
Carnegie Mellon University 
 

CARNEGIE INSTITUTE OF TECHNOLOGY 
 
 

THESIS 
 

SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS 
 
 

FOR THE DEGREE OF Doctor of Philosophy 
 
       
 
 
 
 
 

 
TITLE  Dilatational Rheology and Controlled Generation  
 
 
  of Microscale Complex Fluid Interfaces  
 
 
 
PRESENTED BY  Anthony Kotula   
 
 
 
ACCEPTED BY THE DEPARTMENT OF  

 
 
  Chemical Engineering   
 
 
  SHELLEY ANNA 4/21/14 
 ____________________________________________  ________________________  
  ADVISOR  DATE 
  
 
  LORENZ BIEGLER 4/21/14 
 ____________________________________________  ________________________  
   DEPARTMENT HEAD  DATE 
 
 

 
 
APPROVED BY THE COLLEGE COUNCIL 
 
 
   VIJAYAKUMAR BHAGAVATULA 4/21/14 
 ____________________________________________  ________________________  

  DEAN  DATE 



 
 

 
 

 
 
 
 
 

Dilatational Rheology and Controlled Generation of Microscale Complex 
Fluid Interfaces 

 
 
 
 

Submitted in partial fulfillment of the requirements for  
 

the degree of  
 

Doctor of Philosophy 
 

 in 
 

the Department of Chemical Engineering 
 
 

  
 

 
Anthony P. Kotula 

 
 

B.S., Chemical Engineering, Drexel University 
 
 
 
 
 
 
 
 
 
 
 

Carnegie Mellon University 
Pittsburgh, PA 

 
 

April, 2014  
 
 



 
 

ii 
 

ACKNOWLEDGEMENTS 

 I gratefully acknowledge my thesis advisor, Professor Shelley Anna, for 

her guidance throughout my graduate career. It was her enthusiasm for research 

and constant support that made these years the most rewarding experience of my 

life to date. Shelley motivated me to reach my highest potential, and for that I will 

always be thankful.  

 I would like to thank my thesis committee – Professors Lynn Walker, 

Dennis Prieve, and Steve Garoff, for their teachings and guidance over the past 

five years. I would like to thank Lynn Walker especially for her suggestions to the 

work incorporated in this thesis during the Walker and Anna group meetings.  

 I owe a debt of gratitude to many colleagues past and present. Thanks to 

Nick Alvarez for being a patient source of advice while I was still learning how to 

function in a lab space. Thanks to Matt Reichert, who was always ready in the 

morning for coffee and a good discussion about research. Thanks to Chris N. for 

the tea breaks and work discussions. Thanks to Stephanie, Denise, Ben, Javier, 

and everyone else who made the 3rd floor CFE office an inviting atmosphere for 

research. Thank you to Max, Alison, Melissa, and Sharon for being fantastic 

friends. A special thank you to Jonathan Meade for his advice and support, which 

has enriched my life. 

 I would like to thank my parents, Patrick and Judy Kotula, for their 

unwavering support of my decision to pursue a Ph.D. I am where I am today 

because of their love, guidance, and sacrifice. 

 To all my friends, family, and teachers past and present, thank you! 



 
 

iii 
 

 This work was financially supported by the National Science Foundation 

Grant no. DMR-0933510, the John and Claire Bertucci Fellowship in 

Engineering, and the Department of Chemical Engineering. 

  



 
 

iv 
 

ABSTRACT 
 
 Complex interfaces stabilized with materials including surfactants, 

polymers, and particles have dilatational properties that are important in 

processing emulsions and foams. Dilatational rheology is difficult to measure on 

interfaces due to the coupling of dilatation and shear inherent in common 

measurement apparatuses. Compounding the problem is the lack of control over 

complex interface formation in emulsification, which can obscure relationships 

between interfacial rheology and bulk emulsion properties.  

This thesis provides tools to measure dilatational properties of interfaces 

and generate interfaces with controlled surface coverage. A small amplitude 

analysis of dilatational rheology on capillary pressure tensiometers is used to 

develop a method for separating intrinsic rheology from surface tension effects. 

This analysis is applied in dilatational measurements of insoluble interfaces at the 

microscale, and good agreement is observed between the microscale 

measurements and Langmuir trough measurements. The second half of the thesis 

focuses on the controlled generation of particle-stabilized interfaces.  A two-lobed 

shape transition is observed for confined bubbles traveling in a surface active 

particle suspension, and a model is developed to predict the particle surface 

coverage on the bubble interface. This model is then applied to generate 

monodisperse bubbles with uniform nonspherical bubbles due to particle jamming 

at the interface. The tools developed in this thesis are crucial to future 

development of relationships between the dilatational rheology of interfaces and 

the bulk properties of emulsions and foams.  
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placement in a bubble train of (,) 6 and (,) 8 bubbles. The open symbols 
indicate the reduced volume, and the filled symbols indicate Lp/Lb. Two bubble 
trains of 6 bubbles are plotted to indicate reproducibility. Error bars in the reduced 
volume are a standard deviation based on calculating the volume and surface area 
of both halves of the 2D projection of the bubble shape. ................................... 210 

 Figure 6.10. (a) Image of bidisperse bubble shapes due to break-up of bubbles at 
the outlet and (b) histogram of the reduced volume for the bubbles shown  in (a). 
(c) Images of the bubble break-up at the outlet of the microchannel, showing a 
nonuniform bubble shape prior to break-up. The outlet at the right of each image 
is dark due to light scattering from the edge of the microfluidic device. The 
channel width for the images in (c) is 96 μm. ..................................................... 212 
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CHAPTER 1  

INTRODUCTION 

The interface between two immiscible fluids can be stabilized by a variety 

of materials including surfactants, proteins, polymers, and solid particles. Fluid 

interfaces stabilized by these materials deform differently under an imposed 

stress, which influences properties such as the rheology and long-term stability of 

emulsions and foams. In order to control bulk properties, the relevant mechanical 

properties of the interface must be characterized. Interfacial rheological 

measurements can be conducted relating stress and strain at the interface. Despite 

more than a century of study of the mechanical properties of fluid interfaces, it is 

difficult to separate the intrinsic mechanics of the interface from the fluid 

mechanics acting on the surface or transport of surface-active material between 

the interface and the bulk liquid. 

 In rheology, the ideal way to measure fluid properties is to isolate the type 

of deformation in order to probe specific stress contributions. For example, the 

ideal way to measure the shear modulus of a fluid would be to generate a purely 

shearing flow. The same principle should be applied when measuring the 

rheology of fluid interfaces. To measure dilatational properties, a purely 

dilatational deformation must be generated. Also, the way in which interfaces are 

generated for interfacial rheological measurements does not necessarily 

correspond to the interfaces generated through high shear emulsification methods. 

The goal of this thesis is to improve the measurement of the dilatational properties 
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of complex fluid interfaces by better control over the generation of and 

deformation of these interfaces. 

 It is important to understand the rheology of a simple interface before 

explaining phenomena at the bubble or foam length scale. We can measure 

dilatational rheological properties for various interfaces by using microscale 

bubbles pinned at a capillary tip, but this thesis first addresses how the input and 

measured parameters are related to the desired interfacial rheological properties. 

Chapter 3 develops the relevant theory for measuring dilatational rheology using 

the microtensiometer, an in-house device capable of generating a purely 

dilatational strain at the interface. This chapter also describes ways of separating 

intrinsic rheological properties of the interface from the measured dilatational 

modulus, which we show is not a material property. 

 The techniques developed for measuring dilatational properties using the 

microtensiometer are applied in Chapter 4 to measure the properties of insoluble 

surfactant layers at an air-water interface. A procedure is developed to generate 

insoluble layers at an interface by exchanging a surfactant-soluble fluid with 

water; the resulting amount of insoluble material at the interface is controlled by 

the fluid exchange rate and the initial concentration of dissolved surfactant. The 

interface is probed using steady dilatation to measure equilibrium surface tension 

and oscillatory dilatation to measure the dilatational rheology of the interface. In 

order to confirm our measurement method, the surface properties of palmitic acid, 

dimyristoylphosphatidylcholine (DMPC), and dipalmitoylphosphatidylcholine 

(DPPC) measured on the microtensiometer are compared with measurements 
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from the literature. The interfacial properties of the insoluble component of a 

nonionic surfactant, Tween 80, are also measured. 

 Although the surface properties of interfaces can be measured as a 

function of surface coverage, is it difficult to experimentally determine a direct 

relationship between interfacial rheology and the bulk foam and emulsion 

properties. This is because there is no guarantee that the interfaces generated 

during emulsification are equivalent to those interfaces measured on conventional 

apparatuses for dilatational rheology. Common methods of generating foams and 

emulsions with complex interfaces involve high-shear homogenization; however, 

in these methods there is no control over the amount of material adsorbed at the 

interface or the size distribution of dispersed droplets and bubbles. Chapters 5 and 

6 address this issue for a surface-active mixture of a cationic surfactant, 

cetyltrimethylammonium bromide, and colloidal silica nanoparticles. 

 Chapter 5 shows that confined slug bubbles traveling in the particle-

surfactant mixture exhibit unique shape transitions due to the adsorption of 

particles at the bubble interface. As the bubble travels down the microchannel it 

exhibits a two-lobed shape due to particle adsorption and packing at rear of the 

bubble. By modeling the mass transport problem of convection-dominated 

particle mass transfer to the interface, we show that the shape transitions within 

the microchannel agree well with the growth of the particle stabilized region 

predicted by the model. The flux of particles to the interface is dominated by 

particle flux to the end cap regions, and the additional particle adsorption in the 

thin film and corner regions of the microchannel are negligible due to depletion 
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effects. Our results show that particle adsorption can be used to control surface 

coverage of particles on bubble interfaces. 

 In Chapter 6, we directly apply the particle adsorption model to show that 

the particle adsorption timescale relative to the residence time of the bubble in the 

device is a critical dimensionless timescale for the generation of monodisperse 

bubbles of uniform nonequilibrium shapes. We first address the assumptions in 

the previous chapter of particle packing at the rear of the dispersed phase by 

directly observing large (radius = 1 μm) latex particles adsorbing to an octanol 

slug droplet traveling in a confining capillary of circular or square cross-section. 

Particles are observed to pack at the rear of the droplet for both channel 

geometries, and the increase in particle packing as a function of residence time 

indicates that adsorption occurs during translation in the channel.  

We then use the nanoparticle-surfactant mixture to generate monodisperse 

bubbles in uniform nonequilibrium shapes. These particle-stabilized capsules 

exhibit shapes unlike those of equilibrium vesicles at a similar reduced volume 

due to the dynamic process used to generate the bubbles. Using the transport 

model developed in Chapter 5, we develop a direct relationship relating the 

particle-stabilized length of the bubble to the residence time of the bubble in the 

microchannel. This relationship is shown to collapse the experimental results onto 

two lines depending on the device cross-section geometry, which is attributed to 

the bubble shape transitions that occur in rectangular microchannels. We also 

discuss issues in bubble generation that can cause deviations from uniform bubble 
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shapes due to particle mass transfer hindrance in trains of bubbles and bubble 

break-up at the channel outlet. 

 The results of this thesis show that precise dilatational measurement and 

generation of complex fluid interfaces can be performed in a straightforward 

manner. The methods described to generate and measure insoluble layers can be 

extended to a variety of other insoluble materials at air-water or oil-water 

interfaces. The adsorption timescales described in Chapters 5 and 6 provide a 

simple criterion for generating particle-stabilized interfaces. Together, these 

methods provide the tools for generating emulsions and foams with controllable 

interfacial properties. 
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CHAPTER 2 

BACKGROUND 

2.1 EQUILIBRIUM SURFACE TENSION 

 The surface tension σ of an interface separating two immiscible fluid 

phases is a tensile force per unit length acting within the plane of the interface that 

arises due to cohesive forces between molecules. An interface separating two 

“clean” fluid phases like air and solute-free water will have a constant surface 

tension independent of the rate of deformation. When the interface is curved the 

surface tension generates a force per unit area acting normal to the interface that 

manifests as a pressure difference Δp between the fluid phases: 

 2p H   (2.1) 

where H is the mean curvature of the interface. For example, a spherical air 

bubble of radius R in water will have a mean curvature of R-1, which means that 

the air pressure inside the bubble will exceed the pressure in the water phase by 

2σ/R. The relationship described in equation (2.1), called the Laplace equation, is 

useful in explaining droplet and bubble shapes, as well as free surface 

deformation due to fluid flow.1 

 The mechanical properties of the interface can change dramatically when a 

surface-active material is present. The presence of a surface-active material at an 

air-water interface tends to decrease the surface tension from the measured value 

of the “clean” interface. This difference between the surface tension of the clean 

interface σ0 and the surface tension corresponding to a surface concentration Γ of 

surface-active material adsorbed at the interface is called the surface pressure Π: 
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  0     . (2.2) 

The surface pressure can be measured for both stable and metastable interfaces.2 

The surface pressure of a stable interface can be measured independent of the 

compression rate of the interface, but metastable interfaces have a compression rate 

dependent surface pressure due to the formation of a second phase on the interface above 

a critical surface concentration. The surface pressure corresponding to this critical surface 

concentration is the equilibrium spreading pressure. 

2.2 INTERFACIAL MECHANICAL PROPERTIES 

 When surface-active materials are adsorbed at an interface, we can model 

the interface as having intrinsic rheological properties – that is, the interface is 

treated as a two dimensional material independent of the fluid phases surrounding 

it. These properties relate the stresses in the interface to the deformation and 

deformation rates on the interface, analogous to rheological properties relating 

stress and strain in a bulk fluid phase. Different types of deformation yield 

different stress responses for the same interface, so ideally one would want to 

measure each deformation mode and the corresponding stress separately.   

There are three basic deformation modes on a planar surface: shear, 

extension, and dilatation. When the interface is curved, a fourth type of 

deformation, bending, can become significant. A simple shearing strain on a 

square patch of interface with side length a deforms the interface into a 

parallelogram with base and height dimensions equal to a. An extensional strain 

deforms the same initial square into a rectangle with side lengths b and a2/b. The 

total surface area is unchanged as the shape changes in shear and extension. A 
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dilatational deformation occurs when all sides of the square interface are 

expanded or compressed isotropically to side length a+δa, meaning that the shape 

of the interface stays the same while the surface area changes. The strain at the 

interface due to dilatation is δa/a. A pure bending deformation is a change in the 

curvature H of the interface at constant surface area.3 All four deformation modes 

can be present on a droplet interface, although the magnitude of the stress 

response from each deformation will vary based on the rheological properties of 

the droplet. Although there is much interest in measuring properties due to shear,4-

6 extension,7-9 and bending10-12 at fluid interfaces, the majority of our work 

focuses on purely dilatational deformations. 

 Just as in the rheology of bulk fluids, there are different ways to probe the 

relationship between dilatation and the resulting stress at the interface. Generally 

interfaces are strain-controlled, meaning that changes in the surface area are 

regulated and the resulting surface stress Ps is measured. The total surface stress 

includes both the surface pressure as well as stresses that arise due to the 

deformation of the interface. When small amplitude oscillatory dilatation at a 

frequency ω and amplitude ΔA is generated at a complex interface, the resulting 

surface stress will oscillate at the same frequency with amplitude ΔPs that is 

shifted by a phase angle Φ. The relationship between stress ΔPs and strain ΔA /Aeq 

is then reported as a dilatational modulus, E* 

 * ' ''
ln

s s
i i

eq

dP P
E E iE e A e

d A A
 

   


. (2.3) 

E* is a complex quantity that consists of an in-phase E’ and out-of-phase E’’ 

component; for a zero phase angle, the surface stress oscillations are in-phase 
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with the surface dilatation and E’’ = 0, while for a phase angle of π/2 the stress 

oscillations are completely out-of-phase with the dilatation and E’ = 0. A more 

detailed analysis of the dilatational modulus is given in Chapter 3 for apparatuses 

that do not measure surface stress or strain directly. 

 The dilatational modulus of complex interfaces is an important property 

that is linked to the microstructural characteristics of many different systems. On 

the single droplet scale, the dilatational rheology of a droplet interface affects the 

droplet mobility in flow,13 droplet deformation and break-up,14, 15 as well as 

droplet and bubble coalescence.16, 17 Dilatational stresses are also predicted to 

affect the strength of vesicle and capsule adhesion.18, 19 The dilatational modulus 

is directly linked to both the bulk and shear modulus of emulsions and foams.20, 21 

The long-term stability of emulsions22, 23 and foams24-26 also depends on the 

magnitude of the dilatational modulus. In biological systems, the dilatational 

rheology of lung surfactant is critical to respiration,27 and ultrasound contrast 

bubbles used in medical imaging have dilatational properties that can dramatically 

affect the performance of the bubbles as contrast agents.28 

2.3 SURFACE-ACTIVE MATERIALS 

 Interfaces can be stabilized by a variety of different surface active 

materials including soluble surfactants,29, 30 insoluble layers,2, 31 and solid 

colloidal particles.32 In Chapter 4 we focus primarily on insoluble layers 

comprised of palmitic acid, dimyristoylphosphatidylcholine (DMPC), or 

dipalmitoylphosphatidylcholine (DPPC), and in Chapters 5 and 6 we address 
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particle-stabilized interfaces comprised of mixtures of silica nanoparticles and a 

cationic surfactant.  

2.3.1 INSOLUBLE LAYERS 

 Insoluble layers are formed when a substance that does not dissolve in 

water is spread at an air-aqueous interface. Lipids are a common type of molecule 

that form insoluble layers at fluid interfaces. Monolayers of lipid materials 

including phospholipids and fatty acids can be used as model systems for 

understanding processes in lipid bilayers.33 Lipids are also a major component of 

pulmonary surfactant34 and tear films protecting the eye,35 which means that their 

mechanical response at interfaces is important in daily biological function. 

Because insoluble monolayers do not desorb from the interface, it is 

possible to measure the surface pressure as a function of the surface area. When 

insoluble monolayers are spread in a dilute monolayer over the interface such that 

the molecules do not interact, the interface is described as a two-dimensional gas 

with surface pressures generally below 0.1 mN/m.36 As the interface is 

compressed and the surface concentration increases, the monolayer forms a 

liquid-expanded region for surface pressures of the order of 1 mN/m, then 

transitions to a condensed phase at higher surface pressures. Phase coexistence 

regions of liquid expanded and condensed phases on the interface are possible; in 

this region, the surface pressure plateaus to approximately constant values as the 

interface is compressed.37 In the condensed phase, the molecules are packed 

closely, and the hydrocarbon chains align parallel to one another but tilted relative 

to the interface. Further compression of the interface aligns the molecules 
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perpendicular to the interface and the interface acts like a two-dimensional solid.37 

Not all of these phase transitions are present for a specific molecule.  

 Fatty acid molecules are comprised of a carboxylic acid group attached to 

a hydrocarbon chain. The simplest fatty acids that form insoluble layers have a 

saturated unbranched hydrocarbon chain consisting of 14 to 22 carbon atoms.38 

Palmitic acid is a saturated fatty acid with a 16-carbon chain. Fatty acids are 

known to form spread monolayers when deposited on an aqueous subphase in a 

Langmuir trough. When the subphase has a pH > 10, the carboxyl group becomes 

ionized, which leads to increased solubility with the subphase;39 however these 

effects are negligible below a pH of 6.4 for long-chain fatty acids like palmitic 

acid.40 Fatty acids have an equilibrium spreading pressure, which is the surface 

pressure reached for a monolayer in equilibrium with the crystal phase at the 

interface.41 For palmitic acid at 20°C, the equilibrium spreading pressure is 

approximately 10 mN/m.41 Monolayers compressed to surface pressures above 

this value will spontaneously form crystals at the interface to return the surface 

pressure to the equilibrium value. At 20ºC, palmitic acid forms a condensed phase 

at low surface pressures that persists until the solid phase is reached at 

approximately 25 mN/m.42 This is greater than the equilibrium spreading 

pressure, meaning that the interface must be compressed rapidly enough to avoid 

significant crystal formation.43 The fact that surface pressure-area diagrams are 

reproducible across different measurement apparatuses and research groups 

indicates that the monolayer is in a metastable state during compression. 
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 DMPC and DPPC are two phospholipids, each with two fatty acid tails 

connected to a choline headgroup by a glycerophosphoric acid group. The fatty 

acid chains in DMPC are myristic acid, a 14-carbon saturated fatty acid, and the 

chains in DPPC are palmitic acid. The effect of pH on the measured surface 

pressures of these monolayers is not significant until pH 9 for DPPC44 and above 

pH 10 for DMPC.45 Below the melting temperatures for DMPC and DPPC 

(23.0ºC and 41.2ºC, respectively), the equilibrium spreading pressure measured 

for these phospholipids is less than 1 mN/m,46 meaning that most surface pressure 

measurements are made while the interface is in a metastable state. Despite this, 

compression rate effects are not commonly observed on phospholipid monolayers 

spread on a Langmuir trough.47 DMPC exhibits a liquid expanded phase over the 

entire surface pressure range at room temperature,48 while DPPC shows three 

regions: a liquid expanded phase, a coexistence region of liquid expanded and 

condensed phases, and a condensed phase at higher surface pressures.  

2.3.2. PARTICLES 

 Particle stabilized emulsions and foams have a variety of uses in 

pharmaceuticals,49 composite materials,50 cosmetics,51 and food products.52 

Catalytically-active particles can be used to both stabilize an emulsion and 

promote chemical reactions at the fluid interface.53, 54 Solid particles adsorbed at 

fluid interfaces have been recognized as efficient emulsion stabilizers since the 

early 1900s.55, 56 Colloidal particles with sizes ranging from approximately 10 nm 

– 1 μm at fluid interfaces have properties that are significantly different from 

molecular surfactants. Adsorbed particles require a large amount of energy to 
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desorb from fluid interfaces; for example, a particle of 10 nm radius requires over 

1000 times more energy than a surfactant molecule to detach from the interface.57 

This allows for the generation of bubbles and droplets in nonequilibrium shapes 

due to the formation of a jammed particle network at the interface.58, 59 The finite 

size of the particles prevents coalescence of stabilized interfaces due to steric 

effects.60 

 Surfactants are often added to particle suspensions to alter the wettability 

of particles and enhance the adsorption of particles to the interface.61-63 A mixture 

of colloidal silica and a cationic surfactant, CTAB, is an example of such a 

system.64 Colloidal silica with a negative surface charge cannot stabilize fluid 

interfaces alone due to the favorable aqueous phase wettability of the particles. 

The addition of CTAB to the suspension causes adsorption of the positively-

charged surfactant molecules to the particle surface,65 which decreases the particle 

wettability. During a bulk emulsification process, CTAB-modified silica particles 

tend to form multilayers at fluid interfaces,66 and nonspherical bubble and droplet 

shapes are occasionally observed for different oil-water and air-water  systems.61, 

67 Mixtures of particles and surfactants are useful in floatation processes64 and 

foam stabilization.68 
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CHAPTER 3 
 
REGULAR PERTURBATION ANALYSIS OF SMALL AMPLITUDE 
OSCILLATORY DILATATION OF AN INTERFACE IN A CAPILLARY 
PRESSURE TENSIOMETER 
 

3.1 INTRODUCTION 

Interfacial rheology is the study of the response of complex fluid 

interfaces to deformation, and is an important aspect of the bulk rheological 

properties of fluid-fluid dispersions.1 Through rheological measurements of 

complex fluid interfaces, the stress generated within an interface due to a specific 

type of surface deformation can be linked to the interfacial microstructure.  

Surface deformation can be categorized according to fundamental modes 

including shear, extensional, dilatational, and bending. Interfacial shear stresses 

arise from deformations in the shape of the interface and extensional stresses arise 

from an expansion of the interface. Bending stresses are related to changes in the 

interfacial curvature. Although shear, extension, and bending stresses can all 

occur at a constant surface area, the stress due to dilatational deformation arises 

from expansions in the interfacial area while preserving the interface shape. The 

dilatational motion of an interface is analogous to the volume expansion of a 

compressible fluid. One significant difference is that although very few single-

phase fluids are compressible, the interface between two fluid phases is often 

highly compressible. This property allows for the formation of new interfaces 

during droplet break-up or the nucleation and dissolution of gas bubbles in liquid. 

Dilatational stresses have been linked to emulsion and foam stability, as well as 

the bulk viscosity of these systems.2, 3 



CHAPTER 3 
 

21 
 

 Dilatational rheology focuses on the response of a fluid-fluid interface to 

axisymmetric expansion or compression. There are a variety of ways that 

interfaces can resist dilation due to the wide array of materials that can be 

adsorbed at fluid interfaces. Examples of dilatational rheological responses due to 

the intrinsic microstructure of the interface include the dilatational viscosity and 

the viscoelasticity of adsorbed proteins, polymers, and particles.4 For example, 

proteins exhibit conformational changes at the air-water interface which promote 

aggregation, leading to an increase in the dilatational modulus.5  The dilatational 

modulus of polymers at air-liquid interfaces depends on polymer chain 

interactions, and the modulus will vary depending on the solvent quality of the 

liquid.6 Solid particles at the interface can interact through colloidal7 and 

capillary8 forces that can cause an increase in the modulus through particle 

clustering.9 In purely dilatational flows on the interface, there are only isotropic 

contributions to the measured interfacial stress. The interfacial tension σ is an 

isotropic stress that depends on the instantaneous surface concentration Γ of 

adsorbed species through a thermodynamic equation of state. The surface tension 

is a two-dimensional counterpart to the hydrostatic pressure of a three-

dimensional fluid.1 Other stresses may arise due to deformation of the interface – 

these extra stresses τ depend on the rate of deformation of the interface and may 

also depend on the surface composition.  

An ideal measurement of the dilatational stresses on the interface would 

involve the shape-preserving expansion of an interface for fixed surface tension. 

This is rarely achievable in practice since compositional changes that alter surface 
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tension often accompany expansion of the interface. A common approach to 

measuring dilatational properties is by small amplitude oscillatory dilation, and 

the relationship reported between the surface area dilation and the change in the 

surface stresses is the modulus / lnd d A , sometimes called the “dilatational 

viscoelasticity.” 2, 4, 10, 11 The inverse of this value is termed the compressibility, 

which is normally measured during a lateral compression of the interface on a 

Langmuir trough.12 When a surface-active material is irreversibly adsorbed to the 

interface, the surface tension varies with changes in the instantaneous 

concentration of surface-active material at the interface, meaning that the 

measured modulus is the sum of static and dynamic surface stresses. If the 

material at the interface has a soluble component, then the surface concentration 

(and therefore the surface tension) will be a time-dependent function related to the 

bulk mass transfer to/from the dilating interface. Mass transport results in an 

apparent interfacial viscoelasticity that requires accurate knowledge of the 

relevant transport parameters in order to separate from the dynamic surface 

stresses.13  It is desirable from a rheology standpoint to separate the surface 

tension stresses from the dynamic stresses to enable development of constitutive 

models relating the dynamic stresses to the interfacial microstructure. 

 An ideal apparatus for dilatational rheological measurements is one in 

which the interfacial deformation is well-characterized and independent of the 

interfacial stress response; however, it is often difficult to avoid mixed flows of 

shear and dilation at the interface. Dilatational apparatuses either perform 

measurements on a flat interface (“trough” methods) or on an interface with some 
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curvature (“drop/bubble” methods). The most common trough system is the 

Langmuir trough, where a barrier at one end of the trough is used to expand or 

compress a monolayer at an air-water interface, and the surface pressure is 

measured by a Wilhelmy plate.14 This system has been shown to excite both shear 

and dilatational modes on the interface, and two Wilhelmy plates must be used to 

separate the stresses due to shear and dilation.15 Although other devices have been 

proposed to generate uniform dilation on a planar fluid interface,16, 17 these 

devices must extend into the bulk fluid, and the resulting flow problem is difficult 

to decouple to measure only interfacial stresses.10 Recently, Verwijlen et al. have 

developed an attachment for commercial rotational rheometers that can measure 

the dilatational properties of flat interfaces.18 This system generates a mixed flow 

field of shear and dilatation that can be used to measure the complex dilatational 

viscosity. 

Common drop/bubble approaches to dilatational measurements include the 

pendant bubble apparatus and the capillary pressure tensiometer. In the pendant 

bubble apparatus, a bubble generated at a capillary tip is distorted by gravity into 

a shape which is related to the surface tension of the interface at equilibrium 

through the Young-Laplace equation. The pendant bubble apparatus is a useful 

tool to measure surface tension dynamics through an automated image acquisition 

and analysis system,19 but the analysis assumes that the only stress at the interface 

is the thermodynamic surface tension. During oscillatory measurements this 

system is known to excite both shear and dilation on the interface due to the 

presence of two distinct radii of curvature.20 Because capillary pressure 
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tensiometers generally have a single radius of curvature, these apparatuses have 

the potential to measure purely dilatational properties of fluid interfaces. 

In this work, we present an analysis of interfacial dilatational 

measurements using a capillary pressure tensiometer approach. By determining 

the effects of the geometry on the measured dilatational modulus, we will show 

that the surface tension stresses can be separated from the extra stresses. We will 

first use a regular perturbation expansion for pressure-controlled small amplitude 

oscillation in order to calculate the dilatational modulus based on experimentally-

measured parameters, namely the pressure jump and the radius. We will then 

apply this perturbation expansion approach on two common interfacial models 

that exhibit both surface tension stresses and interfacial rheology through 

dilatational extra stresses. Our analysis shows that the dilatational modulus of 

these complex interfaces will vary with the radius of curvature of the interface 

based on whether the interface is soluble or insoluble with the bulk phase. In 

order to separate surface tension from intrinsic rheological parameters, we 

describe a useful methodology that can be applied to capillary pressure 

tensiometers that uses a measurement of the crossover frequency at various 

spherical cap sizes. The crossover frequency is shown to vary with the geometry 

in a way that indicates surface tension effects for either soluble or insoluble layers 

at the interface.  

After showing the methodology for measurements on capillary pressure 

tensiometer systems, we revisit the small-amplitude assumption made in these 

apparatuses to develop an analytical approximation for higher harmonics in the 
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rate of dilatation and the surface stress based on oscillations in the pressure and 

the radius that can be applied in-line on a measurement apparatus. We discuss the 

practical measurement of the dilatational modulus on various capillary pressure 

tensiometers, including the microtensiometer. Due to the small length scales, a 

measurement of the dilatational modulus on the microtensiometer contains 

negligible contributions due to gravity, viscous stresses, and inertia. Lastly, we 

construct an operating diagram for the microtensiometer measuring the modulus 

of purely viscous interface.  

3.2 SMALL AMPLITUDE OSCILLATORY DILATATION OF A 

SPHERICAL CAP BUBBLE 

Consider a small bubble pinned at the tip of a capillary tube. If gravity is 

negligible, then the bubble surface will form a spherical cap with uniform radius 

of curvature R. For a static bubble, the Laplace equation describes the relationship 

between surface tension σ and the discontinuous pressure jump p  across the 

curved interface, 

 
2

pR 
 . (3.1) 

Oscillation of the pressure inside the bubble results in a change in bubble 

volume and commensurate dilation and compression of the bubble surface area.  

The associated shape change of the bubble depends on the pinning condition at 

the rim of the capillary. If the contact angle is allowed to vary, the bubble 

maintains a spherical cap shape and the radius of curvature oscillates in response 

to the pressure change.  If the contact angle remains fixed, then the shape must 

deviate from a spherical cap, but at small amplitude, a spherical cap shape may 
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still be assumed.  An oscillating interface that maintains a spherical cap shape 

undergoes a purely dilatational deformation.11, 20 The kinematics of the 

deformation may be quantified in terms of the dilatational strain rate, 

ln /d A d t  , where the instantaneous surface area is given in terms of the 

bubble radius R and the radius of the capillary tube Rc, 

  2 22 cA R R R R   .  (3.2) 

The plus or minus sign is chosen depending on whether the interface is larger or 

smaller than the hemisphere, as shown in Figure 3.1. 

 

Figure 3.1. Schematic diagram of a capillary pressure tensiometer. The bubble 
pinned at the capillary tip can be either smaller or larger than a hemisphere with 
the same radius of curvature R. The minimum radius of curvature for the bubble 
occurs when R is equal to the radius of the capillary tip Rc.  

 

The response of the interface to oscillation results from the dilatational 

stresses within the interface, which arise from both surface tension and extra 

stresses imparted by the microstructure of the interface. The normal force balance 

at the interface relates the surface excess normal stress Ps to the discontinuous 

pressure jump across the interface in the absence of body forces and bulk fluid 

stresses, given by 1, 21, 22  
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2

s pR
P


 . (3.3) 

The surface excess normal stress can be expressed in terms of components 

of the surface excess pressure tensor Ps,1 which can be written in spherical 

coordinates as 

 
rs

r

  

  

   
   
 

   
P , (3.4) 

where θ is the azimuthal angle, ϕ is the polar angle measured from the apex of the 

bubble, and r is the coordinate directed outward normal to the interface. As shown 

schematically in Figure 3.2, the stresses  and   are dilatational interfacial 

stresses,   and   are shear interfacial stresses, and r  and r  are bending 

stresses. The bending stresses are directed outward normal to the plane of the 

interface, and typically occur due to transverse shear stresses generated when the 

interfacial structure has a nonzero thickness.21  
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Figure 3.2. Schematic illustration of the surface stresses acting on a section of an 
interface with radius of curvature R.  

Applying equation (3.4) to the normal stress balance for a spherical cap 

bubble undergoing axisymmetric small amplitude oscillation yields a surface 

excess normal stress given by 

  1
cot

2
rs

r

d
P

d


  


    


     . (3.5) 

The surface excess normal stress Ps includes contributions from interfacial 

dilation and bending, but not shear. Complex interfaces such as particle 

monolayers23 exhibit nonzero bending moduli that can be important when 

measuring properties of curved interfaces.22 The Helfrich model24 can be used to 

estimate the magnitude of the bending stress, which depends on both the bending 

modulus and radius of curvature of the interface, 2/r BE R  .25 For an 



CHAPTER 3 
 

29 
 

interfacial radius of 30 μm, the bending modulus EB must be greater than 2×108 kT 

to change the measured surface stress by 1 mN/m. Small bending moduli on the 

order of 0.1 – 10 kT are common for surfactant monolayers26 and lipid bilayers,27 

whereas highly packed particle-coated interfaces can exhibit bending moduli of 

the order of 1010 - 1012 kT.23, 28 Although the bending modulus cannot be 

neglected for some interfaces, in this paper we will restrict the analysis to 

interfaces with a negligible bending modulus compared with the surface tension 

and dilatational stresses.  

Combining equations (3.3) and (3.5) while neglecting bending stresses 

produces a relationship between quantities that are experimentally measured or 

controlled and the interfacial stresses, given by 

  1

2 2

pR
   

   . (3.6) 

When surface tension alone contributes to the interfacial stress, equation (3.1) is 

recovered.  

The surface excess normal stress is commonly related to the dilatational 

strain via a dilatational modulus, defined by  

 
 1

ln ln 2 ln

s ddP d
E

d A d A d A
   

   . (3.7) 

The contribution to the modulus from surface tension alone is denoted the Gibbs 

modulus, and the compressibility measured on a Langmuir trough is the inverse of 

the Gibbs modulus.  

Equation (3.7) shows that even when a purely dilatational deformation is 

imposed, and interfacial shear stresses, bending stresses, and bulk fluid 
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contributions can be neglected, a measurement of the dilatational modulus still 

contains possible contributions from both surface tension and dilatational extra 

stresses. In a typical experimental apparatus, either pressure or radius/volume is 

controlled, and the other is measured. Thus, the interfacial stress contains both a 

measured and a controlled quantity, and experiments are neither purely stress nor 

strain rate controlled. The interfacial response therefore must be interpreted in the 

context of a constitutive model for the interfacial stresses.   

To obtain an expression for the dilatational modulus in terms of an 

arbitrary interfacial constitutive model, let us assume that sinusoidal oscillations 

are imposed in the pressure jump across the interface, such that  

  1 sinap p t     (3.8) 

where pa is an equilibrium pressure offset and ε is the relative amplitude of the 

pressure oscillation. The response of the radius to pressure fluctuations is given 

by equation (3.6), meaning that it depends on the surface equation of state and the 

rheological constitutive model describing the extra surface stresses. The 

oscillatory response of the radius for an arbitrary interface can be written in terms 

of a regular perturbation expansion in the parameter ε 29 

       2 3
1 21eqR R g t g t O      , (3.9) 

where the equilibrium radius Req, and the specific functions g1 and g2 can be 

found once an interfacial rheological model is specified. Small amplitude 

oscillations are imposed such that order ε2 and higher terms can be neglected.  

Combining equations (3.3), (3.8) and (3.9) gives the expansion for the 

surface excess normal stress,  
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       2 3
1 1 21 sin sin

2 2
a eqs p RpR

P t g g t g O    
       . (3.10) 

An expansion for the interfacial area can be found by combining equations (3.2) 

and (3.9)  
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, (3.11a) 

where  

 
2

1 1 c

eq

R
b

R

 
    

 
 (3.11b) 

is a dimensionless geometric parameter that describes the equilibrium shape of the 

bubble. As b1 → 0 the spherical cap approaches a hemisphere, and as b1 → 1 the 

spherical cap approaches either a sphere much larger than the capillary or a flat 

interface at the capillary tip, depending on whether the bubble is larger or smaller 

than the hemispherical cap. The term outside the square brackets in equation 

(3.11a) is the equilibrium surface area, Aeq.   

The amplitudes of the first and second order terms in the above expansions 

can be used to determine the dilatational modulus in the small amplitude limit. 

Following from equation (3.7), the dilatational modulus in oscillatory dilatation 

can be expressed as a complex function given by 

 1

1

* ' ''
ln

ss
i i

eq

PdP
E E iE e A e

d A A
 

   


 (3.12) 
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where 1
sP  and 1 / eqA A  are the amplitudes of the surface stress and the area 

strain in the small amplitude limit. The phase angle Φ is a measure of the time lag 

between the surface stress and area strain oscillations. The magnitude of the 

complex modulus is given by    2 2
* ' ''E E E  .  The complex modulus is 

determined by substituting the first order coefficients of equations (3.10) and 

(3.11) into equation (3.12), such that 

    
2

12
1 1

1

1
2 sineq A

b
R g A t

b
   


     and (3.13) 

    1 1sin sin
2

a eq s
P

p R
t g P t       (3.14) 

where A  and P  are the phase angles of the area and surface stress oscillations, 

respectively. The total phase angle of the complex modulus is the difference of 

the surface stress and area phase angles, P A   . 

To first order, the oscillations of the radius can be written as 

   1 11 sineq RR R R t       (3.15) 

where the phase angle 1R  is chosen such that the scaled radial oscillation 

amplitude 1R  is always positive. From equation (3.15) we can calculate the 

equilibrium surface area, Aeq, the amplitudes and phase angles for the surface 

area, equation (3.13), and the surface stress, equation (3.14). The resulting 

dilatational modulus expressed in terms of the scaled radial amplitude is given by 

 

2
1 1 11

1 1

2 cos 1
*

1 2
a eqR p RR Rb

E
b R

     
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. (3.16) 
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The measured amplitude of the radial oscillations Ra is related to the scaled radial 

amplitude by 

 1
a

eq

R
R

R
  . (3.17) 

The total phase angle Φ is given by 

 1 11 1 1

1 1 1

sin sin
tan tan

1 cos cos
R R

R R

R

R

 
 

    
         

. (3.18) 

The inverse tangent function must be calculated as the principal value of the 

complex argument in order to obtain physically realistic values for the real and 

imaginary components of the complex modulus. Equations (3.16) through (3.18) 

allow for direct calculation of the dilatational modulus based solely on measured 

parameters. 

3.3 SMALL AMPLITUDE DILATATIONAL MODULUS OF MODEL 

INTERFACES 

In this section, we will apply the asymptotic analysis described above to 

two model interfaces that contain both surface tension and extra interfacial 

stresses. The extra interfacial stresses will be modeled using the Boussinesq-

Scriven constitutive equation,30 which is the equivalent of a Newtonian interface, 

assuming a linear relationship between the stress and the rate of area dilation. For 

an oscillating spherical cap the Boussinesq-Scriven model specializes to 

  1 1

2
s s dA

A dt        . (3.19) 

where κs is the interfacial dilatational viscosity. 
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 For an insoluble monolayer with no transport of species from the bulk 

fluid, the surface tension σ depends on the instantaneous surface concentration Γ 

of adsorbed species through an equation of state. For the Langmuir equation of 

state, the relationship between surface pressure Π and surface concentration is 

given by 

  0 max
max

ln 1gR T 
 

         
 (3.20) 

where σ0 is the interfacial tension of the pure fluid-fluid interface, Rg is the ideal 

gas constant, T is the temperature, and Γmax is the maximum surface 

concentration. The instantaneous surface concentration can be expressed in terms 

of the number of moles adsorbed on the interface n divided by the interfacial area 

A, such that /n A  . The interfacial area can be expressed in terms of the 

asymptotic expansion given in equation (3.11).  

Applying equations (3.19) and (3.20) to the components of the interfacial 

stress in equation (3.6), and then comparing terms of the same order in equation 

(3.10) yields an equilibrium surface stress in the zeroth order term that depends 

only on the equation of state, 

 
0 max

max

ln 1
2

a eq
eq g

eq

p R n
R T

A
 

 
       

.  (3.21) 

The first order terms yield a differential equation for the function g1 that contains 

equation of state parameters, the surface concentration Γeq corresponding to the 

equilibrium area, and the dilatational viscosity, 

  1
1 sin

dg
g t

dt
       , (3.22) 
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where the coefficients α and β are given by  

 1

11
eq

s

b

b





 

   
, and  (3.23a) 

 
 

max 0

max

g

ss
eq

R T n

A n





 

 
.  (3.23b) 

The minus or plus sign in equation (3.23a) depends on whether the spherical cap 

is larger or smaller than the hemisphere, respectively. The constant ε0, denoted the 

Gibbs elasticity, characterizes the slope of the surface tension with respect to the 

surface concentration near the equilibrium surface coverage, 

 0 / ln /eqeq
d d          . This value can be obtained through a 

measurement of the Π-A isotherm on a Langmuir trough.31 The parameters α and 

β defined in equation (3.23) represent inverse characteristic relaxation times that 

arise from the viscoelastic nature of the interface. The equilibrium interfacial 

tension provides one source of elasticity within the interface, while the Gibbs 

elasticity, characterizing the sensitivity of the surface tension to small changes in 

surface area, provides another. Both relaxation times also depend on the geometry 

of the spherical cap.  

Solving equation (3.22) gives the response of the bubble to small 

amplitude pressure oscillation,  

 
 

   1 2 2
sin costg e t t       

  
        

. (3.24) 

The response is characterized by a transient offset that decays exponentially at a 

rate characterized by the sum of α and β, and a steady state oscillation with a 
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frequency-dependent magnitude that depends on the two characteristic relaxation 

times.   

The complex dilatational modulus of the insoluble Boussinesq-Scriven 

interface is found by substituting the steady-state oscillatory part of equation 

(3.24) into equations (3.13), (3.14), and then (3.12), obtaining the simple form 

 0* sE i     (3.25) 

where the real part of the modulus E corresponds to the Gibbs modulus and the 

imaginary part of the modulus E is proportional to the dilatational viscosity. 

While the complex modulus of this model interface does not depend on the 

curvature of the interface, the real part of the modulus depends on the total 

surface area if the number of moles of adsorbed species remains fixed during the 

oscillatory experiment. This form of the complex modulus is also obtained from 

the phenomenological Voight constitutive model, which assumes constant 

elasticity and constant viscosity of the interface.32  

Figure 3.3a is a log-log plot of the small amplitude dilatation modulus as a 

function of frequency for a single bubble shape corresponding to a fixed spherical 

cap radius with b1 = 0.66. The real and imaginary components are plotted along 

with the absolute magnitude. At this bubble size, the real and imaginary 

components of the modulus are equal at a critical frequency ωc. For frequencies 

below the critical value, the modulus is predominantly elastic, with a nearly 

constant magnitude corresponding to the Gibbs modulus.  For frequencies greater 

than the critical value, the modulus is predominantly viscous, growing linearly 

with frequency with a slope equal to the dilatational viscosity.   
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Keeping the number of moles of adsorbed species constant and decreasing 

the surface area of the spherical cap results in an increase in both surface 

concentration and Gibbs modulus. Figure 3.3b is a semilog plot of the modulus as 

a function of b1, defined in equation (11b), for a fixed number of moles adsorbed, 

n = 2.5 x 10-14 mol and a fixed frequency of ω = 0.4 s-1 for the model parameters 

given. The real part of the modulus increases from a smaller plateau value near 

the hemispherical interface to a larger plateau value as the bubble approaches a 

flat interface at the capillary tip. The imaginary component of the modulus is 

independent of geometry.  This behavior does not account for the possibility in a 

real system that the dilatational viscosity may depend on the surface 

composition.33-35 In effect, the experiment modeled in Figure 3.3b probes the 

isotherm of the adsorbed insoluble monolayer by placing a fixed mass at the 

interface and systematically varying the surface area. 
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Figure 3.3. The small amplitude dilatational modulus of an insoluble monolayer 
modeled by the Langmuir isotherm and the Boussinesq-Scriven constitutive 
equation. The model parameters are T = 298 K, Γmax = 10-5 mol/m2, n = 2.5 x 10-14 
mol, κs = 85 mN-s/m, and Rc = 30 µm. (a) The frequency dependence of the 
modulus for b1 = 0.66. (b) The dependence of the modulus on b1, for a fixed 
frequency of ω = 0.4 s-1. The vertical lines in (a) and (b) indicate ω = 0.4 s-1 and 
b1 = 0.66, respectively. 

 

The phase shift of the radius response to pressure oscillations can be found 

by applying equation (3.15) for the viscous insoluble monolayer, and is given by 
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 

1
1 tanR


 

  
     

. (3.26) 

The purely elastic interface limit ( 0s  ) corresponds to a real-valued complex 

modulus for which α   and β   according to equation (3.28), and the phase 

shift vanishes, ϕR1  0. The purely viscous interface limit ( 0 0  ) corresponds to 

an imaginary-valued complex modulus for which β = 0 and the phase shift 

depends on the spherical cap geometry, the surface tension, and the dilatational 

viscosity. In this limit, the maximum phase shift occurs when the dilatational 

viscosity is much greater than the surface tension such that 0   and the radius 

response is completely out of phase with the pressure oscillations such that 

ϕR1  π/2. The two extremes place physical bounds on the phase shift of the 

radius oscillations of π/2 < ϕR1 < π. It is important to note that this phase angle 

range is not equal to the phase angle range of Φ between surface area and surface 

stress oscillations, which is 0 < Φ < π/2. 

 When the surface-active species adsorbing at the interface are soluble in 

the bulk liquid, the surface concentration arises from equilibrium partitioning 

between the interface and the bulk solution. As the interface deforms, mass 

transfer between interface and bulk drives the system toward equilibrium. Mass 

transfer occurs in finite time, leading to a time-dependent surface tension that 

enters the dilatational modulus via equation (3.6) separate from other interfacial 

rheology contributions. Assuming diffusion-limited transport to the dilating 

spherical cap interface, the species mass balance at the interface is 
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1

eq
r R

dA c
D

t A dt r 

       
 (3.27) 

which depends on the instantaneous local bulk concentration c and the bulk 

diffusivity D of the species in solution. The bulk concentration is governed by the 

diffusion equation in spherical coordinates 

 
2

2

2c c c
D

t r r r

   
     

. (3.28) 

For this analysis, we assume the bulk liquid is located in a sample cell exterior to 

the bubble, and that the volume of the sample cell is large enough to avoid 

significant depletion of surface active material from the bulk solution, which can 

reduce the bulk concentration and influence the transport dynamics.36 Consistent 

with the earlier analysis for an insoluble interface, we assume that the surface 

pressure is governed by the Langmuir equation of state, equation (3.20), and that 

the interfacial rheology follows the Boussinesq-Scriven constitutive model, 

equation (3.19). Solubility is accounted for by solving the total surface stress 

equation, equation (3.6), simultaneous with the mass transport problem given by 

equations (3.27) and (3.28).  

To solve the problem, the surface concentration is first written as a regular 

perturbation expansion in the parameter ε  

   2
11eq f O      . (3.29) 

Expanding equation (3.6) in terms of the small parameter gives 
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


 (3.30) 

 where the equilibrium surface tension is given by equation (3.21). 

 The bulk diffusion equation (3.28) is solved by taking the Laplace 

transform with respect to t, with the initial condition that at time t = 0 the bulk 

concentration is constant, c = c∞, and the interface is at equilibrium. Boundary 

conditions are provided by equation (3.27) at the bubble interface and the far field 

condition that as r → ∞ the bulk solution approaches c → c∞. In the Laplace 

domain (denoted by overbar), equation (3.28) can be written as a second order 

ordinary differential equation 

 
2

2

2 cc c s
c

r r r D D
 

   
 

. (3.31) 

Solving this equation and applying the far field boundary condition yields 

 1
s

r
Dc C

c e
s r


  . (3.32) 

where C1 is an unknown parameter that is a function of s. To impose the 

interfacial mass balance at the interface, equation (3.27), we first perform a 

perturbation expansion on the boundary condition. To highest order, the boundary 

condition becomes 

 
 11 1

1

1

eq

eq eq
r R

bf dg c
D

t b dt r
 



            
; (3.33) 

applying the Fourier transform and equation (3.32) yields 
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. (3.34) 

 In order to reach equation (3.34), we have assumed that at time zero we are 

starting from an equilibrium state. We will assume that there is a local equilibrium 

between the surface concentration and the bulk concentration at Req imposed at all 

times. When the fluctuations are small, the deviation in the bulk concentration at 

the interface relative to the deviation in the surface concentration ( 1f ) away 

from equilibrium values is equal to the local slope of the isotherm, or 

 1

1

eq eq
sr R R
D

eqeq eq eq

c
c C dcs e

f f R d 


 

        
. (3.35) 

This relationship can be used to eliminate C1 from equation (3.34), which can be 

rearranged to show the relationship between the unknown radius and surface 

concentration oscillations in the Laplace domain as 

 
   

1
1 11/2 1/2

1 0 0

1

R

b s
f g

b s s  



 


. (3.36) 

Equation (3.36) reveals two characteristic frequencies that arise from the transport 

problem.  2

0 /
eq

D dc d    is a characteristic frequency of diffusion assuming an 

intrinsic length scale arising from the slope of the adsorption isotherm, and 

2/R eqD R 
 is a characteristic frequency of diffusion assuming the relevant 

length scale is the radius of curvature of the bubble interface. Taking the Laplace 

transform of equation (3.30) and applying equation (3.36) allows us to solve for 

the unknown function describing the radial oscillations in the Laplace domain as 
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. (3.37) 

The definitions for α and β are given by equation (3.23). For spherical cap 

geometries smaller than a hemisphere, the only poles of equation (3.37) are at 

±iω.  

We only need to calculate the steady-state oscillations of the interface in 

order to calculate the relevant parameters for the dilatational modulus, although 

the complete oscillation history including start-up effects can be obtained from 

equation (3.37). Taking into account the branch point at the origin, equation 

(3.37) is solved using the method of residues to obtain 
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where the dimensionless coefficients are given by 
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 (3.39b) 

Using equations (3.13) and (3.14) to determine the amplitude and phase shift of 

the pressure and area oscillations results in a complex modulus that is written in 

the compact form 

 * 0
1/2 1/21/2

0 01

s

R

E i

i i i

  
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  

 
          

     

. (3.40) 
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 The real and imaginary parts of the complex modulus in equation (3.40) 

are plotted as a function of frequency in Figure 3.4a for a constant capillary radius 

of 30 μm and transport parameters typical of a surfactant system. At low 

frequencies, diffusion and adsorption to the dilating interface are fast enough that 

the instantaneous surface concentration remains approximately constant and the 

modulus is small. In the low frequency limit, E’ scales as ω3/2 and is smaller than 

E’’, which increases linearly with ω. At high frequencies, the modulus approaches 

the limit of an insoluble monolayer with a dilatational viscosity, equation (3.25). 

In contrast to the insoluble monolayer model; however, the equilibrium 

composition of the interface is independent of the available surface area and 

depends only on the bulk concentration.  
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Figure 3.4. The small amplitude dilatational modulus of an interface with a 
soluble monolayer modeled by the Langmuir isotherm and the Boussinesq-
Scriven constitutive equation. The model parameters are T = 298 K, 
ε0 = 60 mN/m, D = 10-10 m2/s, ω0 = 5 s-1, and κs = 0.3 mN-s/m. (a) The frequency 
dependence of the modulus for b1 = 0.66. (b) The dependence of the modulus on 
b1, for a fixed frequency of ω = 0.1 s-1. The vertical lines in (a) and (b) indicate 
ω = 0.1 s-1 and b1 = 0.66, respectively. 
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The geometric dependence of the modulus is shown in Figure 3.4b, with 

the components of the modulus plotted as a function of the geometric parameter 

b1 at a fixed frequency. Small values of b1 correspond to a nearly hemispherical 

drop, which is the smallest possible radius of curvature for a pinned spherical cap. 

As b1 increases, the droplet interface approaches a flat interface, and the real part 

of the modulus increases, becoming greater than the imaginary part at b1 = 0.992. 

The complex modulus of equation (3.40) is the sum of a modulus developed for 

diffusion-limited transport to a spherical interface37 and a modulus due to the 

intrinsic surface rheology. As b1 approaches unity, the characteristic frequency R  

goes to zero and the component of the modulus arising from diffusion-limited 

transport limits to that of a planar interface.38  

Both insoluble and soluble monolayers with dilatational viscosity exhibit a 

transient offset pressure with exponential dependence on time, and a steady state 

oscillatory response. In the case of an insoluble monolayer with dilatational 

viscosity, equation (3.24) indicates that the transient offset will grow rather than 

decay if the sum    is negative. In this situation, the interface is unstable to 

start-up pressure oscillations. Rearranging the inequality, the criterion for stable 

oscillation in terms of physical parameters and the system geometry becomes 

 0 1

11eq

b

b




 
    

 (3.41) 

where the minus or plus sign is used when the spherical cap interface is larger or 

smaller than the hemisphere, respectively. When the spherical cap shape is 

smaller than a hemisphere, the right side of the inequality is always negative, 
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meaning that this system is stable to start-up oscillations. When the interface is 

larger than a hemisphere, stability depends on whether the ratio of the Gibbs 

modulus ε0 to the equilibrium surface tension is greater than the function on the 

right hand side that depends on the equilibrium radius of the interface and the 

radius of the capillary at which the interface is pinned. Stability does not depend 

on the magnitude of the pressure oscillation, the frequency, or the dilatational 

viscosity, although it is necessary for the interface to exhibit a dilatational 

viscosity in order for the transient offset pressure to appear.   

Checking the stability of the soluble monolayer with dilatational viscosity 

to start-up pressure oscillations requires inspection of the poles of equation (3.37) 

describing the first harmonic oscillations in the Laplace domain. As long as the 

real parts of the solutions to the equation 

 
   1/2 1/2

0 0

0
R

s
s

s s
 

  

 
   

   
 (3.42) 

are negative, then the initial transient in the radial oscillations will decay to a 

stable steady state oscillatory response. For physical systems, the variables β, ω0, 

and ωR in this equation are positive regardless of the spherical cap geometry. 

When the spherical cap interface is less than a hemisphere, then α is also positive 

and equation (3.42) has no real roots, meaning that the system is stable to start-up 

oscillations. Conversely, a negative value for the parameter α leads to a positive 

real root, meaning that the system is unstable. For example, given the physical 

conditions listed in the caption of Figure 3.4 with an interface of the same radius 

but larger than the hemisphere (α=-0.197), there is a positive root at 
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s = 6.03 x 10-4. When there is no diffusion of species to the interface, then 

0 0R    and the stability criterion for the start-up oscillations is given by 

equation (3.41).  

In situations where the system is unstable to the initial pressure oscillation, 

the radius will increase continuously until the interface detaches from the end of 

the capillary and a bubble or droplet of the inner phase fluid is ejected. We note 

that it is only possible to calculate a modulus when the system is stable to start-up 

oscillations, since the modulus is determined based on steady-state oscillation 

about an equilibrium pressure and radius.  

The measured dilatational modulus is not a material property in general 

because the underlying mechanisms lead both to geometry dependence as well as 

to real and imaginary components that are not strictly elastic or viscous.  

However, if properly interpreted, the information obtained from the measured 

dilatational modulus can be useful.  For example, the response of a bubble to 

small amplitude oscillations has been used previously to measure the transport 

properties of surfactants39 when interfacial rheology is negligible. However, 

equations (3.25) and (3.40) highlight the general need to separate both surface 

tension effects and transport behavior from intrinsic interfacial rheology.  The 

regular perturbation analysis described here provides a framework for analysis of 

arbitrary interfaces, and the geometry dependence provides a potential method of 

separating transport and rheology contributions and distinguishing between 

different interfacial rheological responses. Here we consider ways to use 
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geometry to distinguish experimentally between the two model systems that we 

have analyzed. 

Both insoluble and soluble monolayers with dilatational viscosity exhibit 

one or more crossover frequencies ωc at which the real and imaginary parts of the 

complex modulus are equal to one another, as shown in Figures 3.3a and 3.4a. 

The crossover frequency depends on the shape of the spherical cap. For example, 

the crossover frequency ωc,i of an insoluble monolayer with dilatational viscosity 

is given by the ratio of Gibbs elasticity to the dilatational viscosity. For the 

Langmuir equation of state, the crossover frequency is given by 
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. (3.43) 

For a fixed number of moles of adsorbed species n, the crossover frequency 

increases as the equilibrium surface area increases. When the spherical cap is 

smaller than the hemisphere, increasing surface area corresponds to increasing the 

interface radius of curvature for a fixed capillary radius.  

A soluble monolayer with dilatational viscosity exhibits up to two 

crossover frequencies. The crossover frequencies ,c s  are obtained by equating 

the real and imaginary components of equation (3.40), which leads to the equation 
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. (3.44) 

 Figure 3.5 compares the crossover frequencies for the two model 

interfaces as a function of b1. In the figure, the spherical cap is smaller than a 

hemisphere and the capillary radius is Rc = 30 μm. Other model parameters are 
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the same as those used to generate Figures 3.3 and 3.4. Figure 3.5 can be obtained 

experimentally by generating an equilibrium interface containing adsorbed 

species and performing frequency sweeps for a series of spherical cap radii for the 

same initial interface.  

Figure 3.5 shows that an insoluble interface has a nearly constant 

crossover frequency for small values of b1, where the interface is nearly 

hemispherical.  As b1 increases, approaching a flat interface, the crossover 

frequency increases by about tenfold to reach the flat interface value. This 

behavior reflects the increase in the Gibbs elasticity for increasing surface area for 

a fixed number of moles of adsorbed species n.  For a soluble interface, there are 

two crossover frequencies at this set of conditions, shown by the dashed lines in 

Figure 3.5.   

The larger crossover frequency is equal to the characteristic frequency 

0 / s  , which is independent of the total surface area (and radius of curvature) for 

the soluble monolayer. The smaller crossover frequency corresponds to the 

characteristic frequency for purely diffusion-limited transport to a spherical 

interface, given by  / /c eq eq
D R dc d   . In this case, the crossover frequency 

approaches a nearly constant value near the hemisphere, and decreases by several 

orders of magnitude as the radius of curvature increases, consistent with 

expectations for diffusive transport to a spherical interface.40 The importance of 

the radius of curvature on the dilatational modulus has been experimentally 

confirmed by Reichert et al.41 
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Figure 3.5. The crossover frequencies in the complex modulus as a function of b1 

given by equation (3.43) (solid line) and equation (3.44) (dashed lines).  The 
physical parameters used are given in the captions of Figures 3.3 and 3.4, 
respectively. The inset plots the crossover frequency versus the radius of 
curvature of the interface for the soluble monolayer with dilatational viscosity 
(dashed line). The dotted line in the inset is the crossover frequency of an 
interface with constant Gibbs elasticity and dilatational viscosity, and the solid 
line is the crossover frequency for pure diffusion of soluble surfactant to a 
spherical interface. 
 

The inset of Figure 3.5 shows the dependence of the crossover frequency 

for a soluble interface with dilatational viscosity as a function of the 

(dimensional) equilibrium radius of curvature, Req, which is obtained from the 

zeroth-order solution to the perturbation expansion of the stress balance for the 

given interfacial stress balance. For very small values of the equilibrium radius, 
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there is no crossover frequency because the imaginary part of the complex 

modulus is greater than the real part for all frequencies. For the physical 

parameters chosen here, the curvature of the interface at which no crossover 

frequency exists is approximately Req ≈ 100 nm, which is a value that cannot be 

observed on any existing experimental apparatus. For experimentally realizable 

interfaces in which the equilibrium radius can vary from tens to hundreds of 

micrometers, the crossover frequencies given by the lower branch of equation 

(3.44) can span two to four orders of magnitude. 

For the two model interfaces considered here, the crossover frequency 

dependence on radius reveals fundamental differences in the two interfaces, 

whereas a frequency sweep at a single spherical cap size may not reveal these 

differences.  For example, a soluble interface sampled at higher frequencies than 

the characteristic frequencies ω0 and ωR would appear the same as an insoluble 

interface.  Varying the radius of curvature of the interface shifts the characteristic 

frequencies relative to the experimental frequencies, allowing for the transport 

mechanisms to be probed at different scales. 

3.4 IMPACT OF REGULAR PERTURBATION ANALYSIS ON 

EXPERIMENTS 

The regular perturbation analysis presented above provides a framework 

for determining the expected response of interfaces to small amplitude dilatational 

oscillation, once the interfacial isotherm and constitutive models are known.  

However, the analysis also provides useful criteria to assess experiments for 

arbitrary interfaces, even when models are not available.  In what follows, we use 



CHAPTER 3 
 

53 
 

the perturbation analysis to develop criteria for experimentally assessing the 

validity of the small amplitude assumption. Finally, we examine the operating 

space of several existing experimental apparatuses with respect to the small 

amplitude analysis and other physical limitations. 

The small amplitude assumption requires that the response of the interface 

to pressure oscillations remains sinusoidal at the input frequency with no higher 

harmonics. The area dilatation rate and the surface stress are the fundamental 

quantities for which a small amplitude response should be maintained, but neither 

is directly measured in experiments.  Although the magnitude of the higher 

harmonics can be determined in post-processing of experiments through a Fourier 

analysis of the oscillatory data,42 in this case it would be beneficial to obtain a 

real-time estimate of the amplitudes of the higher harmonics in the surface stress 

and dilatation rate based on harmonic analysis of the measured radius response. 

The harmonic ratio H, defined as the ratio of the magnitude of the response at the 

second harmonic 2ω to that at the first harmonic ω, will be used to develop 

criteria for linearity of the response of each of the quantities of interest. 

Let us assume that the steady-state oscillation of the radius exhibits a 

second order response to the sinusoidal pressure oscillation, equation (3.15), such 

that 

     2
1 1 2 21 sin sin 2eq R RR R R t R t            . (3.45) 

The amplitudes of the first and second harmonics, ΔR1ε and ΔR2ε
2, respectively, 

are both positive. The harmonic ratio for the radius is given by 
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 (3.46) 

The magnitudes of the second order terms in the area dilatation rate and surface 

stress are found and the harmonic ratios calculated by applying equation (3.45) in 

place of equation (3.15) in the perturbation analysis above.  The resulting 

harmonic ratio for the surface area oscillation is given by 

  
2 2

21 1 2
1 2 2 12 2

1 1 1

2 1 2 1
2 sin 2

4 4A R R

b b R
H R R

b b R
  

       
               

 (3.47) 

and the harmonic ratio for the surface stress is given by 

 
 

2
21

1 2 2 1 2

2
1 1 1

sin
4

2 cos 1

R R

P

R

R
R R R

H
R R

  




   


   

. (3.48) 

The harmonic ratio of the surface area depends on the spherical cap geometry and 

the radius oscillations, but the harmonic ratio of the interfacial stress depends only 

on the radius oscillations. Both harmonic ratios HA and HP are nonlinear functions 

of HR, and either can be larger or smaller than HR for a given set of conditions. 

Thus, a first order response in the radius does not guarantee a first order response 

in the two fundamental quantities of interest to interfacial rheology. 

As an example, Figures 3.6a and 3.6b contain simplified contour maps of 

HA and HP normalized by HR for the viscous insoluble monolayer over the 

allowable range of phase shifts. Limits on the first order phase shift 1R  are given 

in the discussion of equation (3.26), while the second order phase shift 2R  can 

vary from 0 to 2π. In Figure 3.6, the harmonic ratio of the radius is kept fixed at 
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HR = 0.105, which corresponds to the model parameters given in the caption of 

Figure 3.3 for the viscous insoluble interface. The contour maps are colored such 

that black regions correspond to harmonic ratios that are larger than HR, and white 

regions correspond to harmonic ratios that are less than HR. Over the entire range 

of phase shifts, the normalized values of the harmonic ratios vary from 

0.355 < HA/HR < 1.645 and 0.020 < HP/HR < 1.549.   

In experiments, a common criterion is that the harmonic ratio should be 

lower than 0.1 for a small amplitude response, such that second order harmonics 

are less than 10% of the first order harmonics. Following this criterion for the 

case considered in Figure 3.6, the radius response is at the upper limit of the small 

amplitude response, and the resulting area and surface stress responses can be 

significantly more or less linear. The complicated shape of the contour maps 

shown in Figure 3.6 requires that both the area and the surface stress harmonic 

ratios be estimated to determine whether the overall response is at small 

amplitude.  However, equations (3.46) – (3.48) can be used to rapidly estimate 

these responses, requiring only that the magnitudes of the first and second order 

harmonics of the radius oscillations be determined experimentally. Therefore, it is 

possible to experimentally confirm the validity of the small amplitude assumption 

for an arbitrary complex interface, without knowledge of a specific constitutive 

model. 
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Figure 3.6. Grayscale contour plot of (a) HA normalized by HR and (b) HP 
normalized by HR for a viscous insoluble interface. Darker regions indicate higher 
values. The solid contour lines indicate where the value of HA/HR or HP/HR is 
unity. The parameters used to generate these plots are ΔR1 = 0.443, ΔR2 = 0.233, 
b1 = 0.984, and ε = 0.2. The small box on both figures at (3.08, 4.98) rad indicates 
the values of the phase shifts for oscillation at b1 = 0.984 and ω = 1 rad/s. 
 

  



CHAPTER 3 
 

57 
 

For the viscous insoluble monolayer, the results of the regular perturbation 

analysis can be used to determine pressure amplitudes that may be applied to 

achieve a linear response.  After incorporating equations (3.19) and (3.20), 

equation (3.6) is solved numerically for the time-dependent radial oscillations in 

response to an applied sinusoidal pressure of amplitude ε and angular frequency ω 

using an explicit fourth/fifth-order Runge-Kutta method (ode45 in MATLAB). 

The physical parameters used are given in the caption of Figure 3.3, and the 

capillary radius is held fixed at 30 μm. From the radial oscillations, we use 

equation (3.2) to calculate the surface area for a spherical cap smaller than the 

hemisphere, and the instantaneous stress due to the pressure jump and radius are 

equated with the surface stresses in equation (3.10). The steady-state radius, 

surface area, and surface stress are converted to the frequency domain by Discrete 

Fourier Transform, and the harmonic ratio H is recorded for each.  

 Figure 3.7a shows the critical value of the dimensionless pressure 

amplitude above which the harmonic ratio in either the surface area HA or the total 

surface stress HP exceeds 10% for spherical cap shapes smaller than the 

hemisphere. The critical dimensionless pressure amplitude is shown as a function 

of normalized radius Rr = (Req/Rc – 1) for several frequencies. The normalized 

radius is related to b1 by Rr = [(1 – b1
2)-1/2 – 1]. Low values of the normalized 

radius correspond to the spherical cap approaching a hemisphere, and high values 

of the normalized radius correspond to the spherical cap approaching a flat 

interface. At very low values of the normalized radius corresponding to the 

shaded region on the left side of the plot, any pressure amplitude is large enough 
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to drive the interface past the hemisphere, violating the small-amplitude 

approximation. At these conditions, the pressure exceeds the maximum pressure 

for a hemispherical interface, and we expect the interface to grow continuously 

until a bubble is ejected from the capillary. At all frequencies for normalized 

radius Rr < 1, HA surpasses 10% at lower values of the pressure amplitude 

compared with HP. As the angular frequency of oscillation is increased, the 

critical pressure amplitude at which the surface area harmonic ratio surpasses 

10% increases. For larger normalized radius values Rr > 1, HP > HA at certain 

frequencies and spherical cap geometries indicated by the open symbols in Figure 

3.7a. Increasing the angular frequency in this regime decreases the critical 

pressure amplitude above which the response in the surface stress or surface area 

contains significant second harmonic contributions. 

 The critical pressure amplitude above which the harmonic ratio for the 

radius HR exceeds 10% is shown in Figure 3.7b as a function of normalized radius 

for frequencies 0.5 < ω < 10 rad/s. For all values of the normalized radius and 

frequency shown, HR is greater than both HA and HP, resulting in critical pressure 

amplitudes smaller than those shown in Figure 3.7a. In contrast to Figure 3.7a, HR 

exceeds 10% before the pressure amplitude can drive the interface past the 

hemisphere for smaller values of the normalized radius. For small values of the 

normalized radius approaching a hemisphere, increasing the frequency of 

oscillation increases the critical pressure amplitude. For large values of the 

normalized radius approaching a flat interface, the critical pressure amplitudes at 

which HR exceeds 10% approach a constant value of ε ≈ 0.2.  
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Applying the conditions simulated in Figure 3.5 for the viscous insoluble 

monolayer, and the results shown in Figure 3.7, we expect that HA and HP will be 

less than HR for the conditions of Figure 3.6. The phase shifts ϕR1 = 3.08 rad and 

ϕR2 = 4.98 rad computed numerically at these conditions are located in the white 

region of Figures 3.6a and 3.6b; the values of the normalized harmonic ratios at 

these points are HA/HR = 0.075 and HP/HR = 0.715, consistent with expectations. 
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Figure 3.7. Critical pressure amplitude above which (a) HA or HP and (b) HR 
exceeds 10% as a function of the normalized equilibrium radius. The analysis was 
performed at angular frequencies of 0.5 rad/s (●), 1 rad/s (■), and 10 rad/s (▲). In 
(a), the filled symbols correspond to cases in which HA exceeds 10% first, and the 
open symbols correspond to cases in which HP exceeds 10% first. The system 
parameters are given in the caption of Figure 3.3.  
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The dilatation of a spherical cap interface can be achieved experimentally 

by forming a bubble or drop at the end of a circular capillary tube with small 

enough diameter that gravity is negligible. At these conditions, the interface is 

nearly spherical and the radius of the sphere can be observed optically and fitted 

using image processing tools. As the capillary radius gets smaller, the pressure 

jump across the interface becomes measurable; for this reason these 

configurations are often called “capillary pressure tensiometers.”  Several 

configurations of capillary pressure tensiometers have been reported in the 

literature. While the operational details of each apparatus are reported elsewhere, 

the basic differences lie in the method of controlling the interface deformation.  

Equation 3.3 and the subsequent analysis show that the pressure jump and the 

radius of the interface are the key parameters in determining the dilatational 

modulus of the interface.  Figure 3.8 shows three basic experimental 

configurations that have been reported in literature.  Reported configurations 

include those in which the volume of the fluid inside the drop or bubble is 

controlled43 (Figure 3.8a), those in which the volume of the fluid in the reservoir 

outside the drop or bubble is controlled44,45 (Figure 3.8b), and those in which the 

pressure in the fluid inside the drop or bubble is controlled46,47 (Figure 3.8c). In 

cases (a) and (b), the volume is oscillated and the resulting pressure jump is 

measured using commercial pressure transducers placed as shown in the diagram. 

The shape of the drop is either directly observed or it is inferred from the known 

volume oscillation of a piston. In case (c), the pressure jump across the interface 

is controlled by oscillating the hydrostatic head47 on the inside of the interface 
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while keeping the outside of the interface at a fixed (atmospheric) pressure. In 

pressure-controlled devices, the radius of the interface is measured optically.  

 

Figure 3.8. Schematic diagram of common capillary pressure tensiometers. (a) 
volume control of internal fluid, (b) volume control of external fluid, (c) pressure 
control of internal fluid.  The region marked by the dashed box indicates the 
capillary tip, which corresponds to Figure 3.1. 
 

 

There is uncertainty in experimentally determined dilatational modulus 

values arising from the measurement of pressure and radius. In cases where the 

interface is visualized optically, the shape of the interface is fit to a digitized 

image, and the accuracy of the radius depends on the calibrated pixel resolution of 

the imaging camera and the uncertainty in the shape fitting algorithm. The 

accuracy and resolution of the pressure transducer can vary. For volume-

controlled capillary pressure tensiometers in which the radius is not directly 

observed, there is uncertainty arising from the accuracy of the volume 

displacement and the assumption of a spherical cap interface.  Table 3.1 

summarizes the type of control, the typical capillary radii and oscillation 

frequencies, and the uncertainties associated with pressure and radius/volume 

control for several reported apparatuses. It is worth noting that cases (a) and (b) in 
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Figure 3.8 typically correspond to spherical cap interfaces that are larger than a 

hemisphere, while case (c) requires spherical caps flatter than a hemisphere in 

order to hold the bubble at the capillary tip.  Thus, in case (c), the shape of the 

interface will be stable to the start-up of pressure oscillations based on the 

stability criteria of equations (3.41) and (3.42). Cases (a) and (b) also remain 

stable since the volume is controlled; however, volume-controlled devices can 

exhibit a different instability arising from the presence of trapped gas bubbles in 

the capillary.48 

Device Fig. 
Input 
“In” 

Response
“Out” 

R  
(m) 

f  
(Hz) 

Uncertainty 

In Out 
Liggieri  
et al.43 

3.8a Vout pout 
(2.5-5) 
10-4 

0.2 – 100 - - 

Russev  
et al.44 

3.8b Vin or R pin 110-3 0.05 – 1 - 
12 Pa 
(1%) 

Javadi  
et al.45   

3.8b Vin or R pin 2.510-4 0.2 – 150 
0.001 
mm3 
(1%) 

1 % 

Alvarez  
et al.47 

3.8c pin R 
(3-10) 
10-5 

0.05 – 1 
10 Pa 
(1%) 

0.2 μm
(0.7%)

Table 3.1. Typical operating parameters for capillary pressure tensiometers, 
including the typical radii of curvature R and oscillation frequency f. 
Experiments either control the volume inside Vin or outside Vout the capillary, 
the radius of curvature R, or the hydrostatic pressure pin inside the capillary as 
the device input. The measured output parameters include the pressure inside
or outside pout the capillary, or the radius of curvature. The uncertainties in the
various input and response are also included where reported in the literature. 

 

 Equation (3.6) and the subsequent analysis assume that interfacial stresses 

arising from gravitational forces, viscous forces, and inertia from the bulk fluid 

phases are negligible. These contributions can be estimated using the typical 

operating parameters given in Table 3.1 for each capillary pressure tensiometer. 

For example, the Bond number describes the relative importance of gravity acting 
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to distort the shape of the bubble interface compared with surface tension acting 

to maintain the spherical shape, given by 

 
2gR

Bo




 , (3.44) 

where Δρ is the density difference between inner and outer fluids. MacLeod and 

Radke49 have shown that  for Bo > 0.01, the local curvature of the bubble begins 

to deviate significantly from a single radius of curvature. Table 3.2 summarizes 

typical values of the relevant dimensionless parameters for each apparatus listed 

in Table 3.1, considering an air bubble generated in DI water (σ = 72 mN/m, Δρ = 

1000 kg/m3, μ = 1 mPa-s).  Of the four apparatuses considered here, nonuniform 

curvature may be significant for the three volume-controlled devices.43,44,45 since 

they each operate at or above the Bond number limit specified.  The Bond number 

may still be kept low in these cases if the inner and outer phases are limited to 

fluids of similar density. The microtensiometer device used by Alvarez et al.47 

operates at a Bond number well below the specified limit, so the spherical cap 

approximation is reasonable for this apparatus. 

 

System Figure Bo Ca Re 

Liggieri  
et al.43 

7a 10-2 10-7 – 10-4 10-2 – 101 

Russev  
et al.44 

7b 10-1 10-8 – 10-7 10-3 – 10-2 

Javadi  
et al.45  

7b 10-2 10-8 – 10-5 10-4 – 10-1 

Alvarez  
et al.47 

7c 10-4 10-10 – 10-9 10-6 – 10-5 

Table 3.2. Relevant dimensionless parameters for various capillary 
pressure tensiometers. 
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A capillary number Ca can be used to estimate the relative importance of 

viscous shear stresses from the fluid surrounding the interface to the interfacial 

stresses during dilation. Small amplitude pressure oscillations imposed at angular 

frequency ω lead to oscillations in the height of the spherical cap interface of 

amplitude h . The cap height amplitude can be estimated from the radius 

oscillations through the expression 2 2
ch R R R   . For a bubble oscillating in a 

fluid of shear viscosity μ, the capillary number is given by 

 
s

h h
Ca

P

 


 
   (3.45) 

 where the total surface stress is approximated by the equilibrium surface tension. 

Applying previously reported measurements of the dilatational properties of 

interfaces in viscous oils50 to equation (3.45) shows that the uncertainty in the 

measurement of the surface stresses will be of the order of 0.01 mN/m when 

Ca ≈ 10-6. The uncertainty increases with increasing capillary number, which 

increases with both frequency and amplitude. Table 3.2 suggests that the capillary 

pressure tensiometers described by Liggieri et al.43 and Javadi et al.45 may exhibit 

significant viscous effects when operated at higher frequencies, while the other 

two apparatuses may assume negligible viscous effects over the entire range of 

accessible frequencies.  When viscous stresses are significant, there is an 

additional contribution to the pressure jump that depends on the viscous flow 

inside the capillary and the flow field generated by the expanding complex 

interface. Models for bubbles expanding in viscous fluids have been developed to 

account for the additional pressure jump.1,50,51 
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The Reynolds number estimates the relative importance of inertia and 

viscous stresses in the fluid surrounding the interface. Estimating the 

characteristic velocity as ωΔh and the characteristic length scale as R, the 

Reynolds number is given by 

 
R h

Re




 . (3.46) 

Significant fluid inertia will lead to additional contributions to the pressure jump 

across the interface, which will increase the uncertainty in the calculation of the 

surface stress. Jin et al.52 observed that there is agreement between finite 

Reynolds number simulations and Stokes flow simulations of droplet growth from 

a capillary tip53 when Re < 0.1. Table 2 suggests that all four devices compared 

here operate with low to negligible inertia, except for the apparatus used by 

Liggieri et al.,43 if operated at higher frequencies. 

There is a trade-off when performing small-amplitude oscillatory 

measurements: the pressure amplitude must be kept low enough to remain within 

the small-amplitude limit, but must also be large enough that the pressure and 

surface area oscillations can be resolved. The ability to resolve these two 

quantities directly affects the ability to resolve the phase angle, which is critical in 

determining rheological parameters contained within the imaginary part of the 

modulus, like the dilatational viscosity. Since the interfacial response to dilatation 

is a result of the specifics of the complex interface, estimating the measurable 

range of interfacial properties must be done in the context of an interfacial 

constitutive model. For this discussion, the interface is assumed to be an air-water 

interface exhibiting properties of an insoluble viscous monolayer given by 
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equation (3.25), with zero Gibbs elasticity corresponding to a constant interfacial 

tension of 72 mN/m. Thus, the magnitude of the complex dilatational modulus for 

the model interface is given by * sE   . The measurable range of dilatational 

viscosities will be estimated for the microtensiometer apparatus of Alvarez et 

al.,47 since this device operates at small values of Bo, Ca, and Re, meaning that 

equation (3.6) adequately describes the stress balance at the interface. 

The small amplitude limit and the resolution of the phase angle both 

depend on the equilibrium radius of curvature of the spherical cap interface.  The 

smallest realizable radius of curvature corresponds to a hemispherical cap with 

radius equivalent to the smallest capillary tip available.  For the microtensiometer, 

the minimum capillary radius is 20 µm.  As the spherical cap interface becomes 

flatter, the radius of curvature increases, leading to larger Bond number values. 

The maximum radius of curvature occurs when gravitational distortion of the 

interface becomes significant (Bo = 0.01), which corresponds to Req = 270 μm for 

a clean air-water interface. For a given equilibrium radius of curvature, limits on 

the measurable interfacial rheological parameters arise from the physically 

accessible values of the amplitudes of the radius and pressure jump oscillations.  

For example, in the microtensiometer device of Alvarez et al., Table 3.1 indicates 

that the pressure amplitude must remain between the resolution of the pressure 

transducer (10 Pa) and half of the maximum transducer pressure (5 psi). The 

minimum resolvable radius amplitude is Ra,min = 0.4 μm, while the maximum 

radius amplitude is determined by the small amplitude limit.  The small amplitude 
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analysis presented above is used to determine the conditions at which higher 

harmonics in the response become significant. 

The resolution of the phase shift is based on the rate at which data is 

collected. For the microtensiometer, the data collection rate is limited to 7 Hz to 

allow for imaging of the interface radius. The phase angle between the radius and 

pressure oscillations is estimated by the oscillation frequency divided by the data 

acquisition frequency, which yields a minimum resolvable phase angle of 

0.007 rad for the slowest oscillation frequency and 0.071 rad for the highest 

oscillation frequency in the microtensiometer.  

The result of these experimental considerations is shown in Figure 3.9, 

which plots the measurable dilatational viscosity as a function of equilibrium 

radius of curvature for this example.  Figure 3.9 shows that for small values of the 

equilibrium radius, the ability to resolve the phase angle determines both the 

upper and lower limits of the dilatational viscosity. For larger values of the radius, 

second harmonics become significant in the measured response for small 

dilatational viscosities. For this purely viscous model interface, the surface stress 

produces the largest harmonic ratio for small dilatational viscosities.  
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Figure 3.9. Operating diagram showing the measurable range of dilatational 
viscosities for a viscous insoluble monolayer with constant interfacial tension for 
the configuration and physical parameters corresponding to the microtensiometer 
of Alvarez et al.47 
 

Figure 3.9 shows that the dilatational viscosity can be measured between 

6x10-3 < κs < 1000 N s/m for the realizable values of the radius of curvature. 

Literature values reported can range from 10-8 N s/m for soluble surfactant 

systems54 to 10 N s/m for polymer monolayers,55 suggesting that the 

microtensiometer apparatus is currently best suited for measuring relatively 

viscous interfaces. The phase shift resolution can be improved by increasing the 

data collection frequency (image acquisition rate) for a given oscillation 

frequency. In addition, increasing the oscillation frequency ω will allow smaller 

values of the dilatational viscosity to be resolved, but care should be taken to 

avoid significant contributions from viscous stress and inertia.  
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3.5 SUMMARY 

Purely dilatational deformation of a complex fluid-fluid interface can be 

accomplished by oscillating the radius of a spherical cap shaped interface. 

However, despite the simple deformation mode, the experiment is neither stress- 

nor dilatation rate-controlled, and the response of the spherical interface to 

dilatation is determined by a number of mechanisms beyond the interfacial 

rheology that is desired.  Thermodynamic contributions, i.e. surface tension 

changes as a result of surface concentration changes, transport of soluble 

components, bending stresses, gravity, and inertia and viscous stresses from the 

fluid surrounding the interface can all play a significant role.  A regular 

perturbation expansion provides a useful framework for determining the response 

of an arbitrary complex interface to small amplitude oscillatory dilatation in the 

absence of bending stresses, gravity, and bulk inertia and viscous stresses.  

Dimensional analysis provides estimates of the relative importance of the 

remaining effects. 

The perturbation analysis allows for the examination of the geometry and 

frequency dependence of the dilatational modulus for known interfacial 

constitutive equations. For example, the analysis shows that a viscous interface 

exhibits qualitative differences in behavior depending on whether insoluble or 

soluble components are adsorbed. The measured dilatational modulus cannot be 

considered a true material function because it depends on surfactant isotherm 

parameters, transport parameters, and the geometry of the interface, in addition to 

the dilatational viscosity.  The qualitative differences in behavior of the soluble 
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and insoluble interfaces can be characterized through characteristic “crossover” 

frequencies at which the real and imaginary components of the dilatational 

modulus are equal. The crossover frequencies depend differently on radius of 

curvature of the interface as well as material parameters of interest, and the 

scaling behavior of these crossover frequencies can potentially be used in 

experiments to distinguish between constitutive models for an interface with 

unknown properties. 

The perturbation analysis also allows for an a priori assessment of the 

small amplitude limit for an arbitrary interface. Since the controlled and measured 

quantities (pressure and radius) are involved in both the interfacial stress and 

strain rate, determining whether the small amplitude limit is maintained requires 

more than merely determining the magnitudes of the higher harmonics of the 

response function. For example, for the insoluble viscous layer, the conditions at 

which both kinematics and dynamics experience small amplitude oscillation 

occupy a rather complex and non-obvious region of the operating space.  

Fortunately, a generic criterion for estimating the relative importance of higher 

harmonics can be written analytically, without the need to know the interfacial 

constitutive equation. This criterion can therefore be assessed “on-the-fly” in 

experiments so that conditions can be adjusted rapidly if needed. 

Finally, the perturbation analysis and generic criteria developed here are 

considered in the context of several previously reported capillary pressure 

tensiometers, which have been developed independently with several different 

experimental configurations. The influence of gravity, inertia, and viscous stresses 



CHAPTER 3 
 

72 
 

arising from the fluid surrounding the interface are assessed and reasonable 

operating limits defined in terms of the dimensionless Bond, capillary, and 

Reynolds numbers. Operating limits on the measurable material parameters are 

also assessed. In one specific example, the microtensiometer apparatus developed 

by Alvarez et al.,46 the effects of gravity, inertia, and viscous stresses are shown 

to be negligible, but the current operating conditions limit the device to relatively 

large values of the dilatational viscosity for an insoluble viscous layer. 

Nevertheless, the high curvature of the interface makes the apparatus ideal for 

separating surface tension effects due to transport from intrinsic dilatational extra 

stresses. 
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CHAPTER 4 

MEASURING INTERFACIAL MECHANICS OF INSOLUBLE 
MONOLAYERS ON A SPHERICAL CAP INTERFACE 
 

4.1 INTRODUCTION 

Complex insoluble interfaces are of interest in numerous physiological 

and industrial processes.  Biological interfaces such as biomembranes, vesicles, 

and the air-liquid interface of lung alveoli include predominantly water-insoluble 

components like phospholipids, fatty acids, and proteins.1 Phospholipid 

monolayers are often studied as models for biological interfaces.2 The equilibrium 

and dynamic properties of insoluble interfaces impact biological processes such as 

respiration3 and other physicochemical processes like emulsion stability4 and 

atmospheric aerosol formation.5 

A common method of studying insoluble interfaces is to deposit a known 

mass of material onto a Langmuir film balance of well-defined surface area, then 

measure the surface pressure using a Wilhelmy plate during uniaxial compression 

of the interface. Interfacial rheology can be measured by oscillating the barriers 

that compress the interface. Oscillation frequencies are typically between 

1 - 100 mHz. The resulting uniaxial deformation of the barriers leads to an 

interface response that is locally a mixture of dilatation and shear6 with the 

possibility of local anisotropic deformation.7 While a framework has been 

developed to separate surface tension effects from the intrinsic rheological 

response of the interface on a Langmuir trough,8 the interfacial shear and 

dilatational stresses appear as a sum in the analysis and thus cannot be separated. 

Insoluble monolayers can also be deposited at a pendant drop interface using a 
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syringe containing the insoluble material dissolved in a volatile solvent.9 The 

rheology of the interface is probed in a similar frequency range by oscillating the 

volume of the pendant drop. In this case, the deformation of the pendant drop 

interface is also a mixture of dilatation and shear due to the nonuniform curvature 

of the interface.10 As we have discussed in Chapter 3, capillary pressure 

tensiometers impose pure dilatational deformation, but the extremely small 

interfacial area leads to difficulty in reliably depositing insoluble layers. 

In this chapter, we present a method of depositing insoluble layers onto 

interfaces in the microtensiometer using a miscible subphase exchange. The 

mechanical properties of the resulting interfaces are measured in equilibrium and 

in small amplitude oscillatory dilatation. We control the initial surface using the 

bulk concentration of water-insoluble surfactant dissolved in a water-miscible 

solvent, and the flow rate at which the solvent is exchanged for DI water. We use 

three common species: dimyristoylphosphatidylcholine (DMPC), palmitic acid 

(PA), and dipalmitoylphosphatidylcholine (DMPC). We apply the same 

measurement method to Tween 80, which has been shown to form insoluble 

layers at fluid-fluid interfaces.11 

4.2 MATERIALS 

 Palmitic acid of 99% purity, semisynthetic 1,2-dipalmitoyl-sn-glycero-3-

phosphocholine (DPPC) of ≥99% purity, and the nonionic surfactant 

polyoxyethylene glycol sorbitan monooleate (Tween 80) were purchased from 

Sigma-Aldrich and used as received. 1,2-Dimyristoyl-sn-glycero-3-

phosphocholine (DMPC) of >99% purity was purchased from Avanti Polar 
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Lipids, Inc. and used as received. DPPC and DMPC were stored at -20°C. 

Crystalline sodium chloride (NaCl) of ≥99% purity was purchased from Fisher 

Scientific. Isopropanol for solution preparation and ethanol (ACS grade) for 

cleaning were purchased from Pharmco-AAPER and used without further 

purification. Deionized (DI) water from a Barnstead UV Ultrapure II purification 

system was used in the fluid exchange procedure and in preparing Tween 80 

solutions. The pH of the water was 5.8 after one hour in ambient conditions using 

an Accumet AR50 pH meter (Fisher Scientific).  

DMPC, DPPC, and palmitic acid were dissolved in a measured volume of 

isopropanol at concentrations ranging from 0.01 – 10 mg/mL and stored at room 

temperature for less than a week before use.  A 1.5 μM Tween 80 solution was 

prepared from the dilution of a 3 mM stock solution prepared by adding a 

measured mass of Tween 80 to DI water. NaCl was baked at a temperature of 

380°C for 4 hours to remove any impurities before a known mass was added to DI 

water to prepare a 0.5 M NaCl solution. 

4.3 METHODS 

 All experiments are performed at ambient temperature (19±1°C), which is 

measured daily using an AcuRite digital thermometer. 

4.3.1 DESCRIPTION OF MICROTENSIOMETER 

 All measurements of surface tension, surface pressure, and dilatational 

modulus are performed on a device built in-house called the microtensiometer, 

which has been described previously in the work of Alvarez et al.12 and is shown 

schematically in Figure 4.1. The device consists of a glass capillary filled with air 

inserted into a sample reservoir machined from a rigid photopolymer 



CHAPTER 4 
 

81 
 

(VeroWhitePlus RGD835, Stratasys) using a 3D prototyping device (Objet 

Desktop 30, polyjet printer). The microtensiometer reservoir consists of a well 

containing the sample and three ports connected to it: one port to hold the 

capillary, an inlet port connected to a large fluid reservoir, and an outlet port 

connected to a waste container. A 30 mm circular glass slide is affixed to the base 

of the well using Loctite® marine epoxy in order to view the capillary using 

bright-field microscopy. A polytetrafluoroethylene ring is fitted inside the well to 

prevent surfactant adsorption to the walls of the device and associated 

contamination issues. 

A glass capillary (TW100-6 Kwik-Fil borosilicate, World Precision 

Instruments) is connected to a pressure transducer and hydrostatic pressure 

column, which is used to generate a bubble at the capillary tip and measure the 

pressure inside the capillary. The capillary is tapered using a micropipette puller 

(MicroData Instrument Inc., PMP-102) so that one end of the capillary has an 

inner radius ranging from 30-50 μm. The glass capillary is acid washed, then the 

inside is treated with a hydrophobic coating (Dynasylan SivoCLEAR, Evonik) to 

promote contact line pinning at the glass-air-aqueous interface. The hydrophobic 

coating is flowed through the capillary, and then the capillary is rinsed using 

acetone and DI water. The glass capillary is placed in a 60°C oven for 15-30 

minutes to dry. 
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Figure 4.1 Schematic diagram of the microtensiometer and additional components 
used in experiments. (A) 3.5 mL sample reservoir, (B) glass capillary, (C) 
pressure transducer, (D) oscillating motor and piston, (E) linear compression 
pump, (F) hydrostatic pressure head, (G) fluid exchange system. The expanded 
image at lower right shows a magnified view of the capillary tip with a pinned 
bubble. Three-way valves are indicated with the  symbol. The tubing 
connecting the capillary to the hydrostatic pressure head is colored black in 
sections that are filled with water 
 

The system used to exchange fluid in the sample reservoir of the 

microtensiometer is shown as Region G in Figure 4.1. The inlet port is connected 

to flexible tubing in a peristaltic pump (Cole-Parmer, Model#7553-30) by PTFE 

tubing. PTFE tubing is also used to connect the flexible tubing to the fluid 

reservoir (PYREX 1000 mL). The outlet port is also connected by the peristaltic 

pump to the waste container (PYREX 1000 mL) using PTFE tubing. The inlet and 

outlet tubing connections are made using polyether ether ketone (PEEK) fittings 

connected to threaded holes machined into the device. When the pump is 
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operating, the fluid in the well of the microtensiometer is replaced with the 

reservoir fluid at a controlled volumetric flow rate between 0.2 – 0.72 mL/min. 

4.3.2 PREPARATION OF INSOLUBLE INTERFACES 

 Insoluble interfaces of palmitic acid, DMPC, and DPPC are generated by 

dissolving a known mass of the species of interest in isopropanol and filling the 

microtensiometer sample reservoir with the isopropanol solution fresh air bubble 

with an initially clean interface is generated. After 50 s the peristaltic pump is 

turned on to exchange the alcohol solution with DI water from the exchange 

reservoir. Immediately after the peristaltic pump is turned on, the hydrostatic 

pressure is manually increased at a rapid rate to prevent the bubble from retracting 

into the capillary. The radius of curvature of the bubble is kept large to prevent 

the bubble from being ejected from the capillary due to large fluctuations in the 

surface tension. After 15 fluid exchange residence times, calculated by diving the 

volume of the reservoir by the exchange flow rate, the bubble is expanded 

manually to a radius of curvature close to a hemisphere. The pump is turned off 

after a total of 43 residence times, and the system is left to stabilize for 1000 s to 

allow for relaxation of the interface. Additional fluid exchange steps on the same 

interface are performed at a constant hydrostatic pressure.  

 The procedure for generating a Tween 80 coated interface is similar to that 

described previously.11 A 1.5 μM Tween 80 solution is added to the sample 

reservoir of the microtensiometer and a fresh interface is generated. When the 

interface has relaxed to a desired surface tension corresponding to a desired 

surface coverage, the peristaltic pump is turned on to exchange the Tween 80 
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solution in the sample reservoir with DI water. All experiments on Tween 80 in 

this chapter are performed at a fluid exchange rate of 0.5 mL/s. The hydrostatic 

pressure is kept constant during the exchange process, and the pump is stopped 

after 43 residence times (300 s). In some experiments examining Tween 80 

interfaces, the DI water in the reservoir is replaced with a 0.5 M NaCl solution 

through a second fluid exchange procedure. The 0.5 M NaCl solution is flowed 

through the fluid reservoir at a flow rate of 0.5 mL/s for 100 s.  

4.3.3 MEASURING SURFACE TENSION AND SURFACE PRESSURE 

 To perform surface tension measurements, a constant hydrostatic pressure 

head is used to pin an air bubble at the capillary tip. The small capillary tip allows 

for the generation of bubbles with radius of curvature from 30 to 100 μm. The 

pressure head is generated by a water column constructed of polyethylene tubing 

attached to a solenoid valve. The pressure head is measured using an Omega 

gauge pressure transducer (Model EW-68075-10, 0.08% accuracy) and recorded 

using LabView. The bubble is imaged using bright field microscopy with a Nikon 

T-300 inverted light microscope. Images of the bubble are collected using a 

digital camera (Spot RT Monochrome, Diagnostic Instruments, Inc.) and analyzed 

using LabView. The bubble is fit to a circle of radius R(t) in real-time, and the 

dynamic surface tension is calculated as  

      
2

P t R t
t


  (4.1) 

where ΔP(t) is the pressure jump across the interface and R(t) is the instantaneous 

radius of the interface. The pressure jump is taken to be the difference between 

the transducer pressure reading and the hydrostatic pressure head of solution 
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above the capillary in the sample reservoir of the device. The hydrostatic pressure 

head is measured at the end of each experiment by first generating a clean air-

water interface, then multiplying the difference between the measured value and 

the literature value for the air-water surface tension (72.8 mN/m) by 2/R. The 

convention in the literature for insoluble monolayers is to report the surface 

pressure as 

  0 t    , (4.2) 

where σ0 is the clean surface tension of the system.  

4.3.4 MEASUREMENT OF SURFACE PRESSURE AND GIBBS ELASTICITY 

IN STEADY ISOTROPIC COMPRESSION 

 The interface is compressed by linearly varying the pressure inside the 

capillary using a syringe pump to control the fluid volume inside the hydrostatic 

pressure colum, shown as Region E in Figure 4.1. A three-way valve is connected 

in-line between the free surface at the top of the hydrostatic pressure column and 

a second three-way valve connecting the oscillation mechanism for small 

amplitude dilatation described in Section 4.3.5. The three-way valve is connected 

via polyethylene tubing to a 5 mL syringe containing DI water. The connection 

from the three-way valve to the tubing is made by Luer-Lok fitting and a 20 

gauge needle, and the tubing connection to the syringe is made by a 20 gauge 

needle. The entire line is filled with water, and care is taken to remove any air 

bubbles from the line. 

 During the measurement, the three-way valve closes off the line to the 

hydrostatic pressure head and opens the line to the tubing connected to the syringe 



CHAPTER 4 
 

86 
 

pump. The syringe pump (BS-8000, Braintree Scientific, Inc.) varies the 

volumetric flow rate of water from 1 to 80 mL/hr, leading to a rate of change in 

the hydrostatic pressure between 1 - 100 Pa/s. The corresponding change in the 

radius of the bubble is imaged. The resulting instantaneous surface pressure is 

calculated from Equation 4.2, and the surface area is given by 

 2 22 cA R R R R   , where Rc is the radius of the capillary. 

The response of the interface depends on its mechanics. The compression 

rate dA/dt is a directly controlled parameter in Langmuir trough experiments and 

is generally kept constant during measurement of the surface pressure.13 The 

dilatation rate is the relevant rate of deformation in interfacial viscoelasticity 

experiments8, 14 and is given by 

 
1 lndA d A

A dt dt
   . (4.3) 

For a constant compression rate, the dilatation rate is negative, and the magnitude 

increases as surface area decreases. In the microtensiometer, the dilatation rate is 

determined by first calculating the surface area of the spherical cap interface using 

the measured radius of curvature and the known capillary radius, then performing 

a piecewise calculation of the slope of the natural log of the temporal surface area.  

 The instantaneous pressure and radius measured during compression are 

used to calculate the surface pressure as described in Section 3.1.2. The Gibbs 

elasticity,14 given by 

 
ln

d
E

d A


   (4.4) 
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is a measure of the sensitivity of the surface pressure to changes in the surface 

concentration. E is also known as the area compressibility modulus, and the 

inverse of E is the compressibility of the interface commonly reported for 

measurements performed on a Langmuir trough.15, 16 The Gibbs elasticity is 

determined by first calculating the surface pressure and surface area at each time 

step, then calculating a slope based on a linear fit of surface pressure versus the 

natural log of the surface area. The slope is calculated in a piecewise manner 

similar to that used to calculate the dilatation rate. Reported error in the Gibbs 

elasticity is based error propagation from the measured pressure jump and radius. 

4.3.5 MEASUREMENT OF DILATATIONAL MODULUS 

 The dilatational modulus can contain contributions from the Gibbs 

modulus (surface tension effects) and other intrinsic extra stresses. The total 

dilatational modulus can be measured independently via small amplitude 

oscillation of the spherical cap interface in the microtensiometer. To achieve 

small amplitude dilatational oscillation, the hydrostatic pressure is varied 

sinusoidally using a syringe connected to the oscillating motor and piston 

mechanism shown in Region D of Figure 4.1. The apparatus has been described in 

detail by Alvarez et al.17 The three-way valve is connected via Luer-Lok fitting to 

a microliter glass syringe of 50, 100, or 250 μL (Becton, Dickinson, & Co.). The 

amplitude of the pressure oscillation depends on the syringe size used. For the 

syringe sizes used here, the available pressure amplitudes are approximately 35, 

70, and 180 Pa, respectively. The syringe is filled with water, and the syringe 

piston is attached to the moving arm of the oscillating apparatus. The motor speed 
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is controlled by a LabView VI to generate oscillation frequencies between 0.09 – 

1.04 Hz (0.58 – 6.55 rad/s).  

During oscillation of the hydrostatic pressure head, the pressure at Region 

C in Figure 4.1 and radius are recorded as a function of time. There is a time lag 

between the recording of the pressure and the recording of the radius within a 

time step in the LabView program. This accounted for by recording the time 

difference between the recording of the pressure and radius for a given time step. 

The oscillatory data are analyzed in MATLAB using fast Fourier transform 

techniques18 to determine whether higher harmonics are present in the measured 

oscillation of the radius as well as the calculated surface area. The amplitudes of 

the higher harmonics must remain less than 10% of the amplitude of the primary 

harmonic for the small amplitude assumption to be valid. If this requirement is 

met, the amplitude and phase shift from the pressure and radius signals are used to 

calculate the in-phase component, E’, and the out-of-phase component, E’’, that 

yield the complex dilatational modulus E* based on the theory described in 

Chapter 3. We report these values in terms of the magnitude of the complex 

modulus 2 2* ' ''E E E   and the phase angle  1tan ''/ 'E E  . The 

magnitude of δ can range between δ = 0 when E’’= 0 to δ = π/2 when E’= 0. 

Uncertainties in the magnitude of the complex modulus and the phase angle are 

based on a propagation of error from the measured pressure and the radius. 
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4.4 RESULTS  

4.4.1 DEPOSITION OF FATTY ACID AND PHOSPHOLIPID LAYERS 

USING FLUID EXCHANGE 

 Fatty acids and phospholipids are deposited at an air-water interface in the 

microtensiometer by solvent exchange from isopropyl alcohol to DI water. During 

the fluid exchange procedure for PA, DPPC, and DMPC, the surface tension 

dynamics are not clearly resolved due to refractive index differences between 

water and isopropanol. The initial surface tension between air and the isopropanol 

solution with dissolved fatty acid or phospholipid is 21.5±0.5 mN/m, which 

agrees with the literature value of 21.74 mN/m for a clean air-isopropanol 

interface.19 No dynamics are observed between the point when a clean air-

isopropanol solution interface is generated and when the solvent exchange 

procedure is started. Depending on the initial concentration of fatty acid or 

phospholipid dissolved in isopropanol and the fluid exchange speed, a nonzero 

value of the surface pressure may be obtained once the procedure is complete. A 

fresh air-water interface generated after the fluid exchange procedure is complete 

exhibits a clean surface tension value of 72.8 mN/m for 1000 s, indicating that 

any surface-active species remaining in the reservoir upon removing the initial 

solution are present in negligible concentration. 

 Figure 4.2 shows the resulting surface pressure as a function of initial 

concentration of dissolved species in isopropanol for an exchange flow rate of 0.5 

mL/s. Because the interface is always expanded to approximately the same 

surface area after the exchange is completed, the surface pressure indicates the 
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number of moles of material spread at the air-water interface. For all three 

surface-active species, the surface pressure increases with increasing 

concentration. For concentrations greater than 1 mg/mL, the surface-active 

species falls out of solution rapidly, and large aggregates are observed in the fluid 

reservoir. 

Palmitic acid approaches a maximum surface pressure of 9.6±0.4 mN/m as 

the initial concentration increases. The asymptotic value of the surface pressure 

agrees with the equilibrium spreading pressure of 9.7 mN/m at 20°C reported by 

Boyd and Schubert.20 The surface pressure at equilibrium does not increase past 

this value with the availability of more palmitic acid because at this value the 

monolayer remains in equilibrium with the crystal phase.15 The surface pressure 

for palmitic acid is zero for concentrations less than 0.05 mg/mL, indicating that 

the amount of palmitic acid adsorbed at the interface after fluid exchange is too 

low to measure.  
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Figure 4.2. Effect of initial concentration of fatty acid or phospholipid dissolved 
in isopropanol on the surface pressure achieved after fluid exchange for () 
DMPC, (●) PA, and (■) DPPC. The dashed line denotes zero surface pressure. 
Error bars correspond to the standard deviation based on three experiments. 
 

 Both DPPC and DMPC exhibit an increase in the surface pressure for 

increasing concentrations in isopropanol, indicating that more material is 

adsorbed to the interface. For concentrations less than 0.1 mg/mL, there is no 

observable surface pressure after the fluid exchange procedure. For DPPC, the 

initial surface pressure increases from zero to 16.6±6.2 mN/m over the 

concentration range considered. This value is well below the collapse pressure of 

60 to 70 mN/m observed for DPPC on a DI water subphase at 20°C measured on 

a Langmuir trough.16 

The initial surface pressure of DMPC increases from zero surface pressure 

at a concentration of 0.1 mg/mL in isopropanol to 40.5±0.9 mN/m at a 
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concentration of 1 mg/mL. DMPC is observed to transition to a condensed 

phase21 or undergo collapse of the monolayer22 at a surface pressure of 

approximately 40 mN/m in a Langmuir trough. The large error bars on the surface 

pressure values obtained for DMPC at bulk concentrations of 0.2 and 0.4 mg/mL, 

as well as for DPPC at 1 mg/mL, reflect the sensitivity of surface pressure to 

changes in surface concentration of phospholipid at these conditions. 

 The effect of the fluid exchange rate on the initial surface pressure is 

shown in Figure 4.3 for three different initial bulk concentrations of palmitic acid. 

The initial surface pressure after fluid exchange increases with increasing 

volumetric flow rate for concentrations of 0.05 and 0.2 mg/mL. At a 

concentration of 0.01 mg/mL, there is no measureable surface pressure for 

palmitic acid even at a higher flow rate of 0.72 mL/s. At the lowest flow rate, 

fluid exchange for 43 residence times does not rinse all of the isopropanol out of 

the fluid reservoir, which is shown by the nonzero surface pressure calculated 

based on a clean air-water interface. The excess isopropanol in the bulk at the low 

exchange flow rate is confirmed by performing a second fluid exchange at a 

volumetric flow rate of 0.5 mL/s. The surface pressure obtained after this second 

rinse is zero, as shown by the open symbols in Figure 4.3. The surface pressure of 

the interfaces generated at flow rates of 0.5 and 0.72 mL/s does not change when 

subject to a second fluid exchange. 
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Figure 4.3. Effect of fluid exchange rate on the initial surface pressure. Symbols 
correspond to three different concentrations at (●) 0.01, (■) 0.05, and (▲) 0.2 
mg/mL in isopropanol. Filled points correspond to the surface pressure after a 
single rinse, open symbols correspond to a second rinse with DI water. The 
horizontal dashed line indicates the equilibrium spreading pressure for palmitic 
acid at 20°C. Error bars represent uncertainty from propagation of error. 
  

4.4.2 DMPC COMPRESSION ISOTHERM AND MODULUS 

 A DMPC coated interface is compressed from different initial surface 

pressures, and the resulting surface pressure as a function of surface area is shown 

in Figure 4.4a. Horizontal error bars indicate the uncertainty in the surface area 

due to a propagation of error in the capillary radius and the radius of curvature of 

the interface, and the uncertainty in the surface pressure is smaller than the 

symbol size. The capillary radius for these experiments is 35.9 ± 0.1 μm, meaning 

that the maximum possible surface area range is between 4050 μm2 for a flat 
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interface at the capillary tip and 8100 μm2 when the bubble is a hemisphere. The 

surface area range of 4500 – 6500 μm2 probed in the experiment is less than the 

total available range due to optical resolution limits on the droplet curvature at 

low surface areas. In addition, the bubble is prevented from ejecting at high 

surface areas when the bubble forms a hemispherical shape.  

For each data set, the interface is compressed due to a hydrostatic pressure 

decrease of 10 Pa/s, which leads to a surface area decrease. The surface pressure 

increases as the surface area decreases, indicating an increase in the concentration 

of DMPC at the interface. The dilatation rate for each curve is not constant but 

varies between -110-3 and -310-3 s-1 during the experiment. For the two largest 

initial surface pressures shown, the surface pressure deviates significantly as the 

interface is compressed below 5350 μm2. The surface pressure of 35 mN/m at 

which the deviation occurs is near the transition state or collapse pressure of 

DMPC of approximately 40 mN/m.  
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Figure 4.4. Surface pressure of DMPC as a function of (a) the surface area of the 
spherical cap interface, and (b) the scaled surface area. The initial surface 
pressures are () 2.5 mN/m, (▼) 6.5 mN/m, () 15 mN/m, () 25 mN/m, and 
() 27.5 mN/m. The solid line in Figure 4.4b is the DMPC isotherm reported by 
Kubo et al.22 measured at 20°C on a water subphase in a Langmuir trough. 
Horizontal error bars represent uncertainty in the radius of curvature and capillary 
radius. Vertical error bars estimated from uncertainty in the radius and pressure 
are within the symbol size. 
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 A direct comparison between the measured surface pressure-area 

curve and the isotherm reported from a Langmuir trough can be performed by 

introducing a horizontal shift of the measured surface pressure-area curves. The 

shift is obtained by multiplying each surface pressure-area curve by a constant χ 

such that the measured curve overlaps the isotherm. When the data can be shifted 

to overlay an isotherm measured at the same experimental conditions, the inverse 

of χ is equivalent to the number of molecules at the interface. The resulting 

collapse of the data to the isotherm for DMPC is shown in Figure 4.4b. There is 

good agreement in the overlap of the individual surface pressure-area curves and 

good agreement with the isotherm data measured on a Langmuir trough at surface 

pressures below 35 mN/m. There is a significant deviation in the measured data 

for surface pressures greater than 35 mN/m. The isotherm of DMPC depends 

strongly on temperature below 21°C for a molecular area of less than 50 

Å2/molecule.23  

 The dilatational modulus for DMPC as a function of frequency is shown 

for four different surface pressures in Figure 4.5. The value of |E*| for all four 

surface pressures is nearly independent of oscillation frequency over the 

experimental range available on the microtensiometer. The magnitude of |E*| at a 

given frequency increases with increasing surface pressure, up to Π = 25.9 mN/m, 

above which the magnitude of the modulus slightly decreases. The phase angle 

remains low for all four surface pressures, indicating that the out-of-phase 

component of the modulus is small or unresolved for DMPC in these experiments. 

At Π = 7.3 mN/m, the phase angle decreases with increasing oscillation 
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frequency. The values for the phase angle measured here are significantly 

different from the measurements of Wilke et al., 24 who measured the dilatational 

properties of DMPC on a Langmuir trough at a temperature of 23°C. From their 

reported E’ and dilatational viscosity ( ''/d E  ), the phase angle should be 

approximately 1.33 at a surface pressure of 10 mN/m for an oscillation frequency 

of 0.57 rad/s; however, their reported temperature is close to the phase transition 

temperature of 24°C for DMPC.25 Because we are operating below the phase 

transition temperature, the interface is expected to behave more like a solid.  

Figure 4.5. Dilatational modulus of DMPC versus angular frequency ω at surface 
pressures indicated in the upper right of each plot. The modulus is plotted in terms 
of () |E*| plotted on the left axis and () δ plotted on the right axis. The dashed 
line indicates the zero value for the phase angle in each plot. The scaling of the 
axes is the same for all plots. 
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 From Chapter 3, the real part of the modulus for ideal Langmuir 

monolayers is equivalent to the Gibbs elasticity E at a given surface pressure. 

Figure 4.6 compares E and E’ measured at a frequency of 1.06 rad/s as a function 

of surface pressure. The two quantities agree well over the measured range of 

surface pressures up to 40 mN/m. These observations suggest that any 

contribution to the total dilatational stress arising from intrinsic rheology is 

negligible. For surface pressures greater than 40 mN/m, the Gibbs elasticity 

decreases due to a collapse of the monolayer and E’ continues to increase. Well 

beyond the collapse pressure for the monolayer, we no longer expect the surface 

to behave as an ideal Langmuir monolayer. 

Figure 4.6. A comparison of () the Gibbs elasticity E and () the in-phase 
component of the dilatational modulus E’ over the measured range of surface 
pressures for DMPC. 
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4.4.3 PALMITIC ACID COMPRESSION ISOTHERM AND MODULUS 

 Results from compression experiments for an interface with adsorbed 

palmitic acid are shown in Figure 4.7a. For initial surface pressures greater than 

the equilibrium spreading pressure, the surface pressure-area curves depend on 

dilatation rate. This can be seen from a comparison of the surface pressures for 

the interface compressed at a rate of -210-4 s-1 from 8.5 mN/m versus the 

interface compressed at -110-2 s-1 from 9.7 mN/m. When compressed at a slower 

dilatation rate, the interface reaches lower surface pressures compared with rapid 

compression. This observation agrees with previous reports on palmitic acid 

monolayers,26 although another study reports no changes in the isotherm with 

compression rate until the collapse pressure is reached.27 Because this deviation 

occurs at a surface pressure greater than the equilibrium spreading pressure, this 

deviation is most likely due to a competition between the dilatation rate of the 

interface and the rate of formation of palmitic acid crystals, which would decrease 

the monolayer concentration at the interface. At the highest surface pressure and 

fastest initial dilatation rate, there is a distinct change in slope at 25 mN/m, 

beyond which the surface pressure rises sharply until it collapses at 52 mN/m. We 

also observe a decrease in the dilatation rate from -110-2 s-1 to -310-3 s-1 above 

this kink in the surface pressure-area curve while keeping the pressure head 

decrease constant. This change in slope is attributed to a transition from a liquid-

condensed phase to an incompressible solid-like phase.28 

 The horizontally shifted data for palmitic acid shown in Figure 4.7b 

indicates good agreement between the microtensiometer surface pressure-area 
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curve and the isotherm measured on a Langmuir trough when the dilatation rate is 

fast enough to overcome the collapse of the monolayer. Based on the compression 

rate given by Lipp et al.,28 the dilatation rate for the isotherm is on the order 

of -110-3 s-1. When the interface is compressed at the slower dilatation rate 

of -210-4 s-1, the curve cannot be shifted to the isotherm using a constant value 

for χ. In that case, the data is shifted so that the initial surface pressure lies on the 

isotherm.  

A higher dilatation rate shows that the insoluble palmitic acid layer on the 

microtensiometer reproduces the transition between the liquid-condensed phase 

and the solid-like phase in both the surface pressure, where the transition is 

observed, as well as the sharp change in the slope. The value of χ-1 for these 

interfaces is approximately equivalent to the number of molecules at the interface 

except for the data measured from the initial surface pressure of 9.7 mN/m. 

Because this value started at the equilibrium spreading pressure, the monolayer 

could be in equilibrium with the crystalline phase of palmitic acid, meaning that 

the total number of molecules at the interface could be significantly higher than 

predicted. In this case, χ-1 is an estimate of the minimum amount of palmitic acid 

that is present at the interface. 
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Figure 4.7. Surface pressure of palmitic acid versus (a) the surface area of the 
spherical cap interface, and (b) the surface area scaled by χ. The initial surface 
pressures and initial dilatation rates are () 0 mN/m and -310-3 s-1, (▼) 5.5 
mN/m and -310-3 s-1, () 8.5 mN/m and -210-4 s-1, () 9.7 mN/m and -
110-2 s-1. The solid line in Figure 4.7b is the palmitic acid isotherm reported by 
Lipp et al.28 measured on a water subphase at 16°C. 
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 Figure 4.8 shows the dilatational modulus measured for palmitic acid at 

four different surface pressures. Measurements over the frequency range were 

only made for surface pressures below the equilibrium spreading pressure; above 

that value, the surface pressure and surface area decreased over the time period of 

the oscillatory experiment (~5 minutes). For example, after compression to an 

initial surface pressure of 15 mN/m, the surface pressure decreased 2 mN/m and 

the surface area decreased 70 μm2 over a period of one minute.  

For the four dilatational measurements shown, the magnitude of the 

modulus strongly depends on the surface pressure of the oscillation. The 

magnitude of the modulus is nearly independent of oscillation frequency, 

although there is a slight increase in |E*| as the frequency increases. The phase 

angle decreases as the surface pressure increases, reaching negative values at the 

highest measured surface pressure of 9.5 mN/m. A phase angle less than zero 

corresponds to a negative value for E’’, which has been observed in dilatational 

measurements for palmitic acid monolayers performed by Giermanska-Kahn et 

al.29 It is important to note that their measurements observe a negative value for 

the out-of-phase component of the modulus over the entire measured surface 

pressure range for palmitic acid. This is not consistent with the observations 

presented here. 
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Figure 4.8 Dilatational modulus of palmitic acid versus angular frequency ω at 
surface pressures indicated in the upper right of each plot. The modulus is plotted 
in terms of () |E*| plotted on the left axis and () δ plotted on the right axis. 
The scaling of the ω and |E*| axes is the same for all plots. The scaling for δ is the 
same within each row of plots. The dashed line indicates the zero value for the 
phase angle in each plot. 
 
 A comparison of the Gibbs elasticity obtained from the surface-pressure 

area measurements and the in-phase part of the modulus is shown in Figure 4.9. 

The Gibbs elasticity was calculated only for the surface pressure-area 

measurements that could be adequately fit to the palmitic acid isotherm of Lipp et 

al. Measurements of the dilatational modulus are performed at a frequency of 1.06 

rad/s for a period of approximately one minute, suggesting that measurements 

performed above the equilibrium spreading pressure have a nonzero stress and 

strain relaxation during the time period of the measurement. Reported values for 

E’ are plotted at the average surface pressure over which the dilatational 

measurement was performed. Despite the stress and strain relaxation, the 
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measured value of E’ agrees with the calculated Gibbs elasticity for a palmitic 

acid layer at surface pressures both above and below the equilibrium spreading 

pressure. Both E and E’ quickly plateau to a value close to 100 mN/m at low 

surface pressures until the transition to a solid-like interface at Π = 25 mN/m. 

Above this transition point the Gibbs elasticity reaches a value of 760 mN/m 

before collapse. Values for E’ could not be obtained above the transition pressure 

due to the decrease in the surface pressure immediately after the dilatation was 

stopped. 

 

Figure 4.9. A comparison of () the Gibbs elasticity E and () the in-phase 
component of the dilatational modulus E’ over the measured range of surface 
pressures for palmitic acid. 
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4.4.4 DPPC COMPRESSION ISOTHERM AND MODULUS 

 The Π-A measurements shown in Figure 4.10a for interfaces containing a 

deposited amount of DPPC again show the expected trend in the surface pressure 

as the surface area decreases. There is a distinct change in the slope of the 

isotherm near 12 mN/m, which is consistent with a transition from a liquid 

expanded-liquid condensed coexistence region to a liquid condensed phase.30, 31 

For a constant hydrostatic pressure head decrease of 10 Pa/s, the dilatation rate 

below 12 mN/m is approximately -110-3 s-1, whereas the dilatation rate for 

greater than 12 mN/m is slightly lower at -610-4 s-1. A second slope change is 

observed above a surface pressure of 55 mN/m, which we attribute to a collapse 

of the DPPC layer at the interface. 

Figure 4.10b shows the horizontally shifted Π-A data compared with the isotherm 

reported by Kim et al.31 measured on a Langmuir trough. When shifted to the 

isotherm, the microtensiometer data agrees well with the expected relationship 

between surface pressure and molecular area in the three different regions of the 

isotherm: the liquid expanded region below Π = 6 mN/m, the liquid expanded-

liquid condensed coexistence region between 6 < Π < 12 mN/m, and the liquid 

condensed region for Π > 12 mN/m. A phase coexistence region is observed at 

surface pressures between 8 < Π < 12 mN/m, which is slightly above the 

coexistence region shown for the isotherm of Kim et al.31 Despite this, the 

measurement is within the full range of phase coexistence regions reported in the 

literature of 5 mN/m32 to 10 mN/m.33 A phase coexistence region for DPPC is not 

reported in the literature when using either a pendant drop apparatus34, 35 or a 
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constrained sessile drop.36 The slope of the isotherm in the liquid condensed 

region above 12 mN/m is larger than that reported on a Langmuir trough. 

Although the compression rate for the isotherm shown in Figure 4.10b is not 

reported by Kim et al., 31 DPPC is known to exhibit a steeper slope in the liquid 

condensed region when compressed at a high rate.37  
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Figure 4.10. Surface pressure of DPPC versus (a) the surface area of the spherical 
cap interface, and (b) the surface area scaled by χ. The initial surface pressures are 
() 0 mN/m, () 1 mN/m, () 2 mN/m, () 4.5 mN/m, () 7 mN/m, 
() 10 mN/m, () 20.5 mN/m. The solid line in Figure 5.7b is a DPPC isotherm 
from the work of Kim et al.29 measured on a water subphase at 21±1°C. 
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 The dilatational measurements performed for DPPC layers at different 

surface pressures shown in Figure 4.11 indicate the frequency dependence of the 

modulus in the liquid expanded, coexistence, and liquid condensed regions of the 

isotherm. At all surface pressures, |E*| is nearly independent of oscillation 

frequency within the measured range, but the magnitude depends on the surface 

pressure. The magnitude of the phase angle increases as the surface pressure 

increases from zero in the liquid expanded region to low nonzero values in the 

coexistence and liquid condensed regions of the isotherm. The largest values of 

the phase angle are observed at 7.6 and 10 mN/m, when the DPPC layer is at the 

coexistence region. The phase angle values are also larger at slower oscillation 

frequencies. In the liquid expanded region the phase angle does not show a strong 

frequency dependence, reaching nonzero values below 0.2 rad.  

Prior studies on the dilatational rheology of DPPC monolayers  spread on 

a Langmuir trough show a similar dependence of the modulus on the surface 

pressure in the liquid expanded and liquid condensed regions.38, 39 In the phase 

coexistence region, Arriaga et al.38 observe that the magnitude of the modulus and 

the dilatational viscosity depend on frequency within the experimental range of 

310-3 – 310-1 Hz. We do not observe a similar frequency dependence in our 

data where the frequency ranges overlap. 
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Figure 4.11.  Dilatational modulus of DPPC versus angular frequency ω at surface 
pressures indicated in the upper right of each plot. The modulus is plotted in terms 
of () |E*| plotted on the left axis and () δ plotted on the right axis. The scaling 
of the ω and |E*| axes is the same for all plots. The scaling for δ is the same 
within each row of plots. The dashed line indicates the zero value for the phase 
angle in each plot. 
 

 A comparison of E’ measured at 1.06 rad/s and the Gibbs elasticity E for a 

DPPC layer at the air-water interface is shown in Figure 4.12. The three regions 

of the isotherm are evident in the measure of the Gibbs elasticity. At surface 

pressures below the liquid expanded-liquid condensed coexistence region, both E 

and E’ attain values close to 40 mN/m. Above the coexistence region, both the 

Gibbs elasticity and the in-phase part of the modulus increase to a values close to 

160 mN/m, then continue to rise with the surface pressure to a maximum value of 

390 mN/m before the DPPC interface collapses. Within the coexistence region, 

the Gibbs elasticity obtains a value of 21 – 28 mN/m. This is approximately half 
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the measured value of the in-phase part of the dilatational modulus in this region, 

which ranges from 35 – 75 mN/m as the surface pressure increases. A difference 

in magnitude between the Gibbs elasticity and the dilatational modulus has been 

reported previously for DPPC measured on a Langmuir trough.38 The explanation 

proposed by Arriaga et al. is that the liquid condensed regions of the interface 

dispersed in a compressible liquid expanded phase act as solid grains and resist a 

decrease in surface area when compressed at a high rate. 

Figure 4.12. A comparison of () the Gibbs elasticity E and () the in-phase 
component of the dilatational modulus E’ over the measured range of surface 
pressures for DPPC. 
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4.4.5 TWEEN 80 COMPRESSION ISOTHERM AND MODULUS 

The capabilities of the microtensiometer in measuring surface pressure-

area curves and the dilatational modulus for well-known insoluble interfaces can 

also be applied to probe the dilatational properties of Tween 80, which has been 

shown by Reichert and Walker11 to form insoluble layers. Because Tween 80 is 

soluble in DI water, we can monitor the dynamic surface tension due to surfactant 

adsorption, which allows us to rinse the interface with DI water at a known 

surface pressure. Surface tension dynamics for Tween 80 during adsorption to an 

air-water interface and exchange with DI water are shown in Figure 4.13. The 

dynamics for all curves are similar from the generation of a clean interface at time 

t=0 until the initiation of the exchange period. During this period, the bulk 

concentration of Tween 80 is reduced from 1.5 μM to approximately zero. This is 

confirmed by generating a fresh air bubble after fluid exchange has been 

completed and observing no change in the surface tension over a period of 1000 s. 

Similar to the work of Reichert and Walker,11, 40 the fluid exchange does not cause 

the surface tension to rise back to the clean air-water surface tension of 72.8 

mN/m, which is expected for soluble surfactants.  

The dynamics immediately following fluid exchange depend on the 

surface tension at the time that fluid exchange began. Above a critical surface 

tension, the surface tension decreases by approximately 2 mN/m before reaching a 

constant value. This decrease in the surface tension is attributed to increased mass 

transport at the initial times of the exchange period due to increased convection in 

the reservoir, which enhances the mass transfer rate of surfactant to the interface. 
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The surface tension reaches a constant value approximately 40 s after the 

initialization of the exchange period. Below a critical value for the surface 

tension, the surface tension rises to a constant value during the fluid exchange 

process that is below the clean air-water surface tension value. Our results agree 

well with the observations of Reichert and Walker.11, 40 The nonzero value of the 

surface pressure for these interfaces indicates that an insoluble component of 

Tween 80 has remained at the air-water interface to form an insoluble layer. 

 

Figure 4.13. Surface tension dynamics for a 1.5 μM Tween 80 during surfactant 
adsorption and wash-out. The final surface pressure for each run is (●) 4 mN/m, 
(▲) 7.5 mN/m, and (■) 14.5 mN/m. The open symbol in each curve indicates the 
time when the wash-out procedure was started. Three measurements of the 
dynamics to Π = 4 mN/m are shown to indicate reproducibility. 
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 The Tween 80 interfaces generated by the fluid exchange procedure are 

insoluble in the aqueous phase and can be subjected to both isotropic compression 

and small-amplitude dilatational rheological measurements to probe interfacial 

mechanics. Figure 4.14a shows the measured surface pressure under isotropic 

compression for four separate interfaces containing the insoluble component of 

Tween 80 with no excess surfactant in the aqueous phase. The interfaces are 

compressed starting from the largest measured surface area at a constant rate of 

change in the hydrostatic pressure head of -10 Pa/s, leading to an average 

dilatation rate for these interfaces between 0.001 – 0.003 s-1. 

 All four compression isotherms for the insoluble component of Tween 80 

at an air-DI water interface exhibit an increase in the surface pressure as the 

surface area decreases. The total change in the surface pressure over the surface 

area range is approximately 3 mN/m for each curve. A collapse pressure of 17 

mN/m is observed for the compression at the largest starting surface pressure, 

beyond which the surface pressure decreases despite continued compression of 

the interface.  

The presence of Tween 80 in oil-water emulsions is observed to influence 

the measured zeta potential of the oil droplets,41-43 suggesting that there is an 

accumulation of charge at the interface due to the surfactant. To test this 

hypothesis, compression experiments were performed on interfaces where the DI 

water subphase was exchanged with a 0.5 M NaCl solution to screen any charge 

effects. The compression isotherms shown in Figure 4.14a show no significant 

deviation from the isotherms performed on a DI water subphase, indicating that 
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the insoluble component of Tween 80 does not exhibit a significant charge 

repulsion at air-water interfaces. 

 Tween 80 is known to degrade over time in both aqueous solution and the 

purified liquid.44, 45 Products of the various degradation processes include the 

primary fatty acid constituents: oleic, linoleic, palmitic, and stearic acids. Since 

Tween 80 could solubilize these materials and deposit them at the interface, it is 

important to show whether the insoluble component of Tween 80 remaining after 

the fluid exchange procedure is due primarily to fatty acids at the interface. 

Similar to the compression isotherms of the fatty acid and phospholipid layers 

studied in this chapter, we can shift the surface pressure-area data using constant χ 

values and directly compare with isotherms for the primary fatty acids28, 46-48 from 

literature as shown in Figure 4.14b. Although the measured data can be shifted to 

a single “master” curve, the data cannot be fit to a specific fatty acid isotherm. An 

alternate explanation for the observed surface pressure-area relationship is due to 

poly(ethylene oxide) (PEO) chains that comprise the Tween 80 head group. 

Although it is water soluble, PEO is also known to form insoluble monolayers at 

the air-water interface.49-51 The compression data for Tween 80 is not expected to 

match a linear PEO chain isotherm due to differences in the polymer structure.
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Figure 4.14. Compression measurements for the insoluble component of Tween 
80 at an air-water interface. (a) Surface pressure versus the surface area of the 
spherical cap bubble. Different shape symbols indicate runs at different starting 
surface pressures. Unfilled points were performed with 0.5 M NaCl in the water 
subphase. (b) The same data as in (a) collapsed to a single line by scaling the 
surface area by χ. The data is plotted with isotherms of four major fatty acids 
present in Tween 80. 
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 Measurements of the dilatational modulus performed on the insoluble 

component of Tween 80 are shown in Figure 4.15. The magnitude of the 

dilatational modulus is observed to be constant with respect to surface pressure, 

oscillation frequency, and the addition of salt for the experimental conditions we 

examined. The phase angle is approximately zero in these experiments, indicating 

that E’’ is negligible. This dynamic response is unlike that observed for PEO 

monolayers52 or fatty acid layers. The lack of frequency dependence means that 

the modulus value is determined by the slope of the surface pressure-area 

isotherm. The results of these measurements are different from the dilatational 

modulus for insoluble Tween 80 layers at oil-water interfaces,11 however those 

measurements were subject to a time lag between pressure and radius 

measurements for which we have since accounted. 

Figure 4.15. Dilatational modulus of Tween 80 versus angular frequency ω at 
surface pressures indicated in the upper right of each plot. Filled symbols denote 
the value of |E*| plotted on the left axis and open symbols denote δ plotted on the 
right axis. The left plot is measured on a DI water subphase, and the right plot is 
measured on a 0.5 M NaCl subphase. The scaling of the ω, |E*|, and δ axes is the 
same for both plots. The dashed line indicates the zero value for the phase angle 
in each plot. 
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 A comparison of the Gibbs elasticity and E’ measured at 1.06 rad/s at 

different surface pressures confirms that the two values are equal over the surface 

pressure range considered. The initial value of the modulus starts close to 10 

mN/m, but quickly rises to a constant value of approximately15 mN/m for most of 

the surface pressure range. Neither the Gibbs elasticity nor the in-phase part of the 

modulus is affected by the addition of 0.5 M NaCl to the subphase. 

Figure 4.16. A comparison of (, ) the Gibbs elasticity E and (, ) the in-
phase component of the dilatational modulus E’ over the measured range of 
surface pressures for Tween 80.Circular symbols area measured on a DI water 
subphase, triangular symbols are measured on a 0.5 M NaCl subphase. 
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4.4 DISCUSSION 

 The three water-insoluble materials placed at the air-water interface in the 

microtensiometer are common substances used to generate Langmuir monolayers. 

This allows for a direct comparison between the observed surface phenomena on 

the microtensiometer with more conventional measurement methods. 

 Because DMPC is in a liquid expanded phase at 20°C, the isotherm shown 

in Figure 4.4b contains no distinguishing characteristics that can assist in shifting 

the data to the isotherm. Despite this, we see excellent agreement when using a 

constant χ value for the individual Π-A measurements. We cannot directly 

compare our measurements of the dilatational modulus to values previously 

obtained on a Langmuir trough due to temperature differences between the two 

systems. The agreement between the Gibbs elasticity and the in-phase component 

of the modulus indicates that the dilatational measurement is correct. 

 The palmitic acid isotherm exhibits a dilatation rate dependence not 

observed in either of the phospholipids. The interface on the microtensiometer 

must be compressed at dilatation rates faster than those imposed on a Langmuir 

trough in order to reproduce the characteristic features of the isotherm. It is 

important to note that the microtensiometer does not control surface area or 

surface pressure at the interface, which can lead to different observed collapse 

dynamics. For example, a palmitic acid interface compressed in a Langmuir 

trough above the equilibrium spreading pressure and held at a constant surface 

area exhibits a decrease in the surface pressure due to the formation of crystals. If 

the palmitic acid interface were compressed above the equilibrium spreading 
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pressure and then the hydrostatic pressure were held constant, the palmitic acid 

would also form crystals, leading to a decrease in surface pressure. Based on 

Equations 4.1, 4.2, and the equation for the surface area of a spherical cap, a 

decrease in the surface pressure will increase the radius of curvature while 

simultaneously decreasing the surface area. This surface area decrease will 

increase both the surface monolayer concentration and the surface pressure, 

meaning that the monolayer collapse at the microtensiometer interface will 

proceed until either the equilibrium spreading pressure is reached or the spherical 

cap interface is flat at the capillary tip. This insight into the operation of the 

microtensiometer means that an interface compressed above the equilibrium 

spreading pressure due to a constant decrease in the hydrostatic pressure head will 

most likely have two contributions to a decrease in the surface area: one due to 

the hydrostatic pressure head change, and one due to decrease in the surface 

pressure. 

  Measurements of the dilatational modulus for palmitic acid made on the 

microtensiometer differ significantly from those made on a planar interface during 

capillary wave excitation. The measurements made on the Langmuir trough were 

performed by the electrocapillary method at an oscillation frequency of 800 Hz,29 

which is two orders of magnitude larger than in our experiments. The dilatational 

modulus for palmitic acid at Π = 9.5 mN/m shows a negative phase angle (E’’ < 

0), which is an unphysical result. Because our measurement is so close to the 

equilibrium spreading pressure, it is difficult to determine whether this negative 

value for E’’ is due to a transition between phases, as suggested by Giermanska-
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Kahn et al.,29 or due to a superposition of an oscillatory measurement with a stress 

(surface pressure) or strain (surface area) relaxation. Negative shear modulus 

values are not uncommon in the rheology literature when a fluid is subject to 

oscillatory shear flow superposed on steady flow.53, 54  

 The Π-A measurements for the DPPC monolayer are in good agreement 

with isotherms measured on a Langmuir trough interface, capturing the liquid 

expanded, liquid condensed, and phase coexistence regions of the isotherm. The 

observation of a liquid expanded – liquid condensed coexistence region at the 

spherical cap interface contradicts previous measurements made on a pendant 

drop apparatus that do not observe this transition.9, 35 It has been hypothesized that 

the millimeter-scale radius of curvature of the pendant drop affects domain 

formation; however, we observe this transition with a radius of curvature 2-3 

orders of magnitude smaller than pendant drop measurements. In a pendant drop 

device, the free surface will take the path of least resistance to accommodate a 

change in the volume of the droplet. It is known that both shear and dilatational 

stresses will affect the response of a pendant drop.10 Based on the low interfacial 

shear modulus of DPPC (~μN/m)31 compared to the dilatational modulus we 

expect the interface to more readily exhibit shear deformations to change the 

shape of the interface rather than expand or compress the surface area. 

 The dilatational measurements for DPPC do not agree directly with 

measurements made on a Langmuir trough using an oscillatory barrier. We 

attribute this to the mixed shear and dilatational flow present on a Langmuir 

trough during uniaxial deformation.8 The comparison of the Gibbs elasticity with 



CHAPTER 4 
 

121 
 

the in-phase component of the modulus in the phase coexistence region shows 

that there is an extra surface stress due to the intrinsic mechanical properties of 

the interface, as opposed to stresses due only to surface tension effects as 

described in the previous chapter. 

 The measurements performed on the Tween 80 interface indicate that the 

measured insoluble component is not due solely to fatty acids present in the 

surfactant. This does not rule out possible interaction between Tween 80 and fatty 

acids on the interface. Both the surface pressure and dilatational modulus are 

independent of salt concentration in the bulk phase.  

 Based on these results, the fluid exchange procedure described in this 

chapter is successful in generating insoluble surfactant layers at the 

microtensiometer bubble interface. Although a rigorous model describing the 

transport of surface-active species to the interface during the fluid exchange 

procedure is outside the scope of this work, we have shown that both the initially 

dissolved concentration of material in isopropanol and the fluid exchange flow 

rate can be used to control the amount of material adsorbed to the interface. 

Increasing the surfactant concentration increases the amount of material in the 

reservoir available for adsorption to the air-water interface during the fluid 

exchange procedure. Fluid flow is known to increase the flux of soluble 

surfactants to a bubble interface in the microtensiometer due to convective mass 

transport.55 We expect that the increased convection at higher flow rates also 

increases the flux of insoluble materials to the interface during the fluid exchange 

procedure.  
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The miscibility of the initial fluid in the microtensiometer reservoir with 

the exchanged fluid is a key component of this procedure. If two immiscible or 

slightly miscible fluids such as chloroform and water are used, the fluids will 

emulsify in the reservoir. A second criterion for the fluid phases is that the first 

phase must be able to dissolve enough of the surfactant to deposit a substantial 

amount at the interface during the exchange procedure. In this chapter we have 

used isopropanol and water as the two phases; however, other water-soluble 

solutes can be used. Although we have assumed that all isopropanol is removed 

from the reservoir, it is possible that there could be some residual isopropanol due 

to either dead space in the microtensiometer reservoir or isopropanol vapor 

partitioning into the air bubble phase inside the capillary. The 1000 s waiting 

period after the fluid exchange procedure allows time for vapor diffusion into the 

capillary as well as isopropanol evaporation from the aqueous phase. 

The system described here requires approximately 3 mL of a surfactant 

solution at low (mg/mL) concentrations. This is significantly more than the 

amount of solution (~μL) deposited at a Langmuir trough interface in the same 

concentration. The benefits of this measurement include the small amount of 

subphase solution necessary to run the experiment as well as the ability to change 

concentration or pH easily. This is achieved simply by using the peristaltic pump 

connected to a reservoir of the desired solution. The total experimental time is 

reduced when measuring the effect of subphase compositions on the response of 

complex insoluble interfaces. 



CHAPTER 4 
 

123 
 

 A possible source of error in measurements on the microtensiometer is the 

presence of surface-active contaminants. These materials could change the 

response of the interface to compression as well as lower the collapse pressure of 

the interface. An issue that is specific to insoluble layers is film leakage at high 

surface pressures, where surfactant can spread onto solid surfaces in contact with 

the interface. This tends to occur at surface tensions below 5 mN/m, which we 

have avoided in our experiments.  

Isotherms can depend strongly on conditions such as subphase pH, 

temperature, and spreading solvent. For this reason, the χ value used to shift 

microtensiometer experiments to isotherms from the literature is not an exact 

measure of the number of molecules at the interface. Shifting the Π-A data to a 

single curve indicates self-consistency in the data by showing that the initial 

surface pressure achieved through the fluid exchange procedure is equivalent to 

the surface pressure measured during a compression of the interface. This is true 

even if the data cannot be fit to an isotherm. We shift the curve to an isotherm to 

show that the measurement is both self-consistent and able to reproduce 

characteristics of isotherms measured on common measurement apparatuses. 

 The fact that the microtensiometer only generates dilatational 

deformations greatly simplifies the analysis of measurements where interfacial 

rheology is expected to contribute to the measured interfacial stress. Both 

Langmuir trough and pendant drop/bubble experiments result in a combination of 

shear and dilatational deformation, which can make the analysis of surface 

pressure-area isotherms and dilatational modulus measurements difficult. The 
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isotropic compression and expansion of the interface performed on the 

microtensiometer provides a method to measure purely dilatational stress-strain 

relationships. 

4.5 SUMMARY 

 This chapter provides a method to generate insoluble interfaces in the 

microtensiometer and confirms that the interfaces generated by this method are 

equivalent to those measured on standard measurement systems. The amount of 

insoluble surfactant added to the interface can be controlled by varying either the 

initial dissolved concentration of surfactant or the subphase exchange flow rate. 

The resulting interface can be subjected to both isotropic and oscillatory 

deformation due to a change in the hydrostatic pressure head of the system. 

 In the cases of palmitic acid, DMPC, and DPPC, we have shown that our 

measurements reproduce results observed in the literature. Our results also benefit 

from a purely dilatational compression and oscillation of the interface, which 

allow for a simplified analysis compared to the mixed dilatation and shear 

observed on both Langmuir trough and pendant drop apparatuses. The success of 

our experimental methods on commonly-studied insoluble interfaces has allowed 

us to probe the properties of the insoluble components of Tween 80. The isotherm 

and dilatational modulus indicate that the surface properties of Tween 80 are not 

strongly dependent upon isotropic compression or oscillatory dilatation. These 

results show that the microtensiometer can be used to measure the surface 

properties of insoluble materials. 
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CHAPTER 5 

PROBING TIMESCALES FOR COLLOIDAL PARTICLE ADSORPTION 
USING SLUG BUBBLES IN A MICROCHANNEL 
 

5.1 INTRODUCTION 

 Particle stabilized emulsions and foams are used in the generation of many 

functional materials, including colloidosomes,1 porous ceramic and polymer 

monoliths,2 and liquid marbles.3 Droplet-stabilizing colloidal particles that 

catalyze reactions at oil-water droplet interfaces have also been suggested as an 

efficient method of biofuel conversion.4 In all of these cases, control of the 

average size and size distribution of the particle-stabilized bubbles and drops, as 

well as their degree of particle surface coverage, is desirable. The generation of 

particle-stabilized emulsions involves the dispersion of one fluid phase into a 

second continuous liquid phase, which requires the breakup of large droplets into 

smaller ones through agitation. During this process, significant transport 

phenomena occur at different length and time scales: the breakup of the dispersed 

phase, the adsorption of particles to the newly generated clean interface, and the 

coalescence of droplets due to collisions. Particle adsorption will stabilize 

droplets against coalescence in the emulsion generation process, but only after a 

stabilizing coverage of colloidal particles has had enough time to adsorb to the 

interface.5  

 Because it is not possible to separate the breakup, transport, and 

coalescence mechanisms in bulk emulsification processes such as high-shear 

homogenization or sparging, the relationship between the bulk particle 
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concentration and the resulting dispersed phase droplet size cannot be decoupled.6 

Although simple relationships exist to determine the average droplet size,6, 7 these 

relationships are unable to account for changes in the resulting particle-stabilized 

emulsion microstructure due to changes in particle shape,8 pH,9 salt 

concentration,10 or the presence of surfactant.11 One promising solution to this 

problem is to use microfluidic droplet generation strategies that allow for 

independent control of the droplet size and the amount of time between droplet 

formation and subsequent droplet-droplet interactions. Microfluidic methods have 

been used previously in the generation of highly monodisperse particle-stabilized 

bubbles and droplets. Various methods of particle loading onto the fluid interface 

have been invoked: hydrodynamic focusing prior to droplet break-off,12 

convection-diffusion processes within the continuous phase,13-15 and convection-

diffusion processes within the dispersed phase.16 Although these methods have 

been successfully implemented to generate particle-stabilized bubbles and drops, 

the timescales for particle adsorption in microfluidic devices is still not well 

understood. Priest and Whitby have suggested that particles will adsorb faster to 

droplets confined in microfluidic channels due to the presence of a thin film 

between the droplet interface and the microchannel wall.17 Mulligan and 

Rothstein estimate that the timescales for adsorption of particles to droplets will 

be on the order of seconds based on diffusion timescales estimated using micron 

length scales.13 In order for microfluidic strategies to be successfully implemented 

in the generation of particle-stabilized emulsions and foams, the adsorption 
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dynamics must be quantified in terms of the bubble and channel properties, and 

the particle characteristics. 

 In this chapter we will examine the dynamics of particle adsorption to 

bubbles in surface-active particle suspensions confined within a rectangular 

microfluidic channel. Large bubbles with undeformed radii much larger than 

either cross-sectional dimension of the microfluidic channel will form long slug 

bubbles, necessitating the formation of thin film regions along the walls of the 

microchannel, and open corner regions available for “leaking” fluid flow around 

the bubble.18 To study particle adsorption in microfluidic channels, it is 

imperative that the surface-active particle suspensions are stable against 

flocculation. The systems that we study in this chapter are aqueous suspensions of 

colloidal silica and the cationic surfactant CTAB. These suspensions exhibit 

excellent stability against flocculation and have been characterized previously in 

terms of bulk emulsion and foam stability19-21 and interfacial rheology.20, 22   

During particle adsorption, the bubbles generated in the nanoparticle-

surfactant suspension exhibit unique shapes and dynamics that are not commonly 

observed in less confining geometries. For bubbles traveling at velocities 

characteristic of microfluidic flows, the particle transport is dominated by 

convection around the bubble. Using our experimental observations, we develop a 

simple transport model to explain the bubble dynamics that result from particle 

adsorption to slug bubbles. The model relies on particle transport only in the 

region of the curved end caps, and argues that depletion effects can have a 

detrimental effect on particle adsorption to the bubble interface. Our model shows 
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good agreement with the measured shape changes that we hypothesize are a result 

of the growth of a particle-stabilized region along the bubble as it translates along 

the microchannel. The model can be used to predict the channel lengths necessary 

to generate particle-stabilized bubbles. 

5.2 MATERIALS AND METHODS 

 The experiments were performed in a microfluidic device fabricated in 

poly(dimethylsiloxane) (PDMS; Dow Sylgard 184)  using standard soft 

lithography methods.23 In the device, shown in Figure 5.1, bubbles are generated 

at a T-junction with the aqueous continuous phase pumped into the main inlet at a 

constant flow rate using a programmable syringe pump (Harvard Apparatus 

PHD2000) and nitrogen gas pumped into the side inlet by a constant pressure 

supplied by a nitrogen tank and regulator (ControlAir, Inc. T550X Miniature 

EIA). The channels are sealed by treating the surface of the device with air 

plasma (Harrick Plasma PDC-32G) and bringing it into contact with another 

plasma treated PDMS slab. In order to retain the hydrophilicity of the channel 

walls imparted by the plasma exposure, the channels are immediately filled with 

deionized (DI) water (resistivity 18.2 MΩ cm; Barnstead) after bonding and 

stored immersed in DI water until use. 
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Figure 5.1. Schematic diagram of the microfluidic device. The inset image shows 
a nitrogen bubble extending into the main channel prior to pinch-off. The channel 
width W is 142 µm. The distance from the T-junction to the device outlet Lc is 57 
mm, and the channel depth is 42 µm as shown in the bottom-right corner of the 
diagram. 
 

 The continuous phase fluids used are (i) deionized (DI) water, DI water 

with suspended pure Ludox AM-30 (6 nm nominal particle radius; Sigma 

Aldrich), (iii) DI water with dissolved cationic surfactant 

cetyltrimethylammonium bromide (CTAB; CMC 0.9 mM; BDH), and (iv) 

aqueous suspensions of CTAB and Ludox. The pure Ludox system is diluted from 

the initial manufacturer-supplied concentration of 30 wt% to 2wt% by gently 

adding DI water with a micropipette, then sonicating the suspension for 30 

minutes in an ultrasonic bath (American Beauty S-5500) to disperse the particles. 

The CTAB is used as received, and pure surfactant solutions are prepared at 

concentrations of 0.21 mM and 90 mM. A particle suspension of 2 wt% Ludox 

and 0.21 mM CTAB is generated by dropwise dilution of a 4 wt% solution of 

Ludox particles with a 0.42 mM CTAB solution. The holding vial is gently 

shaken in between the addition of more surfactant solution to prevent silica from 

precipitating out of solution. A 10 wt% Ludox and 0.21 mM CTAB solution is 

prepared by dropwise dilution of a 30 wt% Ludox solution with a 0.29 mM 
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CTAB solution using a similar procedure with shaking in between surfactant 

addition. After the desired concentrations of Ludox and CTAB are reached, the 

solutions are sonicated for 30 minutes. In what follows, we will refer to a 

suspension of y wt% Ludox and 0.21 mM CTAB as “y wt% silica-CTAB”, where 

y corresponds to the weight percent of Ludox (silica) in the bulk suspension. For a 

CTAB molecule headgroup area of ~0.59 nm2 (measured using the Langmuir-

Blodgett technique)24  and a nanoparticle surface area of ~220 m2/g, the available 

nanoparticle surface area for surfactant adsorption is 30 times the total headgroup 

area in the surfactant solution for the 2 wt% silica-CTAB suspension and over 

200 times the total headgroup area in the 10 wt% silica-CTAB suspension. This 

leads to effectively all of the positively charged surfactant adsorbing to the 

surface of the negatively charged nanoparticles, a state which has been confirmed 

through surface tension measurements of the supernatant obtained after 

ultracentrifugation of CTAB and silica nanoparticle suspensions.20 Attempts to 

prepare a 10 wt% silica-CTAB suspension with the same CTAB-to-silica area 

ratio as the 2 wt% silica-CTAB suspension result in severe precipitation 

immediately after the addition of the surfactant, and therefore this composition is 

not used. The final surfactant concentration necessary to achieve this silica-to-

CTAB area ratio is 1.57 mM, which is above the CMC and has been shown 

previously to lead to serious flocculation of nanoparticles in bulk solution.19, 22  

After waiting 12 hours to allow the surfactant to populate the silica surface, the 2 

wt% silica-CTAB suspension is diluted with DI water to achieve particle 

concentrations of 0.2 wt% and 1 wt%, referred to throughout the Chapters 5 and 6 



CHAPTER 5 
 

136 
 

as “0.2 wt% silica-CTAB” and “1 wt% silica-CTAB”, respectively. All solutions 

are sonicated immediately after dilution, as well as immediately before each 

experiment in order to break up any aggregates formed. Due to the low volume 

fractions of particles used in this study, the viscosity of the particle suspensions 

without CTAB is not expected to vary significantly from pure water. The silica-

CTAB suspensions are not expected to show a viscoelastic response at the particle 

and surfactant concentrations studied, with viscosities that are not expected to 

vary significantly from pure water.25 

 The surface tension of each suspension is tested using a microtensiometer 

apparatus for which the details are described in detail elsewhere.26 Briefly, the 

apparatus consists of a glass capillary with a tip radius between 10 – 50 µm 

inserted into a well containing a surfactant solution that is open to the atmosphere. 

A bubble with an initially clean interface is generated at the end of the capillary 

using a constant pressure head that is monitored using a pressure transducer (0 – 5 

psi, Cole Parmer). The bubble forms a spherical cap shape pinned at the end of 

the capillary with a radius of curvature that depends only on the pressure jump 

across the interface and the interfacial tension through the Laplace equation. By 

observing the radius of curvature using a bright field microscope (Nikon T-300) 

and a digital camera (Diagnostic Instruments Spot RT Monochrome), we 

calculate the surface tension as a function of time for each of our systems. Data 

from bubble generation is acquired every 0.16 s for the first 5 s to capture the 

initial dynamics. After the first 5 s, data is collected every second to assess long-

time surface tension dynamics. For the silica-CTAB suspensions, the solution is 
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sonicated for 30 minutes before each measurement to ensure reproducibility in the 

dynamic curves. For pure DI water and the 2 wt% silica suspension without 

CTAB, we obtain equilibrium surface tensions of 71.43 ± 0.13 mN/m and 

71.64 ± 0.15 mN/m respectively, meaning that the silica nanoparticles without 

surfactant do not significantly alter the interfacial tension. This is shown in Figure 

5.2 by a plot of the dynamic surface tension of the 2 wt% silica suspension, which 

does not change over a period of 103 s. The surface tension of the 0.21 mM CTAB 

solution without silica decreased over a period of 103 seconds to a surface tension 

of 55.23 ± 0.15 mN/m as shown in Figure 5.2, while the 90 mM CTAB solution 

without silica (not shown in Figure 5.2) exhibits very fast surfactant dynamics 

such that the surface tension reaches an equilibrium value of 34.02 ± 0.18 mN/m 

in less than 0.1 s. The dynamics of the silica-CTAB suspensions (Figure 5.2) are 

significantly slower than the pure CTAB solutions. The 0.2 wt% silica-CTAB 

suspension reaches an equilibrium surface tension of 62.00 ± 0.14 mN/m at 

4×103 s. The 1, 2, and 10 wt% silica-CTAB solutions did not reach equilibrium 

values for the surface tension after 104 s. The 1 and 2 wt% silica-CTAB solutions 

reach similar surface tension values of 63.11 ± 0.20 mN/m and 62.69 ± 0.24 

mN/m, respectively. The measured surface tension of the 10 wt% silica-CTAB 

suspension after 104 s is 59.88 ± 0.12 mN/m. This is significantly lower than the 

surface tension measured in similar systems after 3×103 s in a pendant bubble 

apparatus20 or 300 s in a du Noüy ring tensiometer,19 suggesting that the depletion 

of CTAB from the bulk solution due to adsorption at the nanoparticle surface 

significantly increases the amount of time necessary to reach an equilibrium 
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surface tension in particle-surfactant systems. The surface tension dynamics of the 

silica-CTAB suspensions are not monotonic with respect to concentration; 

however, we have not used salt in these experiments to screen out charge effects, 

which can affect both the cationic surfactant adsorption dynamics27 and particle 

adsorption dynamics.5  The dynamics will also be affected by bulk concentration 

of nanoparticles as well as the number of CTAB molecules adsorbed at the 

particle surface. Although the dynamics are complex, the silica-CTAB system 

takes a significant amount of time to adsorb to the air-water interface under the 

stagnant conditions in the microtensiometer, compared to the pure surfactant case. 
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Figure 5.2. Dynamic surface tension measurements for () 2 wt% silica 
suspension, () 0.21 mM CTAB solution, and () 0.2wt%, () 1 wt%, () 2 
wt%, and () 10 wt% silica-CTAB suspensions. Three repeated experiments for 
the 2 wt% silica-CTAB suspension are shown to indicate the representative 
repeatability for each system. 
 

Prior to the start of each microfluidic experiment, the continuous phase 

fluid is passed through the microchannels for five minutes to bring the 

concentration in the microchannels to the bulk concentration. Then, the nitrogen 

is connected at an initial inlet pressure of 10 kPa and gradually increased until 

bubbles are generated at the T-junction. The flow rate and pressure are tuned to 

allow only one bubble to be generated and flow down the microchannel at a time 

to avoid interactions between bubbles. The relevant experimental conditions 

studied in this chapter include continuous phase volumetric flow rates 0.42 < Q < 

1.67 mL/hr and gas pressures 10 < pg < 35 kPa. The bubbles are observed in 

bright field imaging mode on a Nikon Ti-U microscope and bubble dynamics are 
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recorded using a high speed camera (Phantom v9.1). Videos are recorded at 

several positions along the microchannel, and the resulting images are analyzed 

using either MATLAB’s Image Processing Toolbox or ImageJ. A defect in the 

microfluidic device 40 mm downstream of the T-junction affected the motion of 

bubbles downstream of the defect, so analysis of bubble shape and velocity is 

only performed in the first 80% of the channel length. Figure 5.3 shows an 

example of an altered bubble shape at 50 mm. We used only non-wetting bubbles 

exhibiting smooth, reproducible motion for the experiments described in this 

chapter. Error bars and uncertainty in reported bubble measurements represent the 

standard deviation of measurements of five bubbles.  

5.3 RESULTS 

5.3.1 EXPERIMENTAL OBSERVATIONS 

The experimental setup in Figure 5.1 is used to generate bubbles that are 

larger than the width of the microchannel. Because we require that only one 

bubble travels along the microchannel during the experiment, the continuous 

phase flow rate and the pressure must be balanced so that the additional pressure 

drop that arises from the bubble in the channel is greater than the gas pressure at 

the T-junction. In all experiments where the gas phase does not wet the channel 

walls, the bubbles generated at the T-junction form slugs that are lubricated by a 

thin film of liquid between the bubble interface and the channel walls. Bubbles 

generated in the 0.21 mM CTAB solution and the 0.2 wt% silica-CTAB 

suspension wetted the channel walls, leading to added resistance from moving 

contact lines and a lack of reproducibility.  For the bubbles generated in DI water, 
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the 2 wt% silica suspension without surfactant, the 90 mM CTAB solution, and 

the 1 wt%, 2 wt%, and 10 wt% silica-CTAB suspensions, the confined bubble 

shape fills the channel with a thin fluid film between the flat bubble interface and 

the side walls of the channel. The bubble motion is smooth and continuous along 

the entire microchannel from the T-junction to the outlet (Figure 5.3), and the 

measurements are reproducible, as indicated by the relatively small error bars 

shown in the subsequent graphs quantifying bubble size and velocity. 

 

Figure 5.3. Representative bright-field images of the bubbles traveling along the 
microchannel at several distances downstream of the T-junction, shown in the left 
column. In all images, the direction of flow is from left to right. The channel 
width in all images is 142 µm. 

 

As bubbles approach the end of the microchannel, they lengthen due to the 

compressibility of the gas phase and the decreasing pressure along the length of 

the microchannel. The pressure difference Δp between the pressure at some 

position x along the axis of the rectangular microchannel and the pressure at the 
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microchannel exit p0 (approximately atmospheric pressure) depends on the 

channel geometry and the volumetric flow rate of fluid as 

 

1

0 3 5

12 ( ) 192
( ) 1 tanh
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HW H W

 



            

 (5.1) 

where W, H, and Lc are the microchannel width, height, and length, respectively, 

µ is the viscosity of the aqueous phase fluid, and Q is the volumetric flow rate of 

the continuous phase. Assuming that the bubble does not contribute appreciably to 

the resistance, the pressure decreases linearly along the microchannel. The 

pressure inside the bubble will be greater than the pressure in the fluid 

surrounding the bubble due to the Laplace pressure, which is on the order of 2 kPa 

for the hydraulic radius and surface tensions in the experiment. This is negligible 

compared to the absolute pressure inside the microchannel and is neglected in the 

bubble length calculation. Since nitrogen acts as an ideal gas and because the 

microchannel cross section is constant, Boyle’s law predicts that the initial bubble 

length Li and the length of the bubble L at some position x along the microchannel 

are related to the initial absolute pressure pi = p(x = 0) and the pressure at position 

x by 

 ( ) ( )i ip L p x L x  (5.2) 

For the bubbles generated in the 2 wt% silica suspension, the bubble length is 

expected to grow by 15% after a distance x = 50 mm, which is consistent with the 

length growth observed for this system in Figure 5.3.  

Bubbles generated in the silica-CTAB suspensions exhibit significantly 

different bubble shapes than the single component systems. At some distance x 
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downstream of the T-junction, these bubbles form a two-lobed structure 

connected by a thinner neck region. The neck propagates forward as the bubble 

travels along the microchannel. In some cases, the two-lobed bubble shape relaxes 

to fill the microchannel cross-section, adopting a more uniform shape. 

Representative images of bubbles exhibiting this necking transition are shown in 

Figure 5.3 at several positions along the microchannel. Due to the formation of 

the neck region, the length of the bubbles initially increases much faster than the 

rate of gas expansion from the pressure decrease along the microchannel as shown 

in Figures 5.4a and 5.4b. 
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Figure 5.4. Bubble length as a function of position in the microchannel for (a) 
different bubble velocities generated in the 2 wt% silica-CTAB suspension 
(() 2 wt% silica-CTAB suspension, Q = 0.85 mL/hr; () 2 wt% silica-CTAB 
suspension, Q = 1.00 mL/hr; () 2 wt% silica-CTAB suspension, Q = 1.67 
mL/hr) and (b) bubbles generated in different concentrations of the particle-
surfactant suspension (() 1 wt% silica-CTAB suspension, Q = 1.00 mL/hr; () 
10 wt% silica-CTAB suspension, Q = 1.00 mL/hr.) Lines are bubble length 
predictions based on equations (5.2) and (5.3). The experimental data for () 
ends abruptly due to bubble break up, shown in Figure 5.6. 

   

Measurements of the location of the neck midpoint a along the bubble 

show that the neck first appears on the bubble a distance of one channel width W 

from the bubble rear after the bubble has travelled a short distance downstream of 
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the T-junction. As the bubble translates along the microchannel, the neck moves 

forward on the bubble toward the leading edge until the ratio of the neck position 

to the total bubble length L is greater than 0.5, after which time the necked region 

relaxes to fill the channel cross section. The location of the neck is measured as 

function of bubble position along the channel for all experiments that exhibit neck 

formation. Plotting the neck position scaled by the constant channel width (Figure 

5.5a) shows that the neck region always first appears at a distance equal to one 

channel width downstream of the rear of the bubble. The channel position at 

which the neck is first observed occurs at larger distances downstream of the T-

junction as the flow rate increases. The neck propagates forward along the bubble 

until one of three outcomes occurs. These outcomes are most easily seen by 

rescaling the neck location with the instantaneous bubble length, which changes 

along the channel as shown in Figure 5.4b. The first possible outcome is that the 

neck position surpasses half of the bubble length and the neck relaxes to fill the 

channel cross section. After this point no neck is observed, which we show in 

Figure 5.5(b) as a neck position of a/L = 1 for bubbles generated in the 2 wt% 

silica-CTAB suspension at a flow rate of 1 mL/hr () and bubbles generated in 

the 10 wt% silica-CTAB suspension at 0.42 mL/hr (). The second possibility is 

that the neck persists until the bubble exits the microchannel, which is observed 

for bubbles generated in the 2 wt% silica-CTAB suspension at a flow rate of 1.67 

mL/hr () and bubbles generated in the 1 wt% silica-CTAB suspension at 1 

mL/hr (). A third possibility, which occurs for bubbles generated in 2 wt% 

silica-CTAB and Q = 0.85 mL/hr (), is that the neck region thins and becomes 
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unstable, leading to bubble break up. An example is shown in the image sequence 

in Figure 5.6. After bubble break-up, both bubble sections continue to travel along 

the microchannel. The bubble that formed from the rear of the larger bubble does 

not relax to a shape that fills the walls of the microchannel, and travels in a 

deformed shape until it reaches the microchannel outlet. The front bubble forms a 

new necked region that begins to propagate forward along the bubble until the 

bubble reaches the device outlet. 
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Figure 5.5. Distance of the midpoint of the neck from the rear of the bubble as a 
function of the normalized bubble position within the channel. (a) The location 
normalized by the width W of the microchannel and (b) the location normalized 
by the instantaneous length of the bubble L for: () 2 wt% silica-CTAB 
suspension, Li/W = 7.49±0.46, Q = 0.85 mL/hr; () 2 wt% silica-CTAB 
suspension, Li/W = 4.72±0.10, Q = 1.00 mL/hr; () 2 wt% silica-CTAB 
suspension, Li/W = 3.031±0.042, Q = 1.67 mL/hr; () 1 wt% silica-CTAB, Li/W 
= 6.44±0.47, Q = 1.00 mL/hr; () 10 wt% silica-CTAB, Li/W = 4.72±0.10, Q = 
1.00 mL/hr. 
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Figure 5.6. Successive images of a bubble generated in the 10 wt% silica-CTAB 
suspension at Q = 0.85 mL/hr (Li/W = 4.72±0.10) breaking up during the necking 
process in a microchannel. The arrow indicates the location of the neck breakup. 
The time step between images is 1.8 ms. The channel width is 142 µm. 

 

In cases where the neck relaxes before the bubble has exited the 

microchannel, the bubble forms a slug shape that does not always remain in 

contact with the channel walls. This can be seen in the images for both the 2 wt% 

silica-CTAB and the 10 wt% silica-CTAB solutions in Figure 5.3, in comparison 

to the bubble generated in the silica suspension without surfactant. These 

deformations only appear after the bubble has experienced the necking transition. 

Bubbles that complete the necking transition are stable against coalescence 

outside the microchannel and retain an elongated shape, shown in Figure 5.7. 

These shapes are significantly different from those of the stable bubbles generated 

in the 90 mM CTAB solution, which form spherical bubbles that arrange in a 

hexagonal close packed layer (Figure 5.7). Bubbles generated in DI water and 2 

wt% silica without surfactant are not stable against coalescence outside the 

microchannel. 
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Figure 5.7. Images of stable bubbles produced in the microfluidic channel. The 
bubbles produced in a 2 wt% silica-CTAB suspension (left image, scale bar 
200µm) show elongated shapes outside of confinement, compared with the stable 
spherical bubbles produced in a 90 mM CTAB solution (right image, scale bar 
250µm). 
 

In all experiments, the observed bubble velocity U is less than the average 

continuous phase fluid velocity V, which is calculated from the volumetric flow 

rate Q supplied by the syringe pump divided by the cross-sectional area of the 

microchannel Ac = WH. Because only a single bubble travels along the 

microchannel during an experiment, the additional gas flow rate is not expected to 

factor appreciably into the average fluid velocity. Observations28 and analytical 

considerations18 demonstrate that long bubbles traveling in Newtonian fluids with 

uniform interfacial boundary conditions through rectangular channels exhibit a 

constant velocity independent of position in the microchannel. In the present 

experiments, bubbles generated in DI water and in the 2 wt% silica suspension 

without surfactant exhibit a constant velocity along the entire length of the 

channel. The observed bubble velocity is less than the average velocity of the 

continuous phase fluid, as shown in Figure 5.8. In our experiments, the 

continuous phase flow rate and the bubble length are coupled due to the 
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requirement that only one bubble is present in the microchannel. The bubble 

velocities reported are the average of the front and rear velocities of the bubble, 

which are within measurement error of each other at each channel position. When 

generated in the silica-CTAB suspensions, the bubbles exhibit a decrease in the 

average velocity that accompanies the necking transition. The bubble velocities 

normalized by the average fluid velocity for both necking and non-necking cases 

are shown in Figure 5.8 as a function of the channel position x normalized by the 

total channel length Lc. Bubbles that flow through the silica-CTAB suspension 

exhibit an initially constant velocity that begins to decrease after the neck region 

has formed.  

5.3.2 PARTICLE ADSORPTION MODEL AND ANALYSIS 

The important distinction between colloidal silica with and without 

dissolved CTAB present in the suspending medium is that the adsorption of the 

cationic surfactant to the negatively-charged nanoparticle surface alters the 

wettability of the nanoparticle, promoting its adsorption to the liquid-fluid 

interface, as discussed previously by a number of authors for oil-water systems29-

31 as well as air-water interfaces.31 The addition of CTAB below the CMC will 

generally increase the contact angle of the initially hydrophilic silica particles at 

the air-water interface, which increases the amount of energy necessary for a 

particle to desorb from the interface to a magnitude far above the thermal energy 

of the system.32 A high surface concentration of nanoparticles that require a large 

amount of energy to desorb will jam at the interface, forming a solid-like layer 

that resists a decrease in the interfacial area.33 The relaxation of bubbles from the 
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elongated slug to a sphere requires a decrease in the interfacial area, which can 

only occur if the already densely packed nanoparticles are expelled from the 

interface. The persistent nonspherical shapes of the bubbles produced in the silica-

CTAB suspension that appear after the bubbles exit the microchannel (Figure 5.7) 

are consistent with the irreversible adsorption of nanoparticles at high surface 

concentrations. Since the bubbles are generated rapidly at the T-junction, the 

interface is expected to be free of particles at the upstream end of the 

microchannel. This suggests that adsorption of CTAB-covered nanoparticles to 

the bubble interface occurs within the residence time of the bubble in the 

microchannel, and that the unique bubble dynamics exhibited in these suspensions 

is a direct result of nanoparticle adsorption.  
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Figure 5.8. Bubble velocities for various (a) bubble lengths and (b) silica-CTAB 
concentrations: () DI water, Li/W = 6.19±0.23, Q = 0.70 mL/hr; () 2 wt% 
silica suspension, Li/W = 3.895±0.092, Q = 0.90 mL/hr; () 2 wt% silica-CTAB 
suspension, Li/W = 7.49±0.46, Q = 0.85 mL/hr; () 2 wt% silica-CTAB 
suspension, Li/W = 4.72±0.10, Q = 1.00 mL/hr; () 2 wt% silica-CTAB 
suspension, Li/W = 3.031±0.042, Q = 1.67 mL/hr; () 1 wt% silica-CTAB, Li/W 
= 6.44±0.47, Q = 1.00 mL/hr; () 10 wt% silica-CTAB, Li/W = 4.72±0.10, Q = 
1.00 mL/hr. The DI water and 2 wt% silica suspension velocities are included in 
both graphs to emphasize the velocity changes that occur in the presence of silica-
CTAB suspensions. 
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Confined gas bubbles can be subject to a range of forces that affect the 

bubble shape and dynamics due to channel geometry, continuous phase flow, or 

interfacial phenomena. Bubbles moving through constrictions in pores will form a 

gas neck surrounded by an outer fluid annulus that can induce bubble pinch-off,34 

and bubble breakup in T-junctions is a common microfluidic method of bubble 

splitting.35 These geometric obstructions are not present in the current 

experiments. Bubble breakup occurs in straight capillaries when the surface 

tension forces at the rear of the bubble cannot balance the viscous stresses, and a 

viscous fluid jet penetrates the trailing bubble surface.36 Plateau-Rayleigh 

instabilities lead to undulations in thin viscous fluid films surrounding low 

viscosity inner phases,37 but these instabilities are saturated in the presence of 

flow38  and are not observed for the long bubbles in the pure particle suspensions 

or the pure surfactant solutions in our experiments.  Surface tension gradients due 

to the presence of surfactants or temperature gradients induce Marangoni stresses 

at the interface that can induce motion through stagnant fluids or retard bubble 

trains in capillaries. 39 Although the cationic CTAB surfactant is present in our 

system, the bubbles in a surfactant system without surface-active particles do not 

exhibit the neck observed in our experiments. A combination of geometry, fluid 

flow, and surface-active species can also induce bubble shape changes and 

breakup when surfactant-stabilized bubbles form “tails” in an extensional flow 

field.40 Particle-stabilized bubbles also experience a tail formation with bubble 

break up from the rear of the bubble in similar flow fields.41 Because our 

experiments do not exhibit the geometry to generate an extensional flow field, we 
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do not attribute the bubble dynamics observed in these experiments to extensional 

bubble deformation.  

The experimental observations described above suggest the following 

hypothesis regarding the dynamics of nanoparticle adsorption and its effect on 

bubble dynamics. As shown schematically in Figure 5.9, bubbles are first 

generated at the T-junction with effectively zero particle coverage at the interface. 

As the bubbles translate along the microchannel, particles adsorb to the interface 

and pack at the rear of the bubble. The packed particles act as a solid layer, 

changing the tangential stress condition at the bubble interface from zero stress at 

the clean air-water interface to zero slip at the particle-covered interface, which 

increases the drag in the thin film near the rear of the bubble. The increased drag 

causes the rear of the bubble to travel at a slower velocity than the clean bubble 

front, causing the front and rear of the bubble to separate and form a thin neck 

region. The position of the neck approximately demarcates the region of the 

bubble that is covered by particles. However, we expect that the neck cannot form 

unless the viscous stress is able to overcome the capillary pressure in the rear end 

cap, which likely cannot occur until the radius of curvature of the neck is greater 

than that in the end cap, or when a ≥ W. As particles continue to adsorb to the 

interface, the particle stabilized region increases in size, and the neck propagates 

forward. Once the capillary pressure is again able to overcome the difference in 

shear stress at the front and rear of the bubble, the neck expands until a more 

uniform slug shape is observed. The bubble travels at a slower velocity due to 
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added shear stress along the channel walls resulting from the solid-like adsorbed 

particle layer. 

 

Figure 5.9. Schematic diagram of the bubble dynamics resulting from adsorption 
of surface-active particles. Particles adsorb and pack at the rear of the bubble, 
leading to a no-slip (NS) boundary condition at the rear bubble interface 
compared with a shear-free condition (S) at the leading edge. Added drag from 
the immobile interface reduces the bubble speed. 

 

 To test the plausibility of our hypothesis, we estimate the particle flux to 

the interface by taking into account the geometry of the bubble confined within a 

rectangular capillary. The shape of a confined bubble in a rectangular channel 

depends on the forces acting upon the interface. As in many microfluidic 

experiments, the Reynolds number Re comparing the relative magnitude of inertia 

to viscous forces is low. We define Re using the continuous phase fluid 

properties, the volumetric fluid flow rate, and the channel dimensions as 

 
2

( )
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 (5.3) 

Assuming the densities ρ and viscosities µ of the dilute aqueous suspensions are 

the same as that of water, the present experiments correspond to 0.85 < Re < 2.9. 
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At these low values, the bubble shape deviates a negligible amount from flow at 

Re = 0 in circular capillaries,42 and we assume that this approximation is also 

applicable in rectangular microchannels. For low Reynolds number flows, the 

shape and dynamics of bubbles in rectangular channels has been studied by Wong 

et al.,18, 43 who determined that the dominating force balance is between viscous 

stresses acting on the interface and capillary pressure. The ratio of these two 

effects is estimated by the capillary number. For bubbles, the capillary number Ca 

depends on the bubble velocity, the viscosity of the external fluid, and the surface 

tension σ, 

 
U

Ca



 . (5.4) 

For our experiments, 3×10-4 < Ca < 1×10-3, indicating that, in the absence of 

surface-active particle adsorption, surface tension forces determine the bubble 

shape in the microchannel. 

 The shape of a bubble confined in a rectangular channel affects the fluid 

motion around the interface as well as the location of the bubble interface where 

most of the particle adsorption occurs. At low values of Ca the bubble shape has 

three distinct regions, illustrated schematically in Figure 5.10: the rounded end 

caps at the front and rear of the bubble, the thin lubricating films along the four 

walls of the channel with film thickness δ, and the four corner regions with a 

radius of curvature R. The cross-sectional shape of the bubble in the rectangular 

capillary resembles a rectangle with rounded end corners. Because the thickness 

of the lubricating film is typically much smaller than the smallest channel 



CHAPTER 5 
 

157 
 

dimension, δ << H, we can immediately apply a simple geometric approximation 

to determine the bubble perimeter Pb  

   2 4bP H W R     (5.5)  

and the cross-sectional area of the bubble Ab 

   24bA HW R   . (5.6) 

Estimating the work required to displace a meniscus in a wedge44 reveals that for 

small capillary numbers, Ca << 1, the mean radius of curvature of the bubble is 

given by the simple expression 

 b

b

A
R

P


.
 (5.7)  

Solving equations (5.5) – (5.7) simultaneously, we obtain an expression for the 

radius of curvature in the corners as a function of the channel geometry 
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Figure 5.10. Schematic diagram of the shape of a long bubble confined within a 
rectangular capillary at low Re and Ca. The three distinct regions of the bubble 
interface include the end cap region, the thin film region, and the corner region. 
 

For a clean bubble with a mobile or stress-free interface in a rectangular 

channel, the thickness of the lubricating film is a complex function of the 

capillary number, the channel geometry, and the position along the length of the 

bubble that must be integrated numerically.43 We estimate the film thickness 

using 

  2/3
0.643 3Ca R   (5.9) 
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which corresponds to the maximum film thickness for a bubble in a rectangular 

capillary.43 The presence of a packed particle layer at the interface will render the 

bubble surface immobile, leading to a no-slip boundary condition at the surface. 

To estimate the thickness of the lubricating film region in the immobilized region, 

we use Bretherton’s analysis of the film thickness surrounding a bubble with a no-

slip interface in an axisymmetric capillary,45 which has the same scaling as in 

equation (5.9) but is reduced in magnitude by a factor of  2-1/3. We use this 

estimate since the film thickness for immobile interfaces in rectangular 

microchannels has not been analyzed in the literature. 

 The mass flux j of particles to the interface per unit area is related to the 

number flux ϕ by the mass of a spherical colloidal silica nanoparticle of radius rp, 

 3

3

4 p p

j

r



  (5.10) 

where ρp is the nanoparticle density. We assume that particles that adsorb to the 

interface immediately form a hexagonal close-packed structure at the interface, 

shown schematically in Figure 5.11. As particles adsorb to the interface the 

surface area A of the bubble that is stabilized by this layer increases. If there are 

repulsive interparticle interactions on the interface, there may be an effective 

equilibrium spacing ε between the particles (Figure 5.11). The rate of particle-

covered area growth dA/dt is given by the product of the effective particle cross-

sectional area at the interface, the packing density of circles in a hexagonal lattice 

( 3 / 6 ), and the number flux of particles j multiplied by the surface area 
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available for particle flux, Aflux. Combining this product with equation (5.10) 

yields 
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For long bubbles, the majority of the area growth will occur in the axial direction. 

Neglecting the end cap regions, the particle-stabilized area is given by the 

perimeter of the bubble times the length of the bubble stabilized by particles, 

 bA aP  (5.12) 

If we neglect the change in the perimeter that occurs in the neck region of the 

bubble, then the perimeter is constant, allowing us to combine equations (5.11) 

and (5.12) to obtain an expression for the rate of growth da/dt of the particle-

stabilized length of the bubble, 
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Figure 5.11. Schematic diagram of the assumed particle arrangement at the air-
water interface. The particles are assumed to form a hexagonally close packed 
structure with no spacing between the particles (left), or there can be uniform 
spacing between particles that results in an effective packing radius of rp + ε. 
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The rate of mass flux to the interface depends on the flow field around the 

bubble in the rectangular microchannel. Experimentally, the bubble is observed to 

move at a velocity that is less than the average fluid velocity at all points along 

the channel. In the fixed reference frame of the bubble, the particle suspension 

flows past the bubble in the direction from rear to front with an approximate 

velocity of V – U. Although clean bubbles in rectangular capillaries exhibit 

velocities approximately 5% greater than the average fluid velocity for our 

measured capillary numbers,18 the presence of surface-active components 

increases the rigidity of the interface and results in bubbles that travel slower than 

the average fluid velocity in rectangular channels.28 Particles can potentially 

adsorb to the interface in the three distinct regions shown in Figure 10: the curved 

end caps of the bubble, the thin film region along the walls of the channel, or the 

open region for fluid flow that is present in the microchannel corners. 

The mass flux to the interface depends on the Peclet number Pe, which 

estimates the rate of particle convection near the interface to the rate of particle 

diffusion. The Peclet number in our system in the fixed bubble reference frame is 

 
( )V U

Pe
D





, (5.14) 

where ℓ is the characteristic length scale in the relevant region of the interface and 

D = kT / 6πµrp is the diffusivity of a particle based on Stokes-Einstein diffusion.46 

In the end cap region, the relevant length scale is the hydraulic radius of the 

microchannel,  

 h

HW
R

H W



 (5.15) 



CHAPTER 5 
 

162 
 

which leads to Peclet numbers in the end cap regions of the order of Pecap ~ 104.  

The open area for flow in the corners is calculated based on the static shape of the 

bubble interface in the rectangular geometry. The characteristic length scale in 

that region is the largest distance between the bubble interface and the 

microchannel walls, which is 0.414R, leading to Peclet numbers in the corner 

region that are of the order of Pecor ~ 103 – 104. In the thin film region, the 

characteristic length scale is the film thickness δ. Given characteristic capillary 

numbers, the thickness of the film ranges from 200-500 nm, leading to Peclet 

numbers of the order of Pefilm ~ 102. 

At large Peclet numbers, Pe >> 1, a concentration boundary layer forms 

near the interface. Particles must diffuse across the boundary layer thickness δb in 

order to adsorb to the fluid interface. Within the boundary layer, we assume that 

Fick’s law governs the particle flux to the interface: 

 j D C    (5.16) 

where C is the particle mass concentration in the continuous phase liquid, which 

can vary with position. We can estimate the particle flux to the interface by first 

assuming that once a particle is adsorbed to the interface, it is immediately 

convected along the interface away from the region immediately adjacent to the 

boundary layer. Thus we assume that the mass concentration of particles at the 

interface is zero. If we then assume that the concentration gradient is 

approximately linear across the boundary layer thickness, we obtain an 

approximation for the concentration gradient of 

 
b

C
C


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  . (5.17) 
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The bulk mass concentration C∞ for a dilute suspension of particles is the product 

of the particle mass fraction xp and the aqueous suspension density ρf.   

In the end cap region we estimate the boundary layer thickness assuming 

uniform flow past a rigid sphere of radius r for Pe >> 1 and Re < 1. The resulting 

boundary layer thickness is given by47 

 
1/3

,

4

3b cap r
Pe

    
  .

 (5.18) 

We assume a rigid spherical boundary as opposed to an inviscid bubble due to the 

presence of nanoparticles at the interface, which causes the interface to act as a 

solid surface. In the lubricating films and the corners, the average boundary layer 

thickness δb within the thin film of thickness δ along a bubble of length L is given 

by 

 
2/3

1/3
, 1/3b film L

Pe

   (5.19) 

which is approximated from the boundary layer that arises in flow between two 

flat plates.48 For the experimental microchannel geometry with hydraulic radius of 

32 µm, the boundary layer thickness in the end cap region is of the order of δb,cap 

~ 0.1 – 1 µm. For characteristic values of the film thickness and the Peclet 

number, and assuming a bubble length of 500 µm, the minimum estimated 

boundary layer thickness in the lubricating film is δb,film = 600 nm, which exceeds 

the film thickness itself. In order to estimate the boundary layer thickness in the 

corner region, we replace the film thickness δ in equation (5.19) with the largest 

cross-sectional dimension of the corner channels of 0.414R to obtain a boundary 

layer thickness in the corners of the order of δb,cor ~ 1 µm.  
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A comparison of the characteristic geometric length scales with the 

boundary layer thicknesses in each region of the bubble suggests that the corner 

and thin film regions can become depleted of particles, dramatically decreasing 

the rates of particle adsorption in those regions. We can estimate the effects of 

particle depletion from the bulk by using a depletion number Sd, which determines 

the effect of a finite volume VD on the observed equilibrium transport to an 

interface of area AD:49,50 

 D b
d

D

A
S

V


  (5.20) 

where we have replaced the adsorption depth in the case of zero flow with the 

mass transfer boundary layer thickness. For Sd << 1, the volume of fluid in the 

region can be treated as an infinite reservoir, but as Sd approaches unity, a lower 

equilibrium surface concentration is observed. Depletion from the bulk has two 

effects that decrease the total particle mass flux to the interface: 1) it lowers the 

observed equilibrium surface concentration and 2) it slows particle transport 

dynamics to interfaces. In the thin film region, the ratio of the available surface 

area to the volume of fluid in the thin film is 1/ δ, yielding depletion numbers 

always greater than unity. The total available area for particle adsorption in the 

corner regions is 2πRL and the available corner volume is (1-π/4)R2L, meaning 

that the depletion number in the corner region is always less than 0.5. From these 

estimates, we expect that adsorption will be dominated by the transport of 

particles to the end cap region, and that depletion effects will prevent adsorption 

in the thin film and to a lesser extent, the corner regions along the length of the 

bubble. 
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 To test the idea that depletion controls the rates of transport in the thinnest 

regions, we model the adsorption to the bubble interface assuming that particle 

adsorption is occurring (without depletion effects) in only one region of the 

confined bubble interface at a time. The equation for the particle flux j in the thin 

film region is calculated by combining equations (5.16), (5.17), and (5.19). The 

available area for particles to adsorb to the interface is equal to the bubble 

perimeter (minus the length of the bubble interface in the corner regions) 

multiplied by the length of the bubble segment that is not stabilized by particles (L 

– a). Applying these equations to equation (5.13) yields a first order ordinary 

differential equation in time. Assuming that the instantaneous bubble length is 

approximately equal to the final bubble length Lf, we can integrate the equation 

and solve for the instantaneous neck position a as a function of time t: 

 1 expfilm f
film

t
a L

t

  
        

 (5.21) 

where the time constant tfilm is 
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An equation similar to (5.21) can be derived for the corner regions. The flux in 

the corners is modeled by equations (5.16), (5.17), and (5.19) where the film 

thickness is replaced by 0.414R. For a total available area for particle adsorption 

of  2πR(L – a), we once again integrate equation (5.13) to obtain an equation for 

the growth of the particle stabilized length acor due to a particle flux in the corner 

region that is of a similar form to equation (5.21), where tfilm is replaced by 
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In the case where the flux is to the rear end cap, the available area for particle flux 

is the surface area of the rear end cap 22 hR , which is a constant independent of 

the length of the particle-stabilized region a. Applying equations (5.16), (5.17), 

and (5.18) to model the flux to the end cap region and integrating equation (5.13), 

we find that under these conditions the length of the particle-stabilized region 

grows linearly with time: 
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  (5.24) 

 Figure 5.12 shows the results of the three models compared with 

experimental data at three different concentrations of the silica-CTAB 

suspensions. Because the model does not incorporate the growth of the bubble 

length in the channel, we have scaled the observed position of the neck with the 

channel width. The models predict the rate of particle adsorption measured by the 

location of the neck at a given bubble position along the microchannel. The 

models cannot predict the conditions necessary for the neck region to initially 

form or relax at the end of the necking transition since they do not account for the 

stresses acting on the bubble. For all concentrations, the linear growth rate 

predicts the propagation rate of the neck the most accurately, with the particle flux 

models in the thin film and corner regions overpredicting the rate of particle 

adsorption. The only way that the fast rates of particle adsorption predicted by the 
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timescales in equations (5.22) and (5.23) could not have an effect on the total rate 

of adsorption in the microchannel is if the depletion of particles from the thin film 

and corner regions slowed the adsorption rate in those areas. From this, we 

conclude that depletion effects are preventing fast adsorption rates in the thin film 

and corner regions. 

 The particle flux in the thin film is the fastest of the three regions, with 

complete bubble coverage occurring at very short distances downstream of the T-

junction. The particle flux in the corners is slower than in the thin film, with the 

neck length again predicted to decay exponentially to the overall bubble length. 

The particle flux to the end cap region is linear with respect to time, and the 

resulting growth of the particle-stabilized region is much slower than the other 

two regions. By using values corresponding to the experimental conditions in 

equations (5.21) through (5.24), the only free parameter is ε, the effective particle 

spacing on the air-water interface. Increasing the effective spacing on the bubble 

interface decreases the number of particles necessary to grow the particle-

stabilized region by a given amount, therefore increasing the rate of neck growth. 

Increasing the bulk particle concentration xp decreases the timescales for complete 

adsorption in equations (5.22), (5.23), and (5.24). Experimentally, the rate of 

adsorption is observed to increase with increasing silica weight fraction, as shown 

in Figure 5.12. The effective value of the particle spacing ε that yields the best 

agreement with the observed neck propagation rate for the 1 wt% silica-CTAB 

suspension is ε = 2 nm, which leads to an effective particle packing radius on the 

interface of ε + rp = 8 nm. The observed duration of the neck propagation period 
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in the 2 wt% silica-CTAB suspension agrees exceptionally well with the growth 

rate predicted by equation (5.24) with zero effective particle spacing. In the case 

of the 10 wt% silica-CTAB suspension, all three models overpredict the rate of 

neck growth, even in the case when the silica particles are close packed at the 

interface (ε = 0). 
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Figure 5.12. Comparison of the models for particle flux to the bubble interface in 
the thin film (─), the channel corner (····), and the end cap region with particle 
spacing ε = 0 (- - -). Also shown is the rate of growth of the neck region for the 
end cap model with particle spacing ε = 2 nm (–··–). These models are compared 
with experimental data for bubbles generated in a silica-CTAB suspension at (a) 1 
wt%, (b) 2 wt%, and (c) 10 wt% silica. The volumetric flow rates are Q = 1 mL/hr 
for the 2 wt% and 1 wt% solutions, and Q = 0.42 mL/hr for the 10 wt% solution. 
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The initial lengths of the bubbles are (a) Li/W = 4.72±0.10, (b) Li/W = 6.44±0.47, 
and (c) Li/W = 4.72±0.10. 
 

 The models cannot account for either the initial appearance of the neck 

position at approximately one channel width from the rear of the bubble, or the 

subsequent relaxation of the neck once it has reached a point beyond the half 

length of the bubble, because equations (5.21), (5.23), and (5.24) do not account 

for the balance of the shear stress and the surface tension at the bubble interface. 

The bubble in the 1 wt% silica-CTAB suspension forms a neck that propagates 

forward on the bubble faster than the linear model with close packing, ε = 0, but 

the model fits well to the experiments with a spacing of ε = 2 nm. This suggests 

that the surface concentration of particles that equilibrate at the interface depends 

on bulk concentration, which is consistent with previous observations for 

nanoparticles adsorbing to static fluid-fluid interfaces.51 One explanation for the 

apparent decreased rate of particle adsorption compared with predictions at the 

high silica weight fraction of 10 wt% is the possible formation of silica 

aggregates. From equations (5.22) – (5.24), and recalling the dependence of the 

Peclet number in equation (5.14) on the particle radius through Stokes-Einstein 

diffusivity, the adsorption timescales (assuming ε = 0) scale with the particle 

radius as 5/3
pr . An increase in the average particle radius will significantly slow 

the rate of adsorption, which can ultimately lead to bubbles generated at the 

microchannel outlet that have fewer particles at the interface than expected and an 

increased susceptibility to coalescence. 



CHAPTER 5 
 

171 
 

The decrease in the bubble velocity is closely linked to the neck 

propagation, and therefore the particle adsorption to the bubble surface. The 

presence of a close-packed layer of particles at the air-water interface will 

significantly affect the response of that interface to deformation and shear. 

Experimental studies of the interfacial shear viscosity of polystyrene particles at 

air-water interfaces show a sharp increase in the surface viscosity for high particle 

surface packing.52 A similar condition occurs at the air-water interface of the 

bubble in the microchannel, where the packing of nanoparticles at the bubble 

interface gives rise to an effective surface viscosity at the interface. The additional 

shear stress that arises due to the presence of this layer increases the pressure drop 

across the length of the bubble due to shear stress in the thin film region that is 

normally not present in the case of clean bubbles with shear-free interface 

conditions. 

 The velocity of clean bubbles in rectangular channels has been determined 

analytically using a “leaky piston” model, wherein the largest wall shear stresses 

are present in the transition region between the rounded end caps and the thin film 

region.18 Because the clean bubble has a shear stress-free interface, there is zero 

additional shear stress in the thin film and corner regions along the length of the 

channel for small values of the capillary number. If particles are adsorbed at the 

interface, there will be an additional shear stress at the channel walls, increasing 

the pressure drop across the bubble.  

Using asymptotic analysis, Lac and Sherwood estimated that the pressure 

drop per unit length ΔP along viscous droplets confined in round capillaries is 
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linearly dependent upon the droplet velocity and will exceed the pressure drop 

across the end cap regions.53 In rectangular channels, this increase in pressure due 

to the packed particle layer at the interface will drive more fluid through the 

corner regions of the bubble, decreasing the bubble velocity. This argument is 

consistent with the experimental velocity values shown in Figure 8. The observed 

decrease is not perfectly linear, which could be a result of the presence of the 

thinner necked region, in which the shear stresses at the wall are not as significant 

as in the particle-stabilized thin film region, decreasing the overall pressure drop 

driving fluid flow through the corners.  

Although we assume that the particles adsorb at the rear of the bubble and 

are swept toward the front during particle adsorption due to the bubble traveling 

slower than the average fluid velocity, we cannot explain why the particles do not 

continue to convect along the surface to form a close-packed layer at the front of 

the bubble. A similar effect has been observed experimentally for surfactants 

adsorbing to confined fluid interfaces in rectangular microchannels,54 where the 

surfactant concentration propagates forward from the rear of the bubble. Based on 

fluorescence measurements, there is a clear distinction in these experiments 

between the surfactant-rich bubble rear and the relatively clean bubble front 

during the initial times in the surfactant adsorption process. In some studies of 

axisymmetric core-annular flows, the inner fluid can form a periodic, 

axisymmetric “bamboo” wave structure at the fluid-fluid interface.55 In the case 

where the outer fluid is less viscous than the inner fluid, a pressure gradient that 

extends radially outward from the inner core can arise that favors recirculation of 
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the annular fluid.56 Although the outer aqueous fluid in our experiments is much 

more viscous than the inviscid gas bubble, the presence of particles at the 

interface increases the effective viscosity of the air-water interface. This 

“hardening” effect of particles at the interface may promote recirculation of the 

outer aqueous suspension in the thinner neck region, which would drive the 

particles in the neck back toward the rear of the bubble and effectively limit the 

region over which adsorbed particles are collected on the bubble interface. 

 We could not reproduce either the necking transition or the bubble 

velocity decrease for bubbles translating in a circular capillary. An image of a 

long bubble confined in a circular capillary of inner diameter 1 mm containing a 

2 wt% silica-CTAB suspension is shown in Figure 5.13. The bubble does not 

form an observable thinner neck region at any point along the 100 mm long 

capillary, and the bubble velocity is not observed to decrease appreciably at any 

point along the channel for capillary numbers on the order of 10-4 – 10-3. The lack 

of an observed neck region in these capillaries can be explained through the 

available surface area to volume ratio for particle adsorption. In circular 

capillaries the film thickness is constant along the bubble and can be estimated 

using equation (5.9), where R is the radius of the capillary tube. For a tube radius 

of 500 µm, the thin film thickness is on the order of 1-5 µm. The depletion 

number for the thin film region based on this film thickness, using a boundary 

layer thickness estimated using equation (5.19), is of order of Sd ~ 0.01 – 0.1, 

meaning that depletion effects do not alter the rate of adsorption of particles along 

this thin film region. The adsorption of particles is enhanced by the lubricating 
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layer around the bubble, which means that a large number of particles are 

adsorbed to the interface a short distance after it is generated. 

 

Figure 5.13. Characteristic bubble shape observed in a circular capillary when 
generated in a 2 wt% silica-CTAB suspension. 
 

5.4 DISCUSSION 

 The particle adsorption model presented here provides a good estimate of 

the total timescale for particle adsorption and the resulting bubble dynamics in 

rectangular geometries. One important aspect that must be taken into 

consideration in generating particle-stabilized bubbles in microchannels is the 

residence time of the bubble. In cases where either the particle adsorption rate is 

slow or the bubble motion is fast, the bubble exits the microchannel before being 

completely stabilized by particles. Bubbles that exit the microfluidic device can 

collide with other bubbles, and those bubbles that do not have a stabilizing layer 

of particles adsorbed at the interface will be susceptible to coalescence.  On the 

other hand, the knowledge of and control over the amount of particles adsorbed at 

the interface may lead to the continuous generation of nonspherical particle-

stabilized drops and bubbles.15, 57 

 The particle adsorption timescales observed in the microfluidic device (~1 

s) are significantly shorter than the surface tension dynamic timescales measured 
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in the microtensiometer (~104 s). This is due largely to the high Peclet number 

flows present in the microfluidic experiment, compared to the quiescent fluid in 

the microtensiometer with zero Peclet number. This flow decreases the mass 

transfer boundary layer thickness, which can decrease the diffusion timescale of 

surface-active species to the bubble interface by orders of magnitude.58 The long 

timescales for the adsorption of the silica-CTAB mixtures to bubble interfaces 

under quiescent conditions are decreased by flow in the microfluidic device to the 

order of the residence time of the bubble in the microfluidic device. 

 One significant drawback in the experimental setup presented here is that 

the bubble length and the volumetric flow rate of the continuous phase liquid are 

coupled, meaning that we cannot independently study the effects of bubble length 

and bubble velocity on the rate of particle adsorption to the interface. This would 

be important in examining, for example, scaling the adsorption timescales with 

the Peclet number, as well as the effect of the bubble length on the rate of particle 

adsorption. We are also limited in the total straight length of microchannel that 

can be used due to the maximum size of the mold used in the soft lithography 

process (approximately 70 mm). Increasing the overall length by the addition of 

turns in the microchannel would affect the flow field around the bubble,59 as well 

as the motion of particles on the bubble interface. 

 We have neglected microchannel roughness in our analysis, which can be 

on the order of microns in devices generated using similar soft lithography 

processes.60 This roughness along the walls of the microchannel would increase 

the effective thin film thickness between the bubble and the wall in our analysis. 
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Assuming that the thin film thickness is equal to a moderate channel roughness of 

2 μm, the calculated depletion number is still greater than 0.2 for characteristic 

experimental conditions, meaning that depletion can still affect the rate of 

nanoparticle adsorption. The nanoparticle adsorption timescale for this case from 

equation (5.22) is still smaller than the adsorption timescale in the corner region, 

meaning that adsorption in the thin film would still lead to a faster neck 

propagation rate than that observed experimentally.  

 Although the model does well at predicting the neck propagation rate, the 

simplicity of the model limits its application to specific conditions. If the bubble 

size is comparable to or smaller than the larger cross-sectional microchannel 

dimension, then the depletion effects will not be as significant, and the rate of 

particle adsorption will increase. Also, it is important to note that this model 

assumes that a single bubble is moving through the microchannel and does not 

take into account the effects of bubble trains on the flow field61 or the depletion of 

particles from the bulk when multiple bubble interfaces are present. A significant 

assumption in this analysis is that the particles arrange in a hexagonal close-

packed structure on the interface; however, particle-surfactant suspensions that 

are used to stabilize emulsions and foams formed using bulk agitation methods 

can form multilayers at the air-water and oil-water interface.19 Because we have 

broken up aggregates via sonication prior to each experiment, we do not expect 

that multilayers of particles will form until the bubble has been completely 

stabilized by particles, after which point the continued particle flux to the 

interface could allow multilayers to form. The particle shape can also affect the 
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rate of growth of the particle-stabilized region. Anisotropic particles would not 

exhibit a hexagonal close-packed structure shown in Figure 5.11, which would 

alter the rate of particle-stabilized area growth in equation (5.11).  

  The presence of the neck region in the microchannel is a unique bubble 

deformation that arises due to the combined effects of colloidal particle 

adsorption and bubble confinement. Although the neck region is less confined, 

meaning that depletion effects should not significantly alter the rate of transport to 

the interface, the neck region is surrounded on both sides with regions that can 

have significant depletion effects (see images in Figure 5.3). Because of this, the 

contribution of the neck region to the total particle adsorption rate is expected to 

be negligible. The transport to the interface in the neck region will not be 

hindered if shear stresses cause enough deformation at the interface to allow 

significant fluid flow around the bubble rear, as in the images of the long bubble 

near breakup in Figure 5.6. 

5.5 SUMMARY 

 In this chapter we report experimental observations of unique bubble 

dynamics that occur during the adsorption of colloidal particles when the bubble 

is confined in and propagating along a rectangular microchannel. We have 

observed that a bubble generated in a stable suspension of colloidal silica and 

CTAB forms a two-lobed shape connected by a thin neck region. The formation 

of this neck and the commensurate decrease in the bubble velocity along the 

channel are presumed to occur during the dynamic adsorption of surface active 

colloidal particles to the moving bubble interface. Comparison with observations 
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of bubbles flowing through a silica suspension that is not surface active shows 

that the same bubble dynamics do not occur. The propagation of the neck in the 

direction of flow and the nonspherical bubble shapes that persist upon the bubble 

exiting the microchannel suggest that the silica-CTAB suspension is adsorbing to 

the interface in a comparable timescale to the residence time of the bubble in our 

microfluidic device. 

 To explain our experimental observations we have developed a transport 

model to describe the adsorption rate of particles to long confined bubbles, and 

we have taken initial steps to understand how the surface coverage of colloidal 

particles affects bubble motion in confined geometries. The small volumes of 

fluid that surround the bubble near the channel walls have a detrimental effect on 

the rate of particle adsorption in the thin film and corner regions. By estimating 

the particle flux to the interface using boundary layer theory and Fick’s law of 

diffusion, we have developed a model for particle adsorption to the end cap region 

of the bubble, and we have shown that our model for particle adsorption agrees 

with our observations. In the microchannel, the dominating particle flux is at the 

rear of the bubble at the rounded end cap, leading to a particle-stabilized region 

that starts at the rear of the bubble and moves linearly with time along the bubble 

surface toward the front of the bubble. 
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CHAPTER 6 
 

DYNAMIC PARTICLE LOADING DURING SLUG FLOW AND THE 
GENERATION OF MONODISPERSE BUBBLES OF NONEQUILIBRIUM 
SHAPES 
 

6.1 INTRODUCTION 

 Stable bubble and droplet morphologies that deviate from a spherical 

shape are a unique characteristic of particle-stabilized emulsions and foams. Due 

to the large energy of desorption required to eject a colloidal particle from a fluid-

fluid interface,1 an interface that is packed with particles will resist a decrease in 

the surface area. Because a relaxation from a spherical shape necessarily 

decreases the surface area, particle jamming at the interface causes the shape of 

the droplet to remain in a nonequilibrium shape. The control of droplet 

morphology in emulsions is important in dairy products,2 pharmaceuticals,3 and 

materials fabrication.4 

 Nonequilibrium shapes of bubbles and drops can be generated in bulk 

foams and emulsions using high-shear homogenization5 or solvent evaporation to 

create droplets with buckled interfaces.6 In these systems, the droplet size, 

morphology, and particle coverage at the interface are not well-controlled. Bon et 

al.7 showed that nonequilibrium droplet shapes can be formed by flowing a 

particle-stabilized emulsion through a small capillary; however, the size and 

shape distribution is determined by the initial droplet size distribution. 

Microfluidic methods for generating particle-stabilized bubbles and drops have 

good control over the droplet size,8, 9 and nonequilibrium shapes can be generated 

by uncontrolled partial coalescence of droplets8 or by templating with double 
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emulsions.10 In these systems, the droplets are generated using a flow-focusing 

mechanism in a much larger capillary so that the nonequilibrium shapes are 

generated from a spherical template.11  

 Particle-stabilized droplets with an elongated shape are also desirable 

when generating emulsions. Cui et al.12 used an electric field to deform particle-

stabilized water droplets into elongated shapes. Cheng and Valenkar13 formed 

elongated particle-stabilized droplets in a spinning drop tensiometer. Both 

generation methods are batch methods that generate a single particle-stabilized 

droplet, and there is little attention given to the timescales necessary to generate 

these nonspherical droplets. 

 In this chapter, we show that particle adsorption during slug flow in a 

channel can be used to generate monodisperse particle-stabilized bubbles in 

uniform elongated shapes. We first perform a visual confirmation of particle 

adsorption and packing at a dispersed phase interface using latex particle 

adsorption to an octanol drop interface in aqueous suspension.14 Droplets are 

generated in both circular and square glass capillaries to observe the effect of 

channel cross-sectional shape on the particle packing at the interface. We then 

show that bubbles generated in the CTAB-silica mixture used in Chapter 5 exhibit 

a broad range of droplet shapes when removed from confinement. The particle 

adsorption timescale developed in the previous chapter is used as a characteristic 

timescale during bubble translation in the channel, and the relative magnitude of 

that timescale compared with the residence time in the channel is shown to be a 

key factor in the generation of stabilized bubbles. We also show secondary effects 
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that can increase the polydispersity in the shape of generated bubbles: the 

formation of bubble trains that exhibit lower particle coverage in the middle of the 

train, and bubble break-up at the outlet, which leads to a bidisperse distribution of 

bubble shapes. 

6.2 MATERIALS AND METHODS 

6.2.1 MATERIALS 

 The materials and preparation of the mixture of cetyltrimethylammonium 

bromide (CTAB) and colloidal silica (Ludox AM30) are described in Chapter 5. 

1-Octanol (Certified) and L-lysine hydrochloride (Tissue Culture Grade) are 

purchased from Fisher Scientific and used as received. L-lysine hydrochloride is 

referred to as lysine throughout the chapter. Sulfate latex beads (8% w/v) of 

diameter 1.9 μm are purchased from Life Technologies. 

 A 0.3 %(w/v) latex suspension containing lysine is prepared by adding a 

known volume of the undiluted latex suspension to a lysine solution prepared 

using DI water from a Barnstead UV Ultrapure II purification system. The final 

concentration of lysine in the particle suspension is 0.017 M. Particle suspensions 

prepared without lysine did not adsorb to an octanol droplet interface during flow 

in a glass capillary. 

6.2.2 MICROFLUIDIC FABRICATION 

 Microfluidic channels are fabricated from poly(dimethylsiloxane) (PDMS) 

using standard soft lithography techniques.15 The device design is shown in 

Figure 6.1. The continuous phase liquid is pumped into the device at a constant 

flow rate by a syringe pump (PHD2000 series, Harvard Apparatus) using a 

disposable syringe (BD Luer-Lok) with sizes ranging from 5 – 60 mL. A gas 
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phase fluid is pumped in at constant pressure using a pressure regulator (Hewlett-

Packard, 0 – 60 psi). The inlet ports of the microfluidic device are connected to 

the syringe and the pressure regulator respectively by 0.030” inner diameter 

LDPE tubing (BB31695-PE/4, Scientific Commodities Inc.). Gas bubbles are 

produced at the T-junction and are observed along the downstream length of the 

microchannel.   

Figure 6.1. Schematic diagram of the microfluidic device. The inset image shows 
a nitrogen bubble extending into the main channel prior to pinch-off. The lower 
right shows the rectangular cross-section of the microchannel with the channel 
width W and height H. The distance from the T-junction to the device outlet is L

c
. 

 

6.2.2 CO-FLOW MICROCAPILLARY DEVICE 

 Bubbles and drops are also generated in a microcapillary device. A 

schematic diagram of the device is shown in Figure 6.2. A 300 μm inner diameter 

borosilicate glass capillary (CV3040, Vitrocom) is cleaved to a length of 3 mm 

and inserted into either a 580 μm inner diameter borosilicate glass capillary 

(1B100-6, World Precision Instruments, Inc.) or a square capillary with inner side 

length 500 μm (Friedrich & Dimmock, Inc.). The two capillaries are placed inside 

a barbed Kynar T-connector with 1/16” inner diameter (30703-70, Cole-Parmer) 

so that the larger capillary emerges from one end of the T-junction and the smaller 

capillary emerges from the other end of the T-junction. A segment of 0.8 mm 
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inner diameter flexible silicone tubing (Masterflex 96400-13, Cole-Parmer) is 

used to seal the connection between the T-junction and the larger glass capillary. 

Approximately 4” of 0.030” inner diameter LDPE tubing (BB31695-PE/4, 

Scientific Commodities Inc.) is fit over the section of smaller glass capillary 

emerging from the T-junction and glued in place using adhesive (Loctite Stik’n 

Seal Outdoor Adhesive). The adhesive also forms a seal to allow dispersed phase 

fluid to flow only through the smaller capillary and to prevent the continuous 

phase fluid from entering the tubing. A piece of 0.8 mm inner diameter flexible 

silicone tubing is fit over the open end of the tubing to allow for quick connection 

to the inner phase flow generation system. 

Figure 6.2. Schematic diagram of the co-flow capillary device. The major 
components of the device are (A) 580 μm ID circular or 500 μm square glass 
capillary, (B) 300 μm ID circular glass capillary, (C) barbed T-connector, (D) 
flexible silicone tubing, and (E) 0.030” ID LDPE tubing. 
 

The continuous phase fluid is pumped into the device at a constant flow 

rate using a syringe pump (PHD2000 series, Harvard Apparatus) with a 

disposable syringe (BD Luer-Lok). When octanol is used as the dispersed phase 
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fluid, a second Harvard Apparatus syringe pump is used to control the liquid flow 

rate. When air is used as the dispersed gas phase, a pressure regulator is used to 

control the air flow into the capillary. Oil droplets or air bubbles are generated by 

the inner capillary and travel inside the longer glass capillary a distance Lc to the 

outlet. The capillary outlet is connected to a fluid reservoir containing either DI 

water when generating octanol drops or a CTAB-silica mixture at the same 

concentration as the continuous phase. The reservoir is made by boring a hole into 

the side of a petri dish, then inserting the capillary end through the hole. A piece 

of silicone tubing is used to seal the connection between the capillary and the petri 

dish. The reservoir is filled with enough fluid to completely submerge the 

capillary end. 

A  MotionPro X4 high-speed camera (Redlake) is used to image the 

devices on either a Nikon TE-2000 inverted light microscope or a Bausch & 

Lomb Zoom 500 stereoscope mounted on a light table (The Richards 

Corporation). Length scale calibration for both cameras on the inverted light 

microscopes is performed using a stage micrometer (Edmund Optics). A similar 

calibration is performed on the light table using a dot calibration target with a 2 

mm dot diameter (Edmund Optics). 

 The various techniques for dispersed phase droplet generation and the 

various surface active particle systems used are summarized in Table 6.1. 
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6.3 RESULTS 

6.3.1 DIRECT OBSERVATION OF PARTICLE ADSORPTION 

 When octanol droplets are generated continuously into a flowing latex 

suspension, the rear of the bubble becomes packed with particles. Droplets 

generated in circular capillaries form an axisymmetric packed end cap region, as 

shown in Figure 6.3a by the darker region at the rear of the droplet. A magnified 

image of the droplet interface shown in Figure 7.3c shows the front of the 

particle-stabilized region for a droplet at the same flow conditions. The flow rates 

for the inner Qi and outer Qo phases are given in the figure caption, and the 

experimental conditions are described by Case A in Table 6.1. The droplet 

velocity U relative to the superficial velocity Us of the outer phase, defined as Qo 

divided by the cross sectional area A of the channel, is 1.032±0.019. This means 

that the droplet moves faster than the outer phase fluid, which is expected for slug 

droplets moving in circular capillaries.16, 17 Fluid flow moves from the front of the 

dispersed phase to the rear in the droplet reference frame, indicating that particles 

that adsorb to the interface are also swept to the rear of the droplet. 
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Figure 6.3. Particle packing at the interface of an octanol droplet flowing in a 
latex particle suspension in a (a) circular and (b) square glass capillary. Image (b) 
is taken through a flat face of the square capillary. Image (c) shows an image of 
the particles at the octanol droplet interface in the circular capillary. Droplet 
motion in images is from left to right. For images (a) and (c), Qi = 0.1 mL/hr and 
Qo = 1 mL/hr. For image (b), Qi = 0.3 mL/hr and Qo = 3 mL/hr. 

 

 

Figure 6.3b shows what happens in experimental Case B when the 

capillary geometry is square: the particles pack unevenly toward the rear of the 

droplet, with more particles collecting near the corners of the channel. For these 

experimental conditions, the droplet velocity of 1.247±0.031 mm/s is slower than 

the superficial outer phase velocity of 3.33±0.033 mm/s. A droplet speed slower 

than the superficial velocity is expected for droplets in rectangular channels due to 

excess flow in the corners of the channel.18, 19 Despite the fact that the average 

fluid flow is from the rear of the droplet to the front in a fixed droplet reference 

frame, a higher concentration of particles is observed at the rear of the droplet. 

 The particle coverage at the rear of the droplet increases over time, as 

shown in Figure 6.4 for Case A. As the droplet flows in the latex suspension, the 
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surface area of the particle-packed rear of the bubble Ap increases. The particle 

stabilized area is calculated by measuring the length ℓ of the particle-covered 

region from the rear of the droplet to the packed front, then calculating the surface 

area assuming the bubble rear is a spherical cap with a radius of curvature equal 

to the capillary radius, given by  

 2pA R  . (6.1) 

Times are calculated based on the droplet velocity U divided by the distance 

downstream of the end of the inner capillary. At very short times, the droplet has 

a nonzero surface area stabilized by latex particles due to particle adsorption 

during droplet generation. The growth of the particle-stabilized region indicates 

that particles adsorb to the interface over time and are convected to the droplet 

rear due to fluid flow. 
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Figure 6.4. Particle-stabilized area Ap at the rear of the droplet versus time in the 
circular capillary. Inset images show representative droplets for the indicated 
times. Error bars result from propagated error based on the standard deviation of 
the bubble velocity. Error bars in the surface area are propagated based on the 
standard deviation of the length of the particle-covered region. Values and 
standard deviations are based on measurement of 5 drops. 
 

 Octanol droplets that emerge from the capillary rise to the air-water 

interface in the reservoir. The droplet interface is not completely stabilized by 

particles when the droplet emerges from the capillary, so when the droplet rises to 

the air-water interface it spontaneously forms an oil lens. Particles that had 

adsorbed to the interface during droplet translation in the capillary remain trapped 

at the interface of the lens, as shown in the inset images of Figure 6.5. By 

measuring the projected area of particles at the interface, a clear increase in the 

particle-covered area Ap is observed with increasing residence times. Due to 

refractive index differences between octanol and water, the value of Ap is 
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measured in the circular region approximately 200 μm inside the observed edge of 

the octanol lens. The residence time τres is equal to the length of the capillary Lc 

divided by the velocity U of the droplet. Residence times are varied in the data 

shown in Figure 6.5 under constant inner and outer flow rates by varying the 

capillary length. At low residence times, the surface coverage of particles 

approaches zero. 

Figure 6.5. Particle-stabilized area Ap versus residence time for droplets generated 
in Case A. Vertical error bars represent the standard deviation of five 
measurements. Horizontal error bars are propagated based on the standard 
deviation of the bubble velocity based on five measurements. Inset images show 
the octanol lens at three different residence times. The scale bar in each image is 
1 mm. 
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Although measurements of Ap based on the particle coverage on the 

octanol lens are only approximations due to the loss of particle resolution around 

the edge of the lens, the resulting observation still indicates an increase in total 

particle coverage as the total residence time in the channel increases. This 

indicates that particle coverage on dispersed droplet interfaces can be tuned by 

controlling the amount of time that the droplet is confined in the microchannel. 

The rate of particle adsorption must also play a role, and the competition between 

the adsorption timescale and the residence time of the droplet in the channel will 

dictate the surface coverage.  

6.3.2. CONTROLLED GENERATION OF BUBBLES OF NONEQUILIBRIUM 

SHAPES 

 In our previous work, we showed that bubbles generated by a microfluidic 

T-junction in a surface active mixture of CTAB and silica exhibit nonspherical 

bubble shapes when outside the confinement of the microchannel.20 Sequential 

images of a bubble exiting a circular capillary in Case D and expanding to a 

nonequilibrium shape are shown in Figure 6.6. As the bubble exits the capillary, 

the front of the bubble relaxes to a spherical cap shape that increases in size as the 

air bubble continues to exit the microchannel. As the bubble exits the channel, the 

interface shape outside the capillary deviates from a sphere. The rear of the 

bubble remains at a higher curvature than the bubble front, and this high-

curvature region persists even after the bubble has completely exited the capillary.
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Figure 6.6. Sequential images of a bubble generated in a CTAB-silica mixture 
exhibiting a nonequilibrium shape outside of confinement. The time elapsed from 
the first image is shown in the upper left of each image. The outer diameter of the 
capillary is 1 mm. The second bubble observed in the second and third images 
was generated at the inner capillary and is not due to break-up within the capillary 
or pinch-off at the capillary end. 
 

 As the bubble exits the capillary, the shape transition of the bubble from a 

long slug to a more spherical shape leads to a decrease in the total surface area of 

the bubble. As the surface area decreases, the concentration of silica on the bubble 

surface increases. At a high enough surface coverage, prior research indicates that 

particle-covered interfaces act like a solid material capable of supporting a 

nonspherical shape.21-23 A similar effect is observed here when the particle surface 

concentration increases to a large enough coverage to form a jammed network at 

the interface. 

 The mechanism of particle jamming at the elongated slug bubble interface 

can be used to generate a variety of nonequilibrium bubble shapes, as shown in 

Figure 6.7. The shape of the bubble is quantified using the relative volume v, 

where 

 3/2
4
3 4

V
v

A



  
  
  

. (6.2) 
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 To calculate the reduced volume, the bubble is assumed to be axisymmetric, then 

the surface area A is calculated based on the first theorem of Pappus24 and the 

volume V of the bubble is calculated using the disk method for the thresholded 

image. The reduced volume is commonly used to describe the shape of vesicles 

formed with a lipid bilayer at the interface.25 The generated bubbles range from an 

approximately cylindrical shape at reduced volumes near 0.5 to a spherical shape 

as the reduced volume approaches unity. For values between 0.5 < v < 1, the 

particle-stabilized bubble exhibits a section of higher curvature protruding from a 

more spherical region.  
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Figure 6.7. Range of nonequilibrium shapes produced in microchannels and in 
circular capillaries organized by reduced volume. The numbers above each image 
indicate reduced volume for the bubbles in the image. Bubbles in the bottom row 
of images are generated in microfluidic devices, and bubbles in the middle row 
are generated in a circular capillary. The images in the top row correspond to 
axisymmetric shapes generated from a minimization of free energy in the vesicle 
shape. The bubbles produced to the right of vertical dashed line in each row are 
monodisperse. Bubbles to the left of the dashed line are produced as part of a 
mixture of bubble shapes. The scale bar for the images of bubbles generated in the 
circular capillary is 1 mm. The scale bar for the bubbles generated using 
microfluidics is 200 μm. 
  

The generated bubble shapes can be either monodisperse or a mixture of 

bubble shapes, depending on the way the bubbles are generated. These limits are 

indicated by dashed lines in Figure 6.7. For the bubbles generated in microfluidic 

devices, polydisperse drop shapes are generated due to the bubble breaking up in 

the microchannel. This was observed in Chapter 5 when the neck connecting the 

two lobes of the bubble during the shape transition became unstable. Break-up of 
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the bubble can also occur for long bubbles at the outlet due to neck formation and 

thinning at the orifice. Polydisperse bubbles are formed from the circular capillary 

when the bubble generation method changes from a continuous production of 

bubbles with uniform spacing in the channel to periodic production of short trains 

of bubbles. The bubbles generated to the right of the dashed lines are 

monodisperse with a standard deviation in the reduced volume of the order of 

3 - 8%. For all bubble shapes generated, the majority of bubbles are stable at the 

air-solution interface for over 12 hours. 

These generated bubble shapes are in contrast to the prolate, pear, and 

dumbbell shapes observed for lipid bilayer membranes at a minimized free energy 

shown in Figure 6.7.  These shapes are generated from a solution of the 

parametric equations for the vesicle shape25 performed in MATLAB. The shape is 

described in axisymmetric r and z coordinates by an arclength s measured from 

the north pole of the shape and the angle ψ between the tangent of the arc contour 

and the r-axis. The relationship between the axisymmetric coordinates and the arc 

length and tangent angle is 

 cos
dr

ds
  (6.3a) 

and 

 sin
dz

ds
  . (6.3b) 

The equations used to generate the vesicle shapes are equation (6.3a) and 

 
d

u
ds


 , (6.4a) 
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  


    . (6.4c) 

The shape equations include the Lagrange multipliers /P P  and /  

which are normalized by the bending modulus κ and the spontaneous curvature 

C0. All length scales are normalized by a characteristic length scale. The boundary 

conditions are  0 0  ,  0 0  , and  0 0r  . For given P ,  , and C0, 

different values of u(0) are chosen until the interface reaches a stable shape at the 

total arclength S of  S  ,   0S  , and   0r S  . The parameters used to 

generate the vesicle shapes shown in Figure 6.7 are given in Table 6.2. 

v P  C0 u(0) 
0.60 (dumbbell) 1.0 -0.300 1.500 1.207 
0.80 (prolate) 3.0 -0.476 1.890 1.980 
0.80 (pear) -1.5 1.009 1.454 1.417 
1 -1.0 1.000 1.270 1.050 
Table 6.2. Parameter values used to generate the stationary vesicle shapes shown 
in Figure 6.7. 
 

 The nonequilibrium bubbles shown in Figure 6.7 are generated in Cases C 

through G, which includes a variety of flow conditions in different cross-sectional 

geometries. The bubble shapes generated in the microfluidic and capillary devices 

are not equivalent to vesicle shapes except in the spherical limit. This is because 

the bubble shapes are generated under the dynamic conditions of particle 

adsorption during slug flow in a confining channel. In order to control the 

nonequilibrium bubble shape of particle-stabilized bubbles, it is necessary to 

understand the relevant timescales for the production of these materials. 
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From Chapter 5, we know that particles adsorb to the interface over a 

timescale comparable to the residence time of the bubble in the microchannel, τres. 

The residence time for a bubble translating at a velocity U through a channel of 

length Lc between the bubble generation orifice and the outlet is Lc/U. The 

primary particle adsorption timescale assumes that particles adsorb only to the 

end cap region of the bubble. This adsorption timescale is given by 

 
 

1/342

2

4 4 1

3Pe 23
p p b

ads b
f p hp

r P
L

kT x Rr


 

   
 

 (6.5) 

which was developed by modeling the convective mass transfer of particles to the 

end cap of the bubble interface. The model assumes that particles of radius rp and 

density ρp adsorb to a spherical end cap of radius Rh and form a hexagonally-

packed layer around the perimeter Pb of the bubble that propagates forward to 

eventually cover the entire length Lb of the bubble. A mass fraction xp of particles 

is initially suspended in a fluid of density ρf.  The particles must diffuse across a 

mass-transfer boundary layer that scales inversely with the Peclet number Pe to 

the 1/3 power. The Peclet number for the bubble moving at velocity U through a 

channel with the outer phase fluid moving at a superficial velocity Us is 

 Pe s hU U R

D


  (6.6) 

where we take the absolute value of the difference between the bubble velocity 

and the superficial velocity to account for the fact that a bubble can travel faster 

or slower than the superficial velocity depending on the device geometry. We 

assume that the diffusivity D of the particles  is based on the Stokes-Einstein 

equation26 / 6 pD kT r , where k is the Boltzmann constant, T is the 
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temperature, and μ is the outer phase fluid viscosity. The particles are assumed to 

have an effective packing radius of (rp + ε) to account for deviations from a 

hexagonally close-packed structure at the interface. 

 The adsorption timescale takes into account the geometry of the channel 

as well as the shape of the slug bubble. When the capillary number Ca defined as 

 
U

Ca



  (6.7) 

is small, Ca << 1, the effects of the viscous stress on the interface are small 

compared with the surface tension σ. The interface shape at low Ca can be 

modeled using the equilibrium shape of a bubble confined in a capillary. For 

experiments performed in Cases C and D, the approximate range of capillary 

numbers probed is 4  10-5 < Ca < 6  10-5, and the range of capillary numbers 

probed in Cases E through G is 1  10-4 < Ca < 7  10-4, meaning that in all 

experiments we assume that the interface is well described by the surface tension-

dominated shape. The end cap radius Rh of the bubble is equivalent to the 

hydrodynamic radius of the channel. For the circular capillary Rh is equal to R, the 

capillary radius. For a rectangular channel of height H and width W, the hydraulic 

radius is given by 

 h

HW
R

H W



. (6.8) 

The perimeter of the bubble is also affected by the channel cross-section 

geometry. In the circular capillary we estimate that the bubble perimeter is 

approximately equal to the perimeter of the capillary, 2bP R . In the 

rectangular channel, the equilibrium cross-section of a bubble is approximately 
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that of a rounded rectangle with radius of curvature Rc near the corners of the 

channel.27 The perimeter of the bubble is given by 

   2 4b cP H W R     (6.9) 

where the radius of curvature is determined by the channel geometry,  

 
 2 22
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H W H HW W
R




    



. (6.10) 

 The adsorption timescale given in equation (6.5) assumes that particle 

adsorption does not occur along the length of the bubble in the channel. Due to 

the finite volume of fluid around the bubble in the thin film or corner regions of 

the bubble in the channel, the local concentration of particles suspended in the 

fluid will decrease as particles adsorb to the interface. This depletion effect can 

significantly reduce the flux of particles to the interface in those confined regions. 

The effect of depletion us estimated by using the depletion number Sd, which is 

the ratio of the volume of particle suspension in the mass transfer boundary layer 

of thickness δb across the available bubble surface area AD to the finite volume 

region VD:28 

 D b
d

D

A
S

V


  (6.11) 

When Sd << 1, the available volume of particle suspension in VD acts like an 

infinite reservoir; however, as Sd approaches unity or greater, the depletion effect 

will be significant.  

The thickness of the mass transfer boundary layer depends on the region 

where it is located. The mass transfer boundary layer in the thin film region 

depends on the thin film thickness δ calculated by Bretherton,29 given by 
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  2/3
0.643 3Ca R    (6.12) 

for a bubble with a no-slip interface, where R  = R for the circular capillary and 

R  = Rc for the rectangular microchannel as shown by Wong et al.18 The mass 

transfer boundary layer thickness in the thin film region for circular or rectangular 

capillaries is approximated from  

 
2/3

1/3
1/3Peb L

   (6.13) 

which is the characteristic boundary layer thickness between two plates30 that 

have a length equal to the length L of the bubble. To approximate the mass 

transfer boundary layer thickness in the corner regions of a rectangular channel, 

the thin film thickness in equation (6.13) is replaced by the characteristic length 

scale for fluid flow of 0.414Rc in the corner region. For the conditions in Cases C 

– G used to generate the bubbles shown in Figure 6.7, Sd > 3 in both the thin film 

regions of the circular and rectangular channels as well as the corner regions of 

the rectangular channels. In the end cap region of the bubble, Sd << 1; this is due 

to the large reservoir of fluid in front of and behind the bubble relative to the 

product of the mass transfer boundary layer thickness and the spherical cap 

surface area. This indicates that equation (6.5) is the characteristic timescale for 

particle adsorption in Cases C – G. 

 In Chapter 5, we showed that the adsorption timescale is related to the 

length of the bubble that is stabilized by particles a through a simple relationship: 

 
b ads

a t

L 
 . (6.14) 
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This model was verified by equating the particle-stabilized bubble length with the 

growth of the rear lobe during the unique shape transition of the bubble in the 

microchannel. From Figure 6.6, the bubbles are observed to emerge from the 

capillary with the rear of the bubbles retaining a nonequilibrium shape of higher 

curvature along some length Lp. Assuming that the particles that pack along the 

rear of the bubble during translation in the channel do not redisperse along the 

bubble interface or desorb from the interface when the bubble exits the channel, 

the length of the particle-stabilized region outside the microchannel can be 

estimated from 

 
p res

b ads

L

L




 . (6.15) 

 This estimate assumes that a single bubble is present in the microchannel 

during translation through the surface-active particle mixture, implying that the 

bubble has a large fluid reservoir to flow through before exiting the channel. 

Bubbles can also be generated in finite bubble trains and continuous bubble trains. 

In finite bubble train production, a small number of bubbles are produced 

periodically at the orifice and travel along the channel as a group with an 

approximately uniform spacing between bubbles in the train. A large fluid 

reservoir is present ahead of and behind the bubble train. Continuous bubble 

production is common in microfluidic devices,31 and produces a continuous 

segmented gas-liquid flow through the channel. All three production methods 

have been used here to generate bubbles in nonequilibrium shapes. 

Figure 6.8 shows how the length scale ratio of equation (6.15) varies with 

the timescale ratio τres/τads for bubbles generated in Cases C – G. These results 
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encompass bubble sizes from 3 to 8 times the channel width and various bubble 

velocities, which are both taken into account in equation (6.5). Comparing the 

particle adsorption model with direct observation of the bubble shape in Chapter 5 

(Figure 5.12c), the adsorption time used to scale the experimental results is four 

times larger than the value calculated in equation (6.5). When bubbles are 

produced in finite bubble trains, only the first bubble of each train is analyzed. At 

low values of the dimensionless timescale, Lp/Lb approaches zero, indicating that 

very few particles have adsorbed to the bubble interface. As τres/τads increases, the 

length scale ratio also increases, although there is a deviation in the measured 

values for bubbles generated in a circular capillary and bubbles generated using 

rectangular microfluidic channels. Bubbles generated in microfluidic channels or 

the circular capillary do not match the model predicted by equation (6.15). There 

is a linear scaling Lp/Lb ~ τres/τads in the microfluidic data between 0 < τres/τads < 5, 

and a similar linear relationship is observed for data in the circular capillary in the range 

of 0 < τres/τads < 10. This is most likely due to the fact that the particle adsorption 

timescale in equation (6.5) is based on a close-packed monolayer of particles, however 

multilayers of particles at the interface are often observed on particle-stabilized bubbles 

and drops. Multilayer formation of the CTAB-silica mixture at the air-water interface 

would have a linear scaling due to the rate of particle adsorption, but the timescale ratio 

would be multiplied by some front factor β less than 1:  Lp/Lb = β (τres/τads).  

This increase in the length scale ratio Lp/Lb implies that more particles 

have packed at the interface during translation in the channel to form a jammed 

network when the bubble is removed from confinement. The bubbles generated in 

rectangular microchannels exhibit a sharp increase in the length scale ratio at 
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dimensionless times below 5. Above this timescale, the bubbles plateau at a 

length scale of approximately 0.4. This means that it takes approximately 5 times 

the characteristic timescale for the shape transition characterized in Chapter 5 to 

occur before the bubble has enough particles adsorbed to the interface to stabilize 

a large relative length of the bubble outside the microchannel.  

Below a dimensionless timescale of 10, the length scale ratio for bubbles 

produced in the circular capillary are in agreement for all three cases studied. For 

τres/τads > 10, the initial bubbles generated in bubble trains have a significantly 

higher surface coverage than bubbles generated continuously. Bubbles generated 

continuously in the circular capillary reach a plateau in the length ratio of 

approximately 0.25 at a dimensionless timescale of 10. The bubbles generated in a 

circular capillary require larger dimensionless times to completely stabilize the 

interface; however, bubbles generated in circular capillaries do not exhibit the 

two-lobed shape transition described in Chapter 5.  

The two-lobed shape transition, which is observed in Cases E – G, is not 

accounted for in the particle adsorption model. The neck region in between the 

two lobes is exposed to a larger volume of the particle-surfactant mixture 

compared with the volume in the thin film and corner regions. This will increase 

the available mass of particles to adsorb to the interface in this region, which 

reduces the depletion effect and allows for a greater mass flux of particles to the 

interface. 
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Figure 6.8. Ratio of the particle-stabilized length Lp relative to the length of the 
bubble inside the channel Lb versus the residence time τres relative to the 
adsorption timescale τads. The different symbols represent the different cases from 
Table 6.1: () Case C – bubble trains, () Case D – bubble trains, () Case D – 
continuous slug flow, () Case E – single bubbles, () Case F – single bubbles, 
() Case G – single bubbles. The inset images show the distance Lp measured on 
bubbles with different reduced volumes. The scale bar for the left inset image is 
200 μm. The scale bar for the right inset image is 1 mm. Error bars represent a 
standard deviation in measured parameters for 5 bubbles. 
 

 The distinct difference in the data generated in the circular capillary at 

large dimensionless timescales indicates that the bubble generation method affects 

the total particle loading at the interface. Figure 6.9 shows the length scale ratio 

and the reduced volume of trains of 6 and 8 bubbles for Case D at 

τres/τads = 11.6 ± 1.4. The first bubble in the train obtains the lowest reduced 

volume and the highest length scale ratio compared to the bubbles following. 
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There is a sequential increase in the reduced volume and decrease in Lp/Lb for the 

second and third bubbles in the train. The length scale ratio reaches a minimum 

value of approximately 0.10 from the fourth bubble until the second-to-last 

bubble, and the resulting bubble shape is close to spherical. Although the bubbles 

in the middle of the train have lower particle coverage, the final bubble obtains a 

higher particle coverage than the middle of the train. 

Figure 6.9. Reduced volume of the bubble shape and length scale ratio versus 
placement in a bubble train of (,) 6 and (,) 8 bubbles. The open symbols 
indicate the reduced volume, and the filled symbols indicate Lp/Lb. Two bubble 
trains of 6 bubbles are plotted to indicate reproducibility. Error bars in the reduced 
volume are a standard deviation based on calculating the volume and surface area 
of both halves of the 2D projection of the bubble shape. 
  

 The fact that bubbles in the middle of the train exhibit a lower coverage 

than bubbles at the front or rear indicates that bubbles with compartmentalized 

fluid volumes in between bubbles will achieve lower surface coverage. At low 
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capillary numbers, the fluid slug separating translating bubbles exhibits a 

circulation pattern with closed streamlines.32 When closed streamlines are present, 

the streamlines closest to the bubble interface will be depleted of particles due to 

adsorption to the interface. The only way for the particle concentration to be 

replenished near the interface is by particle diffusion across streamlines, which 

slows down the convection-dominated adsorption process. This indicates that 

continuous bubble trains should achieve a plateau in the length ratio when the 

streamlines in the fluid slug are depleted of particles. After this point, the 

timescale for adsorption will increase dramatically. 

 Long bubbles that are partially stabilized by particles along some length in 

the channel can exhibit break-up at the outlet. In Cases E – G, bubbles with a 

bubble length greater than 10 times the channel width form a neck at the orifice as 

the front part of the bubble emerges from the channel. The first bubble generated 

in the sequence reaches a spherical shape while the bubble formed from the rear 

of the slug remains in a nonequilibrium shape outside the microchannel. This 

leads to a bidisperse distribution of shapes, as shown in Figure 6.10 for bubbles 

generated in Case F. 
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Figure 6.10. (a) Image of bidisperse bubble shapes due to break-up of bubbles at 
the outlet and (b) histogram of the reduced volume for the bubbles shown  in (a). 
(c) Images of the bubble break-up at the outlet of the microchannel, showing a 
nonuniform bubble shape prior to break-up. The outlet at the right of each image 
is dark due to light scattering from the edge of the microfluidic device. The 
channel width for the images in (c) is 96 μm.  
   

 Before break-up, the flow conditions for the images in Figure 6.10 

generated bubbles at a dimensionless timescale τres/τads of approximately 1.5. By 

measuring the bubble length prior to break-up at the outlet and comparing that 

with the lengths of the elongated bubbles formed outside the microfluidic device, 

we calculate a length scale ratio Lp/Lb = 0.41±0.06 from an average of ten 

bubbles. This is much higher than expected based on the data in Figure 6.8. The 

large length scale ratio indicates that there is a larger flux of particles to the 

interface than expected for adsorption to a spherical cap. The images in Figure 

6.10c show that the bubble exhibits a nonuniform shape inside the microchannel 
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prior to break-up at the outlet. This shape allows for a larger volume of particles 

to flow along the length of the bubble, meaning that the particle flux should be 

larger than expected in the adsorption model presented here. As shown in Chapter 

5, particle adsorption along the length of the bubble leads to a much faster rate of 

particle loading to the interface due to the large surface area available along the 

bubble length. 

6.4 DISCUSSION 

The latex particle adsorption experiments show that particle adsorption to 

fluid interfaces occurs when a dispersed slug phase flows through a surface-active 

particle suspension. A direct observation of the particle packing at the octanol 

droplet interface shows that the rear of the droplet has a high surface coverage in 

both circular and square capillaries. This agrees with the model for particle 

adsorption presented in Chapter 5. Although a packed end-cap region is expected 

for droplets traveling faster than the velocity of the outer phase fluid, a packed 

end cap region is also observed for the droplet in the square capillary, which is 

moving slower than the average outer fluid velocity.  

Measurements of the velocity profile inside a viscous droplet in a square 

channel indicate forward flow in the corners of the channel around the droplet, but 

a reverse flow toward the droplet rear around the thin film regions where the 

droplet is confined by the channel walls.33 This observation indicates that particles 

would be forced to the end cap region in square or rectangular capillaries due to 

flow in the thin film regions, which covers a higher fraction of the droplet 

perimeter compared to the forward flow in the corner regions.  
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No two-lobed shape transition is observed for octanol droplets in square 

channels with particles packed at the rear as is observed during the generation of 

CTAB-silica stabilized bubbles in rectangular channels. We argued in the 

previous Chapter that a two-lobed bubble shape occurs in the microchannel due to 

excess drag at the bubble rear from the packed particle region. The inviscid gas 

bubbles generated in Cases E – G have a negligible shear stress at the front of the 

bubble. Octanol has a viscosity that is 7.5 times larger than that of water, which 

means that the clean droplet interface would experience significant drag due to 

shear stress at the interface. The difference in shear stress between the viscous 

front of the droplet and the particle-stabilized rear of the droplet prevents the 

formation of the two-lobed structure in Case B. 

Measurements of the particle covered area outside of the circular capillary 

result in lower values than measurements of the particle-covered areas inside the 

capillary. From the inset images in Figures 6.4 and 6.5, the rear of the droplets in 

the capillary have a higher local packing fraction compared to the particles 

trapped on the octanol lens outside the capillary. Also, differences in the light 

intensity of the images due to index of refraction differences between octanol and 

water mean that any particles in the darker regions are neglected. Although these 

measurements are not in agreement for the total surface coverage of particles, 

they both individually show an increase in the particle surface coverage as the 

residence time increases.  

 The bubbles generated in the CTAB-silica suspension exhibit nonspherical 

bubble shapes due to convection-dominated particle adsorption to the bubble 
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interface. Based on the observed bubble shapes outside the microchannel and the 

particle adsorption model, the rear of the bubble has a higher concentration of 

particles compared to the front. This indicates that the surface mechanical 

properties of the interface will also vary between the front and rear of the bubble. 

This symmetry-breaking can be useful in using the particles as catalytic motors at 

the interface to drive capsule motion to a targeted area.34 Nonspherical shapes 

have a more efficient packing than spheres,35 allowing for more efficient capsule 

storage.  

 The results from plotting the length scale ratio Lp/Lb versus the timescale 

ratio τres/τads shows that the model developed in Chapter 5 for particle adsorption 

to the translating bubble interface can be used to control the generation of 

nonequilibrium bubbles. Bubbles generated in the microfluidic device reach a 

plateau around Lp/Lb = 0.4; however, the model predicts that eventually the 

bubbles should be completely stabilized by particles. In our measurement, we 

assume that the packed length of bubbles outside the device is equivalent to the 

packed length along the bubble inside the microchannel. The bubbles generated in 

this method have all partially relaxed to a spherical shape while exiting the 

capillary tube, which necessarily means that the surface area of the bubble has 

decreased. This decrease in surface area would occur until the particle layers 

resisted further surface area loss, in which case the measured length outside the 

channel would be smaller than the particle stabilized length inside the channel. 

The interfacial mechanical properties of nanoparticle layers at a highly curved 

interface are not well understood; however, our model still shows that increasing 
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τres/τads leads to longer packed bubble lengths outside channel, which indicates a 

higher surface coverage overall with the increasing timescale ratio. 

This model is not used to calculate the adsorption timescale for latex 

particles adsorbing to the octanol droplet interface due to the relatively large size 

of the particles. Assuming an outer phase velocity of 1 mm/s and octanol-water 

interfacial tension of 8.5 mN/m,36 the capillary number for an octanol droplet in 

water is 1.1  10-4. Using the capillary number and the circular capillary radius in 

equation (6.12) yields a thin film thickness of 0.93 μm, which is smaller than the 

latex particles used in these experiments. Large particle effects for adsorption to 

bubble interfaces should also be included, which is common in flotation 

literature.37 

 The nonequilibrium shape of the bubble in the microchannel shown in 

Figure 6.10c is most likely due to uneven drag along the bubble as well as 

roughness within the microchannel. Once the bubble is stabilized with particles in 

the microchannel, small deviations away from an equilibrium bubble shape are 

observed, as shown in Figure 5.3. Since the bubble has already receded from the 

side walls, bubble break-up due to a necking instability is more favorable at the 

channel outlet. 

The measurements performed on bubble trains show that particle 

adsorption is hindered when bubbles are spaced closely together. Based on the 

higher particle adsorption on bubbles in the front and rear of the train, we 

conclude that this effect is due to slow transport across closed streamlines in the 

fluid slugs between bubbles. This observation suggests a possible explanation for 
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the difficulty in generating particle-stabilized emulsions and foams in 

microfluidic devices38 as opposed to high-shear emulsification methods. The 

common continuous bubble or droplet production method significantly decreases 

the particle adsorption rate to the interface. 

6.5 SUMMARY 

The experiments performed in this chapter show that nonequilibrium 

bubble shapes can be controlled by varying the residence time relative to the 

particle adsorption timescale for confined bubbles moving through straight 

channels. Two different geometries were used to generate bubbles and drops with 

adsorbed particles at the interface. A direct observation of particles adsorbing to 

the octanol droplet interface shows that surface-active particles will adsorb to 

confined slug shaped droplets translating in a circular or square channel. For both 

cross-section geometries, the particles pack at the rear of the droplet even when 

the droplet velocity is slower than the outer phase fluid velocity. The amount of 

particles adsorbed to the interface is shown to increase as the residence time 

increases. 

 Using the model developed in Chapter 5, we used the residence time to 

tune the particle coverage for bubbles generated in a nanoparticle-surfactant 

mixture of colloidal silica and CTAB. The ratio of the bubble residence time in 

the microchannel to the timescale for particle adsorption to the end cap of the 

bubble is a critical dimensionless timescale that determines the length of the 

interface that is jammed with particles to form a nonequilibrium shape. Finite 

bubble trains and continuous bubble production slow the rate of particle coverage 
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due to closed streamlines in the fluid slugs between bubbles. The steady 

production of monodisperse bubbles with a uniform nonequilibrium shape is 

possible when single bubbles travel in the microchannel. 
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CHAPTER 7 
 

CONCLUSIONS 
 

 A better understanding of the properties of complex fluid interfaces is 

crucial to describing the material properties of emulsions and foams. This work 

provides a substantial contribution toward this understanding through two key 

components: i) a proper methodology for measuring the dilatational properties of 

complex interfaces, and, ii) a controllable method for generating foams with 

controlled particle loading at the interface. 

 Chapter 3 describes a small-amplitude analysis of dilatational rheology in 

capillary pressure tensiometers. We developed the framework necessary to 

analyze the response of an arbitrary interface. The framework developed provides 

both the dilatational modulus and a stability criterion for the start-up of pressure 

oscillations. Capillary pressure tensiometers are neither stress- nor strain-

controlled apparatuses, and the modulus measured in these systems can contain 

effects from both intrinsic material properties and surface tension. In order to 

separate these contributions, we developed a methodology for probing the 

dilatational properties of the interface as a function of frequency and spherical cap 

radius. It is important that these devices be operated at small pressure amplitude 

so that higher harmonic oscillations do not distort the desired signal, and we 

discussed the conditions upon which higher harmonics in the surface area or 

surface stress will be evident. Lastly, we analyzed the capability of common 

capillary pressure tensiometers to measure interfacial stresses without also 

measuring bulk effects due to gravity or fluid flow. This work shows the 
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microtensiometer developed by Alvarez et al. (2010) performs measurements of 

dilatational properties with negligible contributions from the bulk fluids. 

 The framework developed in Chapter 3 was applied to experimental 

measurements of insoluble layers at an air-water interface in the 

microtensiometer. Using a novel fluid exchange method, we generated interfaces 

composed of surface-active materials that are not soluble in the aqueous phase. 

By controlling the hydrostatic pressure, we measured both the surface pressure as 

a function of surface area and the dilatational modulus as a function of frequency 

for palmitic acid, DPPC, and DMPC. We observed excellent agreement between 

the surface pressure-area relationships that we measured and measurements 

performed on Langmuir troughs reported in the literature by using a simple shift 

factor.  

It is somewhat surprising that the small, highly curved interface of the 

microtensiometer agrees well with the large, planar interface of the Langmuir 

trough, since the total size of the interface in the microtensiometer is of the order 

of domain sizes observed for these types of materials at planar interfaces. 

Measurements of the dilatational modulus have also been compared successfully 

with the literature. A comparison of the dilatational modulus with the Gibbs 

modulus for these materials allowed us to observe deformation rate dependence of 

the modulus of DPPC. We applied the same measurement techniques to the 

insoluble component present in the nonionic surfactant Tween 80 and showed that 

the interface is stabilized by something more than single fatty acids at the 

interface. 
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 The results presented in Chapters 3 and 4 develop the capabilities of the 

microtensiometer in both analyzing complex interfaces and in generating novel 

interfaces. Because the microtensiometer measures purely dilatational stresses, 

analyzing the relationship between surface stress and dilatation is straightforward. 

Insoluble monolayers were previously not accessible to capillary pressure 

tensiometers due to the difficulty in depositing layers at the interface. The 

methods developed in Chapter 4 for generating insoluble interfaces at air-water 

interfaces significantly expand the capabilities of the microtensiometer as a tool 

for measuring surface mechanical properties. 

 As this work was also motivated by the controlled formation of complex 

interfaces, we generated particle-stabilized bubbles and drops in microchannels to 

better control particle surface coverage. In Chapter 5 we showed that confined 

bubbles translating through a nanoparticle suspension in a microchannel exhibit 

unique shape transitions only when the particle suspension is surface active. The 

effects of colloidal silica modified with CTAB on bubble shape and velocity show 

that particle adsorption and packing at the bubble rear occurs over the timescale 

of flow in a microchannel. The adsorption of a large enough surface concentration 

of particles solidified the interface, dramatically changing the surface properties 

and causing the formation of a two-lobed bubble shape that indicated the amount 

of particle coverage at the interface. We developed a model to predict the rate of 

particle loading to the interface under convection-dominated mass transfer and 

showed that the particle flux to the end cap region of the bubble interface is the 

driving mechanism for particle adsorption. The depletion of particles from 
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suspension in the thin film and corner regions explains why the flux is 

predominantly to the bubble end cap. 

 The observations of particle loading at the bubble interface in the 

microchannel and the resulting stability of the particle-stabilized interfaces 

motivated us to use the particle adsorption timescale as a metric for creating 

monodisperse bubbles with a uniform nonspherical shape. In Chapter 6 we 

showed that a wide range of nonequilibrium bubble shapes could be generated, 

and that the key parameter in generating these bubbles is the particle adsorption 

timescale developed in Chapter 5.  

Based on a direct observation of latex particles adsorbing on an octanol 

droplet, we showed that the rear of the dispersed droplet phase in the channel 

becomes packed with particles first due to particle adsorption, independent of 

whether the droplet is traveling faster or slower than the surrounding fluid. When 

the colloidal silica-CTAB mixture was used to stabilize bubbles, the bubbles 

emerged with the rear jammed in a nonequilibrium shape. We also showed that 

the particle-stabilized region of these bubbles that cause the nonequilibrium shape 

is directly proportional to the residence time of the bubble in the channel 

normalized by the particle adsorption timescale. Bubbles in rectangular channels 

become particle-stabilized faster than bubbles flowing in circular channels due to 

the unique bubble shape transitions that occur in the microchannel, which were 

first described in Chapter 5. We also showed that trains of bubbles flowing 

through the channel exhibit significantly less coverage in the middle of the bubble 

train due to closed streamline flow patterns between the bubbles. Continuous 
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bubble generation methods with multiple bubbles in the channel are therefore 

unsuitable for generating particle-stabilized bubbles that are monodisperse in 

shape and size using the model for particle adsorption developed in this thesis. 

 Overall, this work provides significant contributions to the measurement 

of single interfaces and the controlled generation of multiple interfaces. This 

thesis provides multiple tools, both analytical and experimental, for probing the 

dilatational properties of complex fluid interfaces and generating bubbles and 

drops with a controlled interfacial composition. These techniques are not limited 

to the materials used in this thesis but can be applied to a variety of different 

systems. On a broader scale, this thesis provides contributions to multiphase fluid 

rheology and provides the necessary tools to generate emulsions and foams with 

controlled surface coverage and known interfacial dilatational properties based on 

measurements of single interfaces of the same surface composition. This thesis 

also broadens the capabilities of microfluidics to generate emulsions and foams of 

monodisperse size and uniform nonspherical shape for controlled studies on the 

effects of droplet shape, size, and surface coverage on the stability and shear 

rheology of emulsions. The tools developed in this thesis will be crucial in better 

understanding the role of interfacial mechanics in complex fluids.  
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