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Abstract

The focus of this thesis is the study of the evolution of two models adopted in the context of
phase separation and pattern formation, the Cahn-Hilliard model and the Swift-Hohenberg
model. In the study of the Cahn-Hilliard model, the PDEs arising as the L? and H ! gradi-
ent flows in the higher dimensional setting 7 > 1 are studied, and estimates are provided on
the evolution of solutions initiated close to configurations that globally or locally minimize
the perimeter of the interface are provided. The results rely on a new regularity property of
a local version of the well-known isoperimetric function. In the Swift-Hohenberg setting,
the one dimensional model is considered, and the slow evolution of a particular class of
solutions is established. In this context, existence and regularity of solutions in dimension
n < 3 are provided. In the last part of this thesis, two ongoing project and future research
directions are presented.
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“Perché [...] debbe uno uomo prudente entrare sempre per vie battute da uomini
grandi, e quegli che sono stati eccellentissimi imitare, [...] e fare come gli arcieri pru-
denti, a quali parendo el luogo dove desegnano ferire troppo lontano, [...] pongono la
mira assai piu alta che il luogo destinato [...] per potere con lo aiuto di si alta mira per-
venire al disegno loro.”

“A wise man ought always to follow the paths beaten by great men, and to imitate those
who have been more than excellent, [...] and act like the prudent archers who, seeing the
target they want to hit too far distant, [...] take aim much higher than the mark, [...] to be
able with the aid of so high an aim to fulfill their plan.”

N. Machiavelli

vil



viii



Contents

1 Introduction
L. Slowmotion . . . . . . . . . . . e e
1.2 Allen-Cahn & Cahn-Hilliard . . . . . . ... ... ... ..........
1.3 Swift-Hohenberg . . . . .. ... ... ... ... .. .. ... .. ... .

2 Preliminaries
2.1 Notation and structural assumptions . . . . . . . . .. .. ... ... ...
2.2 BV functions and perimeter . . . . . . . . ... ... oL
2.3 First and second variation of perimeter . . . . . . . .. .. ... ... ...
2.4 Regularity of solutions and gradient flows . . . . . . ... ... ... ...
2.5 TI'-convergence and interpolation inequalities . . . . .. ... .. ... ..
2.6 Smooth linearization near the hyperbolic fixed point . . . . . . .. ... ..

3 Allen-Cahn & Cahn-Hilliard
3.1 Energy estimates and slow motion . . . . .. ... ... ... ... ...,
3.1.1 Slow motion near global perimeter minimizers . . . ... ... ..
3.1.2  Slow motion near local perimeter minimizers . . . . . .. ... ..
3.2 The local isoperimetric Function Ig’EO ....................
3.2.1 Regularityinthecase Eg = B,(0) . . . . ... ...........
3.2.2 Regularity in the case of positive second variation . . . . . . . . ..

4 Swift-Hohenberg
4.1 Qualitative properties of minimizers . . . . . . . . . . ... ... ...
4.1.1 The Euler-Lagrange equation . . . . ... ... ..........
4.2 Slow motion dynamics: proof of Theorem 1.3.3 . . . . . ... ... .. ..
4.3 Existence of solutions via Minimizing Movements . . . . . .. ... ...

S5 Ongoing and future research
5.1 A new model for phase transitions . . . . .. ... ... ... ... ..
5.2 The fractional isoperimetric function . . . . . . . . ... ... ... ...

Bibliography

1X

13
13
14
16
19
21
23

27
27
27
28
34
34
39

49
49
53
62
65

73
73
75

77






Chapter 1

Introduction

The main area of this thesis is analysis of problems in the context of phase separation and
pattern formation. The goal is to use variational methods to study the evolution of solutions
and to give estimates on their speed of convergence. The first part of this work deals
with the Cahn-Hilliard energy and its gradient flows, the Allen-Cahn and Cahn-Hillard
equations. This contribution is mostly contained in [60].

The second part addresses the Swift-Hohenberg equation, seen as a gradient flow of a
higher order energy. These results are contained in [46].

Finally, future directions of research are proposed in the final part of this dissertation,
where a brief summary on two ongoing projects is given.

1.1 Slow motion

Equations displaying interfacial dynamics have been studied extensively in the last two
decades, see, e.g., [2], [3], [4], [5], [17], [16], [19], [39] . Among them, the most well-
known are the Allen-Cahn equation

uf = 2 Auf — W' (uf) (1.1.1)
and the Cahn-Hilliard equation
ul = —A(E?Auf — W' (uf)) (1.1.2)

where, here and henceforth, we write u° to highlight the dependence of solutions on the pa-
rameter € > 0. In the one dimensional setting n = 1, it has been shown for the Allen—Cahn
equation (see [19] and the references therein) that if ¢ < 1 the evolution from a sufficiently
regular initial data occurs in four main stages. In the first stage, the diffusion term e2Au®
can be ignored and the leading order dynamics are driven by the ¢ independent ordinary
differential equation u; = —W’(u). This is the time-scale in which interfaces develop,
i.e., regions in the space domain that separate almost constant solutions corresponding to
the stable equilibria of the ordinary differential equation. This stage, referred to as the
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generation of interface, has been analyzed for the Allen—Cahn equation first in [35], and
subsequently in [19], [20], [29], [73].

As the regions separating unequal equilibria decrease in length, the spacial gradient
necessarily increases, and after O(|Ine|) time the dynamics are driven by a balance be-
tween the two terms on the right-hand side of (1.1.1). In particular, as shown in [19], after
O(e™!) time the solution is exponentially close to the standing—wave profile

(i1, -, Pn) ::iH¢<I_p">, (1.1.3)

€

parametrized by the positions p, . .. p,, where ¢ satisfies

" =W'(¢), liin o(r) ==£1, ¢(0)=0. (1.1.4)
Z—>I 00
The zeros py(t), ..., pn(t) of ® can be viewed as specifying the location of the interfaces.

In particular, the residual 2®,, — W’ (®) is exponentially small and the corresponding third
stage of the evolution proceeds on an exponentially slow time scale until two zeros of the
solution of (1.1.1) u® collide and disappear as part of the fourth stage of the evolution.
The third stage, usually referred to as slow motion, has been studied extensively. Some
precise interface evolution results for the Allen—Cahn equation can be found in [16], [17],
[38], [39]. See also the formal derivation obtained by Neu [61]. To be precise, the zeros
of the solution u* are approximated by {p; }, which at leading order move according to the

evolution law
P =¢eS <exp (—u@) — exp (—u%)) , (1.1.5)

where p = /W"(£1), S > 0 is a constant depending only on W. The proof of this
reduction involves invariant manifold theory and geometric analysis.

A similar approach has been recently adopted by several authors to extend these ideas
to a more general setting, by studying the slow manifolds inherent to the dynamics of these
equations, see [66] and the references therein.

Subsequently, Bronsard and Kohn [12] introduced a new variational method to study the
behavior of solutions of the Allen—Cahn equation (1.1.1). They observed that the motion of
solutions of this equation, subject to either Neumann or Dirichlet boundary conditions in an
open, bounded interval 2 C R, could be studied by exploiting the gradient flow structure
of (1.1.1) (cf. (2.4.3) in Section 2.4). The key tool in their paper is a careful analysis of the
asymptotic behavior of the energy

|
Gelul = | () + g\VuFdx, ue HY(Q), (1.1.6)

where TV is a double-well potential with {IW = 0} = {a, b} for some a < b. See [37] for
more details. The L?-gradient flow of (1.1.6) is precisely (1.1.1). It is well-known (see,
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e.g., [58], [39], [74]) that if {v.} converges in L'(Q) to a function v € BV (Q; {a, b}) with
exactly NV jumps, then
limiglf G:|ve] > New =: Golv], (1.1.7)
e—

where

b
cw ::/ W2 (s) ds.

Bronsard and Kohn improved the lower bound (1.1.7) by showing that, for any &£ > 0,
Ge[ve] > New — CieF (1.1.8)

for ¢ sufficiently small and some C; > 0. They then applied (1.1.8) to prove that (cf.
Theorem 4.1 in [12]) if the initial data u§ of the equation (1.1.1) converges in L' (2) to the
jump function v, and ug, are energetically “well-prepared”, that is,

G.[ug] < New + Coe®
for some C5 > 0, then for any M > 0,

sup  |[u(t) —v|[zr — Oase — 0F. (1.1.9)
0<t<Me—*

Subsequently, Grant [44] improved the estimate (1.1.8) to
G.[v] > Ney — Cre @ (1.1.10)

for ¢ small, and some C7,C5 > 0, which in turn gives the more accurate slow motion
estimate
sup  |[u(t) —v|[pr —» O0ase — 0T (1.1.11)
0<t<MeCe™!
for some C' > 0, and his analysis extends to solutions of the Cahn-Hilliard equation (1.1.2).
Finally, Bellettini, Nayam and Novaga [8] gave a sharp version of Grant’s second—order
estimate by proving that

N N
ds, dg
GE[Ue] > New — 20[_’_,{3_ Z e_aJr?k _ 20[_/{2_ Z e—a,?’“
k=1 k=1
3 al 3aq df 3 N 3a_ df
+H+6+Z€_T?+H_6_ZG_T? (1.1.12)
k=1 k=1

N - N -

3ay dp 3a_ dp

+o E e 2= |+o E e "2 &
k=1 k=1

as ¢ — 07, where o, ki, 4+ are constants depending on the potential W and dj, is the
distance between the k—th and the (k + 1)-th transitions of v.. This last work gives a vari-
ational validation of [16], [17]. Indeed, the sharp energy estimate allows the authors to
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(formally) recover the ODE describing the motion of transition points.

The situation in higher dimensions is more complicated. In particular, we will consider
the nonlocal (or mass-preserving) Allen-Cahn equation

ul = 2 Auf — W'(u°) + e, (1.1.13)

where ). is the Lagrange multiplier responsible for the preservation of the mass (see Sec-
tion 1.2 for more details). As in the one—dimensional setting, it is well-known (see, e.g.,
[14], [71]) that, after rescaling time by ¢, (1.1.13) is the L?—gradient flow of the energy
(1.1.6) subject to the mass constraint

/udx:m, (1.1.14)
Q

where here ) C R™, n > 2. Furthermore, the energy G. : L'(Q) — [0, oo] defined by

. if H'Y(Q) and dx =
G.lu] :{G [u] i u€' (Q) and [, udz =m, (LL15)
%) otherwise,
is known to ['—converge to Gy : L'(Q2) — [0, oc], where
2ewP({u=a}; Q) if BV (Q;{a,b d dx =
Goli ::{ ewP({u=a};Q) ifue . (Q;{a,b}) and [, udzr =m, (1.1.16)
00 otherwise.

Here P(F; () denotes the relative perimeter of E inside €2, for any measurable set &' C R”
(see Section 2.2). In particular, if

Up, ‘= axXg, + bXEg (1.1.17)

is a local minimizer of G, then 0F) is a surface of constant mean curvature, and the curva-
tures may affect the slow motion of solutions of (1.2.1). Much of the work in the existing
literature in this setting has addressed the motion of phase “bubbles”, namely solutions
approximating a spherical interface compactly contained in ). For example, Bronsard
and Kohn [13] utilize variational techniques to analyze radial solutions u, ;4 of the Allen—
Cahn equation. They prove that u. ;,q separates {2 into two regions where u. ;,g ~ +1 and
Ue rad &~ —1 and that the interface moves with normal velocity equal to the sum of its prin-
cipal curvatures. In [32], Ei and Yanagida investigate the dynamics of interfaces for the
Allen—Cahn equation, where €2 is a strip-like domain in R2. They show that the evolution
is slower than the mean curvature flow, but faster than exponentially slow. This suggests
that estimates of the type (1.1.10) cannot be expected to hold in higher dimensions. In the
Cahn-Hilliard case, Alikakos, Bronsard and Fusco [3] use energy methods and detailed
spectral estimates to show the existence of solutions of (1.1.2) supporting almost spher-
ical interfaces, which evolve by drifting towards the boundary with exponentially small
velocity. Other related works include [2], [4] and [5]. Most of these contributions require
significant analytical techniques, and often focus only on the existence of slowly moving
solutions.



1.2 Allen-Cahn & Cahn-Hilliard

The first part of this thesis addresses the slow motion of phase boundaries for the nonlocal
Allen—Cahn equation with Neumann boundary conditions. To be precise, consider

uf = e2Auf — W (uf) + el inQ x [0,00),

% =0 on 90 x [0, 50), (1.2.1)
ut = ug on Q x {0}.

Here () C R", 1 < n < 7, is an open, bounded, connected set with 0€) regular (see (2.1.1)),
e > ( is a parameter representing the interaction length, W : R — [0, c0) is a double well-
potential with wells at a < b, u is the initial datum, and ). is a Lagrange multiplier that
renders solutions mass—preserving, i.e.,

1 ! €
)\azgﬁn(Q)/QW(u)dx.

This nonlocal reaction diffusion equation was introduced by Rubinstein and Sternberg [71]
to model phase separation after quenching of homogenous binary systems (e.g., glasses or
polymers). An important property of this equation is that the total mass fQ u(z,t) dx is
preserved in time. It can be shown that when ¢ — 07 the domain (2 is divided into regions
in which u€ is close to a and to b, and that the interfaces between these regions as ¢ — 0
evolve according to a nonlocal volume—preserving mean curvature flow.

A key tool in the analysis of solutions of (1.2.1) in the higher-dimensional setting is
the analogue of (1.1.8) that was recently obtained by Leoni and Murray [55]. Their result
assumes that the isoperimetric function

Zo(r) .= inf{P(F;Q) : E C QBorel, L"(E) =7}, rel0,L"(Q)], (1.2.2)
satisfies a Taylor formula of order two at the value

_bLM () —m
N b—a

where m is the mass constraint given in (1.1.14), and where by a “Taylor formula of order
two” we mean that there exists a neighborhood U of r( such that
dIQ 1+¢
Zo(r) = Za(re) + W(TO)(T’ —19) + O(|r — o] ™), (1.2.4)
for some ¢ € (0, 1], for all » € U (see Lemma 3.2.3; see also [7] and [75]).

In certain settings it is known that Z, is semi—concave (see [7] and [75]), and indeed
we will later show that T, is semi—concave as long as 2 is C*“ (see Remark 3.2.4). Hence,
T, satisfies a Taylor formula of order two at £L'—a.e. r or, equivalently, for £!—a.e. mass m
in (1.1.14).

(1.2.3)
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If a set £y C € satisfies
En(Eo) =To, P(E(), Q) = IQ(T‘Q), (125)

then we call Ey a volume—constrained global perimeter minimizer. Classical results [45],
[56] establish the existence of volume—constrained global perimeter minimizers, and assert
that the boundary of any volume—constrained global perimeter minimizer is a surface of
(classical) constant mean curvature for n < 7, provided 9 is of class C** (see Proposition
2.3.7 and Lemma 3.2.1 below).

Under technical hypotheses on €2, W, m, a simplified version of the main theorem in
[55] is the following.

Theorem 1.2.1. Assume that Q), W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9), (2.1.11),
and suppose that Ey C ) is a volume—constrained global perimeter minimizer with
L"(Ey) = ro. Suppose further that I satisfies a Taylor expansion of order two at g

(given by (1.2.3)) as in (1.2.4). Then given any function v € L'(Q), the following error
bound holds

Ge[u] > Golug,) — C(k)e (1.2.6)

for all € > 0 sufficiently small, where ug, is the function given in (1.1.17) and C(k) is a
known, sharp constant that depends only upon W, P(Ey; <)) and the mean curvature k of
0FEy.

Thanks to the previous energy estimate, we are naturally led to the study of motion of
solutions of the initial value problem (1.2.1). We will denote

X, = {u€L2(Q):/Qudx—m}.

The first main result in the first part of this thesis is the following.

Theorem 1.2.2. Assume that Q), W, m satisfy hypotheses (2.1.1)-(2.1.6), (2.1.9), (2.1.11),
and let Eq be a volume—constrained global perimeter minimizer with L™(Ey) = ro. Fur-
thermore, suppose that Lq satisfies a Taylor expansion of order two at rqy as in (1.2.4).
Assume that ug € X N L>(Q) is such that

uy — ug, in L*(Q) ase — 07, (1.2.7)

and
G:[ug) < Golug,] + Ce (1.2.8)

for some C' > 0. Let u® be a solution to (1.2.1). Then, for any M > 0

sup  ||[u(t) — ug,||r2 — 0ase — 0T, (1.2.9)
0<t<Me—1



Remark 1.2.3. The assumption u € X1NL>(S?) is needed in order to ensure regularity of
the solutions, see Theorem 2.4.1. In particular, (2.4.1) is satisfied thanks to the hypotheses
on the potential, see (2.1.6).

Using Theorem 1.2.1, we can also prove that solutions to the Cahn—Hiliard equation
with Neumann boundary conditions

([ uf = —Av, in 2 x (0, 00),

v, = 2Auf — W (uf)  inQ x [0,00),
ous  Ov. (1.2.10)

5~ n =0 on 92 x [0, 00),

[ u® = ug on {2 x {0}.

admit analogous properties. As a matter of fact, it is well-known that the Cahn—Hilliard
equation can be seen as the Xy—gradient flow of the energy in (1.1.15), where the space
X5(Q) is similar to H (). In particular, following [52], we will formally denote

XQ(Q) = ((H1<Q))/7 < ) >X2)a

where the inner product will be precisely introduced in Section 2.4. We will prove the
following.

Theorem 1.2.4. Let n = 2,3, assume that ), W, m satisfy hypotheses (2.1.1)—(2.1.6),
(2.1.9), (2.1.11), and let Ey be a volume—constrained global perimeter minimizer with
L"(Ey) = 1. Furthermore, suppose that I, satisfies a Taylor expansion of order 2 at
ro as in (1.2.4). Assume that ui € Xo N L*(Y) is such that

uf — ug, in Xo(Q) ase — 07, (1.2.11)

and
Ge[ug) < Golug,) + Ce (1.2.12)

for some C' > 0. Let u® be a solution to (1.2.10). Then, for any M > 0

sup  ||u® —ug,||x, = 0ase — 0. (1.2.13)
0<t<Me~1

Remark 1.2.5. To the best of our knowledge, regularity results for (1.2.10) have not been
rigorously derived in the case n > 4. For this reason, the previous result is stated in a
lower dimensional setting and we rely on Theorems 2.4.2 and 2.4.3 for the regularity of
solutions. On the other hand, if we assume that solutions u®(t) € L'(Q) for all t > 0, then
the result holds for any 1 < n < 7.

Next we show that Theorem 1.2.2 continues to hold for certain volume—constrained
local perimeter minimizers (for a precise definition see Definition 2.2.6 in Section 2.1).
For this purpose, we introduce a local version of the isoperimetric function Z, defined by
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(1.2.2). Given a Borel set Fy C 2 and 6 > 0 we define the local isoperimetric function of
parameter ¢ about the set F to be

5" (r) == inf{P(E, Q) : E C QBorel, L"(E) = r,a(E, E) < 6}, (1.2.14)

where
Oé(El, EQ) = mln{ﬁ”(El \ EQ), En(EQ \ El)} (1215)

for all Borel sets E7, Fy C €.
Under smoothness assumptions on IS‘;’EO and other technical hypotheses on Q, W, m
(see Section 2.1), we will prove the following result.

Theorem 1.2.6. Assume that Q), W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9), (2.1.11),
let Eqy be a volume—constrained local perimeter minimizer with L™(FEy) = ro. Fix § > 0
and suppose that Ig’EO admits a Taylor expansion of order two at rq as in (1.2.4). Then for
any u € L'(Q) satisfying

lu — ug, || < 26 (1.2.16)

we have
G.[u] > Golug,] — C(K)e, (1.2.17)

for e > 0 sufficiently small, where C(k) is a known, sharp constant that depends only upon
W, P(Ey; ) and the mean curvature k of OFEy.

Remark 1.2.7. The closeness condition (1.2.16) depends on the distance between the wells
of W, and it precisely reads as |[u — ug,||12 < (b— a)d. Without loss of generality, we will
assume a = —1 < 1 =05, see (2.1.11).

Replacing Z, with Ig’EO, we are able to show that Theorem 1.2.1 continues to hold for
volume—constrained local perimeter minimizers. In turn, this brings us to the next main
result of the first part of this thesis.

Theorem 1.2.8. Assume that Q), W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9), (2.1.11),
and let Ey be a volume—constrained local perimeter minimizer with L™(Ey) = ro. Fix
0 > 0, and suppose that I?Z’EO admits a Taylor expansion of order two at 1y as in (1.2.4).
Assume that uf € X, N L>(Q) is such that

ug — ug, in L*(Q) ase — 0%, (1.2.18)

and
Gelug) < Golug,] + Ce (1.2.19)

for some C' > 0. Let u® be a solution to (1.2.1). Then, for any M > 0

sup  ||Ju(t) —ug,||;r — 0ase — 0F.
0<t<Me~1



In view of the previous theorem, the regularity of Ig’EO at r is of crucial importance.

Note that unlike Z,, the function Ig’EO depends upon 7y, and thus semi—concavity does not
provide enough information. We will focus on the case in which FEj is either a ball or a
set with positive second variation in the sense of (2.3.6). The case in which Ej, is a ball is
linked to the case of phase “bubbles”, which have been extensively studied in [2], [3], [4],
and [5] (see Section 3.2).

Theorem 1.2.9. Let ) satisfy (2.1.1), let Ey = B, (z0) CC Q for some xy € Q with
po = (ro/wn)Y™. Then there exist 5y > 0 and 0 < r| < rq such that

S5 (r) = Cur™, (1.2.20)

forallr € [rg — 11,79 +11] and all 0 < 6 < &y, where C,, is a constant depending only on
the dimension n. In particular, the map r Ig’EO (r) admits a Taylor expansion of order
two at rq as in (1.2.4) and Theorem 1.2.8 holds for E.

Here w,, := L£"(B1(0)). Moreover, we are able to prove regularity of Ig’EO in the
setting of isolated local minimizers with positive second variation in the sense of (2.3.6).
The proof of the previous result relies upon the theory of the stability of the perimeter
functional developed by Fusco, Maggi and Pratelli [40]. In particular, we use the results
obtained by Julin and Pisante [49], who extended the techniques introduced by Acerbi,
Fusco and Morini [1].

Theorem 1.2.10. Suppose that ) satisfies (2.1.1), and that Ey is a local volume—
constrained perimeter minimizer with L"(Ey) = ro and with positive second variation
in the sense of (2.3.6). Then, for sufficiently small 6, Ig’EO admits a Taylor expansion of
order two at rq as in (1.2.4). In particular, Theorem 1.2.8 holds for such E,.

1.3 Swift-Hohenberg

The fourth order partial differential equation
uy = ru— (¢° + V?)u+ f(u) (1.3.1)

is a generalization of the Swift—-Hohenberg equation introduced in 1977 by Swift and
Hohenberg [76] as a model for the study of pattern formation, in connection with the
Rayleigh—Bénard convection, e.g. see [27],[51]. Among many different applications, the
most famous ones in the literature are those in connection to pattern formation in vibrated
granular materials [77], buckling of long elastic structures [48], Taylor—Couette flow [47],
[69], and the study of lasers [53]. Moreover, in recent years considerable interest has
been paid to models of phase transitions in the study of pattern—formation in bilayer mem-
branes, see e.g. [21] where the Swift—-Hohenberg equation turns out to be the gradient flow
of Ginzburg-Landau type energies with respect to the right inner product structure.
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Consider (1.3.1) on a periodic domain with a characteristic size L = 1/¢, where 0 <
e < 1. Letting W be the primitive of s — 2(f(s) + (r — ¢*)s), ¢ := 2%, and rescaling
time and space by ¢ in (1.3.1), we obtain at the rescaled formulation

S 1.3.2
u(x,0) = uf(x) xz e T, ( )

{ut = —W'(u) — 2e%qus, — 2e™u reT,t>0,

where T is a one—dimensional torus, and wu; is the initial datum. As above, W : R —
[0,400) is a double-well potential with phases supported at a < b, and we study the
long—time behavior of solutions when ¢ > 0 is sufficiently small. In particular, due to the
presence of the small parameter ¢ in (1.3.2) the solutions are expected to develop interfacial
structure driven by the minima of the potential W. Equation (1.3.2) may be viewed as a
gradient flow associated to a second order energy functional, and our main result consists
of an asymptotic lower bound on the corresponding energy functional and the consequent
bounds on the speed of evolution of the developed interfaces, as in the case of the lower
order Allen-Cahn equation (1.1.1).

Equations associated to higher—order energy functionals have been studied in the last
two decades. For instance, in [50] the authors consider a family of the form

€2k
|

He(u) = é/l (Z": i

where u*) stands for the k—th spatial derivative of u. Due to difficulties associated with
higher order nature of the functional, in particular, the lack of exact solutions of the cor-
responding Euler-Lagrange equation, sharp bounds analogous to (1.1.12) have not been
established. An important condition on H. in [50] is

u®|? 4 W(u)) dx, (1.3.3)

(HP) There exist constants dy,n > 0 such that for every interval / C R with length || >
do, and for all w € H"(I) := W?™(I)

/ (Z ’YkIu(k)|2> dx > 77/ (|u(")\2 + |[W'?) da. (1.3.4)
I \k—1 1

Under this hypothesis the authors prove that for any «w € H"(I) sufficiently close to a step
function taking values -1 and having exactly N jumps,

Ho(u) > Nmy — Cexp (—%) , (1.3.5)

where ) is a constant satisfying A < |Re(u)|, for all eigenvalues i of the linearization of

n

S (1) u® + W () = 0 (1.3.6)

k=1
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at (£1,0,...,0).

The initial value problem (1.3.2) can be seen as the L?—gradient flow of the second
order energy functional

E.(u;T) := / (éW(u) — eqlu/]* + &?3|u”|2> dr, u€ H*(T), (1.3.7)
T

and our main goals are the extension and the improvement of the bound (1.3.5) for this
energy and, in turn, using this to prove the slow motion of solutions of (1.3.2). We note
that the functional (1.3.7) does not satisfy (HP) due to the negative term in the energy.
We use recently established interpolation inequalities (see [21] and [23]) to overcome this
difficulty if ¢ > O is sufficiently small. Moreover, in the proof of an energy estimate
analogous to (1.3.5), see Theorem 1.3.1, we do not assume any closeness condition on the
H? functions we consider, instead we make an assumptions on the zeros of such functions.
The main result in this framework is the following lower bound on the energy.

Theorem 1.3.1. Let T be the one—dimensional unit torus, and let W satisfy the hypotheses
(2.1.3), (2.1.5) and (2.1.7)—(2.1.9). Let oy > 0. Then there exist qo > 0 and ¢y > 0,
possibly dependent on o and qy, such that if ¢ < qy and w € H?(T) has at least N zeros,
{1, satisfying ming |zy41 — zx| > o then

N
d
E.(w;T) > Nm; —CY_ exp (—g) , (1.3.8)
k=1

forevery ) < ¢ < gy, where dy, = w11 — T, v > 0is defined in (4.1.45) and depends only
on W, while C > 0 is independent of ¢.

‘We remark that a similar estimate can be obtained when the domain is an interval [ :=
(ap, by), with (1.3.8) replaced with

N
E.(w;1) > Nmy —CY_ exp (—@) , (1.3.9)
k=0

where do =T — Qg, dN = bo — IN.

Remark 1.3.2. We highlight the fact that we are not requiring the function w of Theorem
1.3.1 to be L*—close to a jump function, in contrast with [9], [12], [44], [50]. On the other
hand, it is easy to show that if w is L'—close to a jump function v taking values %1, then
there exists an oy > O with the property that the zeros of w are at least cvg > 0 apart, as in
the statement of Theorem 1.3.1.

The energy estimate above is a crucial ingredient to prove slow motion of solutions of
(1.3.2), when the initial data is close in the L! norm to a BV function, as in [12], [44], [50].
In particular, we will consider regular solutions of (1.3.2), whose existence is proved in the
Appendix, see Theorem 4.3.1. Our analysis yields the following result.
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Theorem 1.3.3. Let v € BV (T;{£1}) be a function with N(v) # 0 jumps at xx(v), for
k=1,...,N(v), and let qo > 0 be as in Theorem 1.3.1. Let d := ming, |z, 1(v) — zx(v)|.
Then there exist ¢, 09 > 0 with d — 409 > 0 such that, if u® is a solution of (1.3.2) with
u® € L?((0,00); HY(T)), u¢ € L*((0,00); H*(T)) and initial data ui € H*(T) satisfying

lug = vllprzy <6 (1.3.10)
for 0 < < dg and
1
E (up; T) < Ep(v; T) + —, 1.3.11
(uo; T) < Ep(v )+h(€) ( )
forall 0 < € < gg and for some function h : (0,00) — (0, 00), then for all g < qo,
lim { sup /\ue(x,t) —ug(a:)\dx} =0, (1.3.12)
e=07 Lo<e<Te J1

where

T. := 6> min{h(e), exp((d — 46)v/e)}.
Remark 1.34. If h(c) = exp(dry/e), then
T. = dexp((d — 40)v/e)

which is consistent with the estimates obtained in [44] and [50]. On the other hand, we
remark that our Theorem 1.3.3 provides more general results.

Remark 1.3.5. To the best of our knowledge, only recently some regularity results for the
Swift—-Hohenberg equation have been proved, see [42]. In the statement of Theorem 1.3.3
we assume that the solutions are sufficiently regular. In the Appendix we prove existence
of solutions (though with weaker regularity) using De Giorgi’s technique of Minimizing
Movements (see Theorem 4.3.1).
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Chapter 2

Preliminaries

2.1 Notation and structural assumptions

In the first part of this thesis we consider an open, connected, bounded domain 2 C R",
with n < 7, such that

L) =1, 0NisofclassC*, o€ (0,1]. (2.1.1)

We use the fact that 9 is of class C*“ only in the proof of Theorem 1.2.10. All the other
results in this thesis continue to hold if the regularity of 92 is assumed to be C%°. More-
over, following Remark 5.2 in [55], we believe that, for many of our results, assumption
(2.1.1) could be weakened to assuming that €2 has a Lipschitz boundary.

We will work with a potential W : R — [0, 00) satisfying:

W is of class C?; (2.1.2)
W has precisely two zeros at a < b; (2.1.3)
W"(a) = W"(b) > 0; (2.1.4)
W' has exactly 3 zeros at a, ¢, b, witha < ¢ < b, W"(c) <0; (2.1.5)
lllrln inf [W'(s)| = oc. (2.1.6)
S|—0o0
and, only in the second part of the thesis, we will also make use of
W is of class C® and W (s) = W (—s), forall s € R; (2.1.7)
there exists 0 < ¢y < 1 such that W (s) > cw|s — al?, for s > 0. (2.1.8)
For simplicity, we set
a=-1, b=1, (2.1.9)
and a prototype for W is given by
1
W(s) := 1(52 — 1) (2.1.10)



Furthermore, without loss of generality, we will work with masses m (see (1.1.14)) satis-

fying
€ (—1,1). (2.1.11)

By way of notation, constants C' vary from line to line throughout the whole thesis.

2.2 BV functions and perimeter

We recall some definitions and basic results from the theory of functions of bounded vari-
ation, see, e.g., [34], [54].

Definition 2.2.1. Let (2 C R" be an open set. We define the space of functions of bounded
variation BV (Q) as the space of all functions v € L'(Q) such that forall i = 1,...,n
there exist finite signed Radon measures D;u : B(2) — R such that

/ Uy, dx = / ¢dDju

forall p € C3°(Q2). The measure D;u is called the weak, or distributional, partial derivative
of u with respect to x;. Moreover, if u € BV (QQ) then the total variation measure of Du is
finite, namely

| Dul(£2) := sup {Z/ Q;dDju: @ € Co(S4R"), [|®|cyamn) < 1} < 0.
i=1 79

It is well-known that characteristic functions of smooth sets belong to BV (2). More
generally, we have the following.

Definition 2.2.2. Let E C R" be a Lebesgue measurable set and let () C R™ be an open
set. The perimeter of F in (), denoted P(E; ), is the variation of x g in S, that is,

P(E;Q) :=|Dxg|(£).

The set E is said to have finite perimeter in Q2 if P(F;Q) < oo. If Q = R", we write
P(E) := P(E;R™).

Given a set E of finite perimeter, by the Besicovitch derivation theorem (see, e.g., [34])
for |Dxgl|-a.e. x € supp|Dxg| there exists the derivative of Dy g with respect to its total
variation | Dy g|, and it is a vector of length 1. For such points we have

Dxp , . Dxg(B(z))
——(x) = lim —————"
| Dxl r=0 |Dxp|(Br(2))
Definition 2.2.3. We denote by O*F the set of all points in supp(|Dxg|) where (2.2.1)

holds. The set O*E is called the reduced boundary of E, while the vector vg(x) is the
generalized exterior normal at x.

=: —vg(x) and |vg(x)| =1. (2.2.1)
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By the structure theorem for sets of finite perimeter, (see, e.g., [34], Theorem 2, (iii),
page 205), if E has finite perimeter in R" then for any Borel set F' C R"

P(E;F)=H"Y0"ENF), (2.2.2)

where H"~! stands for the (n — 1)-dimensional Hausdorff measure. A classical result in
the theory of sets of finite perimeter is the following isoperimetric inequality.

Theorem 2.2.4. Let E C R", n > 2, be a set of finite perimeter. Then either E or R" \ E
has finite Lebesgue measure and
n—1 w;l/n

min{L"(E), LM(R"\ E)}+ <

——P(E), (2.2.3)

where equality holds if and only if E is a ball.

A version of the isoperimetric inequality also holds in bounded domains (see Corollary
3.2.1 and Lemma 3.2.4 of [57], or [22]).

Proposition 2.2.5. Let () C R" be an open, bounded, connected set with Lipschitz bound-
ary. Then there exists Cq > 0 such that

min{L"(E), L"(Q\ E)}"+ < CqP(E;Q) (2.2.4)
for all sets E C ) of finite perimeter.
Next we give the formal definition of a local volume—constrained perimeter minimizer.

Definition 2.2.6. Ler () C R" be an open set. A measurable set Fy C € is said to be a
volume—constrained local perimeter minimizer of P(+, <) if there exists p > 0 such that

P(Ey; Q) =inf {P(E;Q) : E C QBorel, L"(Ey) = L"(E), L"(E/AE) < p}.

The next proposition motivates the definition of local isoperimetric function Ig’EO (see
(1.2.14)).

Proposition 2.2.7. Let () C R" be an open set, let E, C () be a Borel set and let vy, =
—XE, T XEyc- Then
a(By,{u<s}) <6 (2.2.5)

forall w € L*(Q) such that
lu = v, || 21 < 26, (2.2.6)

and for every s € R, where « is the number given in (1.2.15).
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Proof. Fix 6 > 0 and for s € R define F; := {x € Q : u(x) < s}. If s € (—1, 1) then, by

(2.2.6),
252/ |u—vE0|dx+/ |u — vg,|dx
FS\EO EO\FS

> (1—=8)L"(Fs\ Eo) + (1 +s5)L"(Eg \ Fs) > 2a(Ey, Fy),
so that (2.2.5) is proved in this case. If s > 1, again by (2.2.6),

25> [ fu-vslde 2 (14 )£ (Ea\ F.) 2 2a(Eq. F)
Eo\Fs

The case s < —1 is analogous. 0

2.3 First and second variation of perimeter

We recall here the following standard definitions and theorems from Chapter 17 in [56].

Definition 2.3.1. Ler 2 C R" be open. A one-parameter family { f(-;¢)}; of diffeomor-
phisms of R" is a smooth function

(x,t) € R" x (—€,€) = f(x;t) e R, € >0,

such that f(-;t) : R" — R" is a diffeomorphism of R" for each fixed |t| < €. In particular,
we say that {f(-;t)}¢<c is a local variation in 2 if it defines a one-parameter family of
diffeomorphisms such that

f(z;0) =z forallz € R",
{r eR": f(z;t) £} CCQ forall0 < |t| <e.

It follows from the previous definition that given a local variation {f(-;¢)}¢<c in €,
then
EAf(E;t) cc Q  forall E C R™.

Moreover, one can show that there exists a compactly supported smooth vector field 7" €
C(2; R™) such that the following expansions hold in R",

flz;t) =2+ T(x)+ O, Vf(r;t) =1d+tVT(x) + O(t?), (2.3.1)
where V denotes the derivative with respect to x, and 1" satisfies
T(z) = fi(2;0) = €R",
with f;(x;0) standing for the derivative of f with respect to ¢ evaluated at (x; 0).

Definition 2.3.2. The smooth vector field T in (2.3.1) is called the initial velocity of
{f(a t)}|t|<e-
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The following result gives an explicit expression for the first variation of the perimeter
of a set I, relative to €2, with respect to local variations { f(-; ) } < in €, that is, a formula

for
d

pr P(f(E;t);Q) forT e CF(Q;R") given.
t=0

Theorem 2.3.3 (First variation of perimeter). Let 2 C R™ be open, let E be a set of locally
finite perimeter, and let { f(-;t) }|1|<c be a local variation in ). Then

P(f(E;t);Q) = P(E;Q) +t / divgTdH" ' + O(t?), (2.3.2)
O E
where T is the initial velocity of { f(-;1) }j1<c and divgT : 0*E — R, defined by
divgT(x) .= divl — vg(x) - VI'(2)VEg(z), x € O*F, (2.3.3)
is a Borel function called the boundary divergence of 7" on FE.

In the case of volume—constrained perimeter minimizers, the following holds.

Theorem 2.3.4 (Constant Mean Curvature). Let {2 C R" be an open set, and let E, C )
be a volume—constrained perimeter minimizer in the open set §). Then there exists \g € R
such that

/ divgTdH" ' = N\ / (T - vg)dH™ ' forall T € C(S;R™).
o*E

O*E

In particular, Ey has distributional mean curvature in ) constantly equal to )y, and we
denote K, = \o.

In order to characterize the second variation for the perimeter of open, regular sets, we
need to introduce some preliminary tools.

Proposition 2.3.5. Let () C R" be open, and let E C §) be an open set such that OE N ) is
C?. Then there exists an open set ) with QN OE C ' C Q such that the signed distance
function s : R" — R of F,

dist(z,0F) ifz € R"\ E,
sp(r) = : .
—dist(z,0F) ifz € E,
satisfies sp € C*(QV).

The previous result allows us to define a vector field Ny € C*(€2';R™) and a tensor
field Ap € C°(€Y; Sym(n)) via

Np:=Vsg, Ap:=V%sp on. (2.3.4)
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In particular, one can show that for every z € (2 N OF there exist r > 0, vector fields
{m}r=1 C CYB,(x);S" ), and functions {r;}}—; C C°(B,(z)), such that {7, }}}
is an orthonormal basis of T,0F for every y € B,(z) N AE, {7,}}Z] U {Ng(y)} is an
orthonormal basis of R" for every y € B,.(z), and

A5(y) = 3 rn()mu(y) ® m(y) forally € B, (x).

Definition 2.3.6. Let 2 C R" be open, and let E C () be an open set such that OF N () is
C?. Foranyy € B,(x)NOE, Ag(y) (seen as symmetric tensor on T,0E @ T,0F) is called
the second fundamental form of OF at y, while {7, }}—1 C S"' N T,0F and {rk;}}_] are
denoted the principal directions and the principal curvatures of OF at y.

We recall that for any matrix 91 the Frobenius norm, which we will write |91|, is given

by
M= ) )2 (23.5)
i g

Proposition 2.3.7. Let () C R"™ be open, and let E C () be an open set such that OFE N ) is
C?2. The scalar mean curvature x of the C*~hypersurface Q2 N OF is locally representable
as

n—1
ke(y) =Y kn(y) forally € B,(x) NOE,
h=1

while the second fundamental form satisfies

n—1

A2 = (ka(y))? forally € B,(x) N OE.

h=1
We now state the following theorem.
Theorem 2.3.8 (Second variation of perimeter). Let 2 C R" be open, let EE C () be an
open set such that OE N Q is C?, ( € CX(Q), and let { f(-;t) } < be a local variation
associated with the normal vector field T = (N € C1(Q;R"™). Then
d2
dt? li=o
where V p( := V( — (vg - V()vg denotes the tangential gradient of  with respect to the
boundary of E.
We will say that £ has positive second variation if
d2
dat?
for every local variation { f(-; ) } <.

We conclude this section with the following version of the divergence theorem, see,
e.g., [56], Theorem 11.8 and equation 11.14.

PUF(E: 1): Q) = /a IVECP + (s [Agf) G,

P(f(E;t);Q2) >0 (2.3.6)

t=0
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Theorem 2.3.9. Let M C R" be a C*—hypersurface with boundary T'. Then there exists a
normal vector field Hy € C(M;R") to M and a normal vector field v} € C1(I'; S*1)
to T such that for every T € C}(R"; R")

/ divy TdH" ™ = / T -HydH" ' + / (T - v¥"ydH" 2,
M M T

where H) is the mean curvature vector to M and div,,T is the tangential divergence of T'
on M, defined by

divy T := divl — (VTvy) - vy = trace(VVT), (2.3.7)

with vy : M — S™! being any unit normal vector field to M.

2.4 Regularity of solutions and gradient flows

We start by recalling results about the regularity of solutions of (1.2.1) and (1.2.10), re-
spectively. In the case of the nonlocal Allen—Cahn equation, we follow [62]: assume that 2
and W satisty (2.1.1)—~(2.1.6) and let s; < s be two arbitrarily chosen constants such that

W' (sy) < W'(s) < W'(s1),
for all s € (s1, s2). Furthermore, assume that the initial data u§ in (1.2.1) satisfy
us € L*(Q) and 51 < uf < s ae. in Q, (2.4.1)

and set
QT =0 x (O,T)

Then the following holds.

Theorem 2.4.1 ([62], Theorem 1.1.1). Fix ¢ > 0, let 2, W, m satisfy hypotheses (2.1.1)—
(2.1.6), (2.1.9), 2.1.11), n > 2 and assume that (2.4.1) holds. Then the problem (1.2.1)
admits a solution u® € C([0,00); L*()) such that, for every T > 0,

u® € L®(Qr) N L*(0;T; HY(Q)) and u$ € L*(0,T; (H'(Q))").
Moreover, u® € C>(Q x (0,00)),
s1 < u(z,t) < sy forallz € Qandall t > 0.

The variational approach we will follow throughout this thesis relies on the concept of
gradient flow of a given energy. In the case of the nonlocal Allen—Cahn equation, we notice
that integrating (1.2.1) with respect to = gives

d 1
0= i/, u® dx — /Q (—aAuE - EW’(uE) — >\5> dx

d 1 d
=— / u® dx — / (—W’(ue) — )\5) de = — [ u®dz,
dt Q o \ & dt QO
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where we have used the Neumann boundary conditions, see (1.2.1). In other words, (2.4.2)
is highlighting the fact that solutions of the nonlocal Allen—Cahn equation preserve the vol-
ume, thanks to the presence of the Lagrange multiplier \.. Moreover, the regularity results
of Theorem 2.4.1 allow us to remark that multiplying the nonlocal Allen—Cahn equation by
u; and integrating by parts, using boundary conditions and the volume preserving condition
(2.4.2), gives

G.[u7)(0) — Gulu)(T) = &~ / 45 ()| 2 . (2.4.3)

for any 7 > 0, which is precisely what we mean when we say that (1.2.1) has a gradient
flow structure. 1t is very important to recall that our energy (1.1.15) is slightly different
from the unconstrained version of the energy that is used in [12], [8], as those works con-
sider the classical Allen—Cahn equation (1.1.1).

In the case of the Cahn—Hilliard equation, we define the space
HY(Q) :=={w € H*(Q) : vgq - Vv = 0 on 90},

where vy, denotes the exterior normal to the boundary of (). The following regularity result
was proved in [33]. See also [63] for a refined version, and Chapter 4 in [28].

Theorem 2.4.2. Fix e > 0, let 2, W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9), (2.1.11),
for n < 2, and assume that u§ € H%(Q). Then for any T > 0 there exists a unique global
solution u® of (1.2.10) such that

u € HY(Qr).

Theorem 2.4.3. Fix e > 0, let 2, W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9), (2.1.11),
forn < 3, and assume that ug € LQ(Q). Then there exists a unique solution u® to (1.2.10)
such that for all T > 0

uf € C([0;T); L*(Q)) N L*(0,T; H(Q)) N L*0,T; L*(Q)).
Moreover; if u € H% (), then for all T > 0,
w® € O([0,T); H¥ () N L*(0, T; D(A?)),

where D(-) stands for the domain of a given operator, while A is the Laplacian with Neu-
mann boundary conditions.

Furthermore, (1.1.2) can be seen as the gradient flow with respect to a variant of
(H'())" of the energy G.. To be precise, the following approach is standard in study-
ing the Cahn—Hilliard equation (see, e.g., [52]): let ( , ) denote the dual pairing between
(H'(2))" and H'(Q), and recall that for every f € (H'(Q)) there is a g € H'(Q) such
that

(f,¥) :/Vg-VgodI forall p € H'(9).
Q
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As the function ¢ is unique, up to an additive constant, we denote by —A)_é f the function
g with 0 mean over (). We then define the inner product

(u,v)x, == /QV(AEU) - V(Axiv)dz  foru,v € (H'()),

so that Xy := ((H'(Q)), (, )x,) is a Hilbert space. After rescaling time by &, we get
ui = _VXQQE(ue)v

where
Vix,Ge(u) = —A(—*Au+ W' (u)).

In particular, in this case we have

Gelu)(0) = Ge[u(T) =" /0 14 (s)I1%, ds. (2.4.4)

2.5 ['-convergence and interpolation inequalities

In this section we recall some properties of the energy
1
E.(u;Q) := / (—W(u) — eq|Vul? + 53|V2u|2) dz, (2.5.1)
o \ €

in the more general setting where (2 is a bounded open set of R™ with C'! boundary, ¢ > 0 is
a small parameter, and 1/ is a double-well potential, as in (2.1.10). In [21] Chermisi, Dal
Maso, Fonseca and Leoni proved that the sequence of functionals &, : L?(2) — RU{+o0},
defined by

. E.(w;Q) ifue H*Q),
T Yoo ifue LAQ)\ H2(9),

['—converges as € — 07 to the functional & : L*(2) — R U {400},

&(u) = {mnP({u =1}Q) ifue BV(Q;{-1,+1}),

+00 if u € L*(Q)\ BV (Q; {—1,+1}),
where
my, ‘= 1nf{E€<u,Q) 0<e<L 1,U€An},
Q= (—%,%)n, and
2 n 1
A, = {u €eH; (R"), u(x) = —1nearz-e, = —5
1
u(z) = 1nearx - e, = 3

u(z) :u(x—l—ei)forallxeR”,i:1,...,n—1}.
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We define the one—dimensional rescaled energy

E(v; A) := / (W(v) = g|v'|* + V") du, (2.5.2)
A
and we introduce the set of admissible functions
={v € Hy (R) : v(z) = —1near x = a,v(z) = L nearx = b} . (2.5.3)

It was proved in [21], Section 5.1, that

r—+o0

mlzinf{E(v;]R): € H2.(R), lim v(x)::lzl}, (2.5.4)

so that in dimension n = 1 we have

fofu) Nmy ifue BV((a,b);{-1,+1}),
U oo ifu e L2((a,b)) \ BV ((a,b); {~1,+1}),

where N is the number of jumps of the function u. We further define

my = inf {E(w; R") : v € Hy (RY), lim u(z) =+1, u(0) =0}
T—00
=inf {E(w;R7) :u € H (R7), lim u(z)==+1, u(0)=0} (2.5.5)
T——00
and remark that in our case of a symmetric potential W, m, = m_ = m;/2. One of

the key tools to prove the I'—convergence result is the following nonlinear interpolation
inequality, see e.g. Theorem 3.4 in [21].

Lemma 2.5.1. Let ) be a bounded open set of R™ with C* boundary, and assume that
W satisfies (2.1.3), (2.1.5) and (2.1.7)—(2.1.9). Then there exists a constant ¢* > 0, inde-
pendent of ), such that for every —oo < q < q*/N there exists g = £0(£2,q) > 0 such

that
qe /|Vu| dx</W Ydw + & /|V2u|2dx

forevery e € (0,20) and every u € H*()

In particular, in the one dimensional setting we will often use the following nonrescaled
version of the previous result, see Lemma 3.1 in [23].

Lemma 2.5.2. Let W be a continuous potential satisfying (2.1.3), (2.1.5) and (2.1.8). Let
I C R be an open, bounded interval. Then there exists a constant ¢* > 0 such that

q /1( u')dx < e /W (u)dz + L'(I)* /I(u")2dx
for every u € H*(I).
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2.6 Smooth linearization near the hyperbolic fixed point

In the proof of Lemma 4.1.4 we use the fact that in a sufficiently small neighborhood of
the fixed point z, of the system (4.1.19), F' admits a C' linearization. This variant of
the classical Hartman—Grobman Theorem is based on the concept of ()—smoothness of the
Jacobian matrix D F'(z) introduced in [72]. Following [72], we define

4
y(A;m) ==X — Zmiri, for A € C, m; € Ny, (2.6.1)

i=1
where r; are the eigenvalues in (4.1.46).

Definition 2.6.1. A matrix A is said to satisfy the Sternberg condition of order N, N > 2,
if
v(A;m) # 0, forall A € X(A),and for all m such that 2 < |m| < N, (2.6.2)

where |m| := > m;. We will say that A satisfies the strong Sternberg condition of order
N, if A satisfies (2.6.2) and
Rey(A;m) # 0, (2.6.3)

forall A € X(A) and all m such that |m| = N.

Definition 2.6.2. Let X7 (A) and X~ (A) be the set of eigenvalues of A having positive and
negative real part respectively. A is said to be strictly hyperbolic if

LHA)£0, (A #0.
The spectral spread of A is defined by

max{|Re\| : A € X7 (A)}

pi= min{|Re\| : A € Zi(A)}’

for j = +.

Definition 2.6.3. Ler () € N and A be hyperbolic. The ()—smoothness of A is the largest
integer K > 0 such that

(i) Q—Kp~ >0,if SF(A) = 0;
(i) Q — Kpt >0,if 5 (A) = 0;

(iii) there exist M, N € NwithQ = M + Nand M — Kpt >0, N — Kp~ > 0, when A
is strictly hyperbolic.

The following theorem is proved in [72] (Theorem 1, page 4).
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Theorem 2.6.4. Let X be a finite dimensional Banach space. Let () > 2 be an integer.
Assume that G is of class C*? on U C X with 0 € U, where D?G(0) = 0 for p =0, 1. Let
A be strictly hyperbolic and assume it satisfies the strong Sternberg condition of order Q.
Then

' = Az + G(x) (2.6.4)

admits a C*—linearization, where K is the Q—smoothness of A. In other words, there exists
a CK—diffeomorphism between solutions of (2.6.4) and solutions of its linear part.

In fact, as remarked in [72], in the case of A strictly hyperbolic it suffices to assume
that G is of class C@+max(M,N)+K Tp the remainder, we show that under the assumptions
of Lemma 4.1.4, the matrix D F'(0) satisfies the strong Sternberg condition of order N = 2
and the 2-smoothness of DF'(0) is K = 1.

Lemma 2.6.1. Consider the ordinary differential equation
¥ = F(x), (2.6.5)

where F is a C* mapping R* — R? satisfying F(0) = 0. Assume the linearization DF(0)
has four eigenvalues +v + 61, where v > X\ > 0. Then, the matrix DF(0) satisfies the
strong Sternberg condition of order N = 2. Moreover, the (Q—smoothness of DF(0) is
K =1, and (4.1.19) admits a C'—linearization around the hyperbolic fixed point 0.

Proof. We write (2.6.5) as

2 = DF(0)z + G, (2.6.6)
where G(x) := F(x) — DF(0)x is of class C*, G(0) = F(0) = 0, DG(0) = DF(0) —
DF(0) = 0 and show that (2.6.2) and (2.6.3) hold for N = 2. Recalling (2.6.1), we have

Y(ri;m) = (1 —my)ry — mary — marz — mary, (2.6.7)
where |m| = Y21 m; = 2and ry =y + 8i, 7y 1=y — 8,13 1= —y + i, 1y 1= —y — Ji

are the eigenvalues of DF'(0). Assume, for the sake of contradiction, that Rey(r1;m) =0
with |m| = 2. Setting the real part of (2.6.7) to 0 and recalling that |m| = 2, we have

1—my —mao+mg+my =0,
Lo (2.6.8)
mi+ma +mg +my =2,
Adding the two equations and dividing by two, one has
ms +my = 1/2, (2.6.9)

a contradiction since mg and m, are integers. A similar argument for any A € (D f(0))
shows that (2.6.3) and (2.6.2) hold for the matrix D f(0), and N = 2.

It remains to prove that the 2-smoothness of DF'(0) is K = 1. Since |Re)| = 7, for
all A\ € X(Df(0)), then the spectral radius of D f(0) is p' = 1, for i = +. Being D f(0)
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strictly hyperbolic, we are in case (iii) of Definition 2.6.3 and () = 2 implies M = N = 1.
In turn, the largest integer K that satisfies

(2.6.10)

M—-Kpt=1-K >0,
N-Kp =1-K>0,

is K = 1, which is then the 2—smoothness of D f(0). We now apply Theorem 2.6.4 with
Q =2and A = DF(0) to conclude that (2.6.6) admits a C'linearization. O
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Chapter 3
Allen-Cahn & Cahn-Hilliard

3.1 Energy estimates and slow motion

This section is devoted to the study of the motion of solutions for both the nonlocal Allen—
Cahn equation (1.2.1) and the Cahn—Hilliard equation (1.2.10). We start by proving Theo-
rem 1.2.2 and Theorem 1.2.4, and subsequently we study solutions of the nonlocal Allen—
Cahn equation whose initial data is close to a configuration that locally minimizes the
perimeter of the interface, by proving Theorem 1.2.8. In the latter, we make use of a new
local version of the well-known isoperimetric function, whose regularity properties will be
investigated in Section 3.2.

3.1.1 Slow motion near global perimeter minimizers

Due to the fact that the same strategy of proof holds for both Theorem 1.2.2 and Theorem
1.2.4, we will follow the convention that || - ||x stands for the L? norm in the case of the
nonlocal Allen—Cahn equation, Theorem 1.2.2 (so that in this case X = L?), while X = X,
in the case of Theorem 1.2.4.

Proof of Theorem 1.2.2 and Theorem 1.2.4. Fix ¢ > 0, let M > 0 and let t € [0, M].
By properties of the Bochner integral (see, e.g., [11], [30]) and Holder’s inequality

[|us(8) = il x < Jus(t) — ugllx + [Jug — um, l1x

t
< [ o)l ds -+ 1165 w1+
0

t 1/2
<12 ( / ||uz<s>||§<ds) T 11 — gy Ix.

(3.1.1)

Since uf(t) € L*(Q2) for all t > 0 (see Theorems 2.4.1, 2.4.2, 2.4.3), we apply Theorem
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1.2.1 and use the gradient flow structure (2.4.3) and (2.4.4) to obtain

/0 [luz(s)|[x ds = eGc[u](0) — eGe[u] (1)
< eGolug,] + Ce? — eGolug,] + C(k)e* < Ce?,

(3.1.2)

where we have used (1.2.8) and (1.2.12). In turn, by (3.1.1) and (3.1.2)

Jus () — up||x < Cet'’? + ||uf§ — up,||x

< O 4 ||uf — ug||x.

Taking the supremum over all ¢ € [0, ™' M| on both sides, followed by a limit as ¢ — 07,
and using (1.2.7) in the Allen—Cahn case, or (1.2.11) in the Cahn—Hilliard one, gives the
desired result. [

Remark 3.1.1. It follows from the previous proof that

lim sup |[|u®(t) —ug||x =0
e=0% 0<t<g(e)

for every decreasing function g : (0,00) — (0, 00) with

lim s%g(s) = 0.

s—0t

In particular, we can take g(s) := s°~2, where 6 > 0. This is also true when we later study

slow motion near local perimeter minimizers.

3.1.2 Slow motion near local perimeter minimizers

Here we prove Theorem 1.2.8. In order to do so, we need to introduce some tools and
prove the key energy estimate Theorem 1.2.6. Throughout this section we will assume that
) C R™is asin Section 2.1 (see (2.1.1)) and that Fj is a volume—constrained local perime-
ter minimizer with £"(Fy) = ro, see Definition 2.2.6. Moreover, we will assume that Ig’EO
admits a Taylor expantion of order 2 as in (1.2.4), at r, for some 6 > 0. We remark that
Theorem 1.2.9 and Theorem 1.2.10 are two cases where we will prove the validity of the
last assumption, as long as ¢ is sufficiently small (see Section 2.4). For simplicity, we write
T° in place of Ig’EO.

By Proposition 3.1 in [55], we may select a function Z* € C\°((0, 1)) satisfying

loc

T*(ro) = I°(ry), (3.1.3)
0<T*(r) < Z(r) forall 7 € (0,1), (3.1.4)
T*(r) > min {CT‘nT_l, o1 - r)nT_l} for all 7 € (0,1), (3.1.5)
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for some C' > 0, where ¢ is given in (1.2.4).
After extending Z* to be zero outside of (0, 1), we define the function V, via the initial
value problem

Vols) = T (Va(s)),
Va(0) = 5.

Remark 3.1.2. Using (3.1.5), and as 0 < "T_l < 1, a straightforward argument gives
that there exist S1,Ss > 0 finite, such that Vo(s) € (0,1) for all s € (—5S1,S) and
Val(s) ¢ (0,1) otherwise.

Definition 3.1.3. Let u € L'(). For s € R we denote
n(s) :=I"(Va(s)), ols) = L"({u < s}),

and define the increasing rearrangement of u by

fu(s) :=sup{z: o(z) < Va(s)}.

We remark that our definitions of ¢ and f,, differ from [55], and from other standard
sources on rearrangements, in the direction of our inequalities. In particular, we are choos-
ing to construct an increasing rearrangement, as opposed to a decreasing one. In the case
where 7 is symmetric there is no difference between using an increasing or decreasing re-
arrangement (see [55] Remark 3.11). Since Zg’EO is not symmetric in general, in our case 7
may not be symmetric either. However, the arguments for the increasing rearrangement do
not differ from the decreasing one in our case (see Remark 3.11 in [55]).

Definition 3.1.4. Let I C R be an open, bounded interval and consider the function n in
Definition 3.1.3. We denote the weighted spaces with weight n as

Li(I) = LYI;m), HM)I):=H'(I;n),

n

endowed with the norms

follzy = | 1uslats) ds, wm:(ﬂMW@myz(lwwwmﬁm,

respectively.
We give the following auxiliary result.

Lemma 3.1.5. Assume that ), W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9), (2.1.11),
and let Ey C ) be a volume—constrained local perimeter minimizer. Let ) : R — R be a
Borel function, u € L*(Q0), S1, Sy be as in Remark 3.1.2. Fix § > 0 and suppose that Ié,Eo
admits a Taylor expansion of order two at r( as in (1.2.4). Then

So

/Qw(u(:c))dx = W(fu(s))n(s) ds, (3.1.6)

-5
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provided the integral on the right hand side of (3.1.6) is well-defined. Moreover,

/yu ]dx>/_; 1£(5) — Fu(s)ln(s) ds (3.1.7)

forall w € LY(Q). Furthermore, if u € WP(Q) for some 1 < p < oo and ||u — ug,| 1 <
20, then

[wutopas= [z 319
Q _
In particular, it follows that if ||u — ug, |1 < 20 then
So 9
G.[u] > /S (e W (Juls)) + 2 (f1(s)2)n(s) ds. (3.19)

Proof. We will only show (3.1.8), since (3.1.6) and (3.1.7) follow from Lemma 3.3 and
Proposition 3.4 in [55] (see also [26]), and (3.1.9) is a consequence of (3.1.6) and (3.1.8).
By Proposition 2.2.7, for any u € L'(2) satisfying ||u — ug,||z1 < 26, we have

&(E07 {U S S}) S 4
for every s € R, (see (2.2.6)). In turn, by definition of Z° (see (1.2.14)) we get
T(L"({u < s})) < P{u < s};Q) for L'-ae. s € R. (3.1.10)

In particular, since 2 has finite measure, (3.1.10) holds true for any function in WP((2).
Since the proofs of Lemma 3.3, Proposition 3.4 and Theorem 3.10 in [55] only rely on
properties (3.1.4)—(3.1.5) and (3.1.10), which are shared by Z and 7%, the same results
hold true if we replace T, with Z°. We omit the details. U

We consider the functional F. : L, ((—5S1, S2)) — [0, co] defined by

Ff = {fS;(E‘l(W o f)+e(f))nds if f € Hy((=51, ),

00 otherwise

where H%((—Sl, Sy)) is the space of functions f € H, ((—Si,S>)) with the property that

f_S;l (f — quO)n ds = 0. The following theorem is a simplified version of Theorem 4.20
from [55].

Theorem 3.1.6. Assume that 2, W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9), (2.1.11),
and let Ey be a volume—constrained local perimeter minimizer with L™(Ey) = ro. Fix

0 > 0 and suppose that IS‘;’EO admits a Taylor expansion of order two at ry as in (1.2.4),
and let fo := fu,, be such that

Je = foin L%((—Sh Sg)) ase — 0.
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Then
Fs[fe] > go[uEO] — C(/i)é‘,

for € sufficiently small, where C (k) is a positive constant depending only on the curvature

Of 8E0
We now prove our main energy estimate, Theorem 1.2.6.

Proof of Theorem 1.2.6. Thanks to (3.1.7), if u* — ug, in L'(Q), then f,- — foin L, and
in light of (3.1.9),

gs[us] > fs[fusL

for all ¢ sufficiently small. This, combined with Theorem 3.1.6, gives the desired result.
O

The techniques we use in the remainder of this section are very similar to those found
in [12] and [44]. We begin with the following auxiliary result.

Proposition 3.1.7. Assume that ), W, m satisfy hypotheses (2.1.1)—(2.1.6), (2.1.9),
(2.1.11), and let Ey be a volume—constrained local perimeter minimizer. Suppose fur-
ther that Ié’Eo admits a Taylor expansion of order two at 1 as in (1.2.4), for some § > 0.
Assume that ug € Xy satisfy

uy — ug, in L'(Q) ase — 0" (3.1.11)

and
Gelug) < Golug,) + Ce (3.1.12)

for some C' > 0. Then there exist two positive constants k; and ks, not depending on ¢,
such that

k1€72
[ iR de < ke GL13)
0
where u® is the solution of (1.2.1).

Proof. By the gradient flow structure (2.4.3), for any 7" > 0 we have

T
G.10i] = G.Lu(T) = =~ [ i) s (3.1.14)

which shows that ¢ — G.(u®)(t) is decreasing and ||u5|[7, is integrable. Given ¢ as in the
assumptions, then by (3.1.11),
g — up, |l <6

for ¢ sufficiently small. Now suppose that there exists 7. > 0 small enough that

T:
/ [z ()]| 1 dt < 6. (3.1.15)
0
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Then,

= ||u8(Ta> - Uf)HLl;

T:
/ ug (t) dt
0

T:
62/ D)1 dt > '
0

I
so that
[0 (T2) — gyl < | (T2) = o0 + ot — wgy | < 26 (3.1.16)
and, in particular, by Theorem 1.2.6,
G[u)(T2) > Golug,) — C(k)e. (3.1.17)

By (3.1.12) and (3.1.17) together with (3.1.14),

/0 45 () 2 ds = eGaluf] — Gulu)(T2)

< €go[uEO] + Ce? — 5QO[UE0] < Ce2.

(3.1.18)

In turn, by Holder’s inequality we get

T. 2
(/ IHGITR dt> < CT.€2,
0

2

1 =
T. > o (/0 s ()] ] 11 dt) . (3.1.19)

In order to conclude the proof, we need to make sure that it is always possible to choose
T. as in (3.1.15) and that T, > ke~ 2 for some k; > 0. We argue as follows: suppose first
that

so that

/ ||ug (t)|| 1 dt > 4.
0

Then by continuity we can choose 7. > 0 such that

T:
/0 [ ()llon dt = 6,

and for such a choice of 7., (3.1.19) gives

Thus, by (3.1.18),
k‘1672
/ [us (8)||32 ds < Ce? =: koe?, (3.1.20)
0
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for

(52
k112227.
On the other hand, if
| @l de <
0
then (3.1.18) must hold for all 7, > 0, and (3.1.20) holds true in this case as well. ]

We are now ready to prove the main result.

Proof of Theorem 1.2.8. Let kq, ko be as in Proposition 3.1.7, and rescale u° by setting
@ (z,t) = u®(z,e't). Proposition 3.1.7 applied to @ reads

k1€_1
| Nl e < e
0

and, in turn, by Holder’s inequality, for 0 < M < k;e™1,
M
/ 5 ()| dt < M2 (Jpe) 2. (3.121)
0

For any 0 < s < M, by the properties of the Bochner integral we have

/0 CaE(t) dt

s/uwmmw
Lt 0

|W@—mm:\

M
s/|wwma
0

and thus
M
sup [|i(s) — u||px < / 72 ()| dt. (3.1.22)
0<s<M 0
On the other hand, by (3.1.11),
@S — up, ||z — Oase — OF. (3.1.23)

Putting together (3.1.21), (3.1.22) and (3.1.23) leads to

sup ||a°(t) — ug,||zr — Oase — 0T,
0<s<M

which implies the desired results (1.2.9) and (1.2.13). ]
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3.2 The local isoperimetric Function Ig’EO

As discussed in the introduction, our analysis heavily depends on the regularity of the local
isoperimetric function r — ZJ™ (1) in a neighborhood of 7y := L"(E,), where E, is a
mass—constrained local perimeter minimizer (see Definition 2.2.6). This is due to the fact
that Theorem 1.2.6 assumes that the function Ig’EO satisfies a Taylor expansion of order 2
at 7o (see (1.2.4)). As previously stated, we will write Z° instead of Ig’EO when the set £
is clear from the context.

3.2.1 Regularity in the case £, = B,(0)

Here we prove Theorem 1.2.9, namely that Z° is smooth near ry when Ej is a ball. This
particular choice of E corresponds to the case of “bubbles”, which has been widely studied
in the last two decades (see e.g. [3], [4]). Our approach is rooted in the recent rigorous study
of isoperimetric problems, and thus draws on ideas from geometric measure theory. This
offers transparent, quantitative tools that permit a variational approach to the problem that,
to our knowledge, is novel. We believe that these techniques may also prove to be useful in
the study of other similar PDE problem:s.

Figure 3.2.1: Finding a good “slice” p;.

In what follows, we denote by B, the ball centered at 0 and radius p.

Proof of Theorem 1.2.9. Step 1. We start by assuming that () = B; and that £y = B
with pg < 1.

Given v > 0 (which we will fix later), choose 0 < ¢; < y/4and 0 < 20 < 7.
Fix a Borel set £ C B; with L"(E) = r, admissible in the definition of Z}, (r), with
Ir — ro| < c1, and satisfying P(E; By) = I3, (r).

Define

PO

Vi(p) := /1 HN Y ENOB,)ds =LY (EN(B,\ B,)), pe€lo,1], (3.2.1)
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where we have used spherical coordinates. In particular, we have
L"(E\ B,,) = Vi(po). (3.22)

We claim that for - chosen appropriately we must have that V;(p) = 0 in a left neighbor-
hood of p = 1.

We assume, to obtain a contradiction, that V;(p) > 0 for all p < 1. Our goal will be
to find an appropriate radius p; at which to “slice” our set (see Figure 3.2.1). We will then
estimate the perimeter of the set inside and outside of the slice to demonstrate that a ball
with the same mass decreases the perimeter.

We begin by studying o(B,,, E). Notice that if r = 7, then

LY(ENBy) + LYEN\ By) = L(B,,) = L(B,y N E) + LBy, \ E),  (3.2.3)

and, in turn,
‘Cn(E \ Bpo) = 'Cn(Bpo \ E)

In particular, by (3.2.2) this implies that
0By, E) = LBy, \ E) = LY(E\ By) = Vi(po).
Next, if rg — r =: & > 0 we find that
En(Bpo \E> - fr = £n<E \ Bpo);

and thus by (3.2.2),
a(Bpov E) = ‘Cn(E \ Bﬂo) = Vl(p())7

while if ro — r =: & < 0, then
L"(Bpy \ E) + & = L"(E\ By,) = Vi(po),

which gives
O4(BP0>E) = £n<Bpo \ E) = ‘/1(00) — &

Summarizing, we obtain

Vi if r € —c1,79],
(B, E) = 1(po) o (ro = 1,70l (3.2.4)
Vi(po) — & ifr € (ro,ro + ¢1).
By definition of 79, see (1.2.14), we know that
a(B,,, E) <. (3.2.5)
Thus we find that 5
Vilpo) <6+ 6| < 2+ 2 =77, (3.2.6)
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where we used the fact that |[r — | < ¢; < /4.
We claim that for any C* > 0, if v > 0 (to be fixed later) is so small that

1
* o
(oA — (3.2.7)
n(1 — po)
then there exists a measurable set ' C [py, 1] with £}(F) > 0 such that

. -1 dV,
—C Vi) < (), (3.2.8)
0
forall p € F.
In order to prove (3.2.8), we argue by contradiction and suppose that

1 dV;

—C* (Vi(p)) ™™ > d—p(p)

for a.e. p € [po, 1]. Then, since V; > 01in [0, 1), for all p > py,

. 1d
-C >Hd—p(‘/1(ﬂ)) ,

3=

and, in turn, by the fundamental theorem of calculus, we have

Wil = (V¥ - [ L (Vi(e)?) ds > nCv(1- ),

which, using (3.2.6), implies that

v > Vi(po) > (nC™)"(1 = po)",

a contradiction with (3.2.7). Hence (3.2.7) holds on a set of positive measure.
Next we note that for a.e. p € [po, 1] we have that

H" 1 (O*ENOB,) = 0. (3.2.9)

Thanks to (3.2.8), we can now choose p; € F such that the condition in (3.2.9) is
satisfied. We define

E :=En(B\B,), E,=ENB, (3.2.10)

1

Since

3
LM(Ey) = Vilpy) < Vilpo) < (3:2.11)

by (3.2.1), (3.2.2) and (3.2.6), taking v < rp,, where 75, is the constant given in (2.2.4)
with 2 = B, we have that

n—

P(Ey; By) > Cp, (LY(E) % = Cp,(Vi(p1)) ™. (3.2.12)
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On the other hand, in view of (3.2.9),
P(Ey;By) =P(ENDB,;B)=PENDB,)

P
n—1 n—1

(3.2.13)

> /" (LB N Byy)) ™ = nwy/™(r = Vi(pr))

where we have used the isoperimetric inequality in R™ (2.2.3), and (3.2.1). Using the
inequality

n—1 - 1 - 1

1-s) " >1-" ° >0

no(1—s)» n

forall 0 < s < %, we can bound from below the right hand side of (3.2.13) by

9 s (3.2.14)

1 n_1 1 1 1

nwir . —wp(n—1)2nr = Vi(p1), (3.2.15)

provided v < 3 (see (3.2.11)).
‘We notice that
O"Ey C (0"'EN (B \ B,,))U(ENOB,,),

3.2.16
O"Ey C(0"ENDB,)U(ENJB,). ( )

Since Ej is a set of finite perimeter, using the structure theorem for sets of finite perime-
ter (2.2.2), (3.2.16) implies

H" N O*EN (B, \ B,,)) > P(Ey; B)) —H" Y(ENdB,,)
and similarly for Fs,
H" N (O"EN B,,) > P(Ey; By) —H" ' (ENJB,,).
In turn,

P(E; By) = H"(0"EN (Bi\ By,)) + H"H(0"EN B,,)))
> P(Ey; By) + P(Ey; By) —2H" ' (ENJB,,)

> Op, (Vi(p)) "5+ nwi ™5 — wi (n— 125~ % Vi(py) — 2H" Y (E N B,,),
(3.2.17)
where the first inequality holds in view of (3.2.9), and where we have used (3.2.12), (3.2.13)
and (3.2.14).
Using the fundamental theorem of calculus in (3.2.1) we have that % = —H"YEN
0B,) forall 0 < p < 1, and so also by (3.2.8) the right-hand side of (3.2.17) can be bounded
from below by

1 1 1

(Cp, = 2C")(Vi(p)) "™ + nwir™ s — wi (n — 1)25r 5 Vi(p). (3.2.18)
Fix C* := }1031- By taking <y so small that

1
(Cp, — 2C%) — wyi (n — 1)2wr " wyn > 0,
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by (3.2.11) we have that
n—1

P(E; By) > nw"/™r .
Let p, := (Uf—n)% so that £"(B,,) = r. Then

1

H*H(OB,,) = nw,pl ! = nwgr T,
and so P(E; By) > P(B,,; By). On the other hand,

a(B,,, B,,) =0 <9,

pr
and we have reached a contradiction (see(1.2.14)). It follows that V;(p) = 0 for all p close
to 1. This shows that £ C B, for some p < 1. In turn, P(E; By) = P(E). Hence we can
use the isoperimetric inequality in R" (see (2.2.3)), to conclude that E is in fact a ball of
radius p,.. This proves (1.2.20).

Step 2. Now suppose that £y = B, (z) CC €, for an arbitrary (2 satisfying (2.1.1), for
some z € (). Again, given ay > 0 (which we will fix later), we choose 0 < ¢; < /4 and
0 < 20 < 7. Let R > ry be such that Bg(z) CC . Fix E as in step 1, so that £L"(E) = r,
|r —ro| < ¢y and P(E;Q) = I°(r).
We define
E,:=EN(Q\ Bgr(x)), E,:=FENBg(x)

and estimate
P(E;Q) > P(E;Q\ Br(z)) + P(E2; Br(z)).

Following the same reasoning in the derivation of equation (3.2.6) in Step 1, we have that
L"(E;) < 22, and thus (2.2.4) implies that
P(Ex; Q\ Br(x)) 2 Conpye " (F1) 7

as long as y is small enough. Itis clear that a(E», Ey) < o(FE, Ep), and that | L (Ey)—rg| <
L"(Ey) + |r — 1| < 7. By the results of Step 1 we know that for -y small enough

n—1

P(By; Br(w)) > Thy, 1 (L(Ba)) = nwi (L™ (Ba)) ™5 = nwi (r — L7(Ey)) ™

As in Step 1, defining p, := (WL)%, if £"(Ey) > 0 this implies that

n

P(E;Q) > P(B,, (2)) = P(B,, (x); )

while a(B,, (), Ey) < J, which is a contradiction. Again, as in Step 1, the classical
isoperimetric inequality (2.2.3) then implies that £ must be a ball, which concludes the
proof. U
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3.2.2 Regularity in the case of positive second variation

Here we prove Theorem 1.2.10. We begin by stating the following lemma, which summa-
rizes a number of classical results (see e.g. [43], [45], [55], [56], [75]), see Lemma 5.4 in
[55] for details.

Lemma 3.2.1. Let §Q satisfy the assumptions in Section 2.1 (see (2.1.1)), and let Ey C
Q be a volume-constrained local perimeter minimizer in §). Then OFy is a surface of
constant mean curvature rkg,, which intersects the boundary of ) orthogonally. Moreover,
there exists a neighborhood I of ro and a family of sets {V,}, constructed via a normal
perturbation of Ey (see Theorem 2.3.8), satisfying

LYV, =, li_}rn \V.AEy| =0, (3.2.19)
r—7TQ
and such that the function
i ¢(r):= P(V;Q), forrel,

is smooth. Moreover, the function ¢ satisfies

do(r)

o(ro) = P(Eo; ), — = = kg (n—1), (3.2.20)
r=rg
and
d2¢(7”> _ f@Eo |AEO |2 danl + f@Eoﬂ(’)Q VaE, - AQV8E0 dan2
dr?  lr=r o P(EO; Q)Q )

where Ag, and Agq are the second fundamental forms, see Definition 2.3.6.

Remark 3.2.2. Recalling the definition of Ig’EO, if follows from (3.2.19) and (3.2.20) that
I;?;EO Is upper semi-continuous at 1.

We start by proving the following.

Lemma 3.2.3. Let () satisfy the assumptions in Section 2.1 (see (2.1.1)), and let Ey be
a volume—constrained local perimeter minimizer with ro := L"(FEy). Let 6 > 0, and let
I, CC [0, L™(S2] be an open interval containing ro. Suppose that for every r € I, at least
one minimizer E, of the problem

min{P(F;Q) : L"(E) =r, a(E, Ey) <0}

satisfies
a(E,, Ey) < 0. (3.2.21)

Then the local isoperimetric function Ig’Eo

constant C' > 0 such that

is semi—concave in I,,, that is, there exists a

r— I35 (r) — Cr? (3.2.22)

is a concave function in I,.
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Remark 3.2.4. By setting § large enough this establishes that the isoperimetric function
I, is semi—concave on any interval [a,b] C [0, L"(Q2)] = [0, 1].

Proof. By lower semicontinuity of the perimeter and BV compactness, it follows that Ig’EO
is lower semicontinuous. By (3.2.21) we have that £, must be a local volume-constrained
perimeter minimizer. Thus by Lemma 3.2.1 applied to £, for any r» € [, there exists a
smooth function ¢, and a constant 4, > 0 depending on r such that

dr(s) > I3 (s) forall s € (r — 6,7+ 0,),  ¢p(r) = P(E; Q) =I5 (r), (3.2.23)

and

d*¢,(s)
ds?

. Jom, | AP M + [o5 oo Ve, - Aavs, dH"
s=r - P(ET, Q)2 ’

(3.2.24)

where we recall that |Ag, | is the Frobenius norm, see equation (2.3.5). Furthermore, we
notice that the lower semicontinuity of Ig’EO, together with (3.2.23), implies that Ig’EO is
continuous on [,,.

Let Cq = max |Aq(x)|. Then we have
xe

/ Vg, * AQVET d%n_Q
OE-NON

Since (2 is of class C*“, we can locally express Of) as the graph of a function of class
C?“ and, in turn, we can locally extend the normal to the boundary vq to a C1 vector
field. Thus, using a partition of unity, we may extend the vector field Cqv, to a vector field
T € CHR"™;R") satisfying

< O / va - vo dH 2. (3.2.25)
OE-NON

1T < C, VT || < C (3.2.26)

for some constant C' > 0. We then apply the divergence theorem (see Theorem 2.3.9) with
M = (0E,)NQand I' = OF, N 0N to find that

Cq / vo - vodH" = / divg, T dH" ' — / T kg vodH"*
OE,NOQ OE, OE, (3.2.27)
<CP(E)+C [ gl an,
OE,
where in the last inequality we have used (2.3.3) and (3.2.26). Moreover, we recall that
(see Proposition 2.3.7) for every x € Q N IJE,,

n—1 n—1
[As, WP =D ke (), ke (y) =Y kng,(y) forally € B,(x)NIE, (3.2.28)
h=1 h=1



where k), g, are the principal curvatures of F,. Thus, using (3.2.28), if we consider the
principal curvatures ry, g, as a vector in R”~! then we have that

Clig,| < Vn —1C|Ag,| < max{(n —1)C? |Ag,|*}. (3.2.29)

In turn, putting together (3.2.24), (3.2.25), (3.2.27) and (3.2.29), we get

¢, (s) - faET |Ag |>dH" ' + CP(E,; Q) + faET max{(n — 1)C? |Ag, |* H" !
ds? s=r P(ET, Q)2
< OP(E; Q) + (n = 1)C*P(E,; Q)
B P(E;Q)? '
Denote

my == min Z3™(s), my == C 4 (n — 1)0? < oo,
SEITO
and notice that
min 75 (s) > min Zg(s) > 0
SG[TO SEI’I‘O

where the last inequality follows from Proposition 2.2.5 (see also Lemma 3.2.4 in [57]).
From (3.2.24) we have that

Fon(s) <2

3.2.30
ds? s=r 1y ( )
Thus by (3.2.23) for any r we can find a §,, > 0 so that for s € (r — 6,,r + 6,.),
TiEa gy - M2 ey - T2
5E0(s) = 22 < () — T2
ma 2 2
= ¢,(s) — E((S —7r)"+2sr —17) (3.2.31)
1
mo 2
=: — —(2sr —
U(s) m1< sr—r7),

where 1(s) = ¢,(s) — 22 (s —1)* is a concave function on (r — 4,7 +9,) by (3.2.30). The

estimate (3.2.31) allows us to apply Lemma 2.7 in [75] and conclude that Ig’EO(s) — M2 g2

mi
. . 5.En - .
is a concave function on /.. In turn, Z; ™ is semi—concave on I,,,. [l

Corollary 3.2.5. Under the assumptions of Lemma 3.2.3, the local isoperimetric function
Ig’EO is locally Lipschitz in I,,. Furthermore, for all J,, CC I, forallr € J,,, the values
ki, (n — 1) belong to the supergradient of I3™, and hence

kg, | < L, (3.2.32)

where L is the Lipschitz constant of Ig’EO in Jy,.

41



Proof. Thanks to (3.2.21) in Lemma 4.3, for any r € [, there exists a volume—constrained
local perimeter minimizer £, such that

I5"(r) = P(E:Q), LY(E,) =1, a(E, Ey) <.

By Lemma 3.2.1 applied to F,, in particular from (3.2.20), we have that kg (n— 1) belongs
to the supergradient of Ig’E ?. From (3.2.22) we know that the mapping r — Ig’EO (r)—Cr?
is concave, and hence locally Lipschitz. In turn, I%EO is locally Lipschitz in I,,. Finally,
as kg, (n — 1) is in the supergradient of a locally Lipschitz function, there exists a constant
L > 0 so that (3.2.32) holds on J,, (see Theorem 9.13 in [70]). L]

Recently stability estimates have been proved for a nonlocal version of the perimeter
functional by Acerbi, Fusco and Morini [1]. We recall the generalization of their result
obtained by Julin and Pisante (see Theorem 1.1 in [49]), which will turn out to be a key
tool for our analysis.

Theorem 3.2.6. Suppose that (2 satisfies (2.1.1) and that Ey is a mass—constrained local
perimeter minimizer with strictly positive second variation in the sense of (2.3.6). Then Ej
is a strict local minimum for P(-;)) in the L' sense, and there exist ¢ > 0 and 5y > 0 such
that

P(E;Q) > P(Ey; Q) + cL"(EAEy)? (3.2.33)
for every set E of finite perimeter in ) satisfying L™ (E) = L"(Ey) and L"(EAEy) < do.
Remark 3.2.7. The original version of Theorem 1.1 in [49] requires the set Ly in the
statement to be a “regular critical” set of the perimeter functional (see Definition 2.1 in
[49]). In essence, they require the set E to be such that the first variation of P(-,<) is zero

in the direction of every admissible vector field of class C*. We notice that this condition is
always satisfied when Ey is a mass—constrained local perimeter minimizer.

We are now ready to give the proof of Theorem 1.2.10.

Proof of Theorem 1.2.10. The proof will be divided into several steps, and we will invoke
the previous results and the stability estimate (3.2.33) proved by Julin and Pisante [49]. By
Theorem 3.2.6 we know that £ is an isolated local volume-constrained perimeter mini-
mizer, and hence the unique minimizer of the problem

min {P(E;Q) : E C QBorel, £(E) = r, a(E, Ey) < 6}, (3.2.34)

for r = ry and for some fixed 0 < § < ¢ small enough, where J; is given in (3.2.33).
Let I be a neighborhood of r( (to be fixed later) and consider a sequence {r},} satisfying
rp — 1o as k — oo. Let £, be a minimizer of the problem (3.2.34) for r = ry,.

Step 1. By considering level sets of the signed distance function (see, e.g. Lemma 5.4 in
[55] or [65]), and recalling the definition of IS‘;’EO, it is straightforward to show that

P < (3.2.35)
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for some C' > 0 and, in turn, by BV compactness, there exists a subsequence of { E, } (not
relabeled) such that
E,. — E*in L'(Q) as k — oo, (3.2.36)

for some measurable set £* such that yg- € BV () and L™ (E*) = ry.
We notice that since o(E*, Ey) < § and L"(E*) = rg, by lower semi-continuity of the
perimeter (see [34]), and Remark 3.2.2, we have that

P(E*; Q) < liminf P(E,,; Q) = liminf Z3™ (ry) < limsup Z3™ (ry,)
k—o0 k—o0 k—00
< IX"(rg) = P(Ey; Q) < P(E*; Q).
By uniqueness of (3.2.34) for r = ry, £* = F), and so (3.2.36) reads
E,, — Eyin L'(Q) as k — oo. (3.2.37)

Thanks to (3.2.37), we obtain
Od(Erk, Eo) < (5,

for k big enough. In turn, this implies that there exists an open neighborhood I,,, of r as
in Lemma 3.2.3. By Corollary 3.2.5, we have that I{;’Eo is locally Lipschitz in I,,.

Step 2. Fix an open neighborhood J,, := (ro — R, 1o+ R) CC I, of 1, and let L be the
associated Lipschitz constant of IS‘;’EO in J,, (see Corollary 3.2.5). Let k be large enough
so that 7, € J,,. Let 2y € €2, py > 0. We claim that F,,_is a (A, pg)—perimeter minimizer
(see e.g. [56]), that is

P(E,,; B)(x0)) < P(E; By(x0)) + AL"(E, AE), (3.2.38)
for all p < py and all measurable F satisfying
E, AE CC B,(x), (3.2.39)
and with
R

where C' > 0 is as in Step 1. Because of (3.2.39), we know that P(E,,; B,(zo)) —
P(E; B,(z0)) = P(E,,; Q) — P(E;), and thus it suffices to prove that

A:max{L,E g},

P(E,;Q) < P(E;Q)+ AL"(E, AE). (3.2.40)
We divide the proof of (3.2.40) into three cases. If
a(Ey, E) <o and L(E) € J,,,
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then by our choice of L (see Corollary 3.2.5), we have

P(E,;Q) =57 (E,,) < ISP (LY(E)) + L |LY(E,,) — L"(E))]
< P(E;Q) + L|L"(E,,) — L"(E))|
< P(E;Q)+ LL"(E, AE),

and (3.2.40) is proved in this case.

If instead E is such that
OZ(E(), E) > (S,

then by (3.2.37),
LY E, AE) > LYEAE) — LM(E,, AEy) > g, (3.2.41)

for k sufficiently large. Moreover, by (3.2.35) and (3.2.41),

P(E,:Q) < C < %cn(ETkAE) < %E”(ET,AE) + P(E;Q), (3.2.42)

so that (3.2.40) follows from our choice of A.

Finally, if
LYE) & Ty,

then for ry, € (ro — R/2,7r¢ + R/2) we have that

£"(E, AE) >

L
2 ?

and so (3.2.40) follows as in the previous case.

Step 3. Fix 2z € QN 0Ey, and choose t > 0 such that B.(z;) CC 2 and
O0Fy N By(zo) = graph(uo),

for some regular function ug. By the theory of (A, py) minimizers (see Theorem 26.6 in
[56]), choosing py smaller if needed, it follows that for any sequence of points z; € 0E,,
such that z;, — 2o € 2 N OEy, then for k large enough z;, € QN 0*E,, and

lim vg, (2zr) = vg,(20), (3.2.43)

k—o0 "k

uniformly on B,(zp). In turn, by (3.2.37), for k big enough
OE,, N By(zy) = graph(uy), (3.2.44)
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for some functions uy. In particular, by equation (26.52) in [56], we obtain
Vuy, — Vug, in C*(Q), (3.2.45)
forall v € (0,1/2).

Step 4. Since OF,, is a surface of constant mean curvature, uy, solves

div [ %)~ in B(zo).
\/1+’Vuk‘2

where ky, is the mean curvature of OF,,. By standard Schauder estimates (see e.g. [41])
and (3.2.43), it follows that

||Uk!|c2w(B;/2(zo)) < |k <C, (3.2.46)

where B ,(zo) is the (n — 1)-dimensional ball and the uniform bound on the curvatures
comes from Corollary 3.2.5.

Step 5. By Rellich—-Kondrachov compactness theorem and by a bootstrapping argument
on (3.2.46), we deduce that there exists a subsequence of {ry}, not relabeled, and @ €
Wwm2( +/2(%0)) such that

Uy, — @in W™2(BY5(20)) (3.2.47)

for all m > 0. It follows from (3.2.37), that necessarily u = uy.

Figure 3.2.2: Mass fixing perturbation of F,, from Step 6.

Step 6. Define

T 1—n
O := (ro — i) (5) wil, (3.2.48)

and let
~ Uy, + 0 On Bé/Q(zo)
Ur, on B{(zo) \ By5(z0)-
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Let Erk be the subgraph of u,, (inside a cylinder with base B;(zo), and equal to E,, other-
wise), and notice that £L"(E,, ) = L™(Ej) by our choice of ;. Moreover, we have that

T\ n—2
P(Bni®) = P(Bi @+ (3) 0n=P(Ei Q) +0(re—nl), (3249

where c,, is the surface area of the n — 1 dimensional unit ball, and where we have used
(3.2.48). Furthermore, it follows from Corollary 3.2.5 that

P(E,,;Q) = P(Ep; Q) + O(|ry — 7ol). (3.2.50)
By (3.2.33), together with (3.2.49), (3.2.50), we infer that

L7(Ey, ABy) < \/P(Ep: Q) = P(Ey; Q) < O(fri — o] 7).
Moreover, by the triangle inequality, we have
LY(E,, AEy) < LYEyAE,,) 4+ LY(E, AE,,) < O(|rx, — ro|"?) + O(Jrx — 70|),

where the first term is estimated above while the second one follows by the construction of
the E,, . In turn,

LB, AEy) < O(|ry — ro]'/?) (3.2.51)
and

|li,,k — liol < CHDQUM - D2U0||L2(Bé/2(z0))
1-8 B
S CHUrk - UOHLl(B"_/Q(zO))“u — uTk||Wm»2(Bé/2(zo)) + CHUTk - uOHLl(Bé/Q(zo))

= CE”(‘ETkAEO)l_ﬁHu - Um”ﬁ/m,z(Bg/Q(zo)) + CL"(E, AEy),

(3.2.52)
for m > 2 and for some 3 € (0, 1), where we have used the fact that OF,, are surfaces of
constant mean curvature, Nirenberg’s interpolation inequality (see [64], p. 125-126) and
(3.2.44).

Hence, (3.2.47), (3.2.51) and (3.2.52) imply that

Koy, — K| = O(|ry, — ro| 17/2). (3.2.53)

Since (n— 1)k B belongs to the supergradient of I ®atr € I, (see Lemma 3.2.5), at any
point s where I ¢ is differentiable we have that
AT (r)
dr

Since Ig’EO is locally Lipschitz in 7, (see Step 1), we apply the fundamental theorem of
calculus for r > ry, r € I,,, to obtain

= (TL — 1)/€Es.

r=s

I (1) — T (ro) — (1 — 7o) kg (n — 1 (n—1) / s = firy|ds

< C/ |s — 10|17/ 2ds
To
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where in the last inequality we have used (3.2.53), and (1.2.4) follows. The case r < ¢ is
analogous. [
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Chapter 4
Swift-Hohenberg

4.1 Qualitative properties of minimizers

Corollary 4.1.1. Let W and q* be as in Lemma 2.5.2. Then there exist o > 0 such that for
every open interval I, every 0 < & < LY(I), and every —oo < q < ¢* /4,

qe? /I(u’)2dx < /[ (W (u) + *(u")?) da, 4.1.1)
and
E.(u; 1) > O/I (W (u) + () + e*(u")?) da. (4.1.2)

forallu € HE (I).

Proof. Let I = (a,b) and u € H*((a,b)). We change variables v(y) := u(ex), subdivide
the resulting rescaled domain I. = (a/e, b/) into [*=%] subintervals, I¥, of length between
1/2 and 2 (since 0 < € < b — a) and use Lemma 2.5.2 to obtain

q* b ) q* b/e ) 1 )
Z/a () dz = - » (v') dy = Ek q /I§(U) dy
1
< \2
<L E /]k (AW (v) + 4(v")?) dy
ke (4.1.3)
1

b/e
_! / (W) + (v")2) dy

€ Jaje
:/ (W(u)+53(u")2)dx.

Since ¢ < ¢*/4, (4.1.1) easily follows. To prove (4.1.2) we follow closely the strategy used
in the proof of Theorem 1.1 of [21] and proceed as follows. Fix o € (0, 1) sufficiently
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small so that (¢ + o) /(1 — o) < ¢*/4. Then,
/ (W (u)—ge*(v)? + & (u")?)dx

=(1-0) /ab (W(u) — qu—052(1/)2 1 54(u”)2) dx (4.1.4)

1—0
+a/nﬂva+§@0”+§W@%dL

and (4.1.2) follows since by (4.1.3) the first term on the right-hand side of (4.1.4) is non-
negative. H

The following lemmas established for a generalization of the Modica—Mortola Func-
tional in [50] will be useful to prove our main result. While our energy does not satisfy
the assumptions of [50], their argument is easily extended to our case with the help of the
interpolation inequality (4.1.2). In particular, Lemma 4.1.2, shows that an H? function
with a uniformly bounded energy, necessarily takes values close to {+1} and has small
derivatives, except on a set of measure O(c) and Lemma 4.1.3 gives a characterization of
the global minimizers for the energy E(-,-), defined in (2.5.2), subject to small boundary
conditions.

Lemma 4.1.2. Let I be an open interval, M > 0 and 0 < o < 1. Then there exists a
constant Cy > 0 such that for any 0 < ¢ < LY(I) and every v € H*(I) with E.(u; I) < M
the following property holds: there is a measurable set J C I with £'(J) < C\e such that

dist(u(z),{*1}) <6 and |eu'(z)|<d and
hold for all x € I\ J, where dist denotes the usual distance between a point and a set.
Proof. By (4.1.2), forevery 0 < e < L£Y(I) and u € H?(I),
/ (W (u) — ¢e*(u')* + e*(u")?) dz > o/ (W(w) 4+ e*(u)* + e*(u")?) do

! ! (4.1.5)
> U/W(u)dx.
I

We now let Jy := {z € I : dist(u(z),{£1}) > 0} and from the definition of W we have
¢ = inf{W(s) : dist(s, {£1}) > 6} > 0. Then (4.1.5) implies

M > E.(u;1) > g/W(u)dx > %Uﬁl(Jo),
I

and therefore

M
LY(Jy) < —.

co
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Similarly, setting J; := {x € I : |eu/(x)| > d}, (4.1.5) yields the estimates

g 20, 1\2 ad*
M>FE(u;I) > — [ e*(u)*dxe > —L(Jh) (4.1.6)
EJr e
and consequently
Me
L) < —.
(1) < 002
Setting .J := Jy U J; yields the desired result. 0

Lemma 4.1.3. Let I := (a,b) be an open interval and W € C? satisfy (2.1.3), (2.1.5) and
(2.1.8). Given o = (a1, a0) € R%, = (B34, Ba) € R? define

Miﬁ ={ve H*(I) :v(a) = £1 + ag, v'(a) = ay, v(b) = 1+ By, V' (b) = B }.
4.1.7)
Then there exist constants 0y, C > 0 such that the following holds. If L*(I) > 1 and
||, [|18]] < 0 < dg then the functional E(-;I) defined in (2.5.2) has a global minimizer
vy on Miﬁ' This minimizer vy solves the Euler—Lagrange equation, and satisfies the
estimates

|+ £ 1| ooy < C0, (4.1.8)
|’U:(f)’L2(I) <Cofork=1,...,4. (4.1.9)
WP | ey < CO fork =1,...,3. (4.1.10)
........................................................................ 1
S—
v
a T T b

Figure 4.1.1: If ¥ is close to 1 at 1 and z-, then it stays close in between.

Proof. We prove the proposition when s = —1, the s = 1 case being identical. We divide
the proof into several steps. Moreover, we simplify the notation used for the L” norms
when the domain of integration will be clear from the context.

Step 1. Fix 6 > 0. We claim that there exists C; > 0 such that if ||«||, ||8]|| < J, then

inf E(; 1)< C6° 4.1.11)
M;ﬁ
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To show this we note that, if ¢y, p1 € C(R) satisfy p;(z) = 0 for all z > 1/2, with
©0(0) = 1,¢4(0) = 0,¢1(0) = 0, and ¢} (0) = 1, then the function

o(z) == —14+appo(x—a)+arp1(z—a)+Popo(b—x) = Pr1(b—x), x € (a,b), (4.1.12)
belongs to M, 5. Using ¢ as a test function, (4.1.11) follows from Taylor’s formula for W
and the facts that W(£1) = W/(£1) = 0 and W € C?*(R).

Step 2. Fix 0 < § < 1. We will show that there exists C'y > 0 such that for every v € ./\/l; 5
withv < 0on [ and |||, ||8]| < d we have
E(v;I) > Col|v + 1|7 . (4.1.13)

Suppose that |v(x) + 1| > ||v 4 1||o/2 for all z € I. Using (2.1.8) and (4.1.2) with
¢ = 1 we have,

E(v;I) > J/W(v)dx > UCW/lv + 12 > ﬁl([)%CWHU +1)2 (4.1.14)
I I

Otherwise, there are points o, z; € I satisfying

o+ 1lee

|v(0) + 1] and |v(z1) + 1] = [|v + 1],

in which case, again by (2.1.8), (4.1.2) and Young’s Inequality

E(v;1) > O'/I (W) + [V']?) do > ZU/Ix/W(U)]M

1
/ |v + 1|v'dx
zo

=cwo ((v+1)*(z1) — (v +1)*(z0)) = %CWnU + 1|

> QCWo'

and this proves (4.1.13).

Step 3. We claim that there exists o > 0 and C3 = C5(dp) > 0 such that if ||a]], ||5]| <
0 <dpandv € M;ﬁ, with E(v; I) < 2infM—ﬁ E, then

v+ 1|z < C56. (4.1.15)

By taking 0 < § < 1 sufficiently small, we may assume that v < 0 on /. Indeed, since
v(a) = -1+ oy < —1+0 < 0,ifv(x) > 0 for some x, then necessarily there exists
such that v(x;) = 0, and so by (2.1.8),

E(v;I) > O'/I (W (v) + |[v']?) dz > 20 /1‘1 VW ()|

1
/ lv+ 1|v'dx

=oCw ((v+1)*(z1) — (v +1)*(a))
> (1 — |aol?),

Z 20[/[/0'
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which contradicts Step 1 for ¢ sufficiently small. Hence, Steps 1 and 2 imply (4.1.15).

Step 4. Finally, (4.1.2) with ¢ = 1 and standard compactness and lower semicontinuity
arguments imply the existence of minimizer v_ of E(+; ') and since by previous stepv_ < 0
for & < &g and

oo + 12, < LD - + 1|2 < C82, (4.1.16)

for some C' > 0, again using (4.1.2) along with (4.1.11) yields
™| < €8, fork = 1,2.
Furthermore, since W is C?, from (4.1.16) and the Mean Value Theorem we have

W (v ) =W (v_) —W'(-1) < max W"(&)(v_ +1). (4.1.17)

T0<ex2
The Euler-Lagrange equation
2™ 1 2qu” + W'(v_) =0,

the L°° bound from Step 3 and (4.1.17) imply
[ 1
10 ze < Jallle” 1oz + SIW' @)l < lalllo” l|z2 + Cllo- + 1|12 < CF 4.1.18)

for some C > 0.

The energy bound (4.1.11) and standard interpolation inequalities (e.g., see Theorem
6.4 in [36]) imply (4.1.8), (4.1.9), (4.1.10). O

4.1.1 The Euler-Lagrange equation

Here we further analyze the behavior of the minimizers of the energy £. with the aid of the
corresponding Euler-Lagrange equation, and we prove our main result, Theorem 1.3.1.

Lemma 4.1.4. Consider the ordinary differential equation
' = F(z), (4.1.19)

where F : R* — R* is a C* mapping satisfying F(xy) = 0 for some xy € R*. Assume
DF(zy) has four eigenvalues +~ + 6i, where v > 0 and 6 € R. Then for 0 < A < v
there exist a constant C(7y,6) > 0, Ty(y,0) > 0 and R > 0 such that for all T > Ty, if
x:[0,T] — B(xg, R) is a solution of (4.1.19), then the inequality

|2(t) — zo| < C(v,0) exp (=AT/2) (4.1.20)
holds for all t € [’;—f, T — ’;—ﬂ In particular, if v = A

[2(T/2) — wo| < C(v,6) exp (—T/2). (4.1.21)
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Proof. Changing variables if necessary, we may assume, without loss of generality, that
xog = 0. Let A := DF(0). By an extension of the Hartman—Grobman Theorem (see,
e.g. [72] and Lemma 2.6.1), there exist two open neighborhoods of 0, Vi, V> C R*, and
a diffeomorphism & : V; — V5 of class C', with h(0) = 0, such that if z(¢) € V; for all
t € [0, T then the funciton y(¢) := h(z(t)),t € [0,T] is a solution of the linearized system

y = Ay. (4.1.22)

Let R > 0 be so small that B(0, R) C Vj, and define V' := h(B(0, R)). Then V is bounded
and since h(0) = 0, there exists L > 0 such that V' C B(0, L). Hence if z(t) € B(0, R)
forall t € [0,7], then y(t) € B(0, L) forall t € [0,T].

Since the eigenvalues of A are all distinct, the solution of (4.1.22) has the form

y(t) = crorexp (=7 — 0i)t) + covaexp ((—7 + di)t)
+ cgvgexp ((y — 09)t) + cyvgexp ((—y — di)t)

where ¢, . .., ¢, are complex valued constants and {v;} C C* is a linearly independent set
of eigenvectors of A. Letting P = [vy, v2, v, v4] be the matrix of eigenvectors of A, we
write the above solution as

y(t) = Pw, (4.1.23)

where
w = [cyexp ((—y — di)t) , ey exp ((—y + 6i)t) , csexp (v — §i)t) , caexp ((y — di)t)] ™

and the superscript Tr denotes the transpose of a matrix. Since y(¢) € B(0, L) for all
t €10,7],
wl* < [|P7HPly@)* < L2]1P7H P

where ||P~!| is the operator norm of P~!. In particular,
af* < L2PFexp (290),  lef® < L2IP|Pexp (201). @.1.24)

e < 2P Pexp (<200), e < P Poxp(~21),  (4.1.25)

forallt € [0, T]. Setting ¢t = 0 and ¢t = T in the first and second row respectively we obtain
bounds on the constants ¢y, ..., ¢4,

el S ZIPTHL - Jeof < LIPTHI, (4.1.26)
jeaf < LIIP~[exp (—9T),  |es] < LIIP™ | exp (—T). (4.1.27)
Using the resulting bounds in (4.1.23) yields

exp (AT) |y(t)]> < exp (AT) | P|? (|er|* exp (—27t) + |caf® exp (—271)
+|es]? exp (291) + |ea|® exp (27t))
< AL?||P|P||IP7Y,
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provided
ANT'— 29t <0 and AT — 24T + 2+t < 0.

Both of these conditions are satisfied as long as

AT AT
— T —-— = .
t e |:2’>/’ 9 :| [tlatQ]

Hence for t € [t1, 5],
ly(t)]? < 4L?[|PI[*||P7Y|? exp (—AT) .

In particular, if 7" is sufficiently large (depending only on ~,d, and V5), there exists a
compact set £ such that y(t) € E C V; forall ¢ € [ty,t5]. Since h™! is C'! and h(0) = 0,
by the Mean Value Theorem,

()] = A7 (y()] < sup VA= (s)|ly(t)] < Cy5exp (—AT/2) (4.1.28)

forall ¢ € [t1,a], where C. 5 i= Lsup,cs[VA ()] || PI[[|P~I a
For a given open interval / and a subinterval (y;,y2) C I we define
M= {w € H*((4y1,2)) : w(y:) = 0, w(y,) =0} . (4.1.29)

Proposition 4.1.1. Let g > 0 and let 1. be a global minimizer of E.(-; (y1,y2)) on M
satisfying
B (3 (y1,92)) < M, (4.1.30)

for all ¢ < gy. Then w. solves the Euler—Lagrange equation

2e40 ™) 4 2¢w! + W' (ab,.) = 0, (4.1.31)

)

with additional natural boundary conditions W”(y,) = w”(y2) = 0, and for all ¢ < &
satisfies the estimates

dist (e ((y1 + y2)/2), {£1}) < Chrexp <—Z—Z) : (4.1.32)
[0 (1 + 2)/2)| < Cay exp (—Z—Z) ., m=1,...3, (4.1.33)

where d := yo — y1 and Cy; > 0 is a positive constant dependent only on M, q and the
potential W.
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Y1 U1 Y2 Y2

Figure 4.1.2: The contradiction argument.

Proof. Fix § > 0 to be chosen later. We first observe that, due to the upper bound (4.1.30)
and Lemma 4.1.2, there exists ¢ = ¢(0, M) > 0 and points §; € (yi,y1 + ce) and §p €
(y2 — ce,y2) such that

dist(d. (1), {£1}) < 6, |e@’ ()] < 6, (4.1.34)

dist(@e(3a), {£1}) <6, |ewl(g2)] < 0. (4.1.35)

In addition, we claim that since w,. is a minimizer, at 7j; and - its value is near the same
well of W, 1.e., we may assume without loss of generality that

e (1) — 1] < 0, |we(Fo) — 1] < 6. (4.1.36)
As a matter of fact, if this was not the case and for example
e (F1) — 1] <3, |we(g2) + 1] <. (4.1.37)

then consider
’LU5<33), Y1 S €T S gl)

g(ZC) = ¢(x)7 gl S x S g??
—W(z), P2 < <y,

where

— Doz — 51) + WL (7)1 (x — 1)

1)
+ (= 0:(F2) — Doy — ) + WL(G2) 1 (72 — @), (4.1.38)

and g, @1 satisfy

0; € C*(R), pj(x)=0forallz > (y2 — 11)/2,
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It is easy to see that
O() = (1),  ¢'(Gr) = Wl(H),
¢(J2) = —:(32), ¢/(§2) = _@;(3?2)7

and consequently g € H?((y1,y2)). Obtaining ¢’ from (4.1.38) and using (4.1.37), we get

' 200 (g1 ) < €Ul 011200y + 11| Fo0 (m))07,

where ¢ > 0 is a constant and we notice that

Y2
[ 16/ < (s — y) (1|2 + 1164 )52

Y1

Similarly, an analogous bound for ¢” can be derived. Additionally, using Taylor’s formula
for W and the facts that W (£1) = W/(£1) = 0 and W € C*(R), it follows that

E-(¢; (51, 72)) < &67, (4.1.39)

where &; only depends on y; and y», which do not depend on ¢, while interpolation inequal-
ity of Corollary 4.1.1 yields for ¢ sufficiently small

£

(o (50, ) = [

Y1

Y2 1
> 0/ (EW(”J)&) +s|w;|2) dz
g

ﬁ’s (?,72

1
Y2
> 0/ VW (. )wlde = o
n We

be (91)

> 0/2 VWi(s)ds =: c& > 0.

1
(—W(u?g) — qe|wl|? + 53]1@;’|2) dx

)
VW (s)ds

[NIES

In turn, from (4.1.39), possibly choosing ¢ even smaller we get a contradiction with the fact
that w, is a minimizer.

Since . is a minimizer of E.(-; (y1,¥2)), it follows from standard arguments that it
satisfies the Euler—Lagrange equation (4.1.31). We change variables z = *** and define
0(z) := w.(z). Observe that

E. (i (41, 92)) = E(; (0, dfe)) (4.1.40)
and the rescaled minimizer v satisfies the Euler-Lagrange equation
200 420" + W'(0) =0, ©"(0) =0"(d/e) = 0. (4.1.41)
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We now apply Lemma 4.1.3 on the interval (ylg—yl, @) with

6o = (1) = 6 (yy) o 1= e () = 0 (yl‘yl), 4.142)

3

R (e N R = PR

The resulting minimizer agrees with ¢ on this interval and given R > 0, for J sufficiently
small the bounds (4.1.34) and (4.1.35) imply that

x = [0 —1,9",¢",0"] € B(0, R).
Using the notation x = [x1, X2, X3, X4), We rewrite (4.1.41) in the system form
X = F(x) (4.1.44)

where

X4
_%W/(Xl) —4x2
and the Jacobian of F' at 0 is given by

0 1 0 0
0 0 1 0

DF(0) = 0 0 0 1
—sW”"(1) 0 —q 0

The eigenvalues of DF'(0) are the roots of the characteristic polynomial
2rt +2gr* + W' (1) = 0.

In particular,

2 —2q + \/4¢> — 8W"(1)
4 Y
and since ¢ > 0 is small, the expression under the square root is negative. We write
2 —2q + \/4q*> — 8W" (1)
4 )

2 —2q — \/4¢*> — 8W"(1)
4

and let 1, r5 be the roots of the first equation, 3, r4 those of the second one. We recall that
va+ib=%(y+1d),
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for

a+ Va2 +b? —a+ Va2 + 12
Y= 5 6 = sgn(b) 9 :

In the case of 71, we write
1/2
g VIV - ¢
ri=\|—=++1
1 2 2 9

and a simple calculation shows that

7:%<—q+ \/W)W, 5:%<q+\/m>1/2. (4.1.45)

Similarly, one can show that

ry =9+ 157
T (4.1.46)
r3 =y — i,
Ty = —T3,
Applying Lemma 4.1.4 on the interval (¢, 2=4=) C (Lt 2-91) yields
o (29 < 0,0y exp (=422 2 < (6 exp e — -2
2e - ’ 2¢ - ’ 2e
(4.1.47)
and (4.1.32), (4.1.33) follow from definition of ¢ and the fact that
b (L) _p () (4.1.48)
2 2e
[

Proof of Theorem 1.3.1. Without loss of generality we can assume that N(v) > 2 and
define
My = {w € H*((wg, T41)) s w(wg) = 0, w(wpyr) = 0}. (4.1.49)

We define wy € H?((zg, 2x41)), for 1 < k < N, to be the minimizer of E. (-, (zy, Tr11))
over M. We also let w := wy. In turn, wy, solves the Euler-Lagrange equation (4.1.31)
with

"Lbk(l'k) = wk(ka) = 0.
Define dj, := x4 —xp fork =1,..., N(v) and

i d
[kj(xk) = <xk — kQ l’xk) and [Ij(xk) = (gjk’xk —+ ?k> .
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Figure 4.1.3: 1y, and I;F

From the minimality of w;, we have

N(v) N(v)
E(w;T) =Y Ee(w; (2g, 2x41)) > Y Ee(tg; (0, 7x11))
K—1 h—1
4.1.50

= E.(wg—1; I (xx)) + E-(wy; I (xr)),
—1

Eod

where in the last equality we have used the fact that x; := ;. To complete the proof, it
remains to show that

dy
Eo(gr; Iy () > % — Cexp (— kg”) (4.1.51)

and p
E.(wg; LT (zg)) > % — Cexp <—%7> : (4.1.52)

We will only prove (4.1.52), the proof of the first inequality being analogous. Applying the

T—Tp

change of variables z := === gives
&€

E.(wy; ]:(:L‘k)) = [ﬁ( ) (W(lbk(xk +e2)) — eq|wy(xp + Ez)|2 + g3|1f1g(:13k + €z)|2) edz
10

. . . o1
= [ ) — i + i) a: = B (2100,
20 c
where E(+; -) is the rescaled functional defined in (2.5.2) and
1
O(2) := wy(z) on each =1, (0).
€

In addition, we notice that 0;(0) = wy(xx) = 0 for 1 < k < N and Proposition 4.1.1,
together with the change of variables we performed, gives

. . d
|Uk(dk/2€> - Sk| = |wk((azk + $k+1)/2) - Sk’ S Cf exp <—2Lg) (4153)
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and

. . d
|0y, (di/2¢)| = |0}, (@) + Tx41)/2)| < Crexp (—QLJ) , (4.1.54)
where sy, is equal to either 1 or —1. We claim that
1
E (vk —[;*(0)) > % — E (n; RY) (4.1.55)
€

where

() := sk + (Op(dy/2€) — si) exp (—yx) cos(dx)

o : ” 4.156
N 05 (dy/2¢) + ’Y(Z;k(dk/Z?) Sk) exp(—vz) sin(9z). ( )

See Remark 4.1.5 for the motivations behind the definition of (4.1.56). Indeed, let 0 €
H? _(R™) be the function that coincides with 0, on %IZ’J“(O) and ;" = n(- — di/2¢) on

loc
R*\27;7(0). Then,

E(05RT) = my/2,
and in turn (4.1.55) follows. We now want to find an upper bound for E(n; R"), for e
small enough.
The bounds (4.1.53), (4.1.54) and the definition of 7; imply that there exists a constant
C' > 0 such that

d
Ik (z) — sy | + ()| + |nj(x)] < Cexp (—QL;Y) exp(—vyx) forallz >0 (4.1.57)
and consequently

E(nR*) = / W(ne) — alil? + Il 2de
0

2
d o d
< Cexp (_%’y) / exp(—2vyx)dx < Cexp (—%7) .
0

o W// s
_ / ) (e — 5007 — gl + [l + O — 51)°)de
0

]

Remark 4.1.5. The construction of a competitor for the minimization of the energy
E(-;R") relies on exploiting, heuristically, asymptotic properties of the minimizers. In
particular, notice that if v(z) := u(x) — 1 solves the Euler-Lagrange equation

2™ 1 2qv" + W' (Do + g(v) =0 on [0,00), (4.1.58)

where g(v) := W'(v+ 1) — W'(1) — W"(1)v then the solution to the linear part of the
equation is of the form

ve(x) = cre” " cos(0x) + coe 7 sin(dx) + c3€7” cos(dx) + cqe sin(dx).
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The structure of the ODE (4.1.58) allows us to use similar arguments to the ones used in
[24] (see Theorem 4.1, page 330) and infer that v(x) — 0 and ve(x) — 0 as z — o
under appropriate conditions on the initial data. We then consider the function x — . (z)
defined via

Up(x) == e 7" cos(6x) + che 1" sin(dx)

obtained by setting cs = c4 = 0 in the expression for vy, as v, would not converge to 0 as
r — 00 otherwise. Now consider the function vy. Our goal is to glue the functions v, and
Yy, in a C' manner and the first step in this program is to find appropriate values for the
constants c¥. In particular, we need to require that

Vi (0) = vy (dy/2¢) — si,
U3(0) = vy, (di/2¢).
Straightforward computations show that
Uk(dk/2€) — S — ¢]€(O) =

and
U (di/22) = 1},(0) = —ycf + 8¢k = —v[op(dy/2e) — si] + 5ch
so that

k_ Vok(dr/2) — si] — v (de/2¢)
2 5 :

For the sake of consistency, we introduce the map x +— ny(x) defined via

() = V() — sg.

We can finally define a competitor 6% for the minimization of the energy FE(-;R™) as in the
final part of the previous proof.

c

4.2 Slow motion dynamics: proof of Theorem 1.3.3

Proof of Theorem 1.3.3. Fix 0 < § < min{1,d/8}. We recall that by definition of E.

B (i) = [ (200 - el + s, )

3

Integrating by parts and using the regularity of the solution «* and equation (1.3.2) gives
1
—E.(uf(-,1);T) = / W (u)us — 2equins, + 23S us,, | dx
dt T \ &
= / < W' (u®)u; + 2equypu; + 253uimxuf) dx

/ i P

62



It follows that for every 7" > 0,

1 T
E.(u5: T) — E.(u(-, T);T) = g/0 /Tyugy?dxdt. @2.1)

Suppose there exists 7. such that

Te
/ / |ug|dxdt < 6 (4.2.2)
o Jr
Then,
Te T
/ lug — T.)|dx = / / ufdt| de < // lug |dtdz < (4.2.3)
T |Jo T Jo
and using (1.3.10) and the triangle inequality
u® (-, T2) — vy < 20. (4.2.4)

We claim that u®(-, 7.) has at least N, zeros, {z5} <, that satisfy miny, |25, —25| > d—46.

Indeed, consider zy, the k—th jump point of v. Since the distance between jump points
of visatleastd and § < d/8, we know that v is constant on (x;—20, x)) and on (xy, z1+20)
and may assume without loss of generality that its value is equal to 1 on (z;, — 24, z) and
to —1 on (zy, . + 20). It follows from (4.2.4) that u°(-,7.) must take a positive value

somewhere on (z; — 20, x;) and a negative value on (z, xx + 20). Hence, there exists a
zero x5, € (x — 26,y + 26) of u® (-, Tr).
Applying Holder inequality, (1.3.10), (4.2.1), and Theorem 1.3.1 yields

T T:
(/ /|uf|dmdt> §/ /|uf| dxdt

5(E (UO’T) - E ( 7T€)’T))

Ne 13 €
<e (Eo(v; T) + % —miN.+C ) exp (—M)) (4.2.5)
k=1

(o)

and as a consequence,

7> (;g [h(l)—i-exp( (d — 45) 7/8] </T€/|ut|dxdt> | 4.2.6)
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Following the ideas of [44], we prove the existence of 7. as in (4.2.2) by dividing the
analysis into two cases: first assume that

/ / |ug |dzdt > 4.
o Jr

Since by (4.2.1) with T replaced by any S > 0,

s
/ / [ut |*dxdt < eE.(u; T) < oo
o Jr

T:
/ / |ug |dzdt = 6, 4.2.7)
o Jr

and thanks to (4.2.7), equation (4.2.6) gives

we can choose 7 such that

52 52
T€> > minhg,x d— 48 e ::As-
ce [ R T exp (= (d—45)7/€)] 50z min{h(e), exp(( )v/e)}

In turn, (4.2.2) is satisfied and (4.2.5) yields
Ac 1
/ / lut |*dzdt < Ce [— +exp(—(d—40)y/e)] . (4.2.8)
o JT h(e)

/ / |ug|dzdt < 9,
o Jr

then (4.2.2) holds true for all 7" > 0 and again (4.2.8) follows. To conclude the proof note
that for ¢ sufficiently small

On the other hand, if

s. 1= 0°min {h(e),exp((d — 46)y/e)} < A,

and Holder’s inequality together with (4.2.8) yield

“p/ (i, £) = wg(w)lde < / / | ddt
= (min{h<€)’eXp( = 2n )}/ /\ut\ d:cdt>
oo (450t o 452) )

< CW/ed.

Letting ¢ — 0" gives (1.3.12). O
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4.3 Existence of solutions via Minimizing Movements

We now turn to the existence and regularity of solutions for (1.3.2) in the more general case
of an open, bounded domain 2 C R?. We notice that the same proof carries over in the
case of the one—dimensional torus {2 = T, that is, when we deal with periodic Dirichlet
boundary conditions, which is the framework in which we have analyzed slow motion of
solutions of (1.3.2).

Theorem 4.3.1. Let Q C R d < 3, be an open bounded set with C* boundary, let
ug € H?(Q) and the real valued function z — W (z) be a double-well potential satisfying
hypotheses (2.1.3), (2.1.5) and (2.1.7)—(2.1.9). Then for every T' > 0 there exists a weak
solution u¢ € L*°((0,T); H*(RY)) in the sense of (4.3.25), with u € L*((0,T); L*(2)) of

up = —1W'(u) — 2eqAu — 26*A%u in Q x (0,7), 43.1)
u(z,0) = up(x) in €, o
such that \
1
/ u(z, t)dr = / up(x)dz + / W' (u(z, s))dzds.
Q Q 0o Ja¢
Moreover, the following estimates hold
T
/ / luy (2, t)|*dodt < M.o™?,
o Ja
/ \Vu(x,t)|*dz < 3M.o~ !,
Q
/ V2u(z, t)Pdx < 3M.o",
0
for LY a.e. t € (0,T), where o € (0,1) and
1
M, = 2/ (EW(U()) + €| Vug|* + 63|V2u0|2) dzx. (4.3.2)
Q

Proof. Step 1. For ¢ € N we set 7 := T'/¢ and subdivide the interval (0,7") into ¢ subin-
tervals of length 7,
T =0<mn<...<1:=T,

where 7, :==n7 forn=1,...,¢. Foreveryn =1,..., (, we letu,, € H?(2) be a solution
of the minimization problem

in J.,(0;:Q),
iy Ten (01

where
1 ] 1
Jon(v; Q) = / (—W(v) — gq|Vu|* + 5‘5\V2v!2) de + — /(v — Up_1) dz
o \ & 2T Q

1
= FE.(v;Q) + —/(v — Up_1)*d.
2T Q
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In order to prove the existence of u,,, we begin by showing that .J,, i1s non—negative and
coercive in H?(Q2). We fix ¢* > 0 such that the interpolation inequality Lemma 2.5.1 holds
in 2, namely

k:52/ |Vul?dz < / (W (u) + e*|V?ul*] dz, —oco < k < ¢,
0 0

and we let o € (0, 1) be such that (¢ + 0)/(1 — o) < ¢*, so that we can write

9F9 212 4 54yv2u\2)
l1—0

+ (W (u) + 2| Vul* + £*|V3ul]?),

W (u) — ¢**|Vul® + | V2ul|? = (1 — o) (W(u) —

(4.3.3)
and in turn J, ,, is non—negative. Then by (2.1.8), and using the fact that ¢y < 1, we obtain

E(u; ) > O'Cw/ ((Ju] = 1)* + €| Vul?* + £*|V?ul?) dz. (4.3.4)
Q

The above chain of inequalities implies that

1
Jen(u; Q) = E(u; Q) + o /(U — Uy_1)’dz — 00 as |[w]| 2() — 00,
T Ja

and hence J. is coercive in H?((2).
We now let m,, := inf J.,(v;2), and consider a minimizing sequence {v;} C

veEH?(Q)
H?(Q) satisfying
so that

It follows from (4.3.4) that {v; } is bounded in H?(f?), and hence there exist a subsequence
of {v;,} (not relabeled) and some u,, € H?*(2) such that

Vg — u, in L*(Q),
U — U, pointwise a.e. in {2,
Vor = Vu, in L*(Q),
Vi, — V?u, in L*(Q).
We claim that the above convergences imply that J. ,,(u,;2) = m,. Indeed, by Fatou’s
Lemma and lower semicontinuity of L? norm with respect to weak convergence, we have

my, = liminf J. ,(vg; Q) > Jo(un) > my,.

k—o0

66



It follows that for all w € H*({)) and all ¢ € R,
Je,n(un; Q) S Je,n(un + twa Q)y

and hence the real valued function w(t) := J.,(u, + tw;2) has a minimum at ¢t = 0, so
that w'(0) = 0. Standard arguments show that for every w € H*((2),

1
0= / (EW’(un)w —2eqVu, - Vw + 2e3V?u,, - VQw)
Q

4.3.5)
1
+ _/(un - un—l)wa
Q

-
where W’ (u,)w is well-defined by the embedding of H?(2) into L>(Q) for d < 3, and
Vu, - Vw = Z” a‘ig;j 83?5‘9’0 - is the Frobenius inner product. In particular, this shows
that w,, is a weak solution of the equation

1 1
— W' (u,) — 26qAu,, — 283 AU, = = (Up — Up_y) in Q.
€ T
Since €2 has finite measure, choosing w = 1 in (4.3.5) gives

1 1
0= [ =W'(u,)dx + —/(un — Up_1)dx.
0

Q¢ T

Step 2: Apriori bounds. For z € Qand t € (7,1, 7,),n = 1,..., ¢, we define

Un () — Up—1(2) ‘

u(x,t) == u,(x) + (t — 1)

(4.3.6)

The goal of this step is to find apriori bounds on u”.
Since J. ,(un; Q) = m,, it follows that J. ,,(u,; Q) < J.,(up—1; Q), which implies

1 1
7. Q(un — Up_1)?dz < /Q (E(W(un_l) — W(un)) — eq(|Vtty_1[* — |Vun|2)) dx
+/a3<|v2un_1\2 V) de.
Q
Summing overn = 1,...,{, we get
i~ 1
> Z/Q(un — Up_1)’dzx < /Q (E(W(uo) — W (up)) — eq(|Vuo|* — \Vug]2)> dw
n=1

+/53(|V2u0|2— (V2 |?)d.
Q
(4.3.7)
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By the interpolation inequality in Lemma 2.5.1,
1 . 1 .
/ (EW(W) — eq|Vug)® + 55\V2u@]2) dz > 0/ (EW(W) + &|Vug|* + sdyvm\?) dz,
Q Q

where o € (0, 1) was chosen above. Thus, the previous inequalities imply

¢
1 2 ]‘ 2 3 2 2
— n— Un_1)" d -W \V4 \V4 d
5 g:l/g(u Up_1) :c—l—a/Q (6 (we) + €| Vug|* + €| V=uy| x

(4.3.8)
1 2 3102, |2 _ M.
< W (ug) + e|Vugl® + €°|Voug|* | de = —,
o \¢ 2
see (4.3.2). By (4.3.6), forevery x € Q and t € (7,,_1, ),
uy (x,t) = Un () — u”_l(x)7
-
Vu,(x) — Vi,
Vu'(x,t) = Vu,(z) + (t — 1) tn(2) h 1(x)’ (4.3.9)
T
Vu,(x) — Viu,_
VR () = V2 (x) + (1 — 7)o (®) = VU (@)
-
so that by (4.3.8) we have
1 T 2 1 2, 3102, |2 M,
5 (uf (z,t))" dadt + o W (ug) + €| Vug|” + €’|Vu|” ) de < o> (4.3.10)
Qr o \¢
which implies
/ (ul (1)) dedt < M., (4.3.11)
Qp
for every 7 > 0. Since u” is absolutely continuous, for every 0 < t; <ty < T,
to 2
/(UT(ZL’,t2> —u" (2, 1)) d :/ (/ uf(m,t)dt) dx
Q Q t1
4.3.12
<(th—t) / (7 (z,1))? dadt (4.3.12)
Qp
< Mc(ta —t1).
Taking ¢; = 0 and noticing that u" (x,0) = ug(z), we get
/ (U (x,t) — up)® da < M.t (4.3.13)
Q
forevery 7 > O and all t € (0, 7). In turn, by convexity of the function z — 2z,
/ (W (x,1)) do < 2M.t + 2/ ud(x)dx (4.3.14)
Q Q
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forevery 7 > Oandall ¢t € (0,7).
Moreover, by (4.3.9), forx € Qand t € (7,1, ),

V™ (2, )] < 2[Vun(2)] + [Vun - (2)],
V7 (2, 8)] < 2/V2un (2)] + [V (2)]

and by (4.3.8) and arbitrariness of ¢ we get

3M.

M.
/mengi% /Wwwm%g (43.15)
Q o Q

Step 3: Convergence as 7 — 0. In the previous step we have shown that {u"}
is bounded in L*((0,7); H*(2)) and {u]} is bounded in L*((0,7T); L*(£2)). Since these
spaces are reflexive, there exist a subsequence of {u"} (not relabeled) and w such that
u” — win L*((0,T); H*(Q)) and in H'((0,T); L*(Q2)). Using the fact that the embed-
dings H*(Q2) — H'(Q) and H'(Q) < L?(Q) are compact, it follows by the compactness
theorem of Aubin and Lions (see e.g. [6]) and a diagonal argument, that, up to a further
subsequence, u” — wu in L2((0,T); L*()). In turn, for £ a.e. ¢ € (0,T) we have that
u™ (-, t) — u(-,t) in L*(). We are now ready to let £ — oo, or equivalently, 7 — 07 in
(4.3.11), (4.3.13), (4.3.15), and deduce the corresponding apriori bounds.

Step 4: u is a weak solution of the Swift-Hohenberg equation.
Weletx € Qandt € (1,.1,7n), n = 1,..., ¢, and define

W (z,t) == uy(x). (4.3.16)

We claim that @™ — win L*((0,T); H*(2)) as 7 — 0.
Given t € (0,7, we find n such that t € (7,,_1, 7,,] and we notice that

u(x,t) —u" (2, t) = up(z) —u" (2,t) = u"(z,7,) — u” (z,1).
By (4.3.12),

/ |a" (x,t) — uT(x,t)|2dx = / |u"(z, Tho1) — uT(a:,t)|2da:
Q Q

<Mt —7p-1) < M. — 0,

(4.3.17)

as 7 — 0. This shows that @" (-, ¢) — u"(-,t) — 01in L?(2) as 7 — 0T. Moreover, given
¢ € L*(Q x (0,T)), we have

Aammmuﬁwazé<m@w—mmﬁm@amm

(4.3.18)
+ / u”(x,t)p(x, t)dxdt.
Qr
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By Holder’s inequality and (4.3.17), the first integral on the right-hand side of (4.3.18)
converges to zero. Using the fact that ™ — w in L*((0,T); H*(€2)) in the second integral,
we deduce that ™ — win L?((0,T); L*(2)).

Moreover, by (4.3.15) and the fact that @™ (z,t) = u"(z, 7,) for t € (T,_1, ),

3M. . 3M,
| / V2 ()P < 2,
o Q

/ Vi (x,t)*dx < (4.3.19)
Q

g

forall 7 > Oand all ¢ € (0,T'). Hence, up to a subsequence, ™ — u in L*((0,T); H*()).
Furthermore, by (4.3.5), for every w € L*((0,T); H*(Q)),

0= / (éW/(ﬂT(.T, w — 2eqVi" (x,t) - Vw + 28*V24" (2, 1) - V2w> dz
Q

—i—/u{(x,t)w dx.
Q

Integrating in time over (t1, t) gives

to
0= / / (EW,(QT(ZL‘, w — 2eqVi" (z,t) - Vw + 2e3V20" (1, 1) - V2w) dxdt
t1 Q €

t2
+ / / ujw dxdt.
11 Q

We note that from (4.3.8) we have
/(Un—UO)2 dx:/(un—un_l—i—un_l — ...t —U0)2 dx
Q Q

y4
< EZ/(uk —up_q)? de < (M. = TM.
k=17

where we have used the convexity of the function z — 22 and the fact that 7 = T'//, and
this implies

/ lu,|* do < C (4.3.20)
Q
for some constant C' > (. Moreover, arguing as in (4.3.7), it follows that

1 1
/ (EW(un) — &q|Vu,|* + €3|Vzw|2) dr < / (gW(Ug) — &q|Vuo|* + e3|v2u0\2) dx
Q Q

M.
< ¢
-2

forall n € {0,...,/}, and in turn, by the interpolation inequality in Lemma 2.5.1,

/|Vun|2d:v <C and /|V2un|2d:p <C (4.3.21)
Q Q
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for some constant C' > 0 and for all n € {0,...,¢}. Using (4.3.20), (4.3.21) and the
Sobolev embedding theorem, we have

[tn L) < Cllunl|r2(0) < C, (4.3.22)

where C' > 0 changes from side to side. By the Mean Value Theorem, (4.3.22), and the
fact that W is C?, we deduce

1(~T Y 74/ < "
/Q(W (@ (1)) = Wl O))de < s W |/ iz, £) — u(z, )| |w]dz

< C’/ |u(z,t) — u(z, t)||w|dx.

(4.3.23)
Letting 7 — 07 and using the facts that a” — wu in L*((0,7); H*(R2)), v" — wu in
HY((0,T); L*(2)) we get

t2
0= / / (%W’(u(x, )w — 2eqVu(x,t) - Vw + 28°V2u(x, t) - V2w> dxdt
t1

to
+/ /ut(:c,t)w dxdt.
t1 Q
(4.3.24)

In particular, let {w;,} C H?*(Q) be dense. Using the fact that u(-,t) € H?*(S)) and
u; € L2(Q) for L ae. t € (0,T), by the arbitrariness of ¢; and ¢,, we find that

0= / <§W/(u(l’, t))wi — 2eqVu(z, t) - Vg + 28°Vu(z, t) - Vka) e
O

+/ut(x,t)wk dx
Q

for £! a.e. t € (0,T), where the measure—zero set depends on k. Since {wy} is countable,
we can find a set £ C (0,7') with £!(E) = 0 such that the previous equality holds for all
t € (0,7)\ E and all k.

Since u(-,t) € H*(Q), then u(-,t) € L>(Q) and, again by Mean Value Theorem and
the fact that W is C?, it follows that W' (u(-,t)) € L*(92). This, together with the density
of {wy} in H*(Q), and the fact that v, € L*(Q2) fort € (0,7) \ E, implies that

1
0= / <EW/(u(x, t)w — 2eqVu(x,t) - Vw + 2°V2u(w, t) - V2w> dx
Q

—I—/ut(x,t)w dx
0

forallt € (0,7)\ FE and all w € H*(2). Hence u is a weak solution of equation (4.3.1)
and since € has finite measure, taking w = 1 leads to

(4.3.25)

0= 1V[/'(u(m, t))dx + / u(z, t) de, (4.3.26)
Q¢ Q
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which implies

/Q w(z, t)de = /Q wo(x)dz + /0 [ e, 5))duds.

Q¢
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Chapter 5

Ongoing and future research

We present here two ongoing research projects ensuing from the main topic of this thesis.
In the first section we describe a model that could be employed in the context of phase
transitions. It is connected to a higher order energy like (2.5.1), and contains a mixed term
of the kind u'u.

The second section is devoted to the introduction of the fractional counterpart of the
isoperimetric function, used in the first part of this thesis.

5.1 A new model for phase transitions

The fifth—order Korteveg—de Vries equation
up + au” + Bu™ = b’ (u, ', u")

where ' denotes derivatives with respect to the spatial variable, and z +— h(2) is a smooth
map, «, § € R with 5 # 0, models the behavior of waves in various frameworks, such as
in plasma physics, see [10], [18], [69]. This equation belongs to the family

w4+ yu® 4 Cu” — e{2un” + W2} + 26un + 3ruu’ =0

where (, &, k,7 € Rand v € R" are constants, and such family arises in the context of
water waves, used as a description of long waves in shallow water under gravity, see e.g.
[10], [18], [25], [31]. Looking for traveling waves u(z,t) = w(y), where y = x — ct, one
obtains, after appropriate scaling, the equation

a4 qu’ — pf2un + |2} + f(u) = 0,

in which f is a third order polynomial, ¢, 1 € R, see [68], page 8 for more details. This
last equation can be seen, in the one—dimensional setting, as the Euler-Lagrange equation
of the functional

1
/ (§|u”]2 — g\u’F + pulu/|? + W(u)) dx (5.1.1)
I
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where I C R is an open, bounded interval and W is the primitive of f. As a first simplifi-
cation, considering all the values of y, ¢ > 0 such that ;. = ¢/2, we have

1 1
/ L — G 4 L2+ W(w) dx:/ L+ G — 1)+ W) ) de.
2 2 2 \2 2

An interesting problem is to understand, after appropriate rescaling, the asymptotic
behavior of energies of this type. More specifically, the I'-convergence analysis of such
functionals, where terms with a sign are present, heavily relies on nonlinear interpolation
results as in the case of the analogous model introduced earlier, see (2.5.1), (2.5.1), and
(2.5.2). The aforementioned nonlinear interpolation inequality result would read as follows
in our case. With I as above, we would like to show that there exists a constant ¢ > 0 such
that

1
/§|u”|2 + W(u) dz > c/ [W/)*(1 — u) dx (5.1.2)
I I
for all u € H?(I).
As a first step in this direction, one can tackle the study of the functional

/]u”[Q + k| lu = 1]" + W*(u) dx
I

where k£ > 0 is a parameter, s,t > 0 are values to be investigated and z — W*(z) is a
double—well potential. We expect the the constraints on the exponents s, ¢ to follow from
applications of Young’s inequality and classical interpolation inequalities, see [64]. This
functional could prove useful in the theory of phase separation in composite materials,
being close to models recently taken into consideration, see [21], [23].

We expect to be able to prove the following.

Theorem 5.1.1. Let I C R be an open, bounded interval. Then there exist s,t > 0 and a
constant ko > 0, such that

1
k2/yu'|8|uyt iz < uy“/\u"|2dx+—/w*(u) dz
I I 111> Jr
for all w € H*(I), where z — W*(z) is the double-well potential with wells at +1 previ-

ously mentioned.

A compactness result for the rescaled functional would follow by using the previous
theorem.

Theorem 5.1.2 (Compactness). Let I C R be an open, bounded interval and let —oco <
k < ko. Let e, — 0T and consider {u,} C H?(I) such that

n

1
sup/ (—W*(un) — K|ul T — |+ 53|“Z‘2> dr < 0.
\e

Then there exist a subsequence {u,, } of {u,} and v € BV (I;{—1,+1}) such that

Uy, — u in L*(I).
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The study of the I'-limit is the next natural step. Moreover, in order to analyze the
original functional (5.1.1), it is necessary to understand the role of the constraint on the
exponents s, t.

5.2 The fractional isoperimetric function
The fractional version of the classical isoperimetric function (1.2.2) can be defined as
Z(r) :=inf{P(E;Q): ECQLYE)=7r}, s€(0,1), rel0,£"()] (5.2.1)

where (2 C R” is a smooth, bounded, open set, £ is a measurable set and P;(E; (2) denotes
the fractional perimeter of E relative to €). The fractional perimeter was introduced for
the first time in [15], defined by the fractional s—Sobolev seminorm of the characteristic
function g of F, and in our case it reads

1
P.(E:Q :://  —_drdy, se(0,1). (5.2.2)
( ) £ JEenq [T —y[m T Y 1)

One way to study the regularity of the map r — Z(r) for a fixed value of s, is to analyze the
first and second variations of (5.2.2) and then, using a similar approach to the one adopted
in [75], study the second derivative of P;(F;)) with respect to the volume variable.

In the first part of this thesis we have used the standard isoperimetric function and its
local counterpart in connection to the speed of evolution of solutions of PDEs arising as
gradient flows of the Cahn-Hillard energy, see [55], [60]. An interesting problem is the
search for relations, if any, between (5.2.1) and the fractional version of the Allen—Cahn
equation

Uy = é (Su — g—isW/(u) + a(t,x)) : (5.2.3)

whose solutions represent the atom dislocation in a crystal for a general type of Nabarro—
Peierls model, and where € > 0 is a small parameter, S is an integro—differential operator
as in (5.2.2), z — W (z) is a periodic potential, and o is an external stress. See [67] and
references therein for more details.
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