. The proposed method enables novice users to automatically generate
geometries and edit them once the shape is created. Our approach introduces a novel
application of a nature inspired growth algorithm with embedded product design consid-
erations. Our current studies indicate that the approach works well for a variety of design
problems with the presented actual 3D printed results alongside their digital models. Also,
the user study supports the practical usage of the proposed system. We consider this
work as a step towards future customized design software where users only define func-
tional constraints and the CAD system automatically creates a solution.
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(a)

(b)

(d)

(c)

(e)

Figure 3.14: Designs created with our system. Left: problem setup, right: resulting design from
two different views.
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Chapter 4

Designing Coupling Behaviors
Using Compliant Shape
Optimization

A wide set of assembly blocks such as attachments, connectors, joints, and supports rely
on the principle of passively coupling two objects using structural compliance. However,
only a limited variety of configurations are prevalent in daily use (e.g.snap fits) due to the
challenge of extending the appropriate mechanical behavior to arbitrary object pairs. In
this work, we present a method for computationally designing the mechanical coupling
behavior between a rigid object and a compliant enclosure based on high-level specifica-
tions such as the ease of engagement and disengagement. At the heart of our approach
is the use of deformation profiles as the means to describe and optimize physical coupling
characteristics. In particular, we introduce a method that maps the shape parameters of
the compliant object onto sequentially observed coupling descriptors such as the grip,
insertion and removal forces that develop as the rigid object is engaged. Using this for-
mulation, we present a method for optimizing the rest shape of the compliant object to
produce the desired coupling behavior. We demonstrate our approach through a variety
of designs and validate it with 3D printed physical prototypes.

4.1 Introduction

Mechanical coupling, defined as attaching two objects to one another, is a fundamental
notion that underpins the realization of all types of connectors, joints, fixtures and attach-
ments, which enable the creation of complex assemblies and mechanisms [91]. In daily
use, a large class of couplings are intended to be readily separable with as few parts

This chapter is based on Ulu et al.2018 [4].
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Figure 4.1: We introduce a method for designing coupling behaviors between an arbitrary com-
pliant structure and an arbitrary rigid object. Resulting structures exhibit the desired coupling
behavior such as ease of engagement/disengagement and grip.

Insertion Force

Insertion Step

(a) (b) (c) (d)

Elastic Energy 

Insertion Step

Figure 4.2: Given a compliant structure A and a rigid object O (a), our algorithm optimizes the
rest shape of A based on the deformation behavior obtained through insertion simulations (b).
The resulting structure (c) exhibits the desired compliant behavior when coupled with O (d). Grey
silhouette in (c) is the original unmodified shape.

as possible as a way to facilitate temporary affixing, quick assembly and maintenance,
and general ease of use. To this end, passive coupling of objects through structural
compliance is a widely used method involving minimal number of parts and mechanical
complexity, as part engagement is primarily enabled by elastic body deformations over
coupling rigid objects. For designing monolithic compliant structures, topology optimiza-
tion is a widely used approach that allows a tuning of force-displacement characteristics
at prescribed end states [45, 46], or to achieve structures that satisfy strength or compli-
ance requirements under specified load configurations [92].

However, only a limited variety of configurations are prevalent in daily use (e.g.snap
fits) due to the challenge of extending the appropriate mechanical behavior to arbitrary
object pairs. In particular, the compliant structures and their rigid counterparts are typ-
ically tailored such that either there exists known and permanent contact points that do
not change during coupling [93], or the contact points involving the maximally deformed
state can be known a priori [37]. Realizing these limitations, Koyama et al. [1] in an
inspiring work present a data-driven approach for designing compliant attachments us-
ing parameterized basic geometries such as cylinders and rectangular prisms. However,
the analysis does not extend to arbitrary free-form objects, necessitating rigid, multi-part
solutions for such instances.

In this work, we present a physics-based method for designing the mechanical cou-
pling behavior between a rigid and a compliant object such that the engagement and
disengagement forces during the process of coupling, as well as the grip forces that lock
the object pair together can all be customized by optimizing the shape of the compliant
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Figure 4.3: Example compliant couplings as part of our daily lives. Image courtesy of TRS Pros-
thetics, Expo, Chicco, ScribbleJ@Thingiverse.

object (Figure 4.1). Given an arbitrary rigid and compliant object, we use deformation
profiles as a means to describe and optimize physical coupling. We introduce a method
that maps the compliant object’s shape parameters onto sequentially observed coupling
descriptors such as the grip, insertion and removal forces that develop when the com-
pliant object engages the rigid object. Using this formulation, we present a method for
optimizing the rest shape of the compliant object to produce the desired coupling behav-
ior.

A distinguishing feature of our approach is that it allows coupling behaviors to be
designed for part interactions that may not be known a priori. In particular, our approach
does not rely on the knowledge of known contact points or deformed states, thereby
extending prior work on compliant attachments to scenarios involving arbitrary object
pairs.

Our main contributions are

• The use of deformation profiles to describe and optimize mechanical behavior.

• A physics based shape optimization method for compliant coupling behavior design
involving two-part interactions.

• A practical insertion simulation based on collision elimination for computing defor-
mation profiles.

4.2 Fundamentals and Overview

Given a compliant structure A and a rigid object O to be inserted, we optimize the rest
shape of A (Figure 4.2). We use deformation profiles to understand and characterize the
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Figure 4.4: Deformation profiles for 3 different attachment categories (a-c). Relative positions
of the compliant structure and the inserted object corresponding to initial, maximum Emax

d , and
steady state Ess

d energies are shown. Solid and dashed curves represent the elastic energy and
the applied force, respectively.

coupling between A and O for the current hypothesis of A.

4.2.1 Deformation Profiles

Figure 4.3 shows example compliant couplings ubiquitous in consumer facing products.
In all such couplings, the fundamental considerations are (i) how easy it is to engage
and disengage the objects, and (ii) how tightly the objects are locked together in the fully
inserted states (as depicted in Figure 4.3), with the obvious constraint that the compliant
object should never break during its deformations.

As shown Figure 4.4, we use deformation profiles to capture both the elastic en-
ergy stored in the compliant object (solid line) as well as the resistive force it applies to
the rigid object (dashed line) as a function of insertion distance. Qualitatively, a distinct

32



steady state minimum in the elastic energy Essd that is attained after passing through a
maximum energy state Emaxd signals the presence of a valid coupling where no external
force is necessary to keep the objects coupled (Figure 4.4(a),(c)). Furthermore, a non-
zero Essd implies a grip force locking the objects together (Figure 4.4(a)), while a zero Essd
implies a loose couple (Figure 4.4(c)). On the other hand, if a dip in the elastic energy is
not present, this signals an engagement that would simply dissolve when the externally
applied insertion forces are removed, i.e.,A pushes out O (Figure 4.4(b)).

4.2.2 Assumptions

We assume O is rigid (does not deform), the engagement and disengagement are quasi-
static, and the interactions are frictionless. As a result, all interaction forces develop
exclusively due to the energy stored in A. We discuss the impact of friction in the results
section. We assume the mass center of O cannot be pushed beyond A’s farthest point
(leftmost side of A in Figure 4.4), hence capping the maximum theoretical deformation
A can undergo. This results in a maximum insertion length Lmax. Users may provide
insertion lengths that are shorter than this theoretical maximum.

4.2.3 Determining Ess
d

We perform insertion simulations until Lmax. Backtracking from the final state, we identify
Essd as the first local minimum in the elastic energy profile.

4.2.4 Force Characterization

Insertion and Removal Forces With the assumption of quasi-static coupling, the in-
sertion force is equivalent to the resistive force applied by A to O, and can be computed
as the sum of forces at the fixed boundary nodes of A. In Figure 4.4, we consider forces
that resist the insertion of A to be negative for notational convenience1. When disen-
gaging the couple, the traversal is reversed. As a result, from the user’s perspective, the
negative forces (e.g.the maximum negative) quantify the difficulty one experiences during
insertion, while the positive forces quantify the difficulty during removal.

Grip Forces Insertion and removal forces are different than the grip force that one
usually attributes to how strongly the two objects are interlocked at Essd . We define grip
forces as a function of all the forces that O experiences due to its contact with A at Essd

1Hence positive forces imply A drawing in O.
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Figure 4.5: Effect of refinement. All vertices of A are out of O and the collision is not detected
(a). With refinement, we interpolate new points on the colliding edges and check for collisions (b).
Solutions with and without refinement are overlaid in (c).

(Section 4.4.2). In effect, the grip force characterizes the degree of squeeze A imparts
on O.

4.3 Insertion Simulation

We represent the compliant attachmentA using a triangle mesh or a tetrahedral meshM
in 2D and 3D cases. At each insertion step, O is displaced by a prescribed step hin and
the corresponding deformed state of A is computed. A deforms to attain a minimum
energy state while all penetrations into O are precluded:

minimize
x

Ed(x,X)

subject to ψ(xj) < 0,
(4.1)

where x and X denote the deformed and rest states of A, as column vectors with con-
catenated vertex positions. Ed(x) and ψ(xj) are elastic energy and penetration functions,
respectively. ψ(xj) is computed per vertex, xj , denoting the position vector of a single
vertex.

4.3.1 Finite Element Model

We find the elastic energy of A at the deformed state using finite element analysis. We
use the rotation invariant Neo-Hookean material model to accommodate large deforma-
tions. While applicable to higher order element types, we use linear shape functions for
simplicity. Using the Neo-Hookean material model and linear shape functions, the elastic
energy is:
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Ed(x) =V [
µ

2
(‖F‖2F − κd)− µlog(det(F ))

+
λ

2
log2(det(F ))],

(4.2)

where µ and λ are Lamè parameters describing the material dependent stress and strain
relationship. V and κd are volume and dimension constants which is 2 for 2D triangular
elements and 3 for 3D tetrahedral elements. F = F (x,X) denotes the deformation
gradient (i.e. F = dx/dX) as a function of the current state, x, and the rest state, X, of
A. Further details can be found in [94].

The gradient of Ed(x,X) is computed using the first Piola-Kirchhoff stress tensor. We
compute the reaction forces at the nodes of A using the gradient as f = −∂Ed(x,X)/∂x.
This way, we can compute the insertion forces from the reaction forces based on static
equilibrium conditions.

We use the von Mises failure criterion to determine if A fails (σvm < σyield). We
compute σvm from the Cauchy stress, σcauchy, by utilizing the already computed first
Piola-Kirchoff stress tensor, P with the following relation

σcauchy = (det(F ))−1PF T . (4.3)

4.3.2 Avoiding Penetration

In order to expel the penetrating vertices of A out of O, we compute the shortest distance
between all vertices of A and O. This way, we quantify how much A has penetrated into
O. For this, we use the implicit moving least squares method (IMLS) to define a signed
distance field on O. This field is algebraically differentiable, thereby making it suitable for
optimization. Using Kolluri’s [95] implicit surface representation, our penetration function
becomes

ψ(xj) = −
∑

i n
T
i (xj − vi)φi(xj)∑

i φi(xj)
, (4.4)

where φi(xj) = e−‖xj−vi‖
2/σ2

denotes the Gaussian kernel. xj is the position vector of a
vertex on A, vi and ni are the position and normal vectors of the ith vertex on O. σ is set
empirically per O.
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Figure 4.6: The effect of refinement, where smooth insertion forces are expected. The color
on the attachment corresponds to the signed distance field of the circle. Note that refinement
results in smoother force curves as well as requiring less computation compared to higher mesh
resolutions.

4.3.3 Finding Deformed States

The deformation of a compliant attachments is governed by Eq. (4.1), which is nonlinear
in both the objective function and the constraints. At each insertion step, we employ
Sequential Quadratic Programming (SQP) [96] to solve it. We use MOSEK [97] to solve
arising sub quadratic problems.

Refinement When A is represented with a coarse mesh, collision checks involving
only the vertices of A may not be sufficient to prevent penetration (Figure 4.5). Moreover,
these penetrations may result in oscillatory force profiles with poor accuracy as shown
in Figure 4.6. As a remedy, we use the refinement described in Algorithm 1, where we
check for collisions across the edges of A close to the contact regions and sample the
new vertices across those edges if intersections are found. The newly sampled vertices
are added as additional penetration constraints. The same approach extends to 3D by
sampling across the faces of A. To determine the edges/faces to refine, we use the
distance field already computed during the initial optimization step. We also use the
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Figure 4.7: Effect of boundary conditions on asymmetrical attachments. The alligator is fixed on
the left side. When only the insertion axis is fixed and the object is left free along the vertical
axis, the results are more realistic stressing the thinner lower jaw (a). When all axes are fixed,
the object pushes the thick upper jaw requiring larger insertion forces and causing higher energy
states.

Algorithm 1: Energy minimization with refinement
Solve (4.1) with the vertices of A;
for each edge on the boundary of A do

if edge is in contact region then
if edge is in collision with O then

add the edge into the contact edge list, CL;
end

end
end
if CL not empty then

for each edge in CL do
interpolate new points and add to constraint list vc;

end
set initial conditions as the result of initial optimization;
solve (4.1) with added constraints, vc;

end

IMLS surface field to check for collisions. Figure 4.6 illustrates the effect of refinement for
various mesh and interpolation settings. In our examples, we use 10 interpolation points.

Oscillatory or non-smooth contact forces that arise due to discrete penetration detec-
tion, contact boundary smoothness and finite element discretization are an open problem
in finite element analysis. To overcome this challenge, a stabilization scheme for small
deformations [98], a continuous penalty force approach [61], contact based remeshing,
and smoothing contact boundaries through Bezier patch approximations [56] have been
proposed. Unfortunately, these approaches severely impact the computational perfor-
mance especially as our insertion simulations are run for each shape hypothesis of A
being optimized. We thus limit our improvements to edge/face refinements, which only
reduce contact force oscillations through a better approximation of continuous contact.
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However, arbitrary shapes with non-smooth boundaries and finite element discretization
still produce non-smooth force profiles (Figure 4.6).

Boundary and Initial Conditions During contact simulations,O is constrained to move
along a prescribed insertion path (e.g.horizontally left in (Figure 4.7). A is displacement-
constrained only along the insertion axis while leaving the remaining two orthogonal axes
unconstrained (vertical and out of page). This allows non-symmetrical rigid objects or
compliant structures to be coupled in ways that minimize the total elastic energy without
introducing artificial barriers to natural accommodative movements. As shown in Fig-
ure 4.7, this enables a more realistic identification of the true stress state of A.

Users may define custom insertion paths for O involving both translations and rota-
tions when desired. However, unless specified otherwise, we assume the objects are
inserted purely translationally without any rotations.

Due to the non-linear nature of (4.1), seeding it with a suitable initial condition is
crucial for achieving robustness. We use the deformed state of the previous step as the
initial condition for the current step.

4.4 Rest Shape Optimization

The insertion simulation allows its results to inform shape optimization on A to produce
a desired coupling behavior.

4.4.1 Shape Modification

To alter X, the rest shape of A, we use linear blend skinning (LBS) with bounded bi-
harmonic weights [99]. Using bounded bi-harmonic weights, we achieve smooth modifi-
cations in a localized and shape-aware manner. We use translation and scaling edits to
facilitate a fine control over the structural dimensions of A. For a meshM with n vertices
in Rd(d = 2 or 3) and m modification handles

X ′ =MLBST, (4.5)

where X ′ ∈ Rn×d is the matrix with the modified vertex positions in the rows, MLBS ∈
Rn×((d+1)m) is the linear blending skinning matrix computed once for the original mesh
M, and T ∈ R((d+1)m×d) is a stack of handle transformation matrices that includes trans-
lations and scaling for each handle. For brevity, we refer to the translation and scale of
the transformation handles as h.
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Figure 4.8: Handle placement through displacement based clustering. The left most edges of
the objects are fixed as boundary conditions and we do not place handles on the corresponding
clusters.

The LBS formulation can be equivalently expressed in the following form

x′ =
∑

j
wj(x)Tjx (4.6)

where Tj represents the affine transformations of a modification handle hj , j = 1, ...,m.
When transposed Tj matrices are stacked together, they form matrix T in Eq. (4.5). All
vertex positions, x, ofM are modified as x′. wj is the weight functions associated with
the handle hj and we compute them using bounded bi-harmonic weights [99]. These
weights sum up to 1 at each vertex. Each handle has the maximum effect around its
immediate neighborhood (wj = 1 at the handle) and its influence disappears at distant
regions. MLBS matrix is computed combining vertex positions x with vertex weights
wj(x).

Displacement Based Handle Placement To place the deformation handles h withinA,
we perform an initial insertion simulation with the original A. During the insertion process
we record the maximum displacement each vertex undergoes. Then, we cluster the
nodes of A usingM as the connectivity graph, where the similarity between neighboring
nodes is calculated based on their maximum displacements. In our implementation, we
use the affinity propagation clustering method [100]. We take the vertex closest to the
centroid of a cluster as the deformation handle for that cluster (Figure 4.8). We omit the
clusters that include the displacement boundary conditions as they represent the clusters
with minimal deformations. Nevertheless, we add displacement-constrained vertices as
inactive handles to keep those regions unmodified during shape modifications. Note that
this only affects shape updates, and not the nature of the boundary conditions during
insertion simulations. Additional inactive handles (highlighted in orange) may be added
to keep certain parts of the shape unchanged (refer to Section 6.1: Grip Control).

Figure 4.9 shows the impact of various choices for h for the same initial structure, ob-
jective function, and constraints (defined in Section 4.4.2). For each number of handles,
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Figure 4.9: Displacement based, spatial, and random handle placements. Above the broken line,
we report the handle placements that do not converge.

we positioned them using our approach, using spatial clustering where vertex coordi-
nates are used for similarity, and using 10-fold random pick of the handles. The results
suggest that the handles do not have to be placed precisely. In particular, as the number
of handles increases, up to 90% of the results expectedly converge even with random
handle placement. However, our approach converges to a better solution that creates a
minimal deviations in the shape. Spatial clustering also provides good handle placement
and can be used if the initial insertion simulation cannot be performed.

4.4.2 Optimization

For the current shape hypothesis of A, insertion simulations are performed producing
the energy and force profiles. The relevant quantities are extracted from these profiles
to compute the prescribed objective values. The deformation handles h are then used to
deform A in a way that improves the objective function. Figure 4.10 shows a scenario
where the objective is to match the prescribed force profiles as close as possible by
minimizing the squared error between the target and the resulting force profiles. As
shown, the target profiles can be matched arbitrarily closely with an increased number of
handles, essentially allowing our approach to design custom stiffness profiles for arbitrary
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RMSE:      2.8N                   2.4N                   1.1N

RMSE:      3.7N                   1.8N                   1.1N

RMSE:      3.2N                   1.5N                   1.2N

3 Handles           6 Handles           13 Handles           
Optimized Shapes

Figure 4.10: The compliant structure and its original force profile (top) is optimized to match
prescribed force profiles. For different number of modification handles (middle), the target and
the optimized force profiles are shown together with root-mean-square errors (bottom). Resulting
force profiles show that our approach can alter the structure to match the target force profiles.
This image is best viewed digitally.

objects.

To facilitate high-level end-user specification of coupling behavior, we formulate our
objective function as minimizing the change in the rest shape of A as measured by the
modification energy, using h as the design variables, subject to the functional constraints
of: (i) coupling ratio, (ii) grip force, (iii) insertion and removal forces, and (iv) material
failure.

Coupling Ratio For a pair of objects to remain stably coupled, the elastic energy profile
must exhibit a peak Emaxd , before settling in a lower steady state energy Essd (Figure 4.4).
If the value of Essd is too close to the value of Emaxd , small perturbations could cause the
couple to disengage abruptly by causing A to eject O. We thus define a stable coupling
ratio constraint as follows:
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ECR ≡ (Essd /E
max
d ) ∗ 100− κcr < 0, (4.7)

where κcr is a percentile introduced to keep the inserted object inside the compliant
structure. κcr can take on two different values: (I) κcr = 95% if the user desires a non-
zero grip, or (II) κcr = 10−3% if the user desires a loose couple. While the actual values
are set empirically, the key here is to enable a binary decision between tight versus loose
grips. If the former is elected, ECR simply ensures that there is a stable configuration
that allows a valid coupling. The precise strength of the grip is determined by the grip
forces as described next. For energy profiles that do not initially attain a steady state
value (Figure 4.4(b)), we use the maximum energy as the steady state. This way, ECR
will be violated for the current A, hence penalized during optimization, thereby helping to
impart shape changes in A that lead to stable coupled steady states Essd .

Grip Force Qualitatively, the grip force is a measure of how firmly A squeezes O when
there are no other external forces and both parts are in static equilibrium. To quantify the
grip, we decompose it into three components with the x component defined as: F x

g =
0.5

∑
j |fxj | ∀j ∈ M, where fxj is the x component of the external force on vertex j

imparted by O. Note that only a subset of the boundary vertices of A would contribute to
F x
g . F y

g , and F z
g are defined analogously. We finally define Fg to be the L2 norm of the

resultant force vector [F x
g F y

g F
z
g] and define the grip force constraint as:

EGT1 ≡ F lbg − Fg < 0,

EGT2 ≡ Fg − F ubg < 0,
(4.8)

where F lbg , F ubg are the user specified lower/upper bounds on Fg.

Insertion and Removal Forces We define the insertion and removal forces Fin, Frm to
be the maximum of the forces experienced by A extracted from the deformation profiles
(Figure 4.4) and constrain their values within user specified upper and lower bounds as
follows:

EF1 ≡ Fin − F ubin < 0,

EF2 ≡ F lbin − Fin < 0,

EF3 ≡ Frm − F ubrm < 0,

EF4 ≡ F lbrm − Frm < 0,

(4.9)
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Figure 4.11: As our insertion simulations predict, the initial shape breaks at the high stress region.
Color plot shows the computed stresses (left). Two 3D prints of the initial design (middle, right)
consistently break at the same location.

Material Failure We consider yielding as the failure mode and use the von Mises stress
criterion to constrain the stress developed in the compliant object during insertion. We
enforce the yield criterion as a single constraint where we ask the maximum von Misses
stress observed in the deformable object to be less than the yield stress.

EMF ≡ max(σvm)− σyield < 0 (4.10)

Modification Energy We use the Laplacian editing energy [101] of the surface mesh
to quantify the total modification energy, also used by [16, 17].

minimize EL ≡ vsTMLvs, (4.11)

where ML = LTL is a positive semidefinite matrix constructed using the surface Lapla-
cian and calculated once for the original boundary mesh of A. vs denotes the modified
boundary vertices.

The optimization seeks to minimize EL by modifying A through the design vector h,
while satisfying the constraints ECR, EGT , EF , and EMF . We transform this into an un-
constrained problem by augmenting the objective with constraints as penalties. For any
constraint c(h), we transform it into a penalty c(h) ← max(0, c(h))2 and add its contribu-
tion using a large penalty constant.

While we aim to establish a congruent scale for all constraint terms (percentages:0-
100, stress: σyield around 60MPa for materials of interest, forces:1-100N range based on
ergonomic limits [102]), this scheme would need adjustments if the scales of interest vary
significantly.

We use simulated annealing for optimization and implemented it as described in [103].
A pseudo-code of our rest shape optimization is given in Algorithm 2. In each iteration
of the optimization, we generate new states by sampling a new design vector around the
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current vector drawn from a Gaussian distribution, with an adaptive decaying variance.
For cooling schedules, we experimented with linear, logarithmic, exponential cooling and
observed similar convergence for our problem. In all of our examples, we are using
exponential cooling.

Algorithm 2: Rest Shape Optimization
Ecurr = Einitial, hcurr = hinitial;
Eopt = Einitial, hopt = hinitial;
for i = 1 to iterationsmax do

hi ← generate new neighbor state;
Tcurr ← temperature cooling;
A(hi)← update current shape hypothesis;
perform an insertion simulation with A(hi);
Essd , E

max
d , Fg, Fin, Frm ← process deformation profiles;

Ei ← augment objective EL with penalty constraints ECR, EGT , EF , EMF ;
if Ei < Ecurr then

Ecurr = Ei, hcurr = hi;
if Ei < Eopt then

Eopt = Ei, hopt = hi;
end

else if exp((Ecurr − Ei)/Tcurr) > rand(0, 1) then
Ecurr = Ei, hcurr = hi;

end
end
return A(hopt)

4.5 Results

We apply our shape optimization through deformation profiles on a variety of compliant
structures with different behaviors. We present further details in the accompanying video.

4.5.1 Validation

Insertion Simulations For the alligator presented in Figure 4.2, our simulations sug-
gest that the initial unoptimized shape breaks during engagement with the stress distribu-
tion given in Figure 4.11. Printed physical samples break at the maximum stress region
predicted by our simulations, supporting the boundary condition specifications (see the
discussions of Figure 4.7). For this model, we also investigate the performance gain of a
2D analysis over a full 3D analysis. We obtain similar deformation profiles as shown in
Figure 4.12. With 2D analysis, a considerable reduction in computation time is obtained
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Figure 4.12: Comparison of insertion simulations for alligator model using 2D and 3D analysis.
Plots are shown for the initial shapes.

Figure 4.13: The shift in the alligator attachment during the insertion process from front, top and
side views. The transparent green illustrates the original position.

due to the decrease in dimensionality as well as a reduction in the total number of vertices
and elements. See Table 4.1 for a comparison of the computation time and the number
of elements.

Figure 4.13 shows the bunny-in-alligator coupling. A vertical and out of page shift can
be observed that correctly accommodates the tapered surface of the bunny.

Force Control In Figure 4.14, we design a connector to attach a table tennis paddle to
a cylindrical stand, with the paddle to be removed easily while the stand side remaining
firmly attached. The resulting deformation profiles show this behavior with the stand side
requiring a larger removal force.

Grip Control We design a set of building blocks with fine-tuned physical grips as shown
in Figure 4.15. Our approach decouples the grip force from the insertion and removal
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Figure 4.14: The paddle side is designed for a removal force less than the removal force on the
stand side. The physical pull out of the paddle validates the design. Deformation profiles for both
sides of the connector are also shown. Both sides have tight grips, but the paddle side requires a
smaller removal force.

forces, thereby creating coupling behaviors that are not easily achievable through intuition
alone. The deformation profiles capture the different grips as well as the tighter block
interestingly requiring less insertion and removal forces (Figure 4.16). For this chain
structure, to keep the rigid, inserted part identical in all designs, we add fixed handles
at the base of the arms so that the spherical body remains unchanged. We optimized
the building blocks using a simplified 2D analysis and synthesized the 3D versions by
revolving the base and replicating the optimized arms.
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Figure 4.15: Starting from an initial geometry that barely stays together, we design building blocks
with loose, tight and tighter grips. Using building blocks with different behaviors, we can build chain
like structures, stiff structures (top) or combine them to control the motion transfer (middle). When
we arrange the building blocks in an alternating order of tight and tighter grip ones, it separates
from a block with tighter grip every time we pull from both ends (bottom). Notice tighter grips do
not necessarily correspond to higher insertion/removal forces.
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Figure 4.17 shows a door knocker that exhibits a loose grip. To simulate the coupling
process, we use a rotating trajectory where the ring is initially inserted horizontally and ro-
tated afterwards following the natural knocking motion. The initial shape not only requires
excessive insertion forces on the order 4000 N, but it also readily yields with stresses up
to 1425 MPa. When optimized, the insertion force is reduced down to 20 N, with a von
Mises stress of 41 MPa (less than 60 MPa of yield stress).

Ergonomic grippers for handling common objects are popular items in 3D printing
repositories. We demonstrate the design of an assistive door handle attachment with a
tight grip for those with difficulty gripping door knobs in Figure 4.19. We also optimized
the alligator to hold the bunny as shown in Figure 4.18. While the initial pairs cannot be
coupled, the optimized alligator attaches to the bunny with a firm grip. In Figure 4.20,
we optimize an initial mechanical claw that is unable to grab onto the bunny so that the
resulting shape can latch onto it.

Comparison In Figure 4.21, we compare our approach with AutoConnect [1] for two
attachments. We optimize a connector that mounts the phone on its charger and a paddle
attachment that connects the paddle to a cylindrical stand. For non-cylindrical and non-
rectangular objects, Autoconnect generates rigid structures that the object is either slid
in without deformations, or requires partitioned rigid attachments that are post-joined.
Unlike AutoConnect, our method creates compliant structures for both the phone side
and the paddle side of the connector. It modifies a starting geometry enabling easy
insertion and removal, while producing a tight grip to hold the objects in place. For the
stand side of the paddle attachment, our approach converges to a solution similar to
AutoConnect’s standard C-clamp, while it begins with a square geometry. Similarly, we
initialize the paddle side with a perfect match to the paddle’s cross section when attached
(hence no deformation or grip) and converge to a firmly gripping structure.
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Figure 4.16: The initial shape is optimized through geometric changes to achieve loose, tight and
tighter grip (from left to right). Deformation profiles are shown at the bottom with corresponding
optimized shapes. Underlying silhouettes represent the initial geometries. Note that the loose
design has zero steady state energy and the tight design has a non-zero steady state energy that
is lower than the tighter design.
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Figure 4.17: Initial (left) and optimized (right) lion head models with their corresponding insertion
simulations.

Figure 4.18: Initial alligator (a) is optimized (b) to hold the bunny (c). Printed and attached
objects (d) exhibit the simulated/optimized behavior.

Figure 4.19: Assistive door handle (a) is optimized (b) to be attached on the door knob. The
attachment (c) remains coupled while in use.
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Figure 4.20: The initial mechanical claw (a) is optimized (b) to hold the bunny (c). Printed and
attached optimized result is shown in (d) and (e)

Figure 4.21: A comparison between AutoConnect [1] and our method. Our approach can create
compliant attachments for phone (top) and paddle (bottom), while AutoConnect generates rigid
holders when the objects are not cylinders or rectangular prisms.
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4.5.2 Physical Tests and Performance

Fabrication We use a low cost FDM Printrbot as well as a Stratasys Objet Connex for
fabrication, printing PLA and VeroWhite, respectively.

Friction tests To study the impact of friction, we measured the insertion force of the
same geometry with four different materials as 3D printed VeroWhite, acrylic, wood and
metal using an Instron tensile testing machine (Figure 4.22). As expected, friction in-
creases the required insertion force. Nonetheless, the physical measurements and our
simulations exhibit similar trends in the profiles, differing primarily by a shift.

Performance Shape updates and modification energy computations are expectedly
fast. The insertion simulation is the computationally most demanding step in our ap-
proach. Table 4.1 shows the performance of our method using a 3.2GHz Intel Core i5
computer with 8GB memory. Because our rest shape optimization involves stochastic
optimization, convergence speed may vary across different runs of the same problem
setting. For the results in this work, convergence is achieved under 300 iterations.

4.5.3 Limitations and Future Work

We do not remesh the compliant object during optimization; our estimations will likely
become increasingly inaccurate due to degenerate elements if severe deviations from
the original rest shape is required to achieve the desired coupling behavior. In this work,
we meshed our initial geometries as uniform as possible to mitigate mesh dependency
issues. We use Triangle [104] for 2D Delaunay meshing and TetGen [105] for tetrahedral
meshing.

We do not model friction. Although friction based attachments are prone to wear
and tear, there are use cases where a friction based attachment is required due to the
object’s geometry and limiting surroundings. It is an interesting future direction to study
friction-dominated coupling behaviors. Likewise, our method does not model the true
surface contact area between the compliant structure and the inserted object. In some
cases, increasing the contact area might be desirable to further increase grip tightness.
For example, our door handle and the knob contact each other at a limited set of discrete
points whereas a larger contact area is likely more desirable to increase grip. However,
this issue also highlights the difference between our definition of grip and that one ex-
periences in real life. We quantify grip solely by the normal forces acting on the rigid
object (squeeze force), while daily experience would also incorporate friction as part of
this quantification (e.g.how easy is it to rotate the objects relative to one another?).
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Figure 4.22: Effect of friction on insertion forces. The plots show insertion forces measured during
the insertion of the same geometry manufactured with four different materials into one 3D printed
attachment. Our simulations and the measurements exhibit similar profiles.

Even though our algorithm reduces the stress and guarantees structural soundness
during insertion, stress might still be concentrated around certain regions of the object
which may limit fatigue performance. While we do not consider fatigue in this work, our
work can be extended to account for this failure mode in the future.

While our method handles insertion paths that involve prescribed curved paths as well
as prescribed rotations to the rigid object during engagement, a future extension would
be to relax the rotary degrees of freedom during insertion. This would more closely mimic
humans’ natural, accommodatory motions when coupling two objects.

4.6 Conclusions

Given a pair of arbitrary objects, we present a method to design targeted coupling be-
havior through shape modifications on the compliant object. Our approach does not rely
on the knowledge of known contact points or deformed states. With our approach, non-
intuitive coupling behaviors, such as firm grips requiring weak insertion/removal forces,
can be designed. Our results demonstrate that free-form geometries can be geometri-
cally altered to produce compliant attachments that expand the basic geometries of tra-
ditional attachments. This offers an opportunity for assistive design technologies where
unique personal needs are present.
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Table 4.1: Statistics of the models used in our tests. For each model, we present # of simplex
elements for attachment, # of vertices on the inserted object, # of modification handles, # of
insertions steps, computation cost per iteration (one full insertion simulation).

Model Elements Vertices Handles Insertion Time[s]Steps
Stand Side 450 50 4 35 4.8
Paddle Side 1024 168 4 41 5.7
Building B.-L 896 142 4 25 4.5
Building B.-T1 896 142 4 25 4.5
Building B.-T2 896 142 4 25 4.5
Door Handle 1222 264 5 36 13.9
Alligator 2D 422 50 5 35 4.9
Alligator 3D 1040 1154 5 35 16.7
Alligator-Bunny 1040 1687 5 35 48.3
Door Knocker 5080 288 5 40 121.0
Charger Side 716 182 6 30 5.2
Phone Side 4110 20378 8 22 172.3
Claw 12063 11655 9 25 877.2
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Chapter 5

Buckling Behavior Design For 3D
Surface Deployment From Flat
Patterns

3D printing thin surface objects may turn into a very costly process due to support ma-
terial requirements and production time. 2D manufacturing techniques usually are not
viable due to surface developability limits and mechanical stability issues after the de-
ployment to a 3D shape. Hence, facilitating a simpler and more convenient fabrication
of complex 3D surfaces is an important challenge. We present 2D laser cut patterns
that deploy into 3D surfaces after the addition of rigid inserts. The work exploits the idea
of creating protrusions/buckling on a 2D sheet by adding rigid inserts that create inter-
nal constraint. Specific challenge addressed here stem from understanding the highly
non-linear underlying mechanism in the deployment of flat patterns into 3D surfaces.

Figure 5.1: A 3D complex surface and corresponding 2D pattern layout.
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a

b

Figure 5.2: Buckling via rigid insert concept.

5.1 Introduction

Additive manufacturing methods offer high flexibility in shapes they can produce but result
in slow production times very quickly as the shapes get larger. Laser cutting provides a
fast alternative, yet it works in 2D space. Achieving 3D surfaces from 2D laser cut shapes
is a challenge due to developability constraints. Additionally, ensuring mechanical stability
of 3D surfaces presents another obstacle in the realization of 3D surfaces from flat pieces.

We propose a shape parameterization method to map 3D complex surfaces into 2D
flat patterns so that the 3D surfaces can be realized by installing rigid inserts (Figure 5.1).
Our method is based on fundamental buckling concept that is observed when a rigid
object is inserted into a gap that is different than its size as depicted in Figure 5.2. This
way, the whole system settles into a new minimum energy state that creates a protrusion.
Here, we exploit this mechanism to produce complex structures. Our method takes input
as a target surface and produces a pattern layout in 2D. The 2D pattern then can be laser
cut and realized into 3D surface by installing rigid inserts.

The idea of obtaining 3D surfaces from flat pieces has been recently explored. Achiev-
ing developable surfaces through auxetic cuts has been studied in [106] but this work
requires meticulous forming of the flat surface onto some sort of template mold for de-
ployment. In [107, 108], developability and deployability issues have been investigated
through 3D printing on pre-stretched elastic materials. One attribute that makes our ap-
proach attractive is the simplicity of just using a regular laser cutting process rather than
using 3D printers with special methods and materials.

Harnett et al. [109] presents geometrically frustrated tiles which are regular grids of
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Figure 5.3: Design Choices: Torsional springs keep the whole structures together before the
inserts are assembled.

structures that can attain an energetically favorable state due to internal constraints.
While the idea of geometrically frustrated tiles is demonstrated, the problem of under-
standing their folding pathways and determining the folded configurations in order to
match a given shape remains a challenge. Assessing stability of the entire configuration
provides an even more challenging problem. Drawing inspiration from the geometrically
frustrated tiles, we undertake the challenge of matching target shapes with mechanical
stability.

5.2 Deployment Mechanism

5.2.1 Buckling Beams and Rigid Inserts

Figure 5.2 illustrates the proposed deployment mechanism that is based on buckling of
beams through internal constraints. If the gap is smaller than the size of the rigid insert,
the resulting surface is a dome shape with positive Gaussian curvature (Figure 5.2.a).
On the other hand, we obtain saddle shape surfaces with negative Gaussian curvature
when the gap between the beams is larger than the size of the rigid beam (Figure 5.2.b).
Section 5.3.1 gives geometric insights into behavior of the deployment mechanism.

5.2.2 Design Choices

We use the same size inserts and only alter the gap size through beam lengths. This
way, we can create different amounts of protrusions using the same inserts thereby mak-
ing the assembly process simpler and more practical. In addition, we place torsional
springs (the curvy beams) to keep the structure together before the rigid inserts are
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Figure 5.4: Top: Flattened mesh with colors representing area distortions during flattening. Bot-
tom: Original surfaces with blue and red colors representing positive and negative Gaussian
curvatures, respectively.

installed (Figure 5.3). We also observe that they serve as stiffening components that
enhance structural stability of the pattern after deployment.

5.3 Surface Parameterization

5.3.1 Flattening

To obtain the layout of the 3D surface in 2D domain, we use conformal mapping. Main
challenge in this context is to understand the deployment process and use an appropriate
conformal mapping technique. For our buckling patterns, one important characteristic is
that the edge lengths on the boundary do not change during deployment. Therefore,
one property to look for in the conformal mapping algorithm is to be able to prescribe
zero scale factors along the boundary. Conformal mapping techniques that allow such
prescriptions exist and indeed it turns out that such prescriptions result in the flattening
with minimal area distortions [110]. Note that achieving the minimal area distortions in
the flattening is a very desirable property. To achieve this flattening, CETM [110] or
BFF [111] methods can be used. These two methods produce virtually indistinguishable
results. Due to its lower computational cost, we use BFF in our algorithm.
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Figure 5.5: Pattern generation: (a) Input surface, (b) Flattened triangulation, (c) Quad Mesh, (d)
Our patterns.

Equipped with the flattening algorithm that characterizes our deployment mechanism,
we conducted a few simple experiments that give insights into how different types of
surfaces can be realized using our mechanisms. Figure 5.4 illustrates three surfaces
with their corresponding flattened versions. We observe that a spherical surface (posi-
tive Gaussian curvature) only shrinks while flattening. Thus, by using rigid inserts that
are larger than the gap sizes, we can expand the shape during the deployment and
create positive Gaussian curvature surfaces. On the other hand, a saddle surface (nega-
tive Gaussian curvature) only expands while flattening. Therefore, the rigid internal con-
straints must shrink the shape during deployment to 3D shape for a negative curvature
region. We observe the same behavior on a complex surface that includes both positive
and negative Gaussian curvature regions.

5.3.2 Pattern Generation

Figure 5.5 depicts the pattern generation process. After the flat surface is obtained, we
generate a quad mesh on the flat triangulation. Then, the whole pattern is generated on
the quad mesh. Each quad edge is offseted with beam thickness and and the torsional
spring pattern is placed inside each quad. We represent torsional spring patterns using
Bezier curves. Some quads on the boundary may be degenerate, i.e., two neighboring
edges are almost colinear. In those degenerate quad instances, we do not place torsional
springs. Since these instances only occur on the boundary, not having torsional springs
does not result in disconnected components since the beams are already connected
to the boundary. After, the pattern is generated, we initiate gaps between the beams
depending on the area distortions of the flattening and the rigid inserts size. Note that
the rigid insertions allow only a limited amount of extension or shrinkage in the area
distortions. If the area distortions exceed the achievable limits, cuts may be introducec
during flattening.
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5.4 Physical Simulations

Our patterns can be modeled using beam elements. To model the large deflections and
post buckling behavior of beam elements, so far, we have investigated Elastica [112]
and discrete elastic rods [113]. We observe that Elastica gives a simpler formulation
yet discrete elastic rods cover more generalized deformation scenarios such as twists.
For the physical analysis, we use discrete elastic rods. We use ODE [114] library to
simulate the rigid inserts. We enforce, rigid body coupling using fast manifold projection
as presented in [113].

5.5 Applications and Future Work

In this work, the focus is the realization of complex surfaces through 2D fabrication tech-
niques. We believe this work will fuel further research efforts into functional use of de-
ployed 3D surfaces. Figure 5.6 shows a conceptual chair design that can be realized with
our approach and can be further optimized for structural stability under in-use forces.

In addition to the advantages in fabrication, our method can enable flat-packaging
and quick assembly of rigid inserts to achieve a 3D end product similar to IKEA concept.
To enable easy assembly, the rigid inserts could be placed on a stencil that facilitates an
easy transfer to the 2D pattern. Robotic assembly of the rigid inserts is another possible
direction for the realization of the proposed method in real life applications.

The units depicted in Figure 5.2 also have the bistable property that may open up a
world of new possibilities in terms of future applications.

5.6 Conclusions

In this work, we present a deployment mechanism that is based on buckling of beams
through inserting rigid pieces into gaps that are different in size. To exploit this deploy-
ment mechanism to generate arbitrary 3D surfaces, we have developed a shape param-
eterization method that maps 3D surfaces into 2D flat patterns such that the 3D surfaces
can be realized by installing the rigid inserts. In addition, we have developed a routine
for the physical simulation of the buckling phenomena. While the shape parameterization
gives a flat layout of the 3D shape, the resulting layout only considers geometry. Thus,
using the physical simulations is important to ensure mechanical stability and improve
the accuracy of the resulting 3D surface. Therefore, an immediate future work is to use
the solution of the shape parameterization as initial condition of an optimization routine
where approximation to the input 3D surface is improved using the physical simulations.
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Figure 5.6: A concept chair design that can be realized with our approach and can be further
optimized (through possible future research) for structural stability under in-use forces
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Chapter 6

Wisdom of Micro-Crowds in
Evaluating Solutions to Esoteric
Engineering Problems

A multitude of studies in economics, psychology, politics, and social sciences have demon-
strated the wisdom of crowds (WoC) phenomenon, where the collective estimate of a
group can be more accurate than estimates of individuals. While WoC is observable in
such domains where the participating individuals have experience or familiarity with the
question at hand, it remains unclear how effective WoC is for domains that traditionally
require deep expertise or sophisticated computational models to estimate objectively an-
swers. This work explores how effective WoC is for engineering design problems that are
esoteric in nature, that is, problems (1) whose solutions traditionally require expertise and
specialized knowledge, (2) where access to experts can be costly or infeasible, and (3) in
which previous WoC studies with the general population have been shown to be highly in-
effective. The main hypothesis in this work is that in the absence of experts, WoC can be
observed in groups that consist of practitioners who are defined to have a base familiarity
with the problems in question but not necessarily domain experts. As a way to emulate
commonly encountered engineering problem solving scenarios, this work studies WoC
with practitioners that form micro-crowds consisting of 4 to 15 individuals, thereby giving
rise to the term the wisdom of micro-crowds (WoMC). Our studies on design evaluations
show that WoMC produces results whose mean is in the 80th percentile or better across
varying crowd sizes, even for problems that are highly non-intuitive in nature.

This chapter is based on Ulu et al., 2018 [5].
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6.1 Introduction

Crowdsourcing is emerging as a cost-effective, rapid approach to problem solving in a
variety of disciplines where the collective estimate of a group can outperform the indi-
viduals, even in the presence of domain experts. This phenomenon is known as the
wisdom of crowds (WoC) and has been demonstrated across a range of problem do-
mains [115, 116, 72]. Traditional crowdsourcing naturally focuses on tasks that are human
easy and computer hard, such as vision problems where crowds are asked to identify and
label objects in large sets of images [117]. In such problems, the task is typically very in-
tuitive for humans, and thus the correct answer can be inferred from a crowd consensus.
In engineering problems requiring domain expertise, however, crowdsourcing has proven
to be significantly less effective, in part due to the limited number of experts in the sam-
pled crowd [2]. This suggests that extending traditional crowdsourcing to tasks requiring
expertise is non-trivial, especially if experts are scarce. As an alternative to crowdsourc-
ing, expert collaboration has been extensively studied [69, 118, 119, 70, 120]. However,
interactions among group members have been shown to lead to similarity of experts
[71], which may result in experts being outperformed by diverse groups [73]. As such,
it remains unclear how conventional crowdsourcing can be made truly effective for engi-
neering design problems, especially for tasks that require expertise.

As one step toward addressing this gap, this work explores the effectiveness of WoC
for engineering design problems that are esoteric in nature. Esoteric problems are de-
fined as those (1) that traditionally require expertise and specialized knowledge, (2) where
access to experts can be costly or infeasible, and (3) in which previous WoC studies with
the general population have been shown to be highly ineffective [2]. The main hypothesis
in this work is that in the absence of experts, WoC can be observed in groups that consist
of practitioners who are defined to have a base familiarity with the domain and the prob-
lems in question, even though no single individual may have the expertise to correctly
solve the problem. With this definition, experts are a subset of practitioners. However
in this work, in contrast to purely expert crowds, practitioner crowds are characterized
by individual responses that exhibit both significant accuracy (deviation from the ground
truth) and precision errors (variation among the responses). This new definition and fo-
cus on practitioners stands in contrast to previous studies that explore WoC in design
that rely either on the general population crowds where experts are extremely scarce
and unknown [2], or on teams of experts [118] as the basis of crowds. Additionally, as a
way to emulate commonly encountered engineering problem solving scenarios, this work
studies WoC with practitioners that form micro-crowds consisting of 4 to 15 individuals
(rather than tens or hundreds of individuals), thereby giving rise to the term the wisdom
of micro-crowds (WoMC) which is central to the presented work.

As part of this study, four design assessment questions with varying levels of difficulty
and intuitiveness were deployed where the participants were asked to assess the quality
of the candidate design solutions. Several data aggregation methods were developed and
tested on the acquired data. The results suggest that WoMC with practitioners can indeed
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be observed, where the crowd estimate outperforms the individuals in the vast majority of
instances. To facilitate benchmarking, these results have been obtained for problems in
which there already exists an objectively true solution (i.e., benchmark results obtained
through optimization). As such, it could be argued that crowdsourcing is remarkably
unnecessary for such problems where solution methods already exist. However, the
most significant conclusion of the presented work is that for current or future engineering
design problems where algorithmic solutions may currently not exist, small groups of
practitioners may in fact provide very effective solutions. Note that, in this context the
current lack of solution methods implies a lack of experts, which reinforces the importance
of practitioners.

An interesting limitation of the presented work, however, is that when applied to open-
ended, conceptual design problems where no objectively true solution exists, the per-
formance of WoMC declines significantly. The results indicate that in such cases, the
individuals in the crowd tend to make significant estimation errors when benchmarked
against expert ratings. Nevertheless, it remains unclear whether these estimation errors
are due to the practitioners’ inability to accurately assess candidate solutions, or whether
there exists issues even with expert ratings of such open-ended problems.

6.2 Experimental Design

In order to study the wisdom of crowd in esoteric engineering applications, it is necessary
to understand the relationship between crowds and problem types. This section explains
the characteristics of the crowd participants and the design problems used in this work.

6.2.1 Crowd Population

Two key factors in the WoC are diversity of opinion and independence. Therefore, a crowd
should include people with a variety of opinions rather than a group of elites or experts
that may create bubbles and conform to each other’s opinions [72]. To support indepen-
dence, we collected survey results through a web-based survey providing anonymity and
independence across participants. To support diversity of opinion, we collected crowds
through AMT or students specializing various topics in mechanical engineering.

This work considers two types of crowds: AMT workers and practitioners. AMT
crowds consist of individuals from the population at large, with no explicit control over
an individual’s level of expertise. On the other hand, the practitioner group represents
individuals who have familiarity and knowledge within the target domain, however are
not necessarily domain experts for the given task. For example, a practitioner would be
an individual who has studied or currently practices mechanical engineering, but does
not necessarily specialize in the field of a given task such as heat transfer, structural
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mechanics, or manufacturing. For a practitioner group, performance of individuals may
have significant variation yet the base domain knowledge pushes the estimation method
to accurate levels. Note that with this definition, experts are a subset of practitioners.

For the practitioner group, 15 mechanical engineering graduate students at Carnegie
Mellon University were recruited to participate. Each participant was compensated mon-
etarily for their time. The 15 practitioners were recruited from an available pool of over
300 graduate students. It is important to note that these students have different skill lev-
els. As later will be shown, this can be observed by large individual estimation errors
and significant performance variation among the group members. For the AMT surveys,
groups of 100 people were gathered through Amazon Mechanical Turk, receiving mone-
tary compensation. In order to remain true to the notion of general public as closely as
possible, no specific demographic groups were targeted. For the structural mechanics
questions (discussed in detail below), the study used the data provided by Burnap et
al. [2].

6.2.2 Survey Design and Questions

This study investigates the WoC with four different surveys that range in the challenge
they present to a human. All surveys require the respondents to be knowledgeable about
the terminology used in the questions. 3D printing questions (Fig. 6.1, 6.2, 6.3) aim to
probe broadly intuitive perception skills involving visual estimations of areas and volumes.
However, they are designed to be increasingly more challenging. Conversely, the struc-
tural mechanics problem that involves estimating shape deformations (Fig. 6.4) presents
a much greater challenge to humans, even for experts.

Although engineering problems are often computer easy, human hard, they are solved
using expert intuition when no computational tools are available. A series of surveys for
problems with known solutions such that the crowd evaluation accuracy could be deter-
mined, assessed whether such situations could benefit from WoC. The structural me-
chanics problem (Fig. 6.4) provides a good example, as such structural design problems
had been solved primarily by experts’ knowledge and intuition until the introduction of
topology optimization techniques in the 1990s [92]. Therefore, there now exists the tools
to computationally evaluate the aggregated crowd evaluations and benchmark the perfor-
mance against true values. As such, practitioners’ performance on such problems (which
can now be objectively assessed) may provide insights into whether crowd-evaluations of
design proposals may yield successful outcomes especially for engineering challenges
for which computational modeling and analysis tools may not yet exist.

A rating-assignment approach within a predefined scale is utilized. Each survey con-
sists of multiple questions (e.g. rating the amount of support material for six different
orientations) to facilitate expertise inference later in the crowd aggregation stage. In all
surveys, participants are presented with the problem statement and the candidate solu-
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Figure 6.1: 3D printing-1: support material question.

Figure 6.2: 3D printing-2: surface finish question.

tions to be rated.

Figure 6.1 shows 3D printing-1 survey where participants are asked to rate the amount
of support material required to print an object at various orientations using a fused-
depositon printer. For each of the given orientations, participants are required to eval-
uate the amount of support material needed on a scale from 1 (very little) to 10 (a lot).
The benchmark analysis computes the required support material as the volume that is
created by the projection of overhangs to the base with zero overhang angle. Then, the
scores are scaled linearly between 1 and 10 to create the benchmark values.

3D printing-2 survey is about evaluating the surface finish quality of an object in var-
ious orientations (Fig 6.2). The participants are asked to rate the quality of the printed
object considering the amount of surfaces in contact with support material for each pre-
sented orientation. Surface quality rating is between 1 (poor) and 10 (excellent). To
compute the true surface finish, the overhang areas are computed with zero overhang
angle. Then, the overhang areas are scaled inversely between 1 and 10 such that 1 rep-
resents large support material contact with poor finish and 10 is very good finish with the
least amount of support material contact. 3D printing-3 survey (Fig. 6.3) asks the same
question on an object with more features that increase the difficulty of evaluation.
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Figure 6.3: 3D printing-3: surface finish question.

Figure 6.4: The structural mechanics problem [2].

In the structural design survey, participants are presented with eight different bracket
designs intended to support a downward force at the end of the bracket (Figure 6.4).
Then, they are asked to rate the strength of each bracket on a scale from 1 (weak) to
5 (strong), where strength is defined to be the amount of deformation under the given
load [2]. The main reason we use this problem is that estimating the strength of arbitrary
shapes is significantly more demanding compared to volume/area evaluations. While
humans are exposed to volume/area computations in daily life, rating the strength of
an arbitrary design requires a specific experience [121], which is highly unlikely to be
prevalent in the general population.

6.3 Crowd Estimate Aggregation Techniques

The choice of aggregation method affects the collective estimate of the group. For in-
stance, previous studies show that the median or geometric mean can result in estimates
that are more accurate over the arithmetic mean [115, 73]. This section explains the
different aggregation methods used in this work.

The following metrics are used: Arithmetic mean, geometric mean, median, majority
voting and Bayesian networks. In a crowd of n participants with a set of estimates Y :
y1, ..., yn where yi ∈ Z : 1 6 yi 6 10 for all i, the arithmetic mean is yagg = 1

n

∑n
j=1 yi.

The geometric mean is exp( 1n
∑n

j=1 ln(yi)). The median is the median value in Y . The
majority vote is the mode of Y .
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Figure 6.5: The Bayesian network model.

Bayesian networks have been widely used in crowdsourcing to mitigate the noise from
biased responses. Relevant studies model the sources of bias using models that consider
problem difficulty and the competence of participants [122, 117, 123, 124, 125, 126, 2].
Similar to these approaches, this work adopts a Bayesian model as shown in Fig. 6.5. The
evaluation process is modeled such that for participant i working on problem j, participant
expertise αi, and problem difficulty βj , result in evaluation error δij . The evaluation of
participant i on problem j, yij , is obtained when the true score of the problem, xj is
combined with the evaluation error, δij . Note that the Bayesian model does not require
prior knowledge of the true answers, participant expertise or problem difficulty. The only
observed variable is the participant answer for each question.

The evaluation error is obtained using participant expertise and problem difficulty. This
work assumes that a participant may be malicious, inexperienced or experienced. Also,
a problem can be easy, difficult or unintuitive. Defining both parameters on a continuous
range, the evaluation error is modeled as follows:

δij =
exp(−αi/βj)

1 + exp(−αi/βj)
(6.1)

where the participant expertise is modeled by the parameter αi ∈ (−inf,+ inf) and the
problem difficulty is βj ∈ (0,+ inf). The resulting evaluation error becomes δij ∈ [0, 1].
The evaluation process is modeled as a random variable with a truncated Gaussian dis-
tribution around the true score (µ = xj) with a variance as evaluation error, δij . To bring
everything into the same scale, evaluations, yij , are scaled to [0, 1] from the original sur-
vey scale. The true scores are also represented as xj ∈ [0, 1].

The relationship between the evaluation error with participant expertise and problem
difficulty is further explained in Figure 6.6. The variance of evaluation error with respect
to participant expertise is presented for three problem difficulty levels that correspond to
easy, difficult and unintuitive. A similar trend can be observed in the variance of evalua-
tion error with varying participant expertise for all problem difficulty levels. As anticipated,
participants with high expertise provide accurate answers with very small errors while
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Figure 6.6: The estimation error variance with participant expertise shown at three different prob-
lem difficulty levels as easy, difficult and unintuitive.

non-experts can give answers with large errors. Yet there is a potential for malicious par-
ticipants who intentionally give the wrong answers. Since the answers are maliciously
wrong, the amount of error is even more than that of a non-expert that randomly guesses
the answers. On the other hand, for a very easy question, even unskilled participants
can give answers with a small error and anyone malicious can make the most dam-
age (Figure 6.6-Top). As the questions get more difficult, expertise affects the accuracy
of answers more (Figure 6.6-Mid). Yet, an unintuitive question can not be evaluated with
good accuracy by participants at any skill level and evaluated with similar error values
since all participants evaluate the problem with random guesses (Figure 6.6-Bottom).

The causal structure explained above leads to the graphical model shown in Fig-
ure 6.5. In the model, participant expertise, αi, problem difficulty, βj , and true scores, xj ,
are sampled from a known prior distribution and these determine the observed evalua-
tions, yij . Given a set of observed evaluations, the task is to infer the most likely values
of true scores, xj , together with the participant expertise, αi, and problem difficulty, βj ,
parameters. Assuming a Bayesian treatment with priors on all parameters, the joint prob-
ability distribution can be written as

p(y,x, δ, α, β) =
∏
i

p(αi)
∏
j

p(βj)p(xj)∏
ij

p(yij |δij , xj)p(δij |αi, βj)
(6.2)

The model excludes hyper-parameters for brevity. In our implementation, we use
Gaussian priors for α with mean, µα = 1, and precision, τalpha = 1. Since the value of β
needs to be positive, the implementation imposes a truncated Gaussian prior with mean,
µβ = 1, and precision, τbeta = 1, with a lower bound as +ε. For the true scores, xj , we
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Table 6.1: The wisdom of crowd effect exist in engineering problems with expert groups and
Bayesian model gives the best estimate in most cases. While AMT groups result in high errors
that suggest poor accuracy, no statistical aggregation method consistently performs better.

RMS error in crowd estimation
Question Arithmetic Geometric Median Majority Bayesian

mean mean voting model
3D printing-1, practitioner 0.111 0.091 0.136 0.079 0.055
3D printing-1, AMT 0.403 0.378 0.430 0.336 0.363
3D printing-2, practitioner 0.202 0.236 0.197 0.163 0.113
3D printing-2, AMT 0.438 0.462 0.473 0.540 0.600
3D printing-3, practitioner 0.196 0.198 0.136 0.111 0.116
3D printing-3, AMT 0.402 0.431 0.363 0.453 0.561
Structural Mech., practitioner 0.197 0.217 0.198 0.342 0.173
Structural Mech., AMT 0.339 0.352 0.385 0.395 0.392

use a truncated Gaussian with bounds [0, 1], mean µx = 0.5 and precision τx = 0.1.

Markov Chain Monte Carlo (MCMC) simulations are employed to infer the results
utilizing a Metropolis step method. Empirically, we observe that using thinning interval of
3 and burn-in length of 105 works well with 5× 105 iterations.

6.4 Results

To demonstrate the WoMC in esoteric engineering problems, we conducted four surveys
on two sets of crowds (practitioners and AMT workers) having different skill levels as
explained in the previous sections. This section presents the results of the surveys and
compares the performance of the aggregation methods.

Survey results. The results of the surveys with different crowds and aggregation
methods are summarized in Table 6.1. All scores are scaled between 0 and 1 for direct
comparison across surveys. In addition to the overall survey results, Figure 6.7 includes
estimation errors for each question in the surveys. While the collective error can be de-
fined as the difference between the true answer and the aggregated answer (yt − yagg)
for a single question, this work uses root mean square (RMS) error for multi-question
surveys since it provides a performance measure in the same scale as the individual
questions. For a survey containing m questions, the collective error can be computed
as

√
1
m

∑m
j=1(y

t
j − y

agg
j )2. Note that the participant responses are discrete scores rather

than continuous variables. While arithmetic mean, geometric mean, and Bayesian net-
works produce a real number from discrete inputs, median and majority voting remain
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Figure 6.7: Error of crowd estimation for each question in the four survey groups. Each bar
group represents the error of the crowd estimation aggregated through arithmetic mean, geomet-
ric mean, median, majority voting and Bayesian model, respectively.

discrete values. For consistency, we compare continuous and discrete aggregates with
true continuous answers and their rounded values, respectively.

Crowd expertise and aggregation methods. As shown in Table 6.1, with the AMT
groups, there is no accurate estimations with any of the aggregation methods, with RMS
errors around 40% and as high as 60%. Moreover, the Bayesian network method is
outperformed by the other methods in all of the AMT studies. This outcome is consistent
with previous findings that argue crowdsourcing AMT populations for engineering design
evaluations may produce unreliable results [2]. On the other hand, the results of the
practitioner studies suggest that crowdsourcing can indeed be useful for the same kinds
of problems, where consistently more accurate estimations are obtained relative to the
AMT groups.

When the aggregation methods are compared, no single method appears to be best
in the AMT studies. On the other hand, for the practitioner groups, the results indicate
that the Bayesian network consistently produces accurate crowd estimations. Of note, for
both the practitioner and the AMT groups, the geometric mean method never emerges as
the best approach. This can be explained by the fact that the responses are constrained
within particular upper and lower bounds (1-10 for the 3D printing and 1-5 for the struc-
tural design problems) where the range spans only one order of magnitude, whereas the
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3D printing-1 3D printing-2 3D printing-3 Structural Mechanics

Figure 6.8: Estimation error significantly varies in the practitioner group. Collective estimate of
the practitioner crowd is more accurate than vast majority of individual practitioners. Collective
error of the crowd and errors of individual practitioners in the crowd are given in the center node
and surrounding nodes, respectively. The color of the circles represents the error and individuals
who perform better than the collective answer are marked with a dashed circle. The results for 3d
printing-1,2,3 and structural mechanics questions are given from left to right.

Table 6.2: Percentile rank of crowd estimation in individual estimations for the practitioner crowd.

Percentile rank of crowd estimation
Question Continuous Discrete
3D printing-1 87% 100%
3D printing-2 87% 93%
3D printing-3 93% 93%
Structural Mech. 93% 100%

geometric mean is most useful when input data varies in orders of magnitude [73].

WoMC and individuals. To analyze the WoC effect, the performance of the aggre-
gated crowd estimation is compared against the individuals (Fig. 6.8). Only practitioner
crowds are included in this analysis as we do not observe a reasonable accuracy in AMT
surveys. The collective answers aggregated with Bayesian networks are employed as
they consistently perform well in practitioner group studies.

Figure 6.8 shows that the collective estimation of the crowd is more accurate than
most of the individuals1. Note that the practitioner group is composed of individuals with
different skill levels and estimation errors significantly vary in the group. This confirms that
Bayesian networks can produce an accurate measure of the WoC for the problems that
are of esoteric nature. This can be explained by the participant expertise and problem
difficulty based inference that considers all answers of an individual to multiple questions
collectively rather than a single one. Moreover, these results suggest that the Bayesian
networks approach does not undermine the WoC effect by erroneously honing in on
only an elite group of experts in the group, and instead allows diverse perspectives to be

1WoC is not expected to outperform all individuals. Rather, its effectiveness is proportional to the fraction
of individuals it is able to outperform. In actual use, which individuals have the best answer is unknown.
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Figure 6.9: Effect of crowd size on the success of crowd answer success as percentile and popu-
lation bias. A slightly increasing trend in the percentiles and a significant decrease in the standard
deviation (yellow shaded) as the crowd size increases suggests that higher percentile ranks can
be achieved with higher probability in larger crowds.

incorporated. This can be explained by the fact that the level of expertise is not prescribed
but rather inferred as a latent variable in the Markov Chain Monte Carlo simulations.

Table 6.2 further quantifies the WoC effect by revealing the fraction of people that
are outperformed by the collective answer. A higher percentile suggests that a higher
fraction of individuals are outperformed, hence a stronger WoC effect is achieved. The
percentile rank of the crowd is computed using two error metrics as continuous and dis-
crete: the continuous percentile rank computed as the distance between the true answers
and participant ratings; the discrete measure rounding the true answers to the nearest
integer while computing the individual estimate errors. Note that the discrete measure
can be significantly affected by these round off errors. The difference between continu-
ous and discrete percentile ranks can be explained by this fact. Of note is the distinction
between the percentile rank and the accuracy of the collective estimate. The percentile
rank reveals the relative performance of the collective estimate compared to the individual
estimates, while the accuracy refers to the RMS error between the estimate and ground
truth benchmark.

Effect of crowd size. Platforms such as AMT enable access to large and diverse
groups. However, in most practical problem-solving settings, only a limited number of
practitioners are likely to be accessible for the solution of the engineering challenge. To
gain insight into the impact of small-sized practitioner groups, we analyze the WoC effect
across even smaller group sizes, leading to the term micro-crowds (WoMC).

Figure 6.9 shows that WoMC can still be observed in smaller groups. The crowd size
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Figure 6.10: Example conceptual designs.

Table 6.3: RMS error in crowd estimation for the conceptual design evaluations.

Aggregation method RMS error
Arithmetic mean 0.2388
Geometric mean 0.6028
Median 0.3256
Majority voting 0.3652
Bayesian model 0.3268

is analyzed with the 3D printing-1 survey and crowd estimation computed using Bayesian
networks (Table6.1). Initially, practitioner studies are conducted with 15 participants. To
simulate micro-crowds with smaller number of participants, a subset of 500 randomly
generated combinations of 5 to 14 individuals were generated from the original 15 par-
ticipant set. The results suggest that the WoC effect can still be observed in diminishing
group sizes. The probability of obtaining crowd estimations with higher success (per-
centile) increases with larger crowds. An approximately 6% increase in percentile rank
with 10% decrease in standard deviation is observed as the crowd size is increased from
5 to 14. Figure 6.9 also shows the effect of crowd size on population bias, defined as
the error of aggregated estimate across the crowd [127]. Both the mean and standard
deviation slightly decrease with the increasing crowd size.

Conceptual design evaluations. As an extension of the methods presented in this
work, the feasibility of using a practitioner-sourced Bayesian network model within the
context of conceptual designs was explored. To accomplish this, a practitioner evaluation
study was run in which each individual practitioner evaluated a pre-existing set of con-
ceptual design solutions that had also previously been evaluated by two trained experts.
Fifteen practitioners were recruited from Carnegie Mellon University, each specializing
in Mechanical Engineering (Design focus), or Product Development. Participants were
allowed a maximum of 120 minutes to complete the ratings, and were monetarily com-
pensated for their time.

Each practitioner evaluated 114 conceptual designs, corresponding to one of four
design problems. These problems are as follows: a device that disperses a light coating
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Figure 6.11: The conceptual design survey illustrates significant estimation errors for each indi-
vidual practitioner. Individual estimation errors of practitioners are given at the surrounding nodes
and the collective estimation error is the center node. Left: arithmetic mean, Right: Bayesian
model.

of a powdered substance over a surface [128], a way to minimize accidents from people
walking and texting on a cell phone [129], a device to immobilize a human joint [130] and
a device to remove the shell from a peanut in areas with no electricity [131]. This set
of conceptual design solutions was taken from a solution set collected for prior work by
Goucher-Lambert and Cagan [82]. In that study, inter-rater reliability was assessed using
the 114 solution concepts included here. Each design was evaluated across four metrics:
usefulness, feasibility, novelty, and quality. Practitioners were provided with one-sentence
criteria for each metric (including scoring), and did not see any example solutions prior
to rating designs. Example concepts for two of the problems are shown in Figure 6.10.
The goal here is to determine the accuracy of the Bayesian network model for a class of
problems with extremely low structural and functional similarity.

Table 6.3 summarizes the collective estimation errors aggregated with different meth-
ods. Here, the Bayesian model does not perform well and is outperformed by arithmetic
mean. In addition to the large collective estimation errors, Figure 6.11 illustrates that
individual estimation errors of practitioners are also significantly large.

6.5 Discussion

The analyses conducted identified some key insights on how WoMC can be achieved in
esoteric engineering problems, highlighted as follows.

Problem intuitiveness and difficulty. All of the surveys require specific knowl-
edge about the engineering problem at hand but they range in intuitiveness and diffi-
culty levels. 3D printing questions are based on qualitative area/volume estimations in
3D scenes, which humans are expected to be relatively comfortable with. On the other
hand, the structural design problem is significantly more demanding since estimating the
strength of complex geometries requires a deeper familiarity and experience within the
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domain [121]. While individuals are able to make more accurate estimations in the 3D
printing questions than they can in the structural design question, an interesting obser-
vation is that no significant difference in the wisdom of crowds (i.e., percentile rank) is
observed implying that crowdsourcing works equally effective in both cases. Moreover,
no significant difference between the results of 3D printing-2 and 3D printing-3 surveys
occur, even though the latter is more demanding with a larger number of geometrical
features. These results suggest that even for problems that are demanding, the WoC is
attainable at levels comparable to those attained in less demanding problems.

Level of expertise. Populations of ordinary people (e.g. AMT crowds) perform poorly
on esoteric engineering problems. Results indicate that the wisdom of crowds can be
achieved in practitioner micro-crowds of the domain of such problems. This suggests
that people who are still gaining experience in the domain may prove to be a valuable
asset as problem solvers. This is especially important as practitioner crowds may be
more accessible than experts.

Aggregation methods. In the context of practitioner populations, the most effective
aggregation method found in this work is the Bayesian network. For practitioner groups,
the exposure to the domain of the esoteric problem builds true consistency in the data and
allows the Bayesian network to mitigate the mistakes made by individual practitioners. In
the AMT groups, however, we observe consistently wrong answers due to lack of exper-
tise. For that reason, Bayesian network method performs worse than arithmetic mean
here for AMT populations as also discussed in [2]. This work indicates that Bayesian
network method is more effective given a minimum level of expertise in the group.

Crowd size. As shown in Figure 6.9, as the crowd size increases, the mean per-
centile performance increases (albeit modestly) while the standard deviation of the per-
centile rank of the group estimates decreases over sets of different micro-crowds. This
indicates larger practitioner crowds will likely lead to better and more consistent out-
comes. On the performance of WoMC on an absolute scale, our results indicate group
estimates in the 90th percentile can be achieved with as few as 5 to14 practitioners. This
suggests that in cases where computational tools are not readily available, high quality
assessments on engineering problems can be gleaned from small groups of practitioners.

Conceptual design evaluations. When assessing solutions to a set of open-ended,
conceptual problems, practitioner crowds struggle to give answers at a level that ex-
perts do. For these problems, estimation error in crowd estimation aggregated with the
Bayesian model is significant and it is outperformed by arithmetic mean. Looking into in-
dividual estimation errors gives an insight into why the Bayesian model is not performing
well for these conceptual designs that lack the structural and functional similarity. Fig-
ure 6.11 demonstrates that every individual in the practitioner group makes a significant
estimation error. Even though the estimation aggregated through the Bayesian model is
better than all individuals, it is still very high due to large estimation errors of each prac-
titioner. In contrast to the previous esoteric engineering problems, conceptual design
problems have no true solution. We believe the open ended nature of conceptual design
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problems creates a challenge for consistent evaluation in crowd sourced environments
and requires further exploration.

Crowdsourcing scenarios in esoteric domains. In engineering, crowdsourcing
is used in the form of grand challenges to gather candidate solutions but the crowd-
sourced solutions are assessed by experts juries. However, use of experts to assess
these solutions may not be ideal since these grand challenges are created for very com-
plex problems that can not be solved by experts. The idea of wisdom of micro-crowds
with practitioners that is presented here can be an alternative to experts juries. This way,
both the generation and assessment of the candidate solutions can be crowdsourced
through practitioner crowds that are exposed to the esoteric domain. Another esoteric
crowdsourcing scenario includes online communities in advancing fields. Thingiverse,
an online community for 3D printing designs or GrabCAD, an online community for shar-
ing CAD designs can be examples of communities of advancing esoteric fields. These
communities already include large groups of people that are familiar with their respec-
tive domains, practitioners. Such communities can benefit from the utility of our work to
asses candidate designs that may in fact produce successful outcomes, which would be
critically important in cases where no appropriate computational evaluation techniques
exist for problems in advancing fields.

6.6 Conclusions

This work explored the ability of crowdsourced populations to estimate accurate values for
a variety of esoteric problems within the domain of engineering design. Results demon-
strate that the wisdom of crowd is most effective in practitioner groups, or groups of
individuals who possess some level of domain knowledge, but are not necessarily ex-
perts. Aggregated crowd results of practitioners achieve high accuracy across a range of
problems. By simulating small groupings of 5 to15 practitioners, called micro-crowds, it
is found that crowd estimates perform more accurately than individual estimates across
the majority of the studies. These results suggest that the WoMC can provide a power-
ful tool for answering difficult problems in which computational methods have not been
established. In addition, these results argue for the establishment of online communi-
ties of practitioners, which could facilitate the solution of future engineering challenges.
However, the results also suggest that the practitioner crowds struggle to evaluate open-
ended conceptual design problems at a level that experts do. An open research questions
is thus the utility of crowdsourcing for problems involving open-ended synthesis.
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Chapter 7

Conclusions

Digital fabrication includes all steps from conceptual ideation to manufacturing physical
prototypes. Hence, enhancing utilization of digital fabrication is a holistic system prob-
lem across the process, from design to fabrication and not just about using computer
controlled equipment. Despite the increasing availability of fabrication equipment and
services, true power of digital fabrication is hindered by the lack of computational tools
that can support the engagement of the general population in content creation. The
overarching objective of this thesis has been to develop computational methods in order
to enhance overall digital fabrication experience and catalyze its widespread dissemina-
tion. Toward this goal, this thesis has explored two key aspects of content creation, (1)
function-driven design (2) design assessment.

To overcome challenges in design aspect, first, a generative shape modeling frame-
work that facilitates easy geometry specification and modification for novice users is in-
troduced. The results of this study indicates that this approach works well for a variety of
design problems with the presented actual 3D printed results alongside their digital mod-
els. In addition, the user study conducted supports the practical usage of the presented
framework. A critical observation that arises from this study is that the most geometrical
specifications are dictated by functional requirements.

This observation lends itself naturally to the immediate insight of prescribing function
instead of geometry. To support design by high-level functional specifications, a physics
based shape optimization method for compliant coupling behavior design has been devel-
oped. In this part, we presented a method for computationally designing the mechanical
coupling behavior between a rigid object and a compliant enclosure based on high-level
functional specifications such as the ease of engagement and grip

In line with the idea of function-driven design, producing complex 3D surfaces from flat
2D sheets by exploiting the concept of buckling beams has also been explored. This work
facilitates a simpler and convenient fabrication of complex 3D surfaces. We believe this
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work will pave the way for faster manufacturing and convenient flat shipping of free-form
3D surface products.

Design evaluation, the second key aspect, presents itself crucial in problems where
computational solutions may currently not exist. For these problems, this work investi-
gates crowdsourcing as a way to empower non-experts in esoteric design domains that
traditionally require expertise and specialized knowledge. Here, we explore the ability of
crowdsourced populations to estimate accurate answers for a variety of esoteric prob-
lems within the domain of engineering design. With this work, we show that our Bayesian
model can be used to produce crowd estimations that exceed the accuracy of individuals
in the vast majority of instances indicating a wisdom of crowd effect. Our observations
also show that the wisdom of crowd effect is maintained for micro-crowds of practitioners,
4-15 individuals, for less intuitive problems suggesting that the challenging engineering
design problems can vastly benefit from crowdsourcing.
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