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Abstrat

Phonon Sattering and Con�nement in Crystalline Films

by

Kevin D. Parrish

Co-Chairs: Professor Alan J. H. MGaughey, Assoiate Professor Jonathan A. Malen

The operating temperature of energy onversion and eletroni devies a�ets their e�-

ieny and e�ay. In many devies, however, the referene values of the thermal properties

of the materials used are no longer appliable due to proessing tehniques performed. This

leads to hallenges in thermal management and thermal engineering that demand aurate

preditive tools and high �delity measurements. The thermal ondutivity of strained,

nanostrutured, and ultra-thin dieletris are predited omputationally using solutions to

the Boltzmann transport equation. Experimental measurements of thermal di�usivity are

performed using transient grating spetrosopy.

The thermal ondutivities of argon, modeled using the Lennard-Jones potential, and

silion, modeled using density funtional theory, are predited under ompressive and ten-

sile strain from lattie dynamis alulations. The thermal ondutivity of silion is found

to be invariant with ompression, a result that is in disagreement with previous omputa-

tional e�orts. This di�erene is attributed to the more aurate fore onstants alulated

from density funtional theory. The invariane is found to be a result of ompeting ef-

fets of inreased phonon group veloities and dereased phonon lifetimes, demonstrating

how the anharmoni ontribution of the atomi potential an sale di�erently than the

harmoni ontribution.

Using three Monte Carlo tehniques, the phonon-boundary sattering and the subse-

quent thermal ondutivity redution are predited for nanoporous silion thin �lms. The

Monte Carlo tehniques used are free path sampling, isotropi ray-traing, and a new teh-

nique, modal ray-traing. The thermal ondutivity preditions from all three tehniques
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are observed to be omparable to previous experimental measurements on nanoporous sil-

ion �lms. The phonon mean free paths predited from isotropi ray-traing, however, are

unphysial as ompared to those predited by free path sampling. Removing the isotropi

assumption, leading to the formulation of modal ray-traing, orrets the mean free path

distribution. The e�et of phonon line-of-sight is investigated in nanoporous silion �lms

using free path sampling. When the line-of-sight is ut o� there is a distint hange in

thermal ondutivity versus porosity. By analyzing the free paths of an obstruted phonon

mode, it is onluded that the trend hange is due to a hard upper limit on the free paths

that an exist due to the nanopore geometry in the material.

The transient grating tehnique is an optial ontat-less laser based experiment for

measuring the in-plane thermal di�usivity of thin �lms and membranes. The theory of

operation and physial setup of a transient grating experiment is detailed. The proe-

dure for extrating the thermal di�usivity from the raw experimental signal is improved

upon by removing arbitrary user hoie in the �tting parameters used and onstruting a

parameterless error minimizing proedure.

The thermal ondutivity of ultra-thin argon �lms modeled with the Lennard-Jones

potential is alulated from both the Monte Carlo free path sampling tehnique and from

expliit redued dimensionality lattie dynamis alulations. In these ultra-thin �lms,

the phonon properties are altered in more than a perturbative manner, referred to as the

on�nement regime. The free path sampling tehnique, whih is a perturbative method, is

ompared to a redued dimensionality lattie dynamis alulation where the entire �lm

thikness is taken as the unit ell. Divergene in thermal ondutivity magnitude and

trend is found at few unit ell thik argon �lms. Although the phonon group veloities and

lifetimes are a�eted, it is found that alterations to the phonon density of states are the

primary ause of the deviation in thermal ondutivity in the on�nement regime.
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Introdution

1.1 Motivation

As the harateristi length sales of eletroni devies approah those of the fundamen-

tal arriers, the transport properties of the onstituent materials are no longer intrinsi.

Instead, the geometry of the devie ditates the transport properties. In the ase of the

ubiquitous semiondutor silion, when the harateristi length sales approah ∼ 1µm

the thermal ondutivity redues. This is due to quantized lattie vibrations, or phonons,

undergoing boundary-sattering. Furthermore under extreme redution in harateristi

length sales (e.g., silion < 50 nm), suh as that seen in modern semiondutor manufa-

turing, the lattie vibrations beome fundamentally modi�ed and annot be treated as bulk

phonons with perturbed sattering. In these devies, the thermal transport properties and

the resulting operating temperature a�et the lifetime, e�ieny, and e�ay, motivating

the haraterization and predition of thermal transport.

In suh devies, the thermal properties annot be obtained from referene values. This

reates design hallenges as the hanges in thermal properties from the geometry will have

onsequenes to the performane of the devie. Advanes in omputational power have al-

lowed us to solve the fundamental equations governing phonon transport. We an predit

phonon transport properties for bulk systems using lattie dynamis alulations. Various

Monte Carlo tehniques allow for predition of phonon-boundary sattering in nanostru-

tured materials. Moreover, when it is omputationally feasible, expliit alulations of

the dynamis of few nanometer sized materials an be alulated. With advaned optial

laser-based tehniques, we an experimentally measure the thermal properties of thin �lms
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of novel materials and nanostrutured systems in both ross-plane and in-plane diretions.

1.2 Objetives

1.2.1 Overview

Thermal ondutivity, k, is the property of a material that desribes the thermal energy

�ux due to a temperature gradient. It is de�ned as the proportionality onstant in Fourier's

law, Q = −k∆T , where Q is the heat �ux and ∆T is the one-dimensional temperature

gradient[1, 2℄. In most marosopi onditions, the thermal ondutivity is an intrinsi

property and an be easily obtained from referenes[3℄. This thermal ondutivity an

subsequently be used in the heat di�usion equation to model spei� geometries. When

the fundamental arriers of heat are modi�ed, however, the referene thermal ondutiv-

ity value an be inorret and the heat di�usion equation is invalidated. In rystalline

insulators and semiondutors, these arriers are lattie vibrations that are quantized into

�phonons.� When the phonon transport properties are hanged, the thermal ondutivity

an be onsidered an extrinsi property and it depends on the spei� material onditions

and form.

The objetive of this thesis is to predit and quantify the thermal ondutivity when

external loading or geometry modify the underlying phonon thermal arriers. We alulated

phonon properties with lattie dynamis tehniques to predit the thermal ondutivity of

strained dieletris. Moreover, we ompare Monte Carlo tehniques in their ability to

alulate the thermal ondutivity of nanostrutured �lms. To experimentally measure

the thermal ondutivity of semi-transparent materials, we build and desribe transient

grating spetrosopy. Further, we theoretially examine the breakdown of the boundary-

sattering tehniques to desribe thermal transport of ultra-thin �lms by using redued
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dimensionality lattie dynamis alulations.

1.2.2 E�ets of Strain on Phonons

To simplify modeling e�orts, the assumption that a material or devie is at zero strain is

often made. Under realisti onditions in many systems, however, zero strain is not the

ase. For example, the extreme pressures in the Earth's ore (∼ 300 GPa) an inrease

the thermal ondutivity of the onstituent materials (e.g., iron) by a fator of three[4℄.

Strain an also be indued by epitaxial interfaes[5, 6, 7℄, mehanial loading, and the

thermal expansion that results from an imposed temperature gradient or Joule heating.

Strain an be used to engineer the transport properties of eletrons and phonons[8℄, to

tune the thermal ondutane of interfaes[9, 10℄, and an modify thermal ondutivity

in nanostrutures suh as nanowires and one- and two-dimensional materials[11, 12, 13,

14, 15℄. We quantify the thermal ondutivity hange in argon modeled with Lennard-

Jones and silion modeled with density funtional theory when strained in ompression

and tension. The e�ets of strain on the phonon transport properties and their impat on

thermal ondutivity are investigated.

1.2.3 Phonon-Boundary Sattering

The lassial e�et of porosity on thermal ondutivity is well desribed. Using the heat

di�usion equation, the redution ratio an be solved for omputationally. When the fea-

ture sizes of the porous material are on the order of the fundamental energy arriers' mean

free paths, boundary sattering of these arriers results in a redution of the intrinsi ther-

mal ondutivity in addition to the ontinuum e�et. A porous material that exhibits both

thermal ondutivity redution mehanisms is a silion �lm tens to hundreds of nanometers

thik that has a periodi two-dimensional array of pores tens to hundreds of nanometers
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in radii that span the �lm thikness[16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,

29, 30, 31, 32, 33℄. These nanoporous �lms satter the thermally relevant phonons, redu-

ing the thermal ondutivity past the ontinuum e�et. The suppression of the phonon

thermal ondutivity makes nanoporous silion �lms attrative as a possible thermoele-

tri material[17, 34℄. We alulate the suppression of the phonon mean free path due to

phonon-boundary sattering from three Monte Carlo methods and ompare to previous

experiments.

1.2.4 Transient Grating

When materials are deliate or very small ontatless optial-laser based tehniques an be

used to measure the thermal properties. These work by using a �pump� laser to heat the

sample and a �probe� laser to measure the temperature response. Two popular onentri

beam tehniques, frequeny domain thermore�etane and time domain thermore�etane,

an be used to measure the ross-plane thermal ondutivity of a layered material system.

They are insensitive to the in-plane thermal transport, however, and require a metalli

transduer layer than an hange the dynamis of thin materials. Transient grating spe-

trosopy operates by interfering two laser beams to heat the sample with a one-dimensional

periodi temperature gradient. The deay of the temperature gradient an be reorded

without the use of a transduer by measuring the di�ration of the probe beam o� the

heated pattern, resulting in the signal that is sensitive to the in-plane transport. We de-

sribe the transient grating setup and introdue a parameterless data extration method

that eliminates previous guess-based approahes.
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1.2.5 Con�nement

When the geometrial feature sizes approah that of the thermally relevant phonons the

transport properties annot be orreted in a perturbative manner. At these length sales,

termed the on�nement regime, the phonon modes' eigenvetors, frequenies, and density

of states are modi�ed in addition to the transport properties. This invalidates suh Monte

Carlo tehniques onsidered in Se. 1.2.3. The exat manner by whih the phonon mode

properties hange has not been previously desribed. To examine this rossover between a

ballisti boundary-sattering regime and the on�nement regime we onsider the simplest

ase of a membrane. We use redued dimensionality lattie dynamis where we rede�ne

our unit ell to be entire thikness of the thin �lm, eliminating the third-dimension of

wavevetor and reduing our Brillouin zone to two-dimensions. This allows us to examine

the transport properties predited from the Monte Carlo free path sampling tehnique to

the exat solution of redued dimensionality lattie dynamis.

1.3 Methods

Computationally, we begin with harmoni and anharmoni lattie dynamis. Harmoni

lattie dynamis allows us to onsider the dynamis of plane-waves in a in�nite rystal

by treating it as a mass-spring system. From this we an solve for the base properties

of the waves and this de�nes our set of phonons. Using these base properties we obtain

the transport phonon properties of heat apaity and group veloity that are relevant to

thermal ondutivity. To determine our �nal transport property neessary for thermal

ondutivity alulations, the phonon lifetime, we perform anharmoni lattie dynamis.

By use of perturbation theory, anharmoni lattie dynamis predits the phonon-phonon

sattering rate from three-phonon sattering events. Both of these lattie dynamis teh-
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niques require that we obtain fore onstants of atomi displaements in our rystal. We

an desribe the atomi interation in rystals from empirial potentials or by ab initio

tehniques suh as density funtional theory. Empirial potentials have the advantage of

simpliity and speed of omputation. The ab initio alulations have the advantage of

auray that allows preditive apability. Both types of atomisti modeling are used in

this work.

To aount for phonon-boundary sattering, we employ a variety of Monte Carlo teh-

niques. These modify or supplement the bulk phonon lifetimes to aount for the additional

sattering enter. We onsider three tehniques: free path sampling, isotropi ray-traing,

and modal ray-traing. All three funtion by treating phonons as point partiles that

randomly sample the geometry to quantify the redution in lifetime due to boundary sat-

tering. They di�er, however, in what assumptions they make in their alulations and also

in omputational implementation. These di�erenes have important impliations in the

physis they an apture as well as the omputational omplexity and ost.

1.4 Overview

The methodology and theory are desribed in Chapter 2. The basi formulation of a phonon

through harmoni lattie dynamis is disussed, and the assoiated phonon transport prop-

erties that an be alulated from them. The anharmoni lattie dynamis formulation is

desribed as well as the properties that in�uene its solution. The equation of thermal

ondutivity derived from the Boltzmann transport equation under the relaxation time

approximation is detailed. The implementation of the Monte Carlo methods, free path

sampling, isotropi ray-traing, and modal ray-traing, are all disussed. Their approxi-

mations and omputational details are onsidered.

In Chapter 3, the thermal ondutivity of strained Lennard-Jones argon and density
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funtional theory modeled silion is predited. The phonon transport properties and atomi

potential well are all examined to understand from a fundamental level the hanges in

thermal ondutivity.

In Chapter 4, thermal transport in nanoporous silion is modeled using Monte Carlo

tehniques. The tehniques are ompared in terms of omputational e�ieny and auray

as ompared to previous experiments. A struture in whih line-of-sight is ontrolled is

investigated using free path sampling.

In Chapter 5, the theory of operation and experimental build are detailed. The ex-

periment is benhmarked on a water solution and a parameterless �tting proedure is

introdued.

In Chapter 6, thermal ondutivity preditions are made on ultra-thin Lennard-Jones

argon membranes. The preditions from free path sampling and dimensionally redued

lattie dynamis are ompared based on thermal ondutivity and phonon properties.

In Chapter 7, the thermal ondutivity of organi and inorgani olloidal quantum dots

for lasing appliations and organi semiondutor with interdispersed silver nanopartiles

are measured using frequeny domain thermore�etane.

The work of this thesis is summarized in Chapter 8 and future diretions for investiga-

tion are presribed.
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Theory and Methods

2.1 Introdution

We desribe and derive the theory and methods employed in this thesis. First, we will

desribe harmoni lattie dynamis (HLD) and anharmoni lattie dynamis (ALD), the

basis for alulating the bulk phonon properties used in the omputational work. Then, the

formulation of phonon transport through kineti theory is examined. Finally, we outline

the three Monte Carlo tehniques used to alulate the phonon boundary-sattering e�ets

in nanostrutured geometries.

2.2 Lattie Dynamis Calulations

2.2.1 Harmoni Lattie Dynamis Formulation

The HLD tehnique mathematially de�nes the most basi onept of a �phonon.� To

formulate this tehnique some assumptions about our system must be taken. First, the

struture of the solid is onsidered. Only a solid that is a rystal and is in�nite in extent

is examined, where a rystal is a �xed set of atoms that are loated relative to a point on

a Bravais lattie. Also, it is assumed that this rystal is stable, i.e., the atoms' equilibrium

positions do not evolve over time, or at the very least are meta-stable over the relevant time

sale of the phonon arriers. Next, some approximations as to the motion of the atoms

are made. The atoms an be approximated as point masses and also their motion an

be deoupled from that of the eletrons through the Born-Oppenheimer approximation.

The ansatz that the atoms vibrate sinusoidally in spae and time is then taken. This is
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a onsequene of onsidering the interatomi fores as being stritly linear with atomi

displaement, as disussed later.

The rystal energy, V , is de�ned as

V =V◦ +
3∑

α

n,N∑

j,l

Πα

(
j
l

)
uα(j, l) +

3,3∑

α,β

n,N∑

j,l

n,N∑

j′,l′

1

2!
Φα,β

(
jj′

ll′

)
uα(j, l)uβ(j

′, l′)

+

3,3,3∑

α,β,γ

n,N∑

j,l

n,N∑

j′,l′

n,N∑

j′′,l′′

1

3!
χα,β,γ

(
jj′j′′

ll′l′′

)
uα(j, l)uβ(j

′, l′)uγ(j
′′l′′) + . . . ,

(2.1)

where, α, β, γ are the Cartesian diretions, n is the number of atoms in a unit ell and

j is the orresponding basis atom index, N is the number of unit ells and l is the or-

responding unit ell index, u is the atomi displaement vetor from equilibrium, V◦ is

the base rystal potential energy, Π is the �rst-order fore onstant assoiated with the

displaement of one atom, Φ is the seond-order (i.e., harmoni) fore onstant assoiated

with the displaements of two atoms, and χ is the third-order fore onstant assoiated

with the displaements of three atoms. Here only the fore onstants up to third-order are

listed for brevity, although there is an in�nite set of fore onstants with inreasing order.

Newton's seond law is[35℄

ma = F, (2.2)

where m is the mass of an objet, a is the aeleration vetor of an objet and F is the

fore vetor ating upon it. The equation of motion for a spei� atom from Newton's

seond law in our rystal is

mj
d2u(j, l, t)

dt2
= F(j, l, t), (2.3)

where t is time and F(j, l, t) is the instantaneous fore on a spei� atom at an instant in
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time t. This fore from Eq. (2.1) is

F(j, l, t) =− ∂V

∂uα(j, l, t)

=
3∑

α

n,N∑

j,l

Πα

(
j
l

)
+

3,3∑

α,β

n,N∑

j,l

n,N∑

j′,l′

1

2!
Φα,β

(
jj′

ll′

)
uβ(j

′, l′)

+

3,3,3∑

α,β,γ

n,N∑

j,l

n,N∑

j′,l′

n,N∑

j′′,l′′

1

3!
χα,β,γ

(
jj′j′′

ll′l′′

)
uβ(j

′, l′)uγ(j
′′l′′) + . . . .

(2.4)

Note that the base rystal energy has no bearing on the fore and subsequently the dy-

namis of the atoms in the rystal. Also, if our �rst-order fore onstant is �nite, a fore

will be applied to all atoms in the system. This is represented physially by a translation

of the rystal. As suh, the �rst-order fore onstant must be zero.

For HLD any fore onstant terms higher than seond-order are disarded. The fore

generated by a displaement of an atom in our rystal is linear with a proportionality

onstant de�ned by the seond-order fore onstant term. The ansatz is taken that the

atoms displae in the form of a traveling wave and therefore are temporally and spatially

sinusoidal. The result is the displaement of any atom in our rystal is represented by a

superposition of plane-waves,

u(j, l, t) =
∑

q,ν

U(j,q, ν) exp (iq · r(j, l)) exp (−iω(q, ν)t) , (2.5)

where, U is the omplex amplitude or displaement vetor of the wave, r is either the

mean position of the atom or the origin of the unit ell the atom belongs to (the resulting

phase di�erene in absorbed into U), q is the wavevetor, ν is the polarization, and ω is

the frequeny.
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Eq. (2.5) is substituted into Eq. (2.4),

mjω
2 (q, ν)U(j,q, ν) =

n,N∑

j′,l′

Φ
(
jj′

0l′

)
U(j′,q, ν) exp (iq · [r(j′, l′)− r(j, 0)]) . (2.6)

To solve this, n equations representing n displaement vetors are onsidered. However, the

relationship between ω and q is unknown leaving more unknowns than equations. Adding

the onstraint that the displaement vetor must be normalized satis�es this disparity.

The set of equations formed by Eq. (2.6) an now be rewritten in a vetor form,

ω2 (q, ν) e (q, ν) = D(q)e (q, ν) , (2.7)

forming an eigenvalue problem. Here, e is the eigenvetor and is de�ned as

e ( qj
να ) =

√
mjUα(j,q, ν), (2.8)

ω2
is the eigenvalue, and

Dα,β(j, j
′,q) =

1
√
mjmj′

N∑

l′

Φ
(
jj′

0l′

)
exp (iq · [r(j′, l′)− r(j, 0)]) (2.9)

is the dynamial matrix for a given q.

The solution of Eq. (2.7) allows us to hoose a wavevetor, q, and determine the asso-

iated frequenies and eigenvetors, thereby de�ning the basi wave properties of phonons.

Finally, it is worth noting a ouple of onsequenes of the nature of the eigensolution.

Due to the symmetry of the fore onstants, the dynamial matrix is Hermitian, whih

results in the properties that the eigenvalues are real and the eigenvetors are orthogonal.

Sine the eigenvalues are real, the frequenies must be either real, in the ase of a positive

eigenvalue, or imaginary, in the ase of a negative eigenvalue. It an be seen from Eq. (2.5)
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that if the frequeny is imaginary, then the exponential assoiated with the time evolution

will beome real. This indiates that the position of the atom will displae exponentially

away from its equilibrium position at the moment in time that the fore onstants are

alulated. Thus, imaginary frequenies are a sign that the atomi positions are unstable

and the alulated dynamis are not valid for periods of time after the fore onstant evalu-

ation. Also of note is that the orthogonality of the eigensolution results in the eigenvetors

also ating as normal modes, i.e., sinusoidal atomi displaements with the same frequeny

that superimpose without interation.

From the HLD alulation, phonon transport properties an be alulated. The heat

apaity of a phonon mode, cph, is

cph (q, ν) = ~ω (q, ν)
∂feq(q, ω, T )

∂T
B, (2.10)

where feq is the equilibrium phonon oupation, ~ is the redued Plank onstant, and B

is the reiproal volume in the �rst Brillouin zone that the phonon mode represents. In

a lassial system cph = kBB, where kB is the Boltzmann onstant. If the phonons are

treated as quantum partiles, however, then the population is governed by Bose-Einstein

statistis:

feq =
1

exp (~ω/kBT )− 1
, (2.11)

where T is the equilibrium temperature of the rystal. It is seen that ω is needed to

alulate the oupation of phonons using quantum statistis. The group veloity vetor,

vg, for a phonon mode is another transport property that an be alulated using the

properties gained by HLD. It is de�ned as the gradient of the frequeny with respet to

the wavevetor,

vg = ∇qω. (2.12)
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It will be shown that both heat apaity and group veloity are important quantities for

thermal transport in Se. 2.3.

2.2.2 Anharmoni Lattie Dynamis Formulation

In Se. 2.2.1, it is assumed that the vibrations were the form of plane-waves and subse-

quently disarded higher-order fore onstants. In a real rystal this is unphysial. If the

rystal only had harmoni fore onstants then in the limit that two atoms were over-

lapping, the energy would be �nite when in reality the energy should diverge to in�nity

due to the Pauli exlusion priniple. In the limit two atoms were separated by an in�nite

distane, the energy would diverge to in�nity when in reality the energy should be �nite.

1

Higher-order terms are needed to orret this disrepany.

When higher-order terms are introdued the possibility of perfet plane-waves are elim-

inated. This ours beause the formation of plane-waves is only possible with a purely

linear fore response with displaement, i.e., stritly harmoni fore onstants. The su-

perposition of the waves breaks down, so that if a vibration is exited it will inevitably

deompose into multiple vibrations, even if no other vibrations exist within the system.

This results in oupling of phonon modes. When the phonon modes interat, they satter

against eah other. A lifetime, τ , in now introdued to desribe the average time a spei�

vibration will persist until it is destroyed.

In terms of thermal transport, this sattering imposes a �nite thermal ondutivity on

a rystal in�nite in extent.

2

With the introdution of sattering, along with the degeneray

of the Brillouin zones, this allows for Umklapp sattering. That is, the ability for a phonon

mode to onvert to phonon modes that propagate in the opposite diretion of the heat

1

Typially the energy between two atoms that are far apart, i.e., non-interating, is de�ned to be zero.

This hoie, however, has no e�et on the dynamis of the system as only the derivative of the energy

matters.

2

Crystals �nite in extent will always have a �nite thermal ondutivity. This results from the boundary

sattering of arriers whih limits the transport lifetime.
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Figure 2.1: Feynman diagrams of annihilation (left) and reation (right) three-phonon

proesses.

�ux, whih indues a resistane on the heat �ux.

A rystal whose potential has both seond-order and third-order fore onstants results

in three-phonon interations. Fig. 2.1 shows examples of the sattering of three phonons

where eah olor represents a di�erent phonon mode. In Fig. 2.1 an example of the reation

of a phonon mode and the annihilation of a phonon mode are shown, but all permutations

of the di�erent phonon modes (olors) are possible three-phonon interations. The lifetime

assoiated from these three-phonon interations an be alulated with anharmoni lattie

dynamis.

Using Fermi's golden rule and the anharmoni Hamiltonian[36, 37, 38℄, the sattering

rate, Γ, due to three-phonon interations an be written as,

Γ ( q

ν ) =
π~

16N

N,3n∑

q′,ν′

N,3n∑

q′′,ν′′

∣∣Ψ
(
q q

′
q
′′

ν ν′ ν′′

)∣∣2

×
[
f
(
q
′

ν′

)
+ f

(
q
′′

ν′′

)
+ 1

]
δ
(
ω ( q

ν )− ω
(
q
′

ν′

)
− ω

(
q
′′

ν′′

))

+
[
f
(
q
′

ν′

)
− f

(
q
′′

ν′′

)]
δ
(
ω ( q

ν ) + ω
(
q
′

ν′

)
− ω

(
q
′′

ν′′

))

+
[
f
(
q
′′

ν′′

)
− f

(
q
′

ν′

)]
δ
(
ω ( q

ν )− ω
(
q
′

ν′

)
+ ω

(
q
′′

ν′′

))

(2.13)

where δ is the Dira delta funtion and the third-order oupling strength, Ψ, an be
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alulated by

Ψ
(
q q

′
q
′′

ν ν′ ν′′

)
=

3,n∑

α,j

3,n,N∑

β,j′,l′

3,n,N∑

γ,j′′,l′′

δ (q+ q′ + q′′ ±G)× χα,β,γ

(
jj′j′′

ll′l′′

)

×
ẽ ( q j

ν α ) ẽ
(

q
′ j′

ν′ β

)
ẽ
(

q
′′ j′′

ν′′ γ

)

√
mjω ( q

ν )mj′ω
(
q
′

ν′

)
mj′′ω

(
q
′′

ν′′

)

× exp [iq′ · r ( l′
0 )] exp [iq

′′ · r ( l′′
0 )] ,

(2.14)

where G is the reiproal lattie vetor and the spatial-phase fatored eigenvetor, ẽ, is

ẽ ( q j
ν α ) = e ( q j

ν α ) exp
[
iq · r

(
0
j

)]
. (2.15)

First, in Eq. (2.13) it is noted that frequeny is onserved between the inputs and outputs

of the sattering event. This ours beause the energy of a phonon mode is ~ω and energy

is onserved. Also the population f is onsidered in the reation and annihilation events.

This is beause the propensity for a phonon to be annihilated is diretly proportional

to how many phonons are available. Also the propensity for a phonon to be generated is

inreased when the phonon population is lower. The sattering rate is diretly proportional

to the square of the third-order oupling strength, Ψ, whih desribes how strongly three

phonons ouple together.

In Eq. (2.14), the phonon wavevetor q is onserved up to a reiproal lattie vetor

fator of G. The onservation of the wavevetor is sometimes alled the onservation

of �quasi-momentum� or �rystal-momentum.� Physially, the onservation of momentum

ensures the rystal remains translationally invariant. It is onserved up to a fator ofG due

to the degeneray of the Brillouin zones, whih physially is the aliasing of the vibrations as

a result of the disrete positions of the atoms[39, 40℄. Next the third-order fore onstant

χ is onsidered, whih is de�ned as the third-derivative of the rystal energy with respet
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to atomi position

χα,β,γ

(
jj′j′′

ll′l′′

)
=

∂3V

∂uα

(
0
j

)
∂uβ

(
l′

j′

)
∂uγ

(
l′′

j′′

) . (2.16)

In a purely harmoni osillator system, this term is zero, but it is �nite in a real rystal.

Eq. (2.14) also aounts for the eigenvetor overlap. This ours for two reasons: �rst,

eigenvetors annot interat if they are vibrating in orthogonal diretions and seond,

the eigenvetors interat when they try to displae the same atom. The masses of the

atoms involved in the vibration and the phonon frequenies are onsidered from an inertial

standpoint. Finally, the spatial-phase fator overlap is onsidered.

The sattering rate an be related to the phonon lifetime by

τ =
1

2Γ
. (2.17)

This allows us to alulate the lifetime of the phonon vibrations due to phonon-phonon

sattering, and it is dependent on the harmoni properties as well as the anharmoni

properties. Beause the equations are oupled, the omputational ost of ALD is muh

greater than that of HLD. The number of fore onstants and three-phonon proesses

to be onsidered must be redued through rystal symmetries to make the alulation

pratial[38℄.

2.3 Phonon Transport

The propensity for a solid to ondut heat is desribed by the Fourier law[1℄,

Q = −k∇T. (2.18)
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The Fourier law spei�es that the heat �ux vetor, Q, is proportional to the spatial tem-

perature gradient, ∇T , through a proportionality tensor k. This proportionality tensor is

alled the thermal ondutivity. Although the Fourier law is phenomenologial in nature,

the thermal ondutivity tensor an be de�ned by the fundamental thermal arriers of our

material. Here, the ontribution of phonons to the thermal ondutivity is onsidered.

The kinetis of phonons an be statistially desribed through the Boltzmann transport

equation (BTE). It is important to note that by using the BTE it is assumed that the

phonons are stritly partiles and disard any wave-like transport e�ets (i.e., interferene,

oherene, et.). The BTE for a phonon mode of q and ν is[39, 41, 42℄

∂f(x,q, ν)

∂t
+ vg (q, ν) · ∇T (x)

∂f(x,q, ν)

∂T (x)
=

(
∂f(x,q, ν)

∂t

)

scatter

, (2.19)

where the �rst term on the left is hange in population of a phonon at a point in spae

x, the seond term is the di�usion of phonons due to a spatial temperature gradient, and

the term on the right is the hange in phonon population due to sattering events. Note

that f is the instantaneous population of a phonon mode in spae and is not neessarily

the equilibrium population. If the rystal is onsidered to be in�nite, free of defets,

and other energy arriers, then the sattering events only ome from other phonons. By

restriting the sattering events to these phonon-phonon interations, the relaxation-time

approximation an be employed,

(
∂f

∂t

)

p−p

=
−f ′

τ
, (2.20)

where the term on the left is the hange in population due to phonon-phonon sattering

events and

f = feq + f ′. (2.21)
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Here f ′
is a deviation from the population spei�ed by the Bose-Einstein equilibrium

distribution and τ is the phonon relaxation time (i.e., phonon lifetime). Assuming our

system to be at steady state and substituting Eq. (2.21) into Eq. (2.19),

vg (q, ν) · ∇T (x)
∂f(x,q, ν)

∂T (x)
=

−f ′

τ
. (2.22)

The heat �ux from phonons, Q, in the system is

Q =
∑

ν

∑

q

~ω (q, ν)vg (q, ν) f
′ (q, ν)B. (2.23)

Combining Eq. (2.18) with Eq. (2.23) the Fourier law in terms of phonons beomes

∑

ν

∑

q

~ω (q, ν)vg (q, ν) f
′ (q, ν)B = −k∇T. (2.24)

Combining Eq. (2.22) and Eq. (2.24),

∑

ν

∑

q

~ω (q, ν)vg (q, ν) τvg (q, ν) · ∇T (x)
∂f(x,q, ν)

∂T (x)
B = −k∇T. (2.25)

Dividing out ∇T (x) and substituting in our phonon heat apaity, cph,

k =
∑

q

∑

ν

cph (q, ν)vg (q, ν)vg (q, ν) τ (q, ν) , (2.26)

our phonon thermal ondutivity equation. A phonon transport length sale alled a mean

free path, Λ, an also be de�ned as

Λ (q, ν) = τ (q, ν) |vg (q, ν)|. (2.27)
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Substituting Eq. (2.27) into Eq. (2.26) the phonon thermal ondutivity equation in terms

of mean free path is

k =
∑

q

∑

ν

cph (q, ν)vg (q, ν)vg (q, ν)
Λ (q, ν)

|vg (q, ν)|
. (2.28)

Solving Eq. (2.26) and Eq. (2.28) is the primary omputational objetive of this thesis.

It is these equations that drive the neessity of HLD (Se. 2.2.1), ALD (Se. 2.2.2), and

phonon-boundary sattering tehniques (Se. 2.4).

2.4 Monte Carlo Calulations

2.4.1 Free Path Sampling

Under a kineti theory treatment, the phonons are treated as partiles that travel inside a

material at a veloity and diretion based o� the group veloity vetor and with a length

de�ned from the mean free path. Doing so allows for a diret solution of the Boltzmann

transport equation in real spae and time[43, 44, 45, 46, 47, 48, 49, 50℄. If a system is

at a uniform equilibrium temperature and therefore a uniform population, the phonon-

phonon sattering events an be deoupled and the time evolution ignored. This allows us

to sample the volume uniformly and onsider the sattering of eah phonon mode without

onsideration of other phonon modes. In a bulk material the operation is trivial, but in

a geometrially on�ned spae the phonons will also satter against the boundaries. By

reording the length of the paths traveled by the phonons the additional sattering from

boundaries an be aptured. This forms the basis for the free path sampling tehnique[51℄.

First, a set of bulk phonon group veloity vetors and mean free paths must be pre-

alulated. This an be done through the lattie dynamis tehniques disussed in Se. 2.2
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with either empirial or �rst-priniples based fore onstants. For eah phonon mode with

intrinsi mean free path Λpp(q, ν), a number of free paths are sampled from a Poisson

distribution. Eah phonon is started from a random position inside the struture. The

phonon is then traed from its origin in the diretion of its group veloity vetor until it

either reahes the end of its free path or it enounters a boundary. If the phonon enounters

a boundary, its free path is trunated as the distane from the origin to the boundary,

otherwise the free path remains the same. After all the free paths are found, they are

averaged to provide the e�etive mean free path Λ(q, ν), whih ontains information from

both the intrinsi sattering and the geometry-spei� boundary sattering. The thermal

ondutivity is then alulated from Eq. (2.28) using the new mean free paths.

2.4.2 Isotropi Ray-Traing

In a material in whih the phonons satter with eah other and with the boundary at

omparable rates the transport is onsidered a mix of di�usive and ballisti. When onsid-

ering ballisti arriers between two reservoirs (i.e., bulk like thermal baths) the Landauer

formalism is ommonly employed[42℄. From this formalism, the ballisti ontribution to

the ondutane of the system an be quanti�ed. The ontribution of ballisti phonons

an be ombined with di�usive phonons through the isotropi ray-traing tehnique[52℄.

The thermal ondutane ontribution, G, of a ballisti phonon mode in an isotropi

system of length L is[42℄

G =
1

3

cph
L

|vg| Λ̄bdy. (2.29)

The thermal ondutane of this mode an also be de�ned from an isotropi Landauer

formalism as[42℄

G =
1

2
cph |vg|

∫ π/2

0

T (θ) cos θ sin θdθ, (2.30)

21



where θ is the zenith angle o� the normal of the plane at the beginning of the nanostruture

and T (θ) is the transmission probability through the nanostruture. From Eqs. (2.29) and

(2.30),

Λ̄bdy =
3

2
L

∫ π/2

0

T (θ) cos θ sin θdθ. (2.31)

The initial position of the ray-trae is sampled uniformly aross the beginning plane of the

nanostruture (i.e., the xy-plane when energy transmission is in the z -diretion. The initial

azimuthal angle is uniformly sampled from [0, 2π) while the zenith angle is integrated from

[0, π/2] in 90 inrements. When the ray-trae enounters a boundary it satters di�usely

in aordane with the Lambert osine law. The ray-traing terminates when the phonon

either enounters the end of the struture (a transmission event) or when it returns to

the beginning of the struture (a re�etion event). The ratio of rays enountering the

end of the struture to the total number of rays is the transmission ratio, T (θ). The

transmission ratio is alulated by randomly sampling the initial x -position, y-position,

and azimuthal angle. To model an in�nite struture, the struture length is inreased

until Λ̄bdy is onverged. Isotropi ray-traing is equivalent to the Casimir limit[52℄. No

knowledge of the intrinsi phonon properties is required; it only depends on geometry.

The Matthiessen rule is then used to determine the mean free path of eah phonon

mode in the nanostruture as[53, 54℄

3

1

Λ (q, ν)
=

1

Λpp (q, ν)
+

1

Λ̄bdy

. (2.32)

The Matthiessen rule assumes sattering mehanisms to be independent.

3

Hori et al.[52℄ desribe in their supplemental information a variation of the isotropi ray-traing teh-

nique by whih the mean free path is used to probabilistially satter the ray-trae and avoid using the

Matthiessen rule. There is no justi�ation, however, for inluding phonon-phonon sattering in the Lan-

dauer formalism for ballisti ondutane.
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2.4.3 Modal Ray-Traing

It is possible to derive the boundary sattering mean free path per phonon mode by elim-

inating the isotropi approximation invoked in the Landauer formalism in isotropi ray-

traing. This results in a mode-spei� boundary sattering mean free path, Λbdy, instead

of an average over all modes.

The ray-traing is started by initializing the angle o� the initial plane from the group

veloity vetor of a spei� phonon mode. The alulation then traes the ray as it di�usely

satters with boundaries aording to the Lambert osine distribution as with isotropi ray-

traing. A mode-spei� transmission ratio, T (q, ν), is then alulated.

As derived in Appendix A, the mode-spei� boundary mean free path is

Λbdy (q, ν) =
L|vg (q, ν)|
vz (q, ν)

T (q, ν) . (2.33)

The e�etive mean free path is then found by the Matthiessen rule from

1

Λ (q, ν)
=

1

Λpp (q, ν)
+

1

Λbdy (q, ν)
. (2.34)

To save omputational time, only phonon modes that have vz > 0 need to be onsidered for

systems that are symmetrial about the z-diretion. Phonon modes with vz < 0 have the

same Λbdy (q, ν) as their positive ounterpart in the evaluation of Eq. (2.34). The number

of modes that must be ray-traed an be further redued by taking advantage of other

symmetries. Phonon modes with vz = 0 make no ontribution to the �ux in that diretion

and have a boundary mean free path of zero.
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E�ets of Strain on Thermal

Condutivity of Dieletris

3.1 Introdution

The values for the thermal ondutivity of strained materials are not widely available.

Limited measurements and studies of the saling of thermal ondutivity, however, have

been performed, but only from either a marosopi standpoint or a rough analytial anal-

ysis. The fundamental hanges in how the phonon transport properties are altered under

strain has not been investigated in a rigorous manner. Moreover, sine the development

of �rst-priniples based thermal ondutivity preditions, there have not been any studies

investigating the strain saling using aurate quantum hemistry alulations.

Ross et al. presented a omprehensive review of experimental measurements of the ther-

mal ondutivity of strained materials, inluding ovalent and semionduting strutures[55℄.

They onluded that ompression inreases the thermal ondutivity of this lass of ma-

terials. Piu et al. studied strain e�ets on a model Lennard-Jones (LJ) rystal using

moleular dynamis (MD) simulations for isotropi strains ranging from −0.03 to 0.03,

where a negative strain indiates ompression[56℄. Using the Green-Kubo (GK) MD-based

method, they found that the thermal ondutivity inreased under ompression and de-

reased under tension. They attributed this behavior to hanges in �sti�ness.� Tretiakov

and Sandolo explored thermal transport in rystalline argon at high temperatures and

pressures using MD simulations, the GK method, and the exponential-6 potential[57℄. As

the ompressive stress inreased from 2 to 50 GPa, they found a power-law inrease of
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thermal ondutivity. Bhowmik and Shenoy studied strained, rystalline LJ argon using

MD simulations and the GK method, also �nding a power-law saling of thermal ondu-

tivity with inreasing ompressive strain[58℄. They predited the same power-law saling

from Fermi's golden rule (exponent within 5%) based on analytial salings of the phonon

lifetime and sound speed. Gonharov et al. experimentally investigated thermal transport

in high-temperature, ompressed argon using a transient heating tehnique[59℄. Using a

diamond anvil ell, argon was ompressed in the stress range of 10 to 50 GPa. They

found a power-law dependene of thermal ondutivity with inreasing ompression at

a temperature of 300 K. Chernatynskiy and Phillpot explored high-temperature (400 to

1200 K) argon using harmoni and anharmoni lattie dynamis alulations with fore

onstants obtained from density funtional theory (DFT) alulations over a ompressive

stress range of 10 to 50 GPa[60℄. Their thermal ondutivity preditions �t the power-law

funtional form proposed by Tretiakov and Sandolo[57℄. Li et al. studied thermal trans-

port in strained rystalline Terso� silion and diamond using MD simulations and the GK

method[11℄. They found thermal ondutivity to monotonially derease from ompression

to tension over a strain range of −0.09 to 0.12 and justi�ed this trend using hanges in the

phonon group veloities. While these previous studies foused on quantifying how ther-

mal ondutivity is altered by strain, modi�ations to the properties of individual phonon

modes due to strain have yet to be explored.

In this work, we apply atomisti alulations to investigate how isotropi strain a�ets

phonon mode properties in bulk systems where eletrons make a negligible ontribution to

thermal ondutivity. We �rst onsider an LJ argon rystal as a representative soft system.

Thermal transport in LJ argon is well-studied,[56, 58, 61, 62, 63, 64, 65℄ primarily beause

it uses a omputationally-inexpensive two-body potential. As typial of a soft material,

LJ argon has a low zero-strain thermal ondutivity [O(1) W/m-K] that results from on-
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ε −0.06 −0.04 −0.02 −0.01 0.00 0.01 0.02 0.04 0.06

a (Å) 4.996 5.102 5.209 5.262 5.315 5.368 5.421 5.528 5.634
σ(GPa) −0.97 −0.49 −0.18 −0.08 0.00 0.06 0.11 0.17 0.19
kLD(W/m−K) 6.5 3.8 2.2 1.6 1.2 0.88 0.66 0.33 0.14
kGK(W/m−K) 8.0 4.8 2.5 1.7 1.2 0.88 0.68 0.35 0.19

Table 3.1: Properties of LJ argon under di�erent strains (ε). The lattie onstants (a),
isotropi stresses (σ), MD-based thermal ondutivity (kGK), and LD-based thermal on-

dutivity (kLD) are provided.

tributions from the full spetrum of phonon modes[66℄. Moleular dynamis simulations

and the GK method are �rst used to predit thermal ondutivity for benhmarking pur-

poses. Phonon properties are then predited from HLD[54, 67℄ and ALD[36, 37, 38, 63℄

alulations, detailed in Ses. 2.2.1 and 2.2.2, and are used to evaluate Eq. (2.26) (Se. 2.3).

We then onsider silion as a representative sti� material. Sti� materials typially

exhibit a high thermal ondutivity that is dominated by low-frequeny aousti phonon

modes[66, 68℄. The phonon properties required to evaluate Eq. (2.26) are predited from

HLD and ALD alulations with fore onstants obtained from DFT and density funtional

perturbation theory (DFPT) alulations.

The rest of the paper is organized as follows. In Se. 3.2, we desribe the omputational

methods and details. The thermal ondutivities and phonon mode properties are then

presented and disussed for LJ argon (Se. 3.3.1) and silion (Se. 3.3.2). To explain

di�erenes in the phonon lifetime trends for these two materials, the potential energy wells

experiened by the atoms in eah are ompared in Se. 3.3.3. We onlude by summarizing

our results in Se. 3.4.
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3.2 Computational Details

3.2.1 Lennard-Jones Argon

Argon is an insulating fae-entered ubi rystal that an be modeled by the two-body

LJ interatomi potential [40℄

φ(rij) = 4ǫLJ

[(
σLJ

rij

)12

−
(
σLJ

rij

)6
]
, (3.1)

where i and j denote a pair of atoms, rij is the distane between the two atoms, ǫLJ is the

energy sale (1.67× 10−21
J), and σLJ is the length sale (3.40× 10−10

m). Argon has an

atomi mass m, of 6.63 × 10−26
kg. All alulations are made at a temperature of 20 K,

where the zero pressure lattie onstant, a◦, is 5.315 Å[64℄. We use a uto� of 2.5σLJ with

a shifted potential well for the MD simulations and the lattie dynamis (LD) alulations.

Isotropi strains, ε, of −0.06 to 0.06 are onsidered, suh that the lattie onstant, a, is

a◦(1 + ε). The strains, lattie onstants, and resulting stresses are provided in Table 3.1.

The primitive one-atom basis is used to perform the HLD and ALD alulations with

in-house odes. The phonon wavevetor grid is sampled using a Monkhorst-Pak grid of

NMK × NMK × NMK points. Ten values of NMK are onsidered ranging from 32 to 50

in inrements of two. The phonon frequenies ω are obtained from HLD alulations,

whih require the seond-order fore onstants[54℄. Using the frequenies, we alulate

the group veloities using �nite di�erening of the dynamial matrix. The seond-order

fore onstants are alulated up to the potential uto� of 2.5σLJ. Sine harmoni plane

waves do not interat, HLD alulations do not provide any information about the phonon

sattering and lifetimes. The phonon lifetimes are predited using ALD alulations, whih
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use the third-order fore onstants to aount for three-phonon interations[63℄.

1

The

third-order fore onstants are alulated up to �rst-nearest-neighbor. The fore onstants

are alulated by displaing seleted atoms by 10−4a from their equilibrium position in a

superell and �nite di�erening of the resulting fores.

Using the group veloities and lifetimes, we evaluate thermal ondutivity from Eq.

(2.26). Beause the MD simulations to be used for benhmarking are lassial, we use

lassial oupation statistis in the ALD alulations and the lassial harmoni value of

heat apaity. The inverse of thermal ondutivity is plotted verses 1/NMK and a line is

�t to the data, whose extrapolated value at 1/NMK = 0 gives the in�nite system-size (i.e.,

bulk) value[63℄.

Turney et al. observed a di�erene between GK and ALD preditions of thermal on-

dutivity for LJ argon at zero-strain for temperatures above 40 K, where inreasing an-

harmoniity annot be aptured with ALD. Beause strain a�ets the anharmoniity, we

also use the MD-based GK method as a self-onsistent hek of the thermal ondutivities

alulated from ALD.

The MD simulations are performed using the open-soure LAMMPS pakage[69℄. The

time step is 4.28 fs and the ubi simulation ell ontains 256 atoms. We did not ob-

serve hanges in thermal ondutivity due to size e�ets over all strains. At eah strain,

a temperature resale is performed for 250,000 timesteps to bring the system temperature

to 20 K. The system is then evolved in an NVE ensemble (a onstant number of atoms,

volume, and energy) for 250,000 timesteps. A further 1,000,000 timesteps are run where

the heat urrent vetor is reorded every �ve timesteps. Eah strain ase is run with

ten seeds (randomized initial veloities) and the heat urrent autoorrelation funtions

are averaged. The heat urrent autoorrelation funtion is the input to the GK method,

1

Turney et al.[63℄ also inluded anharmoni frequeny shifts based on third- and fourth-order fore

onstants. At a temperature of 20 K, they found the frequeny-normalized root mean-square of the

frequeny shifts to be less than 3%. As suh, we do not onsider them here.
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whih is an equilibrium tehnique for extrating the thermal ondutivity kGK based on

the �utuation-dissipation theorem[70℄. There is inevitably noise in the heat urrent auto-

orrelation funtion due to a limited sampling of the phase spae from the �nite sampling

time. To �nd the onverged value of the integral of the heat urrent autoorrelation fun-

tion, we applied the �rst-avalanhe method[71℄. We found kGK to be onverged to within

4% with 10 seeds. This error was estimated by removing one seed and alulating the

di�erene in the predited thermal ondutivity when all ten seeds are used.

3.2.2 Silion

We onsider isotopially pure silion at a temperature of 300 K. At this temperature,

silion undergoes a phase hange from the diamond lattie struture to the β-Sn lattie

struture at ompressive stresses greater than 12 GPa[72℄. To avoid this phase transition,

we explored strains between −0.03 and 0.03, as provided in Table 3.2. HLD and ALD

alulations using in-house odes are performed to obtain phonon frequenies and lifetimes

with fore onstants obtained from DFPT and DFT alulations[38℄. A norm-onserving

pseudo-potential in the loal density approximation is employed in the plane-wave pak-

age Quantum ESPRESSO[73℄. The total energy is onverged to within 1.6 meV for a

Monkhorst-Pak eletroni wavevetor-grid of 6 × 6 × 6 and a plane-wave energy uto�

of 80 Ryd. The harmoni fore onstants are obtained using DFPT alulations with a

Monkhorst-Pak phonon wavevetor-grid of 8× 8× 8 using the primitive (i.e., two-atom)

unit ell. The third-order fore onstants are obtained using �nite di�erenes of DFT fores

on a 64-atom superell with a uto� of third-nearest-neighbor. The fores are obtained by

applying displaements of 0.006a to seleted atoms. The translational invariane onstraint

(i.e., the aousti sum rule) for the seond- and third-order fore onstants is enfored using

the Lagrangian approah disussed by Lindsay et al.[74℄. For the HLD and ALD alula-
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ε −0.03 −0.025 −0.02 −0.015 −0.01 −0.005 0.0 0.005 0.01 0.015 0.02 0.025 0.03
a (Å) 5.241 5.268 5.295 5.322 5.349 5.376 5.403 5.430 5.457 5.484 5.511 5.538 5.565
σ(GPa) −10 −8.4 −6.5 −4.7 −3.0 −1.5 0.0 1.4 2.7 3.8 5.0 6.0 7.0
kLD(W/m−K) 147 148 154 149 152 150 151 150 151 150 145 140 137

Table 3.2: Properties of �rst-priniples silion under di�erent strains (ε). The lattie

onstants (a), isotropi stresses (σ), and LD-based thermal ondutivity (kLD) are provided.

tions, the primitive basis and a 20 × 20 × 20 sampling of the phonon wavevetor-grid are

used.

We are studying silion at a temperature of 300 K, whih is less than half of its Debye

temperature of 625 K[40℄. Quantum e�ets on the heat apaity are important and are

inluded using Bose-Einstein statistis. The thermal ondutivity of unstrained silion al-

ulated using lifetimes from an iterative solution to the Boltzmann transport equation[37℄

is 151 W/m-K and is onverged to within 2% for the above hoie of parameters. The ex-

perimental value for isotopially enrihed silion is 153±5 W/m-K[75℄. This 2% di�erene

is a large improvement over empirial potential-based preditions of thermal ondutivity,

whih an di�er from the experimental value by as muh as a fator of six at a temperature

of 300 K[76℄. For the analysis to follow in Setion 3.3.2, the lifetimes obtained from the

relaxation time approximation will be used beause the iterative lifetimes have larger noise

that makes diret omparison aross strains unfeasible. The relaxation time approximation

lifetimes lead to a thermal ondutivity predition of 147 W/m-K, suh that we do not

believe that this hoie will a�et our onlusions.
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Figure 3.1: Comparison of LJ argon thermal ondutivities predited from MD and LD.

3.3 Results

3.3.1 Lennard-Jones Argon

3.3.1.1 Thermal Condutivity

The strain-dependene of thermal ondutivity for LJ argon predited fromMD simulations

and LD alulations is presented in Table 3.1 and is plotted in Fig. 3.1. The thermal

ondutivities span two orders of magnitude. Beause the MD-based GK method inludes

all anharmoni e�ets (ompared to ALD, where we only inlude up to third-order phonon

sattering e�ets), kGK is taken as the benhmark. The two sets of thermal ondutivity

data follow the same trend: an exponential derease when moving from ompression to

tension (as evidened by a straight line on the semilog plot). This trend for LJ argon at

20 K was also observed by Bhowmik and Shenoy using the GK method and by Fermi's

golden rule-based analytial salings[58℄. The di�erene between kLD and kGK is less than

25% for all strains onsidered.
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Figure 3.2: [100] strain-dependent phonon dispersion for LJ argon.
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Figure 3.3: Strain-dependent phonon lifetimes for LJ argon.
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Figure 3.4: LJ argon phonon mode properties normalized by zero strain values for NMK =
50: (a) squared group veloity and (b) lifetime.

3.3.1.2 Group Veloities and Lifetimes

We now seek to understand the thermal ondutivity trend in Fig. 3.1 by onsidering the

phonon mode properties. The hanges in group veloity an be visualized by onsidering

the [100] phonon dispersion plotted in Fig. 3.2 for strains of −0.06, 0, and 0.06. The

maximum phonon frequeny dereases as the system moves from ompression to tension,

ausing the group veloities to derease. Sine the dispersion is alulated using harmoni

fore onstants, it only aptures the harmoni e�et of strain. The phonon lifetimes are

plotted in Fig. 3.3. As with the group veloities, the lifetimes derease as the system moves

from ompression to tension.

We quantify the mode-level hanges by dividing the strain- and mode-dependent squared

group veloities (|vg|2) and lifetimes by their zero-strain ounterparts. The results for
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for NMK = 50. Eah data set is �t to an exponential funtion (solid lines).

strains of −0.06 and 0.06 are plotted in Figs. 3.4(a) and 3.4(b). The individual mode

salings of squared group veloity [Fig. 3.4(a)] and lifetime [Fig. 3.4(b)] are relatively �at,

with e�etively no spetral dependene. The relative hange in the squared group veloity

with strain is larger than that of the lifetime.

To get a system-level measure of the mode salings, we average the normalized prop-

erties at eah strain. The results are plotted in Fig. 3.5. The normalized squared group

veloities and lifetimes both sale exponentially and the least-squares �ts are plotted in

Fig. 3.5.2 The exponential onstant is −17 for the squared group veloity and −9 for

the lifetime. Therefore, the group veloity saling is exp (−8 ε) stronger than that of the

lifetime, making it the dominant fator in thermal ondutivity hanges with strain.

3.3.2 Silion

3.3.2.1 Thermal Condutivity

The strain-dependene of the thermal ondutivity of silion predited from �rst-priniples

is plotted in Fig. 3.6. Thermal ondutivity is relatively onstant under ompression and

2

It is also possible to �t the data to a power-law saling. The �nal onlusion is unhanged.
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Figure 3.6: Strain dependene of silion thermal ondutivity predited from �rst-

priniples.

then dereases with inreasing tension. This trend is in ontrast to that for LJ argon,

where the thermal ondutivity monotonially dereased in moving from ompression into

tension (Fig. 3.1). The overall hange in thermal ondutivity is smaller in silion (∼ 15%)

as ompared to LJ argon (two orders of magnitude).

3.3.2.2 Heat Capaity, Group Veloities, and Lifetimes

In interpreting the silion data at the phonon mode-level, we onsider hanges in heat

apaity, squared group veloity, and lifetime. In Fig., 3.7 we plot the silion dispersion.

The maximum frequeny dereases as the system moves from ompression into tension,

but the di�erene is less than that observed in LJ argon (Fig. 3.2). The strething of the

dispersion results in a derease in group veloity under tension with the exeption of the

transverse aousti branh, whih redues in frequeny near the Brillouin zone edge. The

silion lifetimes plotted in Fig. 3.8 display an inrease of the lifetimes in tension, opposite

to the trend for LJ argon (Fig. 3.3).

The mode-dependent property normalizations to the zero strain values are plotted in
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Figure 3.7: [100] strain-dependent phonon dispersion for silion.

Figs. 3.9(a), 3.9(b), and 3.9(). Beause the thermal ondutivity of silion is dominated

by low-frequeny aousti phonons,[38, 66℄ we do not inlude modes with frequenies past

the point where 90% of the thermal ondutivity is realized. This hoie eliminates modes

that do not meaningfully ontribute to the thermal ondutivity, but an show large satter

in the normalizations. The hanges in mode properties with strain are smaller than the

hanges observed in LJ argon, whih is onsistent with the smaller hanges in thermal

ondutivity. The heat apaity follows a preditable saling from Bose-Einstein statistis.

As the phonon mode's frequeny (i.e., energy) dereases in moving from ompression to

tension, its heat apaity dereases. No trend in the normalized squared group veloities is

indisernible from Fig. 3.9(b). There is an overall redution of lifetimes with ompressive

strain and an overall inrease in lifetimes with tensile strain, The squared group veloities

and lifetimes show more spetral dependene than in LJ argon.

In Fig. 3.10, we plot the mean values of the normalized properties versus strain, as

plotted in Fig. 3.5 for LJ argon. Before performing the average, we exlude any group

veloity normalizations that are greater than a value of �ve. In doing so, we eliminate

non-physial values due to the e�ets of the Van Hove singularities (i.e., where the group
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Figure 3.8: Strain-dependent phonon lifetimes for silion.

veloity approahes zero). The phonon frequenies derease as the system moves from

ompression to tension, and thereby the heat apaity and squared group veloity also

derease. These hanges are related to harmoni e�ets. There is an inrease in the

lifetimes when moving from ompression to tension over the entire strain range explored,

opposite to what is observed in LJ argon. These ompeting e�ets balane in ompression,

leading to a onstant thermal ondutivity. In tension, the heat apaity and squared

group veloity e�ets dominate, leading to a derease in thermal ondutivity. Using MD

simulations, Li et al. found a monotoni derease in the thermal ondutivity of Terso�

silion in moving from ompression to tension. They attribute this behavior to a redution

in the group veloities and heat apaities[11℄. We note that they explored a larger strain

range (−0.09 to 0.12) and used an empirial potential with the lassial statistis inherent

to MD simulation.
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3.3.3 Potential Well

3.3.3.1 Root Mean Squared Displaement

The strain-dependene of the phonon lifetimes is dissimilar in LJ argon and silion. In

LJ argon, the lifetimes derease as the system moves from ompression to tension (Figs.

3.3 and 3.5), while in silion they inrease (Figs. 3.8 and 3.10). To explore these opposite

trends, we analyze the loal potential well felt by atoms in the two systems. First, the

root mean-square (RMS) displaement is alulated to quantify how muh of the unit ell

is explored by an atom. Seond, the loal potential energy well is mapped to deompose

the potential energy into harmoni and anharmoni omponents.

The RMS displaement 〈|u|2〉1/2 an be alulated through MD simulations by time-

averaging the positions or from the harmoni phonon properties using the analytial ex-

pression [77℄

〈|u|2〉1/2 =


 ~

nN3
MK

3,n∑

α,j

N3

MK
,3n∑

q,ν

f (q, ν)
e(q j

ν α) e
∗(q j

ν α)

mω (q, ν)




1/2

. (3.2)

For the LJ argon rystal, the RMS displaement is alulated diretly using the MD
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Figure 3.11: Strain-dependent RMS displaements normalized by the nearest-neighbor

distane: (a) LJ argon using time-averaging of the atomi positions in MD simulation and

Eq. (3.2), and (b) silion using Eq. (3.2).
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simulations and using Eq. (3.2). We use lassial phonon population for f (q, ν) so as

to make the predition omparable to the MD result. The value is normalized by the

nearest-neighbor distane, a/
√
2, for eah strain and the results are plotted in Fig. 3.11(a).

The RMS displaement for LJ argon from MD is greater than that alulated from Eq.

(3.2), whih we attribute to the inlusion of the full anharmoniity in the MD simulations.

We note that Turney et al.[63℄ erroneously inluded the zero-point energy in the phonon

oupation in Eq. (3.2) yielding aidental agreement with MD simulation results. As it is

omputationally prohibitive to run DFT-driven MD simulations, the RMS displaement for

silion is alulated only using Eq. (3.2). The results, normalized by the nearest-neighbor

distane,

√
3a/4, are plotted in Fig. 3.11(b). We use the Bose-Einstein distribution for the

distribution funtion to be onsistent with the thermal ondutivity predition.

The normalized RMS displaement for LJ argon more than doubles from ompression

to tension. The perentage of the unit ell that is aessible by the atom is redued

in ompression and inreased in tension. In silion, the opposite trend is observed: the

normalized RMS displaement dereases from ompression to tension. Sine the atom

is only allowed to displae from equilibrium through the natural energy of the thermal

�utuations, kBT , the further the atom deviates from the equilibrium position, the more

phonon-phonon sattering ours (i.e., the system is more anharmoni). The RMS data

for LJ argon and silion are therefore onsistent with the lifetime data in Figs. 3.3, 3.5,

3.8, and 3.10.

3.3.3.2 Potential Energy Surfae Mapping

To further understand the di�erene in the lifetime trends, we next performed moleular

statis (i.e., single-point energy) alulations for LJ argon and silion to map the potential

energy surfae experiened by an atom. A single atom is displaed in small inrements

along the [100] diretion and the total potential energy of the system is alulated. This
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Figure 3.12: Potential energy hanges for displaement in the [100] diretion for multiple

strains. (a) LJ argon displaement energy and harmoni �t. (b) Silion displaement

energy and harmoni �t. () LJ argon anharmoni energy. (d) Silion anharmoni energy.
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analysis is performed up to the RMS displaement.

In Figs. 3.12(a) and 3.12(b), the displaement energy (i.e., the energy minus the zero-

displaement energy) is plotted for LJ argon and silion. To apture the harmoni part of

the urve, a parabola is �t to the �rst four displaements and is plotted over the full range.

The urvature of the harmoni potential dereases in both argon and silion as the strain

is inreased. For both systems, the harmoni urve deviates from the full potential well

as the atom is displaed further from its equilibrium position, an indiation of inreasing

anharmoniity. The deviation from the harmoni urve is smaller in silion as ompared

to argon, whih is expeted beause silion is sti�er.

We next subtrat the harmoni �ts from the potential wells and the results are plotted

in Figs. 3.12() and 3.12(d). For LJ argon [Fig. 3.12()], the anharmoni ontribution is

positive for all strains. The anharmoniity at the RMS displaement inreases as the strain

is inreased, thereby inreasing phonon-phonon sattering and reduing the lifetimes (Fig.

3.5). In silion [Fig. 3.12(d)], the anharmoni ontribution is negative for all strains and

the greatest amount of anharmoniity (i.e., deviation from the harmoni potential) is felt

under ompression. This dereasing anharmoniity from ompression to tension inreases

the lifetimes (Fig. 3.10).

In silion, we observe ompeting e�ets between harmoni (i.e., heat apaity and group

veloity) and anharmoni (i.e., lifetime) e�ets. These two e�ets are thus deoupled and

need not sale together under strain, as seen in LJ argon. Compression does not just

inrease the �sti�ness,�[56℄ but an indue positive or negative hanges in the anharmoni

ontribution to the energy potential. The opposite behavior of the LJ argon and silion

systems demonstrates the need to separately inspet harmoni and anharmoni e�ets

when interpreting strain-dependent properties.
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3.4 Summary

We applied atomisti alulations to predit the strain-dependent phonon properties and

thermal ondutivity of LJ argon and silion. LJ argon undergoes an exponential derease

in thermal ondutivity with inreasing strain (Fig. 3.1). For silion, as shown in Fig. 3.6,

the thermal ondutivity remains onstant under ompressive strain and dereases with

inreasing tensile strain.

For LJ argon, the mode-averaged lifetimes and squared group veloities both derease

exponentially as the system moves from ompression to tension, with the squared group ve-

loity e�et dominating the thermal ondutivity (Fig. 3.5). For silion, the squared group

veloities derease from ompression to tension, while the lifetimes inrease anomalously,

as shown in Fig. 3.10.

To explain this behavior, we examined the loal potential well. The normalized RMS

displaement, plotted in Fig. 3.11(a) and 3.11(b), desribes how muh anharmoniity is

experiened. In LJ argon, the normalized RMS displaement inreases as strain is in-

reased while for silion it dereases as strain is inreased. These trends are onsistent

with the lifetime trends, whih is physially justi�ed as larger displaements will lead to

more anharmoniity and redued lifetimes.

We performed moleular statis to map the loal potential well in the [100] diretion. As

shown in Figs. 3.12(a) and 3.12(b), for LJ argon, the anharmoni ontribution inreases

with inreasing strain, similar to how the harmoni ontribution inreases. For silion,

however, the anharmoni ontribution dereases with inreasing strain, opposite to the

argon trend [Figs. 3.12() and 3.12(d)]. Strain an thus a�et the anharmoni ontribution

to the potential di�erently than it a�ets the harmoni ontribution, qualitatively hanging

the saling of the phonon lifetimes.
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Phonon-Boundary Sattering in

Nanoporous Silion Films

4.1 Introdution

As the porosity of a solid inreases, its e�etive thermal ondutivity dereases. The de-

reased ross-setional area and the inreased tortuosity that the heat �ux must follow

an be aounted for by solving the heat di�usion equation using the bulk (i.e., intrinsi)

thermal ondutivity. We will refer to the ratio between the solved e�etive thermal on-

dutivity and the intrinsi thermal ondutivity as the ontinuum orretion fator. If the

dimensions are redued until they are on the order of the phonon mean free paths, there

is an additional redution due to phonon-boundary sattering. This additional sattering

an be quanti�ed omputationally by aounting for the geometry's e�et and modifying

the phonon mean free paths (the group veloity and heat apaity are unhanged). The

thermal ondutivities of silion thin �lms with periodi pore arrays (i.e., nanoporous �lms)

and square silion nanowires are predited at a temperature of 300 K. Phonon-boundary

sattering is inluded by applying three Monte Carlo-based tehniques that treat phonons

as partiles. The bulk phonon properties are obtained from lattie dynamis alulations

driven by �rst-priniples alulations.

Thin �lms of rystalline silion with periodi through holes have been previously studied[16,

17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 29, 30, 31, 32, 33℄. We will refer to suh

strutures as nanoporous �lms. Due to silion amorphization at the pore edges during

fabriation and the formation of an amorphous native oxide layer when exposed to air,
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nanoporous �lms are not truly periodi from an atomisti standpoint[26℄. The thin �lm

boundaries and pore walls both satter phonons, whih are the dominant thermal energy

arriers in silion. The thermally-relevant bulk phonon mean free paths span �ve orders

of magnitude at room temperature, from 1 nm to 100 µm, and the wavelengths of the

thermally-relevant phonons are 1 to 5 nm[38℄. The nanostruturing redues the in-plane

thermal ondutivity to 1-70% of the bulk value at room temperature[16, 19, 43℄. The

suppression of the phonon thermal ondutivity makes nanoporous silion �lms attrative

as a possible thermoeletri material[17, 34℄. These strutures provide a large parameter

spae to explore in terms of the pore lattie design, pore size, and pore spaing.

To further understand and ultimately predit the experimentally-measured redution

in thermal ondutivity, nanoporous silion �lms have also been modeled omputation-

ally. When the struture is small enough [i.e., feature sizes O(1 nm)℄, the dynamis an

be modeled atomisitially and the thermal ondutivity an be predited from moleular

dynamis simulations[34, 78, 79℄. For thiker �lms and when the pore feature sizes are

on the order of tens of nanometers or larger, solving the atomisti dynamis expliitly is

not possible due to omputational limitations. Mesosale approahes that modify the bulk

phonon properties based on the nanostruture geometery are required[43, 44, 45, 46, 47,

48, 49, 50, 80, 81, 82, 83℄. The e�et of the boundary sattering on phonon transport

and thermal ondutivity an be determined by (i) spatially and temporally solving the

Boltzmann transport equation in the geometry of interest[43, 44, 45, 46, 47, 48, 49, 50℄ or

(ii) diretly modifying the phonon mean free paths, as we explore herein.

Controversy exists as to whether or not wave-like (also referred to as oherent) phonon

e�ets ontribute to thermal transport in nanoporous silion �lms at room temperature

(i.e., are phonon modes related to the seondary periodiity introdued by the pores rel-

evant). Suh e�ets have been observed at ryogeni temperatures, where the dominant
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phonon wavelengths are similar to the feature sizes[21, 84, 85, 86, 87℄. Jain et al.[80℄

modeled nanoporous silion �lms with feature sizes greater than 100 nm using the free

path sampling tehnique and ompared their in-plane thermal ondutivity preditions to

the experimental measurements of El-Kady et al.[19℄ at a temperature of 300 K. They

reprodued the �ne struture of the experimental values without the inlusion of oher-

ent e�ets. Alaie et al. experimentally measured the in-plane thermal ondutivity of

nanoporous silion �lms with a minimum feature size of 250 nm at room temperature[26℄.

Through omparison to analytial models, they onluded that the thermal ondutivity

had a ontribution from oherent phonon modes. Lee et al. measured the in-plane thermal

ondutivity of nanoporous silion �lms with periodi and aperiodi pores[33℄. Their ther-

mal ondutivity preditions from ray-traing alulations agree with the measurements on

both the periodi and aperiodi strutures within the experimental unertainty. They on-

luded that oherent e�ets are not important at room temperature in nanoporous silion

�lms with feature sizes of 100 nm or larger.

The importane of pathways for ballisti phonons transport, i.e., line-of-sight, in silion

nanoporous �lms has also been investigated. Using a Boltzmann transport equation-based

approah, Tang et al. found that staggering square pores in a �lm redues the thermal

ondutivity ompared to aligned pores[43℄. Experimentally, Anufriev et al. measured

a di�erene in the thermal ondutivity of silion strutures of the same porosity with

simple ubi and staggered pores[87℄. They attribute a lower thermal ondutivity in the

staggered geometry to the boundary sattering of ballisti phonons.

The objetive of this study is to ompare thermal ondutivity preditions for square

silion nanowires and nanoporous silion �lms inspired by the strutures of Alaie et al.

from three Monte Carlo-based tehniques for modeling phonon-boundary sattering: (i)

the free path sampling tehnique of MGaughey and Jain,[51℄ (ii) the isotropi ray-traing
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Figure 4.1: Shemati diagrams of the top views of the �ve nanoporous �lms. The

minimum repeating ell is outlined using a dashed line. The strutures are periodi in the

x− and z−diretions.

tehnique of Hori et al.,[52℄ and (iii) a modal ray-traing tehnique that we introdue. The

nanoporous strutures are desribed in Se. 4.2.1 and the bulk phonon alulations are

detailed in Se. 4.2.2. The Monte Carlo tehniques are presented in Ses. 4.2.3-4.2.6 and

ompared in terms of their underlying assumptions and omputational requirements. The

preditions are presented and analyzed in Se. 4.3, where we �nd no evidene for the exis-

tene of oherent phonon e�ets in the strutures of Alaei et al. For the nanoporous �lms,

we investigate how limiting the line-of-sight of phonons in�uenes thermal ondutivity.

4.2 Methodology

4.2.1 Nanoporous Strutures

The �ve nanoporous silion �lms to be studied are based on the fabriated samples of Alaie

et al.[26℄ and are shown in Fig. 4.1. The �lm thikness is 366 nm and the pores ompletely

penetrate the �lm. The large pores are present in all �ve strutures. They have a radius

of 425 nm and a periodiity of 1,100 nm suh that the edge-to-edge distane between them

is 250 nm. Interpenetrating small pores are introdued with varying periodiity leading to
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the 1 × 1, 2 × 2, 3 × 3, and 4 × 4 strutures. The struture without any interpenetrating

small pores will be referred to as the simple ubi (SC) struture. The small pore radius

of 102.8 nm is hosen so that the distane from its edge to the nearest large pore edge is

250 nm (i.e., the minimum feature size is the same in all �ve strutures). The resulting

porosities range from 0.469 to 0.496.

4.2.2 Bulk Phonon Calulation

To predit the thermal ondutivity of the silion nanostrutures, we use the bulk phonon

properties with the mean free paths modi�ed with a boundary sattering model (Ses. 4.2.3-

4.2.6). In making this hoie, we are assuming that: (i) there are no on�nement e�ets

(i.e., there are no bulk wavelengths that annot exist in the nanostruture), as the wave-

lengths of thermally-relevant phonons in silion at room temperature (1-5 nm)[38℄ are muh

smaller than the minimum feature size, and (ii) phonon modes that exist based on the se-

ond periodiity of the nanoporous �lm (i.e., oherent modes) do not ontribute to thermal

transport. Subsequently, our alulations follow a partile-based transport desription

where Eq. (2.28) (Se. 2.3) is valid.

The phonon frequenies, whih provide the volumetri heat apaity (from Bose-Einstein

statistis) and the group veloity vetor, and bulk mean free paths are obtained using HLD

and ALD (Ses. 2.2.1 and 2.2.2) for bulk silion at a temperature of 300 K[36, 37, 38, 54, 67℄.

The required fore onstants were alulated using the density funtional theory pak-

age Quantum ESPRESSO[73℄, with an eletroni Monkhorst-Pak wavevetor grid of

8 × 8 × 8 and an energy uto� of 60 Ry on the primitive (i.e., two-atom) unit ell. We

used the loal density approximation exhange-orrelation with the norm-onserving pseu-

dopotential Si.pz-vb.UPF. The harmoni fore onstants were obtained through density

funtional perturbation theory alulations using a Monkhorst-Pak phonon wavevetor
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grid of 8 × 8 × 8, whih was interpolated to a 24 × 24 × 24 wavevetor grid resulting in

82,944 phonon modes. The ubi fore onstants were alulated from �nite displaements

of a 216-atom superell. The predited bulk silion thermal ondutivity is 152 W/m-K,

1

whih is onverged to within 2% for the hosen parameter set[88℄. This value agrees with

the experimentally measured thermal ondutivity for isotopially pure silion of 153 ±5

W/m-K[75℄. As disussed by Jain and MGaughey, we note that the hoie of exhange-

orrelation and pseudopotential an hange the �nal thermal ondutivity value by up to

21 W/m-K for the same onvergene parameters[88℄. We ignore phonon-isotope sattering

as it an obsure the boundary sattering e�ets. Isotopially pure silion has a 10% higher

thermal ondutivity than natural silion[75℄. The ontinuum orretion fator for eah

geometry is alulated using COMSOL Multiphysis

R©
to solve the heat di�usion equation

using the �nite element method.

4.2.3 Free Path Sampling

The free path sampling tehnique takes pre-alulated bulk phonon properties, spei�ally

the group veloity vetor and the intrinsi mean free path, and alulates the e�etive

mean free path based on the geometry of the struture[51℄. For eah phonon mode, a set of

phonons with random free paths (sample from a Poisson distribution based o� of the mean

free path) travel until they reah their free path distane of they enounter a boundary.

Then the free path is rede�ned o� of this distane. A new mean free path, that inludes the

intrinsi sattering and the boundary sattering is now de�ned for that mode. Eq. (2.26)

is then evaluated using the new mean free paths along with the bulk heat apaities and

group veloities. In the periodi strutures modeled here, the initial position is taken in

1

Our predited bulk thermal ondutivity value of 152 W/m-K is higher than that of 144 W/m-K

reported by Jain et al.[88℄ for the same exhange-orrelation and pseudopotential. The di�erene is a

result of the harmoni fore onstants, alulated here from ph.x 6.0, while Jain et al. used ph.x 5.0.2.

52



the minimum repeating ell. The method is desribed in more detail in Se. 2.4.1. Free

path sampling does not use the Matthiessen rule as opposed to the other Monte Carlo

tehniques investigated here.

4.2.4 Isotropi Ray-Traing

The isotropi ray-traing tehnique developed by Hori et al. alulates a single boundary

sattering mean free path for all modes, Λ̄bdy, based on ballisti transmission (i.e., in the

absene of intrinsi sattering)[52℄. From an isotropi Landauer formalism, the ballisti

(i.e., boundary-sattering) e�et on thermal transport in a geometry an be evaluated.

Rays starting from di�erent angles at one end of a struture are traed and sattered

di�usely (aording to Lambert osine law) o� of boundaries until either end of the stru-

ture is reahed. From these traes a transmission ratio is alulated. Using the Landauer

formalism the average boundary sattering mean free path, Λ̄bdy, is alulated. This is

ombined with the intrinsi mean free path, Λpp, to reate an e�etive mean free path

through use of the Matthiessen rule, Eq. (2.32). For more details on isotropi ray-traing

onsult Se. 2.4.2.

It is worth noting that the appliability of the Matthiessen rule to phonon-boundary

and phonon-isotope sattering has reently been investigated. Luisier found that the

Matthiessen rule overestimated the thermal ondutivity of roughened silion nanowires

due to an additional sattering ontribution of loalized surfae modes oupled to phonon-

phonon sattering[89℄. Similarly, Feng et al. reported an overestimation of thermal on-

dutivity alulated by the Matthiessen rule in bulk silion that resulted from a failure to

aount for oupling between impurity and phonon-phonon sattering[90℄.
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4.2.5 Modal Ray-Traing

The ray-traing formulation of Hori et al. assumes that the phonon dispersion is isotropi

and ignores modal details. To investigate the di�erene between free path sampling and

isotropi ray-traing, we introdue a formalism of the ray-traing tehnique where the

boundary mean free path is obtained on a modal basis. This is aomplished by perform-

ing the derivation using the Landauer formalism without invoking the isotropi approxima-

tion. This approah allows us to eliminate the isotropi approximation in the ray-traing

alulation, but not the use of the Matthiessen rule.

The implementation of the tehnique is the same as isotropi ray-traing exept the

transmission ratio is alulated per eah phonon mode, where the modes are distinguished

by their initial angle based on the group veloity vetor. This results in a mode-spei�

transmission ratio, T (q, ν). The Matthiessen rule (Eq. 2.34) is again employed to alulate

the e�etive mean free path and substituted into Eq. 2.28. The modal ray-traing is detailed

in Se. 2.4.3 and the Landauer derivation without the isotropi assumption is available in

Appendix A.

4.2.6 Convergene and Comparison

The square nanowire is �nite in the x- and y-diretions and is in�nite in the z-diretion.

For free path sampling, it is modeled by applying periodi boundary onditions in the

z-diretion. The free path sampling alulations were performed with 100,000 samples of

eah phonon mode. The alulation was run with ten di�erent initial seeds and the 95%

on�dene interval on the predited thermal ondutivity is less than 0.1 W/m-K. To ap-

proximate an in�nite struture for the isotropi and modal ray-traing alulations, the

length must be inreased until the predited thermal ondutivity is onverged to a set

tolerane. For all wire side lengths onsidered, we performed isotropi ray-traing alula-
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tions with a length of 1 mm in the z-diretion with 100,000 samples of eah zenith angle

and initial position. The alulation was run with ten di�erent initial seeds and the 95%

on�dene interval is less than 0.5 W/m-K. Inreasing the length to 10 mm led to a di�er-

ene in thermal ondutivity of less than 2 W/m-K. Modal ray-traing alulations with

a length of 1 mm in the z-diretion were performed with 100,000 samples of eah phonon

mode. The alulation was run with ten di�erent initial seeds and the 95% on�dene

interval is less than 0.5 W/m-K. Inreasing the length to 10 mm led to a di�erene in the

thermal ondutivity of less than 2 W/m-K.

The minimum repeating strutures for the eah of the nanoporous silion �lms are

outlined by dashed lines in Fig. 4.1. For the free path sampling alulations, this struture is

hosen and periodi boundary onditions are applied in the in-plane (x- and z-) diretions.

The free path sampling alulations were performed with 100,000 samples of eah phonon

mode. The alulation was run with ten di�erent initial seeds and the 95% on�dene

interval on the predited thermal ondutivity is less than 0.1 W/m-K. Isotropi ray-traing

alulations with 50 ell repetitions in the z-diretion were performed with 100,000 samples

of eah zenith angle and initial position. The alulation was run with ten di�erent initial

seeds and the 95% on�dene interval is less than 0.1 W/m-K. Inreasing the number of

ells by ten led to a di�erene in thermal ondutivity of less than 0.2 W/m-K. Modal ray-

traing alulations with a length of 50 ell repetitions in the z-diretion were performed

with 100,000 samples of eah phonon mode. The alulation was run with ten di�erent

initial seeds and the 95% on�dene interval is less than 0.1 W/m-K. Inreasing the number

of ells by ten led to a di�erene in the thermal ondutivity of less than 0.1 W/m-K.

A omparison of the three tehniques is provided in Table 4.1. For the spei�ed phonon

grid and onvergene parameters, free path sampling is the most omputationally e�ient

for our hosen material and strutures. Isotropi ray-traing and modal ray-traing require
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Table 4.1: Comparison of free path sampling, isotropi ray-traing, and modal ray-traing

tehniques for inluding phonon-boundary sattering in thermal ondutivity predition.

Tehnique Normalized Time Material Independent? Mode Dependent? Matthiessen Rule?

Free Path Sampling 1 No Yes No

Isotropi Ray-Traing 5 Yes No Yes

Modal Ray-Traing 2,750 No Yes Yes

5 and 2,750 times more omputational e�ort. It is important to note that the omputa-

tional ost of free path sampling and modal ray-traing sale linearly with number of modes,

while that for isotropi ray-traing is onstant beause it is mode-independent. The om-

putational ost for modal ray-traing ould be redued by alulating transmission ratios

for a grid of azimuthal and zenith angles and then interpolating the transmission ratio for

a spei� phonon mode based on the diretion of its group veloity vetor.

Isotropi ray-traing is independent of material and the Λ̄bdy alulated for a geometry

an be used for multiple materials. This single value, however, is applied to all phonon

modes. In ontrast, free path sampling and modal ray-traing depend on both geometry

and material. Separate alulations must thus be performed for every ombination, but

they provide a mode-dependent boundary sattering mean free path. The Matthiessen rule,

applied in isotropi ray-traing and modal ray-traing, potentially limits these tehniques

by assuming that the phonon-boundary sattering rate is independent of the intrinsi

phonon-phonon sattering.

4.3 Results

4.3.1 Square Nanowire

We begin by studying thermal transport in square silion nanowires with side lengths a
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Figure 4.2: Axial thermal ondutivity of square silion nanowires predited by the three

boundary sattering tehniques and by the Casimir limit (Λ̄bdy = 1.12a). The 95% on�-

dene interval is ontained within the size of the markers.

ranging from 100 to 1,000 nm at a temperature of 300 K. The thermal ondutivity predi-

tions from free path sampling, isotropi ray-traing, and modal ray-traing are plotted in

Fig. 4.2. Also plotted is the thermal ondutivity alulated from the analytial Casimir

limit (Λ̄bdy = 1.12a) and the bulk phonon mean free paths by use of Eqs. (2.28) and (2.32).

Thermal ondutivity inreases by a fator of two with inreasing side length for all three

tehniques, exhibiting a more rapid hange for the smaller wires. Isotropi ray-traing

losely follows the Casimir limit predition, as expeted, and as previously shown by Hori

et al[52℄. The free path sampling and modal ray-traing preditions are 6 to 40% higher

than those from isotropi ray-traing. We note that the Casimir limit is only stritly valid

in the limit where other sattering mehanisms have a muh longer length sale than the

boundary sattering feature sizes. This ondition is not met for all phonon modes in silion

at room temperature, where the bulk mean free paths are as short as 1 nm.

The thermal ondutivity aumulation funtions, kaccum, for the three Monte Carlo

tehniques for side lengths of 100 and 1,000 nm are plotted in Fig. 4.3. These urves
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Figure 4.3: Thermal ondutivity aumulation of square silion nanowires with side

lengths of 100 and 1,000 nm as predited by the three boundary sattering tehniques.

represent the umulative ontribution of phonon modes with inreasing mean free path to

thermal ondutivity. At a side length of 100 nm, the isotropi ray-traing aumulation

funtion spans one order of magnitude of mean free paths and terminates at 100 nm.

This maximum mean free path is two orders of magnitude smaller than that for free

path sampling and modal ray-traing, where phonons spanning three orders of magnitude

ontribute to thermal ondutivity. Isotropi ray-traing only alulates one boundary

sattering mean free path and applies it to all the phonon modes regardless of their diretion

[Eq. (2.32)℄. With the use of the Matthiessen rule, no phonon mode an have a larger

mean free path than Λ̄bdy and thereby all mean free paths must terminate by this value,

leading to an unphysially small maximum mean free path. Free path sampling and modal

ray-traing, on the other hand, aount for the boundary sattering at the modal level.

The diretionality aptured in these two tehniques allows for phonons traveling primarily

axially to have little to no boundary sattering ompared to modes traveling primarily in

the plane of the wire. Beause isotropi ray-traing averages the boundary sattering in all

diretions, it fails to physially apture these long mean free path modes in the nanowire.

58



Although free path sampling and modal ray-traing produe similar thermal ondutivities

and aumulation funtions, the preditions are not idential. The disrepanies ould be

a onsequene of the use of the Matthiessen rule in modal ray-traing.

When the side length is 1,000 nm, the maximum mean free path for free path sampling

and modal ray-traing is one order of magnitude larger than that for isotropi ray-traing.

As the wire size is inreased and the boundary sattering is dereased, the importane of

inluding the diretional dependene of boundary sattering is redued. As the side length

of the wire is further inreased and the boundary sattering dereases, the preditions of

all three tehniques will onverge to the bulk thermal ondutivity and its aumulation

funtion.

4.3.2 Nanoporous Films

4.3.2.1 Thermal Condutivity

We now investigate the nanoporous silion �lms of Alaie et al. that were desribed

in Se. 4.2.1. The in-plane thermal ondutivities alulated by the three Monte Carlo

tehniques are plotted versus porosity in Fig. 4.4(a). These thermal ondutivities inlude

both the ontinuum orretion fator and the e�et of phonon-boundary sattering. The

thermal ondutivities are redued by a fator of �ve ompared to silion's bulk thermal

ondutivity and derease with inreasing porosity. The thermal ondutivity preditions

from free path sampling and isotropi ray-traing di�er by less than 1 W/m-K for eah

struture, a surprising agreement that was not found for the square nanowire. The modal

ray-traing values are 4-5 W/m-K higher.

The thermal ondutivity preditions are ompared to the experimental measurements

of Alaie et al. in Fig. 4.4(b). Alaie et al. present thermal ondutivities normalized by that
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Figure 4.5: Thermal ondutivity aumulation of SC nanoporous silion �lms in the in-

plane diretion from free path sampling, isotropi ray-traing, and modal ray-traing. The

ontinuum orretion fator is not applied.

of a solid thin �lm of the same thikness, but do not provide the normalizing value. To

ompare our preditions to their measurements, we normalized the data in Fig. 4.4(a) to

the SC struture. The Monte Carlo tehniques all inherently treat phonons as partiles

suh that they annot apture oherent transport e�ets. All three tehniques follow the

experimental trend, with free path sampling lying within the experimental error bars for

the four strutures with interpenetrating small pores. This �nding is onsistent with the

onlusions of Jain et al.[80℄ and Lee et al.[33℄, who found that partile-based models an

predit the thermal ondutivity of periodi silion nanoporous �lms with feature sizes

greater than 100 nm at room temperature.

4.3.2.2 Aumulation

The mean free path spetra produed by the Monte Carlo tehniques are now om-

pared by plotting the three thermal ondutivity aumulation funtions for the SC �lm in

Fig. 4.5. The ontinuum orretion fator is not inluded here so as to isolate the phonon-
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Figure 4.6: E�et of interpenetrating pore radius on thermal ondutivity for the 1 × 1
struture. The solid lines orrespond to linear �ts to the data on either side of the line-of-

sight limit. The ontinuum orretion fator is not applied.

boundary sattering e�et. The aumulations up to a mean free path 0.3 µm are similar,

with modal ray-traing 4 W/m-K below the other two tehniques. Isotropi ray-traing

predits a maximum mean free path that is an order of magnitude shorter than that from

the other two tehniques. As with the square nanowire, the origin of this di�erene is that

phonon modes traveling in-plane enounter less sattering ompared to modes traveling

normal to the surfaes of the �lm. This geometrial e�et is not aptured by a single

boundary sattering term. Beause of their modal nature, free path sampling and modal

ray-traing realize these long mean free paths.

4.3.2.3 Line-of-Sight

We next examine the e�et of line-of-sight, i.e., the distane a phonon an travel without

boundary sattering. As noted in Se. 4.2.6, free path sampling is less omputationally

expensive than the ray-traing tehniques. It is also more robust, as it does not require

onvergene with length, and aptures diretional e�ets as the sattering is alulated on
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a modal basis. We thus use free path sampling exlusively in the subsequent analysis.

The line-of-sight reates a limit on the largest free path in a nanoporous �lm, whih

an drastially hange with a minimal hange in porosity. Using the 1× 1 struture from

Fig. 4.1, we inrease the radius of the interpenetrating small pore from 102.8 nm to 140

nm. At a radius of 102.8 nm, a phonon with a group veloity vetor in the z-diretion

an propagate unimpeded between the large and small pores. At a small pore radius of

125 nm, orresponding to a porosity of φ = 0.5095, the path beomes bloked as there

is no line-of-sight from the urrent ell past the �rst nearest-neighbor ell. In Fig. 4.6,

the intrinsi thermal ondutivity of the 1 × 1 struture is plotted versus porosity. The

ontinuum orretion fator is not inluded here so as to isolate the phonon-boundary

sattering e�et. Lines �t to eah side of the rossover radius of 125 nm show a 2.5%

di�erene in slope that abruptly hanges at the line-of-sight limit.

To further examine the line-of-sight e�et, the distribution of free paths of the �rst

longitudinal aousti mode in the z-diretion (wavevetor of 7.164× 10−12
m

−1
) for inter-

penetrating small pore radii of 120 and 130 nm are plotted in Figs. 4.7(a) and 4.7(b). For

both strutures, there is a steady derease in the number of free paths from 200 to 1,100

nm. This feature is from phonons that initialize between the small pores, with the rare

limiting ase that a phonon modes starts at the edge of one small pore and travels the full

1,100 nm to the neighboring small pore. In the ase of the 130 nm struture, this is the

maximum distane a phonon an travel and limits the maximum free path. For a small

pore size of 120 nm, the free paths extend more than two orders of magnitude past 1,100

nm due to the gap between the large and small pores. It is the ontribution of phonon

modes that propagate through these gaps that hanges the thermal ondutivity saling

at a porosity of 0.5095, as shown in Fig. 4.6.
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Figure 4.7: Probability density of free paths of the �rst [001℄ longitudinal mode alulated

from free path sampling for the 1× 1 struture with interpenetrating small pores of radius

(a) 120 nm and (b) 130 nm.
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4.4 Summary

We applied three Monte Carlo-based tehniques for inluding the e�ets of phonon-boundary

sattering in prediting the thermal ondutivities of silion square nanowires (Fig. 4.2)

and silion nanoporous �lms (Fig. 4.4) at a temperature of 300 K. All three tehniques

treat the phonons as partiles and thus do not inlude oherent e�ets.

For the square nanowire, isotropi ray-traing reprodued the Casimir limit while free

path sampling and modal ray-traing predited larger thermal ondutivities. The or-

responding thermal ondutivity aumulation funtions show a large disrepany in the

range of and maximum mean free paths. Isotropi ray-traing predits that only mean free

paths up to the wire side length ontribute to thermal ondutivity, while the other two

tehniques predit the existene of mean free paths up to the bulk values. This di�erene

is a result of isotropi ray-traing's failure to aount for di�erenes in sattering due to

diretionality, while the other two tehniques alulate the boundary sattering on a modal

basis.

The thermal ondutivity preditions for the nanoporous �lms from the three teh-

niques fall within a range of 6 W/m-K. Those from free path sampling agree with the

measurements of Alaie et al.[26℄ within their respetive unertainties. This �nding sup-

ports the onlusion reahed by others[33, 80℄ that oherent e�ets do not ontribute to

thermal transport at room temperature. Using free path sampling, we examined the e�et

of the line-of-sight by onsidering the 1× 1 struture with an inreasing porosity, as shown

in Fig. 4.6. There is a distint hange in trend at the transition from a free line-of-sight

to a bloked line-of-sight. This �nding highlights the importane of line-of-sight in the

engineering of thermal transport in nanostrutures.

Although the three tehniques for inluding phonon-boundary sattering produed sim-

ilar thermal ondutivity magnitudes and trends, there are distint di�erenes in the modal

65



details. Isotropi ray-traing reprodues the Casimir limit in the nanowire but trunates

phonons that should not satter with boundaries. This result emphasizes the limits of the

appliability of the Casimir limit when applied to arriers with a broad spetrum of mean

free paths. The formulation of the modal ray-traing, albeit at a higher omputational

ost, disriminates the boundary sattering of phonon modes based on their diretion of

propagation. Free path sampling has the advantages of operating on a modal basis, not

invoking the Matthiessen rule, and having the lowest omputational ost.
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Transient Grating

5.1 Introdution

Transient grating spetrosopy (TG), also known as impulsive stimulated light sattering,

is a ontatless optial laser based tehnique that is used to measure aousti and ther-

mal properties of materials. The generation of spatially periodi stress and temperature

variations is ahieved by interferene of two oherent beams of lasers rossing at the sam-

ple, produing a sinusoidal grating of high intensity light. TG was �rst used to measure

the thermal di�usivity of olored methanol, olored glyerin, and ruby by Eihler et al.

in 1973[91℄. Sine then, the tehnique has been improved to aount for both aousti

and thermal e�ets by Nelson et al. in 1982, and Maznev et al. introdued a heterodyne

tehnique to amplify the signal in 1998[92℄. Johnson et al. introdued a phase-ontrol

of the heterodyne tehnique for improving the seletion of aousti and thermal e�ets in

2012[93, 94℄. It is this phase-ontrolled heterodyned TG setup that we have built and is

the fous of this thesis.

Central to the TG experiment are two lasers, a pulsed �pump� laser and a ontinuous-

wave �probe� laser. Two beams of the pump laser and two beams of probe laser are

foused onto a single spot. The interferene pattern reated by the overlapping pump

lasers sinusoidally heats the surfae of the sample, i.e. the transient grating. As the probe

passes though the transient grating reated by the pump it is di�rated. The intensity of the

di�ration is proportional to the hanges reated in the omplex refration oe�ient due

to non-equilibrium strain or temperature. As the material relaxes bak to equilibrium, no

light is di�rated from the probe beam. The timesale assoiated with this relaxation an
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be related to the thermal di�usivity of the material. This di�ration signal, heterodyned

with a �referene� beam, is aptured by a photoreeiver and reorded by an osillosope.

We an then �t this signal deay to extrat the assoiated thermal di�usivity.

5.2 Comparison to Other Thermal Spetrosopy Teh-

niques

5.2.1 Motivation

Traditionally, thermoouples have been used to measure the thermal ondutivity of bulk

materials. When measuring the thermal ondutivity of a set of materials in series (i.e., a

stak of �lms), the highest thermal resistane will dominate the overall resistane of the

bulk. If the layer of interest is not the highest thermal resistane then aurately extrating

the thermal ondutivity using thermoouples of the layer is di�ult or impossible. For

example, if 300 nm of thermally grown silia is on the surfae of a 1 mm single rystal,

the silia only aounts for ∼ 1 × 10−6
of the total resistane of the stak. The thermal

ondutivity of this silia layer annot be measured with onventional methods. Moreover,

the thermal boundary ondutane between two dissimilar layers is also inaessible.

As thin �lms are ommon in eletronis and energy onversion devies, quantifying their

thermal properties is important to thermal management and thermal engineering. Also,

at the nanosale, the thermal boundary ondutane is a signi�ant soure of resistane.

Tehniques that an measure suh small resistanes, without introduing a ontat to avoid

damage or in�uene of the thermal properties, are required.
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5.2.2 Thermore�etane Tehniques

Laser-based tehniques that use the property of thermore�etane, or the hange in re-

�etane of a material due to a temperature hange, have beome popular in modern

thermal spetrosopy. There are two major �avors of thermore�etane tehniques: time-

domain thermore�etane spetrosopy (TDTR)[95, 96, 97℄ and frequeny-domain ther-

more�etane spetrosopy (FDTR)[98, 99℄. Both tehniques use a �pump� laser to heat

the sample periodially and a �probe� laser that re�ets based on hanges of the temper-

ature of the surfae. Typially, a thin metal layer alled a transduer is deposited on the

surfae either through sputtering or evaporation. The pump laser frequeny is hosen for

high absorbane in the metal and the probe laser frequeny is hosen for a high thermore-

�etane value for the metal. The pump and probe beams are foused onentrially onto

the transduer to a spot size of a few to tens of mirons.

In TDTR the lasers are pulsed. The pump laser thermally exites the surfae and

the probe laser re�ets o� the surfae with a time delay. The probe laser's amplitude is

reorded and it hanges proportionally to the temperature rise in the surfae. By sampling

di�erent delays a pro�le of the probe response with hanging time delay an be built.

Modulation of the pump laser intensity by a sine wave at a lower frequeny than the probe

sampling rate an be used for lok-in detetion to improve signal-to-noise ratio.

FDTR uses ontinuous wave lasers. The pump laser is intensity modulated by a sine

wave and heats the sample periodially. The probe laser is unmodulated but upon re�eting

o� the surfae gains an intensity modulation of the same frequeny of the pump modulation

as the thermore�etane of the surfae hanges sinusoidally. The amplitudes and phases

of the two beams are reorded using a lok-in ampli�er, and the phase di�erene (a.k.a.

phase-lag) between the two beams is reorded.

In both setups, the thermal penetration depth of the thermal signal is shallow, pro-
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duing a high sensitivity to the thermal harateristis of the surfae. The pro�le of the

penetration depth varies between semi-spherial to �at, depending on spot size and modu-

lation frequeny. This results in a large dependene on the ross-plane thermal di�usivity

and little dependene on the in-plane thermal di�usivity. The relations of probe response

with time delay for TDTR and the phase lag with modulation frequeny for FDTR, an

be �t to an analytial model of the heat di�usion equation for a layered system heating

by Gaussian lasers[100℄. The thiknesses of all the layers, the thermal di�usivity of the

non-target layers, and the volumetri heat apaity of the target layer must all be known

to �t.

5.2.3 Comparison

The primary di�erene between TG and TDTR/FDTR is that TG is sensitive to in-plane

thermal transport and TDTR/FDTR is sensitive to ross-plane thermal transport. This

is due to the spatial variation of the temperature pro�les. In TG, the heat is deposited

in a one-dimensional sinusoid aross the surfae of the sample, leading to a strong driving

gradient in the in-plane diretion. In TDTR/FDTR, the heat is deposited in a planar

pro�le at the surfae, reating a temperature gradient towards the bak of the sample in

the ross-plane diretion. It is the spatial depositions of heat that reates the di�erent

sensitivities.

There are other onsiderations that di�erentiate the tehniques. In TG, the probe spot

size is on the order of hundreds of mirons, limiting the size of regions or samples that an

be measured ompared to TDTR/FDTR's few to tens of mirons resolution. Also, in the

transmission TG the sample must be semi-transparent to let the light transmit through

to the detetor. In TDTR/FDTR, a metal layer is typially applied to obtain the desired

thermore�etane e�et. This introdues omplexity as the deposition adds another layer
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Figure 5.1: The layout of the TG experiment.

to onsider. Moreover, the sample is heated during the deposition of metal, something

that might be undesirable. Also, the transduer layer an in�uene the dynamis of the

material, espeially in thin membranes. Depending on the seond layer, the metal might

di�use into the sample hanging the thermal properties of the following layer. The interfae

ondutane between the metal and the subsequent layer adds a possible unknown to the

analytial �t, and measurement of the thikness and thermal ondutivity of the metal

must be performed. With TG, there is no need for a transduer layer as it operates by

hanges in the optial properties of the material of interest. Moreover, with TG, only the

spaing of the grating at the sample is needed to extrat the thermal di�usivity if there is

only one material of interest.

5.3 Setup

5.3.1 Optis and Optomehanis

In Fig. 5.1 is the optomehanial portion of our TG experiment and in Fig. 5.2 is a enu-

merated shemati of the ritial omponents. Central to the TG experiment is two lasers,

a pulsed �pump� laser (Fig. 5.2[1℄) and a ontinuous wave �probe� laser (Fig. 5.2[2℄). In
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Figure 5.2: A shemati of the TG setup.

our setup we used a Bright Solutions Wedge-XF pulse laser at 532 nm whih has a variable

repetition rate of single-shot to 100 kHz, a pulse width of 350 ps, and a maximum power

of 800 mW. Our probe laser is a ontinuous wave Coherent MX SLM at 514 nm with a

maximum power of 500 mW.

Sine the deay time of the signal is on the order of miroseonds, we try to minimize

heating of the signal by only lasing the probe beam during the relevant time period. This is

aomplished by optially hopping the beam through the use of an eletro-opti modulator

(EOM). We use a ConOptis Model 350-50 eletro-opti modulator (EOM) to hop the

signal(Fig. 5.2[3℄).

The two beams are then sent through a series of beam shaping and fousing lenses. To

align with the lenses, we use two mirrors (Fig. 5.2[4℄) to turn the orner. This is done as we

need one mirror to grant us the degree of freedom of the angular dependene and a seond

mirror to allow us to ontrol the linear position of the beam origin. The ombination

allows us to send our beam in a straight line without physially moving the position of the

mirrors, just by manipulating the angle adjustment knobs. The pump beam is �rst shaped

by two onvex lenses (Fig. 5.2[5℄) of foal lengths 300 mm and 40 mm. These lenses allow

us to redue the beam width of the pump. This is done as the �nal spot size of the pump
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must be larger than the probe, and the spot size is inversely proportional to the beam

width. The pump is then foused by a 500 mm onvex lens (Fig. 5.2[6℄) to the di�ration

grating (Fig. 5.2[10℄). The probe is also foused by a 500 mm onvex lens (Fig. 5.2[7℄)

without any previous beam shaping to the same loation.

To make alignment easier, the pump is turned to the �nal beam path by use of a gimbal

mirror (Fig. 5.2[8℄). The gimbal mirror pivots around the enter point of the mirror fae,

whereas the normal mirror mounts pivot on one orner. This is desirable as adjustments

in the vertial and horizontal axis ouple less to eah other. As suh, the gimbal mirror

is primarily used for the �nal �ne alignment of the experiment. The probe is redireted

by a dihroi mirror (Fig. 5.2[9℄). This dihroi mirror is transparent to the 532 nm pump

beam wavelength whih allows us to ombine the beams. Note that the dihroi mirror is

operational at an inident angle of 45±1◦.

At the dihroi mirror, the two beams are not ollinear nor onentri. This is so

that the probe beam an have a downward angle while traveling towards the di�ration

grating (Fig. 5.2[10℄). The di�ration grating is a glass slide that has periodi square

wells 565 nm in depth ut into the surfae. The 565 nm depth is spei� to the pump

wavelength of 532 nm. The grating di�rats by periodially hanging the phase lag of the

light passing through it and is therefore a phase di�ration grating. The square uts are

spaed apart with variable grating periods ranging from 2.2 µm to 260 µm. This spaing

hanges the di�ration angle as well as the �nal grating spaing at the sample surfae.

Here, at the di�ration grating, the pump and probe beams are foused and onentri,

whih is neessary for the telesopi e�et of the ahromati lenses.

First, a 150 mm foal length ahromati lens (Fig. 5.2[11℄) redirets the four beams

(i.e., �rst orders of the pump and �rst orders of the probe) parallel to eah other. The

downward angle probe beams are now also parallel to the benh surfae, but are lower in
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position than the pump beams. This allows us to interat with the probe beams without

interfering with the pump beams. First, the left probe beam is sent through a glass window

(Fig. 5.2[12℄) whose angle is ontrolled by a Thorlabs Z812 Motorized Atuator. The glass

window imparts some arbitrary phase di�erene into the left probe beam relative to the

right probe beam. By hanging the angle of the glass window we hange the path length

and thereby phase imparted on the beam. This allows ontrol of the phase di�erene

between the two probe beams. The right probe beam passes through a 2.0 neutral density

�lter that attenuates the intensity of the light, we shall all this the �referene� beam.

This helps avoid saturation of the photoreeiver (Fig. 5.2[17℄). The pump laser travels

unimpeded to as 75 mm ahromati lens (Fig. 5.2[14℄) that fouses the pump and probe

beams onto a sample.

The pump beams fous onto the sample with a spot size of ∼500 µm in diameter

(Fig. 5.2[15℄). The two beam interfere and produe a sinusoidal interferene pattern. This

indues a periodi strain and a periodi heating if the sample is not transparent. The

left probe beam passes through the irradiated region and di�rats based on the hanges

in strain and temperature. The referene beam, whih is naturally ollinear with the

di�rated probe beam serves as a heterodyne, in part, to inrease the signal amplitude

of the di�rated probe beam. Our TG is setup for transmission geometry, where the

heterodyned beam transmits through the sample. A re�etion setup for TG is possible for

materials that are opaque, however suh as setup is beyond the sope of this thesis. The

heterodyned beam is sent through a Thorlabs bandpass �lter of 514.5 ±3 nm (Fig. 5.2[16℄)

to �lter out any pump light and is reorded by a photoreeiver (Fig. 5.2[17℄). The startup

proedure to perform the experiment is desribe in detail in Appendix B.1.
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5.3.2 Eletronis

Eletronially, the biggest hallenge is timing of the lasers and of the reording of the data.

The probe laser is water ooled using a thermoeletri ooler and its power is manually

set in units of milliwatts. The pump laser is air ooled with a heat sink and fan, and its

power is manually set by a �line voltage,� whih is a voltage between 0 and 5 V that is

an unspei�ed non-linear funtion of the atual power of the laser. Typially, the probe

laser is operated at a power between 200-300 mW and the pump laser is operated between

80-100% line voltage.

To initialize the timing, a Keithley 3390 50 MHz Arbitrary Waveform Generator reates

a unipolar square wave with a frequeny of 1 kHz, a voltage of 1.247 V, and a duty yle

of 20%. This is sent to a ConOptis Model 302 RM ampli�er whih drives the EOM. The

voltage of 1.247 V is spei� to the probe laser wavelength of 514 nm.

The waveform generator sends a 1.5 V square wave from the syn output to a BNC

Model 7010 Digital Delay Generator. The delay generator is used to trigger both the pump

laser and the reording of data. A 3 V delta signal is sent to the pump trigger to �re the

laser. This is done 180 µs after the probe laser has been allowed to pass by the opening

of the EOM. Sine the probe signal will �utuate after the EOM has opened the delay

allows the noise to redue before the pump �res. This leaves 20 µs of time to reord the

signal. A Tektronix TDS 794D Four Channel Digital Phosphor Osillosope is used to

reord the signal. The osillosope is triggered by the delay generator through the use of

a gate signal output. This gate signal is a 1 V square wave reorded in the seond hannel

of the osillosope. The fall of the gate signal ours at 180 µs after the EOM opens the

probe laser, and at the same time as the pump laser �res, triggers the reording by the

osillosope.

The osillosope reords 250,000 samples at a sampling rate of 2 GHz. This is done
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while averaging every 100,000 samples for three to six minutes. The signal is reorded by a

Thorlabs PDA10A Si Ampli�ed detetor. It is rated for light of wavelengths between 200

and 1,100 nm and has a bandwidth of 150 MHz. This photodetetor is suitable for thermal

deays on the order of milliseonds. For detetion of aousti waves or short thermal deays

on the order of nanoseonds a AC-oupled high-speed photoreeiver an be used. Suh an

AC-oupled photoreeiver, however, is inappropriate for longer thermal signals as it annot

apture the low-frequeny terms of the exponential deay.

5.4 Theory of Operation

When the pump laser enounters the sample there are two e�ets: aousti strain termed

impulsive stimulated Brillouin sattering (ISBS) and thermal strain termed impulsive

strained thermal sattering (ISTS). ISBS ours even in ompletely transparent materi-

als and is aused by stress from eletrostrition, i.e., the stress indued in dieletris by

an eletri �eld. ISTS, whih is of primary onern for this thesis, is reated by optial

absorption of light and reates both thermal strain and aousti waves.

The omplex index of refration, N , of a material is,

N = N + iK, (5.1)

where the N is the real term and K is the imaginary term. The real term is the ratio speed

of light in a vauum to the phase veloity of light in a material and ontrols the angle

in Snell's law. This term hanges spatially due to both ISBS and ISTS. Spatial variation

in the real index of refration produes a phase modulated di�ration grating, where the

di�ration grating is reated by the periodi hange in phase of the light. The imaginary

index of refration, or the extintion oe�ient, is only modulated by ISTS. As it relates
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to the attenuation of of light it is only present in opaque or semi-transparent materials.

The laser thereby produes both an amplitude di�ration grating, where the di�erene in

periodi intensity of light is the basis of the di�ration grating from the thermal dependeny

of K, and a phase modulated grating from the aousti waves produed by the shok of

thermal expansion or eletrostrition.

These e�ets an be separated by altering the phase adjust on the probe beam. This

hanges the relative phases between the two probe beams and therefore the intensity pro�le

at the sample. This enables seletion of the phase modulation when the probe and referene

beams' phases are either −π/2 or π/2 relative to eah other, or the seletion of amplitude

modulation when the probe and referene beams' phases are either 0 or π relative to eah

other. The theory of heterodyne detetion is desribed in more detail in Appendix B.2.

Under the approximations that the referene beam intensity is muh greater than the

di�rated beam intensity and that the heating is uniform in the ross-plane (i.e., z ), dire-

tion the temperature response of the surfae is[94℄,

T (z = 0, x, t) =
A

η
√
π
(αzt)

−1/2 cos (qDx) exp (−αxq
2
Dt), (5.2)

where A is the amplitude of the signal, η is the inverse of the penetration depth of the

temperature into the surfae, q is the grating wavenumber, and α is the thermal di�usivity.

The amplitude is a pratially indeterminable value due to unknown translations and losses

in the reording of the signal. TG is insensitive to the ross-plane (i.e., z -diretion) thermal

di�usivity as it is indistinguishable from the arbitrary amplitude. The in-plane (i.e., x -

diretion) thermal di�usivity determines the rate of the exponential deay whih an be

extrated through �tting.
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5.5 Benhmarking

5.5.1 Water Sample

We benhmark our TG setup by measuring the thermal di�usivity of water. The water

is ontained in a Thorlabs fused-UV quartz 700 µL miro uvette with a path length of

2 mm. The dye malahite green, 4-[4-(Dimethylamino)phenyl℄(phenyl)methylidene-N,N-

dimethylylohexa-2,5-dien-1-iminium hloride, is added to the water to absorb and atten-

uate the light passing through the water. Importantly, the dye di�uses uniformly through

the water and ats as a soure of volumetri heating when irradiated.

A program sans over the phase adjust angles in small inrements. Seven pairs of π and

0 phase di�erene traes are identi�ed from the phase adjust san. The 0 phase di�erene

trae is subtrated from the π phase trae to inrease the signal.

Using our �tting proedure desribed in Se. 5.5.2, we measure a thermal di�usivity of

0.144 m

2
/s with a 95% on�dene interval from our seven pairs of phase angles of 0.003

m

2
/s at an ambient temperature of 25

◦
C. The referene value is 0.145 W/m

2
at 25

◦
C[2℄,

with our measurement lying within 1% and with a 95% on�dene interval of 2%.

1

5.5.2 Signal Fitting

We use a di�ration grating spaing of 6 µm. Theoretially, the di�ration grating spaing

at the sample should be 3 µm. This is beause the ratio of the ahromati lenses' foal

lengths is 2:1, whih should result in a spot size that is halved at the sample. We measured

the spot size at the di�ration grating and at the foal point, where the sample rests, with

the knife-edge tehnique.

A razor blade is attahed to a Sutter Instruments MPC-200 miromanipulator with

1

The temperature rise due to the heating by the laser was not quanti�ed. An inrease in temperature

at 25

◦
C would inrease the thermal di�usivity.
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Figure 5.3: Di�ration of the beam at the sample by the straight edge. The beam was

allowed to travel past the photodiode and diverge so that it would be visible to the naked

eye.

a minimum resolution of 1/16 µm. The blade is moved into the beam while the beam

intensity is reorded using a photodiode. As the beam pro�le is Gaussian, the resulting

intensity pro�le versus displaement is an error funtion. This funtion is linearized and

�t to extrat the spot size. We measure the spot size at the di�ration grating to be 2120

µm and the spot size at the sample to be 570 µm. This is a ratio of 3.7. We suspet

that the ratio is a�eted by divergene of the beam after the di�ration grating. Sine

the distane between the di�ration grating and the �rst ahromati lens is less than the

distane between the two ahromati lenses, and the spot size is inversely proportional to

the beam width at the (seond ahromati) lens, this is onsistent with our hypothesis.

Moreover, there is di�ulty in measuring the spot size at the sample due to di�ration

of the laser beam from the straight edge as seen in Fig. 5.3. The di�ration displaes

light o� the diode. Also, even for a �xed power, hanges in the area of irradiation on a

photodiode an hange the voltage signal. As suh, the ratio is only a rough estimate of

the expeted redution of spot size.

The �rst step to �tting the signal is to set the baseline of the signal to zero. This is

done by averaging the signal amplitude before the trigger of the pump and normalizing the

trae by this value. In Eq. (5.3) the theoretial signal diverges at t = 0 from the

√
t term.
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Figure 5.4: A log-log plot of the raw signal amplitude versus time. The vertial lines

(purple and green) indiate the limits of the data that is inluded in the �t. The red line

is the deay for the referene value. The yellow line is the �tted line and the blue irles

are the raw data points.

This is unphysial and is a result of our approximation that the heating is uniform in the

ross-plane diretion. The di�erene between the two has been ameliorated by starting the

�t of the signal at some time after the initial pump lase[94℄. The amount of time to wait is

left as a hoie by the user and an exat timing is unspei�ed. Also, the signal deays to

zero but in the experiment there is some �nite noise �oor that will be reahed. We propose

a methodology by whih to �t the data for the thermal di�usivity.

When onsidering Eq. (5.3), we note that the terms exluding the square root and

deaying exponential an be absorbed by the amplitude. Moreover, the ross-plane ther-

mal di�usivity, αz, an be absorbed into the amplitude and we an ignore the spatial

dependene. Thus the equation we �t is[94℄

T (t) = A
√
t exp (−αxq

2
Dt). (5.3)
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Figure 5.5: A linear plot of the raw signal amplitude versus time. The vertial lines

(purple and green) indiate the limits of the data that is inluded in the �t. The red line

is the deay for the referene value. The yellow line is the �tted line and the blue irles

are the raw data points.

The amplitude A, and in-plane thermal di�usivity, αx, an be �t using a nonlinear regres-

sion method. Sine we know that the grating wavenumber q is not orretly represented

by the theoretial redution from the ahromati lens fous length ratio, we also �t to this

quantity. For eah phase-pair �t we obtain an amplitude, in-plane thermal di�usivity, and

grating wavevetor. However, it is unphysial that there should be any variation in the

grating wavevetor. To orret this, we average the grating wavevetor from the seven

phase-pairs and then re�t only the amplitude and in-plane thermal di�usivity using the

averaged q. We �nd the �tted grating wavevetor is 1.80µm, 10% larger than measured by

the knife edge tehnique.

To determine the maximum time limit of our �t we need to identify the noise �oor. In

Fig. 5.4, we plot the signal amplitude versus time on a log-log sale. We an easily identify

the noise �oor as the urve disperses and �attens with inreasing time. The upper limit of

the �t time is indiated by a vertial green line in Fig. 5.4 that is hosen to avoid the noise
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�oor. Also we observe the limitation of the preision of the osillosope by the horizontal

bands starting at 2 µs.

To determine the start time, we �t the signal deay for multiple start times. For eah

�t we alulate a mean squared error (MSE), whih is the average of the square of the

di�erene between the �tted line and the data points. We identify the start time that

redues this error. Note that the this �tting proedure does not require any knowledge

about the material that is measured and does not require any guess-work by the user. The

best �t for one of the phase-pair traes is plotted in Fig. 5.5. We note that the theoretial

deay (red line) using the referene thermal di�usivity of water quikly diverges before

the start of the �tted data setion. The �tted deay (yellow line) is oinidental with the

theoretial deay between the limits of the �tting.

5.6 Summary

The TG tehniques allows for measurement of in-plane thermal di�usivity. This provides

an alternative to the ross-plane sensitive thermore�etane spetrosopy tehniques. In

ontrast to TDTR/FDTR, it requires no transduer layer and operates by hanges in the

omplex refrative index of the material of interest. This allows for measurement of free

standing membranes whih thermal properties ould be a�eted by the addition of a metal

layer.

We speify a more rigorous tehnique by whih to �t the data by identifying the noise

�oor and performing an error minimization tehnique to aount for the approximation of

a uniform ross-plane heating pro�le. This redues the ambiguity in the measured values

and avoids user intervention that ould in�uene the results.
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Con�nement

6.1 Introdution

In Chapter 4, we onsidered the e�et of phonon-boundary sattering from nanostrutur-

ing on the in-plane thermal ondutivity of silion. The formalisms employed, however,

approximated the additional sattering as a modi�ation of the bulk phonon properties.

When the dimensions are on the order of the phonons' wavelength this approximation

breaks down as the HLD properties (Se. 2.2.1) alulated for a three-dimensional periodi

rystal are no longer valid. It is in this ase we must onsider on�nement e�ets, that

is, the basi phonon properties are modi�ed to the extent that they are no longer simply

perturbed from bulk. For silion, Jain et al. found the free path sampling tehnique did

not agree with experimental measurements in silion thin �lms with thiknesses less than

100 µm[80℄. Suh dimensions are ommonplae in nanofabriation in eletroni devies.

This disrepany is not well desribed in both how the phonon transport properties hange

as well as how the modes themselves hange at these dimensions.

There have been previous studies of thermal transport in the on�nement regime.

Gomes used MD to study silion with the Terso� potential and found that the thermal on-

dutivity varied linearly due to the ballisti transport in thin �lms[101℄. Heino alulated

the phonon dispersion of silion from MD as well as the in-plane thermal ondutivity[102℄.

They found a redution of the maximum phonon frequeny as the thikness of the �lms

dereased aompanied by a redution in thermal ondutivity. Turney et al. predited

the in-plane phonon thermal ondutivities of argon and silion thin �lms from ALD[103℄.

They modi�ed the lattie dynamis tehniques by only onsidering wavelengths that �t
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inside the thin �lms onsidered but still employed a three-dimensional traveling wave basis

for the alulations. They observed an inrease in the thermal ondutivity of argon below

4.3 nm and ontribute this e�et to the models' inability to aurately represent the density

of states of a free �lm. Wang and Haung studied �rst-priniples based silion by iterating

upon the tehnique used by Turney et al[104℄. In addition to restriting the wavelengths

that ould �t inside the �lm, they also modi�ed the ALD tehnique to restrit the phase

spae that these modes ould also satter with.

When the on�nement regime is studied with MD the true dynamis of the �lm (al-

beit restrited to lassial) are without approximation, however, MD fails to provide the

modal detail to eluidate the modi�ation of the phonon properties. The lattie dynamis

based methods are approximative as they are alulated on a bulk (i.e., periodi in three-

dimensions) rystal. This type of approah ignores e�ets suh as varying fore onstants

and unit ell size throughout the �lm. Here we use two tehniques to resolve where the

breakdown in the modi�ation of the bulk properties begins and how the properties break

down in argon modeled with the LJ potential. This is aomplished by using the free path

sampling tehnique to modify the bulk phonon properties alulated by HLD and ALD to

predit the thermal ondutivity of a thik �lm down to a single atomi layer. Then we

perform lattie dynamis but redue the dimensionality of our problem by onsidering a

unit ell that spans the entire thikness of our �lm, thereby limiting the periodiity of the

phonons to two-dimensions. This redued dimensionality approah alulates the dynam-

is of the phonons in thin �lms without any approximations to aount for the on�nement

e�ets.

The rest of this hapter is organized as follows. In Se. 6.2 we desribe the omputa-

tional details of our free path sampling and lattie dynamis methods. We then present and

ompare in Se. 6.3 the in-plane ondutivities and phonon properties for LJ argon from
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both free path sampling and redued dimensionality lattie dynamis. Our onlusions are

then presented in Se. 6.4.

6.2 Computational Details

6.2.1 Lennard-Jones Argon

We onsider argon at a temperature of 20 K modeled by the two-body LJ potential

(Eq. (3.1)). The potential parameters of m, ǫLJ, σLJ, and uto� radius are taken as the

same in Se. 3.2.1. The four-atom onventional unit ell is onsidered in this study to

allow for the onstrution of the thin �lms. As mentioned in the introdution, the atomi

positions throughout the thin �lms an vary based on position. Also the in-plane and

ross-plane lattie onstants an di�er in a thin �lm due to the anisotropy of the struture.

For the alulation of heat apaity, the ross-plane lattie onstants are taken as if the

layer of argon were to exist in a bulk material as is ommon with two-dimensional materi-

als. To �nd the atomi positions and lattie onstants in our thin �lm, we use LAMMPS

to relax the atomi positions and box size in the in-plane diretion[69℄. Note that by doing

this we are not performing quasiharmoni HLD, as the positions and lattie onstants are

found for a temperature of zero Kelvin.

6.2.2 Lattie Dynamis

To �nd the bulk phonon properties for use in free path sampling, we perform HLD and

ALD on the zero temperature lattie onstant of a = 5.296 Å. Here we onsider lassi-

al statistis where cph = kBB. The fore onstants are alulated by �nite displaement

of a superell in LAMMPS. The harmoni fore onstants are found by taking displae-

ments up to third-nearest-neighbor, while the anharmoni fore onstants are found by
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taking displaements up to �rst-nearest-neighbor. Phonon properties are alulated on a

Monkhorst-Pak wavevetor grid of 24×24×24. Inreasing the grid density to 26×26×26

results in a derease of thermal ondutivity by less than 0.8%.

We onsider thin �lms where the number of ross-plane unit ells, H, ranges from one

to six. The minimized atomi positions and lattie onstants are taken from LAMMPS.

The harmoni and anharmoni fore onstant uto�s are the same as in bulk ase. We

redue the dimensionality of the lattie dynamis problem by eliminating the ross-plane

diretion from onsideration as the �lm is aperiodi in that diretion. Note the atoms are

still onsidered to displae in all three diretions; it is the phonons that are restrited to

two-dimensions. Phonon properties are alulated on a Monkhorst-Pak wavevetor grid of

24×24. Inreasing the grid density to 26×26 results in a derease of thermal ondutivity

by less than 0.2% for all �lms onsidered.

6.2.3 Free Path Sampling

The free path sampling was alulated for thin �lms thiknesses of 0.5 nm to 100 nm

using the bulk properties from Se. 6.2.2. Eah of the 165,888 phonon modes was sampled

randomly through the thikness 10,000 times with ten initial seeds. The 95% on�dene

interval alulated from the ten seeds is less than 1×10−4
W/m-K for all thiknesses. The

in-plane diretions were simulated as periodi to emulate a �lm in�nite in extent.

6.3 Results

We �rst examine the in-plane thermal ondutivities predited by free path sampling and

the redued dimensionality HLD and ALD alulations versus �lm thikness in Fig. 6.1.

We observe that the FPS and lattie dynamis alulations are very similar at a thikness

of 3.2 nm, but the expliitly alulated thermal ondutivity quikly diverges away from
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Figure 6.1: Thermal ondutivities predited by free path sampling and HLD/ALD for

di�erent thiknesses on a log-log plot.

the FPS. We see that this disrepany ours in argon at a muh thinner �lm thikness

than 100 nm in silion from Jain et al. observations[80℄. Turney et al. predited a very

similar thermal ondutivity trend with an in�etion at 4.3 nm from their modi�ed lattie

dynamis model[103℄. They reasoned that the in�etion and subsequent disagreement with

their Green-Kubo results was due to a failure of their model to predit the orret density

of states. Here we �nd that the in�etion exists even when aounting for the proper

density of states as we have not made the bulk like density of states assumption that they

did.

To eluidate the ause of this inrease in thermal ondutivity, we plot the dispersion

for bulk argon and one unit ell thik argon in Fig. 6.2. Here we observe a redution in

frequeny and therefore sound speed and group veloity in the monolayer as ompared to

bulk. We observe the monolayer's out-of-plane aousti branh has a quadrati dispersion,

similar to what is observed in graphene. In graphene, this manifests due to strong asym-

metry in the in-plane fore onstants and the out-of-plane restoring fore onstants. It is

somewhat surprising to see this in argon due to the dihotomy of argon as a soft and low
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Figure 6.2: Dispersion of bulk and monolayer argon in the [100℄-diretion.

thermal ondutivity material and graphene as sti� and high thermal ondutivity mate-

rial. The disrepany in the dispersion relation represents a failure of the FPS to aount

for on�nement e�ets, however, the derease in group veloity should only ameliorate the

underpredition of thermal ondutivity.

We next onsider the lifetimes alulated for the monolayer and by the FPS tehnique

for a thikness, t = 0.5 nm in Fig. 6.3. The FPS tehnique modi�es the mean free paths,

but impliit in this alulation is that the lifetimes are the fundamental quantities that are

modi�ed by the additional sattering rate indued by the boundaries. It is therefore useful

to ompare the alulated lifetimes between the two methods. We observe in Fig. 6.3 in

both the FPS and lattie dynamis alulations a phonon-phonon 1/ω2
saling of lifetimes

in the low-frequeny range. Interestingly, we observe some greater than 1/ω2
salings in

the mid-frequeny range of the lifetimes from the lattie dynamis method. The lifetimes

alulated by the lattie dynamis tehniques are lower that that of the FPS tehnique

exept for in the very low-frequeny range. These modes exist due to the quadrati branh

and the lower sound speed of the longitudinal and transverse aousti branhes. Although

there are a ouple of lifetime points above that predited by FPS, it is not enough to
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Figure 6.3: Lifetimes of the FPS at a thikness of 0.5 nm and of the monolayer versus

frequeny. The lifetimes are bak-alulated from the mean free paths by use of the bulk

group veloities.

explain our thermal ondutivity disrepany.

We have determined that the group veloities and lifetimes are suppressed in the re-

dued dimensionality alulation ompared to that predited by FPS. Also, the heat apa-

ity of eah mode is equivalent as we are using lassial statistis. This means the phonon

transport properties alulated by lattie dynamis are less than FPS on a frequeny basis.

The apparent suppression of the phonon transport properties infers that the density of

states is modi�ed suh that there are more phonon modes in the low-frequeny range, as

these phonons have higher thermal ondutivity than those in the mid- to high-frequeny

range. In Fig. 6.4 we plot the density of states for the bulk, whih is equivalent to that used

for FPS, and the single unit ell thik �lm alulated from redued dimensionality lattie

dynamis. We observe the traditional low-frequeny ω2
trend of the density of states in

bulk argon, shown in blue. The single layer argon �lm, however, exhibits a low-frequeny

linear trend of the density of states with frequeny, due to its redued dimensionality. This

on�rms that there are more modes, proportionally, in the low-frequeny range for the

expliit alulation of the dynamis by redued dimensionality lattie dynamis ompared
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Figure 6.4: The density of states versus frequeny of the FPS at a thikness of 0.5 nm and

of the monolayer. The area is normalized to one suh that the vertial axis is probability

density.

to the approximation of FPS using the bulk density of states. Turney et al. observed this

density of states trend in an HLD alulation, but reasoned that the failure to aount for

the hange in the density of states was the reason for the inrease in the thermal ondu-

tivity of argon in very thin �lms[103℄. We �nd that in our alulations that the density of

states is the reason why the thermal ondutivity inreases at low-frequeny, and therefore

their inrease must be due to some other fator in their approximative modi�ation of

ALD.

Turney et al. performed Green-Kubo alulations to alulate the thermal ondutivity

of thin �lms of Lennard-Jones argon and found that the thermal ondutivity monotoni-

ally dereased with dereasing thikness, ounter to that alulated from their modi�ed

tehnique. Sine our approah required no approximations beyond those typially taken

with HLD and ALD, it is unlear why there should be a disrepany between Green-Kubo

and lattie dynamis at this length sale. We showed good agreement between the two

tehniques previously in Se. 3.3.1.1. Further investigation is warranted to determine the

ause.
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6.4 Summary

We investigated the thermal ondutivity of on�ned thin �lms of Lennard-Jones argon.

Using the FPS sampling tehnique we predited the thermal ondutivity from 0.5 nm

to 100 nm. The FPS tehnique predited a monotoni derease in thermal ondutivity

with dereasing �lm thikness. It is known that at very thin �lm thiknesses perturbative

tehniques suh as FPS fail to apture on�nement e�ets.

Using redued dimensionality lattie dynamis, we predited the thermal ondutivity

of argon �lms from one to six unit ells thik. We found with dereasing thikness an in-

�etion point at whih the thermal ondutivity begins to inrease. This has been observed

before with approximative methods and was onsidered an artifat of the failure to apture

the on�ned density of states. Here we ompare the lifetimes, group veloities, and density

of states of the two methods for a one unit ell thik �lm. We �nd that the lifetimes and

group veloities alulated by redued dimensionality lattie dynamis are less than those

alulated by FPS. It is observed that the density of states, and the proportionally higher

number of low-frequeny modes is the reason that the lattie dynamis tehnique predits

a higher thermal ondutivity ompared to FPS, in ontradition to previous alulations.
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Other Completed Work

7.1 Miroseond-Sustained Lasing from Colloidal Quan-

tum Dot Solids

7.1.1 Abstrat

Colloidal quantum dots have grown in interest as materials for light ampli�ation and

lasing in view of their bright photoluminesene, onvenient solution proessing and size-

ontrolled spetral tenability. To date, lasing in olloidal quantum dot solids has been

limited to the nanoseond temporal regime, urtailing their appliation in systems that

require more sustained emission. Here we �nd that the hief ause of nanoseond-only

operation has been thermal runaway: the ombination of rapid heat injetion from the

pump soure, poor heat removal and a highly temperature-dependent threshold. We show

miroseond-sustained lasing, ahieved by plaing ultra-ompat olloidal quantum dot

�lms on a thermally ondutive substrate, the ombination of whih minimizes heat a-

umulation. Spei�ally, we employ inorgani-halide-apped quantum dots that exhibit

high modal gain (1,200 m

−1
) and an ultra low ampli�ed spontaneous emission threshold

(average peak power of ∼50 kWm

−2
) and rely on an optial struture that dissipates heat

while o�ering minimal modal loss.

7.1.2 Introdution

Colloidal quantum dots (CQDs) have attrated interest in light emission appliations be-

ause of their high photoluminesene quantum yield[105℄, size-ontrolled wavelength ten-
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ability aross the visible[106℄ and infrared spetral spetral regimes[107℄, and onvenient

proessing from the solution phase. They an provide ampli�ed spontaneous emission

(ASE) and lasing, but to date sustained only on the femtoseond[108, 109, 110, 111℄ to

nanoseond timesales[112, 113, 114℄. This prevents their appliation when more sustained

population inversion is required.

Muh prior work has begun from the assumption that Auger reombination is the most

important e�et that limits CQD lasing[115℄. As a result, there has been an intense fous

on extending the Auger lifetime using ore�shell strutures[116℄. However, previous works

have already seen lasing sustained on the nanoseond timesale, a duration already longer

than reported Auger lifetimes[115, 117℄.

We sought to determine, and then remedy, what had previously urtailed sustained ASE

and lasing. One possible mehanism is the e�et of temperature beyond nanoseond times.

Here a number of e�ets ould work together. Muh of the energy of the pump-produed

photoexitation is lost through thermalization and also non-radiative reombination and all

suh losses ontribute to heating of the �lm. In prior reports, both the CQD �lm and also

the substrates employed have su�ered from low thermal ondutivity. Given that Auger

reombination is highly thermally ativated[118℄, these two e�ets together ould give way

to a runaway inrease in threshold and loss of ASE one the �lm temperature has risen

due to ontinued heating over the duration of an extended exitation pulse. Keeping these

onsiderations in mind, we develop ultra-ompat CQD �lms to ahieve reord-low lasing

threshold measured in peak power enabling miroseond-sustained lasing. We onlude

with a disussion of the path to ontinuous-wave lasing and light ampli�ation from CQD

solids. [Published in �Miroseond-sustained lasing from olloidal quantum dot solids,�

M. M. Adahi, F. Fan, D. P. Sellan, S. Hoogland, O. Voznyy, A. J. Houtepen, K. D.

Parrish, P. Kanjanaboos, J. A. Malen, and E. H. Sargent. Nature Communiations, 6:9694,
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Figure 7.1: Individual thermal ondutivity measurements aross samples of di�erent

thiknesses for organi-ligand and inorgani-halide apped quantum dot �lms.

(2015)℄[119℄.

7.1.3 Contribution

In this work, it was originally hypothesized that the hange in the olloidal quantum dot

struture ould be hanged to inrease the thermal ondutivity. Doing so would then

redue the operating temperature of the �lm and help avoid Auger reombination that

would limit sustained lasing. This was done by removing the organi ligands that were

used to passivate the surfae and replaing them with inorgani-halides.

We measured the thermal ondutivity of thin �lms of organi-ligand- and inorgani-

halide-apped CQDs. These measurements were made with FDTR, a high-frequeny

ontat-less optial laser based tehnique (Se. 5.2). FDTR enabled us to avoid destroying

the sample and have a high sensitivity to the thin �lms. The measured thermal ondutivi-

ties are plotted in Fig. 7.1. We found no signi�ant di�erene in the thermal ondutivities

of the organi-ligand- and inorgani-halide-apped CQDs. Due to the greater density of

the inorgani-halide-apped CQDs, however, the overall �lm thikness required for lasing
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was dereased and thereby the thermal resistane of the entire �lm was dereased. This,

ombined with higher thermal ondutivity substrates, allowed for miroseond-sustained

lasing using the CQD �lms.

7.2 Modifying the Thermal Condutivity of Small Moleule

Organi Semiondutor Thin Films with Metal Nanopar-

tiles

7.2.1 Abstrat

Thermal properties of organi semiondutors play a signi�ant role in the performane

and lifetime of organi eletroni devies, espeially for saled-up large area appliations.

Here we employ silver nanopartiles (Ag NPs) to modify the thermal ondutivity of

the small moleule organi semiondutor, dinaphtho[2,3-b:2

′
,3

′
-f℄thieno[3,2-b℄thiophene

(DNTT). The di�erential 3-ω method was used to measure the thermal ondutivity of

Ag-DNTT hybrid thin �lms. We �nd that the thermal ondutivity of pure DNTT thin

�lms do not vary with the deposition temperature over a range spanning 24

◦
C to 80

◦
C.

The thermal ondutivity of the Ag-DNTT hybrid thin �lm initially dereases and then

inreases when the Ag volume fration inreases from 0% to 32%. By applying the ef-

fetive medium approximation to �t the experimental results of thermal ondutivity, the

extrated thermal boundary resistane of the Ag-DNTT interfae is 1.14±0.98×10−7
m

2
-

K/W. Finite element simulations of thermal ondutivity for realisti �lm morphologies

show good agreement with experimental results and e�etive medium approximations.
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7.2.2 Introdution

With exellent mehanial �exibility, low fabriation ost, and ompatibility with large area

fabriation, organi semiondutors have beome a promising andidate as the next gener-

ation of �exible eletronis[120, 121, 122, 123, 124, 125, 126, 127℄. The rapid development

of organi semiondutors, inluding the synthesis of new materials and the proessing of

ative layers, provides optimal paking and thus higher arrier mobility in organi thin �lms

or single rystal materials[126, 127℄. For example, the polyrystal and single rystal forms

of 2,9-dideyl-dinaphtho[2,3-b:2

′
,3

′
-f℄thieno[3,2-b℄thiophene have shown a arrier mobility

of 8.5 m

2
/V-s[128℄ and and 11 m

2
/V-s[129℄, respetively. Inreasing arrier mobility will

yield larger urrents as well as parasiti heating during operation, espeially for large area

eletronis where the devie density is high. Generally, the thermal ondutivity of organi

semiondutors are muh lower than traditional inorgani semiondutors and typially

have a value below 1 W/(m-K)[130, 131, 132, 133, 134, 135℄.

The inferior thermal transport properties and suseptibility to high temperatures of

organi semiondutors often lead to the degradation of the organi devie performane[123,

136, 137℄. Chung et al. demonstrated that the inrease of operating temperature of organi

light emitting diodes would redue the lifetime[123℄. Moreover, it has also been reported

that the arrier mobility of planar pentaene �eld e�et transistors dereased one order of

magnitude after 20-min exposure to 60

◦
C under vauum[136℄. For eletrially ondutive

polymers, thermal indued degradation is also equally important. For example, in poly(3,4-

ethylenedioxythiophene) (PSS): poly(styrenesulphonate) (PEDOT), it has been shown that

ontinuous heating of the material at 120

◦
C will ause shrinkage of the PEDOT ondutive

grains and thus derease the eletrial ondutivity of the �lm[137℄. Hene, the apability

of organi semiondutors to e�etively transport and dissipate heat is ritial to the overall

performane and lifetime of next generation organi eletronis.
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Reently, experiments and simulations have been developed to study the thermal on-

dutivity of various organi semiondutors used in solar ells or transistors, suh as

PCBM[130, 138℄, P3HT[130℄, C60[135℄, and pentaene[131℄. These organi semiondu-

tors an be lassi�ed as either polymers or small moleules. The former usually have

a high sublimation temperature due to their long hains, and thus are mainly prepared

by a solution-proess method, suh as spin-oating. The latter have a lower sublimation

temperature, and hene are typially deposited by thermal evaporation under a vauum

environment. Sine small moleules are held together by weak van der Waals fores, the

quality of small moleule organi thin �lms formed by thermal evaporation depend strongly

on the deposition onditions, suh as the growth rate, deposition temperature, or impurity

onentration. Weak intermoleular interations of organi semiondutors suggest the

potential to adjust the thermal ondutivity of organi thin �lms, an area whih has not

been extensively investigated.

Although the modi�ation of the thermal ondutivity of organi thin �lms has not

been extensively studied, new work foused on organi thermoeletri materials requires

insight to their thermal properties. Reently, Kim et al. reported that a thermoeletri

�gure of merit (ZT) of about 0.42 ould be ahieved for organi semiondutors by properly

doping poly(styrenesulphonate) into poly(3,4-ethylenedioxythiophene) (PEDOT:PSS) with

dimethyl-sulphoxide[139℄. With a partiular fous on modifying the power fator, tellurium

nanowires have also been added into PEDOT:PSS to enhane the power fator by �ve orders

of magnitude in work by Yee et al.[140℄. It is however important to point out that most

of these organi thermoeletri materials with a reportedly high ZT or power fator are

prepared with a polymer based PEDOT:PSS, and thermoeletri studies of small moleule

organi semiondutors are very limited. To explore this area our group has reently

demonstrated that the eletrial ondutivity of pentaene thin �lms an be enhaned
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by sandwihing a thin layer of Ag NPs between two pentaene layers. This metal-organi

hybrid material an be used as the ative layer for thermistors and memory transistors[121,

141, 142℄. In support of this approah, Jin et al. embedded Ag NPs into thin opper

phthaloyanine �lms and observed a four-order of magnitude inrease in the eletrial

ondutivity for Ag volume frations exeeding 30%[132℄. They also demonstrated that

the thermal ondutivity showed a dereasing trend when the Ag volume fration was less

than 10% and inreased when the Ag volume fration was higher than 10%. All of these

�ndings suggest that embedding metal nanopartiles into small moleule organi materials

is an e�etive method to adjust the eletrial and thermal properties of metal-organi

hybrid materials.

In the urrent work, our fous is to utilize the di�erential 3-ω method[143, 144℄ to

study the thermal properties of DNTT, whih is a novel thienoaene-based organi semi-

ondutor for transistor devies. The sulfur atoms in the DNTT moleules are integrated

into hydroarbons with an aene struture to enhane their stability under ambient air

onditions[145, 146, 147, 148℄. The 3-ω method has been widely used to measure the

thermal ondutivity of thin �lms[143℄. A metal wire deposited onto the sample performs

as a heater and thermometer at the same time. When the metal wire is driven by an

AC urrent, it periodially heats the sample and its resultant temperature hange an be

monitored by its resistane. Aording to the temperature hange of thin �lm sample and

referene sample, the thermal ondutivity of the thin �lm an be extrated[144℄.

We demonstrate that the modi�ation of the ross-plane thermal ondutivity (kfilm)

of DNTT thin �lms an be ahieved by employing di�erent volume frations of Ag NPs.

We also investigate the orrelation between the kfilm and the deposition temperature of

the DNTT thin �lms. We observe that even though the DNTT thin �lms deposited at

an elevated temperature inreasing from 24

◦
C to 80

◦
C have a larger grain size, the
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e�ets of the deposition temperature and subsequent morphologial hanges on the thermal

ondutivity are very limited. On the other hand, we observe that the kfilm of Ag-DNTT

hybrid thin �lms shows a trend of an initial derease when the Ag volume fration inreases

from 0% to 16% then kfilm inreases afterwards to the maximum studied Ag volume fration

of 32%. Then we apply the e�etive medium approximation to theoretially alulate the

thermal ondutivity of the hybrid thin �lms. By omparing the alulated results with the

experimental results of thermal ondutivity, we are able to further extrat the thermal

boundary resistane of the Ag-DNTT interfae. Finally, the �nite element method is

applied to simulate the thermal ondutivity of hybrid thin �lms with realisti morphologies

and �nds good agreement with experimental results. Consequently, the results of this

work will provide useful information for engineering the thermal ondutivity of small

moleule organi thin �lms and thermal management in organi eletronis. [Published

in �Modifying the Thermal Condutivity of Small Moleule Organi Semiondutor Thin

Films with Metal Nanopartiles,� Sienti� Reports, 5:16095, (2015)℄[149℄.

7.2.3 Contribution

In investigating the Ag-DNTT �lms, Fig. 7.2, it was unsure if the 3-ω measurement would

be sensitive enough to the resistane of the �lm to measure the thermal ondutivity. This

is beause the 3-ω measurement operates at a lower frequeny than FDTR and TDTR,

and thereby has a larger penetration depth, reduing sensitivity to the �lm. We measured

the �lms using FDTR to on�rm their thermal ondutivity measurements in Fig. 7.3 to

make sure they were sensitive to the Ag-DNTT �lm.
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Figure 7.2: (a) Sannign eletron mirosopy images of Ag layer (bright area) on the

bottom DNTT layer (dark area) deposited at 24

◦
C with Ag volume fration ranging from

2% to 32 %. (b) Cross-setional transmission eletron mirosopy images of thin �lms

deposited at 24

◦
C with Ag volume frations of 4%, 16%, and 32%.

Figure 7.3: Thermal ondutivity of Ag-DNTT hybrid thin �lms deposited at 24

◦
C with

Ag volume fration ranging from 0% to 32%. The total thikness of the thin �lm is 50 nm

and the e�etive thikness of the Ag layer is varied from 0 to 16 nm.
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Summary and Future Work

8.1 Overview

In this work, we examined how the thermal transport in insulators and semiondutors

hanges due to external loading or geometrial fators. In Chapter 3, we predited the

thermal ondutivities of empirially-modeled argon and �rst-priniples modeled silion

under strain. We observed that argon followed previously predited thermal ondutivity

trends and determined that the exponential saling of the thermal ondutivity was due

to the exponential saling of the phonon lifetime and group veloity. Furthermore, we

determined the group veloities saled faster than the lifetimes and that the hanges in

the dispersion were the primary reason for the thermal ondutivity saling. In silion, we

predited an invariant thermal ondutivity with ompressive strain, a result not previously

predited. We hypothesis that this is due to the high-�delity fore onstants from density

funtional theory. Upon examining the phonon transport properties, we observed the

lifetimes saled negatively with ompression, opposite of what was observed in argon.

Through alulations of the RMS displaement and of the anharmoni potential well energy,

we determine that the anharmoni energy inreases under ompression and thus redues

the lifetimes. This work eluidates that not all materials follow the thermal ondutivity

salings with strain whih had previously been thought to be universal. The predition

of an invariant thermal ondutivity under ompression in silion has been experimentally

on�rmed by Hohensee et al. using TDTR in a diamond anvil ell[150℄.

In Chapter 4, we alulated the thermal ondutivity of nanoporous silion rystal �lms.

We investigate the preditions made by three Monte Carlo tehniques: free path sampling,
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isotropi ray-traing, and modal ray-traing. The isotropi ray-traing reprodues the

Casimir limit for nanowires, but also produes unphysial mean free paths. Spei�ally,

phonons that propagate along the axis should have no boundary sattering, but are termi-

nated in isotropi ray-traing as the average boundary sattering is applied to all modes

indisriminately. This motivated the formulation of modal ray-traing, where the boundary

mean free path is derived from the Landauer formalism without the isotropi assumption.

Modal ray-traing is able to predit more physially realisti phonon mean free paths, in-

diating the importane of the approximations taken in the formulation of omputational

tehniques. Upon omparison to previous experimentally fabriated nanoporous silion

�lms, we �nd that all three tehniques are able to reprodue the trend. As the tehniques

are purely partile based this asts doubt on oherent phonon transport being a fator

in the thermal ondutivity of these �lms at room temperature. Finally, we examine a

nanoporous silion �lm using free path sampling where we modify the geometry to ut-

o� the line-of-sight. We observe that the trend in thermal ondutivity versus porosity

hanges when the line-of-sight is uto�, and identify that it is the modes that are uto�

that are responsible for the abrupt hange. The line-of-sight e�et should be onsidered

when trying to engineer thermal transport in nanostrutured materials.

In Chapter 5, we detailed the build of the transient grating spetrosopy experiment.

The details of the optis, optomehanial omponents, and eletronis are presented and

the pratial nuanes are eluidated. We ompared the experiment to other ommon ther-

more�etane spetrosopy tehniques. The biggest di�erene is the sensitivity to in-plane

versus ross-plane thermal transport and other pratial onsiderations are disussed. The

benhmark measurement of the thermal di�usivity of water is detailed. Our measurement

of the thermal di�usivity of water is within 1% of referene values. The uto� of the data

to �t was found by observation of a log-log plot of the amplitude versus time. We presented
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a method by whih the quality of the �t, the mean-squared-error, is used to numerially

optimize the hoie of when to start the �tting of the data to the analytial funtion. This

eliminates previous guess-work as to what range of data to �t, produing more objetive

data.

In Chapter 6, we investigated the on�nement e�et and the divergene of the thermal

ondutivity preditions from free path sampling and redued dimensionality lattie dy-

namis on Lennard-Jones argon �lms. The thermal ondutivity preditions for free path

sampling are monotoni with thikness while the redued dimensionality lattie dynamis

predit an in�etion point in thermal ondutivity at 2 nm. We examined the alulated

phonon transport properties from both methods. Using lassial statistis, the heat apa-

ity is unhanged between the two methods. However, we found the lifetimes and group

veloities were higher in free path sampling. Examination of the density of states showed

that the linearization of the frequeny saling biased the density of phonon modes to lower,

higher thermal ondutivity, frequenies. This explanation is in ontradition to what has

been previously alulated using lower �delity methods.

In Chapter 7, we used frequeny domain thermore�etane spetrosopy to measure

the thermal ondutivity of novel materials. We measured the thermal ondutivity of

olloidal quantum dots with either organi or inorgani passivated surfaes for use in lasing

appliations. We determined no signi�ant di�erene in the thermal ondutivities of the

�lms. However, the inorgani passivated �lms required for lasing were thinner, reduing the

overall resistane of the �lm. This, ombined with a higher thermal ondutivity substrate

enabled miroseond lasing times using olloidal quantum dots. We also measured thin

�lms of the organi semiondutor DNTT with interdispersed silver nanopartiles. An

initial derease followed by inrease in the thermal ondutivity with the addition of silver

nanopartiles was observed due to ompeting e�ets between the boundary resistane and
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the silver nanopartile ondutane. Moreover, the morphology of the silver nanopartile

DNTT �lm was found to be dependent on deposition temperature.

8.2 Future Work

8.2.1 Amorphous Membranes

In amorphous materials there exists no long range periodiity. The aperiodiity eliminates

the translation symmetry required for phonons. Instead only the assumption that the

atoms vibrate about their equilibrium position is valid.

The thermal transport by vibrations in amorphous solids has been lassi�ed into three

arriers: propagons, di�usons, and loons[151, 152℄. Propagons are phonon-like (i.e., plane-

wave) vibrations that are deloalized and have a well de�ned wavelength. Di�usons are

deloalized vibrations that do not have a well de�ned wavelength and instead transfer heat

by oupling to other di�usons in spae. Loons are loalized in spae and do not ontribute

signi�antly to the thermal ondutivity[153℄. The di�usons ontribution an be predited

through Allen-Feldman theory[151℄ by alulating the eigenmodes of a disordered solid

and quantifying the eigenvetor overlap. The propagon ontribution an be alulated by

estimating the propagon lifetime from normal mode deomposition of a moleular dynamis

simulation and assuming the group veloity to be the speed of sound[154℄. Importantly,

di�usons are always a di�usive proess regardless of geometrial onstraints, however, the

propagons an travel both di�usively and ballistially depending on the geometry.

This allows us to predit the thermal ondutivity of nanostrutured amorphous ma-

terials by use of the free path sampling tehnique. The di�uson ontribution to thermal

ondutivity an be obtained from previously published data or alulated through the use

of Allen-Feldman theory. The propagon bulk ontribution an be obtained by assuming
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an isotropi dispersion, whih is valid for an amorphous material, a group veloity of the

sound speed, and alulating the lifetime saling from normal mode analysis or previously

published data. A propagon mean free path an then be onstruted and used as input for

free path sampling.

8.2.2 Con�nement Regime

In Chapter 6, we examined the ross-over between perturbative thermal transport and

on�nement regime transport. However, previously published data predited a di�erent

trend when the in-plane thermal ondutivity is alulated using Green-Kubo in moleular

dynamis[103℄. Green-Kubo should be performed on these systems to �rst validate the

previous predition. Furthermore, normal mode analysis, a method by whih the lifetimes

an be extrated from moleular dynamis simulations, an provide the modal details of the

transport in the moleular dynamis simulation. This allows for a diret omparison of the

modal properties alulated from redued dimensionality lattie dynamis and moleular

dynamis.

Furthermore, this tehnique an be applied to a sti�er material: silion. Sine silion's

thermal ondutivity is dominated by ontributions from low-frequeny phonon modes it

is unlear whether the same in�etion point will be observed. Also, it might be possible to

perform the redued dimensionality lattie dynamis alulations with high-�delity fore

onstants obtained from density funtion theory. Suh alulations would allow for diret

omparison to experimental measurements of the in-plane thermal ondutivity. Also the

data obtained from these alulations has a strong relevane to the semiondutor industry

as suh nanometer dimensions are not unommon.
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8.2.3 Phonon Dimensionality Mapping

The question of how the phonon modes transition from a three-dimensional framework to

a two-dimensional framework is largely unknown. The onept of on�nement and the

limitation of the wavelengths of modes is well desribed, but it is impossible to assign a

spei� phonon mode from a two-dimensional framework and diretly ompare it to its

supposed three-dimensional ounterpart. Suh a method, if formulated, would allow for

the diret omparison of phonon mode properties suh as frequeny and mode-shape, as

well as phonon transport properties suh as lifetime and group veloity, between the two

frameworks and develop a saling for how they hange.

Here, I present a possible formulation for the diret mapping phonon modes between

dimensionalities. The wavelengths that are allowed are limited to

qz =
2πl

cH
, (8.1)

where l is an integer and c is the ross-plane lattie onstant. These waves in the ross-plane

diretion, however, are standing waves instead of traveling waves dues to the free boundary

ondition at the surfaes of the �lm. The standing wave wavelengths are ontained in the

eigenvetors of the phonons solved from redued dimensionality lattie dynamis. The

question is how to extrat the qz from these modes so that they may be mapped bak to

a three-dimensional representation.

We take inspiration from the normal mode equation Eq. (2.5) in Se. 2.2.1. The am-

plitude of an atom is due to the superposition of the motions of the plane-waves. We an

think of reformulating this problem where we know the displaement of the atoms (from

the eigenvetors), but do not know what wavelength orresponds to these displaements.
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I propose the ross-plane wavevetor an be solved from,

qz = argmax
qz∈[−2π/c,2π/c]⊂R

3,n,N∑

α,b,l

∫ 2π

0

ℜ[exp(−iω (q, ν) t)e(q j
ν α)] exp(iqz · r◦,z)dt. (8.2)

It is important to note that although the eigenvetor as found by redued dimensionality

lattie dynamis has no ross-plane unit ells and its lattie onstant is taken to be the

entire thikness of the �lm, here we take the ross-plane lattie onstant to be what it

would be if we were onsidering the bulk unit ell. Likewise we sum over the imagined unit

ells that would be built from using this ross-plane lattie onstant. Eq. (8.2) works by

alulating the magnitude of the normal mode when supposing a ross-plane wavevetor

and then hoosing the wavevetor that maximizes this normal mode. As the displaements

should be sinusoidal in spae, only the wavevetor that is in phase with the displaements

will produe the largest amplitude.

8.2.4 Transient Grating Membranes

We built and detailed the transient grating spetrosopy setup in Chapter 5. Furthermore,

we benhmarked on dyed water and improved the �tting tehnique to make it more ob-

jetive. However, its real utility will be realized on the measurement of novel samples. In

onjuntion with the previous suggested future work of amorphous membranes and on-

�nement regime, transient grating spetrosopy an serve as an experimental omparison

point to the theoretial alulations.

If multiple amorphous membranes of di�erent thiknesses are fabriated, the measure-

ment of the in-plane thermal di�usivity an be related to the ross-plane dimension. This

an be then be ompared to the expeted thermal di�usivity redution predited from free

path sampling. Moreover, by measuring this series the thermal ondutivity trend to zero

thikness an be extrapolated. The interept at zero thikness is the ontribution from the
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di�usons and an be ompared to that predited from Allen-Feldman theorem.

The measurement of the in-plane thermal di�usivity of rystalline thin �lms an be

ompared to the preditions from free path sampling. Measurement of argon at 20 K is

infeasible, but the measurement of silion is possible. It an be determined if the divergene

of dimensionally redued lattie dynamis ompared to FPS ours at the same thikness.

Also, if density funtional theory is used to solve for the fore onstants used in the lattie

dynamis, diret omparison of thermal di�usivity magnitude an be alulated.
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Modal Ray-Traing Derivation

A.1 Condutane of a System with Two Reservoirs

The heat �ux of phonons from reservoir 1 to reservoir 2, q1→2 is de�ned as,

q1→2 =
∑

ν

[
∑

q

δ (vz1 (q, ν) > 0) vz1 (q, ν) ~ω (q, ν) T1→2f (ω (q, ν) , T1)

]
B, (A.1)

where, vz1 is the z omponent of the group veloity, δ is the Dira delta, T1→2 is the

transmission probability of a phonon traveling from reservoir 1 to reservoir 2, T1 is the

equilibrium temperature of reservoir 1, and f (ω, T1) is the Bose-Einstein distribution at

T1. Similarly, for phonons traveling from reservoir 2 to reservoir 1,

q2→1 =
∑

ν

[
∑

q

δ (vz2 (q, ν) < 0) vz2 (q, ν) ~ω (q, ν) T2→1f (ω (q, ν) , T2)

]
B. (A.2)

The total heat �ux through the system is the di�erene in �uxes between the two reservoirs,

q = q1→2 − q2→1. (A.3)

Using detailed balane we an equate the heat �uxes and substitute Eqs. (A.1) and (A.2)

into Eq. (A.3) to produe,

q =
∑

ν

[
∑

q

δ (vz1 (q, ν) > 0) vz1 (q, ν) ~ω (q, ν) T1→2 [f (ω (q, ν) , T1)− f (ω (q, ν) , T2)]

]
B.

(A.4)
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If we assume that the temperature di�erene is small then we an express the ondutane

of the system as,

kz

L
=

∑

ν

[
∑

q

δ (vz1 (q, ν) > 0) vz1 (q, ν) ~ω (q, ν) T1→2
df

dT

]
B, (A.5)

where k is the thermal ondutivity of the system in the z-diretion, and L is the length

of the system.

A.2 Modal Contribution to Condutane

We an separate Eq. (A.5) into its ontributions from eah mode,

kz (q, ν)

L
= vz1 (q, ν) ~ω (q, ν) T1→2

df

dT
B, (A.6)

In the ballisti transport regime, a spei� mode's ontribution to thermal ondutivity is,

kα (q, ν) = cphv
2
α

Λbdy (q, ν)

|vg|
, (A.7)

where cph is the spei� heat of the mode, vα is the group veloity in the α diretion of the

mode, |vg| is the magnitude of the group veloity vetor, and Λbdy is the mean-free path

assoiated with the mode. Substituting Eq. (A.7) into Eq. (A.6) and solving for Λbdy we

�nd,

Λbdy =
L|vg|

vz1 (q, ν)
T1→2. (A.8)
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Transient Grating Supplementary

B.1 Startup Proedure

First, we provide power to the pump Wedge-XF pulse laser and to its ontroller. After

the ontroller �nishes its warm-up sequene, we set the laser line voltage to 100% and the

repetition rate to 1 kHz using the internal referene. Next, we turn o� the laser safety and

turn on the emission. This allows the laser to warm-up using the internal referene.

We turn on the probe Coherent MX SLM ontinuous wave laser thermoeletri ooler

and the laser ontroller. After the laser ontroller has �nished warm-up the safety key an

be turned to initiate the lase. It typially takes a few minutes before the laser atually

begins emission. During this period the power level should be left at a nominal 0 mW

and not be hanged on the ontroller. After emission begins the power level an then be

inreased.

We next turn on the osillosope. Note it is important to set the osillosope settings

orretly before turning on the delay generator as inorret settings an overvolt the han-

nel. The overvolt an be reset using the �Autoset� funtion. We set the trigger to hannel

two and to a falling edge. The horizontal sale is set to divisions of 2 µs. The vertial sale

is set to 20 mV.

To start the trigger ontrol of the pump laser we �rst turn on the Keithley Arbitrary

Waveform Generator. The signal is set to square wave with a frequeny of 1 kHz and a

duty yle of 20%. The output voltage, whih goes to EOM ampli�er, we set to 1.247 V.

The BNC Model 7010 Digital Delay Generator uses analog settings and so should not

have to be hanged upon powering up. However, if need be, the delay trigger output should
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be set to 3 V, whih an be measured using the osillosope, and the delay time should be

set to 180 µs.

Now that the pump laser is reeiving a trigger signal, we an stop the emission and

swith the trigger referene to external.

We then power on the ConOptis Model 302 RM ampli�er. The DC o�set should

not require adjustment between uses but if required the modulated probe signal an be

visualized by the osillosope and used to set the o�set.

We next �ll the uvette �rst with 2 µL of malahite green, followed by 5 µL of DI water.

The dye an be better mixed by holding the uvette ap and inverting the uvette a few

times to let the air bubble fore mixing. We then plae the uvette into the uvette holder

and align with the pump and probe beams.

B.2 Heterodyne Detetion

The light reahing the photodetetor has an intensity of

I = |Ep+1|2 + |Er+0|2 + |Ep+1Er+0|, (B.1)

where I is the intensity of the light, Ep+1 is the eletri �eld of the �rst-order di�ration of

the probe beam o� the sample, and Er+0 is the eletri �eld of the zeroth-order referene

beam. The term |Ep+1|2 an be ignored as the atual di�rated signal is small. Also

the term |Er+0|2 an be ignored as the zeroth-order beam does not hange in magnitude

muh due to di�ration. This leaves us with our heterodyne term, whih is a small signal

multiplied by a large number, amplifying the signal assoiated with the beam and our

dominant time-dependent term.

114



We an write the optial �eld for the two beams as

Ep+1 = E0p [δK(t) + iδN (t)] exp
(
i
(
k2
p − q2D/4

)1/2
z + i (qD/2) x− iωpt+ iφp

)

Er+0 = trE0r exp
(
i
(
k2
p − q2D/4

)1/2
z + i (qD/2) x− iωpt+ iφr

)
,

(B.2)

where E0p and E0r are the base amplitudes of the two beams, δN is the real refrative

index deviation from the equilibrium, δK is the imaginary refrative index deviation from

the equilibrium, tr is the attenuation fator of the referene beam due to the ND �lter, kp

is the optial wavenumber assoiated with both beams, ωp is the frequeny of the light,

and φp and φr are the respetive phases of the beams with δφ = φpφr. The di�ration

grating wavenumber, qD, is de�ned as

l =
2π

qD
=

λair

2 sin (θair/2)
, (B.3)

where l is the di�ration grating spaing, λair is the wavelength of light in air, and θair is

the angle of the beam in air.

Using Eqs. (B.2) and (B.3) we an solve Eq. (B.1)

I = I0p
[
t2r + δK2(t) + δN 2(t) + 2tr (δK(t) cos (δφ)− δN (t) sin (δφ))

]
. (B.4)

If it is assumed that the referene beam intensity is muh greater than that of the probe,

trE0r >> δKδN , then Eq. (B.4) redues to

Ih = 2I0h [δK(t) cos (δφ)− δN (t) sin (δφ)] (B.5)

where Ih is the resultant heterodyned signal intensity. From Eq. (B.5) it is observed that

the real or imaginary refrative index deviations an be seleted by hanging the relative
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phase between the two beams. Thereby, we an use the heterodyne tehnique to both

inrease the signal amplitude as well as selet out the desired grating e�et. The signal

will only be sensitive to the amplitude grating as phases of ∆φ = 0,±π while the phase

grating will be prominent at phases of ∆φ = ±π/2.
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