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Abstract

The Szemerédi Regularity Lemma states that any graph can be well-approximated by
graphs that are almost random. A well-known application of the Szemerédi Regularity
Lemma is in the proof of the Removal Lemma for graphs. There are several extensions of
the Regularity Lemma to hypergraphs. Our work builds on known results for k-uniform

hypergraphs including the existence of limits, a Regularity Lemma and a Removal Lemma.

Our main tool here is a theory of measures on ultraproduct spaces which establishes a
correspondence between ultraproduct spaces and Euclidean spaces. We show the existence
of a limit object for sequences of relational structures and as a special case, we retrieve
the known limits for graphs and digraphs. We also state and prove a Regularity Lemma,
a Removal Lemma and a Strong Removal Lemma for relational structures. The Strong
Removal Lemma deals with the removal of a family of relational structures and has appli-

cations in property testing.

We have also extended the above correspondence to measurable functions on the ul-
traproduct and Euclidean spaces. This enabled us to find limit objects for sequences of
weighted structures and these can be seen as generalizations of the limits we have obtained
for relational structures. We also formulate and prove Regularity and Removal Lemmas

for weighted structures.
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Chapter 1

Introduction

The Szemerédi Regularity Lemma [15] is an important tool in graph theory. It states
that all large graphs can be well-approximated, in a precise sense, by random graphs. It is
extremely useful in proving theorems for large graphs when the corresponding statement
for random graphs can be easily verified. Szemerédi first invented this result as a lemma
in his proof of a famous conjecture of Erdés and Turan involving arithmetic progressions.

A well-known application of this Regularity Lemma is in the proof of the Triangle
Removal Lemma, and more generally the Graph Removal Lemma. The Triangle Removal
Lemma states that if a large graph is nearly triangle-free, then we can delete a small number
of edges to remove all triangles. Similarly, the Graph Removal Lemma asserts that given a
fixed graph F, any large graph that has very few copies of F can be made F-free by deleting
a small number of edges.

Many variants of the Regularity Lemma as well as generalizations have since been
proved. The most prominent of these is the Hypergraph Regularity Lemma proved inde-
pendently by Rodl-Skokan [14] and Gowers [7].

The Hypergraph Regularity Lemma can also be used to prove a removal lemma for
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hypergraphs, first proved by Nagle, Rédl and Schacht [11].

Benjamini and Schramm [2] constructed limit objects for sequences of graphs with
bounded degree. This was extended to sequences of graphs with bounded average degree
by Lyons [10].

Lovéasz and Szegedy [9] showed that a “limit” exists for any convergent sequence of
graphs. A sequence of finite graphs G, is convergent if |V (G),)| — oo and for every finite
graph F', the density of homomorphic copies of F' in Gy, denoted as t(F, G,,), converges. A
limit object for a convergent sequence of graphs is such that it determines all the limits of
subgraph densities in the sequence. Lovasz and Szegedy showed that a natural limit in the
case of graphs is a graphon, which is a symmetric measurable function W : [0,1]2 — [0, 1].
For instance, a limit of a sequence of random graphs with density p, p € [0,1], is the
constant function W = p.

In general, given n € N and any finite graph F on [n],

t(F,W) = // I Wiz)d,. .. )
[0,1]m (4,7)EE(F)
and lim, o t(F, Gy) = t(EF,W).
Conversely, they show that every graphon arises as a limit of some convergent sequence
of graphs. Their work introduces a random graph construction by sampling from the

graphon W which is quite useful.

Non-standard analysts have developed measures on ultraproducts. Given a sequence
of finite sets of increasing size, equipped with the normalized counting measure, we can

obtain an ultraproduct measure space using the Loeb measure construction [8].
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Elek and Szegedy [6, 5] built separable algebras on ultraproducts and using an instance
of Maharam’s theorem, they showed these separable spaces are equivalent to the standard
Lebesgue measure space. This established an equivalence between ultraproduct spaces with
Loeb measure and Euclidean spaces with the familiar Lebesgue measure. They used this
to prove a correspondence between sequences of k-uniform hypergraphs on finite sets, a
measurable k-uniform hypergraph on the ultraproduct and a Fuclidean hypergraph, which
is an S| symmetric Lebesgue-measurable subset of [0, 1]2k_1. In this context, a graph
limit is a Lebesgue-measurable subset of [0, 1]3. However, we can use this new graph limit
to recover the graphons we mentioned above.

We can convert theorems of finite combinatorics to measure-theoretic statements on the
ultraproduct spaces. Using separable realizations, we can translate these measure-theoretic
statements to well-known facts about the Lebesgue measure. Elek and Szegedy used this
correspondence to prove a Regularity Lemma, a Removal Lemma and a Strong Removal
Lemma for k-uniform hypergraphs. The Strong Removal Lemma has applications in prop-

erty testing and has been used to show that hereditary properties are testable [1] [13].

Our work builds on the results of Elek and Szegedy that we have described above. In
Chapter 2, we introduce the theory of measures on ultraproduct spaces used by Elek and
Szegedy. We give alternate proofs of theorems involving the Loeb measure on the ultra-
product, using N; saturation. This gives us a cleaner look at the ultraproduct mechanism
behind the first piece of the Correspondence Principle we want to prove. Any measurable
subset of the ultraproduct differs from an internal set by a null set. In the case of func-
tions, a bounded measurable function on the ultraproduct differs on a null set from the
standard part of a bounded internal function. The standard part function is necessary in

this correspondence because the ultralimit of a sequence of bounded measurable functions
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on finite sets yields a function on the ultraproduct that takes values that are non-standard
reals. Each non-standard real is infinitesimally close to a real number that is returned by
the standard part function.

Section 2.4 presents the concept of separable realizations developed by Elek and Szegedy
that is critical to the second piece of the Correspondence Principle. The measure algebra
constructed on the ultraproduct in Section 2.1 is non-separable. Separable realizations
help to establish an equivalence between separable algebras on ultraproducts with the
Loeb measure and the familiar Euclidean spaces equipped with the Lebesgue measure.

Elek and Szegedy’s work studies k-uniform hypergraphs and the natural question to
ask is whether their results generalize to other structures, such as directed hypergraphs. In
Chapter 3, we examine many interesting combinatorial results in the more general setting
of relational structures. A relational structure consists of finitely many relations on an
underlying set. We first extend the Elek-Szegedy Correspondence Principle to relational
structures. For technical reasons, we represent relational structures by a system of directed

hypergraphs. Then we establish a correspondence between :

e A sequence of relational structures on finite sets that are increasing in size

e A relational structure on the ultraproduct such that each directed hypergraph in its

representation is a measurable set

e A system of Lebesgue-measurable subsets that we will refer to as a Fuclidean structure

We define what it means to be a limit object for relational structures on finite sets and
using the above correspondence, we see that limits of convergent sequences of relational
structures are FKuclidean structures as described above. We further show that any such
FEuclidean structure is a limit of a sequence of relational structures on finite sets. These

limit objects generalize the Elek-Szegedy limits for k-uniform hypergraphs, so in particular
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we can retrieve graphons as graph limits. We also recover digraph limits in the style of
Offner and Pikhurko [12]. Their limit object for a sequence of finite digraphs is a set of
four graphon-like functions that satisfy certain conditions. In Section 3.1, we shall describe
these digraph limits further and show how we obtain the four measurable functions from
our limits. We also discuss uniqueness of our limits.

Elek and Szegedy used familiar facts about the Lebesgue measure to prove Regular-
ity and Removal Lemmas for k-uniform hypergraphs. In a similar manner, we use our
Correspondence Principle to extend these results to relational structures. The Regularity
Lemma that we formulate and prove for relational structures in Section 3.2 depends on
the fact that Lebesgue measurable sets can be well-approximated by a union of uniform
hypercubes. Our Removal Lemma relies on the Lebesgue Density theorem. We also prove
a Strong Removal Lemma that deals with simultaneously removing all copies of a family
of relational structures from a large relational structure by changing a small number of re-
lations. This is possible if the original large structure has only a few copies of some initial
subset of the family. We shall make this more precise in Section 3.3. We also describe the

applications of the Strong Removal Lemma in the area of property testing.

A more challenging question to answer is regarding the generalization of these tech-
niques and results to the case of weighted structures. A weighted structure consists of
finitely many bounded weight functions on an underlying set. The Correspondence Prin-
ciple above involved a correspondence between measurable sets on the three spaces. We
prove a similar correspondence between bounded measurable functions on these spaces.

This led to a Weighted Correspondence Principle relating
e A sequence of weighted structures on finite sets

e A weighted structure on the ultraproduct such that the bounded weight functions in
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its representation are measurable

e A system of Lebesgue-measurable bounded weight functions that we call a Euclidean

weighted structure

We can now use this correspondence in a similar manner as the previous correspondence
in the case of relational structures. In Chapter 4, we define the notion of homomorphisms
for weighted structures. We define a notion of limits for convergent sequences of weighted
structures on finite sets and show that Euclidean weighted structures are limits of such
sequences. We also formulate and prove a Regularity Lemma that states all weighted
structures on large sets are “close” to having a nice uniform structure. We make this
precise in Section 4.3. In Section 4.4, we also formulate and prove a Removal Lemma for
weighted structures. If we represent relational structures from Chapter 3 as 0 -1 weighted
structures, then our results for weighted structures in Chapter 4 can easily be seen as ex-

tensions of analogous results for relational structures.

Regularity Lemmas for graphs usually define regularity in terms of edge densities of
subgraphs. Csaba and Pluhar [4] proved a Weighted Regularity Lemma for weighted
digraphs where regularity is defined with respect to weighted edge densities. We prove

a similar result for weighted digraphs using our Weighted Correspondence Principle.



Chapter 2

Ultraproduct Spaces

In this chapter, we introduce the theory of measures on ultraproduct spaces used by
Elek and Szegedy. We give alternate proofs of theorems involving the Loeb measure on the
ultraproduct, using Los’ theorem and Ni-saturation. We present their main results on the
measure theory of ultraproducts here, most of them without proof, in order to develop the

key ideas necessary for the central correspondence.

2.1 Measure Algebras on Ultraproduct Spaces

Let {X;}2, be a sequence of finite sets of increasing size and U be a non-principal
ultrafilter on w. For the ease of proofs that follow, we will often work within the ultra-
power V of the universe V of set theory, modulo the ultrafilter U. Take the ultraproduct
X = (I[; X4)/U = [Xi] of this sequence modulo U. Given A; C X; for each i € w, [4;] is

an internal subset of X. Internal sets form a Boolean algebra A over X.

It is useful to recall the following important theorem about ultraproducts.

Theorem 2.1.1 (Lo$’ theorem). Given a first-order language L and an w-sequence of
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L-structures M;, let M = ([[, M;)/U. Given a first-order L-formula ¢(x1,...,z;) and
ay,...,a; € M|,

M = ¢(ai,...,a;) if and only if M; = é(a1i,...,ax,) for U-almost every i, that is,
{i: M= ¢(ari, ... ar:)} €U. O

Another useful fact is that as an ultrapower, V is Ni-saturated, that is, every countable

type of first-order formulae over | V]| is realized in V.

If each X; is equipped with the normalized counting measure p;, then for any internal
set A = [A;], we can define v(A) = [u;(4;)]. v takes values in [0,1]V and v is finitely
additive on the algebra of internal sets. In fact, using Los’ theorem we see that V thinks

X is finite and v is the counting measure on X.

Given b € R, let b* = [{b}52,].

Define S = J°_,[-m,m]Y = U_,[-m*,m*] € RY. Since [~m,m] is compact for
every m € N, given any a € S, there is a unique b € R such that for all e > 0, {i : |a; — b| <
e} € U. In other words, b = limy a;.

We define the standard part function by std(a) = b.

It is easy to see that std(b*) = b and that the standard part function commutes with
mathematical operations, such as, addition, multiplication, absolute value. Given aj,as €
S such that a; < ag, std(a;) < std(az).

Let c,d € R and let a € S. If ¢ < std(a) < d, then (c — 1)* < a < (d+ 1), that is,

{i:c—L2<a;<d+1}eU, foreach n €N,

Define p = std o v. Then for every internal set A = [A4;], u(A) = limy p;(A;). p is



2.1. Measure Algebras on Ultraproduct Spaces

real-valued and finitely additive on the algebra of internal sets.

N C X is a null set if it can be covered by internal sets of arbitrarily small u-measure.

Define B = {AAN]JA is an internal set, N is a null set}.

Lemma 2.1.2. B is a o-algebra over X and p extends as a o-additive measure over B,

where t(AAN) = u(A).

Proof. It is enough to prove that for a sequence of disjoint internal sets A,,, ;2 A, € B
and p(Us? An) = > 0%  n(Ay). Let a = Y07 u(A,,). (Since the internal sets A,, are
disjoint, p is finitely additive on internal sets and p(X) = 1, the bounded partial sums

converge. )

We define for each n € N, the first-order formula ¢,,(B) as

BeAA (plAk - B> A <u(B) < <a+i>*)

We claim that {¢,(B) : n € w} is a countable type over |V|. Take any finite subset
and let n be the largest natural number such that ¢, (B) is in this subset. All formulae in

this subset are now easily satisfied by B = (J,_; Ax.

As the ultrapower is Nj-saturated, this type is satisfiable in V. There must exist B € A
such that ;" Ay, € B and v(B) < (a4 1)* for each n.
So u(B) =stdov(B) <a+ % for each n. Thus, u(B) < a.

Also, Jp_; Ay € B implies Y, u(Ag) < p(B), for each n. We can now conclude

p(B) =a=> 7, n(An).
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Consider the sequence of internal sets C,, = B\ (Uj_; Ax), n € N. Then
w(Cpn) =a—> 7 i w(Ar) = 0 as n — oo. Each C,, covers B\ |J,2; A,. Since we can
now cover B\ 77, A, by internal sets of increasingly small measure, B\ [J77; A, is a
null set and |J57; A, € B. Also p(Up”; Ap) = pu(B) =507 n(Ay).

This shows that B is closed under countable unions and B is a o-algebra with the

countably additive measure . O

Suppose f; : X — [-M, M] for U-almost every i. We say f = [f;] : X — [-M*, M*] is

a bounded internal function. Then stdof : X — [—M, M] is a bounded real-valued function.

Lemma 2.1.3. Let f = [f;j] : X — [-M*, M*] be a bounded internal function. Then stdof

is B-measurable, and

/X(stdof)du:std</xfdu> =std<[/xifidm]>
saor (o= ([(o= 1) (1) ])

The intersection of countably many internal subsets of X is in B, so stdof is a B-

Proof.

measurable function.

We can approximate std o f using B-measurable simple functions g, = > ;" bk XB,
where each by € R and By € B. There are internal sets A such that u(AizABy) = 0.
Define internal functions h,, = Zm" by, XA . Then g, = std o h, a.e. and we can

approximate std o f a.e. using std o h,,. That is, for all € > 0, there exists N € N such

10
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that for all n > N, [std o f(x) — std o hy,(z)| < € for almost every x and [y (std o f)du =
Jim Jx (std o hy,)dp.
Also, if |std(f(z)) — std(hy(z))| < €, then for all m € N, |f(z) — hy(2)] < (e + L1)*.

Using properties of the standard part function, we see that

std </ fdv) = lim std (/ hndy> .
X n—oo X

To prove the integral formula above for all bounded internal functions, it would now

be enough to prove it for simple internal functions like hy,.

First let us prove the integral formula for XX, where A is an internal set. Then std o
XA = XA'

/X ndit = p(A) = std(v(A)) = std ( /X Y dl/>

As every h,, above is a finite linear combination of these internal characteristic functions,
we can use simple properties of the standard part function to extend the integral formula

to functions h,,. O

Lemma 2.1.4. Given any real-valued bounded B-measurable function g on X, there is a

bounded internal function £ on X such that g = stdof a.e.

Proof. We may assume that g : X — [0,1]. For the purposes of this proof, it is easier
to identify [0,1] with the space of binary sequences with the following topology : The
basic open sets are Ny = {y : w — {0,1} | y [;s)= s} and the measure is defined by
A(N,) = 271) for any finite binary sequence s. Given y : wV — {0,1}, std(y) is simply
the restriction of y to its initial w-segment.

Since g is measurable, for every finite binary sequence s, B, = g~ (V) € B. Note that

for any n, {Bg|l(s) = n} is a partition of X. Furthermore, for any sequence s with length

11
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n and given any m > n, {By|l(t) = m, t [,= s} is a partition of B,. By definition of B,
there must exist internal sets A such that u(A;ABg) = 0. We may assume that the sets

A also form a system of nested partitions of X as above.

For every finite sequence s, define ¢,(f) as the first-order formula
Vx € A, f(x):wY — {0,1} A f(x) li(s) = 8

Any finite subset of {¢s(f)} is easily satisfiable. Take the index s of longest length and
build f(x) as the formulae ask, up to length /(s) (beyond that map to 0).

Since the ultraproduct is Nj-saturated and ¢s(f) is a countable type over [V|, there
exists an internal function f that satisfies each ¢s(f). We have ensured that f~}(NY) = A,.
Then (stdof)~'(Ny) = A,. Thus stdof and g may differ only on |J,(A;ABy), which is a

null set. So g = stdof a.e. and f is clearly a bounded internal function. O

2.2 Fubini’s Theorem and Total Independence

Let Xij be copies of X; for j € [k] and for every A C [k], let X = [lica Xg with
counting measure p; 4. Let 7 < k and let e be an ordered r-tuple of distinct elements from
(K], then X7 = [T, cdom(e) X7

For every A C [k], we may take the ultraproduct X4 of the sequence of finite sets
XlA and define vy, By and pg as before. We can repeat everything above for this ul-
traproduct and Lemmas 2.1.2, 2.1.3 and 2.1.4 hold. There are natural projection maps
74+ XK 5 XA using which we define o4 = wgl(B 4), the o-algebra on X[¥ depending

only on coordinates of A.

12
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Let f be a bounded internal function on X*! that depends only on A-coordinates, it is
easy to see that std o f is o 4-measurable.

On the other hand, if g on X[¥ is a bounded o 4-measurable function, then there exists
a bounded internal function f on X[* depending only on A coordinates such that g = stdof

a.e.

Lemma 2.2.1. Let A, B C [k] and let g : X[¥l = R be a bounded op-measurable function.
Then for all y € XA°, the function gy - XA — [ M*, M*], defined by gy(z) =g(z,y), is a
bounded 7 alo anp]-measurable function.

Equivalently g, o w4 is a 0 anp-measurable function on X[,

(Here, wa[oans] = {ma[S]: S € 0anB} is the o-algebra on X4.) O

In the future, we will often treat X as a subspace of X*/ and won’t make a distinction

between B4 and o4 or between g, and gy, o 4.

We define 0% as the o-algebra generated by op, for all B C A such that |B| = |A] — 1.

0’y is, in general, a strictly smaller algebra than o 4. For instance, if £ = 2, the o-algebra
on the 2-dimensional ultraproduct space X2 is not the product of the two 1-dimensional
algebras on either coordinate. Theorem 2.4.1 states there are measurable 2-dimensional
sets independent of the o-algebra of measurable rectangles.

However, a Fubini-like theorem is still true in this setting because Fubini’s theorem

holds trivially for the finite sets X i[k}.

Theorem 2.2.2. Let g be a bounded o)-measurable real-valued function on X Then

13
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1. for a.e. y € XA, gy 15 a oa-measurable function on XA,
2.y — [xa8y(z)dua(z) is a 0 sc-measurable function on X4°.

8. Also [xum gdpup = [xac([xa 8y(x) dua(z)) dpac(y)

Proof. Part 1 follows from Lemma 2.2.1.
From Lemma 2.1.4, we know that there is a bounded internal function f such that

g = stdof a.e. Then g, = stdof, a.e. and

/X (@) dva(x) = [ /X ’ i dpti A] ,

and y = [xa fy(x) dva(x) is a bounded internal function.

Using Lemma 2.1.3, we know [y g, dpia = std([xa f, dva), hence proving part 2 above.

We remarked earlier that in V, X4 appears to be finite and v4 is the counting measure

on X4. So a Fubini-like statement is trivially true, that is,

/ fdl/[k] == / </ fy dVA) dI/Ac
XI[#] XAC XA

Now taking standard part and using the integral formula from Lemma 2.1.3, we prove part

3 of our theorem. O

Let N € o). For any y € XA define N, = {z € X4 : (z,y) € N}.
Applying Fubini’s theorem to characteristic functions of null sets, in particular, we can

make the following observation.

Corollary 2.2.3. Almost every slice of a set is null if and only if the set is null, that is,

14
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for all N € oy, pp(N) =0 if and only if pac({y € XA pa(Ny) =0}) = 1. O

We now state some important results from [6, 5|, without proof, to illustrate the con-
struction of separable realizations that are critical to the second piece of the correspondence

we want to establish.

Let B < A be o-algebras and let 4 be a countably additive measure on A. For every
A-measurable function f, E(f|B) is the conditional expectation of f over B. It is the unique
B-measurable function (within measure 0) such that [, E(f|B)du = [, f du, forallY € B.

The conditional expectation of a set A € A over B is E(A|B) = E(x,|B), where x,
denotes the characteristic function of set A.

A € Ais independent of B if E(A|B) is a constant function. Then E(A|B) = u(A) and
uw(ANB) = u(A)u(B) for every B € B.

Sub-o-algebras B and C of A are said to be independent o-algebras if each B € B is inde-

pendent of C and vice-versa. Equivalently, u(BNC) = u(B)u(C) for each B € Band C € C.

Theorem 2.2.4 (Total Independence Lemma). Let Ay,..., A, be a list of distinct
subsets of [k] and S; € oa, such that E(Si|07.) is constant. Then p(S1N...N Sp) =
1(S1) - - - p(Sm).- D

2.3 Random Partitions and Independent Complements

Let B < A be o-algebras and let i be a countably additive measure on A. A B-random

k-partition in A is a partition Ay, ..., Ax of X into .A-measurable sets such that E(A4;|B) = %

15



2.3. Random Partitions and Independent Complements

for each i.

Theorem 2.3.1. Let A C [k] and n € N. Then there exists a o’j-random n-partition of
XA in o4, that is, there is a partition of XA =S8,U...US, such that for each i, S; € o4
and E(S;lo%) = L. O

Let B < A be g-algebras and let u be a countably additive measure on A. B is said to be
dense in A if for every A € A, there exists a sequence {B,} C B such that y(AAB,) — 0.

Sub-o-algebras B and C of A are said to be independent complements of each other in

A if they are independent and the o-algebra generated by B and C is dense in A.

Theorem 2.3.2. Suppose A > B are separable o-algebras on a set X, p is a probability
measure on A and there exists a B-random k-partition Ay, ..., Apr in A, for every k € N.

Then there exists an independent complement C of B in A. ]

Let G be a group that acts on a set X. For any g € G and S C X, let S9 denote the
image of S under the action of g. Let & be a subset of the powerset of X.
We say S is setwise G-invariant if for each g € G and S € S, 59 € S.

S is elementwise G-invariant if for each g € G and S € §, §9 = S.

Let (X, A, 1) be a probability space and G be a finite group that acts on X such that A
is setwise G-invariant. We say the action of G on this space is independent if there exists
S € A such that u(S) = |—1| and S9N S92 = () whenever g1 # g2 € G.

We need the following consequence of Theorem 2.3.2 and it plays a critical role in
obtaining separable realizations that will be defined in the following section. Separable

realizations are the key to the second piece of the correspondence we are trying to establish.
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2.4. Separable Realizations

Theorem 2.3.3. Let A > B be separable o-algebras with a probability measure u. Let a
finite group G act on X such that A, B, i are G-invariant and the action of G on (X, B, )
be independent. Let there also exist a B-random k-partition of X in A for all k.

Then there is an independent complement C of B in A and C is elementwise G-invariant.

]

2.4 Separable Realizations

The symmetric group Sp) acts on X* by permuting the coordinates.

({El, ce ,mk)” = (1‘”71(1), NN ,xﬂq(k))

Sii) also acts on the power set of [k]. We let A™ denote the image of a set A C [k] under

e S[k}. (UA)7r = 0 Ar.

For any set A and k < |A|,let r(A, k) ={B C A: B #0,|B| <k}andr(A) =r(4,|A]).

A separable system on X[l is a system of atomless separable g-algebras {l4 : A € r([k])}

such that
1. 14 is a subalgebra of 04, independent of o7%.
2. Iy = lar for every permutation m € Sp.
3. Y"=Y forevery Y €lp and m € Sa.

For instance, when k = 2, a separable system on X2 consists of atomless separable

o-algebras l(1y, oy, {1 2} on X2 such that
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2.4. Separable Realizations

1. l{1y depends only on the first coordinate, ls; depends only on the second and they

are essentially the same algebra on one coordinate.

2. l{19y < 0(1,2y and it is independent from 0[3], the o-algebra generated by measurable

rectangles.

3. Z{LQ} contains symmetric sets.

Random partitions and independent complements play an important role in showing
the existence of separable systems. Elek and Szegedy used Theorem 2.3.1 and Theorem

2.3.3 to prove the following theorem about the existence of separable systems.

Theorem 2.4.1. Given J € r([k]) and separable sub-o-algebras A; of oy; for all j € J,

there exists a separable system such that for every A;-measurable set M, there is N in

(la: Aer(j]) and py; (MAN) = 0. O

Let (X, A, 1) be a measure space. We say A, A’ € A are equivalent if u(AAA’) = 0 and
1([A]) = pu(A). The equivalence classes form a Boolean algebra, with a countably additive
measure pu, called the measure algebra M(X, A, ).

Using a particular case of Maharam’s theorem, we know the following :
Lemma 2.4.2. Let (X, A, 1) be a separable, atomless probability measure space. Then

1. The measure algebra M(X, A, ) is isomorphic to M([0,1],B, ), the measure algebra

of the standard Lebesgue space on the unit interval.

2. There exists a map f : X — [0, 1] that defines a measure algebra isomorphism between

the measure algebras, that is,
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2.4. Separable Realizations

(a) Given any Lebesgue-measurable set U C [0,1], f~Y(U) € A and u(f~1(U)) =
AU).

(b) For every A € A, there exists a Lebesgue-measurable set B, such that A and
f~Y(B) differ by a null set. O

A separable realization is a measure-preserving map ¢ : X% — [0, 1]”(["3}) such that
1. ¢ commutes with any permutation in Sp.

2. Given any Lebesgue-measurable set B C [0,1] and any A € r([k]), ¢,'(B) € 04 and

it is independent of o7%.

In the case that k = 2, a separable realization on X2 is a measure-preserving map

¢ = (d11), Py Op2) + X — [0,1]7() such that
o ¢4 :XP = 0,1] is a 0 4-measurable function.
i 925{1}(% —-) = ¢{2}(—75¢)-
i ¢[2} (z,y) = ¢[2](1/>9U)-

. <;S[_2}1(B) is independent of Tl for all Lebesgue measurable sets B C [0, 1].

It is easy to see that a separable realization on X*! induces a separable system on X,
Elek and Szegedy used Theorem 2.4.1 and Theorem 2.4.2 to prove the existence of

separable realizations in the following theorem.

Theorem 2.4.3. For every J € 7([k]) and separable sub-o-algebras A; of oy; for j € J,

there exists a separable realization ¢ such that for every Aj-measurable set A, there exists
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2.4. Separable Realizations

a Lebesgue-measurable set B C [0,1]"(U) and p[j](gb_l(P;([ljD

0, 1] WD — [0, 1]7(D s the projection map. O

(B))AA) = 0, where P, :

Let F4 be the measurable functions obtained by using Theorem 2.4.2 on the separable
algebras from Theorem 2.4.1. Using the Total Independence Lemma, it can be verified

that ¢ defined on X[ by ¢(x) = (Fa(x) : A € 7([n], k)) is a separable realization on X[*].
In the case that k =2, ¢($7y) = (F{l}(xa _)7 F{Q}(_7y)7F{1,2}(may))‘

It is useful to observe that given an S|;-symmetric ,A;-measurable set A, the symmetric
properties of the functions Fg ensure that A differs on a null set from an Sj;-symmetric

subset of [0, 177D,

Remark 2.4.4. The restriction of any separable system on X to XUl for j < k, using the
projection map 7], also yields a separable system on XUl and a corresponding separable

realization ¢; = P.(jjy 0 ¢ o 77[;]1 : XUl — 10, 1]7(UD . In this scheme, ¢ is in fact ¢y

We can also extend or lift our separable realizations on X! to X" for n > k.

Given n > k and ¢ : X[ — [0,1]"(¥) then a measure-preserving map  : X[ —
[0,1]"(71%) is called a degree n lifting of ¢ if Prrpy 0¥ = ¢ oy and ¢(z)" = p(27) for all
ze XM and all 7 € 9,.

Theorem 2.4.5. Let ¢ : XF — [0,1] (5D be a separable realization and let n > k be a

natural number. Then a degree n lifting 1 of ¢ exists.

Proof. Let A C [n] and |A] = j < k and let 7 € S}, such that A7 = [j]. As one may
expect, we define ¢4 (x) = ¢;)(mx)(z7)). Since the separable realization ¢ commutes with

every permutation in Sp), we find that ¢4 = ¢4 o 7y for every A C [k].
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2.4. Separable Realizations

For 7 € S}, the A-coordinate of () is the AT —coordinate of 1(z), which in turn is

the A-coordinate of ¢(27). Thus we see 1) commutes with the action of S|,; on XI[H,

To see that 1) is measure-preserving, we will need to use the Total Independence Lemma.
Each 14 is clearly measure-preserving. Consider a set W = [] Acr([n],k) I, where each
I4 C [0,1] is an interval. Since every measurable subset of [0, 1]"("¥) can be approximated
by such hypercubes, it is enough to check that ¢y~ preserves the measure of such a set W.

Note that = 1(W) = Naer(nlk) Y3 (14) and each ¢! (I4) € o4 is independent of
o’ due to the nature of the separable realization. The Total Independence Lemma now

completes the proof. O

Remark 2.4.6. ¢; = P,((j) o ¥ is a degree n lifting of ¢;, for each j € [k] and ¢ = 1.

We will need Theorem 2.4.5 and Remark 2.4.6 in the chapters to follow, most impor-

tantly to show the existence of limits.
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Chapter 3

Relational Structures

3.1 General Relational Structures and Limits

A relational type T is a first-order signature that has finitely many relation symbols,
but no function symbols or constant symbols. Let ar be the function that assigns an arity
to each relation symbol in 7. A relational structure R of type 7 on an underlying set X

interprets each relation symbol R € 7 with ar(R) = k as a k-ary relation R® on X.

An interesting problem arises when we deal with relations or relational structures on
an ultraproduct space. Consider a binary relation R on X. Then the set of loops {(z, ) :
(z,z) € R} always has measure 0. This makes it difficult to say anything interesting about
the set of loops in the ultraproduct or to translate any property of loops in the sequence
of structures on finite sets to the ultraproduct setting in a meaningful way. However,
{z : (z,xz) € R} C X could be a set of appreciable measure.

Therefore, we need to address tuples with repetition separately in every relation.
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3.1. General Relational Structures and Limits

A hypergraph consists of a vertex set and a set of hyperedges. In a directed r-uniform
hypergraph, each hyperedge is an ordered r-tuple (no repeated elements). We will say that

an S[,)-symmetric directed r-uniform hypergraph is an r-uniform hypergraph.

We will represent any k-ary relation R on a set X as a system of directed r-uniform
hypergraphs, where r varies from 1 to k.

Let Py, be the set of all partitions of [k]. For any partition p € Py, let ||p|| denote the
number of parts in p. Given py,ps € P, we say p1 < po if p1 is a refinement of ps. p1 < po

if and only if p; # p2 and p; < po, that is, p; is a strict refinement of ps.

Given any Z = (z1,...,2;) € X¥, there is a unique p = p(Z) € Py, such that z; = xj
if and only if i and j occur in the same part in p.

Let R, = {z € R:p(z) =p}. Then R = ,cp, By

For & € Ry, let 1,(%) be the tuple in X[I?PIl obtained from # by retaining only the first
occurrence of every element. 7, : R, — XUl is an injective function. H, = H,(R) =
np[Rp) is a directed ||p||-uniform hypergraph on X and R = {J,ep, n, ' (Hp).

Thus, the relation R can be represented by the system of directed hypergraphs { H,(R) :

pE Pk}.

Every relational structure R of type 7 can be represented by the system of hypergraphs
{H,(RR®) : p € P,k =ar(R),R € 7}.

In the case that k& = 2, a binary relation can be represented using H(; ) € X and a

digraph Hy)2) on X. H(19) = {z : (z,2) € R} and H(yy9) = {(z,y) : = # v, (z,y) € R},

that is, a binary relation is essentially a digraph with loops.
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3.1. General Relational Structures and Limits

In the case that k = 3, a ternary relation R = R(1 23) U R(1,2)3) U B(1,3)2) U B(1)(2,3) U
R(1)2)3)- R can now be represented by 5 directed hypergraphs : H 23y C X, 3 digraphs
H12)3), H(1,3)(2) and H1)(2,3) on X, and a directed 3-uniform hypergraph H(1)2)(3) on X.
As an example, consider (v,y,r) € Rand z # y. Then (z,y,x) € R 3)2) and 11 3)(2)(, Y, )

= (fL‘, y) Note that 77(_1713)(2) (.’E, y) = (LU, Y, l‘), however 77(_1%(2’3) (SC, y) = (JJ, y)?/)

Consider the relational type 7 = {R, S, P} with ar(R) = ar(S) =2 and ar(P) =1. A
relational structure R of type 7 can be represented by the system {H; ) (RR), Hay) (RR),
H1,2)(5%), Hi1y2)(S®), Hy (PR)}.

Now let us consider an w-sequence of finite sets X; that are increasing in size and a

non-principal ultrafilter U on w. Suppose we have k-ary relations R; C X Z-[k}. We can now
take ultraproducts modulo U to obtain a k-ary relation R = [R;] C X Clearly R is a
o[r-measurable set and we can now repeat the above procedure to obtain for each p € P,
measurable sets H,(R) = n,[R,] C X[IPIl such that R = Uper, np_l(Hp(R)).

In fact, Ry = [R; ], Hy(R) = [Hy(R;)] and 1, = [1; ).

Fix a relational type 7. Consider an increasing sequence of finite sets X; and relational
structures R; of type 7 on X;. We will now define a relational structure R of type 7 on X
as the ultraproduct of this sequence. For each R € 7 with k = ar(R), take the ultraprod-
uct of each sequence of relations R% to obtain a k-ary relation R® on X. R can now be

represented by the system {H,(R™) = [H,(R%)|:p € Py,k = ar(R),R € 7}.

Then as a consequence of Theorem 2.4.3, there exists a separable realization ¢ such
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3.1. General Relational Structures and Limits

that for each R € 7 and each p € Py where k& = ar(R), there exist measurable sets

W,(R®) C [0, 1]"UIPID such that
1)) (B (Wp(RR)) AH,(R®)) = 0.

Let W(R) = {W,(RR) : p € Pr,k = ar(R),R € 7}. We call this the corresponding

Fuclidean structure of type 7.

Let R and S be relational structures of type 7 on underlying sets X and Y respectively.
A map ¢ : Y — X is a homomorphism from S to R if for each relation R € 7 with

k =ar(R) and for all y1,...,yx €Y,

W1, uk) € RS = (¢(1), ..., d(m)) € R™.

Let T'(S,R) denote the set of homomorphisms from S to R and let (S, R) denote the

homomorphism density of S in R. If X and Y are finite sets, define (S, R) = 'T|;(<S\|’5|)‘-

Similarly, 7,(S,R) denotes the set of injective homomorphisms and the injective ho-

7,(5R)
)

momorphism density t,(S,R) =

A map ¢ : Y — X is an induced homomorphism from S to R if for each relation R € 7

with &k = ar(R) and for all y1,...,yx € Y,

(Y1, yk) € RS <= (d(1), ..., d(w)) € R*.

We can also look at the sets Tj,q(S,R) and T ina(S, R) of induced homomorphisms

and injective induced homomorphisms respectively, from S to R, and analogously define
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3.1. General Relational Structures and Limits

the induced homomorphism density t;,q(S,R) and the injective induced homomorphism

density toind(S,R).

Now a homomorphism need not be an injective map. Consider 7 = { R} with ar(R) = 3.
Let Y = {y,2}, X = {z} and é(y) = ¢(z) = z. Suppose RS = (y,z,y). Since ¢ maps
(y,2,9) to (z,2,z), ¢ € T(S,R) if and only if (z,z,2) € R®. Note that, in the context
of the directed hypergraphs representing these relations, the homomorphism ¢ mapped
(y,2) € H(173)(2)(R$) to (v) € Hy 23 (R®). We must account for such cases when calcu-
lating the (induced) homomorphism density, especially when R is a relational structure on
a finite set. Interestingly, in the ultraproduct case the set of non-injective homomorphisms
into R has measure 0. This is what we would expect since the probability of two elements

from a finite set Y being mapped to the same point in the ultraproduct X is 0.

Let kmar = max{ar(R) : R € 7} and let E,(X) denote the complete r-uniform hyper-
graph on X, for any r € N. Recall that we have previously defined r-uniform hypergraphs

as S|,-symmetric directed r-uniform hypergraphs.

Assume Y = [n]. We can represent a homomorphism ¢ : & — R as an n-tuple
(¢(1),...,6(n)) € X"l Then T(S,R), To(S,R), Tina(S, R) and T, ;na(S,R) are subsets
of X" For a relational structure R on the ultraproduct X that is represented by a sys-
tem of measurable directed hypergraphs, all homomorphism sets are measurable. Then
t(S,R) = pp)(T(S,R)), to(S,R) = pp)(To(S,R)), tina(S;R) = i) (Tina(S, R)) and
to,ind(S, R) = fin)(To,ind(S, R)).

Since the copies of X in the product X[ are indexed, we use the following maps
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3.1. General Relational Structures and Limits

to ensure that any r-tuple below lives in the appropriate isomorphic image of X!, For
every e € E,([n]), let 7, : X[") — X*¢ be the natural projection which can be defined as
Te(X) = (Te(r)s - -+ Te(r))- Let Oe : Xl — X¢ be the natural bijection induced by the
ordered tuple e. Given x = (z1,...,2,) € X"l where each z; € X1}, 6, maps x to a copy
of itself in X€¢ by sending each z; to a copy of itself in X {e()},

3]

For example, given Y = [3], e = (3,2) and x = (21,22, 23) € XB), m.(x) = (23,20) €

XG2) and 05N (m.(x)) = (w3, 22) € X

Consider 7 = {R} with ar(R) = 3. We need the set Ps of partitions of [3]. Let Y = [4]
and R® = {(4,2,2)}. This implies (4,2) € H1)(2,3)- Now x = (z1,72,73,74) € T(S,R)
if and only if (z4,29,22) € R®. Let e = (4,2) and p = (1)(2,3). Then [|p| = 2 and
07 (7 () = (w4,5) € X2,

Either z4 # 2 and x € T(S,R) if and only if 0! (7e(x)) = (w4, 22) € H(l)(zg)(RR),
or #4 = 2 and x € T(S,R) if and only if (24) € H(1 23 (R%). In the latter case, observe
that there is a unique partition ¢ = p(0; '(me(x))) = p(a4,2) = (1,2) € P2 = Py, such
that ||q|| < ||p|| since x4 # x2. Also there is a unique partition p’ = (1,2, 3) € Ps3 such that

105 (me(x))) = ng(24, 22) = (z4) € Hy(R®) and ||p'|| = [lqll.

In general, given a tuple x € X" and a directed hyperedge e € Ej(X), 0. (me(x)) =
(Te(1)s -+ Te(r)) € X[k x represents a homomorphism from S to R, that is, x € T(S,R)
if for all R € 7 with k = ar(R), all p € Py, and all e € H,(R®), either
Case 1: 0 (m.(x)) € RZ,2 has ||p|| distinct elements. Then 6. (m.(x)) € H,(RR).
or
Case 2 : There exists a unique partition ¢ = p(6;*(me(x))) € Py, and |lg|| < [[p|l. Then

there exists a unique partition p’ € Py, such that 1,(0, 1 (me(x))) € Hy(R®). ||| = |4l
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3.1. General Relational Structures and Limits

and p <p'.

Let Z,(R®) = {y € XUPI | g = p(y) € Py : llall < llpll and 3p" € Py = nyly) €
H,(R®)}. Then

T(S,R) = m m m ng(ee(Hp(RR) U ZP(RR)))

ReT pEPk e Hy(RS)

If x € X[ represents an injective homomorphism, then each 0. '(7.(x)) always has

distinct elements. Then the set of injective homomorphisms from S to R is

TSR =) () (] m @e(Hy(BR))

ReT pEPk ec Hp(RS)

A sequence of relational structures R; of type 7 on finite sets X; is said to be convergent
if for any finite set Y and a relational structure S of type 7 on Y, lim; o t(S, R;) exists.

The sequence is said to be increasingly convergent if it is convergent and |X;| — oo.

Given a sequence of relational structures R; of type 7 on finite sets X; of increasing size,
we can take the ultraproduct R and obtain a system {H,(R®) : p € P,k = ar(R),R € 7}
that represents R and we can also obtain the corresponding Euclidean structure W (R) as

above.
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3.1. General Relational Structures and Limits

Let S be a relational structure of type 7 on [n]. Then

= (1 () 7 (0e(H(R®)U Z,(R7))) = [T(S, Ry))-

ReT pEPk e Hp(RS)

Note that Z,(R®) C XUPl and puy,(Z,(R®)) = 0.

T(S,R) C X" is 0[-measurable and

Further, if the sequence {R;} is increasingly convergent, then ¢(S,R) = lim; 0 t(S, R;).

Given a relational structure S of type 7 on [n] and a Euclidean structure W = {W),(R) :

p € Py, k = ar(R), R € T}, define the homomorphism density of S in W as :

/ /HH I W) [ dea

O Rer pePy ec H,(RS) Aer([n]kmaz)

where Wj,(R) is the characteristic function of W),(R) and for every e € Ex([n]), Xe = (z,[4) :
A e r([k)).

Theorem 3.1.1. Let S be a relational structure of type T on [n] and let R; form a sequence
of relational structures of type T on finite sets X; of increasing size. Let R be the relational
structure obtained by taking ultraproducts and let W (R) be the corresponding Euclidean
structure. Then t(S,W(R)) =t(S,R).

Proof. For every e € B, ([n]), let L. : [0, 177511 — 10, 1]7(¢) be the natural measurable

projection induced by m, and let F, : [0, 1]lIPI] — [0,1]7(¢) be the measurable isomorphism
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3.1. General Relational Structures and Limits

induced by the bijection ..

A separable realization ¢ on X[Fmaz] exists as in Theorem 2.4.3 and by Theorem 2.4.5,

a lifting 1 of ¢ to X[ exists.

We know that u[Hp“](Qs[le(Wp(RR)AHp(RR)) = 0 and N’[HpH](ZP(RR)) = 0, for each
R € 7 and p € Py, where k = ar(R).

pn (T(S,R))

=m |V N TFel(@e(Hp(RR))))

Ret pePk ecHp(RY)

= [ (V) () 7 Ol (W, )

RET pEPy, ec Hy(RS)

= | (V) () Wy (e

ReT pePy ec Hp(RS)

)
_ (N ﬂw;( [] | L ))
W,

Ret pePy e€Hy(RS)

= Hn] m m (o ( [HPH] ( ﬂ L, ( e( p(RR))))>)
Rer peP;, € Hy(RS)

= wl(ﬂ AR ( N L'r <Wp<R"‘>>>)>>
ReT pePy e€Hp(RS)
= Vol ﬂ ﬂ [Hp”] ( ﬂ Lel(Fe(Wp(RR)))))

ReT pePy e€Hp(RS)
— / / H H H Wy RR )(xe) H dxa
O Rer pePy ecH,(RS) Aer([n] kmaz)
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3.1. General Relational Structures and Limits

We have thus proved, (S, R) = t(S, W(R)). O

If the sequence {R;} is increasingly convergent, then for each structure S on some finite
set, t(S,W(R)) = lim;_, t(S, R;) and the Euclidean structure W(R) is said to be a limit

for the sequence {R;}.

Remark 3.1.2. In the course of the proof of Theorem 3.1.1, we have also proved ¢,(S,R) =
t(S,W(R)).

We shall view graphs as digraphs with symmetric edge sets. Digraphs can be repre-
sented as relational structures of type 7 = {E} such that ar(E) = 2. Given digraphs G,
H1)2) (EY) = E¢ and H 9 (EY) = (). Given a convergent sequence of finite digraphs G,,,
we can obtain, as a limit, a Euclidean structure W = {W(l)(g), W(Lg)}, where Wp)g) is a
Lebesgue-measurable subset of [0, 1], while Wy 9y = 0. Then ¢(F, W) = limy, o t(F, Gp)
for all finite digraphs F. Essentially, the three-dimensional set W(y(2) is our digraph limit.

Let G be a graph. Then W () is Sp-symmetric. How are these graph limits related

to graphons that were shown to be graph limits in [9] by Lovasz and Szegedy?
Let W : [0,1]2 = [0,1] be defined by

N 1
W(I,y)Z/O Waye)(r,y,2) dz.

Since W1)(2) is Sjgj-symmetric and measurable, W is symmetric and measurable. So

Wis a graphon. Using the classical Fubini’s theorem, we can see that for every n € N and
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3.1. General Relational Structures and Limits

every graph F on [n],

(i,9)€EF

HE,W) = / / 11 Wz, xj) day ... day,
t(F, W)
as defined in [9]. Given any sequence of finite graphs G,, that converges to W, t(F, W) =

lim,, o0 t(F,Gy) for all finite graphs F and W is a limit for the sequence G,. We have

recovered the traditional graph limit from our form of the limit object.

The advantage of the three-dimensional limit is perhaps more apparent in comparison
to the digraph limit, which Offner and Pikhurko showed to be a set of four measurable
— _
functions {W, W, W, W1 from [0,1]? to [0, 1] such that for all z,y € [0, 1]

1. W(x,y) + W/(:L‘,y) + W(:p,y) + Wz, y) =1,
2. W (z,y) W x), and
3. W(x,y) = W(y@)

— —
As the notation would indicate, the functions W, W, <V[_/, W are intended to correspond
to the probability of edges going both ways, an edge from left to right only, an edge from

ﬁ
right to left only and no edges, respectively. Clearly W and W are enough.

Given a digraph F on a finite set, the set of directed edges E(F') = ? U ? where ? =
{(@,9) : (2,9) € E(F).(y,2) € B(F)} and F = {(2,9) : (z,9) € B(F), (4,x) ¢ E(F)}.

t(F, / / H W (i, x)) H W/(xi,xj) + W(mz, xj))dzy ... dxy,
J)EF

()€ F (i
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3.1. General Relational Structures and Limits

We can retrieve these functions from our digraph limit object Wq)2). Recall that in

the case of digraphs, W(;)(2) need not be Sjy-symmetric. For all z,y € [0, 1], define

1
Wy = /0 Waye) (@, ¥, 2 )Waye)(y, @, 2) dz
_ 1
Wi(z,y) = / Wy (@9, 2) (1 =Wy (y, 2, 2)) dz

01
W(z,y) = /0 (1 =Wy (9, )W)y, 7, 2) dz

1
W(z,y) = /0 (1- W(l)(z)(%% z))(1 - W(l)(?)(:l/axv z)) dz

Using Fubini’s theorem, we can once again see that t(F, W(y)2)) = t(F), W, W), for all

digraphs F' on finite sets.
Let us look at the nature of the limit object for a few other simple relational types.

Let 7 = {P,Q} such that ar(P) = 1 and ar(Q) = 1. A limit object for two unary re-
lations is a Euclidean structure W of type 7 that consists of Lebesgue-measurable subsets

W(l)(P) and W(l)(Q) of [0, 1]

Let 7 = {R} such that ar(R) = 2. This is the type for binary relations and we

have seen that our limit object for binary relations consists of Lebesgue-measurable sets

Wy (R) € [0,1]* and W 9)(R) C [0,1].
Let 7 = {R,S} such that ar(R) = 2 and ar(S) = 2. A limit object is a Eu-

clidean structure of type 7, represented by a system of Lebesgue-measurable subsets

{Way2)(R), W2y (R), Wiy2) (S), W1,2)(S)} such that Wipy9)(R), Way2)(S) C [0,1]* and

33



3.1. General Relational Structures and Limits

Wii,2)(R), Wq,9(S) € [0,1].

These examples indicate how rapidly the complexity of the limit object increases with

the complexity of the relational type.

Let HS(RS) = {e € Ejp([n]) : ¢ ¢ Hy(R®)}. Define the induced homomorphism
density of S in W(R) as

1 1
bond(S,W(R)) = /O/ NI I WEH

O Rer pePy ec H,(RS)

[T a-W@E™ ) J] doa

e€HS(RS) Aer([n],kmaa)

Remark 3.1.3. We can repeat the proof of Theorem 3.1.1 to show that

tind(87 R) = to,i’nd(87 R) = tind(sv W(R))

Let 7 be a relational type. Let W = {W,(R) : p € Py, k = ar(R)} be a Euclidean
structure of type 7. Each W,(R) is a measurable subset of [0, 1]"(IPID). We can generate
a random relational structure R,, = R(W, m) on [m] as follows. Choose x4 uniformly at
random in [0,1], for A € r([m], kmas). Fix relation R € 7 and let k = ar(R). For each

p € Py, generate Hy(R) as follows :
e € Hy(R) < x. € Wp(R).

The following result is similar to Lemma 2.4 in [9] and the proof follows along the same
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3.1. General Relational Structures and Limits

lines.
Lemma 3.1.4. For every relational structure S on [n]

1. E(to(S,Rm)) = t(S,W).

2. |E(t(S,Rm)) — t(S,W)| < 2.
3. Var(t(S,Rm)) < 32, O

Remark 3.1.5. We can also prove an analog of Lemma 3.1.4 for ¢;,4 and ¢, ;,4. For a future

result, we will use the first part : E(t ind(S, Rm)) = tina(S, W).

Theorem 3.1.6. The sequence {R,,2} is increasingly convergent and W is its limit with

probability 1.

Proof. Let € > 0. Fix n and a relation S on [n]. Assume m is large enough that - < §.

Using Chebyshev’s inequality, Prob(|t(S,R,,2) —t(S,W)| >¢€) < %#

Let Ep, . be the event that [t(S,R,,2) — t(S,W)| > €. Then Y > | Prob(Ep,) < cc.
By the Borel-Cantelli Lemma, Prob(limsup E,, ) = 0.
Then Prob(Uecq+ limsup By, ) = 0, that is, Prob(Je > 0 : [t(S,R2) — t(S,W)] >

€,i.0.) = 0.

Thus we have proved Prob(t(S,R,,2) — t(S,W)) = 1 for each relational structure S on
a finite set. Since there are only countably many such S, {R,,2} is increasingly convergent

and W is a limit for the random sequence {R,,2} with probability 1. O

We can repeat the above proof for ¢;,4 to prove that ¢;,4(S, R,2) = tina(S, W) with

probability 1.
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3.2. Uniqueness

3.2 Uniqueness

In this section, we address the question of uniqueness of limits. It is known that
graphons are unique as graph limits up to measure preserving transformations [3]. Elek
and Szegedy found limits for k-uniform hypergraphs and showed they were unique up to
“structure preserving” maps. We extend their results to determine uniqueness of our lim-
its for relational structures and show that they are also, in fact, unique up to structure

preserving maps.

Let U and W be two Euclidean structures of type 7. Let

di1 (U, W) = max{Vol(Up(R)AW,(R)) : p € Py, k = ar(R),R € 7}.

di(U,W) =0 if and only if U and W are 0-close, that is, for all R € 7 with k = ar(R), for
all p € Py, Up(R)AW,(R) is a null set. d; is clearly symmetric and satisfies the triangle

inequality.

Let S be a relational structure of type 7 on a finite set. Let |S| = Y. > |H,(RS)|.
ReT pePy,
It is easy to verify that [t(S,U) — t(S,W)| < |S|dy (U, W).

Let 6, (U, W) = inf{0 : VS, [t(S,U) — t(S,W)| <|S|d}.

It is easy to see that d,,(U, W) < di(U, W) and it satisfies the triangle inequality. If
0w(U, W) = 0, then t(S,U) = t(S,W) for all relational structures S of type 7 on finite
sets. We are interested in the relation between U and W that ensures d,,(U, W) = 0.

Fix k € N. For every S € r([k]), let Ag be the o-algebra generated by the projection
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3.2. Uniqueness

0,1]7 KD — [0,1]7). Let AL = (Ar: T C S).

A Lebesgue measurable function ¢ = (¢g : S € r([k])) : [0,1]"(ED — [0,1]7(*) is a

structure preserving map on [0, 177K if
1. ¢ is measure preserving.
2. ¢~ Ags) C Ag, for each S € r([k]).

3. Given a Lebesgue measurable set I C [0,1] and S € r([k]), ¢5'(I) is independent

from A%.
4. pom=mog forall m € Sy

Remark 3.2.1. Given m < k, let ¢, : [0,1]7(")) — [0,1]7(") be the natural restriction of

the structure preserving map ¢. Then ¢,, is also structure preserving.

Here, ¢ = ¢p.

Remark 3.2.2. Let ¢, ;5 be two structure preserving maps on [0,1]"(5). Then ¢ o 5 and
¢~1 are also structure preserving maps on [0, 1]"(KD.

(]

Let 1 be a separable realization on X!"l. Then ¢ o 1 is also a separable realization on

X[,

Let ¢~ (W) denote the Euclidean structure represented by {¢[p1” (Wp(R)) :p € Py, k =

ar(R),R € T}.

Lemma 3.2.3. Given a Fuclidean structure W of type T and a structure preserving map

¢ on [07 ”kmaw; 5111(”/7 (b_l(W)) = 0.
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3.2. Uniqueness

Proof. Tt is enough to show that t(S, W) = t(S, ¢~ (W) for all relational structures S of
type 7 on finite sets.

Just as in the proof of Theorem 2.4.5, we can lift structure preserving maps. We
can obtain a lifting 1 of ¢ such that « : [0,1]"("F) — [0,1]"("F) is measure-preserving,
Ypor =70 forall T € S, and ¢ o Prpy) = Pr)) © ¥-

Let 9, : [0,1]7(?m) — [0, 1]7("™) be the natural restriction of 1. Then v = 1 and
we can verify that 1, is a lifting of ¢,,, using the properties of structure preserving maps.
In particular, each 1, is measure-preserving.

Let S be a relational structure of type 7 on a finite set.

ReT pePy, e€Hp(RS)

(S, o~ W) = Vol | [ [ Priwn) ( N L <e<¢;<wp(RR>)>>)
= Vol | () () Py | 1) %H( (S P(RR)))))

ReT pePy e€H,(R
Ret pePy e€Hy(RS)

ReT peP;, e€Hp(RS)

vl N e | N, (RR)))))

— Vol (ﬂ N r(pn( Lo (F(W,(RF))

= Vol [ () () P | () L F(W(BR))

ReT pePy, e€Hp(RS)

= HS,W)

O

A random coordinate system , : Ey([n]) — [0,1]"("*)) can be defined as follows : Let

x4, A € r([n], k), be random variables chosen uniformly at random in [0, 1]. Then for any

(nla .- '7nk) € Ek([n]) and S = {ila e 7it) € T([k])a Cn,S(nla cee ank’) = T{n; ,...ni, b
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3.2. Uniqueness

For any Euclidean structure W of type 7, (¢,)"'(W) is a relational structure-valued

random variable that has the same distribution as R(W,n).

Let (g = std o [(,5] for all S € r([k]). Then ¢ = ((s: S € r([k])) : XK — [0, 1]7(F) s
a random coordinate system on Xl

The random coordinate system ¢ is a separable realization on X* with probability 1.

Lemma 3.2.4. Let W be a Fuclidean structure of type 7. Let R be the ultraproduct of
the random sequence R(W,n). Then there exists a separable realization ¢ : XFmaz —

[0,1]"(Fmae]) such that R is 0-close to ¢~ (W), with probability 1.

The random relational structure R = [R(W,n)] = [¢, 1 (W)], since R(W,n) has the
same distribution as ¢;;(W). Then R and (~(W) are O-close.

Theorem 3.2.5. Let U and W be Euclidean structures of type 7. §,(U, W) = 0 if and

only if there exist structure-preserving maps Yy and Yy on [0, 1]’”([1‘37””]) such that

di (V' (U), by (W) = 0.

Proof. If there exist structure-preserving maps ¢ and ¢ on [0, 1]"((kmaz]) such that dy (¢~ (U),

Y~Y(W)) = 0, then using Lemma 3.2.3 we can easily see that 6,,(U, W) = 0.

For the converse, let §,,(U, W) = 0. Since ¢(S,U) = t(S, W) for all relational structures
S on finite sets, t;q(S,U) = tina(S, W). Then R(U,n) and R(W,n) have the same distri-
bution, say, Z,. Let R = [Z,]. Then by Lemma 3.2.4, there exist separable realizations
¢y and ¢y on XFmaer such that qﬁl}l(U ), gﬁ;Vl (W) and R are all O-close, with probability
1. We can find the separable systems {la : A € r([knaz))} and {{aw : A € 7([kmae])} in-

duced by ¢ and ¢y respectively. For each A, let [4 be the separable o-algebra generated
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3.3. Regularity for Relational Structures

by l4, and l4w. Using Theorem 2.4.3, we can find a separable realization ¢ on X [kmaz]
that corresponds to the separable system {l4 : A € r([k])}. We can now find structure
preserving maps by and ¢y on [0, 1]"(Fmez]) such that for all m, all Lebesgue measurable
B C (0,17t ¢ (41, (B)) and ¢ (B) as well as ¢, vy, (B)) and ¢y, (B) differ
on null sets. Then ¢! (U) and v;;; (W) are 0-close. O

3.3 Regularity for Relational Structures

In the discussions to follow, if X is a finite set, then the measure p is the normalized
counting measure on X. In case of the ultraproduct X, u is the Loeb measure we defined

in Section 2.

A k-level (-hyperpartition F on a set X is a family of partitions of E,.(X) = U§:1 Pj,
where E;(X) is the complete r-uniform hypergraph on X and PJ is an r-uniform hyper-
graph on X, for each r € [k] and j € [(]. a,b € E,.(X) are in the same J#-r-cell if for
each non-empty A C [r], ma(a) and m4(b) are in the same Pj|.A|. This induces a partition

of each E,(X) into J¢-r-cells.

S is a d-equitable hyperpartition if for all r € [k] and ¢, 5 € [I],

|y (B) = by (PF)] < 6.

A cylindric intersection set L in X4 is a set L = N{B:BCA} 75 (Yg), where each
Yr € XP is measurable. Recall that if X is finite, all subsets are measurable.
If L is a cylindric intersection in the ultraproduct X", L e a[;].

In the case that r = 2, every cylindric intersection in X2 is a measurable rectangle,
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3.3. Regularity for Relational Structures

whether X is a finite set or the ultraproduct.

A directed r-uniform hypergraph H on X is e-regular if for any cylindric intersection

set L in X" with pp (L) > e,

) (H N L) = pagpy (H ) (L)] < € pypy (L)

Theorem 3.3.1. Let R be a relational structure of type T on an ultraproduct X of an
increasing sequence of finite sets X;. For every € > 0, there exists £ € N and a 0-equitable

kmas-level £-hyperpartition S such that

*

1. Each PJ? € o}y and it is independent of oL

2. For all R € 7, pyjp)(Hp(RR)AT,(R)) < ¢, where Ty(R) is a union of some H-||p||-

cells.

Proof. Let ¢ be a separable realization and let W be the corresponding Euclidean struc-
ture such that R and ¢ (W) are O-close. Then there exist measurable W,(R®) C
0,1]"UIPID such that u[Hp”](Hp(RR)AQS[le(Wp(RR))) = 0. An (-boz in [0,1]"UIPID s

HAGT([HpH])[jAé_l’ jTA) where each j4 € [¢]. There exists £ € N such that for each R € 7

and each p € Py, where k = ar(R), there exists W (R), a union of {-boxes in [0, 1] e,
and Vol(W,(R®)AW/(R)) < e. So ,u[”pm(HP(RR)Aqﬁ[pl”(WI’)(R))) < €. Now consider the
hyperpartition J# formed by P} = ¢ Y([£42, %)), for each 7 € [kmq) and j € [£]. Clearly
each PJ? is in the separable algebra [[,; < o, and thus it is independent of UE;]. We may
assume P C E,(X). So Pj is an r-uniform hypergraph on X. Also p,(P]) = 2, S0 the
partition is 0-equitable.

Since W (R) is a union of ¢-boxes, T,(R) = qﬁﬁpl” (W,(R)) is a union of - ||p||-cells. [
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3.3. Regularity for Relational Structures

Note that if E € oy, is independent of O'E;], then E is, in fact, §-regular for all § > 0.

Theorem 3.3.2. Given ¢ > 0 and m € N, there exist M, N € N such that given any
relational structure R on a finite set X with | X| > N, there exists an e-equitable kyqq-level

L-hyperpartition € on X for some £ such that m < { < M and
1. Fach Pj?" s e-reqular.

2. For each H,(RR®), there exists Ty(R), a union of some J-||p||-cells, such that

piipl (Hp(RR)AT,(R)) < €

Proof. Suppose, for contradiction, there exist ¢ > 0, m € N and relational structures R;
on X; such that |X;| — oo and there is no e-equitable ¢-hyperpartition, for m < ¢ < i
satisfying above conditions for any R;.

Now take ultraproducts to obtain the relational structure R on X. There exists a
0-equitable {-hyperpartition # on X satisfying the conditions in Theorem 3.3.1 for §. Let
£ >m. Let 153r = [P};] be an internal set that differs from P} by a null set. We may as-
sume each PfZ is an r-uniform hypergraph on X;. The hypergraphs 13; form a 0-equitable

{-hyperpartition .

For U-almost every i, the hypergraphs P}, form an f-hyperpartition JZ; on X;. Since
His a O-equitable hyperpartition, pi,)(P}) = p,9(P},) for every j,j" € [(] and 1 € [kmaa]-
Then limy |p; [ (P} ;) — i (P ;)] = 0.

For each R € 7, there must exist internal sets T, (R) = [T}, ;(R)], such that each T}, ;(R)

is a union of J-||p||-cells and gy, (Hp(R®)AT!(R)) < §.
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Then limg; /Lzy[Hp”](Hp(RRl))ATpﬂ(R)) < % and ,LLi’[”pH](Hp(RRi))ATp’i(R)) < € for U-

almost every i.

For U-almost every i, for each r € [kmqz]| and j, j € [€], Umy g [y (P;) =i 0 (P )] < €,
that is, J# is an e-equitable ¢-hyperpartition, and for each R € 7 and p € P, where
k= CLT‘(R), uz,[”p”](HP(RR’))ATI),Z(R)) < €.

Now we show that for U-almost every i, PJ is e-regular. Suppose there is 7 € [kpq,] and

J € [£] such that for U-almost every i, there exists a cylindric intersection set L; C E,.(X;)

with /Li,[r]( )>eand |:uz r](P ﬂL) Mz[r]( JZ)NZ r]( )|>6Mz[r}( )
Consider the cylindric intersection set L = [L;]. So L € O'E;] and it is independent of

Py. Therefore, f’; and L are also independent. However ju,(L) > € and | ,um(f’; NL)—

i) (PE) gy (L) = Yimgr [ (Pl 0 L) — pi oy ()i (Li)| > € pupy(L). This implies PY
and L cannot be independent, leading to a contradiction. Thus, P}, is e-regular, for each

7 € [kmaz], 7 € [¢] and U-almost every i.

Let R} be a new relational structure of type 7 on X;, where each RRi s represented
by the system {7}, ;(R) : p € Py, k = ar(R)}. Since there are only finitely many pairs (r, j)
with 7 € [kmaz), 7 € [¢] and finitely many relations in the type 7, we have proved, for

U-almost every i :
1. for each r € [kmas] and j € [¢], P}, is e-regular,
2. J is an e-equitable ¢-hyperpartition, and

3. for each R € 7 with k = ar(R) and each p € Py,

i (i) (Hp(RR)) AT, i(R)) < e.
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Since |X;| — oo, there exists ¢ such that |X;| > ¢ and then R contradicts our initial

assumption. ]

Let us consider the type 7 = {E'} with ar(F) = 2 that we use for graphs and digraphs
to see how our results extend the familiar notions of regularity for graphs and digraphs. In
particular, let us examine how our regular edge cells imply the regularity conditions involv-
ing edge densities of pairs of sets. Theorem 3.3.2 transfers regularity from the ultraproduct
to the sequence, so let us consider G on the ultraproduct X. We know H(172)(EG) = 0.
By Theorem 3.3.1, there exists a partition {Vy,..., V;} of X and a partition {E4, ..., Es}
of X2 such that

L. For each i € [¢], puy)(Vi) = + and piyo) (i) = :.
2. Each E; is independent of measurable rectangles, that is, for all measurable A, B C

X,

1
) (Bx N A x B) = pp (Ex)ppy (A x B) = ?“[”(A)M[” (B).

3. There exists C C [¢]* such that ,u[Q](EGA Ut jmec(Vi x V) NEg) <e.

Given A C V; and B C V; , let E¢(A,B) = ES N (A x B).

up (ES(A,B)A Ugk:(i,jkyecy (A x B) NEy) < e, since all 2-cells also form a partition

np2 (ES(A,B))
pay(A)p(B)

of X[, If p2)(A x B) > 0 and dg (A, B) , then

1
da(A,B)— > —l<e
{k:(i,5,k)eC}

This is true for all A € V; and B C Vj, and in particular for V; and V;. So
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|dg(A,B) — dG(Vi,Vj)’ < 2e.

In particular for graphs, E¢ is symmetric, so we can assume C has Spg-symmetry, that
is, in the approximation for E® using 2-cells of the partition, we include (V; x V;)NEg
if and only if we include (V; x V;) N E;. This is similar to the usual graph regularity

condition involving edge densities.

In the case of digraphs, typically four edge densities are used. In general, E® need
not be symmetric. Let (E®)¢ denote the edge set that is the complement of EG. Let

= (1 2) € S[Q}

— _ pp(ES(A,B)Nn E%(B,A))
TelAB) = o (A (B)
) ((E€ N (E9)7)(A,B))
) (A) gy (B)

da(A,B)

Similarly,
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Also

p(ES)CA | (Vix V) NEg) <e
(1.5 k) £C

p(ES)TA | (Vix Vi)NEy) <e
(3,9,k)eC

Thus, all four edge sets (ES N (ES)™), (EGN((ES)%)™), (ES)"N(ES)¢) and (E%)°N
((ES)¢)™) can be approximated by unions of 2-cells. Once again using the fact that edge
cells are independent of measurable rectangles, we can show that given A C V;, B C V;
such that 1z (A xB) > 0, |'d (A, B)— d a(Vi, V;)| < 2, [d a(A,B)— da(Vi, V))| <
%, |'dg(A,B) — da(Vi,V;)| < 2 and [dg(A, B) — da(Vi, V)| < 2e.

This yields a regularity condition for digraphs using four edge densities, similar to the
one commonly used for the Digraph Regularity lemma.

Of course if we are dealing with graphs, then EC are (EG)c are symmetric and
<E>G,(A,B) =dg(A,B) and 7(;(A,B) = <EG(A,B) =0and dg(A,B) =1 —dg(A,B).

Thus we retrieve the regularity condition we examined above in the special case of graphs.

3.4 Removal Lemmas for Relational Structures

Let R and S be relational structures of type 7 on a set X. R and S are e-close if for

each R € 7 with k = ar(R), u[”pm(Hp(RR)AHp(R‘S)) < € for each p € Py.

S is a substructure of R if for each R € 7, RS C R®. Equivalently, H,(RS) C H,(R®)
for each p € Py, where k = ar(R).
Let R\S denote the relational structure represented by { H,(R*)\ H,(RS) : p € Py, k =

ar(R),R € T}.
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First we prove an infinite version of Removal for relational structures on an ultraproduct

space.

Theorem 3.4.1. Let R be a relational structure on X such that for each R € T, each
p € Py where k = ar(R), Hy(R®) is a measurable subset of XIPIl. Then there exists
a relational structure N' on X such that for each R and each p € Py where k = ar(R),
,u[”pm(Hp(RN)) = 0 and for every n and every relational structure S on [n], T,(S, R\N) =
0 or pp (To(S,R\N)) > 0.

Proof. We know there exists a separable realization ¢ on X[Fmesl and a corresponding Eu-
clidean structure W(R) such that M[Hp”](Hp(RR)Aqbﬁpl”(Wp(RR))) =0 for each R € 7
and p € Py, where k = ar(R). Let D,(R) C [0,1]"UIPID be the set of density points
of W,(R®). By Lebesgue’s density theorem, Vol(W,(R®)AD,(R)) = 0. There exists
a system of directed hypergraphs {H,(R) : p € Py, k = ar(R),R € 7} such that each
H',(R) C gbﬁpl” (Dy(R)) and uwpm(qs[pl“(Dp(R)) \ H',(R)) = 0. Let R’ be the relational

structure on X represented by this system.

For any n, there exists a lifting ¥ of ¢ to X", by Theorem 2.4.5. Let S be a relational
structure on [n]. Since every point of Dy, (R) is a density point of the set, either Dp,(R) = 0 or
Vol(D,(R)) > 0. Then for each R, every p € Py and every e € H,(RS), L7 (F.(Dy(R))) is

empty or has positive measure. As a result, (e, (pep, wu_pln(ﬂeer(RS) LY (F.(Dy(R))))

is empty or has positive measure.

TSRS () (Vi | () L' (Fe(Dy(R))

ReT pePy, e€Hp(RS)
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and

P (To(S,R)) = iy | () () Tb”_pln (| L:'(Fe(Dy(R)))
)

ReT pePy, e€Hy,(RS

Thus, T,(S,R’) is either empty or has positive measure. Let N' = R\ R/, so
RN = RR\ RR'. Then H,(RN) = H,(RR)\ H,(RR') for each R € 7 and p € Py
and ) (Hy(BV)) = 0.

Now To(S, R\ N) = T,(S,RNTR'). Note that T,(S,RNR') C T,(S,R') and
1) (To(S, RN R')) = pppy (To(S, R)).

Therefore, T,(S, R\ N) = 0 or ) (To(S, R\ N)) > 0. O

Theorem 3.4.2. Given n € N, a relational structure S of type T on [n] and given € > 0,
there exists 6 > 0, such that for any relational structure R of type T on a finite set X with
t(S,R) < 4, there exists a substructure R' of R such that t,(S,R') =0 and R’ is e-close
to R.

Proof. Suppose, for contradiction, there exists n € N, a relational structure S on [n] and
¢ > 0 such that for all i, there is a relational structure R; on a finite set X; with ¢(S,R;) < %
but no such R exists. So lim;_, t(S,R;) = 0.

We may assume |X;| — co. Then we can take the ultraproduct X and obtain the re-
lational structure R on X, represented by the system of directed hypergraphs {Hp(RR) :
p € P,k = ar(R),R € 7}. There exists a relational structure A/ on X as described in

Theorem 3.4.1 .
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Now t(S,R) = lim; o0 to(S,R;) = 0. This implies t,(S,R \ M) = 0. By Theorem
34.1, To(S, R\ N) = 0 and each Hp(RN) is a null set in X[IPIl, By the definition of a
null set, for each § > 0 there is an internal set I,(R) = [I,;(R)] such that Hp(RN ) CL,(R)

and M[HPH](IP(R)) <Jd. Let § = %

Now consider the structure R/ on X; represented by {H,(R*)\ I,;(R) : p € Py, k =
ar(R),R € 1}. Let R’ be the ultraproduct of the sequence {R}}. Since H,(R®') C
(H,(RR*)\1,(R)) C (H,(R®)\ Hy(RN)), we have T,(S,R') C T,(S,R\N). This implies
To(S,R') = [To(S, R})] = 0. Thus, for U-almost every i, t,(S,R}) = 0.

Now for each R € 7 with k = ar(R) and each p € Py, piyyp) (Ip(R)) = std(vyp (L(R))) <
d. So for each m € N, vy, (I,(R)) < (6+ L)*. Choose m such that L < £, then §+1 <e.
For U-almost every i, yi; [jp) (Ipi) < €. We know that H,(R™) \ H,(R®) C I,;(R). Since
the type 7 is finite and each Py is finite, we can now prove for U-almost every i, for each
ReTand p € Pr, pyp) (Hp(RR) \ Hy(RR)) < py iy (Ipi(R)) < €.

This contradicts our supposition, thus proving our result. ]

Let us apply Theorem 3.4.2 to the case of graphs using type 7 = {E}. Recall that
H 9 (EY) = () for all graphs G. Given a graph F on [n] and a large finite graph G on
X, the condition ¢(F,G) < ¢ implies that there are fewer than 6|X|" copies of F' in G.
Theorem 3.4.2 tells us there exists an F-free subgraph G’ of G that is e-close to G. This
simply means G’ was obtained by deleting less than €| X|? edges from G. This is the famil-

iar Graph Removal Lemma.

Now we prove a Strong Removal Lemma for relational structures that allows us to
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simultaneously remove copies of a family of relational structures. This result also im-
plies the testability of hereditary properties of relational structures. We shall give a brief
introduction to these ideas from the area of property testing following the proof of the

theorem.

Theorem 3.4.3. Let .F be a family of relational structures of type T on finite sets. For
every € > 0, there exists 0 > 0 and n € N such that for every relational structure R on
some finite set X satisfying tinqa(S,R) < § for each S € F on some set Y with |Y| < n,

there exists R’ on X such that t,nq(S,R') =0 for each S € .F and R’ is e-close to R.

Proof. Suppose, for contradiction, there exists e > 0 and a sequence {R;} such that R; is
a relational structure on X;, |X;| — oo and t;,q(S,R;) — 0 for all S € F, but no R/ as
described above exists. Then we can take the ultraproduct X and obtain the relational
structure R on X, represented by the system of directed hypergraphs {Hp(RR) :p €
Pr,k = ar(R), R € 7}. We know there exists a separable realization ¢ on X¥maz] and a

Euclidean structure W(R) such that
1)) (B (W (RR)) AH,(R®)) = 0.

Then t;,q(S, W) = tina(S,R) = limy t;,q4(S, Ri) = 0 for each S € .Z.

For every R € 7 and p € Pj, where k = ar(R), W,(R®) C [0,1]"IPIl is measurable.
Given € > 0, there exists £ € N such that for each R € 7 and p € Py, there is W;(R), a
union of /-boxes in [0, 1]"UIPI) such that Vol(Wp(RR)AWIQ(R)) < §. Let W’ be the Eu-
clidean structure represented by {W;(R) : p € Py, k = ar(R), R € 7}. Recall that an {-box
in [0, 1)7UIPI] is of the form HAG?"([HPH])[%’ jTA) where each j4 € [¢]. We can represent this

¢-box by a function f : r([||p|]]) — [¢] where f(A) = ja. Let Cp(R) be the set containing
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functions that represent the {-boxes in Wj(R).

Let Py = qb[;]l([@, %)) We may assume that every tuple in this set has distinct coor-
dinates. Then PJ? is an r-uniform hypergraph on X. P7j,..., P} form a partition of X

within measure 0, for each r € [k,q2]. We call the resulting ¢-hyperpartition €.

Since each Py is measurable, there is an internal set f’; = [P],] that differs from P} by a
null set. These internal sets form an ¢-hyperpartition H#. We may assume each P;"Z is an r-

]

uniform hypergraph on X Z-[r . Let us call the resulting ¢-hyperpartition ;. For convenience,
let us assume X; = [n;]. Let Q;,(R) be the union of J#-r-cells indexed by C,(R) and let

R; be the relational structure on [n;] represented by {Qip(R) :p € Pr,k=ar(R),ReT}.

Consider a random relational structure R(W', 7, n;) of type 7 on X; = [n;] gener-
ated using a hyperpartition sampling. It differs from R(W’, n;) in that every x4, A €
r([ni], kmaz ), is chosen uniformly at random in [Q(At#, #), where g(A) = j if Ais in
lej?l. Recall that each Pj; is an r-uniform hypergraph. Although R(W', 7, n;) is arandom
structure, it always takes the same value : R(W', 7, n;) = ﬁ, Let R be the ultraproduct

of the sequence 752

Let Qp(R) = ¢ﬂp1”(W£(R)) and let @ be the relational structure on X represented
by {Qp(R) : p € Pr,k = ar(R),R € 7}. Qp(R) is a union of ﬁ]\p”—cells indexed by
Cp(R). Then gy (Qp(R)AH,(RR)) = 0. Since Vol(W,(RR)AW,(R)) < &, we have

o) (Hp(RR)AH,(RR)) < §.

Finally, let us consider the random relation R} = R(W, 5, n;).
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We know E(toina(S,R(W,n;))) = tina(S,W) = 0 for each S € F, and this implies
to.ind(S, R(W,n;)) = 0 and T, jnq(S, R(W,n;)) = 0 with probability 1.
Since T, ina(S, R(W, #;,n;)) C Tt ina(S, R(W,n;)), we infer that t,;nq(S,R;) = 0 for

each § € F with probability 1.

Now limg; E(,lj,l7[||pm(QLP(R)AHP(RR;))) = VOI(W%(R)AWP(RR)) < i
Also limgs g 1 (Hp(RR)AQ; p(R)) = pypy (Hp( RR)AH,(RR)) < €.

So limygs /11»7[”1,”}(Hp(RRi)AHp(RRé)) < §. Then for U-almost every i, for each R € 7
and p € P where k = ar(R), ,ui’[”pm(Hp(RRi)AHp(RRé)) < € and 4 na(S,R}) = 0 for

each § € F with probability 1, which contradicts our initial assumption. O

Fix a relational type 7. Let &2 be a property of relational structures of type 7 on finite
sets. The property &2 is often identified with the family of relational structures on finite
sets, up to isomorphism, that satisfy &2. A relational structure R of type 7 is said to be
e-far from satisfying & if there is no relational structure R of type 7 that satisfies &2 and

is e-close to R.

We assume there exists an oracle that given n and a relational structure R on an un-
derlying set X such that |X| = n, tells us for every R € 7 with k = ar(R), whether any
k-tuple of vertices is in R® or not. An e-test for & is a (randomized) algorithm which,
given the ability to query the oracle, distinguishes with high probability between the case

of R satisfying &2 and the case of R being e-far from satisfying &2.

A property & is said to be testable if for every € > 0 there exists an e-test for & whose
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total number of queries is bounded only by a function of ¢ and is independent of the size

of the input relational structure.

A property & of relational structures of type 7 is said to be hereditary if it is closed
under the removal of vertices, that is, it is closed under taking induced substructures. If
a relational structure R does not satisfy some hereditary property &2, then any super-
structure of R also fails to satisfy the property &2. We say R is a forbidden induced
substructure for the property &?. Any hereditary property is definable by its family of
forbidden induced substructures. Conversely, given any family of structures .%, the prop-
erty of not containing any structure from % as an induced substructure is a hereditary
property. Thus, a hereditary property &2 can be characterized by its family of forbidden

induced substructures.

Given a hereditary property &2, let .% be the family of forbidden substructures for &2.
If a relational structure R, on a large set X, is e-far from satisfying &2, then R cannot satisfy
the conditions of Theorem 3.4.3 for the given €. Otherwise, the conclusion of Theorem 3.4.3
would imply R is e-close to satisfying &2. So there exist § > 0, n € Nand S € .% on an
underlying set Y such that |Y| < n and t;,4(S,R) > . Then we can randomly sample N
vertices, for a large enough N, independent of | X|, and we expect to find an induced copy
of & with a high probability. This yields an e-test for &. Thus, using the Strong Removal

Lemma we can easily show that hereditary properties are testable.
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Chapter 4

Weighted Structures

4.1 Weighted Structures and the Correspondence Principle

A weighted signature T is a first-order signature with finitely many function symbols

and a function ar that assigns an arity to each function symbol.

R is a weighted structure of type 7 on an underlying set X if each p € 7 is interpreted
in R as a bounded weight function as follows :
Let k = ar(p). Then p® : Ex(X) — [0,1] is a weight function. We may view p~ as a
weight function on X* by assuming it takes the value 0 outside Ej, (X).

(%], Tn case X

Recall that in the case of finite sets X, py) is the counting measure on X
is the ultraproduct X, ) is the Loeb measure on the ultraproduct space X defined in
Chapter 2.

Let pR(A) = [ pR(x) dpij)(z), for any measurable A C XK,
A
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4.1. Weighted Structures and the Correspondence Principle

Example : A digraph G = (V, E') can be viewed as a weighted structure of type {pe, pv },
where ar(p.) = 2 and ar(p,) = 1, if we interpret the function symbols as pg = x, and
pS =1onV.

If G is a graph, then FE is a symmetric set of ordered tuples.

Example : Let G = (V, f., f,) be a weighted graph with edge-weights and vertex-weights
given by weight functions f., f, respectively. It is a weighted structure of type {pe, pv},

where p& = f. and pG = f,.

Consider a sequence of weighted structures R; of type 7 on finite sets X; and let
|X;| — oo. For each p € 7 with k = ar(p), the functions p™i are uniformly bounded

Ri] is a real-valued

in [0,1], so [p®] is a bounded internal function on X* while std o [p
function that takes values in [0, 1]. Let R be the weighted structure of type 7 on X that

interprets each p € 7 as pR = std o [pRZ]

Given any measurable A C X[¥ and A4; C Xi[k] for each i, such that, u[k}(AA[Ai]) =0,
Lemma 2.1.3 tells us
A = [ @ dugta) = [ st @) dg @)
= st (| [ 0@ )] ) = st ),

Fix a weighted type 7 and let k4, = max{ar(p) : p € 7}.

Theorem 4.1.1. Let R be a weighted structure of type T on the ultraproduct X. There

exists a separable realization ¢ on Xkmazl such that for each p € T with k = ar(p),
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4.1. Weighted Structures and the Correspondence Principle

1. p® is (L4 : A € r([k]))-measurable, and

2. there exists a Lebesgue-measurable function w, : [0,1]"F) — [0,1] such that p® =

wy 0 P a.e. and

3. f¢;1(3) PR dppy = [ w,dA, that is, pR (¢, (B)) = w,(B) for all Lebesque-measurable

subsets B of [0, 1],
We say W(R) = {w, : p € 7}, is the corresponding weighted Euclidean structure of

type T.

ms ms+1

Proof. Given a binary sequence s € 2", let ms = Z?;ol s(i)2" and let I, = [, M) C

[0,1]. For each k € [kmaz], let LAy be the o-algebra on X generated by {(p®)~1(I) : s €
2<% p e 1,ar(p) = k}. Using Theorem 2.4.3 for these o-algebras Ay, we know that there
exists a separable realization ¢ on XFmazl, So each (pR)~1(I,) € (€4 : A € r([k])) where

k = ar(p). Therefore each p® is measurable with respect to (£4 : A € r([k])).

Fix p € 7 and let k = ar(R). For each s € 2<%, there exists Lebesgue-measurable
U,s C [0,1]"0) such that u[k]((Z),;l(Up,s)A(pR)*l(Is)) = 0. We know that {I;: s € 2"}
form a family of nested partitions of [0,1]. Since ¢ is a measurable isomorphism, we may

assume {U, 5 : s € 2"} form a family of nested partitions of [0, 1]"(") modulo a null set N.

Given y € [0,1]"(F) let w,(y) = 0 if y € N, otherwise let w,(y) = z where {2} =

ﬂ{s:yeU,J 3 Ls- Then wy : [0,1]"(*) — [0, 1] is a Lebesgue-measurable function.
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N' = Usez<w(¢;1(UP78)A(pR)_1(IS)) is a null set. For all x ¢ N,

{wpo (@)} = fw(a@)} = () L= () L

{s:¢1(2)€U,, s} {s:w€e; ' (Up,s)}

- N =N =

{size(p®) "1 (L)} {s:pR(a)els}

= {p®()}

So w, 0 ¢ = p™ a.e. on XK. W(R) = {w, : p € 7} is the corresponding Euclidean

structure.

Let A, B be any Lebesgue-measurable subsets of [0,1]"(5) and let w = x - Then
wo P =X oo (A)" Since ¢ is a measure-preserving measurable isomorphism, <Z>,;1(A) is
measurable in oy and /L[k](cb,:l(A NB)) =AXANB).

So f¢1:1(B) wody dpgy) = [z w dX for all Lebesgue-measurable subsets A of [0, 1]7(KD . We
can now inductively prove the same for any Lebesgue-measurable function w : [0, 1]7"([’“]) —
[0,1], in particular, for each w,.

Since w, 0 ¢ = p* a.e., we have now proved fd)—l(B) pRdppy = [ wpdA for any B. O
k

4.2 Limits for Weighted Structures

We now define homomorphisms between weighted structures that will help us define a

notion of limits for weighted structures.

Let R,S be weighted structures of type 7 on sets X, Y respectively and let € > 0. A

map f:Y — X is an e-homomorphism from S to R if for each p € 7 with k = ar(p) and
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for all y1,...,yx €Y,

PPy, uk) — e < pR(Fn),- - Fuk))-

A homomorphism is a 0-homomorphism. We are mainly interested in 0-homomorphisms,
but we need e-homomorphisms for technical reasons in the course of finding limit objects.

If we view a graph G as a weighted digraph with p. = and p, = 1, as described

XE@@)
in the previous section, then a weighted homomorphism is the same as a standard graph
homomorphism. Similarly, we can view a relational structure as a 0-1 weighted structure

and the notion of weighted homomorphisms once again coincides with the notion of stan-

dard homomorphisms.

Let T.(S,R) denote the set of e-homomorphisms from S to R. Let t.(S,R) = |T|‘)((‘ﬁ’;z|)‘

denote the e-homomorphism density of S in R. Then T'(S,R) = Tp(S,R) denotes the

set of homomorphisms from S to R and t(S,R) = to(S,R) denotes the homomorphism

density of S in R.

Let us assume Y = [n]. Then for any € > 0, T.(S,R) € X™ for any weighted structure
R on a set X and (S, R) = ppn)(Te(S, R))-

Recall that for every e € Ei([n]), me : X" — X¢ is the natural projection defined
by me(x) = (Te(1), -+ > Te(k))- Also O : XK 5 X¢ is the natural bijection induced by the
ordered tuple e. Given x = (z1,...,2k) € X where each z; € X1, 6, maps x to a copy
of itself in X€¢ by sending each z; to a copy of itself in X {e()},

Also recall that given a tuple x € X" and e € Ex(X), 65 1 (7e(x)) = (Te(1)s -+ Ter)) €
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X Given € > 0, x represents an e-homomorphism from S to R, that is, x € T(S,R) if
for all p € 7 with k = ar(p), for all e € Ex([n]), pR(ace(l), s Te(h)) = PR (0 (e (x))) >

pS(e) — ¢, that is, p* (071 (7.(x))) € [p°(e) — ¢, 1]. Therefore,

TSR =) [) ' @™ ([p%(e) = 1]))

PET ¢ By (In))

Remark 4.2.1. If 0 < € < €3, then T, (S,R) C T, (S,R) and t,(S,R) < te,(S,R). In
fact for all e > 0, T.(S,R) = () Ters(S,R) and t(S,R) = 5in§+ ters(S,R).
_>

6—0t

Consider the type 7 = {p} such that ar(p) = 1. Let R; be the weighted structure of
type 7 on X; = [i] such that p® =1 — % Since pi is constant, for any € > 0 and any S,
te(S,Ri) =1or0.

Take ultraproducts to obtain R on X. Since the weight functions in the sequence are
constant, so is the weight function on the ultraproduct. In this case, p = 1. Similarly,
for all e > 0, t.(S,R) =1 or 0.

Let S be the weighted structure of type 7 on [1] such that p®(1) = 1. Then t.(S,R;) = 1
if and only if i > 1 for € > 0 while (S, R;) = 0 for all i.

However, t(S,R) = 1 for all ¢ > 0. In this example we see that lim;_, t.(S,R;) exists
for all € > 0, but T'(S,R) does not differ from [T'(S,R;)] on a null set and #(S,R) #
lim; 00 t(S,R;). So we don’t always have the kind of correspondence between homomor-
phism sets and densities in the sequence and in the ultraproduct that we had obtained for

relational structures in Section 3.1.
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Pointwise convergence of the homomorphism densities in a finite sequence of weighted
structures does not appear to be a sufficient condition to help us find an analytic object
as a limit. If we hope to find a limit object for all convergent sequences, we must define a
stronger notion of convergence. We use a very natural strengthening that asks for uniform

convergence of the homomorphism densities.

A sequence of weighted structures R; of type 7 on finite sets X; is said to be convergent
if for any weighted structure S of type 7 on any finite set, for any § > 0, there exists

N = N(§) € N, such that for all e > 0,
1,j > N = |te(S7Ri) - te(Sij)| <.

For any S, define f{ : [0,00) — [0,1] as f(¢) = t(S,R;). Then we can restate the
above definition as follows :

A sequence of weighted structures R; of type 7 on finite sets X is said to be convergent
if for any weighted structure S of type 7 on any finite set, the sequence of functions ff is
uniformly Cauchy in €, that is, for any 6 > 0, there exists N = N(d) € N, such that for all
e >0,

i,j>N=fl()— fS(e) <o

Then the functions fZS form a uniformly convergent sequence. Furthermore, ff is point-
wise convergent for all € > 0, that is, for any € > 0 and any relational structure S on any
finite set, lim;_,~ te(S, R;) exists. Equivalently, for any relational structure S on any finite

set, lim;_o0 t(S, R;) exists.

The sequence R; is said to be increasingly convergent if it is convergent and | X;| — oc.
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One of the key technical difficulties in proving the existence of limits in the case of
weighted structures is that the homomorphism set in the ultraproduct T'(S, R) is not nec-
essarily an internal set. Unlike the case of relational structures, T'(S,R) need not equal
[T(S,R;)] and these sets may not differ by a null set, in general. However, given an
increasingly convergent sequence R; , these two sets only differ by a null set . We use
e-homomorphisms to prove this by showing (S, R) = lim;_, t(S, R;) for any S on a finite

set.

Theorem 4.2.2. Let R; be weighted structures of type T on finite sets X; of increasing size
and take ultraproducts to obtain the weighted structure R of type 7 on X. Letn € N and let
S be a weighted structure of type T on [n]. Then for all € >0 and § > 0, T.(S,R) C X[
is a o, -measurable set and [T(S,R;)] C€ Te(S,R) C [Teys(S, Ri)]-

If the sequence R; is also convergent, that is, the given sequence is increasingly conver-

gent, then t.(S,R) = lim; 00 t(S, R;).

Proof. Given a sequence of weighted structures R; on finite sets X; of increasing size, we
can take ultraproducts and obtain the relational structure R on X. Given € > 0, we know

that

TS R)=(] [] 7 O™ ([P (e) — e 1))

PET e€Ex([n])
Since each pR is a measurable function, each 6, is a measurable bijection and each

is a measurable projection, T¢(S, R) is a op,-measurable set.

Let X = [#;] € [Te(S,R;)]. Then for U-almost all i, for all p € 7 with k = ar(p), for

all e € Ex([n]), p°(e) — e < pRi(0 (me(%;))). Therefore, for all p € 7 with k = ar(p), for
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all e € Ei([n]), (p°(e) — e)* < [p™](0- 1 (ne(X))) and taking standard parts, p5(e) — ¢ <

PR (me(%))).
Thus, we have proved [T¢(S,R;)] C Te(S,R) for all € > 0.

Given € > 0, let f = [fi] € T(S,R). Then for all p € 7 with k = ar(p) and for all
e € Ey([n]),

pP(e) —e < pR(0;  (me(%)))

Recall that

PRO (me(%)) = std([p™ ([0 (me(@:))]))

= std([p" (0. (me(7:)))])

Then for each § > 0, each p € 7, each e € Ex([n]), {i : p°(e)—e—0 < p™ (0 (me(:)))} €
U. There are only finitely many function symbols p in the type 7 and Ey([n]) is finite for

all k € [kmaz|- Therefore, for all § > 0, for U-almost every i, fi € T(c14(S,R;) and

[ € [Ter6)(S, Ri))-
So [Te(S,Ri)] € Te(S,R) C [T(et5) (S, Ri)], for all e > 0 and § > 0.

Taking measures of these subsets of X[, for all € > 0 and § > 0,
lién tG(S,Ri) < tE(S,R) < lién t(5+5) (S,Rl)

If the given sequence R; is convergent, then for all € > 0, t.(S,R;) is convergent and
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limy te(S, R;) = lim;_o0 te(S, R;). Therefore, for all e > 0 and 6 > 0,

'lim te(S,Ri) < te(S,R) < ‘lim t(6+5) (S,RZ)
1—00

1—00

Also f{ as defined above is uniformly convergent. Therefore,

lim lim fS(e+6)= lim lim f°(e+4),

1—00 §—0F §—0t i—oo

that is,

lim lim t(5+5)(8,7—\),i) = lim lim t(6+5)(8,Ri).

i—00 §—0F 6—0t i—o0

For all i, T(S,Ri) = () T(e4s)(S;Ri) and t(S,Ri) = lim t,5(S,Ri). Therefore,
>0 6—0t

lim t.(S,R;) = 61—i>r(1)1+ 21i>rélo L(etd) (S, Ri).

11— 00

Thus we have proved for all € > 0, t.(S,R) = lim;_ oo tc(S, R;), if the given sequence
is increasingly convergent.

So, T'(S,R) differs from [T'(S,R;)] by a null set and #(S,R) = lim;_,o t(S, R;). O

Given € > 0, we define the e-homomorphism density of a weighted structure S on [n] in

a weighted Euclidean structure W as :

1 1
te(S, W) = /0/0 IT 1II Xuy (1S () —e,1]) (Xe) [[ dea

pPET SGEk([TL]) Aer([n},kmaz)

The homomorphism density of S in W is the 0-homomorphism density of S in W.

Theorem 4.2.3. Let R be a weighted structure of type T on the ultraproduct X and let
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W(R) be the corresponding weighted Euclidean structure. Then for every n, every weighted

structure S of type T on [n] and every e > 0,
t(S,W(R)) =t(S,R).
Proof. Let n € N and let S be a weighted structure of type 7 on [n].

te(S,R)

= Hn] (Te(sv R))

= () () ﬂel(He((pR)l([pS(e)6711))))

PET e By ([n])

= [ () () wel<ae<¢k1<wp1<[p8<e>e,m)»)

PET e€ By ([n])

= wa () ) wkl(Lel(Fe(wpl([pS(e)@H)))))

PET e€ B ([n])

= ) ﬂwkl( N Lel(Fe(wpl([PS(e)@H)))))

PET e€FEL([n])

= (e ( i (Q[ DLJ(Fe(wpl([pS(e)e,m)))))

= Vol ﬂpr([lk])< N Lel(Fe(wpl([pS(e)6,1])))))

pET e€Ex([n])
N / / II 11 Xy ([pS ()1 (Xe) I dea
PET e€Ey([n]) Aer([n],kmaz)
= t(S,W(R)). O
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We say that a weighted Euclidean structure W = {w, : p € 7} is a limit of weighted
structures R; on sets X; if for any weighted structure S on any finite set and for any € > 0,

t(S, W) = limi_yo0 te(S, Ri).

Corollary 4.2.4. If R; is an increasingly convergent sequence, then W(R) is a limit for

the sequence {R;}.

Proof. We know from the second part of Theorem 4.2.2 that for any weighted structure
S on a finite set and any € > 0, t(S,R) = lim;_,o te(S,R;). Theorem 4.2.3 implies
te(S,W(R)) = lim; 00 t(S,R;) for all S and all € > 0. Then W is a limit for the increas-

ingly convergent sequence R;. 0

Let 7 be a weighted type. Let W = {w, : p € 7} be a weighted Euclidean structure of
type 7. Each w, is a measurable function on [0, 1]’”([””‘”). By a random sampling on W, we
can generate random weighted structures R,, = R(W, m) on [m] as follows : Choose x4
uniformly at random in [0, 1], for A € 7([m], kmae). For each p € 7 with k& = ar(p) and for

each e € Ei([m])

PR () = wp(xe):

We believe we can show, similar to the case of relational structures, a subsequence of

this random sequence converges to W, with probability 1.

Remark 4.2.5. Given a weighted Euclidean structure W of type 7 and a structure preserv-
ing map ¢ on [0, 1]"(Fmazl) ‘let =1 (1) denote the weighted Euclidean structure represented

by {w, 0 ¢ : k = ar(p),p € 7}. Using a similar proof to that of Theorem 3.2.3, we can
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4.3. Regularity for Weighted Structures

prove for all weighted structures S on finite sets, for all € > 0, (S, ¢~ 1(W)) = t.(S, W).

We believe we can use a proof similar to that of Theorem 3.2.5 to show that weighted

Euclidean structures are unique as limits up to structure preserving maps.

4.3 Regularity for Weighted Structures

Let f: X —10,1] and g : X*] — [0,1] be measurable functions. We say f and g are
e-close if
ppg({x € X1 [£(x) — g(x)| > €}) <e.
Let R and R’ be two weighted structures of type 7 on a set X. They are said to be

e-close to each other if for all p € 7, pR and p® are e-close.

R and R’ are said to be 0-close if for all p € 7, pR = pR* a.e.

Theorem 4.3.1. Let R be a weighted structure of type T on an ultraproduct X of an
increasing sequence of finite sets X;. For every € > 0, there exists £ € N and a 0-equitable

kmaz-level £-hyperpartition € such that
1. Each PJ? € o, and it is independent of O'E;].

2. There exists a weighted structure R of type T on X that is e-close to R and for each

p € T with k = ar(p), pﬁ takes constant values on each F-k-cell.
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4.3. Regularity for Weighted Structures

Proof. We know there exists a separable realization ¢ on X*mez and a weighted Euclidean
structure W(R) = {w, : p € 7} such that for every p € 7 with k = ar(p), p™ = w, o ¢,

as proved by Theorem 4.1.1.

Fix € > 0. Choose a natural number K such that % < €. Let intervals I, ..., Ik form

a partition of [0, 1] such that |I;| = & < e for each j € [K]. Choose ¢; € I; for each j € [K].

Let A,; = w,'(I;), for each p € 7 and j € [K]. Since w, : [0, 17D — [0,1] is a
measurable function for each p € 7 with & = ar(p), each A, ; is a measurable subset of
[0,1]7(KD . There exists a natural number ¢ large enough such that for each p € 7 and each
j € [K], there is a union B, ; of £-boxes in [0, 1]"()) such that Vol(A4,,;AB, ;) < . Note
that for each p, {A,; : j € [K]} is a partition of [0,1]"(). We may assume ¢ is large

enough to ensure that each £-box in [0, 1]"(¥) appears in at most one B, ;.

Now consider the hyperpartition J# formed by P} = ¢ 7! ([I2, 1)), for each 7 € [kpaa]
and ¢ € [(]. Clearly each P} is in the separable algebra ) < o and is, therefore,
independent of a[“r]. We may assume P} C E,.(X). So P} is an r-uniform hypergraph on

1

X. Also pp(P]) = 3 for each i € [{], so the partition is 0-equitable.

Since each B, ; is a union of ¢-boxes in [0, 1]7 (kD QS,;I(BM) is a union of J#-k cells.
Fix p € 7. Let k = ar(p). Define p: X — [0,1] as follows :

For each x € ¢, ' (B,,;), p(x) = ¢;. For all x € X\ ;5 6 (Byj), (%) = 0.

Clearly each p is a measurable function that takes a constant value on every J€-k-cell.
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4.3. Regularity for Weighted Structures

For every p € 7 with k = ar(p), every j € [K],

X € ¢>;§1(Ap,j) N ¢;1(Bp,j> Pr(x) € Apj N By

p(x) = cj ANwp(dr(x)) € I

A

lwp, 0 P(x) — ¢j| <e.

Recall that for each p € 7 with k = ar(p), pp (Uje[K}(Ap,jABp,j)) < e and p® =
w, © ¢, a.e. Therefore, p™ and p are e-close.

Let R be the weighted structure of type 7 represented by {p : p € 7}. Then R is
e-close to R. ]

Theorem 4.3.2. Given € > 0 and m € N, there exist M, N € N such that for any
weighted structure R on a finite set X with |X| > N, there exists an e-equitable kyqq-level

L-hyperpartition € on X for some £ such that m < { < M and
1. Each P} is e-regular.

2. There exists a weighted structure R of type T on X that is e-close to R and for each

p € T with k = ar(p), p7€ takes constant values on each F€-k-cell.

Proof. Suppose, for contradiction, there exist € > 0, m € N, weighted structures R; of type
7 on X; and | X;| — oo such that no e-equitable ¢-hyperpartition for m < ¢ < i satisfying
above conditions exists for any R;.

We can take ultraproducts and obtain the weighted structure R on X as before. There
exists a 0-equitable ¢-hyperpartition ## on X satisfying the conditions in Theorem 4.3.1.

We may assume ¢ > m. For each r € [k, each j € [K], let 133" = [P];] be an internal set
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that differs from P}' by a null set. We may assume each Fj; is an r-uniform hypergraph
on Xi[r]. The hypergraphs f’;’ form a 0-equitable ¢-hyperpartition H that also satisfies the
conditions in Theorem 4.3.1. So there is a weighted structure R on X such that for each

pET, pﬁ is e-close to p™ and takes constant values on each H-k-cell.

The hypergraphs PJ; form an {-hyperpartition 26 on X; for U-almost all i. Since
His a 0-equitable hyperpartition, for every j, ;' € [(] and r € [kmaz], imy [p; ) (Pj’"l) -

tiir) (P ;)] = 0. Then for U-almost all i, 7 is an e-equitable (-hyperpartition on X;.

We claim that for U-almost every i, P, is e-regular. Suppose not, that is, there exist
7 € [kmaz] and j € [¢] such that for U-almost every i, there exists a cylindric intersection

set L; C B, (X;) with p; (L) > € and |p; (1 (P]; 0 Ls) — pi o (P ;) b ry (La) | = € gy (L)

Consider the cylindric intersection set L = [L;]. L € O'E;] and it is independent of P;F.
Therefore, f’; and L are also independent. However |p (f’;r NL) — (f’})um (L) =
limg [ [ (P O Li) = pi o (P )i (L) = € (L) and (L) > €, which contradicts
the fact that 15; and L are independent. Thus, P}, is e-regular, for each 7 € [kmaal, j € [¢]

and U-almost every i.

Let 7 € [kmaz] and let C be any HP-r-cell. Note that C is an internal set. Then C = [Ci]
such that for U-almost all i, C; is an 7Z;-r-cell. There are only finitely many r-cells for any
7 € [kmaz). Then for U-almost all i, for all r € [kpaq], for all H-r-cells C, there is an
F-r-cell C; such that C; is an #%-r-cell. For all such 4, define 7%1 as follows :

For each p € 7 with k = ar(p), let pﬁi be the weight function on Xi[k] such that pﬁi [Ci] =

,07~2 [C]. So pﬁi takes constant values on each J#-k-cell and ,07~z = [,oﬁl]
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Suppose for all i, there exists p € 7 with k = ar(p) such that
k . R.
i (€ X[ 2 R (@) = R (@) > ) > e

Since there are only finitely many function symbols in 7, there exists p € 7 such that
for U-almost all i, j1; ) ({x € Xi[k] | pRi(x) — pﬁi (x)| > €}) > e
Then ppy({x € XW ) pR(x) — pﬁ(X)’ > €}) > €, which contradicts the fact that R

and R are e-close. O

4.4 Removal Lemma for Weighted Structures

Theorem 4.4.1. Given n € N, let S be a weighted structure of type 7 on [n]. Let R be
a weighted structure of type T on the ultraproduct X of finite sets X; that are increasing

in size. Then there exists a weighted structure R of type 7 on X that is 0-close to R and

T(S,R) =0 or t(S,R) > 0.

Proof. By Theorem 4.1.1, we know there exists a separable realization ¢ on X[Fmas] and

a weighted Euclidean structure W(R) = {w, : p € 7} such that for every p € 7 with

k=ar(p), p& =w,o ¢ a.e.

Fix p € 7 and let k = ar(p). Arrange the weights {pS(e) : e € E([n])} in increasing
order, without repetition, into a finite strictly increasing sequence c¢; < co < ... < cpy.
For each i € [M], A; = w,"([¢;,1]) is a Lebesgue-measurable subset of [0, 1]7(ED . Then
A; D Ay D ... D Ay For each i € [M], let D; be the set of density points of A;. By
Lebesgue’s density theorem, D; is Lebesgue-measurable and Vol(A;AD;) = 0 for each

i€ [M].
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4.4. Removal Lemma for Weighted Structures

Let S = AfU (D1 NAS)U...U(Dpy—1 NAS)UDyy.
Since [0, 1]"(F) = AU (A1 N AS) U ... U (Apr—1 N AS,) U Any, clearly Vol(S) = 1. Let

Wy =W+ Xg. SO W, = W, a.e.

For each i € [M], x € w,"([e;,1]) if and only if z € A4; NS = D; NS, that is,

{5;1([01-, 1]) = D; N S. Since D; NS C D;, each point of D; N S is a density point of D;.

Also Vol(D; \ (D;NS)) =0. Given any = € D; N S and € > 0 let B.(z) denote the e-ball
centered at z in [0,1]"(*). Then for all € > 0, Vol((D; N Be(z))A((D; N S) N Be(x))) = 0.

So
Vol(D;NS)N Be(xz)) .. Vol(D;N Be(x))

lim = lim =1

) Vol(B.(z) 30 Vol(B(z))

Therefore, every point of D; NS is a density point of the set.

Let R be the weighted structure of type 7 on X represented by the system of weight

functions {pﬁ =w,o ¢y : k=ar(p),p € 7}. Then R and R are O-close.

TS R)= (et | () Lot (Fe(@, ((0%(e), 1))
pET e€Ey([n])
We have just shown that every @gl([ps (e),1]) is the set of its density points, therefore
so is T(S,R). I t(S,R) = pyy(T(S,R)) = 0, then T(S,R) = 0. O

Theorem 4.4.2. Given n € N, a weighted structure S of type T on [n] and given € > 0,
there exist > 0 and N € N such that for any weighted structure R of type T on a finite
set X satisfying | X| > N and t.(S,R) < 0, there exists a weighted structure R of type T
on X such that To(S,R) = 0 and R is e-close to R.
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Proof. Suppose, for contradiction, there exists n € N, a weighted structure S on [n] and
€ > 0 such that there is a sequence of weighted structures R; on finite sets X; such that
| Xi| — oo and t.(S,R;) < % but no such R exists. So lim;_,« t(S,R;) = 0.

We can now take ultraproducts and obtain the weighted structure R on X. By Theo-
rem 4.2.2, T(S,R) C [Tc(S, R;)]. Then t(S,R) = 0.

By Theorem 4.4.1, there exists a weighted structure R on X that is O-close to R
and T(S,R) = 0 or ¢(S,R) > 0. Since R is O-close to R, t(S,R) = t(S,R). Then
) (T(S,R)) = t(S,R) = 0 and (T(S,R)) = 0.

For each p € 7, there exists an internal function [p;] such that pﬁ = std([p;]) a-e.
We may assume that for U-almost all i, p; : Xi[k] — [0,1] and p; takes the value 0 on

Xi[k] \ Ej(X;). Let R; be the weighted structure of type 7 represented by {pﬁ" =pipET}h
Since [T'(S,R;)] € T(S,R) = 0, we know that for U-almost all i, (S, R;) = 0.

To contradict our original assumption and prove the theorem, it is enough to prove
that for U-almost all i, R; is e-close to R;. Suppose not, that is, for U-almost all i, there
exists p € T such that pﬁi is not e-close to pﬁi. Therefore there exists p € 7 with k& = ar(p)

such that for U-almost all i,

i ({z € X[ 7 (@) = pRi(2) 2 €}) 2

Then ppy({x € X pR(x) — pﬁ(X)’ > €}) > €, which contradicts the fact that R

and R are O-close. O
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4.5 Weighted Version of Regularity for Digraphs

In this section, we look for regular partitions where the condition for regularity de-
pends on a notion of weighted edge density, instead of the usual edge density. We shall
deal with the case of weighted digraphs where there is a natural notion of weighted edge
density. A weighted digraph is such that there are weights on the directed edges as well as
on the vertices. As discussed before, a weighted digraph G is a weighted structure of type

T = {pe, pv} where ar(p.) =2 and ar(p,) = 1.

Let 42 be a 2-level f-hyperpartition on X and let G be a weighted digraph on X with
strictly positive vertex weights. A weighted digraph G is weighted e-regular with respect
to  if for any i,j € [{], for all 4; C P}, A; C le such that pG(A;) > €p%(X) and

pG(4;) = epS(X), we have

po(Ai x Aj)  PE(BL X B))
PG (Ai)pS(4;)  pG(PHpS (P

Theorem 4.5.1. Let G be a weighted digraph on the ultraproduct X of a sequence of finite
sets X,, such that | X, | — co. Then for every e > 0, there exists £ € N and a 0-equitable

2-level L-hyperpartition F€ such that

1. Each sz € oyg] and it is independent of UE“Q], that s, each edge cell is independent of

measurable rectangles.

2. There exists a weighted digraph G e-close to G such that pg; > 0 and for all A; C Pi1
and A; C le,
pG(Aix A;)  pe (Pl x P)

pS(A)pS(4))  pE(PHS(PH

that is, G is weighted §-regular with respect to €, for all § > 0.
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4.5. Weighted Version of Regularity for Digraphs

Proof. We can repeat the proof of Theorem 4.3.1 for the type 7 = {pe, py } and the weighted
digraph G. Then there exists £ € N, a 0-equitable 2-level ¢-hyperpartition £ and a

weighted digraph G on X such that
e Each sz € o[y and it is independent of 0'[;}.
. pg; takes constant values on each J#-1-cell, that is, each P} for i € [¢].

. p§ takes constant values on each J#-2-cell, which is of the form (P} x PJl) NPE for

i,j,k € [4].
e G is e-close to G.

In the course of the proof of Theorem 4.5.1, we choose the constant value that pg; takes

on each vertex cell from an interval in [0, 1]. So we can further ensure that p§’ > 0.

Given 4,7,k € [{], let pg; = ¢ > 0 on P}, pg; =c¢; > 0on le and peér = d; j on
(P! x PJl) NP2. Let A, C P! A, C le be any measurable sets.

Then pG(Ay) = cipy(Aq) and pS(A;) = i (A;).

Also pC((A; x Aj) NPZ) = dijx p((Ai x Aj) N P2). Since PZ is independent of
rectangles, pC ((A; x A;) NPZ) = d; jx i (As) ) (A aggy (P).

Since the f¢-hyperpartition S is 0O-equitable, p?'(Ai) = cppy(A;) and p?(Aj) =

cjpp)(Ay), we have piga;g&;@ = Cclzg]’z . Since the edge cells form a partition of
X2

pS(Ai x Ay) Ve bk

S (ANPG(A)) gl
This proves our claim. O

Let us consider the special case of digraphs represented as weighted structures, then

pf = Xpe and py’ =1 for each graph G. Theorem 4.5.1 extends Theorem 3.3.1 for the

74



4.5. Weighted Version of Regularity for Digraphs

relational type 7 = {E'}.

In Section 3.2 we applied Theorem 3.3.1 to a digraph G on X and found a 0-equitable
2-level partition on X and C' C [(]® such that ) (EGA Unjmec(Vi x V)0 Ek) <e
We would obtain the same partition using Theorem 4.5.1. Also for all i € [{], ¢; = 0 and
d;jr = 1for (i,7,k) € C and d; j;, = 0 for (i,7,k) ¢ C. Thus, as a special case, we obtain

the familiar regularity condition for graphs involving edge densities.

Theorem 4.5.2. Given ¢ > 0 and m € N, there exist M, N € N such that for any weighted
digraph G on a finite set X with | X| > N, there exists an e-equitable 2-level (-hyperpartition

FC on X for some £ such that m < < M and
1. Fach Pj2 1s e-reqular, and

2. There exists a weighted digraph G that is e-close to G and is weighted e-reqular with

respect to F€ .

Proof. Suppose, for contradiction, there exist € > 0, m € N and weighted digraphs G,, on
finite sets X, such that |X,,| — oo and no e-equitable ¢-hyperpartition for m < ¢ < n and
no weighted digraph én satisfying above conditions exist for any G,. We can take ultra-
products and obtain the weighted digraph G on X as above. There exists a 0-equitable
L-hyperpartition £ and a weighted digraph G on X satisfying the conditions in Theorem
4.5.1.

We can repeat the proof of Theorem 4.3.2 to obtain an e-equitable ¢-hyperpartition

A, on X, such that each P,f ,, is e-regular, for U-almost all n. We also obtain weighted

digraphs G e-close to G, that satisfy the conditions in Theorem 4.3.2, for U-almost all n.
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Suppose for U-almost all n, G, is not weighted e-regular in J7;,. Since there are only
finitely many vertex cells, there exist ¢,7 € [¢] such that for U-almost all n, there exist

An,i c Pl

%)

Ap; C PT}J such that py(Ap ;) > epGn(Xn), pSr (Apnj) > epGn(X,) and

PG (Api % Anj) B P?"(Pé,i X Pﬁ,j)
P (Ani)p™ (Any)  pS™(PL)pS™(PL))

> €.

Then A; = [A,;] and A; = [A,, ;] are ojg-measurable sets such that pg’"(Ai) > epGn(X),
pS(A)) > epSn(X) and

p?(Al X A]> . PS(P} X P}))
PF(ADPF(A)) P (P)PF (P])

This implies that sz is not weighted e-regular in J# relative to é, which contradicts
the conclusion from Theorem 4.5.1.
Thus we prove for U-almost all n, G, is weighted-e-regular with respect to 7;,, contra-

dicting our initial assumption. O

Let D > 1and 3 > 0. A weighted digraph G on X is (D, 3)-quasi-random if p&(X) > 0
and for any A, B C X such that pG(A), pG(B) > BpS(X), we have

1 pE(XP) _ pf(Ax B)
D (p5(X))* ~ pi(A)pF (B)

v

P (X))

=Peco?

Csaba and Pluhér [4] proved a Weighted Regularity Lemma for (D, 3)-quasi-random

weighted digraphs where regularity is defined in terms of the weighted edge density. Their
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result examines the condition for regularity of sparse sets of directed edges. Below, we see

how our methods and Theorems 4.5.1 and 4.5.2 yield a special case of their result.

Note that the ultraproduct of a sequence of weighted digraphs, on finite sets of increas-
ing size, with strictly positive vertex weights will be a weighted digraph, but the vertex
weight function need not be strictly positive. So the ultraproduct need not be (D, §)-quasi-
random even if the weighted digraphs in the sequence are (D, 3)-quasi-random. However

Theorem 4.5.2 helps us prove the following result.

Theorem 4.5.3. Given D > 1, 3,0 > 0 such that f << § << % and m € N, there exist
M, N € N such that for any (D, )-quasi-random weighted digraph G on a finite set X with
|X| > N, there exists a 0-equitable 2-level -hyperpartition A on X for some ¢ such that

m<t<M and
1. FEach Pj2 is §-reqular, and
2. G is weighted 6-regqular with respect to .

Proof. Let A, B C X such that pG(A), pG(B) > §p5(X). Let x = pS(A x B), y = p5(A)
and z = p%(B). Given a weighted digraph G, let Z = p¢ (AXB) = va(A) and Z = py (B)
If G and G are S-close, then |Z — x| <€, [J —y| < e and |2 — z| < e. We would like to

estimate |g% -zl

Let a, = ( (( j))Q and B, = BpS(X). Let f(z,y,2) = oz Since y,z > 6pS(X) >>

p& (AXB)
= p§(A)pF(B)

Da
fx($7y7z) S (f861¥)2 fy = Z’ fZ - 22 &Hd G < |fy(x7yaz)‘7|f2(x7y)z)’ S TGG
f:m: = 0. fzy = _y%

z

Bp%(X) and G is (D, B)-quasi-random, %a < Da,,. fo = i, so 1 <

and fy, = —y%. Therefore, 1 < |fay(z,y, 2)|, | f2z(2,y, 2)| < ﬁ
2D«

2
% < fyyyfzz < (BG)GQ' Also fyz = 222 and

= 2z — 2z
fyy = 5% and fo. = 2%, Therefore
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difference \% - ﬁ\ < eC, where C > 1 is a constant that does not depend on e.
Then we can obtain . and G satisfying the conditions in Theorem 4.5.2 for ¢ = %
O

and use the above estimate to observe GG is weighted d-regular with respect to 72°.

In a similar manner, we can formulate and prove extensions of these results for general

weighted structures that use an appropriate definition of weighted density and weighted

regularity.
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