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Abstract
Snake robots are ideally suited to highly confined environments because

their small cross-sections and highly redundant kinematics allow them to
enter and move through tight spaces with a high degree of dexterity. De-
spite these theoretical advantages, snake robots also pose a number of prac-
tical challenges that have limited their usefulness in the field. These chal-
lenges include the need to coordinate a large number of degrees of freedom,
decreased system reliability due to the serially chained nature of the robot’s
design, and the complex interaction of the robot’s shape with the world.

This thesis makes progress towards addressing these issues with two
main areas of contribution. In the first part, we provide tools for support-
ive autonomy in snake robots. To provide intuitive high-level autonomous
behaviors, we extend our lab’s existing gait-based control framework to
develop gait-based compliant control. To reliably and accurately sense the
robot’s pose and shape we present new techniques for robust state estima-
tion that leverage the redundancies in the distributed sensing capabilities of
our group’s articulated snake robots. To demonstrate these contributions in
a practical application, we use them to enable a snake robot to navigate a
real-world underground pipe network.

One of the most limiting characteristics of our snake robots (and robots
in general) is the inability to precisely sense and control the torques and
forces of their actuators. As such, the second part of this thesis focuses on
the design and control of a new series-elastic actuated snake robot that incor-
porates a high performance series-elastic actuator (SEA) and torque control.
After describing the novel design of the SEA, we discuss our perspective
on how to incorporate torque control and series elasticity into snake robots.
Finally, we demonstrate prototypes of new low impedance motions for snake
robots. These motions naturally comply to obstacles and unstructured ter-
rain, and open a new avenue of research for snake robot locomotion.
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Chapter 1

Introduction

Snake robots are a promising class of mechanisms for real-world applications such as

urban search and rescue and industrial inspection. Their many degrees of freedom give

them the potential to adapt to complex terrain in order to locomote and manipulate

in confined spaces. Unfortunately, these same characteristics that make snake robots

appealing in theory also make them very difficult to use in practice. Challenges to their

practical use in the field include the need to coordinate a large number of degrees of

freedom, decreased system reliability due to the serially chained nature of the robot’s

design, and complex interaction of the robot’s shape with the surrounding terrain

during locomotion.

Control of mobile robots, including snake robots, can be roughly divided into three

levels. At the highest level, there is a planner, or an operator, that generates desired

paths, motions, or waypoints. These planners abstract the robot down to something

that can be commanded to perform actions such as moving forward, turning, or going

to a certain position. At the middle level, there is some intermediate control that trans-

lates these higher-level behaviors into the appropriate motions of the robot’s actuators.

For a wheeled vehicle, these mid-level controllers are relatively simple, e.g. command-

ing the wheels to turn together in the same direction to move forward. However, for
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walking or crawling robots they can be quite complex, due to the need to coordinate

leg placement, manage redundant kinematics, and control the robot’s exerted torques

or ground contact forces. Finally, at the lowest level, there are controllers for each actu-

ator that servo it to some desired state, such as a desired joint angle, angular velocity,

or torque.

For a system to be considered fully autonomous, all three of these levels need to

be controlled without a human in the loop. However, with snake robots, even if a

human operator is tele-operating the robot at the highest level, a significant amount of

autonomy is needed at the mid- to low-levels to effectively carry out those commands.

While not being fully autonomous, such partial automation would still provide enor-

mous benefits in the field, enabling snake robots controlled by an operator to reach

difficult-to-access locations. As such, this thesis embraces the idea of supportive auton-

omy for snake robots, and makes contributions at the middle and low levels of robot

control.

In robotics, it is typical to see the phrase “design and control” when describing work

on a new robot. In this thesis, the ordering of these words is deliberately reversed, since

the lessons learned in controlling one generation of a snake robot deeply influenced

the design and construction of the next. In particular, we came to the conclusion

that mechanical compliance and the ability to perform precise torque control are key

components to advancing the locomotion of articulated snake robots. Furthermore, we

have come to feel that when engineering the sensing and controls of a robotic system

the traits of stability and robustness often outweigh those of precision and accuracy.

These perspectives inform the second part of this thesis, which makes contributions to

the design of series elastic actuators and towards the control of low-impedance motions for

snake robots.
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1.1 Supportive Autonomy

Snake robots pose unique challenges to autonomy. Most significantly, the high di-

mensionality of their configuration space means that we need to find ways to simplify

their control. Rather than treat the robot as 16 or more individual links, we would

like to find ways of reducing the robot’s apparent complexity, while at the same time

achieving an expressive set of motions that can adapt to a wide range of terrains.

We use parameterized gaits, low-dimensional functions that sinusoidally oscillate

the robot’s shape, to reduce the dimensionality of controlling our snake robots and

provide a handful of intuitive ’knobs’ that can be manually adjusted to control the

entire robot. One difficulty with this control framework is incorporating low-level

joint angle feedback into this higher-level gait-based control. This thesis proposes a

solution that closes the loop by running gait functions in reverse — given a set of joint

angles, we fit a parameterized gait function that best describes the observed shape of

the robot. We achieve this gait-based compliant control efficiently by using an extended

Kalman filter (EKF) to fit gait parameters to joint angle feedback in real-time.

Additionally, because snake robots are a serial chain of actuators, they experience

failure in series. For example, if any single module in the robot fails, it becomes im-

possible to know the pose of the head of the robot relative to the tail. For the robot to

be reliable in the field, we would like to exploit redundancies in the robot’s distributed

sensing to estimate the robot’s pose and shape even in the presence of such failures.

While having this highly redundant sensing would seem like a straightforward advan-

tage, it poses unique challenges when trying to use all of the data to form an accurate

state estimate. Again, since the robot is a serial chain of links, the likelihood of missing

or corrupted sensor readings from the robot is compounded. This thesis addresses

this issue by formulating the state estimation problem in a robust way that exploits

redundancy in robot’s sensors to mitigate the problems of partial or corrupted sensor
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data. Additionally, we provide some observations on the role the choice of body frame

plays in improving the accuracy of state estimation.

1.2 Series Elastic Actuation for Snake Robots

Based on our experience from the field, we have come to view compliance as an impor-

tant trait to consider both in designing and controlling articulated locomoting robots.

By compliance, we mean that the shape of the robot is driven in large part by its in-

teraction with the environment rather than being controlled directly by its actuators.

Until now, our snake robots have relied solely on controlling the positions of their

joints, and the moderate compliance of their overall shape, to achieve reliable locomo-

tion. Even with this overall compliance in shape, the robots have limitations in that

their stiff actuators limit their ability to passively conform to their surrounding terrain.

Over the course of this work, we have developed the perspective that the need for

compliance in robotics exists independently from the needs for precision, accuracy,

or efficiency in actuation. There are inherent tradeoffs that need to be considered

when engineering a robotic system with the extreme size and weight restrictions of

snake robots. When considering these tradeoffs in the design of an series elastic actuator

(SEA), we have developed the philosophy that stability and robustness are in many

ways more important than precision and accuracy. Furthermore, we believe that in

general controllability is more important than efficiency and that incorporating and

understanding the role of damping is vital for the control of series elastic actuation.

To this end, the second part of this thesis presents the design and implementation

of mechanical compliance and torque sensing in snake robots using a novel rubber-

based SEA. We provide an overview of how torque control was integrated and tuned

in the low-level controls of our robot’s modules and we present initial demonstrations

of low-impedance motions enabled by controlling the torques of the robot’s joints.
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1.3 Layout

This thesis is divided into two parts. The first part describes the mid-level controls

to enable supportive autonomy of a snake robot. Chapter 2 provides background on

snake robots and their control, the specific kinematics and conventions of the Unified

Snake robot, as well as related work in state estimation and compliant control. Chapter

3 introduces gait-based compliant control as way of achieving adaptive whole-body

motion. Chapter 4 discusses methods of using the robot’s distributed redundant sen-

sors to provide a robust estimate of the robot’s shape and pose. Chapter 5 combines

these two contributions to navigate complex pipe networks with a minimal amount of

operator intervention.

The second part discusses the design and development of a new series-elastic ac-

tuated (SEA) snake robot, the SEA Snake. Chapter 6 provides background and dis-

cusses related work in the fields of series-elastic actuation and force control. Chapter 7

presents the novel design of the rubber-based elastic element that allows the incorpora-

tion of series-elasticity in the small form-factor of our snake robot modules. Chapter 8

discusses the integration of torque control into an existing torque control and position

control framework. In particular, we discuss our philosophy about tuning controllers

and what one should realistically expect when incorporating series-elastic actuation

into their robot. Chapter 9 presents novel low-impedance gaits and motions that take

advantage of the unique capabilities of the SEA Snake.

Finally, in Chapters 10 and 11 we respectively discuss our conclusions and lay

out possible avenues of future work. The Appendices provide supporting details to

chapters in this thesis. Appendix A presents the virtual chassis body frame, an averaged

body frame convention we have found to be intuitive and useful during our research

with snake robots. Appendix B provides a more detailed overview of the hardware

design and construction of the SEA Snake.
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Part I

Supportive Autonomy for Snake Robots
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Chapter 2

Background and Related Work

This section provides background relevant to understanding the contributions of this

thesis in the context of the field of snake robotics. We start by providing a brief

overview of other snake robots and background on the variety of methods that have

been developed for their control. We then review some basic kinematics topics and

present an overview of the kinematics and capabilities of the Unified Snake, shown in

Fig. 2.1. We also establish the coordinate frame conventions used in the following sec-

tions. Finally, we provide an overview of related work in the fields of state estimation,

compliant control, and robotic locomotion in pipes.

2.1 Snake Robots

Snake robots are hyper-redundant mechanisms [10] that consist of a large number of

actuated links chained together in series. Their many degrees of freedom give them

the potential to navigate a wide range environments. The history of snake robots dates

back to Shigeo Hirose’s pioneering work with the Active Cord Mechanism (ACM)

[30], shown in Fig. 2.2. Since then Hirose, as well as others in Japan have developed

additional generations of snake robots that are adept at a wide range of tasks [29, 66].
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Figure 2.1: The Unified Snake robot (left) and one of the individual 1-DOF modules from the
snake robot (right).

Many of these snake robots utilize passive wheels, like the screw drive mechanism of

Hara et al. [26] or the passive-wheeled snake by Kamegawa et al. that can climb pipes

and poles [45]. Our group at Carnegie Mellon has developed modular snake robots

that rely solely on their internal shape changes to locomote through their environment

[102, 103]. In many ways the design and architecture of our robot draws from the field

of reconfigurable modular robots like Yim’s PolyBot [109, 110].

Approaches to controlling articulated snake robots often relies on cyclic motions,

gaits, based on the modal backbone curves [9, 22, 66] or follow-the-leader controllers

[30, 106, 107]. A bio-inspired approach to control includes the use of central pattern

generators (CPGs). Gonzalez-Gomez et al. [22] use CPGs to control a modular robot of

different topologies and Ijspeert et al. [34] control the swimming motion of a snake-like

robot. This approach of using lower-dimensional cyclic controllers and controlling the

robot in a strongly feedforward manner forms the basis of our approach to locomotion,

[88], and is discussed in more detail in Section 2.4.1. Overall, our approach has been

to command the shape of the robot directly and low-pass the controller parameters

to maintain smooth motion, as opposed to CPGs that use a tuned network of neural

oscillators to create generate a limit cycle of the robot’s shape.
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Figure 2.2: One of Hirose’s early Active Cord Mechanisms (ACM-III). Presented with the per-
mission of Prof. Shigeo Hirose.

Other important work includes Chirkjian and Burdick, who consider both the loco-

motion [10] and manipulation [9] aspects of hyper-redundant mechanisms. Their ap-

proaches specify modes and shape functions that are chosen based on full knowledge

of both the robot’s configuration and its environment. Transeth et al. have developed

a robot and control framework capable of obstacle-aided locomotion [91]. While their

robot has the ability to sense and adapt their motions to obstacles, it is restricted to

planar motions in a lab-controlled environment. A thorough survey of snake robot

modeling and locomotion is provided by Transeth and Pettersen [92].

2.2 Serpenoid Curve and Parameterized Gaits

In addition to his founding contributions to the design of snake robots, Hirose defined

the serpenoid curve for the control of snake robots. These controllers sinusoidally vary

the curvature of the robot along its backbone both spatially and temporally to provide

11



locomotive forces. Hirose observed that this control framework mirrors the whole-

body cyclic shape changes of biological snakes [30]. Our lab uses parameterized sine

waves that are based on Hirose’s serpenoid curve, and its more recent 3D extensions

[66].

Our lab’s snake robots consist of a chain of single degree-of-freedom (DOF) mod-

ules, where the joints are alternately oriented in the lateral and dorsal planes of the

robot [102]. Because of this design, our framework for gaits consists of separate pa-

rameterized sine waves that propagate through the lateral and dorsal joints. We refer

to this framework as the compound serpenoid curve,

θ(n, t) =





βlat + Alatsin(ξlat) lateral

βdor + Adorsin(ξdor + δ) dorsal
(2.1)

ξlat = ωlatt + νlatn

ξdor = ωdort + νdorn.
(2.2)

In (2.1) β, A and δ are respectively the angular offset, amplitude, and phase shift

between the lateral and dorsal joint waves. In (2.2) the parameter ω describes the

spatial frequency of the macroscopic shape of the robot with respect to module number,

n. The temporal component ν determines the frequency of the actuator cycles with

respect to time, t. These parameters are qualitatively illustrated in Fig. 2.3.

Overall, serpenoid-based gaits offer an extremely powerful framework for the on-

line control of a snake robot. The simple sinusoidal gait equations allow joint angles

to be generated either directly [88] or indirectly as curvatures that are integrated along

the backbone into specified joint angles [106]. This allows the coordination of a large

number of degrees of freedom with a lower number of parameters that often have an

intuitive meaning to the robot’s operator. The robot’s sinusoidal curvature naturally

distributes forces and torques throughout the length of the backbone, mitigating the
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Figure 2.3: Plot of joint angles for a typical compound-serpenoid gait, showing gait parameters.
These parameters correspond to the parameters in (2.1) and (2.2)

stresses on individual joints.

However, like simple low-dimensional controllers for other robots, this framework

is not without its drawbacks. Perhaps the most significant is that the control lies com-

pletely in the shape space of the robot. In order to reason about the robot’s actual pose

and kinematic configuration, one has to construct the forward kinematic map of the

robot from some initial frame and have some idea as to how that initial frame is ori-

ented in the world. Because of this, it is difficult to analytically express the relationship

between the gait parameters and the actual kinematic configuration of the robot. Ad-

ditionally, the simplification of the robot’s control to a low-dimensional system, often

only 2-3 parameters, means that much of the potential expressiveness of the robot’s

shapes is discarded and we are limited to environments that possess geometric sym-

metry, like flat ground or straight pipes and poles. Finally, while the adjustment of gait

parameters can be intuitive, the derivation of gaits themselves is somewhat of an art,
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Figure 2.4: Examples of snake robots executing the gaits discussed in this thesis. From top left
to bottom right: sidewinding, rolling, pipe crawling, and pole climbing.

and there has been limited success in developing new gaits beyond a few basic classes,

like those shown in Fig. 2.4.

2.3 Overview of Robot Kinematics

Because this thesis is primarily concerned with robot kinematics and coordinate frames,

a brief overview is provided on rigid body transformations, the kinematic configura-

tion of the Unified Snake robot, and the coordinate frame conventions and notation used

in later chapters.
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2.3.1 Rigid Body Kinematics

In this thesis, the snake robot will be represented as a collection of rigid bodies. The

pose of a rigid body in a given frame has two components, a translation and a rotation.

The three-dimensional translation is represented by a 3× 1 column vector, p ∈ R3 and

the three-dimensional rotation is represented by the 3× 3 rotation matrix R ∈ SO(3).

Together, these form the group SE(3), defined as

SE(3) := R3 × SO(3). (2.3)

A convenient way to represent the group is using a 4× 4 homogeneous transform

matrix

T =




R p

0 1


 . (2.4)

This matrix can be thought of as representing the combined translation and rotation

from one frame to another. For two given frames, A and B, the translation p represents

the origin of frame B relative to frame A. Likewise the rotation R represents the

orientation of frame B relative to frame A. This relationship is qualitatively shown in

Fig. 2.5.

In some other situations, particularly for state estimation, we will represent the

orientation of the robot with a quaternion, which is computationally advantageous

for filtering, or with Euler angles, which are intuitive for conveying the errors in the

estimated orientation. For a more thorough treatment on rigid body motion and robot

kinematics, see [11, 63].
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Figure 2.5: An example of the rotational and translational components of the homogeneous
transform.

2.3.2 Kinematics of the Unified Snake

The kinematic configuration of the Unified Snake has single-DOF joints that are alter-

nately oriented in the lateral and dorsal planes of the robot, with each joint having

a full +/- 90deg range of motion, as illustrated in Fig. 2.6. This allows the robot to

approximate a wide variety of three-dimensional curves. We refer to this kinematic

configuration as a torsion-free configuration since the frame of each link is related to

adjacent links only by translations along and rotations orthogonal to the backbone of

the robot. Hirose and Yamada have called this configuration a bellows model [105]. This

configuration of orthogonally oriented joints has the useful property that any backbone

shape of the robot has a free degree of freedom that allows it to twist within its own

shape. Intuitively, this is like the twisting motion of a bendable straw or a series chain

of universal joints.

2.3.3 Frame Conventions

In this thesis, we will repeatedly describe the kinematic configuration of the snake

robot by using a set of homogeneous transforms, Ti that describe the pose of the ith
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Figure 2.6: Isometric view of the Unified Snake showing its kinematic configuration. Solid red
lines are degrees of freedom that are oriented in the dorsal plane of the robot and dashed green
lines are degrees of freedom that are oriented in the lateral plane.

link of the robot. When doing this, we will use a convention where the pose of each

link i of the robot is specified in a common body frame, as illustrated in Fig. 2.7.

This differs from the typical convention for serial mechanisms where each link is

expressed in the frame of the link before it. While we could use this convention to

describe a snake robot, representing all the poses in a common body frame aids in

the interpretation of the robot as an overall entity. For the purposes of this thesis,

we consider forward kinematics to mean the mapping from some initial frame to all

the links of the robot, not just an end effector frame. Thus, our frame convention

simplifies the mathematical expressions when representing the robot’s full kinematic

configuration and performing state estimation with the robot’s distributed sensors.

2.4 Related Work

The following sections cover the related work to the contributions in Part I of this thesis.

We provide background and related work for compliant control and state estimation,
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Figure 2.7: The coordinate frame convention used in this thesis. The homogeneous transform
Ti represents the pose of each link in a common body frame, rather than relative to an adjacent
link.

noting that there is some overlap in that we apply Kalman filtering to both problems.

Because the application of our work involves locomoting in pipe networks, we also

provide a survey of robots designed for navigating pipe junctions and bends.

2.4.1 Compliant Control

Overall, the methods developed for adaptive behavior in snake robots thus far involve

either explicitly changing the snake robot’s shape based on feedback from additional

sensors on the robot [30, 57] or based on assuming full knowledge of the robot’s pose

and the terrain [7, 9].

Even though simple controllers like our lab’s parameterized gaits [88] and cen-

tral pattern generators (CPGs) [34] have had some success in providing locomotion

in simple environments, creating autonomous or adaptive behaviors with these con-

trollers has proven difficult. The limitations of both of these completely feedforward

approaches center around the inability to change the parameters of the higher-level

gait or CPG inputs based on feedback from the robot [35]. However, feedback-centric

approaches are similarly limited. For example modeling and controlling the balance
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of bipedal robots is often structured around feedback control of the simplified model

of balancing an inverted pendulum [43]. However, the translation from the desired

movement of a simplified mass to the positions and forces of a robot’s arms and legs,

often with far from perfect sensing and state estimation, remains an open problem. In

[52], Kuo notes that purely feedforward control approaches essentially ignore a robot’s

sensors, while purely feedback approaches relies on sensors to a fault. He suggests a

hybrid approach, viewing CPGs from a filtering perspective, where they are used to

process and interpret sensor data rather than serve as purely feedforward controller.

This perspective of wanting to combine the benefits of both feedforward and feedback

controller is very similar to the way we view gait-based compliant control.

There is a long history of exploring compliant control in robotics. The term com-

pliant in the context of robot motion and control was first formalized by Mason [60]

in the 1970s. He defines compliant motion in the context of a robotic manipulator as

occurring when the “position of the manipulator is constrained by the task”. While

the gait-based compliant control presented in this thesis does not necessarily share the

formal definition of compliant control for manipulation, the idea that we want con-

straints from the robot’s environment to drive the robot’s resulting shape is why we

have chosen to borrow the term for our work.

Passive compliance can easily be achieved mechanically. For example, it is readily

observed in the suspensions of numerous wheeled vehicles. Active compliance in

robotics typically relies on a combination of actuators and sensors to perform accurate

high-bandwith force or torque control [4, 68, 104]. Series elastic actuation (SEA) [70]

combines the concepts of mechanical compliance and active force control by using the

deflections of a spring to both passively comply to the environment and at the same

time measure actuator force. Over the last two decades, it has been explored as a way

of achieving both compliance and low-bandwidth force control in legged robots[32, 74,

101], and this approach is applied to snake robots in Part II of this thesis. However,
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the gait-based compliant control presented in Chapter 3 achieves compliant motion

in pipes without torque sensing or series elasticity by treating the robot’s modules as

parallel actuators that contribute to whole body motions.

Our method for estimating gait parameters uses an extended Kalman filter (EKF)

to efficiently estimate the state of the robot. The EKF is widely used in robotics for

system identification and parameter estimation [1, 83]. The state estimator presented

here is similar to a formulation presented previously by our group [75].

2.4.2 State Estimation

Fusing redundant data in robotics systems is a topic with a wealth of prior work [58].

Perhaps the most common method of fusing redundant and complementary sensor

data is the Kalman filter [44], and its non-linear extensions. Our work includes the

implementation of three non-linear variants of the Kalman filter, an extended Kalman

Filter (EKF), an unscented Kalman filter (UKF), and a spherical simplex unscented

Kalman filter (SSUKF). The EKF extends the Kalman filter to non-linear systems by

linearizing the system at the current state estimate at each timestep [11]. The UKF

is a method that attempts to address the problems inherent in linearization. It uses

a deterministic sampling technique that relies on sigma points to directly calculate the

mean and covariance statistics that are necessary for the filter [40]. The SSUKF is

a variant of the UKF that uses fewer sigma points, making it more computationally

efficient [8, 39].

All forms of Kalman filters have problems in the presence of outliers, due to their

underlying assumption of Gaussian noise in the state estimate and measurement ob-

servations. This is particularly problematic in robotics, where real-world effects like

unmodelled disturbances, faulty sensors, or failed actuators can frequently produce

outliers. Because of this, there has been significant prior work in modifying the Kalman
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filter to make it more robust to outliers, at the cost of more computation and complex-

ity. Some techniques require noise to be modeled as heavy-tailed distributions [81].

Others use a weighted least-squares approach to learning the state and noise models

online [15]. Ting et al [90] have developed a Kalman filter that is robust to outliers

and requires very little tuning. However, their method relies on estimating the lin-

ear system dynamics, and in our case we have time-varying non-linear process and

measurement models.

Perhaps the most widely used methods of outlier detection are ones that threshold

on the Mahalanobis distance of the measurement residual, or innovation, during a

Kalman filter update [89, 90]. If the Mahalanobis distance is sufficiently large, the

measurement vector at the current iteration is assumed to contain outliers, and the

update step is skipped. Tuning this threshold can be difficult, especially in systems

that are highly dynamic or modeled poorly. Furthermore, instead of skipping the filter

update altogether, we would like to identify individual outliers in the measurement

vector and proceed normally once those are removed. We accomplish both of these

tasks by using the aggregated statistics from all of our robot’s redundant sensors to

automatically adjust a Mahalanobis distance threshold.

2.4.3 Pipe Navigation

There is prior work for design robots to navigate pipe networks. Specialized robots

with wheels have been developed for pipeline inspection [41, 100]. While these robots

advance the state of the art in pipe inspection with their ability to negotiate bends and

junctions, they are specifically designed for specific classes of pipe (freshwater, sewer,

gas) and narrow ranges of pipe diameters. Snake robots offer the ability to adapt to

wide range of diameters and pipe configurations with a single mechanism.

Along these lines, Wakimoto [99] and Kuwada [53] developed snake robots and
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controllers that use a planar sine-wave gait to push against pipes and negotiate bends

in a lab environment. Our mode of locomotion differs in that we use a helical motion,

which provides greater traction and locomotion compared to planar motions. Further-

more, our tests will be carried out both in the lab and real-world sewer pipes.
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Chapter 3

Gait-Based Compliant Control

Despite having a powerful low-dimensional control framework for commanding mo-

tions for our snake robots, closing the loop using this framework has proved to be

difficult. To generate motions for the robot, the desired joint angles for each module

are determined from the specified gait parameters at each timestep. Each module in

the robot contains a low-level controller that drives its joint angle to the commanded

angle, and feedback is provided on the module’s actual joint angle [102]. We achieve

limited compliance with our snake robots by using low proportional gains on our in-

dividual modules.

The challenge comes in finding an effective way to incorporate this low-level feed-

back into our higher-level gait-based control. In a sense, we need to find a way in

which the low-level errors of individual joints can ‘complain’ in a meaningful way to a

higher-level controller built around gait parameters that specify whole-body motions.

This work closes the loop by running gait functions in reverse - given a set of joint

angles, we fit a parameterized gait function that best describes the shape of the robot.

We accomplish this by using an EKF to fit gait parameters to joint angle feedback in

real-time.

Gait-based feedback informs the controller of the state of the robot in a language
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Figure 3.1: Montage of the snake robot using gait-based compliant control to autonomously
negotiate a transition while climbing up from a 5 cm (2 in) pipe to 10 cm (4 in) pipe. This kind
of autonomous behavior goes beyond what even a skilled operator can achieve.

that it (and the operator) understands, gait parameters. By prescribing simple control

laws on gait parameters, we can now create motions that are adaptive to the envi-

ronmentally constrained state of the robot. Furthermore, these controllers allow us to

explore a richer variety of gaits, since a human operator no longer has to be in direct

control of each individual gait parameter.

We demonstrate the effectiveness of this control method with motions that are de-

signed for locomoting along pipes. In our experiments, we show that these controllers

can extend the capabilities of these gaits beyond what has been previous achieved via

remote control. By controlling different gait parameters automatically, the robot is able

to climb a pipe that gradually decreases in diameter and safely stop its motion when

it meets outside resistance like encountering a blockage or being held in place by hand

as shown in Fig. 3.6. Notably, this adaptive behavior is compliant enough that it can
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provide enough force to climb without over-tightening or being unsafe for human con-

tact. The proposed control framework can also execute gaits that have many more

parameters than a human operator could control. We use a new, more sophisticated,

gait to reliably climb a pipe that undergoes large changes in diameter (Fig. 3.1). Links

to videos demonstrating the compliant controller in action can be found in Appendix

C.

3.1 Compliant Control

The general strategy for gait-based compliant control can be applied to any system

where a low-dimensional controller coordinates the macroscopic shape of a higher

DOF system. In the case of snake robots driven by parameterized gaits, we are essen-

tially fitting a curve, extracting parameters of that curve, and using those parameters

to command new parameters. For the purposes of demonstration, the examples in this

chapter show how this method can be used to automatically control the parameters of

an existing gait used to navigate straight pipes.

3.1.1 Rolling Helix Gait

The specific gait that we use for an initial example is the pole climbing gait, in which

the backbone of the robot forms a helix of constant curvature and torsion. To locomote

the robot rolls within this shape while squeezing on the outside of a pole. The equation

for generating joint angles follows the overall form of the compound serpenoid curve

in (2.1) and (2.2), but with some of the parameters fixed

θ̄n =





A · sin(ξ), lateral,

A · sin(ξ + π
2 ), dorsal,

(3.1)
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ξ = γ + νn. (3.2)

Above, spatial frequency ν and amplitude A are similar to the Frenet-Serret torsion

and curvature of the robot’s helical backbone shape [105]. To climb the poles of the

diameters we used in our experiments (5 cm - 10 cm), ν is set to 0.015. The temporal

position within the gait controls how the modules are clocked along this backbone,

and is controlled by γ in (5.2). Temporal position, γ, can be thought of as phase,

but not constrained to be between 0 and 1. This convention is adopted for a number

of reasons. First, having the number of completed gait cycles accumulate gives us

some sense of an odometer when developing intuitive motion models for the robot.

Second, avoiding discontinuous jumps when crossing the phase cycle boundary makes

parameter estimation easier. Finally, if needed, phase is readily extracted by taking the

remainder of dividing γ by 1.

In a more general sense, the gait equation is just a function that takes in a vector of

gait parameters, α, and produces a vector of joint angles. For the helix gait presented

in (3.1) and (3.2),

α =




γ

A

ν




. (3.3)

3.1.2 Gait-Based State Estimation

One of the key points of this work is the idea of using the parameters of the gait

function to represent the state of the robot. Under typical operation, we command tra-

jectories for the snake robot’s joints based on the parameterized gait functions outlined

above. Because of limitations of the robot’s actuators or constraints of the environment,
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the actual joint angles rarely match these commands. Here we show that by fitting the

same parameterized gait functions that we use to generate commanded joint angles to

the feedback joint angles (Fig. 3.2) we can approximately describe the robot’s actual

shape in the more intuitive and lower-dimensional space of gait parameters.

Viewed from a filtering perspective, we can consider the parameters of a gait as a

state that can be repeatedly estimated given some sort of measurement, which in our

case will be the robot’s feedback joint angles. To perform this estimation, we could use

any number of recursive least-squares techniques, and for our work we chose to use

an extended Kalman filter (EKF).

The EKF uses two functions to iteratively update the robot’s estimated state. The

first function is the process model that predicts a new state, x̂k, given the previous

state, x̂k−1, and the discrete timestep, ∆t. Our implementation of the EKF performs

updates at a rate of 20 Hz, the same rate as the feedback rate from the robot,

x̂k = f (x̂k−1, ∆t). (3.4)

Here, we more formally define the state vector to consist of all the gait parameters,

α, and their first derivatives, α̇,

x =




α

α̇


 . (3.5)

At each timestep of the filter, the process model forward integrates the gait param-

eters based on the current estimated velocity for each parameter. The model predicts

the gait parameter derivatives to be a mixture of the estimated value from the last

timestep and the commanded velocity,

α̂k|k−1 = α̂k−1|k−1 + ˆ̇αk−1|k−1∆t (3.6)
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ˆ̇αk|k−1 = λ ˆ̇αk−1|k−1 + (1− λ)α̇cmd
k . (3.7)

The mixing ratio, λ, was introduced to make the state estimate more stable by biasing

the state estimate towards the commanded gait parameters. This was found to be

useful in practice to maintain the stability of the estimated gait parameters, especially

if the robot experiences a sudden shape change due to outside forces. The derivatives

of the commanded gait parameters, α̇cmd
k , are calculated by numerically differentiating

the commanded parameters at each timestep. For example, since the robot is typically

commanded to have a static spatial frequency, ν, the corresponding derivative of the

parameter is 0, and this mixing effectively damps the estimate of the parameter in the

filter. For the tests presented here, λ was set to 0.5.

At each prediction step in the filter, the updated covariance of the current state

estimate is predicted using the Jacobian of the process model,

F =
∂ f
∂x

. (3.8)

Because our process model is a constant-velocity model on gait parameters the process

model Jacobian, F, is in this case linear, and has the block-diagonal structure

F =




1 ∆t

0 1
. . .

1 ∆t

0 1




. (3.9)

The process noise matrix used to tune the filter, Q, is applied to the first derivative

of each gait parameter, and reaches the gait parameter via time integration,
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Q =
∫ ∆t

0
F(τ)Ψ FT(τ) dτ. (3.10)

Carrying out this integration yields,

Q =




ψ1
∆t3

3
0 ψ1

∆t2

2
0

. . . . . .

0 ψn
∆t3

3
0 ψn

∆t2

3

ψ1
∆t2

2
0 ψ1∆t 0

. . . . . .

0 ψn
∆t2

2
0 ψn∆t




. (3.11)

In (3.10), Ψ is a diagonal matrix with the individual noise parameters, ψ1 . . . ψn, that

get applied to the first derivatives, α̇. In (3.11), the zeros represent upper and lower

triangular sections of zeros that fill out their corresponding matrix block. Instead of

adding process noise individually to the entire state vector, this formulation reduces

the number of tuning parameters by half, correctly accounts for the amount of time

between prediction steps, and adds uncertainty to the appropriate off-diagonals of the

covariance matrix [111]. The values for the noise variables ψi were tuned by hand

and set to between 10−2 and 10−5 and have units that match their corresponding gait

parameters squared.

The second function in the EKF is the measurement model that generates expected

sensor measurements for the robot, ẑk, given the current prediction of the robot’s state,

x̂k|k−1,

ẑk = h(x̂k|k−1). (3.12)

In the measurement model, the expected joint angles of the robot’s m modules are

generated from the non-linear gait equations (5.4) - (5.5) using the current timestep’s
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Figure 3.2: Fitting a parameterized gait to joint angle feedback. The blue circles are actual joint
angles from the robot. The red curve is the gait function fit to the robot’s joint angles.

estimated gait parameters, α,

ẑ = [ θ̂1, . . . , θ̂m ]T. (3.13)

Each time the filter performs a measurement update, the innovation covariance is

calculated using the Jacobian of the measurement model,

H =
∂h
∂x

(3.14)

and the additive measurement noise matrix R.

The measurement noise represents uncertainty in the snake’s joint angle encoders

and is assumed to be independent and of the same magnitude on each joint. For our

robot, we set R to a diagonal matrix with a value of .0001 radians2 on its diagonal,

based on the approximate uncertainty of our joint angle encoders.
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Figure 3.3: Curvature compliance, where the commanded function (green dashed line) is in
phase with the estimated state of the robot (red line), but has a larger amplitude relative the
estimated amplitude. The feedback joint angles from the robot (blue dots) are also shown.

3.1.3 Controller

As the environment deforms the robot, compliant control of the robot is achieved

by continually commanding gait parameters that are offset from the current estimated

state. For the following examples, let αcmd be the vector of commanded gait parameters,

αcmd =




γcmd

Acmd

νcmd




. (3.15)

Under normal circumstances all of these parameters would have to be continuously

adjusted by a human operator. The following sections detail the implementation and

resulting behaviors of controlling different parameters compliantly.
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3.1.4 Curvature Compliance

An example of a simple controller is ‘amplitude compliance’ where the base amplitude

of the robot’s helical curvature is controlled to compliantly squeeze a pipe to maintain

traction as its diameter changes. The controller itself is extremely simple. The com-

manded amplitude, Acmd, is just a constant offset from the estimated amplitude, A,

Acmd = A + ρ. (3.16)

If ρ > 0, the curvature of the overall helical shape of the robot will be increased,

having a tightening effect until the environment constrains the shape the robot, and

results in a controlled ‘squeeze’ on the pipe. This is intuitively illustrated in Fig. 3.3.

The amount of force the robot exerts on pipe is determined by the value of ρ. Choosing

ρ < 0 means the curvature of the robot will be commanded to decrease relative to the

robot’s current curvature. This is useful for motions where the robot climbs something

extremely narrow, like the cable in Fig. A.1. Choosing ρ = 0 results in the curvature of

the robot’s shape complying with whatever outside forces act on it.

3.1.5 Position Compliance

The second controller, (3.17), is ‘position compliance’ where the temporal position of

the gait is controlled so that the robot adapts to resistance that it meets progressing

forward in the gait cycle. For example, if the robot is climbing the outside of a pipe and

encounters a T-junction, this controller allows the robot to safely slow to a stop rather

than continue to roll forward in an open-loop fashion. The commanded temporal

position in the gait, γcmd, is again just a constant offset from the estimated position, γ,

γcmd = γ + ρ. (3.17)
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Figure 3.4: Position compliance, where the commanded function (green dashed line) is shifted
in phase with the estimated state of the robot (red line). The feedback joint angles from the
robot (blue dots) are also shown.

In this controller a positive offset, ρ > 0, causes the robot to drive forward in the

gait cycle, while a negative offset causes it to drive backwards. The larger the offset,

the harder the robot tries to push forward. The effect of this temporal offset in the

commanded joint angles of the robot for pipe crawling is intuitively illustrated in Fig.

3.4.

3.2 Experiments

Experiments were run to test compliant control in both amplitude and temporal posi-

tion. Given good initial parameter estimates, the EKF was observed to be extremely

stable and insensitive to the tuning of the process and and measurement noise param-

eters.

33



16 17 18 19 20 21 22 23 24 25 26
1

1.1

1.2

1.3

1.4

1.5

1.6

time (sec)

ga
it 

am
pl

itu
de

 (r
ad

)

Gait Amplitude During Pole Climbing Transition

 

 

Estimated Gait Amplitude
Commanded Gait Amplitude

Figure 3.5: A montage of the snake robot autonomously transitioning from 4 inch (10 cm)
pipe to 2 inch (5 cm) pipe. The green dashed line is the commanded amplitude which is a
constant offset of the estimated amplitude of the gait. While the operator could possibly have
executed this transition by starting the robot off with a significantly tighter curvature, the use
of compliant is more energy efficient and handles the transition much more robustly.

3.2.1 Curvature Compliance

Curvature compliance in pole climbing was accomplished by commanding an open-

loop velocity in the gait’s temporal position while running the compliant controller on

the amplitude of the gait’s curvature. A compliance offset ρ = 0.1 was used. This

provided enough strength to grip the pole, without straining the modules too much,

and allows vertical climbing on PVC pipes that range in diameter from 5cm to 15cm.

Figure 3.5 shows a montage of the robot making this transition from 10 cm pipe to 5 cm

pipe, along with a plot of the gait’s estimated and commanded amplitudes over time.

As the robot progresses up the pipe, it automatically adapts to the smaller diameter.

3.2.2 Position Compliance

Position compliance in pole climbing was accomplished by running the compliant con-

troller on the gait’s amplitude and position. The compliance offset for amplitude was

the same as the previous experiment. A position compliance offset ρ = .05 was used.

This value was large enough for the robot to climb against the force of gravity, but small
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Figure 3.6: A montage of the snake robot moving compliantly up a pipe, holding position
when held in place, then resuming its motion once released. There is no open-loop motion
that can duplicate this behavior. Had the robot been commanded to move forward in temporal
position open-loop, it would have eventually broken free of being held, or fallen off the pole
entirely.

enough that the robot could be stopped by hand. Figure 3.6 shows a montage of the

robot climbing a 10 cm pipe, along with a plot of the gait’s estimated and commanded

amplitudes over time.

As the robot progresses up the pipe it is physically held in place for approximately

3 seconds. Rather than blindly push forward, the robot gradually comes to a halt as

the controller finds an equilibrium fighting the resistive force of being held. Once the

robot is released, it automatically resumes climbing.
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Chapter 4

Robust State Estimation

To help provide better feedback and improve an operator’s situational awareness, we

have integrated MEMS accelerometers and gyros into each module of our snake robots.

Prior work from our group has already used an extended Kalman filter (EKF) to fuse

these distributed sensors and achieve an estimate of the robot’s pose [76]. By using

knowledge of the robot’s cyclic controller (gait) and taking advantage of an averaged

body frame that we call the virtual chassis, we have been able to estimate a snake robot’s

orientation, even when it undergoes highly dynamic motions.

Unfortunately, our previous work has limitations in terms of its robustness in real-

world field use. Frequent communication dropouts or corrupted data from the mod-

ules would sometimes cause the EKF to diverge. Additionally, the need for the state

estimator to have explicit knowledge of the robot’s gait equation means that it has to

be tightly integrated with the gait framework that we use for control. This work ad-

dresses these issues with two contributions. First, we formulate the state estimation

problem in a way that leverages redundancies in the proprioceptive information pro-

vided by the robot’s joint angle encoders and inertial sensors. In particular, we are able

to redundantly estimate the robot’s kinematic state, the angles, angular velocities, and

angular accelerations of the robot’s joints) by using the inertial sensors in each module
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Figure 4.1: The Unified Snake robot, with markers attached for ground-truth motion capture.

to complement the readings from each module’s joint angle encoders. Second, we in-

troduce a novel outlier detector that can identify corrupted measurement data with a

minimal amount of tuning.

The methods and results in this thesis are an expansion of previous preliminary

results in state estimation [79]. Previous work assumed a second-order process and

measurement models and static process and measurement noise. In order to better

model the sensor data from the robot, this work moves to third-order kinematic mod-

els with noise models that are adjusted dynamically based on the estimated state. This

work also examines how the choice of body frame affects the accuracy of state estima-

tion and presents an alternative method for calculating an averaged virtual chassis body

frame. New results are presented for these improvements, and we provide analysis of

the practical benefits of distributed redundant sensing for robots.

4.1 Choice of Body Frame

In previous work [75, 76] we have demonstrated the benefits of using an averaged body

frame that we call the virtual chassis. The virtual chassis is a body frame that is aligned
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Figure 4.2: A montage of the robot in sidewinding, shown in five different positions spaced
evenly throughout one complete gait cycle. The top row of images show the pose of the robot
in a body frame fixed to the head link. The bottom row shows the pose corresponding to the
virtual chassis body fame at the same points in the gait cycle.

with the principle components of the robot’s overall shape, as shown in Fig. 4.2. The

calculation of this body frame is performed as part of the measurement model at every

iteration of the filter, using an SVD to identify the principle components of the robot’s

shape [76]. Details on the calculation of this body frame are presented in Appendix A.

The virtual chassis body frame has the advantage that it approximately separates

the robot’s internal shape changes from its external motions in the world, enabling

more accurate and stable state estimation with generic constant velocity process mod-

els. Additionally, the state of the snake robot in this body frame is more intuitive to

the operator, since the notions of up-down and left-right are aligned with the overall

shape of the robot (Fig. 4.3). We have leveraged this overall shape alignment of the

virtual chassis to infer ground contact for simple kinematic motion models [16, 17],

and we rely on it heavily as a visualization tool for designing new gaits and motions.

Results are presented in Section 4.5 on the effect that the choice body frame has on

the accuracy of state estimation. We investigate four different choices of body frame.

In addition to two different formulations of the virtual chassis, we use a body frame

fixed to the head module of the robot, and a body frame where the origin is at the

geometric center of the robot (as is done in the virtual chassis) but the orientation is
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Figure 4.3: An example of the virtual chassis body frame for various shapes of the snake
robot. Because the body frame is aligned with the principle components of the robot’s shape,
it helps separate the robot’s internal shape changes from its external motions, improving the
performance of lower-fidelity models for state estimation.

fixed to the orientation of the head module.

4.2 State Estimation

Snake robots are unique in both their locomotive capabilities as well as their challenges

to estimation and control. Previous work from our group demonstrated accurate esti-

mation of a snake robot’s orientation using the robot’s proprioceptive sensors [79]. To

explore more state of the art techniques, we implemented a UKF and a SSUKF in addi-

tion the conventional EKF, although we found that all three methods worked equally

well. All three filters used the same process and measurement models, as well as the

same values for process and measurement noises. An additional modification from

[79] is that this work moves from a second-order to third-order model for the robot’s

process and measurement models.
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4.2.1 Kalman Filter

All of the filters presented in this thesis extend the Kalman filter to non-linear systems.

At the heart of the filter are the state estimate, x̂k, its covariance, Pk, the robot’s sensor

measurements, zk, and the non-linear process and measurement models. The process

model, f , is a function that predicts the state of the robot given the state at a previous

timestep,

x̂k|k−1 = f (x̂k−1|k−1, ∆t). (4.1)

The measurement model, h, is a function that generates expected sensor measurements,

ẑk, given the predicted state x̂k|k−1,

ẑk = h(x̂k|k−1). (4.2)

In the EKF, the state estimate is propagated through these non-linear functions, and

the functions are linearized at each iteration of the filter, resulting in the Jacobians Fk

and Hk that are first-order approximations of the functions f and h. This allows the

propagation of the state covariance between timesteps and the processing of measure-

ments into the state estimate.

In the UKF and SSUKF, a deterministically sampled set of states, called sigma

points, are chosen, propagated through the models, and then averaged in a way that

directly calculates the state mean and covariance. For an n-dimensional state vector,

the UKF uses 2n + 1 sigma points, and the SSUKF uses n + 2 sigma points.

In all of these filters, a process noise matrix, Q, is added to the state covariance at

every prediction step. A measurement noise matrix, R, is similarly used to tune the

confidence in sensor measurements. The parameters in Q and R are used to tune the

relative confidence of different states and measurements with respect to each other.
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The process model noise for all of the filter variants in this thesis is assumed to be

additive, and is incorporated before the state covariance is pushed through the process

model at each iteration. In both the EKF [111] and the UKF [51], this allows uncertainty

to be added only to the highest derivatives of state variables, relying on the process

model to appropriately distribute uncertainty to the lower derivatives.

4.2.2 State Vector

The state of the filter tracks the robot’s orientation, its inertial frame acceleration, and

its shape variables,

xk = [ ak qk ωk ω̇k θk θ̇k θ̈k ]
T (4.3)

where a = [ ax ay az ] is robot’s world frame acceleration, q = [ q1 q2 q3 q4 ] is the

quaternion that describes the world frame orientation, ω = [ ωx ωy ωz ] is the robot’s

body frame angular velocity, and ω̇ = [ ω̇x ω̇y ω̇z ] is the robot’s body frame angular

acceleration.

For the rest of the state vector, assume a robot with m links with corresponding

joint angles, θ = [ θ1, . . . , θm ], velocities, θ̇ = [ θ̇1, . . . , θ̇m ], and accelerations, θ̈ =

[ θ̈1, . . . , θ̈m ]. This provides a third-order description of how the robot’s shape changes

over time.

Because the measurement model that generates expected IMU measurements re-

quires the robot’s full kinematic state, including the robot’s joint angles, velocities, and

accelerations in the state vector means that the filter can iterate at every timestep, even

if the robot does not report all (or even any) of its joint angles at a given timestep. Fur-

thermore, this formulation of the state means the the joint angles are being redundantly

estimated both directly, by observing the joint angles, and indirectly, by observing the

inertial readings at adjacent modules. For example, the gravity vectors observed by the
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accelerometers in two adjacent modules can indicate the joint angle of a module, and

the difference in angular velocities observed by the gyros in adjacent modules observe

a module’s joint angular velocity. In the Section 4.5, we show that this allows us to

track the angles of modules that fail to provide feedback, even for extended periods of

time.

4.2.3 Process Model

The process model we use for state estimation can be thought of as a generic damped

acceleration model that does not explicitly model the interaction of the world. As a

third-order model, the highest-order derivative in the state is acceleration.

Acceleration is estimated in a world frame assumed to be damped according to

âk = e−τ∆tâk−1. (4.4)

In our experience acceleration must be strongly damped (τ ≈ 20) for the filter to per-

form well on the real robot. We should note that this damping was necessary for

estimating the linear acceleration largely because it is extremely difficult to separate

out linear acceleration from sensed acceleration acceleration due to gravity using only

IMUs. The combination of noisy accelerometers, having only an approximate estima-

tion of orientation, and the fact that gravitational acceleration is typically an order of

magnitude greater than linear acceleration means that the estimate of acceleration is

usually quite poor. Solutions to this problem usually rely on well-identified models,

extremely accurate IMUs, particularly gyros, or observing the robot’s linear position

or velocity with a visual sensor or motion capture system.

Previous versions of our state estimators [75] actually assumed zero world frame ac-

celeration of the robot. Ignoring body frame acceleration resulted in good performance

at slow speeds, but became problematic when the snake robot executed fast motions.
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We have found that this damped third-order model provides a tunable compromise

between a stable but biased second-order model and the more technically accurate but

often unstable third-order model. The estimate of angular acceleration did not need to

be damped, since the numerous gyros in the robot directly observe the robot’s angular

velocity.

The quaternion, q̂k, representing the orientation of the robot is updated based on

the estimated angular velocities at that timestep. We perform a discrete-time update

developed by van der Merwe et al. [97]

q̂k = exp(−1
2

Ψ∆t) q̂k−1 (4.5)

Ψ =




0 ωx ωy ωz

−ωx 0 −ωz ωy

−ωy ωz 0 −ωx

−ωz −ωy ωx 0




. (4.6)

The body frame angular velocities of the robot, ω, are assumed to update according

to the body frame angular accelerations, and the body frame angular accelerations are

assumed to be constant across timesteps,

ω̂k = ω̂k−1 + ˆ̇ωk−1∆t (4.7)

ˆ̇ωk = ˆ̇ωk−1. (4.8)

The shape of the robot is also estimated in the state of the filter. This is achieved by

estimating the snake robot’s joint angles, θ̂, their angular velocities, ˆ̇θ, and their angular
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accelerations, ˆ̈θ. These are updated by according to standard third-order model,

θ̂k = θ̂k−1 +
ˆ̇θk−1∆t +

1
2

ˆ̈θk−1∆t2. (4.9)

ˆ̇θk =
ˆ̇θk−1 +

ˆ̈θk−1∆t. (4.10)

ˆ̈θk =
ˆ̈θk−1. (4.11)

The angular velocities of the joints are further modified by a weighted combination

of the estimated velocities from the third-order model integration, ˆ̇θk, and the com-

manded angular velocities at the current timestep, θ̇cmd
k ,

ˆ̇θk = (1− λ) ˆ̇θk + λθ̇cmd
k . (4.12)

Even though ˆ̇θk is modified in this equation we have overloaded the notation, since

the filter could be run without this step if commands are unavailable. The weighting

parameter λ ranges from 0 to 1 and controls how much of the commanded angular

velocity is mixed into the state. A value of 1 essentially overwrites the estimated joint

angle velocities at each iteration, whereas a value of 0 turns the filter into a constant-

velocity model that has no knowledge of the robot’s controls. Since the robot’s joints

often deviate significantly from their commanded trajectories, this parameter is set

relatively low, around 0.25.

4.2.4 Measurement Vector

Our latest snake robot provides feedback measurements from single-axis joint angle

encoders, 3-axis accelerometers and a 3-axis gyros located in each module. This means

that the vector of measurements in the filter has 7m dimensions, where m is the total

number of modules in the robot,
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zk = [ φk αk γk ]
T. (4.13)

In (4.13), each element is a vector containing the measurements of a corresponding

sensor type for all the modules throughout the snake robot. φ is the robot’s joint angle

measurements from its encoders, α is the accelerometer measurements, and γ is the

gyroscope measurements.

4.2.5 Measurement Model

Our measurement model is a kinematic model that takes into account the robot’s shape

variables and its inertial state. In the following section, the superscript i indicates the

module for which a measurement is predicted and the hat operator denotes a predicted

measurement, rather than a sensed measurement from the robot.

Expected joint angle measurements are predicted directly from the estimated angles

in the state vector (4.3),

φ̂k = θ̂k. (4.14)

Using the estimated joint angles, θ̂, and joint angle velocities, ˆ̇θ, joint angle accel-

erations, ˆ̈θ, accelerometer and gyro measurements for each module can be predicted

using the finite time-differencing approach detailed below. This approach allows us to

fuse all of the robot’s IMUs into a single estimate of the robot’s orientation as well as

couple the IMUs to the encoders to redundantly estimate the robot’s shape.

Accelerometers have the property that they measure an acceleration due to gravity

in addition to lateral acceleration due to motion. For this reason our model treats

these two sources of acceleration separately and sums them to generate the predicted

accelerometer measurement for each module,
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α̂i
k = âi

gravity + âi
motion. (4.15)

Acceleration due to gravity is predicted by transforming the estimated gravity vector

ĝ from the world frame into the frame of each module

âi
gravity = (Ŵi

k)
T(V̂k)

Tĝ (4.16)

where Ŵi is the estimate of the rotation matrix that describes the orientation of module

i in the body frame, and V̂ is the estimate of the rotation matrix representation of the

quaternion pose q in the state vector (4.5).

Acceleration due to a module’s motion is further split into two components,

âi
motion = âi

internal + (Ŵi
k)

T(V̂k)
Tâ (4.17)

Acceleration due to the robot’s internal shape changes in the body frame, âi
internal,

is predicted by double-differentiating the position of the module in the body frame,

based on the full kinematic state. Finally, the estimated world frame acceleration of

the entire robot is incorporated by rotating the world frame acceleration â from filter’s

state estimate into the frame of each module.

The predicted gyro measurements for each module are generated by differentiating

the orientation of the robot at two nearby timesteps [63]. If Ŵi
k and Ŵi

k−1 are rotation

matrices that describe the orientations of module i in the body frame at two timesteps,

then gyro measurements due to the robot’s motion in the body frame at two timesteps,
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k and k− 1 can be approximated by




1 −ω̄i
z ω̄i

y

ω̄i
z 1 −ω̄i

x

−ω̄i
y ω̄i

x 1



≈

Ŵi
k(Ŵ

i
k−1)

T

∆t
. (4.18)

The complete prediction for each gyro is the angular velocity from (4.18) plus the

robot’s body frame angular velocity from the current state estimate, (4.8), rotated into

the coordinate from of each module using Ŵi
k

γ̂i
k = ω̄i + (Ŵi

k)
Tω̂k. (4.19)

This finite-differencing approach has allowed us to generate expected readings for all

of the robot’s IMUs and encoders, based on the current state estimate, x. While our

numerical approach somewhat computationally expensive, this part of the measure-

ment model has been implemented in C++ using the Eigen matrix library, allowing the

remaining sections of the filter to run in Matlab, in real time, on a standard desktop

computer.

4.2.6 State-Based Noise Adjustment

To improve the accuracy of the Gaussian noise assumption for the models and sensors,

the additive process and measurement noise matrices, Q and R, are modified based on

the current state estimate. Intuitively, if the robot is moving, the model should be less

certain about the current estimate than if the robot is standing still. This matches real-

world observation, where it can be readily observed that readings from the robot’s

sensors, particularly the accelerometers, are much noisier during fast motions than

when the robot is still or moving slowly.
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The process noise parameters are inflated based on the current state estimate and

corresponding tuning parameters. The block of the process noise matrix corresponding

to body frame angular acceleration, ˆ̇ω, is adjusted according to the magnitude of body

frame angular acceleration, ˆ̇ω, and body frame angular velocity ω̂. The additive noise

for joint angle accelerations, ˆ̈θ, are similarly inflated according to the squared value of

the estimated joint angular accelerations, ˆ̈θ, and joint angular velocities, ˆ̇θ.

The measurement noise parameters are also inflated based on the current state esti-

mate. The additive noises for the accelerometers, α, in each module are inflated based

on the magnitude of the gyro measurements for that module. Of all the modifications

in this section, this in particular led to better performance of the filters compared to

our previous work, since the accelerometers become particularly noisy when the robot

is in motion.

4.2.7 Using Partial Measurement Data

Due to noise in the robot’s communications, around 5% of the robot’s sensor data

is missing at a given update step. In the case of intermittent electrical connections

between the modules this percentage can increase even further. Furthermore, when

using the snake robots aggressively in the field, modules frequently reset due to their

electrical protection circuitry. In these cases an individual module may drop out for

2-3 seconds before rebooting. During this time the module’s joint is rotating freely, but

there is no direct measurement of its joint angle. Thus, it is desirable to have a method

that uses the robot’s myriad of other sensors to mitigate these problems.

Missing measurement data can be accommodated in any Kalman filter by only pre-

dicting expected measurements for the observed sensors and appropriately resizing the

innovation covariance matrix during the filter’s update step. An alternative approach

that is simple to implement is one where the missing measurement data is replaced
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with a value of 0, and that measurement’s corresponding value in the additive mea-

surement noise matrix, R, is increased to 106 for that timestep. This causes the filter

to effectively ignore the measurement during the update step and is often simpler to

implement than dynamically resizing the covariance and state at every iteration.

4.3 Outlier Detection

As mentioned in the previous section, the Kalman filter can be easily modified to ac-

commodate incomplete measurements during its iteration. However, corrupted mea-

surements and outliers that violate the filter’s assumption of Gaussian noise are much

more problematic [89, 90]. In robotic systems that undergo heavy field use, it is not

uncommon for sensors to become unresponsive or miscalibrated. And because these

erroneous measurements from an unresponsive sensor can severely disrupt the state

estimate, it is beneficial to detect such outliers automatically from the observed sensor

data.

4.3.1 Kalman Filter Update

The Kalman filter, and its non-linear variants, updates the estimated state based on a

weighted average that takes into account the measurement innovation, which is the

difference between the expected measurements, ẑk, generated from the measurement

model, and the observed measurements, zk, from the robot’s sensors,

x̂k|k = x̂k|k−1 + Kk(ẑk − zk),

The proper weighting of the update is determined by the Kalman gain matrix, Kk.

In the calculation of this matrix, there is an intermediate step where the innovation

covariance, Sk, is calculated. The relevant steps in the respective EKF and UKF /
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SSUKF algorithms are presented here for clarity.

In the linear Kalman filter and the EKF, the innovation covariance and Kalman gains

are determined based on the estimated covariance and the Jacobian of the measurement

model,

Sk = HkPk|k−1HT
k + R,

Kk = Pk|k−1HT
k S−1

k .

In the UKF and SSUKF, the innovation covariance and Kalman gains are determined

directly from matrices, Pzz
k and Pxz

k , derived from the sampled sigma points [39], and

additive measurement noise,

Sk = Pzz
k + R,

Kk = Pxz
k S−1

k .

The Mahalanobis distance for the residual error between the predicted measure-

ment vector, ẑk = h(x̂k|k−1), and the observed measurement vector, zk,

dk = (ẑk − zk)
TS−1

k (ẑk − zk),

gives an indication of the likelihood of the measurements.

4.3.2 Algorithm

To detect outliers our method computes, for each sensor s, a Mahalanobis distance that

excludes sensor s from the measurement vector. In the following section we will use
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superscripts −s to clarify that they are quantities where sensor s has been excluded. To

exclude these elements, we define the following selection matrix,

Y−s =




IM×M 0M×3 0M×N

0N×M 0N×3 IN×N


 ,

where M is the number of elements in the measurement vector zk that precede sensor

−s, N is the number of elements in zk that follow sensor −s, and 3 is the number of

elements in the measurement vector that correspond to sensor −s (the x − y− z axes

of an accelerometer or gyro).

This process of excluding the elements of and calculating the Mahalanobis distance

of the remaining elements of
[
S−s

k

]−1 incorporates information on how the sensors are

coupled by the process and measurement models. A simpler, more naive, alternative

to this approach would be to calculate the Mahalanobis distance of the 3 × 3 block

of
[
S−s

k

]−1 corresponding to each sensor directly. This assumes that each sensor is

independent, which in some cases may be an appropriate assumption.

The Mahalanobis distance associated with excluding sensor −s can be written as

follows,

d−s
k = (ẑ−s

k − z−s
k )T [S−s

k
]−1

(ẑ−s
k − z−s

k ), (4.20)

where z−s
k = Y−szk, ẑ−s

k = Y−sẑk, and S−s
k = Y−sSk(Y−s)T.

For each excluded sensor−s, a Mahalanobis distance d−s
k that is significantly smaller

than dk means that the excluded component is likely to be an outlier. Sorting the set

of distances for each sensor ranks the sensor measurements in order of likeliness. We

then discard a fixed number of the least likely sensor measurements (the ones that are

most likely to be outliers) and calculate the mean, µk, and standard deviation, σk, of the

remaining Mahalanobis distances, presumed to be inliers. For our implementation, we
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choose to discard 4 sensors from the measurement vector, or one quarter of the robot’s

sensors.

Finally, for each sensor −s, a new metric is computed that compares the Maha-

lanobis distance d−s
k to the mean and variance of the Mahalanobis distances of the

presumed inliers,

w−s
k =

(
d−s

k − µk
)2

σ2
k

.

We then consider all sensors, including the initially discarded sensors, and decide

whether each one is an inlier or outlier by thresholding the metric w−s
k at some level, ξ.

When w−s
k is large, the sensor is likely to be an outlier and when this metric is small,

the sensor measurement is likely to be an inlier. If the measurement is determined to be

an outlier, the innovation covariance is resized to exclude the measurement, just as is

done for missing data. Alternatively, a simple approximation to dynamically resizing

the measurement innovation is to simply set the measurement’s corresponding element

in R to a comparatively large value, such as 106.

In a sense, w−s
k is a Mahalanobis distance of Mahalanobis distances, and is in many

ways akin to data clustering. Since this value is based on the overall uncertainty of

all of similar sensors in the robot, we are able to pick a single static threshold that is

valid at all times. For example, if the process model predicts the state of the robot

poorly, or if the filter is poorly tuned, all of the measurements might have a large

absolute uncertainty. However, this method relies on the relative uncertainty between

measurements to determine outliers.

Compared to thresholding on the Mahalanobis distance alone, outliers with this

method tend to be extremely obvious, often greater than 100 standard deviations from

the mean. Setting the detection threshold, ξ, to a value between 10 and 50 has been

shown to work well for our system, regardless of sensor type or the robot’s motion.
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Finally, since this algorithm makes the assumption that some fraction of the sensors

must be inliers, it has the benefit that it ensures an upper limit on the number of

sensors that can be discarded as outliers, as long as ξ is not set too low (setting ξ > 3

standard deviations). This allows outlier detection to be performed even when a filter

is still being debugged or is poorly tuned, and the absolute Mahalanobis distances

could be unusually large or small.

4.3.3 Efficient Implementation

One drawback of the outlier detection algorithm, as presented thus far, is the need to

invert S−s
k for each sensor in order to compute d−s

k as computed in (4.20). For our 16-

link snake robot that has 2 inertial sensors per module, the accelerometer and the gyro,

performing this for a typical 16-link robot would require 32 inversions of a 109-by-109

matrix. This is a significant computational expense during real-time operation.

Ideally, it would be beneficial to compute the inverse of the innovation covariance,

S−1
k , only once and then to somehow efficiently infer, for each sensor s, the matrix
[
S−s

k

]−1. By definition,
[
S−s

k

]−1
=
[
Y−sSk(Y−s)T]−1. But unfortunately,

[
S−s

k

]−1 6=

Y−sS−1
k (Y−s)T, otherwise we would compute

[
S−s

k

]−1 directly from S−1
k . This is not

possible because Y−s is not an orthogonal matrix.

Instead, we can leverage the Woodbury matrix identity [72], to perform a low-rank

correction to the relatively large matrix S−1
k . This allows us to efficiently obtain the

matrix
[
S−s

k

]−1, which we require for computing the Mahalanobis distance in Eq. (4.20).

First, we define the following matrix that can be used to rearrange the elements of the

innovation so that the elements corresponding with sensor −s are last,

G−s =



←−−−− Y−s −−−−→

03xM I3x3 03xN


 ,
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Using this matrix, we can rearrange the inverse of the innovation covariance matrix as

follows,

[S′k]
−1 =

[
G−sSk(G−s)T

]−1
= G−sS−1

k (G−s)T =




A B

BT C


 .

Using the Woodbury matrix identity to invert the matrix [S′k]
−1, we obtain,

S′k =




(A− BC−1BT)−1 ∼

∼ ∼


 .

Above, the ∼ indicates regions of the matrix from the Woodbury matrix identity that

are omitted for clarity. Since the upper left component of S′k is equal to the matrix S−s
k ,

due the existence of Y−s in G−s, we can simply invert the upper left component of S′k,

[
S−s

k
]−1

= A− BC−1BT. (4.21)

In (4.21), C is the inverted covariance of the sensor being excluded. This form

only requires the inversion of C, which in our case is 3-by-3. Thus, we can efficiently

calculate the inverse of the innovation covariance,
[
S−s

k

]−1 for each test of a sensor s

by performing a small update to the full inverse of the innovation covariance matrix

S−1
k . A summary of the algorithm that we use for outlier detection is provided in

Algorithm 1.

4.4 Experiment

To test the accuracy of the different state estimators, multiple trials of the snake robot

were performed in a Vicon motion capture system. During these trials, the robot was

remotely controlled through a wide variety of motions, some of which were quite fast
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Figure 4.4: A montage of the snake robot’s movements in one of the motion capture trials. The
robot does a combination of motions that include slithering forward, sidewinding right and
left, and turning in place clockwise and counter-clockwise. This montage corresponds to the
plots that are presented in the results section.
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Figure 4.5: A comparison of the orientation of the head module from motion capture (solid
line) compared to the state estimate of the filter (dashed line). The results presented are for the
SSUKF, although the UKF and EKF performed similarly.
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Note that the error in yaw increases over time because it is being dead-reckoned from gyros.
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Algorithm 1 Outlier Detection Procedure
1: for each −s do
2: S′−1

k ← G−sS−1
k (G−s)T

3: [A, B, C]← extractBlocks
(

S′−1
k

)

4:
[
S−s

k

]−1 ← A− BC−1BT

5: z−s
k = Y−szk

6: ẑ−s
k = Y−sẑk

7: d−s
k = (ẑ−s

k − z−s
k )T [S−s

k

]−1
(ẑ−s

k − z−s
k )

8: end for
9: [µk, σk]← statistics_of_inliers

(
d−s

k for all s)
10: for each −s do

11: w−s
k ←

(d−s
k −µk)

2

σ2
k

12: if w−s
k > ξ then

13: Mark s as outlier
14: end if
15: end for

and abrupt. The pose of the head module was tracked by the motion capture system

to provide ground truth. This was then compared to the filter’s estimate for pose of

the head module, which is dependent on the estimate of the entire state of the robot.

Figure 4.5 shows a montage of the robot during one of these trials.

To demonstrate the advantages of redundant state formulation, we simulated miss-

ing data and complete module dropouts. To test the outlier detection algorithm, we

simulated corrupted data on the robot’s inertial sensors similar to what is seen when

a module is poorly calibrated or programmed incorrectly.

4.5 Results

Overall, the EKF, UKF and SSUKF performed comparably. The filters were all able

to run in real time on the feedback data coming from the robot, about 20 Hz. A

comparison of the errors of the estimated head module orientation, converted to Euler

angles, for each filter is presented in Table 4.1. This is the averaged error for 3 different
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Filter Performance Comparison
Euler Angle Errors (degrees)

Roll Pitch Yaw
EKF 3.3 3.9 13.4
UKF 3.2 3.8 11.3
SSUKF 3.2 3.8 10.9

Table 4.1: The accuracy of various non-linear Kalman filters in estimating the Euler angle
orientation of the head module of the snake robot. All of the filters perform comparably.

motion capture trials where the robot was driven in a wide variety of speeds and

directions. The accuracy in yaw is significantly worse than pitch and roll because it is

being dead-reckoned based on the filter’s integration of estimated angular velocities.

Figures 4.5 and 4.6 show a comparison of the estimated head module orientation

from the SSUKF compared the motion capture data for one of the trials. To provide a

meaningful comparison the quaternion orientations of the head have been converted

into Euler angles.

4.5.1 State-Based Noise Adjustment

Table 4.2 shows the performance of the EKF, UKF, and SSUKF without dynamically ad-

justing the process and measurement noises based on the estimated state, as described

in Section 4.2.6. There was no measurable benefit of tuning the noises dynamically

for pitch and roll, and all of the filters performed comparably. However, there was a

significant improvement in the dead-reckoned yaw performance for all of the filters.

We believe this is primarily because the state-based noise adjustment allows the gyros

being trusted more heavily for fast motions, while at the same time trusting the more

noisy accelerometers less.
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Filter Performance - Without
Dynamic Noise Adjustment
Euler Angle Errors (degrees)

Roll Pitch Yaw
EKF 2.9 3.4 36.3
UKF 2.9 3.4 34.7

SSUKF 3.1 3.3 24.3

Table 4.2: The accuracy of the various filters in estimating the orientation of the head module
of the snake robot, without dynamically adjusted process and measurement noise. The filters
perform similarly as when noises are not dynamically tuned, with the exception that dead-
reckoned yaw estimation is significantly worse.

SSUKF Performance - Missing Data
Euler Angle Errors (degrees)

Roll Pitch Yaw
Baseline 3.2 3.8 10.9
25% Missing 3.6 3.9 9.4
50% Missing 5.6 5.8 26.5
75% Missing 9.0 11.1 57.5

Table 4.3: The accuracy of the SSUKF in predicting the Euler angle orientation of the head
module of the snake robot. The filter performs well even with half of the robot’s data being
excluded. Even when 50% of the data is excluded the filter continues to run well, although
accuracy begins to be degraded for larger amounts of feedback loss.

4.5.2 Partial Measurement Data

Under normal circumstances, our snake robot drops about 5% of its data due noise

and errors in its communications. To simulate more adverse conditions, we randomly

selected and removed higher proportions of the robot’s feedback data. The results are

summarized in Table 4.3.

We simulated prolonged module dropouts by eliminating all of the feedback data

(joint angles, gyros, accelerometers) from a module in the robot for the entirety of the

same data set shown in Fig. 4.5 and Fig. 4.6. For the data presented here, the joint

angles and inertial sensors were unavailable for the entire run in modules 3, 6, 7 and

12. Even if up to 4 modules were eliminated the filter still converged and estimated
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SSUKF Performance - Dropped Modules
Euler Angle Errors (degrees)

Roll Pitch Yaw
Baseline 3.2 3.8 10.9
Missing 4 Modules 4.0 4.3 59.1

Table 4.4: The accuracy of the SSUKF in the presence of missing data from multiple modules
for the entire run. These results are for the same trial as shown in Fig. 4.4. Feedback from a
quarter of the snake robot (modules 3,6,7 and 12) was eliminated.
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Figure 4.7: A comparison of the actual and estimated joint angle for module 7 in the snake
robot. No feedback was available to the filter for modules 3,6,7 and 12 during the entire trial,
but the joint angle is able to be estimated from the feedback from the remaining modules.

the pose of the head reasonably well (Table 4.4).

The accuracy of a missing joint angle being estimated by the filter is shown in more

detail by Figs. 4.7 and 4.8. While the error of the estimated joint angle is as much as

10◦ at times, the filter does a reasonable job of estimating the joint angle even while

the robot is undergoing significant motion. It is also worth noting that the estimated

uncertainty of the joint angle is appropriately captured by the filter.

4.5.3 Different Body Frames

Based on our previous experience, we believe that the choice of body frame can effect

the accuracy of state estimation, and as such we ran the SSUKF in four different body

frames. As a baseline comparison, the first body frame was fixed to the head module
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Figure 4.8: The error for estimating a missing joint angle for an entire trial. The red line is the
error of the estimated angle, and the dotted lines are the 3σ bounds of the estimated covariance.
After the filter converges it tracks the joint angle reasonably well, with a mean absolute error
of 3 degrees.

of the robot. The second was a body frame where the orientation was fixed to the head

module, while the origin was located at the geometric center of the robot. The last

two body frames were the original virtual chassis [77] and the modified virtual chassis

presented in Appendix A.

The results of using these different body frames in the SSUKF are presented in Table

4.6. Compared to our previous work that used simpler process models [75], the benefits

of an averaged body frame over a fixed frame were less pronounced. However, we do

note that the three averaged body frames provide a varying degrees of improvement in

dead-reckoning the robot’s yaw. We suspect that this improvement is due to the naive

third-order kinematic model being a more accurate prediction of the averaged motion

of the robot than the motion of any individual module.

4.5.4 Redundant IMUs

Finally, we wanted to better quantify any improvements in estimating the robot’s ori-

entation that result from having a large number of IMUs distributed throughout the

robot. Figure 4.9 shows the error of the estimated head module orientation using in-

creasing numbers of IMUs, starting at the first module behind the head and adding

more IMUs tail-ward.

It is interesting to note that there is very little improvement in the estimated pitch
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SSUKF Performance - Corrupted IMU Data
Euler Angle Errors (degrees)

Roll Pitch Yaw
Outlier Detection OFF 6.7 4.7 30.7
Outlier Detection ON 3.3 3.8 12.4
Baseline (Clean Data) 3.2 3.8 10.9

Table 4.5: The accuracy of the SSUKF when accelerometer and gyro feedback from quarter of
the robot (modules 3, 6, 7, and 12) was corrupted. With the outlier detection, the filter performs
almost as well as with clean data.

and roll, while there is a dramatic improvement in dead-reckoned yaw. This indicates

that for practical purposes the main limitation of low-cost IMUs is the bias drift of

the gyros. The improvement in yaw by incorporating n gyros roughly follows the
√

n

trend we would expect, up until about 8 modules. We suspect that past this point,

the noise in the velocities of the robot’s joint angles limits the usefulness of having the

gyros distributed throughout the moving modules of the robot. However, we should

point out that having these extra IMUs is still advantageous for making up for missing

joint angle measurements or failed modules as shown in Section 4.2.7.

4.5.5 Outlier Detection

To test our method of outlier detection, feedback data from the IMUs was corrupted by

having its sign reversed for the entire trial. For the data presented in Table 4.5, modules

3, 6, 7 and 12 had their IMU data corrupted. When running the outlier detection, the

filter performs on par with its normal baseline performance. However, it is worth

noting that the redundant state formulation is robust enough to remain stable even

without the outlier detection, albeit with degraded performance.
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SSUKF Performance - Different Body Frames
Euler Angle Errors (degrees)

Roll Pitch Yaw
Head-Fixed Frame 5.4 4.2 17.4
Head-Fixed Orientation / COM 4.1 4.1 14.0
Virtual Chassis [76] 3.2 3.8 10.0
Alternate Virtual Chassis 3.1 3.6 10.8

Table 4.6: The accuracy of various of the SSUKF in estimating the Euler angle orientation
of the head module of the snake robot using different body frames for the filter process and
measurement models. An averaged body frame improves performance slightly, although the
amount improvement depends heavily on the nature of the robot’s motion.
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Figure 4.9: Error of the estimated head module orientation using increasing numbers of IMUs
for the state estimate. Using additional IMUs provides little improvement in the estimation of
pitch and roll, but greatly reduces the dead-reckoning error in yaw.
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Chapter 5

Application: Pipe Network Navigation

Underground sewer pipes were chosen as a target environment to demonstrate the in-

tegration and application of the developments of this thesis. While there are a number

of specialized tools available for the inspection and maintenance of sewer pipes, we set

out to perform tasks that would be difficult for any one tool to accomplish. In partic-

ular, we focused on negotiating the transition between a sewer collector pipe and the

smaller pipe that joins it from a house, called a lateral.

Reliably locomoting through a lateral junction involves integrating state estimation

and compliant control so that a robot’s gait can be adjusted autonomously and based

on an accurate estimate of its orientation in a world frame. It also requires the de-

velopment of new pipe-crawling gait that includes parameters that allow the robot to

navigate pipe bends and junctions.

5.1 Pipe Crawling Gait

The basic pipe crawling gait [88] commands joint angles along the robot’s backbone,

θ̄l, such that the shape of robot forms a helix of constant curvature,
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θ̄l =





dl(A·sin(ξ)), lateral,

dl(A·sin(ξ + π
2 )), dorsal,

(5.1)

ξ = 2π(γ + νl). (5.2)

In (5.1), A is the amplitude of the sinusoidal oscillation for each module. In (5.2) the

parameter ν describes the spatial frequency of the macroscopic shape of the robot with

respect to module position, l. The parameter, l, refers to a normalized snake length

that varies from 0 at the head to 1 at the tail. The temporal position, γ, within the gait

controls the twisting motion of the base shape of the robot about the backbone curve,

which is the main means of locomotion. Since the gait is a cyclic function, temporal

position modulo 1 can be thought of as the phase within the gait cycle. It is also

common to set γ to change with constant velocity,

γ = ωt. (5.3)

Spatial frequency ν and amplitude A are similar, respectively, to the Frenet-Serret

torsion and curvature of the robot’s helical backbone shape [105]. Depending on the

specific value of ν, the robot’s overall helical shape can be designed to move on either

the outside (Fig. 5.1) or the inside (Fig. 5.2) of pipes.

Unlike previous presentations of our gaits, these gait equations are parameterized

in terms of curvatures that have the units of radians / snake length. These curvatures

are multiplied by joint length, dl, to obtain actual joint angles. This modification will

allow the gait parameters to scale more appropriately to robots with different joint

spacing and accommodate future robots that may have non-uniform joint lengths.

To enable the snake robot to actively navigate bends and junctions, we created

a modified version of the helical pipe crawling gait [78, 88]. Specifically, we added
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Figure 5.1: A configuration of the basic pipe crawling gait (left), used for traveling on the
outside of pipes and poles. The plots to the right show the corresponding lateral and dorsal
joint angles.

a parameterized planar bend to robot’s backbone that could be localized along the

length of the robot and adjusted in its amplitude and direction. This bending mode

was added on top of the base helix shape, resulting in the new gait equations

θ̄l =





dl(Al·sin(ξ) + cos(φ)Aκ ϕ(µ, σ, l)), lateral,

dl(Al·sin(ξ + π
2 ) − sin(φ)Aκ ϕ(µ, σ, l)), dorsal,

(5.4)

Al = A(1− ϕ(µ, 2σ, l)). (5.5)

The planar bending mode was created using a Gaussian function, shown in Fig. 5.4,

that was superimposed onto the baseline curvature of the pipe crawling gait, shown

in Fig. 5.2. To ensure that the bend lies in a single plane, the base amplitude of the

helix, A, is tapered to straight line using a second Gaussian function with a width

that is set twice as wide as the bend width (5.5). The net effect of this planar bending

mode is shown in Fig 5.3, where a bending mode is present lateral joint angles and a

straightening effect is observed in the dorsal joint angles. The Gaussian function, ϕ, is

normalized so that the magnitude of the center of the Gaussian is always 1, which is
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Figure 5.2: A configuration of the basic pipe crawling gait (left), used for traveling through
straight pipes. The plots to the right show the corresponding lateral and dorsal joint angles.

then scaled by the bend amplitude, Aκ. The spatial location and width of the Gaussian

are controlled respectively by the parameters µ and σ. The direction of the bend with

respect to the lateral and dorsal planes along the robot’s backbone is controlled by a

specified bend angle, φ. Figure 5.3 shows the robot’s shape with a bend angle of 0◦

creating a bend to the left. Given the same base shape of the robot, a bend angle of

180◦ would create a bend to the right.

Controlling the gait parameters during operation is accomplished in one of three

ways. The first is that the operator manually sets and adjusts the value. Up until now,

this method has been the primary means of control of our snake robots. The second is

that the parameter is controlled compliantly, based on its estimated value. In this case,

the operator commands an offset from the parameter’s estimated value and the system

servos to a sum of the estimated value and this offset. Finally, parameters can be set

automatically via some other process, e.g., the estimated orientation of the robot. The

full set of gait parameter values are detailed in Section 5.3.

When navigating a pipe junction, the operator sets the bend width, σ, to a static

value. For the work presented in here, σ was set to a static value of 0.1. This allowed

the bend to be tight enough to negotiate a sharp 90◦ turn, while being broad enough
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Figure 5.3: A configuration of the modified pipe crawling gait, with a bending mode added to
the front of the robot in the lateral plane that causes the head to hook to the left. The plots to
the right show the corresponding lateral and dorsal joint angles.
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Figure 5.4: The function ϕ that is used to add a bending mode to the pipe crawling gait. The
bend is created by adding a Gaussian that is centered at the position, µ, with a characteristic
width, σ.

to allow the bend to be present in multiple joints of the robot, which aided in the

stability of the parameter estimation for compliant control, described in the following

section. As the robot drives down a straight pipe and encounters a junction, the op-

erator manually initializes a bend location µ at the head of the robot with an initial

amplitude Aκ. These parameters are controlled compliantly, with the bend location µ

being passed tail-ward along the backbone, and the bend amplitude Aκ complying to

the pipe’s bend geometry, as the robot progresses through the bend.

The bend direction φ is set based on a desired world frame direction (e.g., left,

right, up, down). Because the gait’s bend direction is specified in a frame fixed to
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the robot, a separate process that estimates the orientation of the robot [79] is used to

determine the body frame direction, φ, that corresponds to the desired world frame

direction. For example, in Fig. 5.3, the curvature of bend is located in the lateral plane

of the robot. If the robot’s orientation rolled by 90◦, the bend would need to be rotated

accordingly, so that the curvature was located in the dorsal plane. Compensating for

this motion based on the orientation of the head module of the robot allows the bend

to be properly oriented at all times, even as the robot corkscrews through the pipe.

5.2 Compliant Controller

To navigate pipe junctions, three gait parameters are controlled compliantly, following

the methods laid out in Chapter 3, by assigning offsets, ρ, from the current parameter

estimate. Compliance on helical curvature, A, of the robot’s helical backbone shape

was used to ensure that the robot pushed out onto the pipe for traction, regardless of

changes in pipe diameter. The bend amplitude, Aκ, and bend position, µ, were also

controlled compliantly with positive offsets to encourage the bend along the robot’s

backbone to be continually tightened and passed back as the robot progresses:

Acmd = A + ρ1

Acmd
κ = Aκ + ρ2

µcmd = µ + ρ3.

(5.6)

5.3 Experiments

We tested the robot by navigating the inside of complex pipe networks, both in the lab

and in a real-world storm sewer network using the expanded pipe crawling gait, Eq.

(5.4) and (5.5).

70



Gait Parameter Settings
Parameter Control Value

γ manual, variable γ = ωt
A compliant ρ1 = 1.5
ν manual, fixed ν = 1.75

Aκ compliant ρ2 = 2.0
φ automatic Euler angle roll
µ compliant ρ3 = 0.05
σ manual, fixed σ = 0.1

Table 5.1: Summary of the gait parameters used for pipe navigation. Parameters that are
controlled manually are either set to a constant value (σ and ν) or to change with constant
velocity (γ). Parameters that are controlled compliantly are commanded to an offset from their
estimated value (A, Aκ, and µ). The bend angle (φ) is assigned based on the estimated roll of
the robot.

Process Noise Values, ψ

Parameter Value
γ 10−3

A 10−2

ν 10−4

Aκ 10−2

φ 10−5

µ 10−3

σ 10−4

Table 5.2: Process noise values for parameter estimation. These values correspond to the first
derivatives of the gait parameters, α̇.
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5.3.1 Lab Tests

The first set of tests were in a complex pipe network set up in a lab environment. Gait

parameters were assigned according to the values and controls shown in Table 5.1, and

the process noise tuning parameters for gait parameter estimation were set according to

Table 5.2. The networks mostly consisted of 4-inch PVC pipes with a variety of bends,

T-junctions, and Y-junctions. Videos of the robot navigating complex pipe networks

with a series of bends and turns are included in the multimedia supplement to this

thesis in Appendix C. Figure 5.5 shows the robot negotiating a 90◦ junction. As the

robot approaches the junction it is commanded to initiate a bend to the right, and after

that the robot is controlled autonomously.

The plots in Figs. 5.6 - 5.8 show the parameters that control the shape of the bend

along the robot’s backbone. The position and amplitude of the bend are controlled

compliantly (5.6). In Figs. 5.6 and 5.7 it can be seen that bend is gradually passed

back, and that the amplitude of the bend varies while the robot progress through the

junction. The bend location oscillates when the bend is located at the head and tail of

the snake. This is because the center of the bend is allowed to move past the ends of

the robot. This allowed the bend to smoothly transition into and out of the robot, while

maintaining a large estimated bend amplitude. This provided more stable parameter

estimation and more robust locomotion while commanding a static offset for bend

amplitude in the compliant controller.

The bend direction, plotted in Fig. 5.8, shows how the direction of the bending

mode in the robot’s shape is oriented automatically according to the robot’s roll. As

the robot navigates the junction, there is significant slipping, and the steady rolling of

the robot around the centerline of the pipe is temporarily disrupted. Since the bending

mode is controlled from the estimated roll, it remains aligned with the direction of the

pipe junction allowing the robot to progress smoothly forward without any interven-
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tion from the operator.

5.3.2 Field Testing

To test the robot in a real-world pipe environment, we navigated a storm sewer net-

work consisting of 4-inch and 6-inch PVC pipe. Three separate trials were performed,

summarized by the overview map in Fig. 5.9. In total, the robot was able to negotiate

three different 45◦ bends and two 90◦ T-junctions. The robot’s odometry in the pipe

was approximately recorded by marking the length of tether that the robot pulled into

the pipe. It should be noted that the details of the field sewer network were not known

ahead of time. We had an approximate idea of the locations of various junctions and

bends, but details like the various pipe diameters and junction configurations were not

known.

The first run was downstream from a gutter downspout, shown in the left image of

Fig. 5.10 and the red route in Fig. 5.9. The robot progressed past two 45◦ bends and

proceeded to a point 55 feet from the insertion point where the pipe was deformed

to less than half of its cross-sectional area, seen in the middle image of Fig. 5.11. We

were unable to move the robot past this partial blockage, and thus moved to a second

location.

The second and third runs were from a storm drain further downstream in the

sewer network, shown in the middle image of Fig. 5.10. In the second run (yellow

route in Fig. 5.9), the robot travelled approximately 80 feet upstream in 6-inch pipe,

and successfully transitioned through a 90◦ T-junction into a 4-inch lateral using the

compliant controller. When pulling back, a problem with the tether caused power

and communications with the robot to drop out, and the robot had to be retrieved

manually. A second robot and tether were used for the third run.

The third run (orange route in Fig. 5.9) started at the same storm drain and pro-
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Figure 5.5: Stills from a video of the snake robot moving compliantly through a 90◦ pipe
junction, spaced at approximately 10 second intervals. The direction of the bend is given by an
operator and the controller compliantly adapts the gait to the robot’s surroundings.
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Figure 5.6: The bend position from the gait controller during the above trial. When the bend
is initiated it starts of at the front of the robot, and is automatically passed back as the robot
through the junction.
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Figure 5.7: The bend amplitude from the gait controller during the above trial. The amplitude
tends to be larger at the beginning and end of the trial, since the bend’s center is located off the
ends of the robot.
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Figure 5.8: The bend direction from the gait controller during the above trial. As the robot
corkscrews through the pipe, the direction of the bend is adjusted based on the robot’s esti-
mated orientation from its internal IMUs.
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Figure 5.9: An overview of the 3 field runs with the snake robot. The red line is a downstream
run in 4-inch pipe from a gutter spout until the partial blockage, showing in Fig. 5.11. The
yellow and orange lines run upstream in 6-inch pipe and turn left in 4-inch laterals.

gressed approximately 100 feet upstream to a second T-junction. The robot successfully

transitioned through a 90◦ T-junction into this 4-inch lateral, travelled another 6 feet,

and finally around a 45◦ bend. At this point, pulling the tether around these bends

was severely limiting the robot’s ability to move forward, but we were still able to

make it another 4 feet, moving through an offset joint, shown in the left image of Fig.

5.11. When pulling back, problems with the tether connection again caused power and

communications to the robot to fail, and the robot had to be retrieved manually.
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Figure 5.10: Photos from the field deployment of the snake robot. The top images show the
two locations where the robot was inserted into the storm sewer and the operator control unit.
The bottom images show the robot before deployment (left) and after retrieval from the storm
sewer (right).

Figure 5.11: Selected stills from the video feed from the robot during the deployment in actual
storm sewer pipe. The left image shows an offset joint, where the surrounding soil is visible.
The middle image shows a partial blockage where the pipe has been deformed, likely by a tree
root. The right image shows the approach to a 45◦ bend.
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Part II

Series Elastic Actuation for Snake

Robots
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Chapter 6

Background and Related Work

The control of the Unified Snake robot, as well as most other snake robots, relies on

controlling the robot’s overall shape via its individual joint angles. For simple en-

vironments like flat ground, channels, or pipe networks, it is possible to design and

parameterize a shape-controlled motion to provide locomotion. The contributions of

Chapter 3 automatically adapt the parameters of a shape-controlled motion automati-

cally to the environment, but still falls short of the ability of biological snakes to move

through completely unstructured terrain.

We believe that the ability to control the torques and forces exerted by the robot rep-

resent a critical missing link in improving locomotion over unstructured terrain. In the

pursuit of this capability, we designed and built a Series Elastic Actuated Snake robot

(SEA Snake) that has the ability to approximately control the torques of its joints. In

doing so, we have made contributions to the design of SEAs, developed a unique per-

spective on the relative roles of accuracy and damping in torque control, have demon-

strated new compliant motions for snake robots. This chapter provides background

and related work relevant to our contributions, covering prior work on compliant ac-

tuation in the context of biological and robotic snakes, the design and implementation

of series elastic actuation in other robots, and the control of torques and forces for
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Figure 6.1: Schematic showing the high-level concept of Series Elastic Actuation.

articulated mobile robots.

6.1 Series Elastic Actuation

Electric motors have desirable control properties in that their speed and torque are ap-

proximately linear, respectively, with motor’s electrical voltage and current. However,

typical electric motors produce high speed actuation with relatively low torque, while

robots generally are usually required to perform tasks that require low to moderate

speeds with high torques and forces. In the case of mobile robots, weight concerns

and the desire to use off-the-shelf components mean that designers usually use highly

geared electric motors for actuation. While geared motors provide good power and

force density, a gear train introduces a number of non-linear effects, such as backlash,

stiction, and amplified motor inertia. If the only concern is controlling the output

position of the actuator, these effects can be largely overcome through feedback control

and the use of encoders to directly sense the actuator’s position. However, if one is

trying to control the output force of the actuator, these effects greatly complicate the

relationship between the motor’s electrical current and actual output torque of the ac-

tuator. Furthermore, direct sensing and feedback control of the forces at an actuator’s

output remains difficult and expensive.
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Two decades ago, Pratt and Williamson proposed the series elastic actuator (SEA)

as a means of achieving actuation compliance and low-bandwidth force control [70,

101]. The overall idea is to place a passive spring at the end of a traditional stiff

actuator, essentially low-pass filtering the output of the actuator. Doing this sacrifices

the actuator’s ability to perform precise high-bandwidth position control in order to

improve its ability to perform accurate and stable low-bandwidth force control. Series

elasticity also provides mechanical shock protection, a common cause of failure and

wear for gear trains, and allows significant energy storage in the spring, potentially

allowing the use of a smaller motor. Finally, it enables a low-cost implementation of

force controlled actuation, since the large spring deflections "turns the force control

problem into a position control problem" [70] that can be sensed with inexpensive

encoders.

Initial prototypes of SEAs were relatively large, and intended for human-scale

robots for walking and manipulation [70, 101]. Since then, work in series elastic ac-

tuator design and control has primarily focused on legged locomotion [33, 74, 84]. In

these contexts, the goal of incorporating SEA into a robot’s design has been to improve

energy storage and efficiency as well as achieving force control. As such, designs typ-

ically use steel torsion springs [14, 50] or fiberglass plates [33] for the elastic material,

and strive to minimize the inherent damping of the actuator as much as possible. Ad-

ditionally these actuators are relatively large, since they can be incorporated in the leg

structure of a robot or prosthetic.

Recent advances in sensing have made encoding motion extremely easy and inex-

pensive, thanks to the small size and design flexibility of devices like absolute mag-

netic encoders. This has enabled a steady progression of SEA design on two fronts,

size and cost. An example of a particularly compact SEA is the Robonaut 2 robot [14], a

humanoid robot with high-resolution encoders and custom torsion springs for compli-

ance and torque sensing. These machined spiral springs are of a similar overall form
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Figure 6.2: Torsion springs from Robonaut 2. Presented with permission of the authors of [14].

factor to our design and are presumably quite linear, but the springs have an order

of magnitude less energy density, due to their use of a custom-machined steel profile

rather than a sheared rubber element. The Baxter robot by Rethink Robotics is a recent

example of SEA enabling extremely low-cost robots with force sensing capabilities [24].

6.2 Compliance in Snakes

Biological snakes, like most animals, inherently possess compliant actuation from their

muscle-tendon systems [23, 62], and as such some of the more recent work in modeling

their motion have treated their internal dynamics as visco-elastic actuators [25].

For snake robots there is limited prior work exploring the role of compliance in

locomotion. Hirose’s foundational work with the Active Cord Mechanism [30] explores

tendon-driven actuation for manipulation, but relies on stiff actuation, position control,

and passive wheels for locomotion. Most other compliant snake-like robots have been

modeled after elephant trunks, pneumatically actuated, and designed primarily for

manipulation [38] instead of locomotion.

The best of our knowledge, the only truly compliantly actuated robots for locomo-

tion are the OmniTread robots by Borenstein et al. [5] and Ohno and Hirose’s Slim Slime
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Figure 6.3: Examples of compliantly actuated snake robots. The OmniTread OT-4 robot (left) has
rigid tracked sections joined by pneumatic bellows. The Slim Slime robot (right) is a continuum
robot with internal pneumatic actuators. Presented, respectively, with permission of the Prof.
Johann Borenstein and Prof. Shigeo Hirose.

robot [66]. Both of these robots achieve their compliant actuation through the use of

bellows-like pneumatic actuators. However, because of the use of pneumatic actuation,

the physical shape and forces exerted by the robot are difficult to control and the links

of both robots have a relatively small range of motion.

Takaoka et al. integrated limited compliance and force sensing capabilities in the

ACM R4.1 [87]. Their design used rubber as the elastic element and a novel ball-

bearing cam system to compress an o-ring as the joint exerted torque. Using this

design, the robot was able to comply to the surrounding terrain, but suffered from a

limited range of motion and calibration issues due to the slippage of the rubber o-rings

in their mechanism. In many ways, the design of the o-ring based torque sensor on the

ACM R4.1 is a step in the same direction that we pursued when designing our rubber-

based SEAs, exploiting the design flexibility and energy density advantages of rubber,

while attempting to mitigate its non-linearities through careful design and modeling.

Finally, an interesting approach to exploiting compliance for snake robot locomotion

was taken by Andruska and Peterson [2] who investigate the role of compliance in

the surrounding terrain of the robot, navigating a stiff robot through an elastically

deformable channel.
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Figure 6.4: The Kulko robot from NTNU. This robot has spherical housing and force sensing
resistors in each link, and performs obstacle-aided locomotion by controlling the contact forces
along its body. Printed with permission of the authors of [57].

6.3 Torque and Force Control for Snake Robot Locomotion

Prior work with biological snakes has primarily focused on classifying and analyzing

the kinematics of their locomotion [37, 62]. More recent work has focused on measur-

ing and modeling the torques and forces involved with a snake’s interaction with the

world [21, 25, 31].

Hirose’s work with the original ACM [30] suggests a model for torque control based

on the curvature along the robot’s backbone. For a snake robot with passive wheels

(the extreme case of anisotropic friction) he theoretically proves that a snake robot can

propel itself forward merely by undulating the backbone. The work of Date [12] and

others [47], experimentally demonstrate that a torque law based on the derivative of

the robot’s backbone curvature, coupled with tactile sensing, can propel a wheeled

snake over obstacles and through corridors. Kamegawa et al. [46] further extend this

approach in simulation for a robot with torque controlled joints and tactile sensing.

A group at NTNU has focused on performing force-based obstacle aided locomo-

tion for a snake robot without wheels. Transeth et al. have presented an extensive

non-smooth model-based approach for control [91]. And more recently, Liljeback has

experimentally demonstrated obstacle aided locomotion in a lab environment for vari-
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ous configurations of obstacles [57] with their robot Kulko, shown in Fig. 6.4. This robot

senses contact forces along its body with force sensing resistors distributed throughout

the robot, and controls these contact forces to propel itself forward.

All of the aforementioned work relies on snake robots with tactile sensing. Because

tactile sensing is difficult to robustly implement in a field robot, an alternative ap-

proach to compliant locomotion is to design controllers that adapt to the terrain solely

through control of joint torques, without explicitly sensing the robot’s contacts with

the world. The final contribution of this thesis explores different motions that follow

this approach, implemented on the SEA Snake robot. In Chapter 9 we present a variety

of low-impedance motions for snake robots. These motions demonstrate obstacle-aided

locomotion as well as other novel behaviors, based on extensions of existing work by

our group [88] and others.
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Chapter 7

Design of a Compact Series Elastic

Actuator

Incorporating series elasticity into a high-performance robot is not a trivial task. Our

snake robots are similar to most other mobile robots in that they rely on highly-geared

electric motors for actuation, providing large torques at slow speeds. For example

the modules of the Unified Snake robot use a brushed DC motor and a 400:1 gear

train to produce peak torques of over 2.7 N-m and a maximum speed of 30 rpm. In

order to be used in our snake robots, the series elastic element needs to have excellent

energy storage and strength, fit in an extremely small design space, and be able to be

manufactured reliably in large quantities (our lab currently has 60 snake modules).

This work details the design, fabrication, and modeling of a high-performance se-

ries elastic element that torsionally shears rubber between two rigid plates. We show

that this design meets all of the above design criteria, and that the spring’s character-

istics can be modeled well enough to enable accurate torque sensing for field robots.
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Figure 7.1: Photo (left) and cross-section (right) of the bonded rubber series elastic element.
The rubber is sheared torsionally about the element’s central axis. The element is 25mm in
diameter, 5mm thick, and weighs just under 5 grams. The softest springs can exert 8 N-m of
torque and can withstand +/- 90◦ of rotational displacement. These elastic elements have been
integrated into Carnegie Mellon’s Unified Snake robot.

7.1 Mechanism Design

Since space and weight are extremely constrained in our snake robots, the material

choice for the elastic element is important. Table 7.1 shows the specific energy of vari-

ous materials in terms of both mass and volume [54]. Commercially available springs

are commonly made out of fiberglass and steel because of those material’s high energy

recovery and linearity in spring stiffness. Although rubber has significantly higher

specific energy than other materials, it is often avoided as a spring material because

of its non-linear stiffness and hysteresis. In our case, the primary goals of the spring

are to add compliance to the robot and achieve even approximate torque sensing, with

energy efficiency and linearity of the spring constant ranking as secondary concerns.

7.1.1 Initial Prototyping

Initial prototypes of the rubber elastic element were manufactured by using cyanoacry-

late (CA) adhesive to glue pieces of sheet rubber between two laser cut pieces of acrylic.

These prototypes were easy to construct and iterate upon, and they let us test a variety
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Material Specific Energy Energy Density
(mass) (volume)

Steel 140 J
kg 1 J

cm3

Fiberglass 770 J
kg 1.5 J

cm3

Rubber 5200 J
kg 5 J

cm3

Table 7.1: The specific energies and energy densities of commonly used spring materials. By
both weight and volume, rubber has by far the greatest performance [54].

Figure 7.2: A photo of one of the early prototypes of the series elastic spring. The rubber
element is latex sheet, which is glued to acrylic plates. The spring is 38 mm (1.5 in) in diameter
and 10 mm (.4 in) thick.

of different rubber types and durometers. Through this rapid iteration we found that

ultimate strengths of up to 8 N-m (6 ft-lbs) of torque and maximum deflections of up

to 90◦ were possible in a package that had an outer diameter of less than 25 mm (1

in) and a thickness of 5 mm (.19 in). Although the CA adhesive bonded particularly

on neoprene rubber, getting a consistent bond across multiple spring prototypes of

different materials proved difficult. This motivated our transition to having the next

iteration of springs molded by a professional rubber supplier.

7.1.2 Tapered Design

Initial prototypes of the spring had a flat layer of rubber between the top and bottom

plates. To maximize the ultimate load of the rubber inside the element, the cross-
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Figure 7.3: A diagram of the top view (left) and cross-section (right) of the conical tapered
spring.

section of the element was later designed with a conical taper that intersects at the

center of the spring, as shown in Fig. 7.3. This taper generates uniform shear stress

across the entirety of the rubber, as opposed to a flat cross section where the periphery

of the rubber is stressed more. Since the maximum shear stress in rubber is what

limits the ultimate strength of the spring, designing the spring to uniform shear stress

maximizes its ultimate strength.

The amount by which a tapered conical spring design increases the stiffness and

strength of the spring can be calculated by integrating the spring’s internal shear forces

[20]. The torque T generated by the spring is a function of the shear stress τ integrated

over differential rings of radius r

T =
∫

r τ(r) (2πr dr). (7.1)

As an approximation, we assume the shear stress is proportional to the rubber’s

shear modulus G, the spring’s rotational displacement θ, the distance from the center

of the spring r, and the thickness of the rubber h

τ(r) =
Gθr

h
. (7.2)

Substituting into (7.1) and integrating from the spring’s inner radius R1 to its outer
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radius R2 yields

T = 2πGθ
∫ R2

R1

r3

h(r)
dr. (7.3)

For a spring with a flat cross-section, the rubber has uniform thickness, H, through-

out its radius

Tflat =
πGθ

2H
(R4

2 − R4
1). (7.4)

For the conical taper cross-section, the rubber thickness increases linearly with in-

creasing spring radius

Ttaper =
2πR2Gθ

3H
(R3

2 − R3
1). (7.5)

To calculate the amount of increase in failure torque in the tapered spring compared

to the flat spring, we take the ratio of (7.4) and (7.5) and express the result in terms of

the ratios of the inner and outer radii of the spring

ρ =
R1

R2
(7.6)

β =
Ttaper

Tflat
=

4(1− ρ3)

3(1− ρ4)
. (7.7)

This torque ratio β is greater than 1 for all R1 < R2. A plot of the torque ratio as

a function of the ratio of inner and outer spring radius is shown in Fig. 3. For the

springs presented in this thesis ρ = 0.6, yielding a theoretical improvement in ultimate

load and energy storage of 20% by using a tapered conical cross-section compared to

a flat cross-section.
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Figure 7.4: The ratio of increased stiffness and ultimate strength of a tapered cross-section
elastic member compared to one with a flat cross-section for a range of ratios of inner and
outer radii of the spring.

7.1.3 Manufacturing and Molding

For the most recent iteration of springs, we engaged a professional rubber molding

company to mold neoprene and natural rubber to conical steel plates (Fig. 7.1). To test

the maximum compliance that can be afforded by this spring design, we chose to have

a set of springs fabricated with the softest durometer rubber available. In the initial

prototypes, we tested 3 different rubbers: 40A durometer neoprene, 40A durometer

natural rubber, and 50A durometer natural rubber.

The top and bottom plates for the spring were designed with a circular pattern

of posts that enable the springs to be integrated into the final gear stage of our snake

robot modules. The conical spring adapter plates were fabricated from cold-rolled steel

bar, using conventional turning and CNC machining processes. To enhance bonding

of the rubber, the surface of each plate was treated with a microcrystalline calcium

modified zinc phosphate coating. This treatment process was provided by Rampart

Industries in Detroit, Michigan. The molding was performed by MPS Manufacturing

in New Philadelphia, Ohio.

The rubber spring material – 40-50 durometer natural rubber or neoprene – was

compression molded at 150◦ C. The process of bonding the rubber material to the

metal was preceded by an aerosol spraying of a primer and top coat to the clean metal
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surface. A period of 24 hours was allowed between applying the primer and molding

the parts so that chemical preparation had ample time to evaporate out of the coating

so as not to cause bond failure. The metals were then inserted into the 150◦ C mold

with approximately 4.5 g of rubber. The process of molding took 490 seconds per

spring. The assembly was then removed from the mold and the flash was removed

manually from the completed part. Finally, the part was allowed to cool slowly until it

reached room temperature. The final part weighs 5 g, with 1.8 g of rubber bonded in

between two 1.6 g steel plates.

7.2 Modeling

To load test the springs, we built a small torque-sensing test rig. Our goals for testing

were to determine the ultimate strength of various spring designs and rubber types,

to characterize the linearity of various spring designs, and to make initial attempts

to model hysteresis and other non-linear effects of the springs’ torque-displacement

curves.

Overall, the rubber springs were surprisingly linear (Fig. 7.5), with the caveat that

the spring constant softened after initial load cycling. This softening effect, known as

the Mullins effect, is a well-documented phenomenon in most rubber elastomers [48].

Linear spring constants were fit to torque displacement data for all 3 springs after they

had been initially load cycled. The best-fit spring constants and their average errors

are presented in Table 7.2.

Modeling hysteresis was attempted using a model similar to a viscoplastic material

model [48]. This physical model approximates the rubber as three parallel elements: a

linear spring, a linear damper, and a frictional element with a series spring. Each of

these elements has coefficients that are fit by optimizing the average squared error of

the predicted model torque compared the actual spring torques measured by our test

93



Neo 40A NR 40A NR 50A
Linear Model Error 8.9% 9.1% 5.5%

Hysteresis Model Error 5.1% 8.6% 2.6%
Spring Constant (N-m / ◦) .055 .059 .101

Table 7.2: Average error and approximate spring constants for the 3 different rubber materials
in the conical taper springs.

rig. Matlab’s fminsearch optimizer was used to fit the parameters.

There are five parameters to be identified in this model: a spring coefficient, a vis-

cous damping coefficient, a coefficient of friction of the frictional element, a yield force

of the frictional element, and a spring coefficient in series with the frictional element.

Figure 7.6 shows the predicted torque-displacement curve from this model along with

the actual torque-displacement curve for the 40A durometer neoprene spring.

7.3 Testing and Validation

The elastic elements using 50A durometer natural rubber have been integrated into

one of our lab’s Unified Snake robots (Fig. 4.1). While we are unable to measure the

deflection of the spring in the modules, we have been endurance testing them in the

everyday use of our robot. No failures due to fatigue have occurred in the 19 retro-

fitted modules in over 6 months of use. Other tests to characterize the springs have

been performed on a test jig.

7.3.1 Ultimate Strength

The molded springs that we tested to failure were 50A natural rubber, and had an

ultimate strength of approximately 8 N-m at over 60◦ of displacement. Assuming a

linear spring constant, the springs are storing approximately 6 J of energy. Since there

is only 1.8 g of rubber in the spring, the rubber is theoretically exhibiting a specific
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energy density of approximately 3,000 J / kg, on the order of what can reasonably be

expected for rubber (Table 7.1).

Unlike previous prototypes where failures typically occurred at the bond between

the rubber and the rigid substrate, failures occurred primarily in the rubber element

itself. To calculate a rough benchmark of spring performance, we can estimate the

energy storage of the spring. The energy stored in a rotary spring with a linear spring

constant k and deflection angle θ is

E =
1
2

kθ2. (7.8)

Fatigue tests of the spring were run by installing the springs into the final stage of

the gear train of one of our Unified Snake robot modules. By locking the output hub

of the module in place and commanding a 1 Hz sinusoidal oscillation, the spring was

subjected to repeated loading of approximately 2.6 N-m (2 ft-lbs).

The rubber in the these molded springs failed after approximately 10,000 cycles.

However, it is difficult to determine how realistic this test is compared to real world

use. In some cases, it appears that the rubber may have been heating up to the point

where it actually began to melt. Unfortunately, the deflection of the spring could not

be measured in this configuration so it is difficult to determine how much power was

being dissipated in the spring during the test.

7.3.2 Preliminary Torque Control

As an initial proof of concept, we implemented a simple torque controller, using one

of our Unified Snake robot modules and a molded 40 durometer natural rubber series

elastic element. The module and spring were attached to a test rig that measured the

output torque of the module and the absolute displacement of the spring. The torque

was measured with a load cell that was attached to a lever arm that could be pivoted by
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hand. The robot module was commanded to exert a constant torque of 1.3 N-m, based

on the spring’s deflection and a linear spring constant, while the position of the lever

arm was varied by hand. The feedback loop on estimated torque ran at approximately

17 Hz. The results of one of these tests is shown in Fig. 7.7.

While the module did a relatively poor job of tracking the commanded force, the

estimated torque based on spring deflection was accurate to within 5%. The problems

with using motor current to estimate force are also apparent in Fig. 7.7. In particular,

stiction in the gear train causes the motor current to repeatedly drop to zero even

though the module is actually exerting a significant torque.
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Figure 7.5: A comparison for torque-displacement profiles for 3 different spring materials. The
neoprene shows the most hysteresis and the lowest stiffness. The natural rubber springs have
significantly less hysteresis. All of the the springs are approximately linear over a +/- 2.6 N-m
torque range. The springs were cycled 3 times in increasing torque from from +/- .7 N-m to
+/-2.6 N-m.
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Figure 7.6: The measured (blue solid line) and modeled (red dashed line) torque-displacement
curves for the 40A durometer neoprene spring, which exhibited the most hysteresis of the
springs we tested. The spring was cycled through a torque of +/-2.6 N-m (2 ft-lbs).
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Figure 7.7: The estimated and actual torque for a trial where a 40A durometer natural rubber
elastic element was deflected on a test rig by one of our Unified Snake robot modules. The
module was commanded to hold a torque while the angular position of the output hub was
manually varied. Even though the applied force varied significantly from the commanded
value, a simple linear model of the spring’s deflection (red dashed line) was able to accurately
predict the measured torque (solid blue line), compared to attempts to model the torque based
on motor current (black dotted line).
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Chapter 8

Incorporating Torque Control

With the addition of series elastic actuation to our snake robots, the need now arises to

incorporate torque control into the low-level controllers on each module. This chapter

discusses the initial implementation of hybrid position-velocity-torque control on the

modules of the SEA Snake, shown in Fig. 8.1, and presents a philosophy on controlling

SEAs that, to our knowledge, differs significantly from conventional wisdom. In par-

ticular, we discuss the benefits of using relatively low control gains and deliberately

incorporating damping in both the design and control of the actuator. This differs from

most other work with SEAs that stress efficiency and energy recovery as goals of their

control as well as attempt to make up for an SEA’s inherent lack of high-frequency

force bandwidth by running a strong force control loop on the actuator.

This chapter provides an overview of the performance characteristics of the series

elastic actuator of the SEA Snake. We should note that the SEA in this robot is of the

same overall design but slightly larger than the one presented in the previous chapter.

This allows for greater ultimate strength of 12 N-m, and slightly increased stiffness of

8 N-m / radian, to better match the torque capabilities of the SEA Snake robot. We

include basic frequency analysis of the actuator and reasoning behind our gain tuning

and architecture of the control loops.
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Figure 8.1: A photo of the Series Elastic Actuated Snake robot (SEA Snake). Each module of the
robot has series elastic actuation that enables compliant motion and torque sensing.

8.1 Low Control Gains

A subject that has been underappreciated in our group for many years is the im-

portance of using low gains on the position controllers for the robot’s joint angles.

Robots that have position controlled actuators are typically tuned to follow trajectories

as tightly as possible. However, our snake robots locomote while operating with sig-

nificant errors (on the order of 10◦) in their commanded joint angles, as shown in Fig.

8.2, due to our use of softly tuned low-level controllers on the robot’s individual joints.

In our experience, running an aggressively-tuned PD or PID control was found to be

detrimental to the overall performance of the robot, as allowing steady-state error was

key to allowing the robot’s overall shape to respond at least partially to changes in the

robot’s environment.

The importance of this ‘virtual’ compliance became clear during our work in Chap-

ter 3 when we began to explore gait parameter estimation and better appreciate the
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Figure 8.2: Example of commanded and feedback joint angles from one of the modules during
pipe crawling. Note that the actual joint angles (solid line) significantly lag the commanded
angles (dashed line) due to the modules low proportional gain.

locomotion of the robot with respect to its overall shape changes. Angular errors in

the robot’s commanded joint angles that would normally be considered large have a

relatively small effect on the robot’s overall shape. Furthermore, these individual er-

rors are what allowed the robot to handle significant bends in its geometry with no

high-level adjustments to its shape. For example, the Unified Snake robot was able to

negotiate 90◦ bends on the outsides of pipes with only commanding the nominal gait

designed for locomoting on straight poles. The joint angle errors allowed by low con-

trol gains, spread across all the modules in the snake robot, were a key component in

allowing the robot to adapt its shape to changes in its environment with unmodified

feedforward joint trajectories. However, we should point out that the robot’s actuation

limited its compliant characteristics to pipes and channels, where the robot could exert

many times its own body weight. To comply to irregular terrain on the ground, passive

compliance and torque control is needed.

This simple proportional controller with a relatively soft gain on each module has

been used without change on our robots, until the recent addition of series elasticity

as a retrofitted modification to one the Unified Snake robots [80]. In the robot that was
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retrofitted with series elasticity, a derivative term was added to damp out oscillations

from the spring, but the proportional gain was left unmodified.

With SEAs, it is common to design the springs to be as linear as possible and run a

relatively high-gain controller on spring deflection so that the actuator can approximate

a perfect torque source within its control bandwidth. Our experience with using low

gains for the joint angle position controllers on our snakes led us to make two unique

choices in the design and control of the SEA Snake; to accept significant amounts of

non-linearity and inaccuracy in torque sensing and to continue to rely on relatively

low-gain controller tuning, this time on the inner torque control loop running on the

SEA.

First, we are willing to sacrifice linearity of the springs, and thus absolute accuracy

of torque sensing, in order to gain the strength and energy density benefits of using

rubber as the spring material. When locomoting with our stiffly actuated snake robots,

the joint angles typically deviate from their commanded values by as much as 10-20%.

We hypothesize, and demonstrate in Chapter 9, that a similar level of accuracy in

torque sensing is still enough to enable useful low-impedance locomotion.

Second, we run a relatively low-gain torque control loop, rather than the high-gain

torque control that is typically done with SEAs [33, 73]. Given that our rubber SEAs

are less accurate than traditional SEAs, this may come as no surprise. However, run-

ning a high-gain torque control loop on an SEA makes some sense from a theoretical

standpoint. The closer the actuator is to a perfect torque source, the easier it is to

analyze and perform precise motion control. Additionally, a high-gain controller will

also increase the bandwidth of the actuator beyond the passive dynamics of the motor

inertia and spring. In [73], Robinson shows that the controlled stiffness of the actuator,

kc, is increased by

kc = ks(1 + Kp), (8.1)
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where ks is the stiffness of the spring in the SEA and Kp is the proportional control

gain of the torque controller. This controlled stiffness, along with the load and motor

inertias, determine the natural frequency and the control the bandwidth of the actuator.

However, driving an actuator near or past its resonant frequency is commonly

known to be difficult [86]. Overall, we feel the stability issues caused by high control

gains interacting with the actuator’s stiction and backlash are a significant problem that

is often overlooked in the design and control of SEAs. Additionally, mobile robots are

always pushing their performance envelope, and spend a significant amount of time

near saturation. For these reasons, relying on the motor to extend an SEA’s bandwidth

is perhaps an overly optimistic goal.

8.2 Damping

A common motivation for using SEAs is the ability to store energy from the robot’s

motions, making them theoretically attractive for dynamic walking and running robots.

With snake robots, our goals for using SEAs are primarily for torque control and shock

protection, with energy storage and recovery being less important. Furthermore, we

note that both Robinson [73] and Hurst [33] comment in their respective PhD theses the

need to incorporate more controller damping in practice than theoretically expected.

This has led us to embrace the inherent damping in the design of the actuators, and

realize the importance of incorporating it for control.

The choice to use rubber springs in our SEAs means that the actuators are inherently

damped, as seen by the hysteresis in Fig. 7.5. Attempts to accurately characterize this

damping have proved to be difficult, as it seems to be a combination of visco-elastic and

elasto-plastic effects. While this makes traditional analysis and accurate simulation of

the SEA more difficult, energy is being removed from the system and will likely have

a stabilizing effect.
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Figure 8.6: A Bode plot showing the bandwidth of the series elastic actuator at different am-
plitudes of oscillation. We have chosen to tune the in torque control loop so that it is close to
critically damped.

cl = 2
p

kc Il. (8.5)

Equation (8.4) assumes that the output is fixed, or in other words has infinite inertia.

Qualitatively, if the output has some smaller inertia and can accelerate, the effective

spring constant is reduced and setting the damping gain to (8.4) will over damp the

actuator. Similarly, (8.5) assumes a fixed motor (not necessarily an accurate assump-

tion).

Since the load inertia, Il, changes during locomotion it helps to qualitatively con-

sider the effects of Il being larger or smaller than the geared motor inertia, h2 Im. If Il

< h2 Im, the resonant frequency is higher and the critical damping coefficient is lower,

and to be conservative we are better off setting the gain so that the motor’s oscillations

remain critically damped. If Il > h2 Im then the resonant frequency is lower and the

106

Figure 8.3: Model of the SEA with a fixed output for torque bandwidth testing. The motor
damping parameter, cm (in blue), was determined empirically from measured data, while the
remaining parameters (in black) were set based on the identified motor and spring parameters.

SEA Model Parameters
Parameter Value Units

ks 8 N-m / rad
bs 0.02 N-m / (rad/s)
η 349 : 1
Im 5.1× 10−7 kg-m2

bm 0.5 N-m / (rad/s)

Table 8.1: Parameters of the SEA used for modeling.

To test the torque bandwidth of a SEA Snake module, we clamped the output and

commanded sinusoidal oscillations of increasing frequency, as shown in Fig. 8.3. In

addition to measuring the response of the real actuator, a model based on the same pa-

rameters of the SEA, including motor saturation, was simulated. The damping of the

rubber spring was simplified and modeled as viscous friction. The identified parame-

ters of the spring and motor are provided in Table 8.1, and with the exception of motor

damping, bm, are based on either previous calibration of the spring, or specifications

of the motor, a Maxon EC-Flat 20 brushless DC motor.

The first set of tests were performed with a high gain on the torque controller,

Kp = 25, and no damping, Kd = 0. In theory, with the output of the actuator fixed, the

torque bandwidth should drop off past the controlled natural frequency of the motor,
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Figure 8.4: A Bode plot showing the bandwidth of the series elastic actuator of the SEA Snake.
The amplitude of oscillation was 1 N-m. Simulated parameters were based on motor data and
identified spring parameters, with the motor damping tuned to match the measured data.

ωm =

√
kc

η2 Im
. (8.2)

For the modeled system with no motor saturation (8.2), we would expect the actuator

bandwidth to be extended out to the controlled natural frequency of 7.5 Hz. This is

significantly beyond the 2 Hz natural frequency of the passive system, where kc = ks.

In Figs. 8.4 and 8.5, the dashed blue line is the response of a simulated system

using the parameters of the motor and spring in the SEA Snake. The upper plot shows

the ratio of commanded input force to actual output force as fraction on a log scale

as opposed to dB attenuation on a linear scale. Figure 8.4 shows the response of the

SEA to sinusoidal oscillations of 1 N-m. Without any damping in the torque controller,

there is a slight peak before motor saturation starts to dominate. The bandwidth of the

actuator starts to roll off at 5 Hz, showing the effect of the controller gain. However,
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Figure 8.5: A Bode plot showing the bandwidth of the series elastic actuator of the SEA Snake.
The amplitude of oscillation was 5 N-m. Simulated parameters were based on motor data and
identified spring parameters, with the motor damping tuned to match the measured data.

motor saturation is also apparent as the bandwidth does not extend out the 7.5 Hz that

would be predicted with no motor limitations.

The Bode plot in Fig. 8.5 even more clearly shows the effect of motor torque satura-

tion, qualitatively damping the system at large amplitudes. As the motor reaches the

limits of its capabilities the natural dynamics of the system dominate, and bandwidth

decreases past the passive natural frequency of 2 Hz. As indicated in the Table 8.1, the

motor damping coefficient, bm, was found to be quite significant, 0.5 N-m / (rad/sec).

It is interesting to note that if bm is set to zero, the model is numerically unstable,

further indicating how important damping is to the stability of the control of SEAs.
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Figure 8.6: The control loop architecture on theSEA Snake modules. Position and velocity
control loops generate desired torques, which are then combined with a desired feed-forward
torque and passed to an inner torque control loop. The measured angle θm, velocity θ̇m, and
torque τm are all measured directly at the output of the module.

8.3 Controller Structure

In addition to controlling torque, each module of the SEA Snake allows the simultane-

ous control of desired angular positions and velocities. This is accomplished with a

series of PID controllers, with the inner controller being a torque controller that tracks

the measured output torque of the module based on the module’s sensed spring deflec-

tion. Although each controller has the ability to perform full PID-control, we currently

use only P-control on position and velocity, and PD-control on torque. Figure 8.6 shows

the controller architecture as a block diagram. Each control loop runs at 1 kHz and

has a number of other modifications, including a deadzone range around zero error to

mitigate backlash and stepped ‘punch’ for overcoming gear stiction. A more detailed

description of the other aspects robot’s design and control architecture can be found in

Appendix B.

The configuration of the position and velocity loops feeding into the torque loop

means that only one loop has ‘final word’ over the commands going to the motor.

This allows us to tune the torque loop to have certain damping characteristics, such as
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critically damping the internal oscillations of the spring and motor.

This is set of cascaded controls was chosen over 2 alternatives. The first alterna-

tive is where the position, velocity and torque control loops are cascaded in series,

with a position error feeding to a velocity controller, and velocity error feeding into a

torque controller. This was avoided because the velocity measurements on the module

are very noisy. The second alternative is a flat architecture, where torque, velocity,

and position controllers are all summed together into a single motor signal. This con-

figuration may prove useful in the future, as it allows more predictable behavior of

the velocity and position controllers by bypassing the torque controller. However, our

current configuration in Fig. 8.6 has the benefit that it is more intuitive to tune out

oscillations of the SEA since only one loop has final control over the commands to the

motor, and the position and velocity loops have gains in the intuitive units of error per

N-m of torque.

8.4 Gain Tuning

When tuning the frequency response of an SEA, there are two natural frequencies that

need to be considered; the frequency of internal oscillation, ωm, of the spring and the

geared motor (8.2), and the frequency of external oscillation, ωl, of the spring and the

actuator load,

ωl =

√
kc

Il
. (8.3)

We note that the internal natural frequency of the motor and spring, ωm, is static

and depends only on the controlled stiffness kc from (8.1) and the motor inertia, Im,

seen through gear ratio, η. In contrast, the natural frequency of the output of the

actuator, ωl, varies over time, since inertia of the actuator load, Il, varies continuously
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based on the configuration of the robot and its contact with the environment.

Uncontrolled oscillations of SEAs is a common problem, usually resulting from

the actuator overshooting its target torque and then aggressively overcompensating.

To remove overshoot of the torque while maintaining the maximum bandwidth, the

controller should be tuned to be critically damped,

cm = 2
√

kcη2 Im. (8.4)

cl = 2
√

kc Il. (8.5)

Equation (8.4) assumes that the output is fixed, or in other words has infinite inertia.

Qualitatively, if the output has some smaller inertia and can accelerate, the effective

spring constant is reduced and setting the damping gain to (8.4) will overdamp the ac-

tuator. Similarly, (8.5) assumes a fixed motor (not necessarily an accurate assumption).

Since the load inertia, Il, changes during locomotion it helps to qualitatively con-

sider the effects of Il being larger or smaller than the geared motor inertia, η2 Im. If Il

< η2 Im, the resonant frequency is higher and the critical damping coefficient is lower,

and to be conservative we are better off setting the gain so that the motor’s oscillations

remain critically damped. If Il > η2 Im then the resonant frequency is lower and the

critical damping coefficient is higher. In the ideal case we would calculate the load

inertia and dynamically adjust the controller damping. This is generally not feasi-

ble during locomotion since snake robots lack the accurate ground contact model of

fixed-base manipulators, or even legged robots. However, in practice, once load iner-

tia becomes significantly larger than the motor, the internal oscillations of ωm again

become dominant.

Finally, there are practical limitations to increasing the damping gain. We would

like to be reasonably responsive while the actuator moves at lower load inertias, so
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Figure 8.7: A Bode plot showing the bandwidth of the series elastic actuator at different am-
plitudes of oscillation. We have chosen to tune the in torque control loop so that it is close to
critically damped.

statically setting an overly damped gain would be limiting. More significantly, noisy

velocity measurements from numerically differentiating the encoders on the actual

robot prevent the derivative gain from being set very high. Therefore we have initially

decided to set relatively soft proportional control gains on the torque controller, so that

we can set the torque controller’s damping gain to be approximately critically damped

for motor’s natural frequency. The bandwidth of the actuator at various torque am-

plitudes with this tuning is shown in Fig. 8.7. Like the previous Bode plots, the

magnitude responses are normalized by the input force so that the torque bandwidth

at various torque amplitudes.

Overall, this final plot points to the benefit of having damping in the spring as

opposed to relying on derivative gain in the torque controller. As long as the actuator is

far away from saturation, using controller damping works well, and offers a significant
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amount of flexibility in tuning the frequency response of the system. However, as the

motor nears saturation the passive dynamics of the spring dominate. In our case we are

fortunate that the torque control is well-damped by the internal friction of the motor

and geartrain, but the output load is free to vibrate since the springs we initially chose

are only lightly damped. However, if the spring itself provides damping, oscillations

of both the internal motor and the external load can be mitigated regardless of actuator

saturation.
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Chapter 9

Low Impedance Motions for Snake

Robots

The previous two chapters presented the design of a compact series elastic actuator

and the hybrid position/force control framework that we use for low-level motion con-

trol. This chapter takes the first step towards creating mid-level controllers that exploit

these new capabilities, and presents the preliminary results of using the compliant ac-

tuation of the SEA Snake to perform low impedance locomotion. By low impedance,

we mean motions where changes in the robot’s shape are primarily driven by its inter-

action with the environment and robot’s commanded joint torques, rather than being

driven directly by the robot’s commanded joint angles. These motions have the advan-

tage that they passively comply to the surrounding terrain, without adding additional

complexity to the controller and without needing tactile sensors on the robot.

Despite the preliminary nature of this work, we feel it is significant for three rea-

sons. The first is that we demonstrate that simple methods of controlling the torques

of the SEA Snake robot’s joints provides compliant locomotion significantly beyond

what complex methods were able to accomplish with the stiffly actuated Unified Snake.

The second is that we demonstrate, through the use of our approximately calibrated
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rubber-based SEAs, that precise and accurate torque control is not needed to accom-

plish at least some types of snake locomotion. The spring constants of the rubber

springs presented in this thesis have been able to be calibrated to within about 20%

of their actual value. Finally, to the best of our knowledge, these results are the first

demonstration of successful low-impedance and obstacle-aided locomotion of a real

robot without external force or tactile sensing.

9.1 Compliant Roll-In-Shape

The ability of our robots to twist continuously within a given backbone shape is a

property of the the torsion-free configuration of their joints, described previously in

Section 2.3.2 of this thesis and in more detail in [27]. For position controlled shapes

this can be exploited to create gaits where the backbone shape of the robot remains

constant and the robot rolls within this shape to locomote.

Yamada and Hirose discuss this configuration in detail in [105]. They refer to the

torsion-free configuration of a snake robot’s joints and the corresponding convention

of lateral and dorsal curvatures to describe the robot’s shape as a bellows model. In

particular, they note the relationship between the lateral and dorsal curvatures of the

robot κx and κy and the Frenet-Serret curvature κ to be

κ2 = κ2
x + κ2

y. (9.1)

For a given curvature, κ, in (9.1), there is a continuum of values for κx and κy that

allow the robot to be twisted into different configurations around the backbone. This

extra degree of freedom can be parameterized as the clocking angle, φ, of one of the

robot’s modules around the backbone,
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Figure 9.1: A visual representation of the roll-in-shape controller. The commanded torque τ is
commanded based on the local curvature κ. The commanded torque of the joint is the x or y
component of total torque, depending on how the joint is oriented in the robot.

φ = tan−1 κy

κx
. (9.2)

By specifying φ of any one of modules defines the clocking of the curvature vector

around all the remaining modules in the robot, and by gradually adjusting φ over time

the robot can be made to twist rigidly around a given backbone shape by commanding

joint angles based on the robot’s local curvature. This property is exploited with the

rolling motions of our snake robots, particularly the gaits designed for traversing pipes

in Chapters 3 and 5.

9.1.1 Controller

If we instead use this same intuition about the robot’s backbone curvatures to com-

mand joint torques instead of joint angles, we can achieve a low-impedance version

of rolling in shape. This motion has the property that the robot still twists around its

backbone, but the backbone shape itself results from the robot’s joint torques and its

interaction with the world.
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Intuitively, equation (9.1) represents how the total local curvature of the robot is

expressed in terms of its local lateral and dorsal curvatures. Torques can also be ex-

pressed in terms of the same vectors, and can also be broken down into its constituent

lateral and dorsal torques. If we want to increase or decrease the curvature, the ideal

torque to command would be aligned with the curvature. However, if we want to

rotate the curvature around the backbone, while changing the curvature as little as

possible, the ideal torque command would be orthogonal to the curvature, as visually

illustrated in Fig. 9.1.

As a control law on the x− and y−axis actuators on the snake robot , commanding

torques that are proportional and orthogonal to the local curvature simplifies down to a

controller where a torque about the x axis at some point along the robot is proportional

to the local curvature about the y axis, and vice versa,

τx(s) = −νκy(s)

τy(s) = νκx(s).
(9.3)

In (9.3), s is the position along the robot’s backbone, and ν is a scaling parameter that

linearly maps curvature to torque. The sign of ν can be used to control whether the

robot twists clockwise or counterclockwise around its backbone shape.

If the robot’s joints are evenly spaced along the backbone, this controller can be

equivalently written in terms of joint angles of hypothetical robot with 2 DOF joints.

In this case, the parameter ν now scales between joint angles and torques,

τx(s) = −νθy(s)

τy(s) = νθx(s).
(9.4)

On our snake robots, joints are alternately oriented in the lateral and dorsal planes

of the robot, as illustrated in Fig. 2.6. Because of this, at a given joint we have either

a measured θx or θy, but not both. Since the control law (9.5) requires knowledge
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Figure 9.2: A montage of the robot undergoing the compliant roll-in-shape motion. The robot
actively rolls along while compliantly adapting its shape to match its surroundings.
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Figure 9.3: Commanded and feedback data from one of the robot’s modules for a trial of
compliant roll-in-shape. The top plot shows the relationship of the commanded torque to the
measured joint angle. The middle plot shows the commanded vs. measured torque output of
the module. The bottom plot shows the module’s commanded and measured velocity.
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of the joint angle orthogonal to the joint that is being torque-controlled, we linearly

interpolate the angle based on the angles of adjacent joints s+ and s−,

θx(s) =
θx(s−) + θx(s+)

2

θy(s) =
θy(s−) + θy(s+)

2
.

(9.5)

This interpolation also has the effect of slightly smoothing out the robot’s measured

curvature.

9.1.2 Implementation

To demonstrate the compliant roll-in-shape motion, the robot was driven over various

terrains, including people’s limbs and bodies. To improve the performance of the robot

during rolling, two modifications were made to the control law (9.5). The first is that

the velocities of the joints were damped by commanding a 0 velocity and setting a small

proportional gain on the velocity controller on each module. This simulated viscous

damping prevents the modules from rolling too quickly when there is little to resist

the robot’s motion. The second is that the commanded torques were tapered slightly

(reduced by 1/3) at the head and tail. This mitigates kinking at the head and tail of

the robot, particularly when rolling on flat ground.

A montage of the robot executing compliant roll-in-shape is shown in Fig. 9.2. The

robot easily conforms to the arms and shoulders while rolling under its own power.

Figure 9.3 shows the commanded and feedback controls from the 8th module, located

in the middle of the robot. The top figure shows the orthogonal relation between the

commanded torque and the robot’s joint angle, as well as the slight smoothing effect

from interpolating joint angles for the controller. The middle plot shows the module’s

tracking of commanded torque, where the effect of the viscous damping due to a

commanded zero velocity can be observed.
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Figure 9.4: A visual representation of low-impedance sliding. Torques are commanded based
on the derivative of the robot’s curvature along the backbone. This has the effect of propagating
curves in the robot along the backbone, compliantly sliding around obstacles.

9.2 Low-Impedance Sliding

Biological snakes slide through their environment smoothly pushing off of obstacles.

Snake robots have typically achieved similar motions through the use of follow-the-

leader joint angle control schemes and often using passive wheels to create an ideal

contact with the world [30]. However, when the robot needs to negotiate around obsta-

cles or through corridors, these methods can perform poorly. To address these issues,

we would like to develop a low-impedance motion that mimics biological snakes and

uses obstacles aid in locomotion rather than avoid them altogether.

9.2.1 Controller

Date and Takita [12], as well as unpublished work by Jentoft and Pratt, propose using

a control law based on the derivatives of local curvatures along the backbone of the

snake,

τx(s) = λ
d(κx(s))

ds

τy(s) = λ
d(κy(s))

ds
.

(9.6)

In (9.6), λ is a scaling parameter that maps curvature to torque. This control law will

tend to amplify the trends in curvature in a direction along the snake’s backbone. The
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direction of propagation depends on the sign of λ. Intuitively, the commanded torques

will be largest at inflection points in the curvature of the snake, as shown in Fig. 9.4.

As with the roll-in-shape controller, we can equivalently express the desired torques

with respect to the robot’s joint angles instead of curvatures,

θ
′
x(s) =

d(θx(s))
ds

θ
′
y(s) =

d(θy(s))
ds

.
(9.7)

τx(s) = λθ
′
x(s)

τy(s) = λθ
′
y(s).

(9.8)

This controller was implemented on the robot, and during its use we observed that

modules have a tendency to kink at 90◦ and poorly propagate curvatures tail wards at

small angles. To address these issues we modified the control law from (9.8) so that

the torques were proportional to the square-root of joint angles,

τx(s) = λ sign(θ
′
x(s))

√
|θ′x(s)|

τy(s) = λ sign(θ
′
y(s))

√
|θ′y(s)|

(9.9)

The sign() function above returns 1 or −1, depending on whether its arguments are

positive or negative, respectively. This is needed to properly handle square-roots for

negative values of τx(s) and τy(s).

9.2.2 Implementation

To demonstrate low-impedance sliding, the robot progressed through a set of rounded

obstacles in a corridor. As with the roll-in-shape controller, the velocities of the joints

were damped, and commanded torques were tapered slightly towards the head and

tail. To decrease the coefficient of friction and smooth out the robot’s shape, we covered
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Figure 9.5: A montage of the low-impedance sliding motion. The robot’s head oscillates until
the shape of the robot closely matches the shapes of the buckets and the snake slides through.
Afterwards, the head continues to oscillate, causing the robot to turn in place.

the body with nylon cable braid.

In order to initiate curvature to propagate down the backbone, the torque of first

joint was oscillated with a fixed frequency

τhead = A sin(ωt). (9.10)

It should be noted that this blind oscillation is an extremely naive way of setting prop-

agating the sliding motion. In the future we intend to allow an operator or higher-level

planner to actively steer the head, providing a guide for how the curvature should be

shaped. Even with this simple implementation of the controller, the robot was able to

successful negotiate the obstacles in a surprisingly life-like manner, as shown in Fig.

9.5.

9.3 Empirical Gait Construction

It could be argued that the reason snake robots move across the ground when executing

a gait is less of a result of its shape changes and more of a result of its torques that are

applied to cause those shape changes. Since position-controlled gaits are cyclic, when

designing them we tend to exploit geometric regularity of the terrain, like flat ground

and cylindrical pipes. However with torque-controlled gaits it may be possible that a
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similar force-based regularity exists that can be exploited for gait design.

Our group, as well as others, have developed a wide range of position-controlled

gaits and motions [66, 88] that are useful in the field. While we have had some success

in making these gaits adapt to the robot’s environment [78], in general the tuning and

control of various gaits for a wide range environments is difficult. Therefore, we are

interested in methods that could endow our existing library of motions with the low-

impedance characteristics that might be enabled by torque control, without starting

gait development over from scratch.

9.3.1 Controller

To generate low-impedance versions of our existing gaits, we can execute a normal

position-controlled gait on the SEA Snake and record the robot’s feedback, including

joint angles, velocities, and torques. By executing the gait on the nominal terrain for

which the gait was designed (e.g. level ground), we hope to find cyclic velocities and

torques that correspond to ‘nominal’ locomotion. By playing back these positions,

velocities, and torques as reference trajectories, and closing the loop primarily on the

torques and velocities, we can generate a gait that closely mimics the original position-

controlled gait on the original terrain, while at the same time is more compliant to

variations and obstacles.

9.3.2 Implementation

We demonstrated the empirical construction of low-impedance gaits with the slithering

gait [88]. This motion is designed for flat ground, and is a modified version of sinus-

lifting [66] where the motion gradually tapers at the head of the robot so that the

camera image remains steady during locomotion.

The gait was executed on the SEA Snake and the feedback from each of the robot’s
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modules was recorded at 100 Hz. Before using the feedback as a reference trajectory,

the torque and velocity trajectories for each module were smoothed with a forward-

back rolling window filter (Matlab’s smooth() function) to remove high-frequency

noise without introducing lag into the trajectory. The gains on the module controllers

were set such that the position gains were much lower compared to the velocity and

torque gains.

During the execution of the low-impedance version of slithering, the robot was able

to navigate an abrupt bend using only the nominal feedforward motion designed for

going straight, as shown in Fig. 9.6. Instead of generating large torques to maintain

a commanded shape, and instead commanding the robot’s joints to primarily track

trajectories of torques and velocities enabled the robot to accept the deformations,

negotiate the bend, and gradually return to its reference trajectory afterwards.
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Figure 9.6: A montage of the robot undergoing the a low-impedance slithering gait. The robot
executes the gait cycle and progress forward, but can be easily deformed form the nominal
shape. This allows the robot to progress around a bend that would not have been possible with
a standard position-controlled gait.
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Figure 9.7: Commanded and feedback data from one of the robot’s modules for a trial of low-
impedance slithering. The module primarily tracks the commanded torque and velocity. This
allows the joint angle to deviate significantly from its commanded value without introducing
large torques or corrections.
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Part III

Conclusions and Future Work
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Chapter 10

Conclusions

The work in this thesis strives to develop methods that improve the locomotion ca-

pabilities of snake robots in real-world field environments. Although the individual

contributions of this thesis span the domains of motion control, state estimation, and

actuator design, together they share the philosophy that stability and robustness is often

more important than accuracy and precision. In order to compensate for the limita-

tions of poor sensing and modeling, carefully combining different sensing modalities can

mitigate the weaknesses of individual sensors and other components. Additionally,

at all stages we seek to exploit intuition about the system and focus on simplicity in

controlling and modeling the robot as much as possible.

In the case of gait-based compliant control, this perspective leads us to build on the

existing strengths of low-dimensional parameterized gaits and the intuitive connection

between individual gait parameters and high-level behaviors. For state estimation, we

exploit the extreme redundancy in our robot’s sensors rather than intricately model the

robot’s interaction with the world. In the development of both, we follow a Kalman

filtering framework, in part because of its widespread use in the robotics community

and in part because of its natural ability to accommodate the noisy and incomplete

feedback data from our snake robots.
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In our pursuit of intuitive tools for snake robots, we also formalize the notion of an

averaged body frame that we call the virtual chassis, and apply it to state estimation

of the robot’s shape and orientation. Compared to our preliminary work that used

simpler process models [75], the results from this thesis estimating for a wider variety

of models and gaits show that the benefits of using the virtual chassis body frame over

a fixed frame were less pronounced. While the virtual chassis remains an important

tool for intuitively understanding and developing motions for snake robots, when us-

ing higher fidelity models and increased update rates for sensing, the specific choice

of body frame becomes relatively less important.

Years of work developing and controlling the Unified Snake convinced us of the fun-

damental need to provide passive compliance and sensitive torque control in our next

snake robot. Furthermore, our experience from previous generations of snake robots

led us to a philosophy that values stability and robustness over accuracy and precision

and drove the novel design and implementation of the compact series elastic actuator

in the SEA Snake. Even though the rubber-based actuator developed in this thesis falls

short of the precision, accuracy, and energy recovery found in other SEAs, we believe

that these tradeoffs are warranted in exchange for significantly greater energy density

and strength. Furthermore, we believe that for robots where the surrounding environ-

ment, and indeed the robot itself, is poorly modeled, inherent damping in the actuator

should be embraced and exploited, rather than avoided.

While we did not originally consider this thesis to be heavily bio-inspired, in hind-

sight there is a distinct biological influence. The tools of traditional robotics, usually

developed in simulation or in a carefully managed industrial environment, are often

an inappropriate match for the unstructured but high-performance demands of artic-

ulated locomotion. The overall focus by researchers and engineers on improving the

precision and accuracy of sensors and actuators has gradually increased the capabili-

ties of many classes of robots, but advances in the locomotion of fieldable articulated

128



mobile robots, including snake robots, remains limited. For snake robots, we feel that

a lack of more accurate sensing or more powerful actuation is not the primary lim-

itation. Even the cheapest robots today contain more accurate encoders and inertial

sensors than their biological equivalents, and yet snake robots fall far short in their

capabilities. However, biological snakes have a wealth of other complementary tools

at their disposal that our robots currently lack: tactile sensing, stereo vision, hearing,

smell and taste, and specialized physical adaptations.

We believe that significant gains can be made to the practical capabilities of field

robots by taking a step back and considering the entire system more holistically. This

thesis demonstrates that the quality of a robot’s individual sensors and the fidelity of

its modelling and control are not necessarily the key to advancing its capabilities in

the field. Rather, we show the benefits of implementing a broadly capable set of sens-

ing and actuation modalities, however crude, and carefully incorporating all of these

modalities together to achieve dramatically improved performance and capabilities.

While the philosophy developed in this thesis has been gleaned from, and applied

to, snake robots, we feel it is an approach worthy of pursuit when controlling and

designing any robot.

129



130



Chapter 11

Future Work

This thesis makes contributions to the motion control, state estimation, and design of

snake robots. In each of these areas there are a number of interesting topics that could

merit further exploration.

11.1 Gait-Based Compliant Control

There are two main tracks of future work using gait-based compliant control with

snake robots. The first will be using this compliant control to manage the complexity

of more expressive feedforward-based gaits that have a greater number of parameters.

In this thesis, we presented modified version of the internal pipe crawling that includes

additional parameters that add a bending mode to the robot’s shape to allow it to

traverse pipe bends and junctions. In order for an operator to be able to reliably guide

the robot at a high level, most of these gait parameters were controlled automatically

with gait-based compliant control. Adding similar additional bending modes to other

gaits may result in a new level ‘steerable’ control within a given gait, rather than relying

on discrete straight and turning gaits as is currently done.

The second track will involve adapting gait-based compliant control to incorporate
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the new feedback-based torque-controlled motions that will be developed for the SEA

Snake. Initial work with the relatively stiff Unified Snake was limited to pipes and

poles because the robot needed to exert significant force to back drive its actuators and

deform its shape based on interaction with the environment. However, the torque-

controlled motions discussed in Chapter 9 are based purely feedback of the robot’s

shape and torque sensing and have their own limitations in terrains that lack features

to encourage rolling or sliding locomotion. If we can develop low-impedance versions

of our group’s existing gaits, gait-based compliant control can serve as a natural tool to

automatically controlling the overall shape of the robot, as well as continue to inform

an operator about the robot’s locomotion in the more intuitive space of gait parameters.

Finally, we believe these methods may be applicable to other systems that have a

low-dimensional controller that coordinates a large number of degrees of freedom. In

particular, walking or crawling robots that operate with low-impedance motions, or

significant amounts of low-level control error that can easily be observed would be

particularly suited to these methods.

11.2 State Estimation

The contributions of this thesis to the field of state estimation lay the groundwork for

a number of different avenues of future work. Due to the rapidly increasing capabil-

ity and decrease cost of MEMs IMUs, we are particularly interested to see how the

state estimation methods in this thesis can be applied to increase the capabilities and

performance of lower-cost robots.
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Incorporating Motion Models

Like our previous work [79], this filter uses a simplified model that makes minimal

assumptions about the way the robot interacts with the world. The main improvement

over our previous model was moving from a second-order to third-order kinematic

model, and dynamically adjusting the process and measurement noise based on the

estimated state. In some ways, any assumptions about how the robot interacts with

the world are currently embodied in our choice of body frame, where we use the vir-

tual chassis to attempt to separate the robot’s internal shape changes from its external

motions. A more elaborate motion model that makes assumptions about ground con-

tact would likely provide better results, as long as ground contact can be accurately

estimated.

Additional Sensing

Incorporating additional sensors that observe the robot’s yaw in an inertial frame is

desirable. Unfortunately, the magnetic fields from the robot’s distributed motors have

thus far prevented the use of MEMs magnetometers in the modules. However, the

video feed from the head module of the robot remains unused. Implementing vari-

ous vision algorithms on this video and integrating these observations into the filter

could aid greatly in pose estimation, as has been demonstrated in recent work that

estimates motion with the camera and IMU of a smartphone [55, 56]. Overall, future

work shoulds be open to as many various sensing modalities as possible and work to

incorporate them together at a higher level, tailoring the sensor fusion to the task at

hand.

We believe that adding tactile sensing to snake robots has significant potential to

improve locomotion. At the very least, any amount of crude tactile sensing can be

used to better inform the kinematic motion models that have already been developed
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by our group [16, 17]. These motion models currently rely on exploiting symmetry

of the robot’s shape in the virtual chassis as a surrogate for actually sensing ground

contact. For this reason, the SEA Snake has been designed with modularity and future

development in mind, and the design of small modules that provide a clean integra-

tion of tactile sensors is underway. Other groups have demonstrated the use of tactile

sensing to perform obstacle aided locomotion with stiff position-controlled actuators

[12, 47, 57], while in this thesis we have demonstrated similar locomotion with com-

pliant actuators and no tactile sensing. Biological snakes obviously have both tactile

sensing and compliant force-controlled actuation, and it is very likely that the combi-

nation of the two will enable an even greater range of motions and capabilities.

Distributed IMUs in Other Robots

We believe a redundant state formulation, informed by both IMUs and encoders, and

the outlier detection method presented in this thesis could be relevant to other modular

robots, particularly those that use wireless protocols to communicate between modules

and may have unreliable update rates. We also believe that outfitting other robots with

distributed IMUs and using them to estimate the robot’s kinematics could prove useful.

For example, using a slight modification of our methods, additional inertial sensing

could be used to detect and compensate for backlash and structural deflections that

may not be sensed by encoders alone.

Hierarchical Filtering

Another interesting consideration is developing a hierarchical approach to redundant

state estimation. As the bandwidth of the communications on robots increases, it be-

comes possible to run state estimators at faster rates. For example, the Unified Snake

was able to provide sensor feedback at 20 Hz, while the SEA Snake can easily support
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update rates in excess of 200Hz. However, running a complex state estimator, like

the one presented in this thesis, at such a high rate may begin to be computationally

burdensome. In our work, we have noted that as feedback rates increase, the bene-

fits of using more complex models and estimation methods become less pronounced.

Furthermore, the computational capabilities in the individual modules of our robots

continues to increase at an impressive rate. In the future, there may be an advantage

to running simple independent estimators at the module level at a high update rate

(over 200 Hz) and running either a slower rate estimator at the high level, or running

a greatly simplified estimator like a complementary filter that merely averages already

filtered data from the robot’s modules.

11.3 Series Elastic Actuation

There are several avenues of future work involving the rubber-based series elastic ac-

tuators presented in Chapter 7.

Spring Design and Characterization

One line of work focuses on the hardware of the rubber springs, and involves better

modeling of the hysteresis and non-linearity of the springs, so that they can be effec-

tively used for force control at higher torques, or so that high-hysteresis rubbers can

be used if greater damping is desired. We are currently exploring a wide variety of

physical and non-physical hysteresis models [49]. Although the spring design has been

tested on both a retrofitted Unified Snake and the SEA Snake, more experience and field

use is needed to determine the fatigue characteristics and life expectancy of the of the

springs.

An important next step will also be to explore the practical benefits and limita-
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tions of varying spring stiffness on the ability to perform force and position control in

real-world robotics applications. Intuitively, decreasing spring stiffness sacrifices the

fidelity of an actuator’s position control in exchange for increased fidelity in force con-

trol. However, in a real robotic system damping in the spring and the motor, motor

saturation, and the resolution of position and velocity feedback all play important roles

in control that are usually neglected when discussing SEAs. We intend to continue the

work presented in Chapter 8 to be able to better understand the practical aspects of

series elastic actuation in both snake locomotion and robotic actuation in general.

Motion Control

Improvements continue to be made to the low-level motion control of the SEA. In par-

ticular, future work will look at more sophisticated modeling and trajectory generation

that takes into account the motor and spring dynamics, compensating for backlash

[65], and different formulations of the torque, position, and velocity control loops [3].

Additionally we would like to eventually tune the impedance of the actuator online,

depending on the task at hand. Pratt et al. have more recently implemented joint-level

impedance controllers for SEAs [71]. Interestingly, their approach is similar to ours in

that it is primarily motivated by the need for control methods that are robust in the

face of gear train non-linearities as well as inaccurate and noisy sensing.

Online Calibration

One of the more challenging problems of using rubber as a spring material is that

the springs tend to soften under use, lowering their spring constants by as much as

50% of their initial value. As such, another area of future work involves accurately

estimating the time-varying parameters of the rubber spring, particularly its stiffness.

Initial work has already developed a means of calibrating the spring constant online

136



using a recursive state estimator and a heuristic that identifies points in time where the

electrical current draw of the the motor is a reasonable estimate [19]. Future work will

refine this process and integrate it into the firmware of each module. With this method

we hope to be able to consistently estimate actuator torque to within 10% accuracy

while running online, regardless of the accuracy of the springs initial calibration.

Parallel Compliance

While this thesis discusses series elasticity in detail, an interesting addition to the snake

robot could be parallel elasticity, that compliantly pulls each joint to some default con-

figuration or pre-designed bias. This could serve the purposes of mitigating backlash

in the joints, or providing a means of more easily storing energy for dynamic motions.

It would also be interesting to pursue physical parallel damping as means of maintain-

ing stability during the control of the robot’s motions, especially aggressive motions

where the robot’s actuators are at or near saturation.

While parallel elasticity and damping are difficult to design into the individual

modules of the robot, a logical place to explore them is in skins or jackets that cover

the robot. Jackets are already commonly used for field deployments (Fig. 5.10), and

provide a certain amount of uncontrolled parallel stiffness that tends to the pull the

robot back into a straight configuration and significantly inhibit tight backbone cur-

vatures. Future work will work to characterize the passive parallel elasticity that we

already experience from these jackets and engineering new jackets that have specific

elastic biases and damping characteristics.

Damping

Finally, we are likely to more deeply pursue damping in the design of the rubber-based

springs. Figure 7.5 shows that while all of the rubbers we initially tested show some
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hysteresis, neoprene rubber has significantly more hysteresis and damping. Since the

initial goal was to achieve torque control, we decided to use 50A durometer natural

rubber due to its greater linearity. Now that we have demonstrated that locomotion

is possible with the level of accuracy we currently possess, we plan to examine if

using neoprene rubber can provide additional stability benefits, while still maintaining

torque sensing that is accurate enough for locomotion.

11.4 Low Impedance Motions

The work on low-impedance locomotion for snake robots is in a preliminary stage.

We feel that this thesis at least demonstrates that SEAs with moderate torque sensing

accuracy can still be used to achieve useful compliant motions, and future work is

continuing on all three of the methods that were presented in Chapter 9.

Compliant Roll-In-Shape

The controller presented in Section III depends solely on the curvature of the robot

along its backbone and serves as a general starting point for creating more complex

motions. One interesting avenue of future work will involve tuning the commanded

torque based on the overall shape of the robot. For example, a useful motion could be

rolling along the ground but being compliant to small obstacles like rocks and gaps.

The controller presented here tends to have the robot roll up around the obstacle, rather

than roll over it. One strategy could involve adjusting the desired torques to allow

tighter curvatures in one dimension and stiff curvatures in an orthogonal dimension,

based on the robot’s overall shape [77]. Alternatively, the controller could be adjusted

using the estimated pose of the robot [79].
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Low-Impedance Sliding

This control strategy is perhaps the most interesting because it seems to closely mimic

the motions of biological snakes. Work will continue on tuning the controller, allowing

more informed steering of the head of the robot. The simple controller presented in

Section IV works well in confined spaces, but tends to perform poorly when the shape

is not well-constrained. We are currently exploring additions to the controller, for ex-

ample schemes that encourage continuous motion, or encourage non-zero derivatives

in backbone curvature.

Finally, the characteristics of the skin of the snake play an important role dur-

ing sliding motion. Therefore we are investigating other low-friction, or possibly

directional-friction, skins to aid in sliding over a wider range of surfaces. If cou-

pled with forms of active propulsion along the spine of the robot, like tracks or small

wheels, it is possible that this control strategy could provide exceptional mobility over

rough terrain.

Empirical Gait Construction

We presented initial results in constructing a low-impedance version of the slithering

gait. Although the recording and playback of joint torques to achieve low-impedance

locomotion is a very limited method, the approach does have the advantage that can be

applied to all existing position-controlled gaits or motions. In addition to examining

different gaits, future work will involve generalizing and parameterizing these new

low-impedance motions, so that they can be easily adjusted online, like traditional

position-controlled gaits the we currently use. One approach we are pursuing involves

modeling the motion using simple friction models, like viscous friction in cartesian

space, to determine the appropriate feedforward torques for compliant locomotion.

Another approach will investigate combining the curvature derivative control with our
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position controlled gaits, so that a control law on the curvature derivative becomes the

primary driver of the robot’s shape changes. Finally, there existing work in machine

learning on deriving continuous trajectories and controllers from demonstration that

could serve as another interesting approach [18, 36].
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Appendix
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Appendix A

The Importance of Body Frame

Despite the success of a number of groups in developing gaits and motions for snake

robots, a significant, yet overlooked, challenge remains: how to represent a snake

robot’s motion. In particular, defining a body frame which intuitively describes the

robot’s motion in the world is difficult. To illustrate this problem, consider a simple

two-wheeled differential drive robot with a body frame fixed to the center of the robot’s

chassis. Operating such a device is easy because the notions of ‘forward’ or ‘up’ are

clearly defined, and the robot’s wheels propel it smoothly through the world. Put in

more technical terms, the robot’s definition of pose is independent from its internal

shape changes (the turning of the wheels), and its controls, which are executed in the

body frame, map intuitively into a world frame. With snake robots, an operator can

still control the robot with some sense of its position and orientation by simply looking

at the robot. However, the intuition for this frame lies solely with the operator, and is

drawn from observing the robot as a whole rather than any individual link (Fig. A.1).

A major contribution of this thesis is to formally define a body frame that embodies

this intuition. In particular, we show that using a body frame whose origin is the

robot’s center of mass and whose axes are aligned with the robot’s principal moments

of inertia is one where the intuitive notions of position and orientation prevail. We
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Figure A.1: An example of an operator’s intuitive notions of orientation for the snake robot.
The red solid arrow indicates the intuitive definition of up/forward. The green dashed arrow
indicates the intuitive direction of sideways.

refer to this frame as a virtual chassis because, like the chassis of a car, it isolates a

robot’s internal shape changes from its external motions, allowing us to think of snake

robots more like wheeled vehicles.

A.1 Prior Work

Using an averaged approximation of a system as a way of providing intuition to a

system’s analysis and control has been explored in other contexts. For planar swim-

ming systems, Shapere and Wilczek [85] use the center of mass and principal axes

to define body frames for irregularly shaped bodies. Zafa and Dubowsky simplified

kinematic planning and workspace analysis for a robotic manipulator floating in space

by using a virtual ground located point at the system’s center of mass [96]. In the field

of humanoid robotics, Kajita et al. [42] use the pseudo-inverse of the inertia matrix

to quickly generate whole body motions where the linear and angular momenta are

144



controlled. However, in that work the body frame for the robot is always able to be

referenced to some fixed point in the world (e.g., a foot on the ground that is assumed

not to move in the world frame). This convenience is not possible with snake robots

as the ground contact is much more complex, and it is difficult to accurately estimate

what points on the robot, if any, are stationary in the world at a given point in time.

Similar perspectives can also be found in the world of computer vision. Yezzi and

Soatto use similar techniques to match shapes based on overall similarity [108]. There

is also a large body of work using SVD to match and characterize image features

[13, 69, 82].

The virtual chassis is in many ways inspired by the work of our group [28], who

demonstrate that a good choice of body frame can greatly simplify motion planning for

planar systems. By exploiting a system’s known dynamics they are able optimize the

coordinate frame to be one in which a locomoting system moves the least in response

to changes in its shape. Using these minimum perturbation coordinates, they are able

to identify effective gaits by representing the system dynamics as geometric functions

over the system’s shape space. While we lack the specific constraints needed to define

optimal coordinate frames in their manner, our work draws on their observation that

their optimal body frame is often aligned with the intuitive notions of center of mass

and mean orientation.

A.2 Definition

The overall procedure for calculating the virtual chassis involves continually aligning

the body frame with the robot’s principle moments of inertia. Specifically, this is done

by taking the singular value decomposition (SVD) of the positions of all of the robot’s

links with respect to the robot’s center of mass at discrete time steps as the robot exe-

cutes the gait. This process can also be thought of as repeatedly performing principal
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Figure A.2: An example of an arbitrary initial body frame for the robot that is fixed to the head
link.

component analysis (PCA) on zero-mean data.

A.2.1 Calculating the Virtual Chassis Body Frame

Given an arbitrarily chosen body frame, such as one fixed to the head link (Fig. A.2),

we can use standard kinematics to calculate the poses of all the links on the robot with

respect to this frame [63]. We then find the translation and rotation from this initial

frame to the frame aligned with the principle moments of inertia taken about the center

of mass. We then transform the pose of each link of the robot from the initial frame to

this new frame, thereby representing the robot’s pose in the virtual chassis.

The first step is to find the geometric center of mass of the robot x̄, ȳ and z̄ in

the initial frame. We then construct a data matrix of the positions of the links pi,

subtracting out the center of mass. This matrix, P will be of size n×3, where n is the

number of links and each row i corresponds to the ith link in the robot,

pi =

[
xi − x̄ yi − ȳ zi − z̄

]
(A.1)
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P =




p1

...

pn




. (A.2)

Now that the origin of the initial coordinate frame is at the center of mass, the next

step is to find a rotation such that the principal axes of the body frame are aligned

with the principal moments of inertia of the link positions around the center of mass.

To find this rotation we take the SVD of P. SVD decomposes this matrix into three new

matrices,

USVT = P. (A.3)

In the decomposition, U and V are unitary matrices whose columns are respectively

the left and right singular vectors of P. The columns of U are eigenvectors of PPT,

meaning that they form an orthonormal basis in Rn. Likewise, the columns of V are

eigenvectors of PTP and form an orthonormal basis in R3. This means that V serves

as a rotation matrix that describes the orientation of the coordinate frame aligned with

the principal moments of inertia, described in initial coordinate frame. The diagonal

elements of S are the singular values of P. They correspond to the square roots of the

eigenvalues of PTP and describe the magnitudes of the principal moments of inertia.

More detail on SVD can be found in [93].

A technical detail to note about SVD is that V is only unique up to a reflection

about each singular vector [6]. To ensure right-handed coordinates, at each timestep V

is modified such that the third singular vector is defined to be the cross product of the

first and second singular vectors. To avoid sign flips in V across later timesteps, we

respectively enforce positive dot products between the first and second singular vectors

at the current timestep and those of the previous timestep. As long as the same initial

body frame is used to generate P at both timesteps and the shape changes between
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timesteps are not drastic, the rotation described by V is stable and unambiguous in

sign.

Combining the rotation matrix V with the center of mass p̄ we have the homoge-

neous transform that describes the pose of the virtual chassis with respect to the initial

body frame,

T =




V p̄

0 1


 . (A.4)

The last step is to transform the pose of each link in the robot to the virtual chassis

body frame. If the pose of each link is described by a homogeneous transform, left-

multiplying each link’s transform by T−1 now represents its pose in the virtual chassis

body frame.

A.3 Implementation

Our lab has developed a variety of gaits for our snake robots, including sidewinding,

rolling, pipe crawling, and pole climbing (Fig. 2.4). For each of these gaits, we demon-

strate calculating the virtual chassis via SVD as outlined in the previous section. Note

that this general procedure can be applied to any body shape that has distinct principle

components, including non-cyclic motions and transitions between gaits. For gaits de-

signed specifically to traverse pipes, we can further refine the virtual chassis to exploit

the structure of the robot’s shape, better aligning the body frame with centerline of the

pipe.
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Figure A.3: An example of the approximate axes of the virtual chassis for the sidewinding gait.

A.3.1 Sidewinding

The sidewinding gait (Fig. A.3). is characterized by a series of lateral and dorsal

undulations that form a rolling tread [7, 61]. This motion corresponds to a phase offset

of π/4 in the serpenoid equations (2.1). The overall shape of the robot in sidewinding

can be described as a helix with an elliptical cross-section. This body shape has the

property that the longest, middle, and shortest principal components of the shape are

clearly defined and are orthogonal.

For sidewinding, the procedure for calculating the virtual chassis follows the gen-

eral procedure from Section 3. At each new timestep, a new P is calculated from the

robot’s joint angles and a new body frame is defined. A comparison of sidewinding

motion in an initial head-fixed body frame and the virtual chassis body frame is shown

in Fig. 4.2 of Chapter 4. Note that the motion of the robot in virtual chassis body frame

captures the ‘rolling tread’ motion of the gait, compared to the side to side motion that

is apparent in a fixed body frame.
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Figure A.4: An example of the approximate axes of the virtual chassis for the rolling gait.

A.3.2 Rolling

In the basic rolling gait the robot forms a static backbone shape, consisting of an arc of

constant curvature, and then rolls within that shape (Fig. A.4). This constant curvature

corresponds to setting the spatial frequency ν in (2.2) to 0, and setting the phase offset

between the lateral and dorsal joint angles, δ from (2.1) to π/2 radians.

As the robot cycles through the gait over flat terrain, the arc remains level on the

ground and the robot rolls either toward or away from the center of the arc. Like

sidewinding, the shape of the robot in rolling has clearly defined longest, middle,

shortest dimensions to its shape.

For this gait we align the first, second, and third principal moments of inertia re-

spectively with the x, y, and z axes of the body frame. The procedure for calculating

the virtual chassis for rolling follows the general procedure. A comparison of the mo-

tions of the rolling gait in an initial head-fixed body frame and the virtual chassis body

frame is shown in Fig. A.5. Note that the motion of the robot in virtual chassis body

frame matches the gait’s internal twisting motion, compared to the sweeping motion

that is apparent in a fixed body frame.
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Figure A.5: A montage of the robot in rolling, comparing the motions in a body frame fixed to
the head link (top row) and the virtual chassis body frame (bottom row).

Figure A.6: An example of the approximate axes of the virtual chassis for a position in the pipe
crawling gait.

A.3.3 Helix - Pipe Crawling

The helix gait is useful for traveling along cylindrical surfaces, like the pipes in Fig. 2.4.

Like the rolling gait, it is characterized by a static backbone shape in which the robot

twists, again produced by a π/2 phase offset in the lateral and dorsal joint angles δ.

However, in this case a non-zero spatial frequency ν causes the base backbone shape

of the gait to form a cylindrical helix, rather than a flat arc (Fig. A.6). Pipe crawling is

a parametrization of helix in which ν is chosen to create approximately 1.5 wave cycles

over the length of the robot.
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Figure A.7: A montage of the robot in pipe crawling, comparing the motions in a body frame
fixed to the head link (top row) and the virtual chassis body frame (bottom row).

The shape of the robot in pipe crawling has a clearly defined longest direction,

corresponding to the first principal moment of inertia. However, in this gait the second

and third moments of inertia are less distinct. This makes intuitive sense, since for a

true cylinder the second and third moments are exactly equal, due to symmetry about

the cylinder’s axis. Since the robot consists of a finite number of links, significant

asymmetry is present, and SVD will still find an unambiguous solution for the virtual

chassis.

As with the gaits discussed so far, the resulting body frame using the general pro-

cedure isolates the robot’s internal and external motions. However, since this gait is

used specifically for locomoting on the inside of pipes (bottom left of Fig. 2.4), we

can exploit the known constraints of the environment and define a more useful body

frame that is better aligned with the true centerline of the robot’s helical shape (as well

as centerline of the pipe).

To find the true centerline of the robot, we take the initial solution from SVD and

use it as the starting point of optimization using the Nelder-Mead simplex search [64].

Intuitively, we would like to minimize the difference of the distances of all the links in

robot to some centerline. If we define this centerline as the set of points, `(s) = a + vs,
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the distance di of a point pi to this line is

di = |(a + ((pi − a) · v)v− pi)| . (A.5)

The objective function for optimizing the centerline parameters a and v is the sum-

squared error of the distance from each link to the centerline di compared to the mean

distance of all the links to the centerline d̄,

error =
n

∑
i=1

(di − d̄)2. (A.6)

Because this objective function is non-convex, random restarts in the vicinity of the

initial SVD solution are used to ensure that the optimization does not converge to a

local minimum that does not reflect the true centerline of the robot’s shape.

For this gait, the z axis is chosen to align with the optimized centerline vector

v. An arbitrary reference link (in our case, the middle link) is chosen to define the

frame’s rotation about the centerline. This is achieved by aligning the y axis with the

vector that describes the line perpendicular to the centerline that passes through the

reference link. Lastly, the desired x axis is calculated from the cross product of the z

and y axes, to ensure a right-handed coordinate frame. A comparison of the motions

of pipe crawling in an initial head-fixed body frame and the virtual chassis body frame

is shown in Fig. A.7.

A.3.4 Helix - Pole Climbing

Pole climbing uses a different range of parametrizations of the helix gait which are

more appropriate for climbing on the outsides of poles and pipe. The base shape of

the robot is still a helix, but one in which the diameter is much wider and the pitch is

less steep (Fig. A.8). To achieve these qualities, we choose large values for amplitude
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Figure A.8: An example of the approximate axes of the virtual chassis for a position in the pole
climbing gait.

Figure A.9: A montage of the robot in pole climbing, comparing the motions in a body frame
fixed to the head link (top row) and the virtual chassis body frame (bottom row).

A, and smaller values of spatial frequency ν.

As in pipe crawling, the coordinate frame can again be optimized beyond what is

provided by SVD. In fact, it becomes even more beneficial as the misalignment of the

first principal moment of inertia with the true centerline of the robot’s helix is much

more pronounced. This effect is primarily attributable to the ‘longest’ direction of the

robot’s shape becoming more ambiguous, as the increased diameter of the helix starts

to approach the overall length of the helix. The virtual chassis body frame for pole

climbing is calculated with the same secondary optimization as pipe crawling, and the

result is shown in Fig. A.9.
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A.3.5 Real-time Implementation

Calculating the virtual chassis using the SVD procedure can easily be performed in

real time. However, when using the refined virtual chassis body frame in pipes, the

secondary optimization significantly slows the body frame calculations. To address

this limitation, we precompute lookup tables for the body frames or calculate the the

SVD-based virtual chassis for an idealized shape [17], both of which are based on

knowledge of the gait parameters. For pipe crawling and pole climbing, we require

three lookup parameters from the gait equations (2.1) and (2.2): temporal position in

the gait cycle ωt, amplitude A, and spatial frequency ν. To find the gait parameters

that best describe the robot’s shape, we can fit them to the to feedback joint angles in

real time using an extended Kalman filter (EKF), which is detailed in Chapter 5.

A.4 Ambiguous Shapes

In practice, the generic SVD-based virtual chassis algorithm is more useful due to its

ability to be calculated completely independently of the robot’s control framework.

However, instabilities in the virtual chassis arise when principle components of the

robot’s shape become ambiguous. These instabilities can cause the pose of the virtual

chassis body frame to change drastically with respect to the pose the robot. This is

problematic to state estimators, like those presented in Chapter 4, that rely on the

virtual chassis as an approximate separation of the robot’s internal and external shape

changes.

Ambiguous shapes of the robot can be divided into two classes. The first class is

where the magnitudes of any two principal components of the robot’s shape are similar

but non-zero. This can occur on the first and second principal components when

transitioning between classes of gaits, like from rolling to pole climbing, as shown in
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Figure A.10: An example of problematic shapes for the virtual chassis. Note the large changes
of motion that occur between the first and second frames and the third and fourth frames, even
though there is relatively little difference in the robot’s shape

Fig. A.10. It can also occur on the second and third principal components during

internal pipe crawling.

The second class is where two principal components of the robot’s shape are similar

and close to zero, which only happens when the robot forms a straight line. In this

case the shape of the robot is truly degenerate and extremely unstable if the shape of

the robot undergoes even slight shape changes. While this shape is not typically used

in locomotion, it is the default shape that the robot assumes on power up, so avoiding

these instabilities is desired if at all possible.

A.5 An Alternative Virtual Chassis

One way of addressing instabilities of of the first class is to define a different metric

for the definition of the virtual chassis body frame. Rather than find the principle

components of the robot’s shape, an alternative method is to align the robot’s overall

shape across subsequent time steps. This task has been studied in aerospace fields

and is known as Wahba’s problem [98]. Interestingly, a solution to this problem is also

based on SVD [59].

Wahba’s problem seeks find the minimal rotation that aligns two sets of vector

observations. In three dimensions, 3 or more non-collinear points each need to be
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observed in two different frames. These n points are arranged in the matrices A3×n

and B3×n, corresponding respectively to the two frames. These matrices are multiplied

to form a 3× 3 correlation matrix

C = ABT. (A.7)

We then take the singular value decomposition (SVD) of C,

C = USVT. (A.8)

In SVD, U and V are orthonormal bases that can be thought of as rotation matrices,

and S can be considered a scaling matrix. The optimal rotation, R, to align the sets of

points A and B is found by simply replacing the matrix S with a diagonal matrix of

ones, except the lower-right term which is the product of the determinants of U and V,

R = VMUT (A.9)

M = diag([1 1 det(U)det(V)]). (A.10)

For our robot, A and B are the positions of each module of the robot in the body

frame. Using this method as our virtual chassis will result in a body frame that is

no longer aligned with the principle components of the robot’s overall shape, but will

instead minimize the disturbance in subsequent shape changes, as shown in Fig. A.11.

Calculating the robot’s body frame in this way means that the body frame will drift

over time with respect to the robot’s overall shape, losing some of the intuitive benefits

of the shape-aligned virtual chassis. However, this alternative body frame has the

advantage that it is stable for any shape of the robot, except the single case where all

the robot’s links are collinear. This makes it more attractive for behind-the-scenes tasks
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Figure A.11: A comparison of different methods of calculating the virtual chassis for a shape
that has ambiguous principal components. The top row shows the virtual chassis computed
using the robot’s principal components. The bottom row shows the virtual chassis calculated
by matching the individual links of successive shapes.

like improving filtering and state estimation where human intuition is less important.

A.6 Future Work

The virtual chassis proven itself to be a useful tool for intuitively understanding the

motions of snake robots, without simulating the physics of the robot in the world or

running the motions on an actual robot. Additionally we continue to believe that a

careful choice of body frame can have computational benefits for tasks like state esti-

mation and motion planning. For these reasons, we suggest some areas of future work

extending the capabilities and formalizing the implementation of the virtual chassis.

A.6.1 Dynamic Motions

The virtual chassis in its current form only considers the kinematic configuration of the

robot. That is to say that the velocities of the different links of the robot, or the energy of
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its motion, have no bearing on the calculation of the body frame. While this assumption

works well for snake robots, extending the virtual chassis to other robots might bring

the need to account for high speed motions or situations where the robot has significant

inertia. For systems like walking humanoids or running quadrupeds, dynamic effects

play a much larger role in separating a robot’s internal shape changes and external

motions. Extending the virtual chassis to take into account a robot’s dynamics was

beyond the scope of this thesis. However, methods for humanoid robots that take into

account the total momentum of the robot [42] may provide a good starting point.

A.6.2 Remaining Instabilities

Both versions of the virtual chassis that we have developed are unstable for the case

where all the links of the snake robot are collinear. The simplest strategy mitigate this

problem is to switch to a body frame fixed to some module in the robot when the

magnitudes of the second and third principal components of robot’s shape become

small. The primary challenges with this method are choosing when to switch to and

from a fixed body frame, which fixed frame to choose, and how to gracefully handle

the transition between frames.

To determine when to switch to a fixed frame, one could envision a heuristic that

identifies when the virtual chassis is becoming unstable, based on a ratios of the rel-

ative weights of the principal components of the robot’s shape, the diagonal of S in

(A.3). Based on these ratios, we can gradually shift to using using a fixed frames when

the shape is near a singularity and then back to the virtual chassis when it is once

again stable.

159



A.6.3 Incorporating Inertial Sensing

Finally, it is possible to rely on the inertial sensors of the robot to inform the calculation

of the virtual chassis. Inertial data has already been incorporated into resolving an up-

down ambiguity in the virtual chassis for generating approximate motion models for

the snake robot [16]. Even though using inertial data in the definition of the body

frame no longer relies solely on the shape of the robot, this could be practical method

of generating a useful averaged body frame in the field since this sensor data is freely

available any time the robot is running. In Kalman the context of the filtering presented

in Chapter 4, this could come in the form of using a virtual chassis inertial sensors to

directly propagate the state of the robot’s pose at a high update rate, and performing

the full EKF or UKF update a lower update rate for computational efficiency.
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Appendix B

Design and Architecture of a Series

Elastic Snake Robot

Like previous generations of our robots, the SEA Snake consists of a number of identical

1-DOF modules in which the actuated axes are oriented in the lateral and dorsal planes

of the robot. Most notably, this latest generation contains a series elastic actuator

in each module. This enables compliant motion over rough terrain and fine torque

control on each joint. Additionally, each module contains a 32-bit processor and 100

Mbps Ethernet data bus, a 400X improvement in bandwidth over the RS-485 serial

communications of our previous robot, the Unified Snake [102]. The modules also have

greater torque output, improved sealing, and a rugged tool-free interface. Table B.1

presents the specifications of the SEA Snake robot.

B.1 Mechanical Overview

Each module possesses a self-contained 1-DOF joint, allowing for a full 180◦ of rotation.

Modules are interfaced together and alternately aligned in accordance with the robot’s

lateral and dorsal planes. A typical robot consists of 16 modules linked together, with
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Table B.1: Overview of SEA Snake specifications.

Dimensions
Diameter: 5.1 cm
Length (module): 6.4 cm
Length (full 16 module robot): 1.174 m

Mass
Module: 205 g
Full 16 module robot: 3.657 kg

Actuation
Max Torque: 7 N-m
Max Speed: 33 RPM

Power
48 V
Current (resting): 40 mA
Current (max): 600 mA

Communication 100 Mbps Ethernet

Sensing

Angular Position and Velocity
Output Torque
3-axis Accelerometer
3-axis Gyro
Temperature
Voltage
Current
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Figure B.1: Photo of a SEA Snake Module. The module is 5 cm (2 in.) in diameter and provides
a 1-DOF rotary motion of +/- 90◦.

unique head and tail modules.

A driving design requirement of the SEA Snake was ease of customization. In

addition to the 16 rotary DOF design, modules can be added, removed, interchanged,

or replaced with novel mechanisms. Any device meeting the interface requirements

can be included in the chain.

B.1.1 Motor-Geartrain

The SEA Snake modules are driven by a modified Maxon EC 20 flat motor with a

nominal speed of 9300 RPM. The steel pinion gear on the motor’s output shaft trans-

fers rotation through a geartrain containing 3 steel and brass compound gears. The

cumulative gear ratio is 349:1 to create high-torque joints. This motor and geartrain

combination provides a maximum output torque of 7 N-m and a maximum speed of

33 RPM.
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Figure B.2: Photo of the Series Elastic Actuated Snake Robot (SEA Snake).

B.1.2 Sealed Housing

The housing of each module is machined from 7075 aluminum and anodized red to

prevent wear and corrosion. Components are densely assembled inside to minimize

volume, as illustrated in the module cross-section in Fig. B.3. O-rings laid in machined

grooves seal the module at each interface. The robot meets IP66 standards, meaning it

is splash-proof. Future iterations will aim for IP68, or water submersible. Additionally,

an effort was made to minimize external fasteners in the design. The previous snake

robot, the Unified Snake, has 14 external fasteners per module, while the SEA Snake

modules have only 4.
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Figure B.3: CAD model cross-section of a SEA Snake module.

B.1.3 Mechanical Interface

The intermodular interface features a rugged, tool-less design. Modules are aligned

with dowel pins and matching recesses. A freely-spinning threaded collar, held in

place by a retaining ring, is turned by hand to lock adjacent modules together. An

electrical connection is made between two modules with spring-pin connectors on the

interface board touching target areas on the control board.

O-rings seal the collar at both ends. Modules can be connected and disconnected

quickly and repeatedly. The connections are secure and resist shock and stress. Any

device with matching threads, 48V and Ethernet compatibility can be interfaced with

a module, allowing for freedom of design and customization.
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Figure B.4: Photo of the modular SEA Snake interface. Dowel pins provide alignment while the
threaded collar mechanical secures and seals the modules. The electrical connection is made
with spring-pin connectors touching target areas on the control board.

B.1.4 Series Elasticity

The SEA Snake features series elastic actuators. A rubber elastomer bonded between

two rigid plates is torsionally sheared during actuation [80]. The elastomer’s tapered

conical cross section shown in Fig. B.5 is similar to the constant-shear-stress design

introduced in [80]. The spring here is different in that it is molded directly to the

output gear of our geartrain. The rigid plate on top is then attached to the output shaft

of the system through a number of pins. Another plate is swaged onto this assembly

in order to keep the output gear and output shaft aligned with the rest of the geartrain.

The elastomer is molded from Natural Rubber of Shore A Durometer 50. As a tor-

sional spring, its stiffness is roughly characterized by a spring constant of 12 N-m/rad

and a maximum rotational deflection of approximately 0.6 radians. Our research is

currently exploring ways to estimate the output torque from the elastomer deflection

and how to calibrate its parameters online [19].
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Figure B.5: CAD model cross-section of a module’s output shaft assembly. The rubber is
bonded to the tapered surfaces of the output gear and top washer. The output shaft is hollow,
allowing wires to pass through the center of rotation of the module.

B.1.5 Head and Tail Modules

Both a head and tail module were designed utilizing the custom modular interface and

they are pictured in Fig. B.6. In addition to providing their specialized functions, these

modules demonstrate the potential for the use of other modules that could easily be

integrated into the SEA Snake system.

The head module includes a high-definition camera to provide the user with a live

video feed while the four LEDs are available for illuminating darker environments. The

head module housing is designed with fins to increase surface area and improve heat

transfer from the electronics to the surrounding environment. The LEDs are protected

by an o-ring sealed acrylic window while the camera’s lens is protected by an o-ring

sealed sapphire glass window.

In order to connect a tether to the snake, we custom-designed a tether connector

that is sealed and load-bearing. The connector uses keys and keyways to provide

a quick and very easy blind connection. Additionally, there are spring-loaded pins

within the connector which ensures that the connector’s housing bears all of the load.

The tail has this connector as well as a slipring integrated within its design.
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Figure B.6: Photos of SEA Snake head and tail modules.

B.2 Electronics Overview

While the electronics in the previous generation robot were robust, we set out to de-

sign the SEA Snake electronics with a focus on ease of development to facilitate future

research, such as more advanced control algorithms and onboard sensor fusion. To this

end, we moved from an 8-bit AVR processor to a 32-bit ARM Cortex M4F running at 7X

the clock speed. We also wanted to enable higher frequency external control and sen-

sor feedback and to move from analog to digital video. To satisfy these increased data

requirements we moved from a 250kbps RS-485 bus to a switched 100Mbps Ethernet

network.

B.2.1 Communication

One hindrance to adopting Ethernet in embedded devices is the size of the isolation

transformers typically required. Our solution was to integrate a three port Ethernet

switch into each module. This keeps the wire length down to a few centimeters, which

is far shorter than the electrical propagation distance during a single 10ns bit period.
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Figure B.7: Module Electronics Block Diagram.

This allowed us to relax the controlled impedance requirements, and to replace the

transformer isolation with capacitive isolation, which has a far smaller PCB footprint.

We do provide transformer isolation in the tail module to insure signal integrity over

the tether.

In addition to the Ethernet link each module has a full duplex differential serial link

to each of its immediate neighbors for future uses including ‘autonumbering’ of the

modules. We have implemented a system in which the modules communicate their IP

address to their immediate neighbors and the robot is able to self-discover the order in

which the modules are connected. This greatly aids in field maintenance and flexibility

of the robot as a research platform.

B.2.2 Electrical Interface

On the previous snake robot design the module interface was along the axis of rotation,

requiring us to create a custom connector to fit around the coaxial magnet used for
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position feedback. The SEA Snake design moves the module interface away from the

axis of rotation which has many advantages for the electrical interconnection. Because

we have more space for the interconnection we use spring contacts that mate with gold

plated PCB pads instead of very thin pins. This arrangement is much more tolerant to

misalignment, eliminating the problem of bent or broken pins. The new design also

moves the intermodule wiring terminations as far as possible from twisting motion

caused by joint rotation, greatly reducing the risk of fatigue failures at the crimp/solder

connections.

B.2.3 Motor Control

The SEA Snake is our first generation to include a brushless motor. We drive the motor

with an integrated single chip solution to which we add current sensing. The series

elastic member also required the addition of a second magnetic rotation encoder which

allows us to measure the deflection. We use a 48V system voltage and 36V motor

combined with thermal modeling to allow the system to safely exceed the continuous

operation ratings of the motor for brief periods.

B.2.4 Sensors

Every generation of our snake robot has benefited from rapid development in inertial

sensor technology driven by consumer electronics, with the current generation featur-

ing a single chip solution with 3-axis gyro, 3-axis accelerometer, and 3-axis magnetome-

ter which costs 1/3 the price of the 2-axis gyro from early in the previous generation.

We retained all the other sensing present in the previous generation including voltage

and temperature monitoring, but we also added a current sensor to measure the con-

sumption of the entire module in addition to the motor current measuring circuit. This

generation also adds externally visible PWM controlled RGB LEDs without sacrificing

170



environmental sealing to provide immediate feedback on module status.

B.2.5 Camera Head

The use of Ethernet as the standard communication interface between modules enables

the use of readily available, IP security cameras as the basis for the head module

of the snake. In the Unified Snake architecture, the video was transmitted over a

dedicated, analog bus that supported only standard definition video. By moving to

an Ethernet-based camera, the video stream is piped over the same set of cabling as

the motion control commands. In addition, the bandwidth that is needed to transmit

a high definition video stream is a fraction of the total bandwidth available on the

system, paving the way for the use of multiple cameras and additional sensors.

The camera module that has been designed to be used for the SEA Snake is primarily

built around the circuit board and camera that were harvested from a commercially

available security camera. A custom circuit board was designed to provide power

to the camera, to support additional sensors such as an IMU and a pressure sensor,

as well as to control high-brightness LEDs for camera illumination. The camera and

electronics were packaged into a simple aluminum tube featuring the same standard

mechanical and electrical interface as the regular snake modules.

B.3 Firmware Overview

The SEA Snake robot is a research platform and is constantly reconfigured to support

new physical configurations, module types, and sensor types. In addition, researchers

with a range of experience must be able to use the platform for research in controls,

perception, and planning. To support these research goals, we developed a modu-

lar firmware that provides an API supporting both high-level and low-level control
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abstractions.

B.3.1 OS and Hardware Abstraction Layer

The core of the firmware is an RTOS that separates the setup and upkeep of vari-

ous hardware modules into separate threads. ChibiOS/RT1 was selected due to its

out-of-the-box support for STM32 Cortex processors and a hardware abstraction layer

supporting peripherals such as Ethernet (via the lwIP2 stack), serial, analog-digital

conversion, and pulse-width modulation. Each functional component of the module

is wrapped in a C++ class abstracting its setup and configuration into a statically-

initialized singleton. This wraps over the hardware abstraction layer provided by

ChibiOS, combining multiple hardware peripherals blocks related to each component.

For example, we internally initializes a serial interface, digital IO lines, and thread-

safety, but exposes only simple read and update functions. This allows non-technical

users to safely reconfigure hardware for specific purposes.

B.3.2 Communication

Modules communicate with each other and client software via Google Protocol Buffer3

messages. Protocol Buffers define a fixed serialization format for typed data structures

that is supported across multiple computing platforms. We ported the Google C++

library for Protocol Buffers to ChibiOS to allow messages to be encoded and decoded

on the SEASnake module.

Rather than providing remote-procedure calls (RPC), we define a single “meta”-

message which defines a number of optional fields that encode module parameters

and data streams. Any computing environment with Protocol Buffer support can then

1http://www.chibios.org/
2http://savannah.nongnu.org/projects/lwip/
3https://code.google.com/p/protobuf/
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interact with the snake by sending and receiving streams of these meta-messages. An

advantage of this protocol is that it is fundamentally stateless and messages can be

handled transactionally, naturally supporting multiple concurrent asynchronous con-

nections.

This protocol is exposed identically over TCP sockets, UDP sockets, and the serial

interface between modules, allowing a variety of flexible communication strategies to

be used in various situations, depending on available bandwidth, required level of con-

trol, and interface hardware. Modules can propagate local information (such as topol-

ogy) by exchanging data over the serial interface to neighboring modules, while in-

expensive “dumb” components which contain only low-speed microcontrollers can be

bridged to Ethernet via neighboring modules to implement low-cost special-purpose

functions.

B.3.3 Motion Control

Modules support angular position, velocity, and torque control through cascaded PID

control, as shown in Fig. 8.6. Each PID controller runs at 1kHz, although target set-

points may be updated less frequently, typically at 100 - 200 Hz. Independent position

and velocity outer loops generate torque commands, which are combined with a de-

sired feed-forward torque to define a setpoint for output torque which is maintained

by the inner torque controller.

The inner torque controller is able to directly compare desired and actual output

torque by directly observing spring deflection as the difference between the two en-

coder positions. This error is used to compute a PWM command to the motor which

applies appropriate torque to the input of the spring and gear train.

In the proportional controller, additional features were added to help compensate

for common geartrain nonlinearities, as illustrated in Fig. B.8. To prevent oscillations
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Figure B.8: The modified proportional controller, showing the effect of the deadzone and punch
parameters on the output.

due to gear blacklash and sensor noise, we added a ‘deadzone’ within which errors are

assumed to be zero. To overcome geartrain stiction, a ‘punch’ factor (directional offset

represented by the blue dotted line) was added to help with stiction in the gear train.

Finally maximum output limits are also set for each controller. The dashed red line in

Fig. B.8 shows the output of a theoretical proportional controller, the black solid line

shows the output of our actual implementation. To mitigate windup of the integral

term we limit its output to the difference between the PD output and the a set output

level [67]. For example, using this method, if PD control already reaches this level the

integral term is reduced to 0.

B.3.4 Thermal Modeling

An important challenge for mobile robots is to safely extract as much performance as

possible out of their actuators. For brushless motors, the primary limitation on per-

formance is heat buildup in the motor windings [95]. We use online estimation of

each module’s motor winding temperature to fully exploit the motor’s performance

envelope beyond the continuous duty ratings. Figure B.10 shows a plot of the power
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Figure B.9: The response of the angular position (top), velocity (middle), and torque (bottom)
to a step input in position. This was performed on an unloaded module, and as such the torque
readings mostly reflect the static friction of the module’s shaft seals.

dissipation and estimated temperature of the motor windings while the motor is re-

peatedly stalled. The estimated winding temperature is based on a temperature sensor

near the motor, the sensed current draw of the motor, and a model of the internal

thermal resistances and capacitances of the motor similar to the method presented in

[94].

B.4 Conclusion and Future Work

The SEA Snake currently consists of a series of extremely capable 1-DOF modules.

However, there are a number of avenues of future work. These consist of ongoing

improvements to the existing modules, mostly in firmware, and the development of

different modules that share the electrical, mechanical, and software interfaces detailed
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Figure B.10: Top: Estimated temperature of the motor windings in a SEA Snake module, based
on the thermal model. Bottom: Dissipated motor power based on the measured current draw
and the resistance of the motor’s windings.

above.

The most exciting avenue for future work will be the creation of a number of

new modules for the snake robot, based on the modular interface. Possible future

modules include different head modules with cameras and other exteroceptive sens-

ing, battery and wireless communication modules for tetherless operation, tracked or

wheeled modules for improved mobility in rough terrain, and ‘hockey puck’ modules

that expose general purpose inputs and outputs to easily test external sensors like force

sensing skins.

We feel the architecture we have developed is general-purpose enough that topolo-

gies other than a snake may be feasible. For example, connecting a number of these

modules together to a central chassis would enable the rapid prototyping of a field-

ready legged robot with torque and position control on each of its joints.
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Appendix C

Supplemental Videos

C.1 Gait-Based Compliant Control

Compliant control overview:

https://www.youtube.com/watch?v=WeACnUE85Wc

Transitioning over different pipe diameters while pole climbing (Fig. 3.5):

https://www.youtube.com/watch?v=E30f3SlFpeQ

Holding the robot and stopping smoothly while pole climbing (Fig. 3.6):

https://www.youtube.com/watch?v=RFy1bos3LHU

C.2 Robust State Estimation

Animation of estimation for a variety of motions (Fig. 4.4):

https://www.youtube.com/watch?v=jNiROVsuHAQ

Estimation using only IMUs:

https://www.youtube.com/watch?v=y7nVvQJkjdM
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C.3 Pipe Navigation

Navigating pipe networks in the lab:

https://www.youtube.com/watch?v=0CNQMiQnesc

https://www.youtube.com/watch?v=GFHkvW3tYbA

Deployment into a real storm sewer network:

https://www.youtube.com/watch?v=rKbVRNheKMc

C.4 Low-Impedance Motions

Demonstrations of various low-impedance motions on the SEA Snake:

https://www.youtube.com/watch?v=lZUzwNbromY

C.5 Virtual Chassis

Animations and description of the virtual chassis body frame:

https://www.youtube.com/watch?v=N13NstB5pVc

C.6 SEA Snake Robot

Overview of the features of the SEA Snake:

https://www.youtube.com/watch?v=te4M-b69fVs
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