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Abstract

Optimal Investment and Pricing in Models where the Underlying Asset May Default
by

Tetsuya Ishikawa

Doctor or Philosophy in Mathematics

Carnegie Mellon University

The need for the pricing and hedging of credit events has increased since the financial
crisis. For example, large banks are now mandated to compute prices of credit risk for all
over-the-counter contracts. Such prices are known by the acronym CVA (Credit Valuation
Adjustment), or more generally, XVA. Industry practitioners typically use risk-neutral
pricing for such computations, the validity of which is questioned in incomplete markets. In
our research, we consider an incomplete market where investment returns and variances are
driven by a partially hedgeable factor process, modelled by a multi-dimensional diffusion.
Additionally, the issuer of the stock may default, with the default intensity also driven
by the factor process. Investors can freely trade the stock to hedge their positions in
this market, and do so to maximize their utility. However, in the event of default, the
investors lose their position in the stock. In this setting, we price defaultable claims using
utility indifference pricing for an exponential investor. Due to the Markovian structure
of the problem, we rely on PDE theory rather than BSDE theory to solve the utility
maximization problem. This leads to explicit candidate solutions which we verify using

the well-developed duality theory. As an application of our optimal investment result,
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we define, and compute, the dynamic utility indifference price for insurance against the

defaultable stock.



This work is dedicated to the memory of my mother.
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CHAPTER 1

Introduction

The need for the pricing and hedging of credit events has increased since the financial
crisis. For example, large banks are now mandated to compute prices of credit risk for all
over-the-counter contracts. Such prices are known by the acronym CVA (Credit Valuation
Adjustment), or more generally, XVA. For banks, the computations of such prices tend to
be intensive because they are always of 1. a cross-asset-class nature between credit and the
asset class of original contracts, and, 2. an option-pricing nature, even for linear products,
because what is in question is essentially the present value of the positive/negative part
of the future exposure subject to credit risk. See [BMP13] for comprehensive treatment
of this matter from industry practitioners’ view.

From a theoretical standpoint, the problem boils down to pricing contingent claims
when either party of the contract can default. Industry practitioners typically use risk-
neutral pricing for such computations, the validity of which, however, is questioned in
incomplete markets. In such markets, the choice of the risk-neutral measure is not clear.
Thus the meaning of hedging using greeks computed in the chosen measure is even less
clear.

In our research, we consider an incomplete market where stock returns and variances
are driven by a partially hedgeable factor process, modeled by a multi-dimensional dif-
fusion. Additionally, the issuer of the stock may default, with the default intensity also
driven by the factor process (known as intensity-based modeling of default, see [Duf05]).
Investors can freely trade the stock to hedge their positions in this market, and do so to

maximize the expected exponential utility of their final net wealth and the endowment of
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a claim at maturity, that may depend on the value of the factor process as well. However,
in the event of default, the investors lose their position in the stock and the claim payoff.
Note that our model is set up in the physical measure, rather than in a specific risk-neutral
measure, and that the hedging is explicitly done in the liquid stock market. An immedi-
ate application of our optimal investment result is the utility indifference pricing of such
defaultable claims.

There is abundant literature on the optimal investment problem under exponential
utilities. Thus, rather than giving a complete literature review, we would like to explain
where our research stands in relation to the previous studies.

For the optimal investment problem under exponential utilities, the abstract duality
theory provides the definitive results regarding the existence and uniqueness of the optimal
investment strategies in a general locally bounded semimartingale context [Fri00, GR02,
DGR102, KS02|. However, for given models of the market, it is still difficult to obtain
explicit solutions to the optimal investment problem. One way to obtain explicit solutions
is through backward stochastic differential equations (BSDEs). The main difficulties in
this approach are quadratic drivers in BSDEs due to market incompleteness, and the
presence of jumps. Among many papers regarding this topic, the closest to our current
setting is [LQT11], although it explicitly excludes the possibility that the stock process
jumps to zero. In the paper, they first restrict the range of the strategy to compact sets to
reduce the driver of their BDSE from quadratic to Lipschitz continuous. They then obtain
the solutions to such localized BSDEs. The optimal value function is obtained through
taking the limit of the localized solutions. This idea of reducing quadratic BSDEs to
Lipschitz continuous drivers and then taking a limit of thus obtained solutions can be
traced back to [Mor09].

When the model is Markovian, as in our case, we can write down the Hamilton-Jacobi-
Bellman (HJB) equation for the optimal investment problem, which yields a semilinear

parabolic partial differential equation (PDE). We use the classical parabolic PDE theory
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in Holder spaces to solve the PDE, as opposed to seeking viscosity solutions or solutions in
a weak sense. The solutions in Holder spaces already have enough regularity to guarantee
the existence of candidate optimal strategies. Therefore we can use the aforementioned
duality theory results to verify our solutions. This program was already carried out in a
stochastic volatility market, but without default, under exponential utilities in [BKO05].
The paper relies on [FS06, IV.4] for the existence of classical solutions to PDEs, but
this result cannot be used for our problem because of the non-polynomial term of the
value function G in the Hamiltonian of our HJB equation. Instead, we use the nonlinear
parabolic PDE theory in [Lie96] together with some estimations in [Fril3] to solve our
PDE. To our knowledge, this is the first result to solve the HJB equation for the optimal
investment problem in a defaultable market using the classical parabolic PDE theory, and
complete the verification steps from the duality theory.

The thesis is organized as follows. Chapter 2 introduces the market model and the
investor in the market, and states our main optimal investment result, Theorem 7, where
the value function is given in terms of the solution to the semilinear parabolic PDE. Before
the proof of Theorem 7, we explore a simple case where the coefficients of the model are
constant, so that we can obtain an almost closed-form solution to the optimal investment
problem. We embark on the proof of Theorem 7 in Chapter 4. There, we are able to
show the existence of classical solutions to our semilinear parabolic PDE under rather
general conditions, but to complete the verification we need more stringent conditions in
which our factor process is an extension of the multi-dimensional Ornstein-Uhlenbeck (OU)
process. In Chapter 5, we define and compute the dynamic utility indifference price for
loss-insurance against the stock defaulting. This connects the problem in [SZ07], where
the investor receives full pre-default market value on her stock holdings on liquidation
without having any default protection, to our problem with no default protection. The
investor can choose to fully protect herself against default by purchasing insurance, and

the price process of insurance is endogenously set so that the investor is indifferent between
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holding or not holding this insurance at any time before the time of default. The price of
this insurance is explicitly computed in Theorem 44 with an example in the simple case

of constant coeflicients.



CHAPTER 2

Model and Main Result

2.1. Model Setup

We now introduce the model we will be using for the optimal investment problem. We
assume the risk-less, or safe, asset price is identically equal to one. As for the risky asset,
instantaneous returns and variances are driven by an exogenous factor process X which is
only partially hedgeable. Thus, even absent defaults, there are unspanned risks and hence
the model is incomplete. Furthermore, we assume the stock may default, with the default
intensity also governed by the factor process.

To precisely define the asset dynamics, we first identify the factor process. To do this,
let (2, F, P) denote a complete probability space, and assume it is rich enough to support
an n + 1 dimensional standard Brownian motion W = (W% W' ... W"). The risky
asset will be driven by W whereas the factor process will be driven by (W, W2, ..., W").
Denote by F the P-augmentation of the natural filtration F" so that F satisfies the usual
conditions of right-continuity and completeness.

Let C,(R™) be the set of bounded continuous functions on R”, and C}} (R™) be the set
of continuously differentiable functions on R™ where the first-order derivative is bounded
(thus the function value is not necessarily bounded).

The factor process X is a solution to a stochastic differential equation (SDE) taking

values in R™. The dynamics for X are

dX] =b(Xy)dt+ > TdWi; 1<i<n,
=1 (1)

Xo =z R".
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For the drift function b : R® — R™ and the volatility ¢ above, we assume

Assumption 1. b' € C}(R") for 1 <i <n and c is an n x n-invertible constant matrix.
As such, for a £ cc' /2, we can pick constants A > A > 0 such that for all ¢ in R”,

AJE]? > a5 > MEP%.

Assumption 1 yields a unique non-explosive strong solution X to the SDE in (1) and hence
X is F adapted (more specifically, it is IFWI’WQ"“’Wn—adapted).

Having established the well-posedness of X, we now turn to the default time 7 for the
risky asset. We wish for 7 to have F intensity (y¢)¢>0, where 4 = v(X}) for an exogenously

specified function v : R™ — (0,00). More precisely, we assume
Assumption 2. v € C,(R") N CY(R™) and inf,ern y(x) > 0.

Given the candidate intensity function v there are numerous methods by which to con-
struct the default time. Rather than defining 7 abstractly and then enforcing, for example,
the H-hypothesis [EJY00], we construct 7 directly. Specifically, we assume (2, F, P) sup-

ports a random variable U ~ U(0, 1) which is independent of W. Then set

; :inf{t >0 - /0 S (Xu)du = —logw)}, (2)

so that

E2Pr<t|F)=1-¢',

where
t
I; / Y(Xy)du.
0

Using the default time 7 we create the indicator process H via Hy £ 17<¢ and the enlarged
filtration G via G = F V H where H is the P-augmented version of the natural filtration
associated to H. Note that this setup clearly implies the H hypothesis of [EJY00] that

every [F-square integrable martingale is a G-square integrable martingale. Furthermore,
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we know that G satisfies the usual conditions and
M; = Hy — Ty pg,

is a (G, P)-martingale.
As a last step, we introduce the Brownian motion which will drive the risky asset. To

do so, define B by
5=y [ egani+ [ VIZTaREan. 3)
= Jo 0

Above, the correlation p : R™ — R™ is a given function satisfying
Assumption 3. p; € C}(R") for 1 <i < n satisfying 0 < |p(z)| <1 in R™

Clearly, B is a Brownian motion adapted to F. With all the notation and assumptions in

place, the risky asset S has dynamics
dSy
Sf = :ﬂ.tST(,U,(Xt)dt + O'(Xt)dBt) — dHt,
- (4)
= Li<r [(0(Xe) = 7(Xi))dt + 0(X¢)dBy] — dM;.
In other words, S follows a strictly positive continuous diffusion process until 7, at which

time it jumps to zero and stays there. Thus S is a locally bounded, G-adapted semi-

martingale. Regarding the coefficients p, 0 we assume
Assumption 4. p,0 € Cp(R™) N CHR™) and inf,epn o(z) > 0.

Finally, to ease notation going forward, we consolidate Assumptions 1 — 4 into one

assumption, which will be in force in the sequel:

Assumption 5. Assumptions 1 — 4 hold.
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2.2. Optimal Investment Problem and the Main Result

2.2.1. Investor Preferences and Wealth Processes. We assume the investor has

preferences modeled by the exponential utility function
U(w) = —exp(—aw); w € R,

so that o > 0 measures the absolute risk aversion. Now, fix a finite time horizon T" > 0.
The investor’s goal is to maximize her expected utility from terminal wealth by trading in
the risky and safe assets, taking into account the fact the stock may default. To precisely
define the class of acceptable wealth processes, it is first necessary to define the class of

equivalent local martingale measures. As such, we set
M, ={Q ~ P on Gy : S is a local martingale under Q} . (5)

For Q € M, define the relative entropy of ) with respect to P by

n@r 2z | Pos (52)] " )

and let

Mes2{QeM. : HQ|P) < o}.

Note that Assumption 5 insures

Me,f 7& (ba (7)

and in fact we will construct a concrete element in M, ; in Section 4.4.
The relation (7) is intimately related to the lack of arbitrage in the market and from
[Fri00, KS02] it is well known that (7) implies there exists a unique @0 € M, s such that
—0
H(Q"|P)

= leAiAr;fH(Q!P) < o0. (8)

1Unless otherwise mentioned, all Radon-Nikodym derivatives will be on Gr.
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@0 is known as the minimal entropy martingale measure, or MEMM, under P.

Having defined the class of equivalent local martingale measures with finite relative
entropy we may now define the class of trading strategies available to the investor. Let 7
be a G-predictable, S-integrable processes, where m; denotes the dollar amount invested
in S at time ¢. For an initial capital w, the self-financing wealth process W™ associated

to 7 has dynamics

© o dS;
Wr=w+ | m—;
o S

=w+ /0 i Li<r (u(Xe)dt + o(X¢)dBy) — /0 mdHy; (9)

=w+ /0' meli<r (((Xe) — v(Xe))dt + 0(Xy)dBy — dMy) .

The acceptable class of trading strategies is defined as
Ag = {m: W™ is a Q super-martingale for all Q € M, ¢} . (10)

Having defined the class of trading strategies, we now consider when the investor, in
addition to trading in the underlying assets, also has a non-traded random endowment

with payoff o(X7) provided that 7 > T. Regarding ¢ we assume

Assumption 6. ¢ € 012;6 (R™) for some B € (0,1), i.e., ¢ has second-order derivatives

which are S-Holder continuous on any compact set in R™. Furthermore, we assume

, D
sup [p| < oo, limsup —— < oc.
Rn | —soo |7
The investors goal is to maximize her expected utility by trading in the underlying
market and owning the defaultable claim: i.e. to identify

v(z, w; @) = sup EU Wt + ¢(X7)157)] (11)
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where the  and w are initial values of the processes X and W™ defined in (1) and (9),
respectively. Since v(x, w; ) = e~ *v(x,0; @), we take w = 0 throughout. At an abstract
level, this problem is well understood. Indeed, under the given assumptions it was shown
in [KS02] that an optimizer 7 € Ag exists and is unique. Furthermore, there is a
measure @Lp € M, s so that, with W¥ = wr* denoting the optimal wealth process, W?

and Q¥ satisfy the first-order conditions

d@“’ o~ WT—ap(XT)1r 57

ar E [67QW$*QW(XT)1T>T ’ (12)

— o o(Wrte(Xr)lrsr—G(z59))

i

where we have set G(z;p) as the certainly equivalent to v(x;¢) = v(z,0;¢) so that
v(x; ) = U(G(x;¢)). In fact, W7 is a Q uniformly integrable Q-martingale for all Q €
Me .

Despite these general facts, there is still much to be learned by studying this problem:
first and foremost, what do the optimal strategies look like? How do they differ from the
strategies obtained in the absence of default? How may strategies be computed? What
is the indifference price for the defaultable option? To answer these questions, we seek to
identify the value function v(; ) with a partial differential equation. Thus in Chapter 4

we

(1) Use the dynamic programming principle to (informally) obtain the HJB equation for
the value function,

(2) State our main PDE existence result regarding solutions to the HJB equation,

(3) State our main verification result where solutions to the HJB equation are shown to

be the value function.

We remark that in the above verification steps, we are able to obtain smooth solutions
to the HJB equation under the general conditions outlined in Section 4.2. However,

the verification argument requires us to restrict the model to more stringent conditions;
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Assumptions 5 and 6. In particular, under Assumption 1 within Assumption 5, the factor
process X is an extension of the multi-dimensional OU process in R™.

We are now ready to state our main result.

Theorem 7 (Optimal Investment). Under Assumptions 5 and 6, we have

sup E [UWF + o(X1) L)) = U(G(0, 23 9)) = —e @059,

TeAG
where the supremum is attained by the optimal control T in Ag given in (54) below, and
G(;9)? € CY2([0,T] x R™) is a pre-default certainty equivalent for the investor, satisfying
the PDE (25) below. Moreover, W¥ is a Q-uniformly integrable (G, Q)-martingale for all
Q S M&f.

PrOOF. See Chapter 4. g

Corollary 8 (Utility Indifference Pricing for Defaultable Claims). Under As-
sumptions 5 and 6, the buyer’s indifference price for the defaultable claim o(Xp)1l s is

G(0,z;¢) — G(0,2;0).

PROOF. The buyer’s indifference price for the defaultable claim ¢(X7)1;>7, p%, should
satisfy

sup E [U(W% —ph+ @(XT)17>T)] = sup E[UWF)].
T€AG TEAG

From Theorem 7, the above relation becomes
U(—pp + G(0,2;¢)) = U(G(0,;0)),

which yields the relation p% = G(0,z; ) — G(0,z;0). O

Remark 9. Taking ¢ = 1 in Corollary 8 will give the price of one unit of a defaultable
bond. We will price it explicitly for the simple case of constant coefficients in Remark 14,
Chapter 3.

2G(t, ;@) is the extension of the certainty equivalent introduced in (12) as G(z; ) = G(0, z; ¢).






CHAPTER 3

Simple Case

Before proving Theorem 7, we look at a simpler version of the problem where,

Assumption 10 (Simple Case). p € R0 > 0, and v > 0 are constant and the Brownian
filtration FF is generated by a one-dimensional Brownian motion W. Thus there is no factor

process X. For the payoff ¢, we assume ¢ € R is constant.

Here, the problem becomes considerably simpler because the default time 7 defined in (2)
is independent of the Brownian motion W. The HJB equation gives rise to an ordinary
differential equation (ODE) rather than PDE, which allows a rather explicit solution to
our optimal investment problem. More importantly, we can compare this result with the
celebrated Merton problem, and observe that there is a non-vanishing difference in the
optimal strategies as the time horizon increases, due to stock defaulting.

This simple case result is not new in the literature: for example, [LR12| discusses
when the coefficients are not just constants but time-dependent deterministic functions.
They obtain a coupled system of ODEs by the duality argument, which is basically the
same as our ODE (13) below derived from the HJB equation. Yet, it is worthwhile to state
the result here for analytical tractability. We revisit this simple model when we price the
insurance coupon rate in Section 5.3.

Under Assumption 10, the PDE (25) below for the pre-default certainty equivalent

turns into an ODE because the z-dependency is lost. Thus, G(¢;¢) = G(t,z;¢) now

13
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satisfies
Gultip) — L (0(Glt: ) + 20(GE0) +7 = 05 0<1<T, "
G(T;¢) = ¢,
where (see (24) and (31) below),
0(z) =W (Ter ™), 5= é <y + 2’52) . (14)

Above, W (-) is the product-log function or Lambert W function, satisfying the relation
x =W (z)eW®), It is straightforward to see W is well defined and infinitely differentiable
on (0,00).

Notice that Assumption 10 implies Assumptions 5 and 6. Thus the conclusion of

Theorem 7 holds. Therefore we have

Theorem 11. Under Assumption 10,

sup B [UWF + ¢1r>7)] = U(G(0;¢)) = —em0G(05%)
TEAG

where the supremum is attained by the optimal control T in Ag given in (16) below, and
G(; ) € CY0,T) is a pre-default certainty equivalent for the investor, satisfying the ODE
(13). Moreover, W* is a Q-uniformly integrable (G, Q)-martingale for all Q € M, ;.

We can obtain a rather closed solution of (13) as follows. As in (26) in Section 4.2
below, we first reverse the time in (13) to change the terminal condition to an initial one.
As such, we define

u(t)=G(T —t;p); t<T,
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where ¢ is dropped for simplicity. Using (13), we see that u solves the ODE,
o2

—u/(t) %

(0*(u(t) +20(u®)) +7=0; 0<t<T,
u(0) = ¢.
Next, set
p(t) £ 0(u(t) = 0(G(T — t;9)),
so that the optimal position in the stock, 7, becomes (see (23) below),

(1) = - (4~ 8G(te)) = - (& -pr-n); t<m

a \g? @

15

(16)

Thus the function p acts as a deviation from the optimal position in stock from the Merton

problem, where the exponential investor holds p/(ao?)-dollar amount of stock to maximize

her utility.

From Lemma 54 below, we have

ab(z)

0'(2) = TH(Z)

Thus the ODE for p(t) becomes

(e} 0'2
1 f;t()t) [_ 20 (*(0) +20(0)) + 7]
o p(t)(p(t) — p4)(p(t) — p-)
=5 1+;(t)  0<t<T,

where

N Y 1%
pr=-—-1+ 1—1—294‘;,

and the initial condition is given by

(17)
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FIGURE 1. Sketch of the flow of the ODE (17). It has two fixed points, 0
(unstable) and py (stable).

Figure 1 shows the flow of the ODE (17). Noticing the shape of the curve in the figure,
we see that there is a unique solution for p(t) that starts at p(0) > 0 and converges to p4

as t — oo.

This result in turn gives G(; ¢) € C1[0, T as,

from the definition of ¢ in (14) and (15).

Remark 12. When ¢ = 0, we can judge the sign of the optimal position in stock (16)
from the values p and « as follows. Lemma 57 below with z = /0% and y = p/o? gives
p(0) = W (y/o2et! "2) < p4+, where the equality holds only when p = 7. Therefore, in light

of the flow of ODE from (17), we observe the relations that for ¢ € [0, 77,

v>p: plo? <p(0) < p(t) <p(T) < py <v/0? — 7 <0,
p>y: y/o? <p(0) < pt) < p(T) < py < pfo? — 7 >0,

p=v: pt)=p/o?> — 7 =0.
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In other words, when the default intensity exceeds the return of the stock, the investor is
better off betting on the default, thus she shorts the stock. By contrast, when the return
of the stock exceeds the default intensity, she longs the stock. Indeed p — v acts as an
effective drift of the risky asset when p/0? and 7/c? are equally small compared to 1,
because in that case we have p, ~ ~/c2. Thus for long horizons,

hmﬁ%m:}(u—q%>zﬁ:1

T 500 a \g?

which is the optimal position in stock in the Merton problem when the stock drift is p—-y.

Remark 13. We observe that there is a non-vanishing difference in the optimal strategies
from the Merton problem in the long-time-horizon, small-default-intensity limit. First, we

see from (16) and W (0) = 0 that

o N =
1 » =1 — | —= — (T ‘ )
B < " >p<o>w<azew02+w>> art

which is the same as the Merton case, because for any fixed time horizon, taking the
default intensity to zero makes the market default-free. Thus the problem boils down to
the Merton problem.

However, for long horizons,

L
lim lim 7%(0) = lim lim — ( = — p(T ‘
'yLOJr T1—>oo7r (0) 'yiOJr T1—>oo « <0'2 p( ) p(O):W(—Jz e/‘/"2+a“f’>>

lp L p p?
=1 —(—— ):— LA e R
wg& a\g2 P+ o ((72 ( + ot

This manifests the fact that, however small the default intensity is, the position in the
Merton problem p/(cc?) is too high. The stock will almost surely default in the long-
time-horizon limit. Thus the investor prepares for it by holding a smaller amount of stock

than she would in Merton case.
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Remark 14 (Defaultable Bond Pricing). Using Corollary 8 for the simple case with
@ = 1, we can compute the buyer’s indifference price of one unit of a defaultable bond,
ph, as
pp = G(0;1) — G(0;0).

Figure 2 shows the associated yield to maturity of the defaultable bond, defined by
—log(pp(T))/T for each T > 0, under parameters u = .04, ¢ = .3, v = .03 and o = 1.
For comparison, v the default intensity of 7 under the physical measure is plotted, too.

Figure 3 shows the behavior of p}; with varied «, or more precisely, with the varied
risk tolerance parameter 1/a. The increasing and concave nature of the price curve can

be understood by the duality formulation of the buyer’s indifference price [IJS05]:
1 Q 1 —0
ph=_inf 1B+ (HQIP) - HQ'IP)) (19)

where @0 is defined in (8). Moreover, by [Bec03, Proposition 3.2], we know that p};
converges to the “risk-neutral” price under MEMM in the zero risk-aversion limit, i.e.,

lim leB — Eéo Ly =e s <72(9(G(t))clz‘,7
1/a—o00

where the last equality follows from the fact that the default intensity of 7 under @O
becomes the deterministic process ¥(t) = o20(G(t)) (see (65) below). Computing the last
integration numerically, we obtain

lim ph = 0.967942,

1/a—o0

which is the horizontal asymptote for the curve in Figure 3. On the other hand, when
taking 1/a — 0, we can bring the limit inside the infimum in (19) to get ([DGR*02,
Proposition 5.1}),

lim pL = inf E9L,.7=0.
aso+PB T geM. =T
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Yield to Maturity
0.045 - 
0.040}
0.035 |

0.030

T
0 2 4 6 8 10

FIGURE 2. Above: Yield to maturity of the defaultable bond when u =
04,0 = 3,7 = .03, and a = 1. Below: =, which is the default intensity of
7 under the physical measure.

PB
1.0}

0.8
0.6
04r

0.2

1
0.2 0.4 0.6 0.8 1.0 1.2 1.4 a

FiGUrE 3. Defaultable bond price under various risk tolerance parameter
1/a when p = .04,0 = .3, = .03,T7 = 1. The horizontal asymptote is at
0.967942.
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CHAPTER 4

Proof of the Main Result: Theorem 7

We now embark on the proof of our main result, Theorem 7. The semilinear parabolic
PDE for the pre-default certainty equivalent is derived from the HJB equation in Section
4.1. We state and solve our Cauchy problem for the pre-default certainty equivalent in
Sections 4.2 and 4.3. Using the obtained solution, we construct explicit candidates for
the optimal wealth process and the martingale measure, then explore the implications by
the well-developed duality result to those candidates in Section 4.4. The verification is
completed in Section 4.6.

We assume Assumption 5 and 6 for the entire chapter except Sections 4.2 and 4.3,
where we can solve the Cauchy problem under fairly general conditions, given in Assump-

tions 20, 21, and 22.

4.1. HJB to PDE

We will denote by Ap C Ag the class where 7 is F-predictable. Using the dynamic

programming principle, we can (informally) derive the pre-default expected utility at time

21
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t as,

ess ilupIE (L5t UWT + o(X7)1rs7)|Ge]
TEAG

= ess ilupE []lT>tU(W(7TTAT)_ — 7 l<r + SD(XT)ILT>T)|gt} ;
TEAG

S
:]l‘r>tert €8s i‘upE [/ U(W(TZL/\T)— - 71'u]luST + QD(XUAT)]lu>T)dFu
TEAR t

]:t:| ;

T
=1, esssupE [/ UW,_ —my)dF, + (1 — Fp)UW7 + QO(XT))‘ ft} ;
TEAR t

T
=1,v;esssupE [/ UW]_ —my)e” J; VoS~ du + e~ I %dsU(W% + @(XT))‘ .7-}} ,
TEAR t

where in the second equality, we used [BR04, Proposition 5.1.1.(ii)] noting that U(W(”T AT)——

mrlr<r + ©(X7)lrs7) is the time 7 value of an F-predictable process’ U(W(TFAT)
m. 1<+ @(X Ar)L.>7). By the Markovian nature of the model, the expression in the last
line prompts us to define the pre-default value function v(t, z,w; ©)? as
ess iupE L UWE + o(X7)Lro7)|Ge] = Lrsv(t, X, Wi ),
TEAG

where

v(t, z, w; @)

T
= sup E { / UWI_ — mu)e I (X, )du + e 7By 1 so(XT))\ Xe=a, W, =w|.
TEAR t

This is exactly of the form to which the extension result of [Pha09, Section 3.4.2] is

applicable. We can thus derive the HJB equation as (here and in all that follows, the

1WZT ary— is G-predictable but we can take a unique F-predictable process that coincide with W(" AT)— O
[0,7). Look at the remark after [BR04, Corollary 5.3.1].
2u(t, z,w; @) is the extension of v(z,w; ¢) introduced in (11) as v(z, w; @) = v(0, z, w; ).
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appearance of the same index used twice in a term indicates summation from 1 to n),

Ut + mfx —YU + TV + bivmi + 7;202wa + ﬂacijpjvmi,w
+‘“gyzm@j—véﬂmhﬂ —0, (20)
with the terminal condition,
(T, z,w; @) = e al(wte()

As introduced in Theorem 7, let G(t,z;¢) be the pre-default certainty equivalent at

time ¢ with X starting at X; = x for the terminal payoff of ¢(Xr), so that

o(t,7,w; ) = —e oG,

Substituting into (20), we have?

(ccT)i

Gy + 5

DijG — %(CCT)UDZ'GD]‘G
+ max [(bZ — aomc? p!)D;G — %0'271’2 + pm + J (1 - eo‘(GJr”))} =0, (21)
™ (67
with the terminal condition,
G(T,z;9) = p(z); = €R™
The maximum of (21) is attained when
— 1+ ac’T + aoc” o D;G + e = . (22)
We introduce 6 by setting
ﬂzf(ﬁ—fcyme—@. (23)
a\o o

3We use notations D;G = Ga,, DijG = Guizyr and DG = (G, Gay, - - -, Gayy)-
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Thus 6 denotes the deviation of the optimal strategy from an incomplete but no default
market case (at least in a formal level because G here already takes account of the default).

Substituting (23) back into (22), we see that § must satisfy

e’ = %exp ( P taG- gcijijiG) ,
o o

o2

or § = 0(z,G, DG) at the maximum in (21), where

x,z,p) = (@) ex H) az — —2 i) @) ) | (2 " "
oz £W | T () s = L@ )| e e XRX(R4)’
2

and W (+) is the product-log function already introduced in (14).
With 6 = 6(z, G, DG), we can set m as in (23) to get the following partial differential

equation for G,

TYij y o , .
0=G,+ (CCQ)DijG - % [(ccT)”DiGDjG - (c”pﬂDiG)ﬂ - gc”pj)DiG
2

(6% + 20) + é (v + 2‘;) . i [0,7) xR, (25)

o2
2

G(T,z;9) = p(x); xR
4.2. Setup and Statement of the Cauchy Problem

In the previous section, we obtained the parabolic PDE for the pre-default certainty
equivalent, G(t, z; ), in (25). In this section, we rewrite (25) in a form suitable to applying
the classical parabolic PDE theory, and state the existence result for the PDE in Theorem
26. We are able to prove the Cauchy existence result, Theorem 26, under Assumptions
20, 22, and 21 stated below, which are more general than Assumptions 5 and 6 required
for our main optimal investment result.

The precise assumptions to solve the Cauchy problem are now listed. They are in
place only in Section 4.2 and 4.3. Each of the assumptions is a general version of an afore-

mentioned assumption from Section 2.1, as noted right next to the assumption number.
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For our generalized spacial domain D C R", fix 5 € (0,1) and assume

Assumption 15. D = U°_, D,, where for each m = 1,2,..., D,, is an open connected
subset of R”, which is bounded and has a C**#-boundary. Furthermore, D,, C D,, 1 for

m=1,2,..., thus D is also connected but not necessarily bounded.

which clearly includes the case D = R™ as in our main setup in Section 2.1. Thus the

parabolic PDE (25) is solved in the domain
Q£(0,T) x D.

Regarding b,c¢,~, p, u, and o from Section 2.1, assume they are defined on D and

satisfy:

Assumption 16 (cf. Assumption 1). b' : D — R and ¢/ : D — R are continuously
differentiable for 1 < i,57 < n. Furthermore, the n x n-matrix c¢(z) is invertible for all
x € D. As such, a(z) £ c(x)c' (2)/2 is locally elliptic in that for each m, there is a
Am > 0 so that for all £ € R” and = € D,, we have A, £T¢ > €Ta(z)é > A\p€TE (A

exists because a is bounded on D,,.)

Assumption 17 (cf. Assumption 2). v: D — (0,00) is continuously differentiable.

As such, for all m, inf,ep, v(z) > 0.

Assumption 18 (cf. Assumption 3). p: D — R"” is continuously differentiable and

for all x € D we have 0 < |p(z)] < 1.

Assumption 19 (cf. Assumption 4). p,0: D — R are both continuously differential-

ble with o(z) > 0 for all € D. As such, for all m, inf,cp,, o(z) > 0.

To ease notation going forward, we consolidate Assumptions 15 — 19 into one assump-

tion:
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Assumption 20 (cf. Assumption 5). Assumptions 15 — 19 hold.

For the terminal condition, we assume

C2+,B

loc > 1-€., ¢ has second-order

Assumption 21 (cf. Assumption 6). ¢ : D — R in

derivatives which are S-Holder continuous in D, for each m. Furthermore, we assume

sup |¢(z)| < oc.
zeD

We first reverse the time in (25) to change the terminal boundary condition into to an

initial one. As such, we define
u(t,z) = G(T —t,z;9); t<T, z€D, (26)

where ¢ is dropped for simplicity. Using (25), we see that u solves the PDE,

TYig . o
0=—u + (002) Diju — % [(CCT)Z]DZ"LLDJ"LL — (Y Diu)?
i Mg o? 1 & ; 27
+<b——cjp7>Diu——(c9 +20)+—|v+-=]; in(0,7]xD, (27)
o 2 o' 202

u(0,z) = p(z); €D,

where 6 = 0(x,u, Du) (see (24) for the definition of 6(z, z,p), which is now defined in
D x R x R™).

To conform to the notations in [Lie96], we write (27) in the general form

Pu £ —u; + a” () Diju+ a(x, u, Du) =0, (28)
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where we drop the obvious arguments (¢,x) for solutions to PDEs and their derivatives

here and in all that follows. Above,

(@) = 5 (ec” (@), (29)
ale ) 2 = [ @)y - (@@ @] + () - B0 @) o
- “225”) (62(, 2,p) + 20(, 2.p)) + é ('y(x) + 2’5 ;3) :
S Taap+p )~ T (B0 )+ 200 5p) + 7). (B0
where

H(w) 2 i (7(37) + 252((?» '

Note that a" (x), El(l') and y(x) are all continuously differentiable in D, and so is a(z, z, p)

in D x R x R™ under Assumption 20.

We further assume that a(z, z, p) defined in (30) satisfies:

Assumption 22.

2 2
sup a(w,0,0) = sup —02(33) (02(2,0,0) +20(2,0,0)) + ~ <’y(aﬁ) ) ﬂ <K
z€D z€D « (6

for some positive constant K, where

0(z,0,0) = W [ @) <:(x) )]

by (24).

Note that the above assumption is met under Assumption 5 because both 7 and p?/o?

are bounded from above in D = R". Assumption 22 is the condition that guarantees
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the uniform boundedness of the local solutions. Look at Section 4.3.1 for the detailed
discussion.
The solution to the parabolic PDE (27) is obtained as a limit of a localized version of

the problem in
Q2 (0,T) X Dy, m=1,2,....
For each m, let I',, be the parabolic boundary of €2,,, i.e., the union of the bottom
{(t,z) : t =0,z € Dy,} and the side {(¢t,2) : 0 <t < T, x € 9D, }.
The parabolic distance p between (t1, 1) and (t2, x2) in  (or more generally in R*+1)
is defined as

p((t1,z1), (t2, 22)) 2 max(|t; — ta|'/2, |z1 — 22)).

If f is a function in a domain @ C €2, we denote

|f(t1, 1) — f(t2, 22)|
[f] ; £ sup .
B aentltaas) PP (B, 2), (b2, 2))
(tixi)€Q
We also set
’f‘O;Q £ sup |f’
Q

We then introduce the parabolic Hélder space,

Definition 23. Hj,3(Q) is the Banach space of functions f that are continuous in @,

together with all derivatives of the form f;, f;, fiz, and have a finite norm

flarge 2 > sup|DeDiflog+ Y. [DIDIflag+ > (DS s
ol 125 <2 o+ 2j=2 jal=1

where
[t1 — to|(115)/2

(D fhrep@ = sup
t1#t2
(ti,x)EQ
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Remark 24. This definition coincides with Ha,5(Q) in [Lie96] or H*T#1+5/2(Q) in
[LSUS8S8|. Also, notice that f € Hyyg(Q) is uniformly continuous in ) with its corre-
sponding derivatives. Thus we can speak about the values of f and its derivatives on 0Q
without ambiguity. With regards to Assumption 21, we see that ¢ € Ha,5(,) for each

m.
To localize our Cauchy problem, we extensively use mollifiers [Eval0]:

Definition 25. y,, : R® — [0, 1] is the C*°-mollifier supported on D,, such that y,, = 1

on Dy, 1 and Xm, DaXmy DezXm — 0 as  — 9D,,.

With all assumptions and definitions provided, we are ready to state our Cauchy

problem. The existence of a solution to this problem is proved in Section 4.3.

Theorem 26 (Cauchy Problem). Under the Assumptions 20, 21, and 22, there exists
u € CH2([0,T) x D) that solves

Pu =0 1,
(32)

ulg=0 = .
Moreover, u satisfies ug < u < uy in § for some constants ug and ui, and v € Hoyg()

for eachm=1,2,....

Remark 27. Because of the way we obtain u in Section 4.3.4 below as a limit of a
converging subsequence in a precompact subset, there is no guarantee of uniqueness for
the solutions in Theorem 26. In fact, through this construction, we do not obtain any
information regarding the behaviors of w and Du as they approach (0,7) x dD. Such
information is crucial in applying the uniqueness results of parabolic PDEs (as we need
the the value of u on the parabolic boundary), and in verifying that u represents a pre-
default certainty equivalent of the investor in our optimal investment problem (as we need

to estimate Du to prove certain local martingales are true martingales). However, once
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the verification is completed, the uniqueness of the solution is guaranteed by the duality

theory results [KS02].

4.3. Existence of the solution to the Cauchy Problem in 2

Since the spacial domain D is not necessarily bounded in Theorem 26, we cannot
directly cite the classical semi-linear parabolic PDE results (e.g. [Lie96]) which deal with
problems in bounded domains with parabolic boundary conditions provided. Therefore,
we break the proof of Theorem 26 into four steps, Propositions 28 — 31. Each step assumes
the result from the previous step. The idea of the proof is: we construct a local solution in
each bounded domain 2 in Proposition 28, and, with certain interior boundedness results
from Propositions 29 and 30, we construct the solution with the desired properties in the
whole domain €2 in Proposition 31. Assumptions 20, 21, and 22 prevail throughout these
four propositions.

In this section, C'(m) represents a constant that only depends on the values of b, ¢, i, 0, v, p,
and ¢ in D,,, and possibly on the geometries of D1, Ds, ... D,,. There is no relation in

the multiple appearances of C'(m).

Proposition 28 (Section 4.3.1). For each k € N, there exists u*) € Hy, 5(Q) solving
Pu® =0 in Q, u®|_g = in Dy, (33)

Moreover, the solutions are uniformly bounded, i.e., we can pick constants uy and uy such

that ug < u®) <y in Q for any k € N.

Proposition 29 (Section 4.3.2). For (u®), obtained in Proposition 28 and for each
m €N,

swp [Du®loq, < Clm+1),
k>m—+1
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Proposition 30 (Section 4.3.3). For (u®), obtained in Proposition 28 and for each
m e N,

Sub ([u(k)]ﬁ;ﬁm + [Du(k)]ﬁ;ﬂm) < C(m+2).
k>m+2

Proposition 31 (Section 4.3.4). For (u®), obtained in Proposition 28 and for each
m e N,

sup w5150, < C(m+3).
k>m+3

Consequently, there exists u € CY2([0,T] x D),ug < u < uy which satisfies (32).

4.3.1. Proof of Proposition 28. First we prove the following lemma for a(z, z, p)

defined in (30).
Lemma 32. a(z,2,0) >0 for z <0. Thus za(z, 2,0) <0 for z <0.

PROOF. a(z, z,0) depends on z only through 0(x, z,0) by (30). Note also that, since the
product-log function is an increasing function on (0,00), 6(z,2,0) is increasing in z by
(24), thus a(x, z,0) itself is a decreasing function of z. Therefore, to show the lemma, we
only need to prove

a(z,0,0) >0, (34)

where

2
a(z,0,0) = —UZS) (6%(2,0,0) + 20(x,0,0)) + UZS) [( #) ) + 232((2))] '

Here, we can use Corollary 58 setting z = v/02 and y = /02 to show 62 +20 < (u/0?)% +
2v/c?%, thus (34) holds. O

Coming back to the proof of Theorem 28, we first fix k£ > 2. Even though (33) has no
spatial boundary condition, we need to specify a parabolic boundary condition on I'y to
obtain the solution to (33). In fact, we will construct ®; € Hayg(€) and then take our

parabolic boundary condition as the value of ®; uniquely extended to I'.
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(¢, z) should take the same value as ¢(z) for x € Dj_1, but it requires a special care
near the spacial boundary. In particular, the behavior of ®; at the “corner” {t = 0} x 9Dy,
is crucial because all values of u, u¢, u,, and u,, are determined by @ there.

With this in mind, we set

O (t,2) £ xp(x)p(),

and define a new parabolic operator
PWlu(t, ) £ —uy(t, ) + a” (v) Diju(t, @) + xp(x)a (z, u(t, x), Du(t, ).

Notice that ®; satisfies the compatibility condition of the first order for the parabolic
operator P ie.,

P®&, =0 on {t =0} x dDy. (35)

We now seek for the existence of the solution to the following parabolic system,

P®y =0 in Q, (36)
36

ulr, = Pkr,.

Theorem 12.16 in [Lie96]* gives the existence of the solution to (36). As for the condition
(12.27) within the theorem, it is straightforward to see apj = a¥ = 0 and ¥ is bounded on
Q.. By (30) and Corollary 56 below, we have a = O(|p|?) as |p| — oo (see the beginning
of Appendix A for the definition of O(|p|?)). Thus (12.27) is satisfied.

4[Lie96, Theorem 12.16] actually proves that our solution u to (36) is in the class HQ(ng w(Qk), where
~v € (0,1) is a constant determined by the regularity of parabolic boundary I'y, and the regularity of function
®p. The class H2+B " is defined in Chapter 4 of [Lie96] as the class of functions that are Hzyg in the
region strictly away from the parabolic boundary but may blow up near the parabolic boundary.

In our case, since the parabolic boundary T'y is Hoig and @) € Hayp(Qy) satisfies the compatibility
condition of the first order, (35), the comment at the end of [Lie96, Theorem 12.14] also applies to
Theorem 12.16, thus we have u® € Hay5(,) for the solution of (36). This comment is based on the
additional hypothesis in [Lie96, Theorem 8.2], which can be further traced back to the linear result with

the compatibility condition, [Lie96, Theorem 5.14].
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We also need to check the condition (12.26) within the theorem, which is the condition
for the maximum principle as stated in [Lie96, Theorem 9.5]. Namely, if we can find

constants C; and Cq such that
z - xk(@)a(z, z,0) < C12% 4+ Cy, (37)
then [Lie96, Theorem 9.5] implies that the solution to (36) satisfies

suput < VT (suput + 021/2).
Q Tk

Applying the same theorem to the PDE satisfied by v £ —u:
—vy + " (x) Dijv — xx(2)a(z, —v, —Dv) = 0,
we see that the same condition (37) leads to

supvt < eI (gup vt + 021/2).
Qg g
Finally, combining the bounds on ™ and v+ yields
sup [u| < e (sup [u] + C5"%) < @ (sup ] + C5%). (38)
k T D
Coming back to (37), we can evaluate z - xx(x)a(z, z,0) as follows. By Lemma 32, (37)

always holds when z < 0. For z > 0, observe
z - xk(z)a(z, z,0) < za(x,0,0) < Kz

where the last inequality follows from Assumption 22. Thus we can indeed choose con-
stants Cy and Cb, only dependent on K, such that (37) holds. Therefore the right-hand
side of (38) is a finite constant not depending on k.

Therefore, from [Lie96, Theorem 12.16], there exists a solution u € Ha;5(£2;) for

(36), which satisfies ug < u < uy in Q, where up and u; do not depend on k. We see that
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the restriction of the solution u to Q_; satisfies (33). Therefore we set u*=1) £ y|q |

to have

|U(k71)‘2+6;9k71 < Jula4p;0, < 00,

ie., ub—1 e Hy1 3(2%—1). Thus Proposition 28 is proved.

4.3.2. Proof of Proposition 29. Fix m > 2 and k¥ > m + 1. Since we are only
interested in the gradient strictly away from the “side” (note D, CC Dy), we can use the
local gradient bound results from [Lie96, Section 11.3], in particular Theorem 11.3 (b).

The Bernstein £ function is defined in [Lie96, (8.3)] as

E(z,p) & a" (x)pip;. (39)
From Assumption 16, we have
E(x,p) > /\m\pIQ; Vx € D,,, Vp e R".
We also use some differential operators defined in [Lie96, Chapter 11]:
0(p) =D +|p| ?p- Dy, 6(p) =p- Dy, (40)
As noted right after [Lie96, (11.4)], we take
ad = a¥, fi =0.

Note also that v should be read |p|? as defined right after [Lie96, (11.2)].
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Then, for the domain £, the quantities A, B and C' defined in (11.7) [Lie96], become

2
Aoz 2 o (e X, G @)” + 0l0) - De@n) )

= 57 (0+ 0Dy = Ve @)
Y (41)
Bp(z,2,p) & g(;p) (6(p)E(x,p) + (0(p) — V)a(x, z,p)) , (42)
2
Cnlare) 2 5o (o 3, 00 + 5wate, 2 ) (43

The estimation of By, (z, z,p) and Cy,(z, z,p) are done in Lemmas 48 and 49, respec-
tively. From those estimations, we obtain
Ay B2, C> =limsup  sup Ay, By, Cny. (44)
[p| =00 Qm X[uo,u1]
are all finite with
AX =1, Cyx=0.
For [Lie96, (11.17)], we only need to check (11.17b) since ai{p = a7 =0and f=0.
As for (11.17b), we take 6§ = 1 and we introduce the following quantity D for the domain
O

Du(,2,p) £ (IpI* A + [pI(1Ep (. P)| + |ap (@, 2, p)])) - (45)

1
E(z,p)

The estimation of D,,(x, z,p) is done in Lemma 50. We have
Dy =limsup sup Dy, (46)
|p| =00 Qm X [uo,u1]

which is also finite.
We are now ready to apply [Lie96, Theorem 11.3 (b)] to the domain Q,,. Set r =

dist(Dyn—1,0Dy,) so that, as long as we choose x € D,,,_1, we have the cylinder (0,7 x
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B(z, R) contained within €,,,. Hence we have, by Theorem 11.3 (b)

sup |DuP| < Cs <1 +

oscUu
’
Qm.—l

where C3 depends on supp, | D), Al ), B ), clm ), ™) and their limit behaviors in (44)

and (46). Here, oscu is the oscillation of u in €2, as defined in [Lie96, Section 4.1], which
is in our case bounded by u; — ug (see Theorem 28).

Noticing the right-hand side of the above inequality does not depend on k, we have

sup [Duo.q,,_, < C(m),
k>m

which is the statement of this theorem after reindexing.

4.3.3. Proof of Proposition 30. Fix m > 2 and ¥ > m + 1. We use [Fril3,
Theorem 4, Section 2, Chapter 7] in €2, to get the estimation. Instead of applying the
theorem directly to u(®), we apply it to the truncated version of the function u*) defined
by

v 2 (@) (4P = o(@)) = xm(@)ul® = Opo(2). (47)
Note that v € Hoyg(Qp,) and v = 0 on I'y,.
Since u*) satisfies the PDE

—ugk) + aij(x)Diju(k) = —a(z,u®, Du®),
the PDE satisfied by v becomes

—vg + aij(;v)Dijv = f(t,x), (48)
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where

f(t,x) 2 —Xm(x)a(x,u(k),Du(k))
+ a" (z) (u(k)Dinm + DixmDju® + DijDiu(k)> — a"(x)Dij(xme). (49)
Since Xmy DaXmy DzaXm — 0 as x — 0D, by Definition 25, f vanishes at {t =
0} x dD,,. Moreover, since

e ug < u®) < uy by Proposition 28,
e |Du®o.q, < C(m + 1) by Proposition 29,

o v € Hy 3(Qy,) by Assumption 21,

we have

[l < C(m+1). (50)

Therefore, by [Fril3, Theorem 4, Section 2, Chapter 7], we have

[v]8,0., + [DV]3,0,, < Calflo,om: (51)

where Cy = C(m)?. Since u¥) = ¢ + v in Q,,_; by (47), we have by triangle inequality,

™0, . + [DuPs0, < [Plom + Vsan . + [Delsam, + [Dlga, ;
< [0l + [DPlg0_1 + Vg0, + [DV]ga,;
< |el248,0m_1 + Calflo.m>

where the first inequality is from the triangle inequality and the last one from (51). Since

the last line is C'(m + 1) by (50), with reindexing, we have proved the proposition.

S5For the conditions of the [Fril3, Theorem 4, Section 2, Chapter 7], their Hy is the same as our elliptic
constant \,, whereas continuous differentiability of a = ccT/ 2 and C*1# -boundary of D,, guarantee the
existence of Hy and Hs (see Assumption 15 and 16). The constant Cy only depends on Ho, H1, H2, 8, and
Q.
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4.3.4. Proof of Theorem 31. Application of the well-known linear parabolic PDE
existence result (for example [Lie96, Theorem 5.14]) to (48) with the boundary condition
v|r,, = 0 yields,

1V|248:00 < C5f18.00m = Cs (| floom + [f]8.0m)

where Cs only depends on |a|s.q,,, Qm, and 8. In the right-most term, |f|oq,, is already
estimated in (50). Furthermore, the result of Preposition 30, together with the fact x;,, ¢ €

H?>5(Q,,), allows us to estimate [f]gq,, through (49) to have

[f]/g,gm < C(m + 2).

Thus we have

[v]248:0,, < C(m+2).

Similarly to the argument following (51) in Section 4.3.3, restriction of the domain 2,
to Q2,1 gives,

[ul248,.0,_, < C(m+2),

which is the first statement of Theorem 31 after reindexing.

By employing the usual diagonal argument, we can extract from (u(*)) a subsequence
(u(kl)) that converges together with the derivatives ugkl), u;k’), u(w]g) at each point of D to
some function u and its corresponding derivatives. It is clear that u does not exceed the

bound [ug, u1] and belongs to Hay () for each m. Thus u is the solution of the Cauchy

problem (32), with its derivatives u¢, uz, . allowing continuous extensions to [0, 7] x D.

4.4. Optimal Investment Problem

Using the solution to the Cauchy problem from the last section, we construct explicitly
a candidate optimal strategy and a candidate martingale measure in this section, both of

which are already alluded to in Section 2.2. We will then apply the well-developed duality
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result, Theorem 34, to those explicit candidates to answer our main optimal investment

problem. Assumptions 5 and 6 are in place.

Remark 33. Assumptions 5 and 6 imply Assumptions 20 and 21, respectively. Moreover,
Assumption 5 implies Assumption 22, the extra condition that guarantees the uniform
boundedness of local solutions in Section 4.3.1. Thus, we already know from Theorem 26

that there exists u € C12([0,T] x R™) satisfying (32) with up < u < uj.

Recall that the pre-default certainty equivalent with the terminal payoff ¢, G(t, z; ),
is related to the solution to Cauchy problem w in Theorem 26 through (26). As such, we
have G(; ) € C12([0,T] x R™) which satisfies (21):

(CCT)ij
2

Gt + DUG - %(CCT)ijDiGDjG

+ (V' = ao7el ) D,G — Sot(m)? +pm+ L (1= 2O ) — 0, (52)

where (see (23)),

i) £ % (7 - @) DG 9) - 0, Gl i), DG, :4) )

t<T, z€R" (53)

and our candidate martingale measure Q* be

_, -~
Q" & —a(Wi+e(Xr)1rsr=G0aip) (55)

dP

although Q7 defined this way may not be a probability measure at this point.

6Al‘chough the candidate optimal strategy 7¥ is defined up until 7', its value is only relevant to our problem
fort <7 AT.
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Let P¥ be defined by
dP¥ —ap(X7)lr>7
2 _° . (56)
dP E [e_O“P(XT)]l-r>T}

Observing that W?, the wealth process driven by the candidate optimal strategy 7 in
(54), and Q¥ defined in (55) satisfy the first-order conditions of the duality, i.e.,

we have the following result.

Theorem 34. Suppose’

(i) Q7 € Mey,

(ii) Wy )<t is a true Q7 -martingale and a Q-supermartingale for all Q € M. ;.
Then, Q7 is the unique MEMM under P¥. Moreover, (Wf)tg'f s a Q-uniformly integrable
Q-martingale for all Q) € M. y. Thus the duality gap is closed and we have the optimal

mvestment result in Theorem 7.

PROOF. See Propositions 3.1 and 3.3 in [KS02]. O

Therefore Theorem 7 is proved once the two conditions in Theorem 34 are verified.
We will postpone it until Section 4.6. The next section lays out preparations for Section

4.6.

4.5. Girsanov Theorem and Related Estimations

Before we proceed, we review the Girsanov-type result in our setting. For the proof
of the next theorem, see Proposition 5.3.1 and the remark following Corollary 5.3.1 in

[BRO4].

"The two conditions in Theorem 34 do not seem to involve P?. The actual condition for the finite relative
entropy in (i) is H(Q|P¥) < oo but this is equivalent to H(Q|P) < oo, because the payoff ¢ is assumed to
be bounded under Assumption 21. Look at the discussion in [DGR™ 02, Section 2] for details. Therefore,
we do not make distinction between the underlying measure P or P¥ when we talk about the finiteness of
relative entropies.
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Theorem 35. For any measure @ ~ P on (Q,Gr), we have the representation

dQ :
d—P = ST Z / ﬁgde / K,tht ;

0<j<n

=& </O+ mtht> .jl:[ogT </O'ﬁg'dwg'>

where 8 and k are G- and F-predictable processes, respectively.

By the Girsanov theorem,
We =w. — / Bydt
0

is a (G, Q)-Brownian motion, and
M® =H - / (14 ry)d

is a (G, Q)-martingale.

From (4) and using Theorem 35, we have a concrete description of the set of equivalent

local-martingale measures M. defined in (5).
Lemma 36. For (Q ~ P, we have

Q € M. if and only if

ut-l-a,g(Zj P38+ /1 o] Bt) vt r) =0 fort<TAT, (57)

where the processes B and k are as defined in Theorem 35.
PrROOF. Fix Q ~ P. From (3),
B22p =Y [ s~ [ V= TPs (58)

is a (G, Q)-Brownian motion by Theorem 35.
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Again by Theorem 35, the dynamics (4) become

gi =iz | (et (327, A8+ VI=T0PBY) =01+ k) ) dt + 01dBY | — dMP.

Since stochastic integrals of adapted processes with caglad paths with respect to local
martingales are local martingales by [Pro03, Theorem 33, Chap.IV], the two stochastic
integrals with respect to B? and M® above are (G, Q)-local martingales. Thus S is a
(G, Q)-local martingale if and only if the di-integration part is a (G, @)-local martingale.
Since the continuous local martingales with finite variation paths have to be constant (see
[RY13, Proposition (1.2), Chap. IV]), and S;_ is strictly positive for t < 7 AT, we reach

the conclusion. OJ

In order to apply Lemma 36 to Q¥ defined in (55), we first define a possible density

process (Z)i<r for Q7 by,
7y = o~ Wi =G(0,250)) (Ht +(1— Ht)e—aG(t,Xz;@)>

exp [—a(Wf — G(0,z;0) + G(t, Xy; go))]; t<T,

- (59)
exp [—a(Wf - G(0,z; LP))]; Tt
Note that Zy = 1 and Z7 = dQ” /dP hold.
Before computing the differential of Z, first observe the differentials:
—aWy! —aW? —p a’ 2 /=12
d (e ¢ ) = e "t Loy | —amy (pedt + 0vdBy) + 5 i (¢ )~dt
+ (e_a(Wf—_?f) — e—an_> dHt,
d(e7oC) = e7o¢ [ — aGydt — aD;G(bidt + AW
1 g
—i—i(cc—l—)ZJ (a2DiGDjG — OzDijG)dt] s (60)

where G, Gy, D;G, and D;;G are all evaluated at (t, Xy; ¢).
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Thus,
1 -
dZ; = Vy<r Zy(—a) [Gt + D;Gb!. + Q(ccT)” (DG — aD;GD;G) + 7] — %af (7¢)?
— a0yl pl D;GEI } dt + Li<r Zi— (—oﬁfatdBt - aDiGcidetj> + (Zy — Zy—) dHy;

= LierZim (1 _ eolGHRY >) dt + i<+ 74 (—aﬁfotdBt - aDiGcideg)

A
+ Zi— (Zt - 1> dHy;

t—

= L Zs (—oﬁfcrtdBt - aDiGcideg) V7 (eOf(Gﬁf) - 1) dM;;

=Z_ [ Ty<r (—oﬁfatp{ — aDiGcij) thj — Li<ramo/1 — \pthWtO

2
4 (Ulfet - 1) th] ,
Vi

where (52) is used for the second equality, and the relation

G(t,x30) 47t o*(x)
601( ()t R(ETe) = ( ) 9(1‘, G(tv z; Qp)a DG(t7 ; 90))7
YT

derived from (23) and (24), is used for the last equality. The form of dZ shows that Z is

a local martingale under P, again by [Pro03, Theorem 33, Chap.IV]. Furthermore,
Lemma 37. If (Z;)i<r in (59) is a true martingale under P, then Q¥ € M..

PRrROOF. If (Z;)i<7 is a true martingale under P, then Q7 is indeed a probability measure

equivalent to P. Moreover, by Theorem 35, we see that both
wews - [ B 0<j<n (61)
0

and

AT
H. = H. —/ "Yt(l +Et)dt,
0



44 4. PROOF OF THE MAIN RESULT: THEOREM 7
are local martingales under Q7, where

o N — ] ij ;

Bl 21 (—aFfoupl — aDiGed); 1<j<n,

0 £ —]ltSTOéﬁfO't\/ 1-— ’pt’27 (62)

2
90, _
~: 0y — 1.

=
Il

\
(1>

Thus for t <7 AT,

n s —0
Wt + ot (ijl Pgﬁg +v1- ’Pt’25t> — (1 + ky)

_ o _ i
=ut + o (—Ozﬂ'fo't’pt’? _ aCZJpgDZ,G _ OéTrfUt(l _ |Pt|2)> - ’Ytea(G+ i );
=Ut — OéO'?ﬁf — OéO'thpiDZG — P)/tea(GJ"ﬁ;p);

where the last equality is from (22). Thus by Lemma 36, we have Q¥ € M.. 0

Lemma 37 assumes that (Z;);<7 is a P-martingale. There are some known results as to
when an exponential martingale with jumps is a true martingale, e.g., [PST08]. However,
the result there is not readily applicable because it requires kK > —1 + ¢ for positive ¢,
which we do not have in general.

However, the following lemma shows in our case that the jump component is typically

a true martingale.

Lemma 38. Let (Z})i<r be defined by Z§ =1 and
dZILi = Zf_/ftht = Zf_/{t(dHt — *}/tdt),

where K is a F-predictable process such that k > —1 and k7 integrable on [0,T]. Then
Z7 >0 and EZF = 1.
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PRrROOF. Solving the stochastic differential equation for Z*, we obtain

e A e
Zr7 =
(14 kp)e Jo murde 7 <,
Thus Z7% is clearly positive.
For the expectation of Zf:
K1 _ —fT Koo Yo dt — [7 Buyudu
E[ZF] =E e Jo Lrsp| +E[(1+k;)e Jo Lr<r|.
The first term is,

E [67 I m”“duﬂwT} =E E [67 Jo ”“V“d“HDT‘ fT” ;

I

=E [e7Jo mndup (1 > T\ )|

— E _6_ IOT "iu’Yudue_ fOT 'Yudu:| .

For the second term, using [BRO4, Proposition 5.1.1 (ii)]® with a non-negative F-
predictable process Y defined by

Yi = (Lt e fomud,

8In fact, [BRO4, Proposition 5.1.1 (ii)] is proved for bounded Y. To show the result holds for non-negative
Y, we first use the proposition [BRO4, Proposition 5.1.1 (ii)] for the predictable bounded process Y A n,
then take n — oo and the monotone convergence theorem proves the claim for non-negative Y.
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we have
- T
E [YTHTST] =E / Y:SdFs:| ;

LJo
i T S S

=K / (1+kKs)e™ Jo FuYudtiy o~ Jo ”’“ds} ;
LJo
- .

=E / (1 + Ks)vse™ Jo (H”“)%d”ds] ;
LJo

= ]E -]_ —e fOT(1+'V”u)7uduj| X

Hence we have E [Z}] = 1. O

To fully prove (Z;);<r is a P-martingale and therefore to complete the proof of The-

orem 7, we need the following estimations.

Proposition 39. Under Assumptions 5 and 6, the solution to (32) satisfies
|Du(t,z)| < C1(1 + |z|) for (t,x) € [0,T] x R",
or, similarly, by (26) we have
|DG(t,z;0)| < Ci(1+ |z|) for (t,z) € [0,T] x R™.
PROOF. The proof carefully follows Sections 11.1 and 11.3 of [Lie96], with special atten-

tion to the dependencies on the domain €2,,. See Appendix B.1. ([l

We introduce functions that are associated with the processes defined in (62):

Bt 250) 2 —am(t,z;9)0(x)p (x) — aDiG(t, z39)d (z); 1< j<n,
Btaip) 2 —am(t,z; p)o(x)/T— |p(@)], (63)
F(t,x0) 2 0%(2)0(x, G(t, z;9), DG(t, x; 0)).

Note the relations,

B = Li<: B (t, X50); 0<j<m, (64)
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and
Ve 27t Xe; ) (65)
becomes the intensity of the jump process H under @w by Theorem 35.

Lemma 40. Under Assumptions 5 and 6, 7(t,z;p), B(t,x;¢), and Y(t,z;p) defined in
(53) and (63), satisfy the linear growth condition with respect to |x|, i.e., we have positive

constants, Cy,Cs, and Cy such that

7(t, ;5 0)| < Ca(1 + |z),

6(t, 2 0)| < C3(1 + |z),

7 (t, 25 0)| < Ca(1 + |]),
for (t,z) € [0,T] x R™.

PROOF. From Proposition 39, DG grows linearly with |z| under Assumptions 5 and 6.
Note also that under those assumptions, we have /02, /02, and ¢¥ /o bounded in R™.
Thus 6(z, G(t,x), DG(t,x)) grows linearly with |z| by its definition (24) and Corollary 56.
Therefore, it is straightforward to see that ™ and 7 satisfy the linear growth condition
with respect to |z| in © by their definitions.

Because 7 and DG grow linearly with respect to |z|, so does 3, by (63). O

Lemma 41. Assume Assumption 1, or more generally, suppose there exists a process X

that has dynamics
dX; = b(w,t,Xt)dt +cdW;, Xog=x2¢€R",

where ¢ is a constant n X n-invertible matriz and b : @ x [0, T] x R™ — R" is G, @ B([0,t]) ®

B(R™)-measurable for each t and linearly grows with respect to its spacial argument, i.e.,

b(w,t,z)| < C(1+|z|); Y(w,t,z) € Qx][0,T]xR",
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for some positive constant C. Then we have

sup E [exp(e| X¢|?)] < oo
t<T

for some € > 0.

PrROOF. See Appendix B.2. O

Finally we are ready to complete the proof of Theorem 7 in the next section.

4.6. Completion of the Proof of Theorem 7

The proof of Theorem 7 will be completed once we verify the conditions in Theorem
34. We first show condition (i). By Lemma 37, we have to show (Z;);<r in (59) is a
P-martingale to say Q° € M,. Furthermore, from Lemma 38, we sce that (£ (RdM))i<r

is a P-martingale. Thus (Z;);<7 is a P-martingale if

& Z/ﬂide S 0<t<T,
0

0<j<n

is a martingale under the new measure dP¥/dP £ Ep(RdM).

Using a variant of the Novikov condition (see, for instance, [KS12, Corollary 3.5.14]),
it is sufficient to show that we can pick a positive constant € such that, for any subinterval
[s,s+¢€] C[0,T], we have

]EPEQ% fss+5 |Eu\2du < 00.
By (64), we see
RPT o3 JS7F [Bu2du < EP ez S 1B (u X i) Pdu
Notice that moving from P to P¥ only changes the distribution of 7 but not the

Brownian motion W (see Theorem 35). By the weak uniqueness of X, we have

EF e3 L2 B (u,Xusp) Pdu _ Ee3 S B Xusp) [Pdu.
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Thus we are going to show the finiteness of the right-hand side. By Jensen’s inequality,

we have
03 L2 B, X i) Pdu _ — et e LB (u, Xu,<p)|2du
s+¢€ _
<! 5 BuXu)2 gy,
6 S
Thus

s+a 1 ste €13 -0)|2
Eeb 2 BluXup)Pdu o 1 / Fe s BuXuo) gy,
€ S

From Lemma 40, we obtain
Ee3PXuio)l < Eexp(eC2| Xy |2 + eC2).

But the right-hand side is bounded for some choice of ¢ > 0 by Lemma 41. Thus (Z;)i<r
is proved to be a martingale and Q* € M..

To have Q¥ € M, ¢, we further need to show
- —p S
H(Q"|P) =E? [~a(Wr + ¢(X1)LesT — G(0, 25 9))]

is finite. Since ¢ and G are both bounded, it suffices to show that W is a Q*-martingale
(which is actually the first half of condition (ii)). Observe that the dynamics of X under

Q7 becomes

dX; = (b(X;) + ¢B,) dt + cdW;

( Xt —|— ]lt<-,—C,8(t Xt7 )) dt+CdW,

= b(w,t, X¢)dt + cdW, (66)
where we set

b(w,t,x) £ b(x) + Licr Bt z19);  (w,t,x) € Q% [0,T] x R",
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and W is a Q*-Brownian motion defined in (61). Since b € C} by Assumption 1 and 3
linearly grows by Lemma 40, the drift b in (66) also linearly grows with |z|. Therefore, by
Lemma 41, we have

supan [exp(s]Xt]2)] < 00,
t<T

for some ¢ > 0, and in particular, (X;);<7 has uniformly bounded moments of any order

.
under @7, i.e.,

supIE@;]Xt]"<oo; n=12,.... (67)
t<T

Note by Lemma 36 that, under any Q € M., the dynamics of W* becomes
dW? =7 (14<,00dBY — dMP).

Thus the expectation of the quadratic variation of (W );<r under Q¥ € M, can be
computed as

_ _ T
B3 <8 | [ oXmpds + (21 e
0

T _ T _ .
< sup o2 (z) / EQ” (79)2ds + / EQ” (79) %7, o Tudugs;
R™ 0 0

T _ T _
< C% sup 02(1‘)/ EQw(l + | X|)%ds + 02204/ EQw(l + | X,])3ds;
R™ 0 0

< 00,

where the third inequality is by Lemma 40 and the last one by (67). Thus we show that
H(Q|P) < o0, i.e., Q7 € M, .
For condition (ii) in Theorem 34, we are going to show that WY is a true Q-martingale

for all @ € M, ;. Indeed, we can estimate the expectation of the quadratic variation of
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(WY)i<r under any Q € M, s as

- T
BVl <80 [ o2mPds + () Ler
0
T
< 203 sup aQ(m)/ E2(1 + |X4|?)ds + 2C3EC 1 <7 (1 + | X, |?). (68)
R™ 0

For the first term in (68), notice by [DGR 02, Lemma 3.5] that for any positive constant

57
1

BO|X 2 < | [H(Q\P) n iEexp@rXsP)] | (69)

Above, H(Q|P) is finite because of our assumption @ € M, ¢. For the second term in

(68), again, for any positive constant ¢,

1 1
B crlX, 1 < 1 [HQIP) + Besp(el X PLrer)|
1 1 r 2 — [ udu 1
< - H(Q|P) + EE ; exp(e|Xs|?)yse™ Jo ds | + EP(T >T)|;
1] 1 T ) 1
< |H@IP)+ L supr(a) [ Bexp(elX. s+
€ L € Rn 0 (&

Thus the entire E?[W*]7 in (68) is finite as long as
T
/ Eexp(e| X,|*)ds < oo,
0

for some € > 0, but this is again already proved by Lemma 41.
Thus both of the conditions in Theorem 34 are proved, which completes the proof of

Theorem 7.

Remark 42. It is not hard to see that our minimal entropy martingale measure Q7
satisfies the reverse Holder inequality under P¥ defined in [DGR'02]. First, with regards

to P¥ in (56), let the martingale density process be

dP¥
MtéE[dP’gt]§ t<T,
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so that (M;)i<r is uniformly bounded from above and below by some positive constants

by Assumption 6. We also define the density process of Q7 with respect to P¥ by

1 Z
- _E[Z = 2t
M, [Zr|G] M,

dQ*
M v
T ape

Q"
dp¢

1
=—F t<T
Mt gt =4

Vo4
A G

where Z is the density process in (59). Then, for any stopping time o < T', we have

- AP =
o[
B o 8 griee |9
_ZO' ZO'
Q’|pe
o) o) Zr /My
—E9” | log 2L —E9 |1 :
Og ZéQSOIPW gO’ Og ZO—/MO- go‘ I

o M,
:EQw -« (W; - Wf) + ]1T<TG(T7 X3 ‘10) - ]10<TG(07 Xo; 90) + log M gcr:| )
L T

ol M
:EQw HT<TG(T7 XT; 80) - I[0<7'CTY(Ua Xcr; 90) + lOg ﬁ;

gO':| 9

where the last equality is by the optional sampling theorem applied to the Q”-martingale
WY¥. The last term is indeed bounded from above by a constant not depending on o,

because G(; ) is bounded on [0,7] x R™ and M, /My is bounded by a constant only

depending on ¢.



CHAPTER 5

Pricing Default Insurance

We introduce an insurance against the default of the stock issuer in the market. A
dollar amount of the insurance requires a continual payment of f per unit time, and pays
back a dollar if the company defaults.

For the holder of m-dollar amount S, it is natural to consider holding m-dollar amount

insurance to dynamically hedge against the default. We consider those two strategies:

e Strategy 1. The investor invests only in the stock S for mw-dollar amount, which
will be entirely lost at the time of default, 7, as in our main problem in Section

2.2. Thus the wealth process dynamics (9):
W[ = m (Li<7 (u(X¢)dt + 0(X¢)dBy) — dHy)
and the objective:
maximize EUWT), 7€ Ag.

e Strategy 2. The investor invests in the stock S for m-dollar amount, while taking
the m-dollar amount position in the insurance so that no loss will happen at the
time of default. The investor has to continually pay 7 f per unit time for the

insurance protection until the default. Thus the wealth process dynamics:

AV} = mli<r (W(Xy)dt + 0(X1)dBy) — Li<,m frd;
= Wt]-th(ﬂtdt + O'(Xt)dBt),

53
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where
fir = p(Xe) = fr, (70)

and the objective:
maximize EUOWE), 7 € Ag.

where the precise definition of Ag is given in Section 5.2.

The goal of this chapter is to find the buyer’s indifference coupon process f such that
the investor is indifferent between Strategy 1 and Strategy 2 at any time before T AT. The

precise result is given in Theorem 44.

Remark 43. The buyer’s indifference coupon process f corresponds to the default in-
tensity of 7 in the following sense. Under the risk-neutral pricing scheme, the default
insurance described above can be priced as

1 Q
lim —E@ [1;e, =71
tlnf(l) N [ t< §t+At|gt] Ve Lt<rs

where 79 is the default intensity of 7 under the “risk-neutral measure” @ ~ P of choice.

5.1. Derivation of the Coupon Process f

In this section, we formally derive the buyer’s indifference coupon process f introduced
above under Assumption 5.

Strategy 1 is the same situation as in our main problem in Section 2.2 with no terminal
payoff ¢ = 0 (thus we drop ¢ in all function arguments in this chapter). Readers should be
reminded from Theorem 7 (more specifically, Theorem 26) that the pre-default certainty
function G(t, z) exists satisfying the PDE (25) with the terminal condition G(T',z) = 0.

For Strategy 2, we follow the same steps as in Section 4.1 to get HJB and the conse-

quent PDE. Namely, the same argument that leads to the HJB equation (20) will produce
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the HJB equation for the pre-default value function o(t, x,y),

2

. - o : 7]’ . .. .

U¢ + max | =0 + Tty + b'Uy, + EUQwa + moc P! Uy,
s

TY\ij
ce - _
+(2)Uxi,xj —ye " =0, (71)
with the terminal condition (7, x,w) = —e~*". Notice that in the exponential function

in the last term of (71), we have w instead of w — m because there is no loss at default.

We assume that 0 takes the form

o(t, z,w) = —e_awe_aé(t’m),

and substitute it back into (71) to have

~ Tyig - L ~
Gt + (Ccz)DUG — (CCT)UDZ'GD]'G

|9

+ max |(b' — aowc p!)D;G — %O’%TQ + am + x (1 - eo‘Gﬂ =0, (72)
™ «

with the terminal condition G(T',z) = 0.

The maximum of the above is attained at

T L (/1 - aacijiji@) . (73)

ao?
Thus evaluating (72) at 7 = 7 gives,

(CCT)U ~ G R aWa A1) A
5 DijG—a(ccT) 1D;GD;G+V' D;G+

G+ ([L - aacijijiC?)Q—f—g (1 - eaé> =0.

(74)

2002

Because we assume that the investor is indifferent between the two strategies anytime

before the time of default, we impose that

G(t,z) = G(t,z); Y(t,z) € [0,T] x R,
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which is possible when G and G satisfy the same PDE, i.e., (25) and (74) are the same.
Replacing G by G in (74) and equating it with (25), we obtain

-2

i Lo ij j 2 aG
bDZ-G—l—m(u—aacjﬁDiG) + (1 —e*™)

a
2 2

_ Qi inm? o i P i O (2 1 s

(B PDOP + (- L) DG~ T +29)+a(7+ 02),

or,

(i — aacijijiG)Q =(n— aacijijiG)2 + 2027e%C — o4(0% + 20). (75)

Above recall that 0 = 0(x, G, DG) where 0(x, z,p) is defined in (24). The right-hand side
of (75) is non-negative because Corollary 58 with
x = leaG, Yy = L gcijijiG
o

o2 o2

proves the inequality
o 2
02420 < | L5 = 2T DG| 4 20
o o o

Thus we can solve for i in (75) to get

f= aoc? P D;G + \/(,u — aodiipi D;G)? + 2027e°G — g4(62 + 20).

The sign above is undetermined at this point, but if we substitute it back into (73), we

have

- 1 woooa 2 vy
— AR Y I D) ! LaG _ (P2
T ia\/<02 —c pDzG> —|—20_2€ (02 + 20).
In light of the definition of 7, (73), we choose the positive sign in 7 (and the corresponding
positive sign in /i) to make 7 non-negative, because we are considering the investor who is

long the stock, seeking to purchase the insurance to protect herself from the default loss.
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Thus, by (70), we obtain the buyer’s indifference coupon process f; = f(t, X;) where

f(t,2) & p(x) — ao(z)c? o (x) DiG(t, @)

+ \/(,u(x) — a0 (2)di pi (2)D;iG(t, x))* + 202(x)y(2)e?Cte) — g4(x) (62 + 26), (76)

and the optimal investment in Strategy 2, 7, = (¢, X;), where

(@) = ;\/[:2(3 — @ @ DG ) . 235(?6&%) — (62 +20), (77)

where 0 is evaluated at (z, G(t,z), DG(t,x)).

5.2. Verification Results for Strategy 2

Now that we obtain the candidate indifference coupon process f, we state and prove
the precise optimal investment result for Strategy 2 in this section. Note that to verify the
optimal investment result for Strategy 1, which is already done in Theorem 7, we require
Assumption 5. It turns out that Assumption 5 is also sufficient to verify the optimal
investment result for Strategy 2. Therefore, we enforce Assumption 5 in this section.

We introduce a fictitious stock process S by

gtst — Loy (udt + 0(X0)dBy),

and define those classes in a similar way as in Section 2.2:

Me £ {Q ~ Pon Gp: S is a local martingale under Q} ,
Mes2{Qe M. : H@QIP) < oo},

Ag £ {77 cWTisa Q super-martingale for all ) € /\;le,f} .

Then we have,
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Theorem 44. Under Assumptions 5, for any t € [0,T] with initial wealth W, = W, =

w € R, we have

ess iup]E [1:5:UWZ)|Gt] = esssupE []17>tU(W§5)|Qt =1~ U(w+ G(t, X)), (78)
TEAG WGAG

where each supremum is attained by the optimal control in Ag and in Ag, respectively,
and G € CY2([0,T] x R™) is a pre-default certainty equivalent for the investor satisfying
the PDE (25) with the terminal condition G(T,x) = 0 for x € R™. Thus the investor is

indifferent between Strategy 1 and Strategy 2 at any time before T N'T.

Before the proof of Theorem 44, we provide here a couple of auxiliary lemmas.

The concrete description of M, similar to Lemma 36 is given by

Lemma 45. For Q ~ P, we have

Qe M. if and only if

n o
At + ot (ijl piB + /1 — |pt|2ﬂf> =0 fort<tAT, (79)
where the processes B and k are as defined in Theorem 35.

PROOF. Fix Q ~ P. Under Q, the dynamics S follows
ds _ no o
gﬁt = Li<- [(Mt + 0ot (Zj_l piBl + /1 - ‘Pt‘25?)> dt + UtdBtQ} .
a -
where B? is a (G, Q)-Brownian motion defined in (58). Thus S is a (G, Q)-local martingale

if and only if the finite variation part vanishes, which is the statement of the lemma. [

For the martingale measure, (), we assume

% & oxp (~alVF - G(0.2).

which satisfies the first-order conditions for the duality.
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As in (59), we assume the density process for Q of the form
7, = ¢~ W[ =G(0)) . ( Hy o+ (1 Ht)e—aG@,Xt)) :
exp [—a(W] — G(0,z) + G(t, X;))]; t<T,
exp [—a(WF — G(0,z))]; T <t,
whose differential is (see (60)),
A2, = 7 |Li<r(—aiioupl — aDiGED)AW] — 1icraiyor/T — o 2dW0 + (26 — 1) th} .
With regards to the above differential, let us also define

Bl 2 LB (t, Xy);
£ Liey (—ait(t, X )o(X,)p (Xo) — aD;G(t, X)e); 1< j <,

By 2 T B0, Xo); (80)
£ — T aii(t, Xo)o(Xo) /1= [p(X)%,

e £ eodtX) .

We provide here linear bound results for 7 and 3 similar to Lemma 40.

Lemma 46. Under Assumption 5, 7(t,x) and B(t,z) defined in (77) and (80), respec-
tively, satisfy the linear growth condition with respect to |z|, i.e., we have positive con-

stants, C1, and Co such that

7 (t, )| < C1 (1 + |2)),

1B(t, z)| < Cao(1 + |z)).

for (t,z) € [0,T] x R™.
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PROOF. Observe from (77),

MO O ) DGt )

o?(x) o(x)

1
0<m(t < —
—”W—a[

v()
2 aG(tz) |
+ 02(@ e ]

Under Assumption 5, G is bounded in R™ by Remark 33, and DG grows linearly with |z|
in R™ by Proposition 39. Note also that under the assumption, we have v/02, /o2, and
¢ /o bounded in R™, thus 7 indeed grows linearly with |x|. The linear growth condition

of 3 is now straightforward from its definition (80). O
Finally we are ready for the proof of Theorem 44.

PrROOF OF THEOREM 44. We prove the statement for ¢ = 0 without loss of generality.
Under Assumptions 5 and ¢ = 0, the optimal control problem in the first term of (78) is
already solved in Theorem 7, and in particular, the existence of such G € C%2([0,T] x R")
is guaranteed. We therefore focus on the optimal control problem for Strategy 2 in the
second term of (78).

We by and large follow Section 4.6.

To show the optimal control problem for Strategy 2, we again use the duality result

to verify (i.e. Theorem 34):

(i) Q@ € Mey,
(i) (W] )<t is a true Q-martingale and a Q-supermartingale for all Q € M. ;.

For condition (i), observe first that, since the processes 3 in (62) and j in (80) have the
same form, the proof that (Z;);<7 is a P-martingale in Section 4.6 carries over here verba-

tim, together with Lemma 46, to show that Q is indeed a probability measure equivalent
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to P. Moreover, we have for t < 7 AT,

) 0 .
o (5, 8+ VTR

=fu + oy (*047?t<7t|/>t|2 — acp] DiG — aftyo(1 — |pt|2)> ;
= — aatzfrt — aatcijpgDiG;

:07

where the last equality is by (73). Thus Lemma 45 yields Q € M,. To prove Q € M.,

we further need to show
H(Q|P) = E?[—a(Wf — G(0,))]

is finite. Since G is bounded, it suffices to show that W7 is a Q-martingale (which is
actually the first half of condition (ii)). Observe that the dynamics of X under Q is the
same as the dynamics of X under @ in (66), with 3 replaced by 3, which grows linearly
with |z| by Lemma 46. Therefore by Lemma 41 we have

supEQ [exp(e] X¢|?)] < o0,

t<T
for some € > 0. In particular, (X;)¢<7 has uniformly bounded moments of any order under
@, ie.,

supEQ\Xt]”<oo; n=12,.... (81)
t<T

Note by Lemma 45 that, under any @ € M., the dynamics of W™ becomes

thﬁ = ﬁt]ltSTUtdB?.
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Thus the expectation of the quadratic variation of (W7 )t<T under Q can be computed as
EQ[VN\/;T]T < EQ [ (7, 2ds}

Ssupa()/o E° () 2ds;

Rn

T
< Cisupo®(a) [ BOL+ X)) ds
Rn 0

< 00,

where the third inequality is by Lemma 46 and the last one by (81). Thus we show that
H(Q|P) < o0, i.e., Q € M, ;.
For condition (ii), we are going to show that WT is a true Q-martingale for all Q €

-A;le,f- As in (68), we estimate the expectation of the quadratic variation of 7)< by
TAT
EQ W™ < E¥ [/ 0§(ﬁ5)2d5] ;
0
T
< 2C% sup 02(3:)/ E9(1 + | X,[*)ds
R™ 0

which is finite because of (69) and Lemma 41. Thus (ii) is proved. O

5.3. Simple Case

If we consider the constant coefficients case as in Chapter 3, we can rather explicitly
compute the buyer’s indifference coupon rate process (f(t)):<7 as a deterministic function
of time.

Since the certainty equivalent G only depends on ¢ for the simple case, f in (76) reduces

to

F() = 1= \J 12 + 20276200 — G4(G2(G(1)) + 20(G(1))):

=p— \/,u2 + o (Ze_a%p(T —t)ePT=t) — p2(T —t) — 2p(T — t)),
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where in the first line G(¢) is defined in (18) and #(z) in (14), and in the second line we use
the relation (15). Since the ODE for p, (17), does not involve the absolute risk aversion
parameter «, f does not depend on « either.

For example, when = .04,0 = .3,7 = .03, and T'= 1, (f(t))i<7 looks as in Figure 1.
We can see how the investor estimates the default risk and is willing pay more than v to
protect against the default in this market.

f(®)

0.031380
0.031378;
0.031376;
0.031374;
0.031372;

0.031370 |

0.2 0.4 0.6 0.8 1.0

FIGURE 1. Graph of (f(t))i<r when p = .04,0 = .3,7=.03,T = 1.

Remark 47. In the long-time-horizon limit, we have

lim f(0) = lim <,u - \/,u2 + ot (26_7‘L2p(T)eP(T) —p3(T) — 2p(T))>

T—o0 T—o0

K
=p— \/M2 + ot (26 T pePt —pi — 2p+)

(—1 /1420 + “2> IV
2

ot

=p— |20%y m -1

For the given parameters above, this is .0317116.






APPENDIX A

Estimations for Proposition 29

Assumptions 20, 21, and 22 are in effect throughout this chapter. Moreover, we assume
the result of Proposition 28, and thus have the uniform bounds of local solutions, ug and

uy, introduced in Proposition 28. We say f(z, z,p) € O(|p|*) for i = 0,1,2,..., if

1
limsup—  sup [f(z,2,p)] <oo forallm=1,2,....
|p| =00 |p‘ Qo X [uo,u1]

Before we start, readers should be reminded of (30):

(0% - (7'2 €T
ol 2,p) =~ 29 a8+ pT8) ~ T (62, 20) + 200, 2,p) +7(2),

where @, b, and 7 are differentiable in D, and 6 is in O(|p|!) from Corollary 56 below.

Lemma 48 (Estimation of B,,). By, (z,z,p) defined in (42) satisfies

limsup sup  Bp(z,z,p) = C(m) < oo.

|p|—00 QX [uo,u1]

PROOF. From (42), we have

Bu(z,2,p) = 5(; oy 0P, p) + (5(p) — Da(z, z,p));
- g(xljp) (|p!72p - DyE(x,p) + (p- Dp — 1)a(x, z,p)) ;
- g(xl’p) (Ip|~2pipjprDra” (z) + (p - Dp — L)a(z, 2,p)) . (82)

Since |p|~2pip;prDra” = O(|p|), the first term in (82) disappears in the limit as |p| — oo.

We will focus on the second term.

65
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Applying Lemma 54 to (z, z,p) defined in (24), with

V() p(x) a
oz = Zae (B + o2 = e @nitom) &
and varying p; while fixing other arguments, we have
0 D, f
Dy = —— P~
P14 f
0 « ij
T lt6000 M7
Thus
D o Tij ij N2 b K ij o 9 9
pa =5 |2(cc’ ) pj —2(c ps) pi) + ( - Pj) ~ 5,2(0 +1)Dy,0;
= =2 [2(ecT)p; = 2cp;)?pi| +8 + 00 . (84)

The second term in (82) is
2

o g . . o
(p-Dp—1)a= 5 [(ccT)”pipj - (c”pjpi)Q] + o0c” pip; + %(62 +20) —7;

o T_ T 0'2 2 _
=——p ap+obp cp+ —(0°+20) —7.
2 2c

Thus (p- D, — 1)a = O(|p|?) because o, ¢, p,a, and 4 only depend on z while 8 = O(|p|).
Finally we obtain

limsup sup Bp(z,z,p) =C(m) < co.
[p|—00 Qi X[uo,u1]

Lemma 49 (Estimation of C,,). Cy,(x, z,p) defined in (43) satisfies

limsup sup Cplx,z,p) =0.

|p|—00 Qm X [ug,u1]
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PRrROOF. From (43), we have

1
E(z,p)

- 5(:51,p) <2)\Tj|p|2 Z” (kakaaij(x))Q + (5(p)a(a;,z,p)> .

The first term in the outer parenthesis is O(|p|®). Thus we focus on the second term.

Cm(wv Zap) =

(”Fijw<ij ; .
2\, g p)a”(xz))” +d(p)a(z, z,p) | ;

Using Lemma 54 to D,6, we have

Thus

sa= (D, +|p|"%p- Dy) a;
o? _9
= 5200+ 1)D0 + |pl *pieDya;

= —00 + |p|*pr Da.
Dj.a in the last term is computed as
« - 1
Dya = —EPT(DM)P +p' (Dyd) — %Dk (o2(6* +20)) + Dy
2

= —%pT (Dxa)p+p' (Dyb) — 2(92 +20)Dyo — %(9 +1)Di0 + Dy7.

Applying Lemma 54 to Dy with f defined in (83), we have
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Therefore,

Dya==5p (Da)p+p" (Dib) = % (6 +26) Dyo

o )
_ 9%, 1<W<’)+Dk<:2>_apka(cUp

a v/o?

which is O(|p|?). This implies da = O(|p|). Thus

limsup sup C,, =0.

[p|—00 Qm X[uo,u1]

Lemma 50 (Estimation of D,,;). D,,(x, z,p) defined in (45) satisfies
limsup sup Dp(z,2,p) =C(m) < 0.
[p|—00 Qm x[uo,u1]

PROOF.

1
E(x,p)
1

Din (2, 2,p) = (Ip1*Am + [pl(1Ep (2, p)| + lap(z, 2,p)])) ;

" E@p) (124w + [pI(I(cT) (@)p] + lap(z, 2,p)]) )

From (84), a, is proved to be O(|p|). Thus it is straightforward to see

limsup sup Dy (z,2,p) < .
[p[—00 QX [ug,u1]
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Miscellaneous Proofs

B.1. Proof of Proposition 39

In this proof, we revisit the result [Lie96, Theorem 11.3, (b)] used in Section 4.3.2,
only this time we explicitly show that the gradient grows linearly with respect to |z| in
an unbounded domain R"™. Unfortunately, we cannot just cite [Lie96, Theorem 11.3,
(b)], because the desired result requires a careful evaluation of the constant appearing in
[Lie96, Theorem 11.3, (b)], which is only mentioned there as being dependent on “the
limit behavior” as |p| — oo of a couple of quantities, including A(z, z,p), B(z, z,p), and
C(x, z,p) introduced in Section 4.3.2. We instead need to go through the argument leading
to [Lie96, Theorem 11.3, (b)] with more careful estimations of large p limits as in Lemma
51 below.

The main tool in the proof is the maximum principle applied to the PDE satisfied by
|Du|? where u is the solution to (28). To be more precise, we first establish the linear
PDE (92) below for the squared gradient of 1y(u), U, where the auxiliary function g is to
be determined in Lemma 52 below. Since we have to deal with the local gradient estimate
in the unbounded domain, we further need to multiply ¥ by a truncating function 7, so
that we can apply the maximum principle to w = nv in the cylindrical domain of a fixed
radius. The PDE for w turns out to be a little more complex than that for ¥, requiring
extra estimations before applying the maximum principle.

Let us stress that Assumptions 5 and 6 prevail throughout this section. Thus Remark

33 is valid: we freely speak of C12([0,T] x R")-solution u for (32) with ug < u < .

69
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Under Assumption 5, our domain is
Q2=(0,T)xD=(0,T) x R",
and we set the localized domains to be
Q= (0,T) x Dy, = (0,T) x B(O,mR) form=1,2,...,

where R is a fixed positive constant.
The fact that a* is constant under Assumption 5 simplifies most of the quantities

already introduced in Section 4.3.2. For example, the Bernstein £ (39) becomes
E(p) = a”pip;.

The quantities A, B, and C defined in (41) — (43) become much simpler, too. For (z, z,p) €
R” x R x R", we have

A(p) = é,(lp)wp) —1)E);

1 y
= = . D — 1 a” iDqs
£0) (p- Dp —1)a" pip;
=1, (85)

B(w,z,p) = 7(5(}7) - 1)&(1’,2,]))’
Cla2.p) = grsbp)ala2.0)

We first establish the PDE for v = |Dul|?, where

a(t,z) = Yo(u(t,z)),

and 1 is a strictly increasing function defined on [ug, u1]. Set 1 to be the inverse of g,

defined on the interval [tg, u1] = [1o(uo), Yo(u1)]. We further assume 1 and g are C3 on
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their domains. Thus

u(tv l‘) = w(ﬂ(t7 33)),

ug = ' (W)uy, Dyu =)' (u)Dyu,

(86)
Djju = @D/(H)DUU + w”(ﬂ)DiﬂDjU,
Dul?
5= |Daf2 = 24U
P
(Here and in all that follows, we drop natural function arguments (¢, z) or (x).)
We also define
S &) I

w(z) = ——=; Z € |ug,uyl 87
@)= 7€ mm) (57)

(Whenever z appears in this section, it should be understood to take values in [ug, u1].)
Substituting (86) into (28), we have
_ i — 1 _
0= —u; +a” Dyju+ m(a(w, u, Du) + w(u)€(Du)), (88)
U
where we explicitly denoted the function arguments of ¢, a,w, and £. Adopting the
notation where the superscript r denotes differentiation with respect to p,, the chain-rule

gives

Dya = ap + a,Dyu + a" D,u,

D€ = E"Dyyu.

Thus we first differentiate (88) with respect to xj, to havel,

1
g 1
0= —Dkﬂt+aZJDiij—(a+w5)WDkU—FW (ak + a,Dyu + a"Dypu + W' DyuE + wSrDrk;U) .

IThis operation requires Du € C*?, which is more than v € C'? that we obtain in Theorem 26. This is
not an issue because we can always rewrite (92) or (96) below in the weak form, so that in the end we can
apply the strong maximum principle for weak subsolution [Lie96, Theorem 6.25]. See the remark that
follows [Lie96, (11.8)] for the explicit weak form.
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Multiply the above equation by Diu and sum on k to have,

1 . 1
0= —5@ + a" D;jpuDyu + o (a" DypuDyt + ¢'a;0 + ap Dyt + wE DypuDy)

+ <;Zi€ — wa — w2€> v. (89)

The PDE above can be transformed into the linear parabolic PDE of T as follows. For the

second term of (89), notice the relation

1 .. 1 .. » »
ia”Dzj@ = iawDij (DkﬂDkﬂ) = aUDi(D]‘kﬂDkﬂ) =a¥ (DijkﬂDkﬂ + leﬂD]kﬂ)

Also, since
D,u= DT(Dku) = Dr(wleﬂ) = ”(b//DTUDkﬁ + 1/J/Drkﬂ = wD,uDyu + wlDrkﬂ,
the third and sixth terms of (89) become
1 r = 1 r / — — -~ _ 1 rA =
Ja D, uDpu = Ja (wDyuDyu + o' Dyt) Dyt = woav + 24 D, v,
1 r — 1 r / — — 2T o— 1 r —
JUJE D,uDpu = Jwé' (wDyuDyu + ' Dyppt) Dyt = w?0ET + 5@)8 D,v,
where 0, defined in (40), is evaluated at p = Du. Therefore, using

V' £ ad"(z,u, Du) + w(@)E"(Du),

(89) becomes

1 1 .. 1 . ! _ _
0= =50+ 50" Dy + 56" Dy0 — a¥ Dy uD it + [Z,E +w(0 - 1)E+w(d —1)a+ 64 7;
1 1

1 .. - /
=50+ 5a”Dij@ + 5bTDr@ —a" DyuDju + <Z, +w? + Bw + C) Ev, (90)
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where in the last line, we substituted the relations in (85), and both B and C' are evaluated

at (z,u, Du). Finally, noticing from Assumption 1 that

a” Dy Dt > XY |Dygl* > 0, (91)
1,3
we have
~T 4+ a” Dy 4+ 0" D, + 2¢°ET > 0, (92)
with
0 a w'(@) 2/ —
c(t,x) = @) + w*(u) + B(x,u, Du)w(u) + C(x, u, Du). (93)

Regarding (93), we construct v (therefore 1)y as its inverse) in Lemma 52 such that,

for some € > 0 and p; > 0,
A(t,x) < —e on {(t,x) € Q: |Dult,z)| > p}. (94)

The estimation so far results in [Lie96, Theorem 11.1], but now we turn to the (spacial)
local bound on gradient, [Lie96, Section 11.3, (b)].

Pick a point xg in Dy,—1 = B(0,(m—1)R) and let @ be a cylinder (0,7) x B(zo, R) so
that @ is contained in €Q,,. For the local estimation, we are going to apply the maximum
principle to the PDE for

w(t,x) 2 n(eya(t, 2),

in @, where?

.
o) 2 ), o & (1- 22l (95

2The choice of functions n(z) and ¢(x) corresponds to setting § = 1 defined in [Lie96, Section 11.3].
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Observe
wy = 77@7
Diyw =nD;v+vD;n,
Dijw = nDij@ + DiﬁDﬁ + DjT]Diﬁ + @Dijn;
D; D;
= nDij@ + Tzn(Djw — @Dj?]) + —;U(Diw — UDin) + EDijn'

Multiplying (90) by 7, we have,

1 L ij B . G . T w' 2

0= —5W + iaJnDijv + §b nDiv — na* DyuDjiu + o +w'+Bw+C ) Ew
1 1

y D. D
= ——w; + ia” [Dijw - 7;n (Djw —vDjn) — Tjn(Diw —vD;n) — vDijn]

2
1 - T8 s TS W’ 2
+ §b (Dsw —vD;in) — na DyuDjiu + J +w*+Bw+C | Ew
1 1. 1. 2 . W'
=—gw + §a”DUw + E(bZ - Ea”Djn)Diw + <¢/ + w? + Bw + C> Ew

1, 1 . 1 .
J— ]D. D - ZJD.‘ 77b7fD X
+ |:172CL 51 277a ij"N 277 177:| w

Therefore, using (91), we see that the PDE satisfies by w is similar to that of v, (92), i.e.,

—w; + a” Dijw + by Diw + 2(c” + Bow + Co)€w > 0, (96)
where
2 , ' 5
sz L 7QZ]D‘7-77 = W(E)EZ(DU) + CLZ(HT,U,, Du) B *a”Djn,
g n
and
1 Din_.
By = ~ 2 et(Du),
E(Du) 2n o
1 L Ny 1
Co £ £(Du) —QG,Z]DZ‘T]DJ'T] — CLUDz’jn _ %al(x, w, Du) Dy .
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which are defined right before (11.17) in [Lie96]>.

In order to apply the maximum principle to (96), we seek to have bounds on By and
Cp that go to 0 as |p| — oo, or similarly, as w — oo, so that ¢’ + Bow + Cy becomes
negative for w large enough. Note that v is already determined in Lemma 52. Thus from

(87), w is a fixed function on [ug,u1]. In particular, we have by Lemma 53,
A+ Bw+Cy<0 on{(t,z) € Qy:w>Cym?}, (98)

for some positive constant Cs.

Applying the maximum principle to (96) in the region @, with (98) yields,

su Dol?
supw < *max(Cym?, sup w) < max(Cym?, pB(xf)’R) /’2 d )
Q PQ min v

where the last inequality is from (106) below. Hence w is bounded by the right-most

quantity in @, and in particular at (t,xz¢),

| Du(t, z0)|?
max 1’2

SUPB(z0,R) ‘DSDP)
min ¢’2 ’

< B(t, x0) = w(t, zo) < max(Cym?,

Finally, evaluating this inequality at any point with x¢g € D,,_1 gives

su D
sup |Du| < max)’ - max(Cémm’ M)
min 1)’

m—1

Thus, in Qp,—1/Qm—2, we have

! D
| Du| < max 1) a (C§/2 7SUPQm’ 80’)
min Y’

sup <
Qs 1T T (M —=2)R

3The definition of Co in [Lie96, Section 11.3] misses the term ﬁaiDm.

4Suppose w takes the maximum in @ at (#,2'). We can assume (',2') € Q/PQ and w(t',z') > Csm?,
because otherwise the maximum principle result is trivial. By the strong maximum principle for weak
subsolutions [Lie96, Theorem 6.25], w takes the value w(t',2’) for on the cylinder (t — I?,t) x B(z,1) for
any I > 0 as long as (' — I?,¢') x B(z',1) C {(t,z) € Q : w > C3m?}. However, this is a contradiction
because it means we can pick points on which w takes value w(t’, '), arbitrarily close to PQU{w = Cng},
but w is continuous.
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Since the right-hand side is bounded by a constant not depending on m, Proposition 39
is proved.

Below we list the lemmas used in the proof of Proposition 39.
Lemma 51. Under Assumption 5,
B*® £ limsup sup B, C*® £limsup sup C (99)

|00 Qxug,ui] Ip|—o0 xug,u1]

are both finite with C*° =0, and

1
sup = (Ip*A+ pll&,]) <Cv < o0, (100)
QX[’U,(),U1]
1
sup sup sup  =|pllap| <C < oo, (101)

m|p|>mpa Qm X [uo,u1]

where, in (101), py is some positive constant.

PRrROOF. Estimations in (99) are carried out in a similar manner as (44), where the only
difference is that all the estimations localized to some (2, are now valid for the entire
domain 2. As such, Lemma 49, and Lemma 48 prove C>° = 0, and the finiteness of B>,
respectively, where each appearance of \,, should be replaced by A during the proofs.

Noting & = a®p;p; > A|p|?, we obtain (100) as a straightforward consequence of the
positive definiteness of the constant matrix a.

For (101), recall that our a, has the form (84):
__“ Tyidy,. i )2, i Mg i,
Dp.a = 5 [2(00 ) pj —2(cY p;) pz} + (b - ¢ p]> + obc p;.

Under Assumption 5, we see from Corollary 56 below that 6 grows linearly with respect
to p in §2. Thus all the terms in D), a grow linearly with respect to p in €2 except the term
b'. Because b is in C}}, we can pick a positive constant by such that |b| < bym in €, for

all m € N. Fix any positive constant ps. Then for each m € N, we have for x € D,, and
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lp| > mpo,
1 1 b1
=Ipllb] < —bym < —,
£l < b < 3
i.e., bounded by a constant not depending on m. Thus (101) is proved. O

Lemma 52. We can choose a strictly increasing function vy defined on [ug, u] such that
both by and its inverse ¥ are C3 on their domains. Moreover, we can pick € > 0 and

p1 > 0 such that (94) holds.

PRrOOF. We follow the argument of Section 11.1 leading to [Lie96, Theorem 11.1].
Let
X(2) = (log ¢(2))' (102)
with
¢(2) £ ¢/ (¥ (2))- (103)

Note that, with z = 1(z), straightforward calculus gives

(2) = ¢'(z) _ 1 "W (=) _ ¥z
o(z)  o(2) P'(v~1(2)  (W'(Z)
p_ W@l (=) W

o _ (@)
X () = (WO D) = Gumn) = v

Thus we can rewrite ¢ in (93) as (¢, z) = x/(u) + x*(u) + B(x, u, Du)x(uv) + C(x, u, Du).

= A =)

z
z

We first seek x(z) that satisfies
X'(2) +X%(2) + BXx(2) < ~22; 2 € [ug, w1,
for some positive €. As such, we take

x(2) = exp((2 + Boo)(uo — 2)),
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and € = x(u1)/2. Indeed, noticing 0 < x(u1) < x(z) <1 for z € [ug,u1], we have

max (x'(2) + x%(2) + B¥x(2))

2€[ug,u1]

= max x(2)[—(24+ B*®) + x(2) + Bxo);

ZG['LLo,u1]

= max x(z)[x(z) —2J;

z€[uo,u1]

< max —x(z) < —x(u1) = 2e.

2€[ug,u1]

By (99), we can take p; large enough so that
X'(2) + x*(2) + Bz, 2,p)x(2) + C(x,2,p) < X'(2) + x*(2) + B=x(2) + ¢;
for all z € R", z € [ug,u1], [p| > p1.
Thus we finally obtain

At z) = X' (1) + x*(u) + B(z,u, Du)x(u) + C(z, u, Du);
< X'(u) + x*(u) + BXx(u) + ¢

S —-¢&,

for all (¢,z) € Q, |Du(t,z)| > p;.

Once we have x(z), we can integrate it to obtain ¢(z) by (102). From (103), we have

Thus solving this ODE on [ug, @] gives us ¢(Z). Finally we get 1y by inverting . O

Lemma 53. In (96), we can take Ly, so that

A+ Bow+Co <0 on{(t,x) € Uy :w(t,z) > Ly},
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form=1,2,....

Moreover, Ly, is quadratic in m, i.e., L, = C3m?.

PROOF. To evaluate By and Cy defined in (97), we first evaluate the terms with 7. From

(95), straightforward calculus gives,

Din =2¢D;¢
2(1‘ — xo)i
TN TR
4
Dijn = =5 (x = 20)iD;C + (b
4 (x — 1‘0),(1‘ — .%'o)j
“TRE| T R? Rk
thus the bounds
4¢ 12
Dnpl < =2 Dyl < =, 104
1Dl < 2 1Daatll < 53 (104)

where |D,,n| is understood as the operator norm for the n x n—matrix Dg,n.
Furthermore, from the defining relation u(¢,z) = ¥ (u(t,z)) and 0 < ¢ < 1, we have

the inequality

/
1Dl = o/ @2 2 (min 2 = (i) (105)
> (ming)w'/?, (106)

where minze (g, 7,1 %' (Z) = min ¢y, 4,) ¢(2) is a fixed positive constant (see (103)).

Combining (104) and (105), we have

D 4 1 D 12 1
Dol _ ;D] : (107)
n|Du| — minty’ Rw'/2’  n|Dul?> — miny’? R?w
Therefore, from (97), (100), and (107), we have in €,
Dnl|& 1 |Dn| |Dul|& 2C 1
’BO‘ < ’ 77” P‘ _ - ‘ 77‘ ’ u|| P‘ < 1 (108)

2n€  2q|Du| £ T miny’ Rwl/?’
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Similarly, from (97), (100), (101), and (107), we have in Q,,, and |Du| > mps?,

1 /1 1 1
< — | 5AIDn? + =——nA|Dyn| + —|ap||D
0ol <  (53AIDAP + 5-nM Dol + 5 lasl 1]

_ |Dul?A (| Dy ? _ n|Du’A |Dyan| | 1|Dullay| |Dn
& n|Dul 2 & nDu? 2 & n|Du|
16C1 1 61101 1 202 1
~ minvY? R?2w  minvy2 R2w  miny’ Rw!/?’

(109)

Thus, by (108) and (109), we can pick a positive constant wp, that only depends on

n,minv’, C1, Co, R, e and max |w|, such that
Bow+Co<e on{(t,x) € Qp, : |Du(t,z)| > mpa, w(t,z) > wo}. (110)
Observing the inequality (106), we combine the results (94) and (110) to have,
&+ Bow+Co <0 on {(t,x) € Yy :w > Ly}

where

2 2,2

I — p1 mTp3
m — INax - 20 5 o |

min/#’ min ¢

which is the statement of Lemma 53. OJ

B.2. Proof of Lemma 41

We follow the idea described in [Pha02, Remark 2.2].

Introducing a process X’ £ ¢1 X, we see that
dX] = ¢ tb(w, t, Xp)dt + dWy =V (w,t, X}) + dW,

where we define

V(w,t,z) = ¢ 1b(w,t,cx)

SFor the second term in Co, note that a”/ D;;n = tr(aDsen) < |Daan| tr(a) = [Daan|(A 4+ Az + -+ + An)
|Dgzn|nA. where 0 < A1 < A < --- < A\, are eigenvalues of the constant matrix a.

IN
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for (t,z) € Q@ x [0,T] x R™.
It is straightforward to see that b’ also satisfies the linear growth condition with respect
to |z|, i.e.,
|V (w,t,z)] < C'(1+|z]); V(w,t,x) € Qx][0,T] x R".
We are going to show

supE [exp(k|X£|2)] < 00,
t<T

for some positive constant k. The statement of Lemma 41 follows immediately because
|X'|2=XT(cc")71X > |X|?/(2A) where A is defined in Assumption 1.

Since
¢
X)) <l Mal+ [ Wt X0)ldut W
0
t
< etz +/ C'(1+|X,|)du+|We|; 0<t<T,
0
by the Gronwall inequality (see [KS12, Problem 2.7]), we have
¢
X[ <y (1 + |[We| +/ \Wudu> ; 0<t<T,
0

for some positive constant C'.

Thus for any ¢ € [0, 7],

E [exp(k1X/?)] < E [exp (%Cf (1 e (f ’W“'d“)2>>]
<E [exp (91{3012 <1 + |Wif? +t/ot ’Wu,Qdu>)]

t
< ICIR [e%Cﬂthzi/ egkc%t2|Wu2du]
0

1 t 1
< 9KCE (Eeka%\Wt\?)? 115/ <E618’f0§t2|Wu\2)2 du, (111)
0
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where the second and fourth inequalities are by Cauchy-Schwarz and the third by Jensen.

Note that in the last line above, we have bounds

2 2 2 2 2 2
Eel8kCEIWA® _ gel8kCTWI® < go18kCTTIWAI? (112)

and for 0 <wu <t,

Ee18kc§t2|wu\2 _ Ee18k0§t2u\wl|2 < Eelskcf:r’?’\wlﬁ (113)

We can choose k > 0, only depending on C; and T, that makes the right-most terms of
(112) and (113) finite. For such choice of k, let

Cy 2 max (E618k012T|W1|27Eel8k()12T3|W1\2) < oo.
Then from (111), we have
E [exp(k|X{|2)] <My 0<t<T
Thus the lemma, is proved.

B.3. Elementary Results

Lemma 54. Suppose f is positive and differentiable at x € R. Then, for y = W(f(x)),

we have
) y f'(2)
y(x) = —— .
W= T T
PROOF. By the definition of y, we have
ye? = f(z).

Differentiating with respect to x and using the definition of y once again, we obtain

y' (). O
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Lemma 55. For x > 0,y € R, we have
W(zeY) < W(z)+y™.

PROOF. Since the product-log function is a strictly increasing function, we only have to

show the claim for y > 0. Fix x > 0 and let

fly) £ W(ae?), y>0.

By Lemma 54, we have
Thus for any y > 0, we see

holds by the mean value theorem. This is exactly the claim of the lamma for y > 0. [

Corollary 56. For 0(x,z,p) defined by (24), we have the following bound (we drop the
function arguments to simplify notations below)
. +
0 < max <12, %) + (az - gc”pjpi)
0%’ o o

. +
< max <lg, %) +azt + (—gc”pjpl-) :
o’ o o

PROOF. The last inequality follows from the sublinearity of the function (-)™, so we only
need to prove the first inequality.
Using Lemma 55 with
g H
v=gzo ()
y=az— “dipp,
o

we obtain

o<W (% exp (ﬂ>> + (az — %cijpjpi)+ .

o2
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Since the product-log function is a strictly increasing function, it is straightforward to

see

Thus

Lemma 57. For x > 0,y € R, we have

xeyg(—1+\/1—|—293—}—y2)exp<—1—|—\/1+2x—|—y2)

where the equality holds if and only if x = y.

Proor. Fix y > 0. Let

f(z) = (=1++/1+2z+y?)exp (—1+ 1+2x+y2) — Y.
Then, we see that
f'(x) = exp (—1 +V1+2z+ y2) —_

Note that f’(z) is strictly negative for x < y, strictly positive for z > y, and zero for z = y
because —1 4 /1 + 2z + y? lies strictly between 2 and y when x # y. Since f(y) =0, we

proved the claim for y > 0.

For y < 0, observe that for any « > 0,
zeV <ze ¥ < (=14 1+ 2x+y?)exp (—1—1— \/1+2x+y2> ;
where the second inequality is from the case y > 0. ([l

Corollary 58. For x > 0,y € R, let @ = W (we¥). Then 6 + 20 < y? + 2x where the

equality holds if and only if x = y.
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PROOF. Taking the product-log of the inequality in Lemma 57 yields 0 < —1+4+/1 + 2z + 92,
where the equality holds if and only if x = y. By rewriting this inequality, we have the

claim. OJ
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