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PREFACE 5

Preface

This thesis is about two related objects of study in mathematical physics. One is the
nonlocal aggregation equation, a nonlocal partial differential equation whose weak-solution gives
an evolution of the positions of particles that are moving due to long-range interactions with the
other particles. The other is interaction energies, which are energies on particle configurations
that depend on the pairwise distances between particles. The nonlocal aggregation equation has
come under investigation in recent years for its use modeling pattern formation with long-range
interactions and as an example application of the theory of gradient flows of interaction energies
in the space of probability measures.

The scientific motivations for this research comes from several phenomena due to long range
interactions between particles or agents. In biology the nonlocal aggregation equation and the
interaction energy are used to model or analyze models of animal swarm phenomena [45] such
as bird flocks and fish schools [27, 35] as well as locust swarms [11, 52]. Beyond flocking, the
interaction energy is used to model inelastic collisions of granular media in models first suggested
from experimental results by the authors of [44], and is studied in later papers such as [8, 1, 2]
and the nonlocal aggregation equation is also used to model robotic agent interactions such as
the flocking of Dubins vehicles (that is, vehicles who’s paths are constrained in their curvature).

In [39] the authors showed that changes in the parameters of interaction laws give a wide
variety of different steady-states of the nonlocal aggrecation equation in two dimensions. They
found these by perturbing rings made of many particles and running simulations to see where
the particles went. In addition, they gave necessary conditions for when discrete-particle and
continuous ring steady-states are linearly stable. Though they are equivalent to conditions for
displacement stability of N-particle rings discussed later in this thesis, they are simplified here
by a change of coordinates.

In [29] the authors classify when finite particle steady-states of the nonlocal aggregation
equation are locally stable in the space of probability measures in one dimension. The found
two conditions that classify when these steady states are stable, and these conditions are in fact
of recovered from the conditions found in this thesis looking at finite particle steady-states in
higher dimenstions.

The conditions characterizing stability of radial steady-states under radial perturbations for
any dimension were done in [6]. The same authors went on in [5] to classify the dimensionality
of the support of local minimizers of the interaction energy. This is important since this thesis
shows for a certain class of interaction laws that local minimizers of the energy are the stable
steady-states of the nonlocal aggregation equation. They demonstrated that the the size of
the dimension of these local minimizers depends on the regularity of the interaction law at
the origin. In particular the more singular the interaction kernel is at the origin (in the sense

of non-differentiability or even blow-up) the higher the dimension of the support of the local
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minimizers. For the interactions covered in this thesis their paper shows that local minimizers
must have support that the dimension less than 1. It should be noted that all stable steady-
states that have been analyzed or observed in this regime of interaction laws are finite particle
steady-states, the steady-states for which this thesis characterizes stability.

The asymptotic stability of finite particles steady-states in dimensions greater than 1 was
analyzed in the 2013 paper [38]. There they showed the necessity of the conditions given in this
thesis for the stability of finite particle study states. They also studied the stability of ’spot’
study-states, where mass concentrates on spots in the shape of ellipses, for interaction laws that
have one less derivative at the origin that those interaction laws in this thesis.

In [52] the authors studied the nonlocal aggregation equation in one dimension but with
both external forces as well as boundary. In this scenario the recovered the phenomenon of
milling swarms that they saw in locust species that they were studying.

Results in this field sometimes look at the nonlocal aggregation equation as a system of ODE
that give the movement of the positions of particles or agents, and sometimes they look at this
system as a moving density of particles. This thesis looks at a general case that describes both,
which is important because even initial data that is smooth at the initial time can collapse
to measures with lower dimensional support in finite time. Thus this paper will study the
nonlocal aggregation equation in the weak-solution sense where solutions are paths in the space
of probability measures. In [46] the author motivates the expression of PDE as formal gradient
flows of energy functionals according to a formal manifold structure on the space of probability
measure in a discussion on the Porous Medium Equation. These formal notions were later made
rigorous in [3], and for the interaction energy these results were later generalized to a wider class
of interaction kernels in [20]. These results show that, given some regularity the interaction laws,
then the space of probability measures can be endowed with a formal Reimannian manifold
structure such that the nonlocal aggregation equation is the gradient flow of the interaction
energy according to the associated Reimannian metric. This thesis also takes advantage of the

opportunity provided by these results to get explicit rates of convergence for the evolutions.



CHAPTER 1

Introduction to the Nonlocal Aggregation Equation and the

Interaction Energy

1.1. A Motivating Example of Nonlocal Aggregation

Suppose one has a system of two particles, whose identical masses sum to 1, that are obeying
the following interaction force: if they are far away then they will move closer together, and if
they are too close then they will move apart. More precisely, if their locations are z; (¢) and
xs (t) then

— X
ZF|$9 zil) |,7I.
Zj i

where F : [0,00) — R has the followmg shape
F(r)

—

This is a special case of dynamics described by nonlocal aggregation that exhibits long-range
attraction and short-range repulsion. One can likewise write the dynamics for a system of N
particles, each with position z; (t) at time ¢ and mass m;, where ¢ € {1,..., N}, and the sum of

all masses being 1, as

m,ZF |z — ;) | __x|
Zj

One of the goals of this thesis is to study thls system for arbitrary numbers of particles, and even
“clouds” of particles where the system is described via the particle density function. The common
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general structure under which these situations can be analyzed is to consider these particle
distributions or densities of particles as probability measures. For example, the configuration of

N particles above at time ¢ can be written as the measure as the probability measure

N
Mt = Zmiéxi(t)
i=1

and a density of particles at time ¢, p;, with total mass (i.e. L' norm) 1, can be written as a
probability measure v,

Vy = ptdl‘
Thus it is natural to first understand the structure on probability measures motivated by the

desire to study nonlocal aggregation.

1.2. Introduction to the Metric Topology on Probability Measures

As just mentioned, probability measures are useful to represent the configurations of par-
ticles of interest. In particular, the space that will be used here is Py, where P, is defined
as

(1.2.1) Py = {the space of second — moment bounded Borel probability measures on Rd} .

This space is general enough that it allows, say, measures that are absolutely continuous with
respect to the Lebesgue measure on R?, to evolve over time into measures that are singular with
respect to the Lebesgue measure such as finite sums of delta masses.

Py is a metric space with respect to the 2—Wasserstein metric. This metric measures the
minimum cost, according to a distance-based cost, to transport mass between two measures.
To define the metric explicitly it helps to first define what is meant by a “transportation plan”
between to measures p and v € Py. A transportation plan between two such measures is itself a
product measure on R? x R? such that its first and second marginals are y and v, respectively,
meaning the set of transportation plans between the two, [] (1, V), is

(1.2.2) H (u,v) := {misaprobability measureon R? x R?| for borelsets A, .
T (AxRY) = p(A) and7 (R x A) = v (A)}

With transportation plans defined, the 2—Wasserstein distance between measures is

1.2.3 dy (u,v) == inf - .
( ) 2 (:U’ V) 71_611_}1(#7”) ||JJ yHLz(d'fr(az,y))
If 7 € [[(p,v) is a transport plan that attains the infimum in (1.2.3), then it is called an
“optimal transport plan” (with respect to the 2-Wasserstein metric) and belongs to the set of

optimal transport plans denoted I'opt 2 (1, V), i.e.

(124) FOPt’Z (:U’vl/) = {ﬂ- € H‘ do (Ma V) = H$ - yHLZ(dﬂ'(z,y))} .
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The nonlocal aggregation equation is a nonlocal continuity equation whose solutions can
exhibit concentration of mass in finite time even for smooth initial data, so global-in-time weak
solutions must be paths g : [0,00) — Pa. In order to define which curves should be expected to
have derivatives in some weak sense one needs a define which curves are absolutely continuous.
Given the 2-Wasserstein topology on Pa, one can define when paths p; : [0,00) — Py are

“absolutely continuous”, which is when there exists a function m € L}, ([0, 00)) such that

(1.2.5) do (ths, tt) S/ m (r) dr.

It will be discussed later when weak solutions of the nonlocal aggregation equation are absolutely

continuous paths in Ps.

1.3. Geometry on Py

A formal Riemannian structure can be placed on Py. The tangent plane at u € Po, de-
noted 7, is the closure in the L? (du) norm of gradient vector fields of smooth and compactly-

supported functions on R, i.e.

L?(dp)

(1.3.1) Tu ={V¢|o € C (RY)}

Then the metric defined at p € P, for v,w € T, is

(1.3.2) gy (v,w) = /v () w(z)du(x).

The geodesic between p,v € Pscan be characterized in the following way: Take 7 €

Lopt,2 (1, v) as defined in (1.2.4). Then define the displacement interpolant 7, for 0 < s <1 as
(1.3.3) ms=((1=s)z+sy),m.

7, is the constant speed geodesic between p and v.

Furthermore, the exponential map defined at each y € Py, denoted by exp,, (v;t) : T, — P,
is
(1.3.4) exp,, (vit) = (z +tv (z)) 4 p.

An energy functional F : Py — R is said to be geodesically convex (or semi-convex) if there
exists a A > 0 (respectively A < 0) such that for any p,v € Py with 7 € T'op0 (1, v) defining
the geodesic path 75 as in (1.3.3) it holds that

(1.3.5) Elrns)] <(1—=s)E[u]+sE[v] — %)\s (1—s)d3(u,v).
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1.4. Definitions of Some Geometric Objects on Finite Dimensional Manifolds

The rest of this chapter will build to explain how a path p; that solves the nonlocal aggre-
gation equation is also a path that evolves along the gradient flow of the associated interaction
energy. In order to state that rigorously a geometry needs to be placed on P5. To motivate the
definitions of the gradient and Hessian for the interaction energy on P, consider the example
of how the operators “grad” and “Hess”, the operators that send a function to it’s gradient and
Hessian at a point, respectively, act on smooth functions on a finite dimensional Riemannian
manifold M.

To do this, fix a differentiable function f : M — R and z € M, and consider the smooth
paths ®; in M parametrized by ¢ such that ®; = exp, (tv) for some vector v € T,M and the
exponential map exp, meaning that where ®; = v and the covariant derivative of ®, satisfies

Dd‘ff = 0. Then fo®; is a smooth function in ¢, and its derivative with respect tot at t =0

is a linear functional on v. Thus, by the Riesz-Representation theorem, there exists a unique
vector in RY called “the gradient of f at 27, denoted by gradf (z), such that for the Riemannian
metric on M, here called gy, is

d(fO(I)t)

(1.4.1) -

= gu (gradf (z),v)
t=0

with gradf, an element of the tangent plane, defined one can then define the bilinear form

“the Hessian of f at ” by noting that
d* (f o @) _ d<d(f°¢’t))
‘0 dt dt 0

dt?
) .
= (o (gradf (@), &1 (@) -

(DOl Y

dt
is the covariant derivative of the gradient vector field of f and is itself

where D(Erd/(®:(a))
t

t=0
a vector valued linear function, so by again applying the Riesz Representation theorem there is
a unique operator Hessf (z) (where operator in this sense just means a matrix) such that

D (gradf (¢ (z)))
dt

= Hessf (z)v
t=0

which implies that Hessf (z) can be defined by using the bilinear form

& (f o &4 (x))
dt?

Where the right hand side is also denoted by Hessf () [v, v].

(1.4.2) = gy (Hessf (x) v, v)

t=0
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1.5. Introduction to the Interaction Energy

Each configuration i € Ps has an associated interaction energy W defined as

(L5.1) Whi=5 [ [We-ndu@dut).

Note that unless w grows at infinity at most quadratically, this integral may not be defined,
so attention here will be restricted to those w. The proceeding will follow the finite dimen-
sional heuristics to define the gradient and the Hessian for the Interaction Energy W. These
computations follow the formal definitions stated in [55, Chapter 8.2]

Let ®; () : [0,00) x R — R? be such that ® (z) = z and &; = 0, so that &; = = + tv (z)
for some tangent vector v € 7,. Let v be the path in P, starting at 1 and being pushed forward
by @, i.e. 4 = ®ypp. Then W () is

—5 [ [W @@ - e @)@ duty).

Now following the finite dimensional example above, to find the gradient of W at p first compute

the first derivative of this functional along the path at ¢t = 0:
d;/tv %//VW (@4 (2) = P2 (y)) - ((v(z) —v (y))) du (z) dp (y)
— /(’U(x))T {/VW(xy)du(y)}d,u(x).

has the explicit expression

0 t—O/{/VW(Iy)d'“(y)}'”(x)dﬂ(z)

dt
which by analogy with the chain rule in (1.4.1) gives that

/VW(x—y)du(y)
= V/W(x—y)du(y)-

To define the Hessian one can copy the finite dimensional example again by computing the

[ve]

t=0 t=0

(1.5.2) [¢]

(1.5.3) gradW|, (z)

second derivative ‘i;T‘QV [v¢] at t = 0 which is

d2W

el

// ) HessW (@, (z) — Dy (v))
v (y)) du () dp (),

/{/VW @ (« t(y))du(y)}ét () dp (z)

t=0
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where ®, is constant along the path, so d, =0, so plugging in t = 0 gives
d2W
/ / )" HessW (z — y)

dr?
() —v (y)) dp () du (y)

This is an explicit computation that shows how to define the Hessian of the energy at u by

’Yt

analogy with (1.4.2). In particular, the Hessian is notated

HessW, // )" HessW (z — y)
(1.5.4) (@) — v (y) dp () du(y).

1.6. The Nonlocal Aggregation Equation

1.6.1. Introduction to the Nonlocal Aggregation Equation. Now a rigorous for-
mulation of the nonlocal aggregation equation can be stated. One says that the absolutely

continuous path pu; in Ps is the solution of the nonlocal aggregation equation

Oupe + V- (pevy,) =0
(1.6.1) vy, () = —VW x* p; ()
Lt =p,att=0.

for the interaction kernel w with initial data p when g, satisfies for all test functions ¢; €
C2 ([0, 00) x R?) the equation

we2)  [* [ @an@ars [ ew@d@ = [ [ Vo) v @ du @),

In [20] it was shown that this result holds for w such that
(1) W e C* (R {0}) with Lipschitz singularity at the origin.
(2) W(z) =W (—z)
3) W(x)<C ‘1 + \x|2‘ for some C > 0.
(4) W (z) + iA |z|® is convex for some A € R (i.e. w is semi-convex).
When studying the nonlocal aggregation equation in this thesis, however, all the interaction
kernels w of interest are in C%! (R?), the space of twice differentiable functions with itself and
each derivative being Lipschitz, and are radial, so they satisfy the requirements 1 and 2 above.
Since the steady-states and neighborhoods of them that will be considered later are all compactly
supported, any radial W € C2! can be replaced by a W € C?! that induces the same dynamics
on the steady-states and their neighbors, and satisfy requirements 3 and 4 as well, so that for
the purpose of this thesis it is sufficient to consider any W € C?! that is radial.
Note that [20, Theorem 2.13] shows that these weak measure solutions have an exponential

contraction property, namely give w with A as in requirement 4 above, it holds that for two
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aff) F(r) Fir)
1 1 1
0.5 0.5 0.5
0 0 0 _/
05, 0.5 1 15 05, 0.5 1 15 03, 0.5 1

FIGURE 1.6.1. The figure shows an example w with its derivatives F' and F”,
which model long-range attraction and short-range repulsion for the interactions
between particles.

initial data pg and vg in Py with the same center of mass, and p; and v; are their respective

weak-measure global-in-time solutions of the nonlocal aggregation equation, then

(1.6.3) do (e, ve) < e da (o, v0) -

Since this thesis will focus on W € C?! except for in chapter 2, the associated gradient flow

map ®; (z) : R x RY — R? satisfies the following proposition:

PROPOSITION 1. There exists a C1! in space and C? in space mapping ®; (v) : RxR? — R4
that is the flow map of the gradient flow the interaction energy, namely ®; is the flow map of
&= —vp, (z (1))

Proor. First note that v, (x) is Lipschitz in space. One sees this since w is C*! in space,
so be denoting with Ly, the Lipschitz constant of VIV one sees that

(o (21) — v (22)] = ] [ IW =)+ W 2 = ) de )
< /WW(xl—y)—vwm—y»dut(y)

< [ Lw o~ aaldu )
= LW ‘Z‘l — 31‘2‘ .
Furthermore v,,, (x) is continuous in time, since
[ (2) = vy ()] = ‘/VW(x—y)du(y) —/VW(x—gj)dzx(g)‘ |

Let w € T (u, v), then

v () — v, ()]

\/<vw<x—y>—vw<x—g>>dw<y,g>]

< /|VW(xfy)fVW(x*§l)|d7T(y7§)
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and by using the fact that VW is Lipschitz continuous with Lipschitz constant Ly,

00 @)~ 0, (2)] < L [ 1y~ 9l (5.)

so by applying Cauchy-Schwartz inequality

lou (z) — v, ()] < LW\// ly = §I° dm (y,§) = Lwda (p,v).
By applying this inequality where p = pu; and v = py4p one sees that

[V, (&) = vpy, ()| < Lwda (pe, presn) -

and since p; is an absolutely continuous function, recall from the definition of absolutely con-

tinuous (1.2.5) that there is then an L' function m such that

t+h

This shows that v, (z) is continuous in time, since as h goes to zero, so will the right side of
the inequality above, and thus by the squeeze theorem so will the left side.

Thus since vy, (x) is continuous in time and Lipschitz in space, by standard ODE theory
there exists a C' in space and time flow map @, associated with the ode & = v, (z). Note that

Oy 110 = . Finally, using the change of variables y = ®; (2)

(@) == [ W @ = g)du () = = [ VW (2 = @ (2)) dpo 2).

Thus v,, is C' in time and thus @, is C? in time. O

Lastly, being radial, each w has an associated function F : [0,00) — R defined such that
Wi(z) = w(l)
F(r) = W' (r).

This makes the velocity field defined at each point in the support of p; be

r—y
(16.4) ) = = [ Pl =) =L ).
1.6.2. The Nonlocal Aggregation Equation as a Gradient Flow of the Interac-
tion Energy. Looking at the definition of the nonlocal aggregation equation, (1.6.1), and the

definition of the gradient of the interaction energy, (1.5.3), it turns out that
(1.6.5) vy, = —grad,, W

justifying calling the solution to the nonlocal aggregation equation “the gradient flow of the

interaction energy”.
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Note that by (1.5.2) and (1.6.5)

AWV [
Tt = /grathW “Vy, (@) dpy (x)

= [ | @] s )

implies that

dw
uaa| =0« v (zx)=0
dt
for pu-a.e. x, so critical points of the evolution in time of the energy correspond to steady-states

of the nonlocal aggregation equation.

1.7. Notation and Conventions

Throughout this thesis the following notation and conventions will be used.

(1) W is the interaction energy functional defined on P, (R?), the space of Borel proba-
bility measures on R? with bounded second moment.

(2) All measures in this thesis have their center of mass at zero. (Note that two paths in
the space of probability measures used in this thesis are either rotations of a measure
i, or gradient flow evolutions with initial data po. Both of these paths preserve the
center of mass.)

(3) w is the interaction kernel associated with the interaction energy W. W € C*! (Rd)
the space of twice differential functions which are Lipschitz and have Lipschitz deriva-
tives. Except for in Chapter 6 on global minimizers of the energy, where more general
interaction kernels are considered.

(4) Ly denotes the Lipschitz constant of VW, meaning for all z,y € RY that

VW (z) = VW (y)| < Lw |z - y].
(5) ew denotes the Lipschitz constant of HessW, meaning that for all z,y, 2 € RY that
|(HessW (x) — HessW (y)) z| < ew |z — yl |2] .

(6) dg refers to the 2-Wasserstein distance on the space of probability measures. If [ (i, v)
represents the transportation plans between p and v in Ps, then
do (,v):= min |z —2 -
2 (,U, ) rel1(w) || ||L2(d7r(x,:c)).
The existence of such a minimizer is a standard result in the theory of optimal trans-

portation, for example as in [55, Theorem 1.3].



(7)

(8)
(9)
(10)

(11)
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Likewise d refers to the co-Wasserstein distance on the space of probability measures.
If ] (u, v) represents the transportation plans between p and v in Py, then

doo (1, V) = ﬂefﬁlﬁl’u) Iz = 2| poo (dr(25)).
The existence of minimizers for p, v supported on a compact domain (as will be used
in this thesis) was shown in [25, Proposition 2.1].
The set T'ype 2 (1, ) and T'ype 00 (1, V) represent the sets of optimal transport plans with
respect to the 2-Wasserstein and co-Wasserstein costs, respectively.
1t represents the gradient flow evolution in Ps of the interaction energy W, starting
from a given pg its initial data.
®,; denotes the flow map of the gradient flow evolution, i.e. of the differential equation
i = —VW % ; (x) . They are C1'! in space and C? in time.
v, is the velocity vector field such that v, := — VW * p.



CHAPTER 2

Global Minimizers of the Interaction Energy

2.1. Introduction to Global Minimizers

We consider the minimization of the nonlocal-interaction energy
Wi = [ [ W= pdu()dnty)
RN JRN

over the space of probability measures P (RN ) Nonlocal-interaction energies arise naturally
in descriptions of systems of interacting particles, as well as continuum descriptions of systems
with long-range interactions. They play an important role in statistical mechanics [48, 50] and
descriptions of crystallization [4, 47]. For semi-convex interaction potentials w some systems
governed by the energy F can be interpreted as a gradient flow of the energy with respect to

Wasserstein metric and satisfy the nonlocal-interaction equation

g—l; = 2div(u(VW * p)).

Applications of the equation include models of collective behavior of many-agent systems [10, ?],
granular media [9, 24, 53], self-assembly of nanoparticles [36, 37], and molecular dynamics
simulations of matter [34].

Although the choice of the interaction potential w depends on the phenomenon modeled by
either (2.1) or (2.1), the interaction between two agents/particles is often determined only by
the distance between them. This yields that the interaction potential w is radially symmetric,
ie., W(z) = w(|z|) for some w : [0, +00) — RU{+occ}. Many potentials considered in the appli-
cations are repulsive at short distances (w'(r) < 0 for r small) and attractive at long distances
(w'(r) > 0 for r large). While purely attractive potentials lead to finite-time or infinite time
blow up [13] the attractive-repulsive potentials often generate finite-sized, confined aggregations
[33, 40, 42]. On the other hand in statistical mechanics and in studies of crystallization it is the
(attractive-repulsive) potentials that do not lead to confined states as the number of particles
increases which are of interest [48, 51]. This highlights the importance of obtaining criteria
for existence of global minimizers of the energy, for it is precisely those potentials which have a
global minimizer that exhibit aggregation of particles into dense clumps.

The study of the nonlocal-interaction equation (2.1) in terms of well-posedness, finite or
infinite time blow-up, and long-time behavior has attracted the interest of many research groups

17
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in the recent years |7, 13, 14, 15, 16, 23, 30, 33, 38, 40, 41, 6, 20]. The energy (2.1) plays an
important role in these studies as it governs the dynamics and as its (local) minima describe the
long-time asymptotics of solutions. It has been observed that even for quite simple attractive—
repulsive potentials the energy minimizers are sensitive to the precise form of the potential
and can exhibit a wide variety of patterns [38, 40, 57]|. In [5] Balagué, Carrillo, Laurent,
and Raoul obtain conditions for the dimensionality of the support of local minimizers of (2.1)
in terms of the repulsive strength of the potential w at the origin. Properties of minimizers
for a special class of potentials which blow up approximately like the Newtonian potential at
the origin have also been studied [15, 22, 32, 33]. Particularly relevant to our study are the
results obtained by Choksi, Fetecau and one of the authors [26] on the existence of minimizers
of interaction energies in a certain form. There the authors consider potentials of the power-law
form, w(z) := |z|*/a—|z|" /r, for —N < r < a, and prove the existence of minimizers in the class
of probability measures when the power of repulsion 7 is positive. When the interaction potential
has a singularity at the origin, i.e., for r < 0, on the other hand, they establish the existence
of minimizers of the interaction energy in a restrictive class of uniformly bounded, radially
symmetric L!-densities satisfying a given mass constraint. Carrillo, Chipot and Huang [21]
also consider the minimization of nonlocal-interaction energies defined via power-law potentials
and prove the existence of a global minimizer by using a discrete to continuum approach. The
minimizers and their relevance to statistical mechanics were also considered in periodic setting
(and on bounded sets) by Siito [50].

Here (Theorems 4 and 5) we obtain criteria for the existence of minimizers in a very broad
class of potentials. We employ the direct method of the calculus of variations. In Lemma 2
we establish the weak lower-semicontinuity of the energy with respect to weak convergence of
measures. When the potential w grows unbounded at infinity (case treated in Theorem 4) this
provides enough confinement for a minimizing sequence to ensure the existence of minimizers.
If w asymptotes to a finite value (case treated in Theorem 5) then there is a delicate interplay
between repulsion at some lengths (in most applications short lengths) and attraction at other
length scales (typically long) which establishes whether the repulsion wins and a minimizing
sequence spreads out indefinitely and “vanishes” or the minimizing sequence is compact and has
a limit. We establish a simple, sharp condition, (HE) on the energy that characterizes whether
a global minimizer exists. To establish compactness of a minimizing sequence we use Lions’
concentration compactness lemma.

The condition (HE) is closely related to the notion of stability (or H-stability) used in
statistical mechanics [48]. Namely stability is a necessary condition for a many body system
of interacting particles to exhibit a macroscopic thermodynamical behavior. As we show in

Proposition 6 the condition (HE) is almost exactly the complement of H-stability. That is
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if the energy (2.1) admits a global minimizer then the system of interacting particles is not
expected to have a thermodynamic limit.

While the conditions (H1) and (H2) are easy-to-check conditions on the potential w itself,
the condition (HE) is a condition on the energy and it is not always easy to verify. Due to
the above connection with statistical mechanics the conditions on H-stability (or lack thereof)
can be used to verify if (HE) is satisfied for a particular potential. We list such conditions in
Section 2.4. However only few general conditions are available. It is an important open problem
to establish a more complete characterization of potentials w which satisfy (HE).

We finally remark that as this manuscript was being completed we learned that Cadizo,
Carrillo, and Patacchini [18] have been working on the same problem and have obtained very
similar conditions for the existence of minimizers, which they also show to be compactly sup-
ported. The proofs however are quite different.

2.2. Hypotheses and Preliminaries

The interaction potentials we consider are radially symmetric, that is, W(z) = w(|z|) for
some function w : [0, +00) = RU {400}, and they satisfy the following basic properties:

(H1) w is lower-semicontinuous.
(H2) The function W (z) is locally integrable on RY.

Beyond the basic assumptions above, the behavior of the tail of w will play an important
role. We consider potentials which have a limit at infinity. If the limit is finite we can add a
constant to the potential, which does not affect the existence of minimizers, and assume that
the limit is zero. If the limit is infinite the proof of existence of minimizers is simpler, while if
the limit is finite an additional condition is needed. Thus we split the condition on behavior at

infinity into two conditions:

(H3a) w(r) — oo as r — oo.

(H3b) w(r) — 0 asr — oo.

By the assumptions (H1) and (H3a) or (H3b) the interaction potential w is bounded from
below. Hence

(2.2.1) Cw = inf w(r)> —oc.
r€(0,00)
If (H3a) holds, by adding —Cw to w from now on we assume that w(r) > 0 for all r € (0, 00)
As noted in the introduction the assumptions (H1), (H2) with (H3a) or (H3b) allow us

to handle a quite general class of interaction potentials w.
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In order to establish the existence of a global minimizer of F, for interaction potentials
w satisfying (H1), (H2) and (H3b), the following assumption on the interaction energy E is

needed:
(HE) There exists a measure ji € P (RY) such that W|z] < 0.

We establish that the conditions (H1), (H2) and (H3a) or (H3b) imply the lower-semicontinuity
of the energy with respect to weak convergence of measures. We recall that a sequence of prob-
ability measures pu,, converges weakly to measure u, and we write p,, — p, if for every bounded

continuous function ¢ € C,(RV, R)
/¢dun—>/¢du as mn — oo.

LEMMA 2. [Lower-semicontinuity of the energy] Assume w : [0,00) — (—00, 0] is a lower-
semicontinuous function bounded from below. Then the energy W : P(R™) — (—o0, 0] defined

in (1.5.1) is weakly lower-semicontinuous with respect to weak convergence of measures.

PRrROOF. Let pu, be a sequence of probability measures such that p, — p as n — co. Then

fn X [, — p1 X p in the set of probability measures on RY x RY. If w is continuous and bounded

[ L we-pdn@dne — [ [ We-du@du) as 0.
RN JRN RN JRN

So, in fact, the energy is continuous with respect to weak convergence. On the other hand, if
w is lower-semicontinuous and w is bounded from below then the weak lower-semicontinuity of

the energy follows from the Portmanteau Theorem [54, Theorem 1.3.4]. O

We remark that the assumption on boundedness from below is needed since if, for example,
w(r) = —r then for p, = (1—1)8y+ 14, the energy is W(u,) = —1 for all n € N, while p1,, = &
which has energy W(dp) = 0.

Finally, we state Lions’ concentration compactness lemma for probability measures [43],
[49, Section 4.3]. This lemma is the main tool in verifying that an energy-minimizing sequence

is precompact in the sense of weak convergence of measures.

LEMMA 3. [Concentration-compactness lemma for measures| Let {1, }nen be a sequence of
probability measures on RY. Then there exists a subsequence {ii,, }ren satisfying one of the

three following possibilities:

(i) (tightness up to translation) There exists yr € RY such that for all € > 0 there exists
R > 0 with the property that

/ dpin, (z) 21 —¢ forall k.
Br(yr)
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(ii) (vanishing) limg oo SUPycgpN fBR(y) dpin, (x) =0, for all R > 0;

(iii) (dichotomy) There exists « € (0, 1) such that for all £ > 0, there exist a number R > 0
and a sequence {z}reny C RY with the following property: Given any R > R there

are nonnegative measures ), and pi such that
0 < pi + 43 < i,

supp(py) C Br(zx),  supp(ui) C RV \ By (1),
a—/RNdu}g(x) )SE.

2.3. Existence of Minimizers
In this section we prove the existence of a global minimizer of W. We use the direct method

n \(1—a>— a1 (x)

RN

lim sup <

k—o0

of the calculus of variations and utilize Lemma 3 to eliminate the “vanishing” and “dichotomy” of
an energy-minimizing sequence. The techniques in our proofs, though, depends on the behavior
of the interaction potential at infinity. Thus we prove two existence theorems: one for potentials

satisfying (H3a) and another one for those satisfying (H3b).

THEOREM 4. Suppose w satisfies the assumptions (H1), (H2) and (H3a). Then the energy
(1.5.1) admits a global minimizer in P (RN).

PROOF. Let {{in}nen be a minimizing sequence, that is, lim,, oo Wpn] = inf ,cp@ny Wn].

Suppose {ux}ren has a subsequence which “vanishes”. Since that subsequence is also a
minimizing sequence we can assume that {u}reny vanishes. Then for any € > 0 and for any
R > 0 there exists K € N such that for all £ > K and for all x € P (RN)

uk(RN \ Bg(z)) =2 1—e¢.

This implies that for & > K,

//Iwy|>R dpg(z)dpk(y) = /RN (/RN\BR(x) d,uk(y)> dpg(r) =2 1—e.

Given M € R, by condition (H3a) there exists R > 0 such that for all » > R, w(r) > M.
Consider € € (0, ) and K corresponding to € and R. Since W > 0 by Remark 2.2,

Wil //| Lt ey // el = b @y

///| C LI
>(1-¢e)M.



2.3. EXISTENCE OF MINIMIZERS 22

Letting M — oo implies W[ug] — oco. This contradicts the fact that py is a subsequence of a
minimizing sequence of W. Thus, “vanishing” does not occur.

Next we show that “dichotomy” is also not an option for a minimizing sequence. Suppose,
that “dichotomy” occurs. As before we can assume that the subsequence along which dichotomy

occurs is the whole sequence. Let R, sequence z; and measures

g, + i < pe

be as defined in Lemma 3(ii). For any R’ > R , using Remark 2.2, we obtain

lim infWiuy,, ] > hmmf/ / w(|z — y|)dp2 (z)dpi (y)
k—oc0 Br( Ink Ink

> _

> r}lnf w(r)a(l — a)

where BS, (1, ) simply denotes RN\ B/ (x,,, ).
By (H3a), letting R’ — oo yields that

lim inf W{pn,, | = oo,
k—o0

which contradicts the fact that py is an energy minimizing sequence.
Therefore “tightness up to translation” is the only possibility. Hence there exists y, € RY
such that for all € > 0 there exists R > 0 with the property that

/ A, () 2 1—¢ forallk
B(yk,R)

Let
/&’nk = Nnk(' - yk)
Then the sequence of probability measures {fin, }xen is tight. Since the interaction energy is

translation invariant we have that

Wliin,] = Wlpn,].

Hence, {fin, }ren is also an energy-minimizing sequence. By the Prokhorov’s theorem (cf. [17,
Theorem 4.1]) there exists a further subsequence of {fi,, }xen which we still index by k&, and a
measure g € P (RN) such that

Pny — Mo
in P(RY) as k — .

Since the energy in lower-semicontinuous with respect to weak convergence of measures, by

Lemma 2, the measure g is a minimizer of E. g

The second existence theorem involves interaction potentials which vanish at infinity.
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THEOREM 5. Suppose w satisfies the assumptions (H1), (H2) and (H38b). Then the energy
W, given by (1.5.1), has a global minimizer in P (RN) if and only if it satisfies the condition

PROOF. Let us assume that W satisfies condition (HE). As before, our proof relies on the
direct method of the calculus variations for which we need to establish precompactness of a
minimizing sequence.

Let {un}nen be a minimizing sequence and let

I:= #E;Drgw) Winl.
Condition (HE) implies that I < 0. If I = 0 then by assumption (HE) there exists g with
WI[a] = 0, which is the desired minimizer. Thus, we focus on case that I < 0. Hence there
exists i for which W[j] < 0. Also note that by Remark 2.2, I > —oc.

Suppose the subsequence {fi,, }ren of the minimizing sequence {i, bnen “vanishes”. Since
that subsequence is also a minimizing sequence we can assume that {u }ren vanishes. That is,

for any R > 0

lim sup / duk(y) = 0.
Br(z)

k—>ooz€RN
Let

wW(R) = rir)l%w(r).

Since w(r) — 0 as r — 00, wW(r) = 0 as r — oo and w(r) < 0 for all r > 0. Then we have that

Wil = | wlle i)+ | wlle vt

> w(R) + Cw /_ n dyuy. () dpur.(y)

mm+wr</ dpar () dpur ()
RN JBgr(z)

Vanishing of the measures, (2.3), implies that liminfy_, . W[ur] > @(R) for all R > 0. Taking
the limit as R — oo gives

lim inf W[ug] > 0.

k—o0
This contradicts the fact that the infimum of the energy, namely I, is negative. Therefore

“vanishing” in Lemma 3 does not occur.
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Suppose the dichotomy occurs. Let « be as in Lemma 3 and Cyy be the constant defined
in (2.2.1). Let € > 0 be such that

(1 1
2.3.1 < - —1,— -1
( ) c 64|Cw| S DR R

and let R’ be such that

—pl _ : ﬂ 1 l — 1 —
(2.3.2) (R — R)| = |T21Rn/f_Rw(r)\ < 2 mln{a 1, T a 1p.

As in the proof of Theorem 4, we can assume that dichotomy occurs along the whole sequence.
Let p; and p2 be measures described in Lemma 3. Let vy, = puy — (ui + p2). Note that vy is a
nonnegative measure with || < &, where |vg.| = v, (RY).

Let B[, -] denote the symmetric bilinear form

Bl =2 [ [ wlle o) dute)iv).
By the definition of energy
W(pk) = W) + W (i) + Blug, uiy) + Blug, + pi vie) + W)

zlc i
(2.3.3) ; N
> W(pg) + W(pg) — [0(R — R)| = 2|Cw|e

where we used that the supports of u; and p? are at least R’ — R apart. We can also assume,
without the loss of generality, that E(u;) < 31 for all k. Let ay = |t B = |-

Let us first consider the case that ,lew(:“/lc) < ﬁl—kW(ui) Note that the energy has the
following scaling property:

Wico] = Wio]

for any constant ¢ > 0 and measure o. Our goal is to show that for some A > 0, for all large
enough k, E(O%ku,lf) < E(pr) — M| which contradicts the fact that uy is a minimizing sequence.

Let us consider first the subcase that E(u?) > 0 along a subsequence. By relabeling we can
assume that the subsequence is the whole sequence. From (2.3.1), (2.3.2), and (2.3.3) it follows
that iE(,u}c) < I/4 for all k. Using the estimates again, we obtain

1 1 _
B) B (ant) > (1- 23 ) £ ) - [0 — )~ 2Cwe
(052 Qg
LN
>Q%—)4—wm—m—2ww

> (Lol
T\« 16
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Thus yy, is not a minimizing sequence. Contradiction. Let us now consider the subcase E(u?) <
0 for all k. Using (2.3.3) and %E(ﬂi) < E(p2) we obtain

DO |~

> B(u) > (1 n fj) E(ub) - [@(R — R)| - 2/Cyle.

From (2.3.1) and (2.3.2) follows that for all k
1 1
—E(u) < =.
P (kr) S
Combining with above inequalities gives
1 Be 1 _
E(up) =B —p ) > (14+ 2= — = | E(up) — '~ R)| -2
)= £ (k) > (14 2 = 5 ) Bub) = (7 = B = 2iCu

(L g (LY (1
e RS o 32 ' 32
i

32 \«

for k large enough. This contradicts the assumption that py is a minimizing sequence.

The case aikE(,u}C) > ﬁ%E(u%) is analogous. In conclusion the dichotomy does not occur.
Therefore “tightness up to translation” is the only possibility. As in the proof of Theorem 4, we
can translate measures p,, to obtain a tight, energy-minimizing sequence fiy, .

By Prokhorov’s theorem, there exists a further subsequence of {fi,, }ren, still indexed by &,
such that

Wn, — po as k— oo

for some measure pg € P (RN ) in P (RN ) as k — oco. Therefore, by lower-semicontinuity of the

energy, [o is a minimizer of E' in the class P (RN )

We now show the necessity of condition (HE). Assume that W([u] > 0 for all u € P (RY).
To show that the energy E does not have a minimizer consider a sequence of measures which
“vanishes” in the sense of Lemma 3(ii). Let
1
p(r) = EXBl(O)(z)y
where wy denotes the volume of the unit ball in RV and XBr(0) denotes the characteristic
function of Bg(0), the ball of radius R centered at the origin. Consider the sequence
pu() = o (%)

for n > 1. Note that p, are in P (RN). We estimate
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1
0<Wip 27/ / w(|lz — y|)dzdy
[on] 22 |y o Lo (I )

: / /
< 5% ( |w(|z])|dz)dy
w1V Jp,0) /)
1
< 7(/ \w(\x|)|dm+/ |w(|z[)|d)
wy n Br(0) Ban (0)\Br(0)

N
< C(R) +2—sup|w(r)|

Since sup,.> g |w(r)| — 0 as R — oo, for any ¢ > 0 we can choose R so that % sup,> g |lw(r)| < 5.

We can then choose n large enough for ch(fJ)\, < 5 to hold. Therefore lim,, o, W|[p,] = 0, that

is, inf ,epry) Wln] = 0. However, since W[ is positive for any measure in P (RY) the energy

does not have a minimizer. O

2.4. Stability and Condition (HE)

The interaction energies of the form (1.5.1) have been an important object of study in
statistical mechanics. For a system of interacting particles to have a macroscopic thermodynamic
behavior it is needed that it does not accumulate mass on bounded regions as the number of
particles goes to infinity. Ruelle called such potentials stable (a.k.a. H-stable). More precisely,
a potential w : [0,00) = (—00, o0] is defined to be stable if there exists B € R such that for all

n and for all sets of n distinct points {x1,...,2,} in RV
1 1
(2.4.1) —~ Z w(wi — ;) > ——B.
1<i<j<n

We show that for a large class of potentials the stability is equivalent with nonnegativity of

energies. Our result is a continuum analogue of a part of Lemma 3.2.3 [48].

PROPOSITION 6. [Stability conditions] Let w : [0,00) — R be an upper-semicontinuous
function such that w is bounded from above or there exists R such that w is nondecreasing on

[R,00). Then the conditions

(S1) w is a stable potential as defined by (2.4.1),
(S2) for any probability measure p € P(RN), W(u) >0

are equivalent.

Note that all potentials considered in the proposition are finite at 0. We expect that the
condition can be extended to a class of potentials which converge to infinity at zero. Doing so
is an open problem. We also note that condition (S2) is not exactly the complement of (HE),

as the nonnegative potentials whose minimum is zero satisfy both conditions. Such potentials
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indeed exist: for example consider any smooth nonnegative w such that w(0) = 0. Then the
associated energy is nonnegative and W(dy) = 0 so any singleton is an energy minimizer. Note
that E satisfies both (HE) and stability. To further remark on connections with statistical
mechanics we note that such potentials w are not super-stable, but are tempered if w decays at
infinity (both notions are defined in [48]).

ProoF. To show that (S2) implies (S1) consider = + > 7" | d,,. Then from W(u) > 0 it
follows that 15 37, <<, w(xi — x;) = —5-w(0) so (S1) holds with B = 5w(0).

We now turn to showing that (S1) implies (S2). Let us recall the definition of Lévy-
Prokhorov metric, which metrizes the weak convergence of probability measures: Given proba-

bility measures v and o
drp(v,0) =inf{e >0 : (VA —Borel) v(A) <o(A+¢)+eando(A) <v(A+e)+e}

where A+e = {z:d(z,A) < e}.

For a given measure pu, we first show that it can be approximated in the Lévy—Prokhorov
metric by an empirical measure of a finite set with arbitrarily many points. That is, we show
that for any e > 0 and any ng there exists n > ng and a set of distinct points X = {x1,...,x,}
such that the corresponding empirical measure px = = Z?:I 0., satisfies drp(px, ) <e.

Let € > 0. We can assume that e < 3. There exists R > 0 such that for Qr = [-R, R]",
px (RN\Qr) < 5. For integer [ such that \/N? < ¢ divide Qg into [V disjoint cubes Q;,
i =1,...,IY with sides of length 2R/I. While cubes have the same interiors, they are not
required to be identical, namely some may contain different parts of their boundaries, as needed
to make them disjoint. Note that the diameter of each cube, \/N?, is less than €. Let n > ng
be such that % < 5. Let p = % Fori=1,...,I1N let p; = u(Q;), n; = |pin], and ¢; = n;p.
Note that 0 < p; —¢; <pand thus s, =Y, ¢ = >, pi—1"p>1-— 5. In each cube Q; place n;
distinct points and let X be the set of all such points. Note that 2 = 3, n; = syn > (1 — )n.
Let X be an arbitrary set of n — 7 distinct points in Q2r\Qr. Let X = X U X. Note that X

is a set of n distinct points. Then for any Borel set A

pA< Y w@)+5< Y (x(Q)+p)+

i u(ANQ;)>0 i u(ANQ;)>0

Spux(A+e)+e.

DO ™

Similarly
ux(A) < p(A+e)+e
Therefore drp(u, px) < e.
Consequently there exists a sequence of sets X,,, with n(m) points satisfying n(m) — oo as

m — oo for which the empirical measure p,, = px,, converges weakly p,, — p as m — oco. By
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assumption (S1) 1
//w B W(z = y)dpm(z)dpx,, (y) > —— (m)B
Let us first consider the case that w is an upper-semicontinuous function bounded from above.
It follows from Lemma 2 that the energy F is an upper-semicontinuous functional. Therefore
W(u) > lim sup W(py,) = lim sup fL(B —w(0))=0
m—soo m—oo  1(M)
as desired.

If w is an upper-semicontinuous function such that there exists R such that w is nonde-
creasing on [R, 00) we first note that we can assume that w(r) — oo as r — oo, since otherwise
w is bounded from above which is covered by the case above. If u is a compactly supported
probability measure then there exists L such that for all m, supp p,,, € [~L,L]"N. Since w is
upper-semicontinuous it is bounded from above on compact sets and thus upper-semicontinuity
of the energy holds. That is W(u) > limsup,,,_, .o W(um) = 0 as before.

If 1 is not compactly supported it suffices to show that there exists a compactly supported
measure i such that W(u) > W(i), since by above we know that W(i) > 0. Note that since
W(5 (85 +60)) = 0, w(|z]) = —w(0). Therefore w is bounded from below by —w(0) and w(0) > 0.

Since w(r) — oo as r — oo there exists By > R such that w(Ry) > max{1, max,<p, w(r)}
and m; = p(Bg,(0)) > §. Let Ry be such that w(Ry) > 2w(Ry), and define the constants
my = u(Bg,(0)\Bg, (0)) and m3 = u(RN\Bg,(0)). Note that m; + mg +m3z = 1. Consider
the mapping

x if |z| <R
0 if |z|> Ra.

Let fi = Pyp. Estimating the interaction of particles between the regions provides:

P(z) =

W) < W(u) + Qw(O)mg + 2(w(R2) + w(0))mams — 2(w(R2) — w(R1))mims
< W(,U) + w(RQ)mg,(mg + 4dmg — ml) < W(/J,)

As we showed in Theorem 5 the property (HE) is necessary and sufficient for the existence
of a global minimizer when E is defined via an interaction potential satisfying (H1), (H2)
and (H3b). The property (HE) is posed as a condition directly on the energy E, and can
be difficult to verify for a given w. It is then natural to ask what conditions the interaction
potential w needs to satisfy so that the energy F has the property (HE). In other words, how
can one characterize interaction potentials w for which £ admits a global minimizer? We do

not, address that question in detail, but just comment on the partial results established in the
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context of H-stability of statistical mechanics and how they apply to the minimization of the
nonlocal-interaction energy.

Perhaps the first condition which appeared in the statistical mechanics literature states that
absolutely integrable potentials which integrate to a negative number over the ambient space
are not stable (cf. [28, Theorem 2| or [48, Proposition 3.2.4]). In our language these results

translate to the following proposition.

PROPOSITION 7. Consider an interaction potential W(x) = w(|z|) where w satisfies the
hypotheses (H1), (H2) and (H3b). If w is absolutely integrable on RY and

/ w(|z|) dz < 0,
RN
then the energy W defined by (1.5.1) satisfies the condition (HE).
PROOF. Since [y w(|z])dz < 0, given & > 0 there exists a constant R > 0 such that

/ w(|z|) dz < e.
Br(0)

Consider the function p(z) := ﬁ XBg(0)(7), i.e., the scaled characteristic function of the ball
of radius R. Since p € L'(RY) with [p||r1zv) = 1 it defines a probability measure measure.

Estimating at the energy of p we obtain

1
Wil = o [ [l yldady
wi n* J0) JBr(0)

1 /
- (/ w(le])|dz)dy < ¢
Wi n*N Jph0) JBaw)

Letting € — 0 shows that the energy E satisfies (HE). O

An alternative condition for instability of interaction potential is given in [19, Section II].
This condition, which we state and prove in the following proposition, extends the result of

Proposition 7 to interaction potentials which are not absolutely integrable.

PROPOSITION 8. Suppose the interaction potential w satisfies the hypotheses (H1), (H2)
and (H3b). If there exists p > 0 for which

(2.4.2) / w(|z))e P 1 dz < 0
RN

then the energy E defined by (1.5.1) satisfies the condition (HE).
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PROOF. Let p > 0 be given such that the inequality (2.4.2) holds. Since the case p = 0 has

been considered in Proposition 7 we can assume p > 0. Consider the function

N
P 2t
p(x) = N2 € .

Clearly p € L'(RY) and ol m~y = 1; hence, it defines a probability measure on RY. Using
the linear transformation on R*V given by

u=x—1y, v=x+y

for z and y in RY and denoting by C the Jacobian of this transformation we get that

/ / —y|) e 12l =201l gg gy

RN JRN

:C’/ / w([u|) e~ 22" lutvl*/2g=2% lu—v*/2 gy gy,
RN JRN

:C’/ / w([u|) e~ 22" (P10 gy gy
RN JRN

= 0/ (/ w([u) e 22" 14 gy) e=20°107 gy < 0
RN JRN
Hence, the energy E satisfies (HE). O

REMARK 9. Another useful criterion can be obtained by using the Fourier transform, as
also noted in [48]. Namely if W € L2(RY), for measure ;1 that has a density p € L2(RY), by

Plancharel’s theorem
W(p / W(z —y) du(z)du(y / W (&)|p(€)[2de.
RN JRN

So if real part of W is positive, the energy does not have a minimizer.

This criterion can be refined. By Bochner’s theorem the Fourier transforms of finite non-
negative measures are precisely the positive definite functions. Thus we know which family of
functions, p belongs to. Hence we can formulate the following criterion:

If W € L?(RY) and there exists a positive definite complex valued function ¢ such that
[W(€)[1?(€)]dE < 0 then the energy W satisfies the condition (HE).



CHAPTER 3

Formulation of the Problem of Stability of Steady-States

3.1. Introduction to the Stability Problem

The stability problem this thesis is concerned with is the following;:

Suppose fi € Py is a steady state of the nonlocal aggregation equation. What
are some conditions on w that are sufficient to guarantee exponential con-
vergence in the 2-Wasserstein distance of gradient flow evolutions that start

near to fi in some sense?

To answer this question this thesis explores how to linearize the dynamics in such a way to find

explicit conditions for nonlinear stability, as well as obtain explicitly the rates of convergence.

Recall from chapter 1 that a typical result in the evolutions of gradient flows of energies

in the space probability measures is that if an energy is A—geodesically convex as defined in

(1.3.5), and if A > 0, then one gets the exponential contraction (1.6.3) of the evolutions, i.e.

da (pe,ve) < e My (p,v)

where p; and v; are gradient flow evolutions of the energy with initial data p and v.

However, if one were to try to apply this to a particle interaction system that exhibits the

long-range attraction and short range repulsion dynamics described above then one would run

into two immediate problems:

(1)

Since w is semi-convex (due to the short-range repulsion), W is in general only semi-
convex: meaning it only statisfies (1.3.5) for some A < 0. Thus motivating the search
for A—convexity for positive A only in a neighborhood of fi, and in particular the
neighborhoods we considered are in the co-Wasserstein distance, d,, defined as:

doo (:U/v V) = ﬂeli_lr(lft V) Hl‘ - j"Lw(dﬂ(I,i)) :

Further, WV is never even locally A—convex for any A\ > 0 either, because there are ro-
tations and translations of a measure in any p—Wasserstein neighborhood of a measure
(whether p is 2, oo, or any of the other possible p—Wasserstein metrics that one might
think were reasonable), and these rigid motions always leave the energy invariant since

the energy of a configuration only depends on the distances between the particles.
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Thus the search for A—convexity for positive A can only be along a restricted subset

of perturbations of the steady-state.

Given these issues, it is still possible to obtain some meaningful convergence, which is the subject
this thesis. One can show that A\—convexity in only a (co-Wasserstein) neighborhood of a steady
state, and only on a restricted subset of paths, is sufficient to give the exponential convergence
results desired.

Furthermore, this thesis will later discuss how these local convexity conditions on the in-
teraction energy that need to (in principle) be evaluated at all measures in a neighborhood of
the steady-state can be pulled-back to conditions at the steady-state. They are pulled back in
such a way that conditions on the interaction kernel that are evaluated only at the steady-state
are shown to be sufficient -given enough smoothness on the interaction kernel- to guarantee an

exponential rate of convergence in the 2-Wasserstein metric to a rotation of said steady-state.

3.2. Proving the Finite Dimensional Version of the Stability Result

The following chapters of the thesis will cover the convergence of the gradient flow to a locally
asymptotically stable steady-state. To motivate the argument, here is the finite dimensional
version of the argument.

Consider a potential on R?, say f, that is C*! such that the Lipschitz constant of V f is Ly
and the Lipschitz constant of Hessf is c¢, and with f is associated the gradient flow trajectory
®, such that

b, (z) = —gradf (@ (x))

Oy (z) ==
with a steady-state of the evolution at z. To further motivate the connection to the current
problem, suppose that there is a Lipschitz vector field C that is nowhere zero and such that at
each point x in the domain,

Clfl=vf-Cl, =0

This vector field is here to motivate how to deal with the translation and rotation invariance of
the interaction energy. C likewise induces C' curves ¢, that lie in level sets of the potential f,

namely @, solves
¢t (z) = C (o)
vo (z) = x.
Since C' is Lipschitz, a. is a well-defined continuous nondecreasing and bounded function in ¢

such that C(z C
e ap lC@-CW@)

zef{|z—z|<e} |i' - l“ :
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This gives a potential that is A—convex in directions perpendicular to the vector field C,

whose flow gives the levels sets of the potential f. For example, if the domain is R? then

f(z) =23
with
C(x)=e;
would be an example of such a potential. In this case the potential is 2-convex in the e direction

and the potential stays constant along the e; direction.

LeMMA 10. If T is a steady-state such that for some A > 0,
v  Hessf ()0 > Mo’ o
for all v L C (&), then there is a € > 0 such that

Tim A= AN—C 2 _cpe
c@P

ISJ] m@[\)

is positive and for x such that |x — Z| < € then

Vf ()" Hessf (z) Vf(z) > NV ()" Vf(2).

Proor. Using that Hessf is Lipschitz, note that
Vf (z)" Hessf () Vf(x) > Vf(z)" Hessf (z)Vf(x)— crle —z|Vf ()" V[ (x)
> V/f(z)" Hessf (z) Vf (2) —creVf ()" Vf(z).

Now, just because Vf (z) L C () it does not follow Vf (z) L C(z). However Vf (x) can be
decomposed. Define w € span{C (z)} and © L C (Z) such that

(Vf(x)-C(x))

_ . _ C(z
w Projo(z Vf (x) @ (7)
v = Vf(z)—w.

Note that since Vf (z) L C (x) one gets the estimate
W = (V@) C @)’

C ()
(Vf(2)-(C(2) = C ()
V(@) Vf@)|C (@) - C ()

IN

(

a? _ 2 T
— S |T—x Vf(x)" Vf(x
= <|C(j)|2| |> f(z)” Vf(z)
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which also implies that

V@) Vf(z)—wlw

2
1- e T—a | V@) VS (x
< |C(:i)|2| |> f(z)” Vf(z)

= 1—a7262
< IC (2)] >

o'

|
m N

Kl

and it is easily seen that
Hessf (Z)w =0
so the above estimate on Vf (z)” Hessf (z) V[ (z) becomes
Vi (2)" Hessf () Vf (2) > (0+w)" Hessf (&) (5 +w) — c;eVf (2)7 Vf ()
= oTHessf ()0 — cpeVf ()" Vf (2)
> XoT0 —cpeVf () VS (z)

<)\ - )\|CC(L;)|252 - cf5> Vi) Vf(z)

= NVf(2)" Vf(2)

as was to be shown. O

LEMMA 11. Suppose that T is a steady-state that satisfies the hypothesis of the previous

lemma, i.e. there is a there is a X > 0 such that
v  Hessf ()0 > Mo’ o

for v L C (&), which implies that there is a € > 0 and X > 0 such that for all z such that

|z — &| < € it is true that

V()" Hessf (2) Vf(2) > NVf(2)" Vf(2),

then if
_ €
|z —Z| < TN
(5 +1)
then
‘(I;t (l‘)‘ < e—)\thL;
(5 +1)
and

|y (z) — 7| <e

for all time t.
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PrOOF. First note that, for as long as |®; () — Z| < ¢ is true for ¢ € [0,T), the positive
definite condition of the Hessian given by the previous lemma as mentioned in the hypothesis

gives that

d, (x)

2 d

= SIVr@ @)

2V f (@ (z))" Hessf (@ (z)) By (x)
—2X |V £ (@0 (2)[

IN

—2)

d, (95)‘2

and so Gronwall’s inequality gives

‘flit (x)‘ < et )tﬁo (w)‘

for t € [0, 1.
Furthermore,
Bo@)| = IV/ (@)
< V@) +|Vf(z)-Vf(2)
< V@) + Ly lx— 2|
= Lylz—x|
g
b (5% +1)
SO
) -\t €
(3.2.1) ‘fbt (a:)’ <e Lf(LA{Jrl)
for t € [0,T]

Now suppose for the sake of contradiction that there exists a time T such that |®r () — Z| =
€. Considering the hypothesis, this means that
5

N

€ - @7 (z) — |

T
/ ]qit (x)‘dt
0

IA
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Then by (3.2.1),

- T
€— 77 < / ’@t(x)‘dt
(eer) o
T
< / e Mdt | Ly—
: (5 +1)
Lf &
< R
A (L
(5 +1)
so that I
et (B
(5 +1)
a contradiction. So
[P, () —Z| <e
and furthermore (3.2.1) folds for all time t. O

THEOREM 12. If T is a steady-state such that for some A > 0,
o  Hessf (Z) 7 > Aol o
for o L C(Z), then there is some & > 0 such that for all x such that |x — | < &', a point

Z:= lim @, (z) = ¢, (Z)

t—o0

exists, there is an s € R such that

&= s (7)
(i.e. T sits on a trajectory of T along the vector field C), and there is a N > 0 such that

e Lye

|D; (z) — 2] < e S

PRrROOF. Let ¢ and X come from Lemma 2.1. Then let
£ , if £ <X
(34+1) (5F+1) e

/ 2\ e N €
O<e <a ,lfa<

g =

which allows one to use the conclusions of Lemma 2.2.
The existence of # comes from the fact that R? is complete and ®; (z) converges due to the
Cauchy property since there is exponential decay of the velocity of ®; (x). To see this, fix n > 0,

then for
)\/
In (L"fs/)
T <s<t
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one has

@, (2) — @, ()] < /

P, (x)‘ dr

¢
< </ e"”dr) Lye'
S
, o\ Lge
_ (e’As—e’“> )}\fl
L'
< e /J\clg
< n.

Further, this same decay implies exponential convergence to . To see that the rate is correct,

note

1@, (2) — 3 < /too B (2)] ds

(/ exsds) Ly’
t

1, Lee!
Nt r€ '
)\/
All that is left to see is that there is an s € R such that

IN

&= s (T)
(i.e. & sits on a trajectory of Z along the vector field C). To show this, first define s* such that

§* = argmin |p, (T) — &
S

s* is a critical point of 3 [p, (Z) — #|?, so it must solve the following condition:

d (1 A N I _
0= 5 (5100 ~3) = (.0 - ). (@) = (. (@) ~ 8)-C (0 0).
Define
Z = g (i)
then the above computation shows
T—zL1C(2).

Now by Taylor’s theorem there exists an r € [0, 1] such that
IVf(@)|=I|Vf(Z)+Hessf((1—r)i+rz)(&—2)]
then since Hessf is Lipschitz with constant ¢; and V f (g« (%)) = 0,

IVf(@)] = [Hessf(2) (@ —2)| —cp (1—r) |2 — 2.
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-]

|2—2]

Now multiply the first summand on the right hand side by and apply the Cauchy-Schwartz

inequality to show

Vf (@) > :i_j Hessf (2) (3 — 2)| — ¢y (1 —7) |2 — 2|
> ﬁ (i—Z)THessf(Z)(it—E)‘—cf(l—r)\g%—2|2

and since before it was shown that (Z — z) L C (%) one can use the positive definiteness of the
Hessian to show that
1
Vi) > ——
Vi@l >
1
&= 2|

(2 — ) Hessf (2) (& - 2)| — ¢; (1= 1) |2 - 2I*

> Nz —zP—c;(1—71)|2 -2
= Nlg—zl—c;(1—7)|2— 2.

Now note by Lemma 2.2 that

Sl < |4 — 7l = 1 __</
|z —z] < |& — Z| tlirglo@t(x) Il <e

S0
Vi@ = N|g—z—cr(1-r)]d -2
S e
> |z =z (N —epel).

!’
Since ¢’ is chosen such that &' > ;\—f,

and note that indeed by Lemma 2.2 that
< T frd 1 frnd
0<|Vf (@) = [/ (Jim @ ()]

S0 & = Z = e« (Z), as was to be shown. O

lim Vf (@, (z))| = lim ’qit (x)‘ < lim e V'L =0

t—00 t—00 T t—oo




CHAPTER 4

The Full Tangent Plane and Full Linear Stability in the
Space of Probability Measures

4.1. Introduction to the Chapter

In chapter 3 section 2, the first lemma showed that having positive definiteness of the
potential’s Hessian along tangent vectors perpendicular to the energy’s level curve going through
the steady-state was enough to show positive definiteness of the Hessian along the gradient flow
vectors at nearby states. In doing so, the gradient vector at points near the steady-state are
pulled-back to vectors in the tangent plane of the steady-state. However, in infinite dimensions,
it can be that all maps from the tangent plane at one state p € Py to another state i € Py can
be degenerate. For example, if i is a delta mass and p is not, then no injective map from the
tangent plane at p to the tangent plane at g exists. To fix this problem, the goal of this chapter
is to introduce the notion of “labeled tangent vectors”. Along these a tool termed here “the full
Hessian” will be computed, which allows one to check geodesic convexity even along geodesics

that are not induced by velocity fields.

4.2. Admissible Vector Fields and Labeled Tangent Vectors

4.2.1. Admissible Velocity Vector Fields. Recall that for any configuration u, rota-
tions and translations of u are level sets of the energy. However, the velocities on the configu-
rations induced by the gradient flow are in fact non-translating and non-rotating, and thus it
makes sense to restrict the analysis of the convexity of the energy at u solely to those neighbors
of p that are not rotations or translations of it, thus restricting the velocity vector fields on
which the Hessian will be calculated.

In particular, it is important to define which vector fields are “admissible vector fields at p”,
denoted by v € Adm (). These are the vector fields v € 7, that are orthogonal to rotations

and translations, the former requirement meaning that for any skew-symmetric matrix A

(4.2.1) /v ()" Az dp (z) =0

and the latter requirement meaning that

(4.2.2) /1} () dp (z) = 0.
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This restriction is necessary because the interaction energy is invariant under rigid motions.

4.2.2. Labeled Tangent Vectors. Recall that in infinite dimensions, it can be that all
maps from the tangent plane at one state p € Ps to another state i € P are degenerate. This
subsection will define “labeled vector fields”, which permits the analysis of the Hessian of the
energy along gradient flow vector fields to be analyzed by pulling this vector fields back to a
steady-state and using a generalization of the standard Hessian discussed in chapter 2, which
will be called here the “full Hessian”.

Labeled vector fields are necessary because sometimes there are no transportation maps
between two measures; for example there are no transportation maps that push the support of
a single delta mass forward to the support of two delta masses. So to introduce this notion of
labeled vector fields with an example: suppose one wanted to describe the McCann displacement
interpolation starting at pu = Jp and ending at v = %5;1 + %53 for two disjoint points A, B € R?
as a “pushforward” of the measure p. The delta mass would need to split into two distinct pieces
to be pushed forward to A and B. To describe this “pushforward of ” it is necessary to keep
track of how the mass is split as well as the trajectory of each piece. So for this example define
the splitting plan 7, a product measure where 7 ({0},{A4}) = % and 7 ({0},{B}) = 2. And
define

q)t (O,A) = tA
®,(0,B) = tB.

Then ®;4 is just McCann'’s displacement interpolation between 1 and v.

Here are the concepts used to talk about labeled vector fields more generally:

A set of labels S -which are labels among which mass can be split- which has an associated
measurable space (5, S) called the “label space”. (In the previous example S = {4, B} and S is
the discrete o—algebra.)

Then, to describe how mass in a measure y is to be split among the labels, one needs:

A “splitting plan for p (associated with a label space S)” 7 is a product probability measure
on R? x S with p as its first marginal. Note that the Disintegration Theorem implies that
for p—a.e. x there is a probability measure 7, (s) such that dr (z,s) can be decomposed into
dr, (s) dp (x). Here m, is a probability measure on the label space, and describes how the mass
of u at x is split between the labels in S. 7 could be defined conversely from 7.

Using a splitting plan, then one can define a “labeled tangent vectors at p” which is a pairing
(v(w,s),7) where v : R? x § — R4
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The set is called the “full tangent plane at p”, defined as

(4.2.3) FTu: = { (v, )| 7 is asplitting plan for p
(4.2.4) associated with any label space S
(4.2.5) andv (z,5) : RYx § - RY, v e L? (dﬂ')}.

REMARK 13. Note that the full tangent plane contains the usual tangent plane in it. For
example, if the label space S consists of only a single element s, then for all v (z) € 7, one
can define v (z,s) = v (x) and define 7 for Borel sets X C R? such that 7 (X,{}) = 0 and
7 (X,{s}) = u(X) so that (v,7) is in the full tangent plane of u, and v (x) = v (z, s) is in the
usual tangent plane at p.

4.3. The Full Hessian

This section discusses a way to estimate the Hessian along a gradient vector field by eval-
uating an expression at a nearby steady-state. Recall for this section all the assumptions and

definitions in chapter 1 section 7 hold.

4.3.1. Decomposing the Usual Hessian Using Labeled Tangent Vectors. Given a
measure y € Py and a vector field v (x) € 7, admissible in the sense of satisfying (4.2.1) and
(4.2.2), recall from (1.5.4) that

HessW, [v,v] = //(v (z) — v (y))" HessW (z — y)
(v (x) = v (y) du (z) dp (y) .-

Now when there is a steady-state i € P, that is near to u in the co-Wasserstein sense, there

(4.3.1)

is a labeled tangent vector (v (z,Z),m) € FT, that is naturally associated with v (z) € T,.
Namely
v(z,Z) = wv(x)
(4.3.2) T € TDoptroo (1, 1) -
This labeled tangent vector can then be decomposed to give a “pullback” of the tangent
vector v (z) € 7, and a remainder labeled tangent vector that represents the spreading of the

mass at fi. Namely define v : R? — R, the pullback of v (z) € T,,, using the disintegration dr
defined by dr (z,z) = drz (z) dip (x), as

(4.3.3) (%) = / v (z,7)drs (z)
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and the remainder labeled tangent vector representing spreading is (0 (z,z),m) € F T, where v

is defined as
(4.3.4) 0(z, %) =v(x,Z) — 0 (T).
Note combining (4.3.2), (4.3.3) and (4.3.4) gives the pointwise decomposition of v (z) as
(4.3.5) v(z)=v(z,Z)=7(T) +0(x,7).
Plugging this decomposition into (4.3.1) gives a useful decomposition of the Hessian as well:
HessW, [v (2) v (z)] = / / (0 () + 5 (2.2) — 0(5) — 5 (4,9))" HessW (z — )
(0 (@) +0(x,7) —0v(y) -0y, 9) dr (z,7) dr (y,9) -

Expanding this expression gives

// (v(z)—v(y T HessW (x—y)(0(Z)—v(y))dr (z,z)dr (y,7)
+2// (v(z)—v(y T HessW (x—y) (0 (z,z) — 0 (y,9)) dr (x,Z) dr (y,7)
4 [ @) = 0 .0) HesW (2 = 1) (0 (2.2) = 5 (0,0 dr (2.2 d (3.9)
Further note that by definition,
(4.3.6) /f; (z,Z)dmz () =0
so these computations show the Hessian in (4.3.1) decomposes into:
//@* —5() HessW (2 — v) (5 (F) — 5 (§)) dr (. 7) dr (v, 5)

(4.3.7) —|—2// 2,7)" HessW (z — y) 0 (z, ) dr (z, %) dr (y, )

4.3.2. Estimating the Hessian at i by Expressions Evaluated at the Steady-State
it Recall in the previous subsection, i € Py denoted a steady-state of the evolution and p is
near to it in the co-Wasserstein sense such that do (fi, 1) < € for some & > 0. Furthermore, recall
that HessW is Lipschitz with Lipschitz constant cy,. This allows the Hessian decomposition
(4.3.7) to be estimated below such that

// (@ (z) — 5(9))" HessW (x — ) (v (%) — 0 (§)) dr («, ) dr (y, )

+2// z,%)" HessW (x — y) ¥ (z, %) dr (2, %) dr (y, 7))
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> // (0 () — v ()" HessW (z — ) (v (2) — 0 () dji () di (3)
+2//17 (z,2)" HessW (Z — §) 0 (2, ) dr (z, ) dji (7)

(4.3.8) 720W€/|T1(i)\2dﬁ (z) 720W{—:/|1~J(z,i’)|2d7r (z,7).

4.3.3. The Controlled Pullback Condition. Now part of the goal of this chapter is to
discuss the positive definiteness of the Hessian, but as mentioned in Chapter 4 Section 2, this
can only happen on admissible vector fields that satisfy (4.2.1) and (4.2.2), and one issue that
has not been addressed yet is whether the pullback, v, is admissible in this sense.

To see that (4.2.2) is satisfied for ¢ is a straightforward computation using the definition of
7, (4.3.3), and the fact that v € 7, is admissible. Compute that

[r@a@ = [([oewninw)an@
= /v(x,a’:)dﬂ'(x,i)

- / v (z) dp (x)
(4.3.9) = 0.

However, in general ¥ does not satisfy (4.2.1). However, ¥ can be decomposed into the sum
(4.3.10) UV =UR + VgL

where v is the rotational part of v, i.e.

IR (x) = arg - rﬂ?iio(d) /Ax -0 (x).

and U1 is orthogonal to the rotational part so that it satisfies (4.2.1). Previous works have
circumvented this issue by restricting attention to a limited class of admissible perturbations.
In [29, 31] the authors characterized stability for particle steady-states for the 1-D system.
In [56] the authors studied how certain instabilities of the d-sphere lead to evolution towards
“soccer ball” patterns that depend on the mode of the instabilities of the Fourier transform of
the perturbations on the ball.

The Hessian acting on the rotational component v is zero, i.e.

(4.3.11) HessW; [0, 0] = HessWy [Ugt, Ugt]
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but when f is a finite particle steady-state, i.e.

N
(4.3.12) = mids,
=1

for N particles with positions {Z;, o, ..., Zx } and masses {my, ms,...,my} such that

N
(4.3.13) > mi=1
=1

then the magnitude of vz can be controlled. Furthermore in this case vzL € 7T since it
orthogonal to rotations and a function ¢ € C° can be found such that at {Z1,Zo,...,Zn},
Vo (z;) =vpe.

One says that the particles are in “general position” if {z;,...xx} are such that there exists
a constant ¢ > 0 (depending on fi) such that for all A € so(d) (the skew-symmetric matrices)
the inequality
(4.3.14) ie{{{lf.}.{.N} |AZ;| > c||A|l

holds. Then the magnitude of vz can be controlled in the following way:

THEOREM 14. (The Controlled Pullback Condition) Let u € Py be near the finite particle
state i € Pa, in the sense that d, (1, i) < €, where i is defined by (4.3.12) and is in general po-
sition as defined by (4.3.14). Let ¢ > 0 be defined by (4.3.14) and let m = min {my, ma, ..., mpy }.
Let v € T,, and let v € Ty be the pullback of v defined by equations (4.3.2) and (4.3.3). Then,
defining v as the rotational component in the decomposition of v defined by (4.8.10), and where
g, and g are the Riemannian metrics defined by (1.3.2), the following holds:

(4.3.15) / |or (:r)\2 di(z) < igu (v,v) €?

cm

PRrROOF. Since vg is a rotational vector field, there exists a skew-symmetric matrix A €
so (d) (that depends on ) such that

for all ¢ € {1,2,...N}, so one can take
(4.3.16) IR (Z) = Az, for T € suppfi.
Now g; (vr, ) can be bounded below by

N
9n (’DR,’T)R) = /7772 - URdp = Zmi ‘Afilg > mc? ||AH2

i=1
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so that

2

(4.3.17) 14l < (nicgﬁ (UR,UR)>

Note that since v (z) € 7, is admissible in the sense of (4.2.1),

/v(x)-Axdu(x):()

[l @Pda@ = [or@: 0@

- /R o u(x)—/v(af)-Aafdu(x)
— [([r@arin @) azdn@) - [ o) Aviu(o)
_ /U@c ( — z) dr (2, 2)
< ([r@fae ) (f1ac- |d7r<m));
< (fwerae ) 141 ( [ lw - o) ar o ))é
< gl (4 [ lon (@ di( >) .

This gives the controlled pullback condition which was to be shown. O

4.3.4. Full Linear Stability. The controlled pullback condition allows some meaningful
positive definiteness conditions to be shown for HessW,, [v,v] for admissible v. Indeed, as will
be shown in a moment, part of bounding HessW, [v,v] below will only require checking the
positive definiteness of HessWj; [Ug ., Uz ). Before showing this in its entirety, one more lemma

is required.

LeEmMMA 15. (Characterization of Spreading Stability) Let p € Py and i € Py. For some
v €Ty, let (0(x,z),7) € FT,, where m € Uopt oo (11, 1), be defined by (4.3.2) and (4.3.4). Then
for A >0,

2//ﬂ(x,j)THessW(j—g)ﬁ(m,fa)dw(m,i) dii (5) > )\/|17(x,§:)|2d7r (2, 7)

if, and only if,

| >

(4.3.18) min eigenvalue of HessW * i (Z) >

for fi-a.e. T .
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PROOF. Since
2 / / o (z,2)" HessW (z — §) 0 (2, Z) dr (2, 2) dja () = 2 / / ¥ (z,2)" HessWxji ()0 (z, ) drr (, %)

sufficiency is obvious. To show necessity, assume for the sake of contradiction that the statement

is false, i.e. that
2 //f} (z,2)" HessW * i () § (z, ) dr (2, %) > )\/ |6 (2, z)|* drr (z,Z)
but there is a set A of positive measure where for 7 € A

min eigenvalue of HessW * i (T) <

| >~

and denote the corresponding eigenvectors as w (Z).
Now a transport plan will be constructed that leads to the contradiction. Fix ¢ > 0 and
define the maps

_ z ifz¢ A
N I

2+ S0 ifze A

~ z ifz¢ A

w2 (2): = o ew() s s
P MEE

and use these to define the transport plan

1 1
™= (p1,e X Id)# (2M> + (p2,e X Id)# <2U> .

Note that ||z — Z[| o (gr(2,2)) < E-

Also, define
|Zg;‘ if (2,2) € (p1,e x Id) (A)
0(z,2) == { —pm if (2,2) € (p2,c x Id) (A)

this ensures for all ji-a.e. Zz that

/ﬂ(z,%)dwg(z) - %/17(2,2)d((g01,5)#ﬂ> (z)+%/@(z,2)d((<p275)#ﬂ) (2)
_ lw@®@ 1w
2w(z)] 2w (2)|
0.

Now using v and 7 one sees

gﬂ(A) - %/w(m)\?dw (2, 7) g/@(x,i;)THessW*ﬂ(f)@(x,j;) dr (2, %) =
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w (Z)
ea lw(z)| lw (Z)|
where the last inequality comes from the assumption for the sake of contradiction. Thus the

T
:/ w(2) HessW x i (T) dr (2, %) < gﬁ (A)

statement is proven. O

These statements finally motivate the two conditions which together is called here “full
Linear stability (with constant A > 0)”:

One says the steady-state fi is a “displacement stable (with constant A > 0) configuration”
of the interaction energy if for vz1 € 7, that are admissible (i.e. satisfy (4.2.1) and (4.2.2))
when
(4.3.19)

/ / (ore (2) — s (5)7 HessW (& — §) (0 (2) — Ore (5)) i (2) dR () > A / ore ()2 (7).
or equivalently
HessWpy [Ope,Ore] > g (Upe,Uge).

One says the steady-state fi is a “spreading stable (with constant A) configuration” of the

interaction energy if

| >

(4.3.20) min eigenvalue of HessW * [i (Z) >

THEOREM 16. (Full Linear Stability at the steady-state implies positivity of the Hessian
along admissible vector fields at nearby configurations) Let i € Py be a finite particle state as
defined by (4.8.12) such that [ is fully linear stable with constant A > 0, meaning that both
(4.8.19) and (4.3.20) hold with constant A > 0. Let ¢ > 0 be defined by (4.8.14) and let
m = min {my, ma,...,my}.

Then for any p € P2 such that dos (1, i) < €, and for all v € T, that are admissible in the
sense of (4.2.1) and (4.2.2), it holds that

A
(4.3.21) HessW,, [v,v] > ()\ —2cwe — cm€2> gu (v,v)
Furthermore, for any r € (0,1) if € > 0 is such that

cwem cwem 2
e<—— —|—\/< \ )—i—(l—r)cm

then

(4.3.22) HessW,, [v,v] > rAg, (v,v).

ProoF. Recall that given the transportation plan © € T'ops o0 (1, ) that v (z) € 7, can
be decomposed into the pullback v € 7; and the labeled tangent vector called the spreading
remainder (0 (z, %), ) as defined by (4.3.2), (4.3.3), (4.3.4) and (4.3.5). Then using the definition
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of the Hessian (1.5.4) and the lower bound (4.3.8) it holds that

HessW,, [v,v] > HessW;[7,7]
x

2 / / 5 (
(4.3.23) C9eye / 15 (2)2 dii (7) — 2ewe / 15 (2, ) dre (2, 7).

Note that (4.3.6) implies that

.z)" HessW (Z — §) 0 (2, %) drr (z, &) dji (§)

and thus by (4.3.5) one sees
/|m:~| di (7 /|vxm| dr (2,7) = /|17(a?)+17(x,£)|2d7r(x,i)
(4.3.24) = [ @ du)

0 (4.3.23) can be rewritten as

HessW,, [v,v] > HessW;[7,7]
x

o [

(4.3.25) C9ewe / v () dp ().

.z)" HessW (Z — §) 0 (2, %) drr (z, &) dji (7))

Furthermore the spreading stability condition (4.3.20) and Lemma 6 show that

2//@(x,gz)THessW (z —9) ¥ (x,2) dr (z,Z) dip () > A/\@(x,gz)ﬁdw (2,7),
and recall (4.3.11) that
HessWj, [0, 0] = HessW; [UgL, U]
so with (4.3.25) these imply that
HessW, [v,v] > HessWy [UgL,Ur]

+A/|ﬁ(x,£)|2d7r (z,7)

(4.3.26) —2CW€/ v (2)? dp (x)

and since g+ € T is admissible in the sense of (4.2.1) and (4.2.2) then the displacement
stability condition (4.3.19) says that

HessWj, [ 1, Trt] > )\/ lors (2)? dji (%)
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so that
HessW, [v,0] > A / logs (2)) dia (T)
+)\/|ﬁ(z,f)|2d7r(;v,f)
(4.3.27) —2cwe / v (2)] dp (z) .

Now add and subtract to the top term in the following way,

A o @Pdate) = A [ o @F dp(2) 4 [ lom (0 da @)

I
>~
=l
w
N—
o
=9
=
—
S
|

>~
=l
bS]
—~
8l
SN~—
o
ISH
=
s

so using the identity (4.3.24) and the Riemannian metric notations (4.3.27) becomes
(4.3.28) HessW,, [v,v] > (A — 2cwe) g, (v,v) — Agp (vr, vR) -
But recall that the controlled pullback condition (4.3.15) gives

1
9n (UR’ UR) < %9# (’U, ’U) e?
so that
A
(4.3.29) HessW,, [v,v] > ()\ — 2cwe — cm€2> gu (v,0).
Furthermore, for any r € (0,1) the ¢ > 0 such that

A
()\ — 2cwe — 52> >
cm

are, using the quadratic formula and simplifying, those such that

cwem cwem 2
e<—— —I—\/( \ )—i—(l—r)cm

so if € satisfies this inequality then

HessW,, [v,v] > rAg, (v,v).

Note that the following corollary immediately proceeds from the preceding:

COROLLARY 17. If for allt € [0,T], the hypothesis of the previous theorem hold, i.e, that

doo (pit, 1) < € for some sufficiently small 0 < & < —<UEE 4 / (CW;m)Q + 2em, and [ is fully
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linear stable with constant A > 0. Then
_a
/ oy (@) dpe (2) < 3 / [V ()2 dpt ()
for allt €10,7T].

PRrROOF. Note that

AW (]
dt

~ [ o @F dys (2)
= Y (Vup, )

and
W [Nt]

T = [ @) = v ()T HesW (5= ) 0 (0) v () e () i (1)

= HQSSW"“ [vﬂt ’ vﬂt] .
Thus (for the given €) the previous theorem shows that for all ¢ € [0, T

d (g, (Vpe, ) o A
7% Z 59 (v#mvﬂt)

so by Gronwall’s inequality it holds for all all ¢ € [0, T] that

_2A
th (Uuﬁvllt) S € 2t9u0 (Uuo’vuo)

otherwise written as
[ 1 @F dis ) 2 3 [ o, @F di (0

which was to be shown. O



CHAPTER 5

Proof of the Stability Result

5.1. Introduction to the 2-Wasserstein Projection

Let 1 be a steady-state of the evolution, then one can define the finite dimensional manifold

M which contains all rotations of .
(5.1.1) M={04n: 0 SOd)}.

If the steady-state is full linear stable, then one would expect convergence of the gradient flow
evolution to some element of M, which is the level set of the energy containing the steady-state,
analogous to the finite dimensional case in chapter 3. As the gradient flow u; evolves in time,
the member of M that is closest in the 2-Wasserstein sense changes as well. Recall that the full
linear stability of the steady-state only implies positive definiteness of the Hessian along gradient
vector fields at measures that are close in the co-Wasserstein sense. Thus it is important to see
how the member of M closest to pu; moves in time too, so as to guarantee that oo-Wasserstein
bound between p; and g holds for all time as well.

The discussion starts by noting that for each measure i, there exists a minimizer of dy (u, ).

LEMMA 18. Assuming all the assumptions and definitions of 1.7, let i be a steady-state of

the gradient flow evolution, let be . another measure, then there exists a measure o such that
in d .
o € arg min dz (v, n)
ProOF. The proof proceeds by the direct method of calculus of variations. Let a > 0 be

such that

= inf ds (v, 1) .
@ uE{O#ﬁlzr(l)ESO(d)} 2 (v: 1)

Let {on},cn € {Oxfi: O € SO (d)} be a (monotonically) minimizing sequence of the above
infimum. Then there exist {O,}, oy C SO (d) such that o, = Oppfi. Since SO (d) is a compact

metric space, it is sequentially compact, and thus {O,,} has a convergent subsequence {Onj }n N
J

that converges to an element O € SO (d). Now
a < dy (Opfi ) < lim dy (Onjefip) = @

and 0 := Oxfi € {Oxji: O € SO (d)}, showing this set attains a minimum. O

51
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There may indeed be more than one minimizer of ds (i, ), so define a “local minimizer” as
any measure o such that there is a 6 > 0 such that for all v € M such that ds (0,v) < 6 then

(5.1.2) da (o, p) < dg (v, ) -

Around each measure v € M, there exists a useful neighborhood to define, U, (v), which is
(5.1.3) U: (v) = {eiy‘ AT = —A ||A| <&}

whose closure is

(5.1.4) U: (v) = {e;iu‘ AT = A, A < g} .

A

Note that for A skew symmetric as here, e is an orthogonal matrix such that dete? = 1, i.e.

it is a rotation matrix on M.
The following lemma allows one to establish the existence of a local minimizer by checking
da (p,-) at a measure v € M and 90U (v).

LEMMA 19. Let p € Py and v € M where M is defined by (5.1.1) for some steady-state [i.
If there exists an € > 0 such that for all A skew-symmetric matrices such that ||A|| = ¢ it holds
that

da (1, 621/) > dy (p, V)

then there exists a o, an interior point of U (v) such that o is a local minimizer.

PROOF. Since U, (v) is compact there exists o € U, (v) such that

d2 (O',M) < d2 (17,/14)

for all 7 € U, (v) and in particular

d2 (O',M) < d2 (I/,/L)

so by hypothesis ¢ ¢ U, (v). So o € U.(v) and thus is the local minimizer desired for the

lemma. O

LEMMA 20. Let i be a steady-state of the gradient flow evolution, let M be as defined
by (5.1.1), let p € Pa, and let o be a local minimizer of da (u,) as defined in (5.1.2). Let

7w € Dopt,2 (0, p). Then for all skew-symmetric matrices A,
(5.1.5) / (% — 2) - AZdr (7,7) = 0
and let vy be the displacement interpolant between o and p,

vs=((1—s)Z+sa)ym
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and let s €€ Typy o (Vs, 1), then for all skew-symmetric matrices A,

(5.1.6) /x - Azdmg (z,2) = 0.
PROOF. To see this, let ¢, be the flow map that satisfies for an arbitrary A € so (d)
¢s () = Az
po(z) =2

0 spo € M for all s. Note that ¢, () = e4*Z is the flow map of this differential equation.
Since o is a local minimizer it must be true that

d

0 = — d% (905#07 ﬂ)

s=0

S_O/x—x|2d7r(1:,m)
= 2/(ffx)~Afd7r(i,x)

for the arbitrarily chosen skew-symmetric matrix A. This shows the first claim. Note that since
#T Az = 0 that this further implies that

/x-A:fdﬂ(:?,x) =0

To see the second claim note that it is known that 7 is unique and s = (((1 — 8) T + s2) , @), .
Thus

4
ds

/mAzdws(z,x) = /x-A((lfs)fEJrsx)dw(f,m)

= /x-AEdW(:E,:C)—8/$'A(f—$)d7r(ff7x)
=0

as was to be shown. O

LEMMA 21. Assuming all the assumptions and definitions of 1.7, for some steady-state i

let M be defined by (5.1.1). If for allt € [0,T], doo (1t, M) < € for some sufficiently small

A
dew

implies that

> ¢ > 0, then full linear stability (with constant \) of the gradient flow evolution at i

8Lw
A —dewe

_2
da (pt, M) < < )dz (o, M) e™ !
for allt €10,T7].
PROOF. Let o; be a measure on M which is closest to u; in do metric, whose existence is
guaranteed by (18) such that

d2 (/U‘Ea M) = d2 (:ufa U) .
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Fix some time ¢ € [0, 7).
Let m € T'ope.2 (147, 0) and define J : [0, 1] — R as the interaction energy along the interpolant
T = (rz+(1—7r)%),m ie.

//W (@ —y) + (1= 7) (7 — §)) dr (2, 7) dr (4,7) .
Then for all r € O 1
//VW @)+ (1)@ -9 (@ —y) - (& 7)) dr (z,7) dn (4,7).

Furthermore, J” can be bounded from below uniformly in r. To see this, recall that HessW is

Lipschitz with constant cy (as stated in chapter 1 section 7),

J" (r // (z—y)—(@—7) HessW (r(z —y)+ (1 —7) (z— 7)) ((x —y) — (T — 7)) dr (2, %) dr (y,7)
= %//“x‘”—(f—@)THessW(f—g) ((x —y) — (& —5)) dr (2,) dr (.7)
s [ [1e =9 - @ -9 ar@.0)dn 0.5)
Z %//((x—y)—(f—g))THeSSW(f—Q)((SU—y)—(i—g))dw(x,g’c)dw(y,g)

(5.1.7)  —2cweds (ug, o).

Now define
w@d) = F-uz
i@ = j—/xdm()
i3 = u@) —a)

then we have the same decoupling of (5.1.7) as in the previous chapter, namely

7wz [ [ @) - e) HessW @ - 9) (u(03) 0 (0.9) dr 2,2) d 3.9
—2eweds (ug, o)

_ // w(2) — a(g)" HessW (z — 9) (a (%) — a (7)) do (%) do (7)
// (z,7) HessW(x—’) (z,Z)dr (z,Z) dm (y,7)

—2cyweds (ug, o) .



5.1. INTRODUCTION TO THE 2-WASSERSTEIN PROJECTION 55

Recalling by (5.1.5) that @ is admissible in the sense of (4.2.1) and (4.2.2), the fact that full

linear stability is given at o gives that

A L _ _

s ([ [ r@rar@arm+ [ [latok i e m) - 2ewed 0
A _ 2 _ 5

5 |z — z|" dm (2,Z) | — 2cweds (pg, o)

= d5(ug,0) (;\ - 2CW5> .

This gives a uniform lower bound for J”.

J" (1)

Y

Now, by the mean value theorem one has that there is an s € [0, 1] such that
A
J (1) = J(0) = J"(s) > d3 (uz, 0) (2 — 20W5>

and recalling that [ VW (z — y) do (y) for T € suppo one sees that,

7= [@-a" ([owe-piow)an@ar [ w0 ([-9W @G- 00 @) dn0p) =0

and J' (1) is

[@-a" (9w @ nau)arwa+ [ w-p" ([ VW00 dus))ar 1)

= 2/(x—x) Vy; (z) dm (2, Z)

J'(1)

so that \
d3 (1, 0) (2 - 20W5) < 2/ (z —z)" Vy; (z) dm (2, 7).

Using the Cauchy-Schwartz inequality one can further estimate the right hand side with

2\/ [ e = dn <x,x>\/ [ 10 @F e ()
= 2dy (ug, 0 \//|Um \ dug ()

ds (12, 0) @ —2cwa) < 2\//% (@)|2 dpis ().

Now it follows for sufficiently small € > 0 from 17 that

\//'Uﬂr | dug (x) <e 2t\//|vuo | dpo ()

IN

5 / @ - 2)T v, (&) dr (x, 2)

so that
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and by defining o¢ to be the closest element of M to pg, and my a 2-Wasserstein optimal

transport plan between py and o, one sees that

\/ [ 1o @ e () =
\// /VW(ﬂc—y)duo(y)2

duo ()

- \// [ O o) £ W ) W ey ()] o 2,9
2
< \// [ VW @)= W (o~ o (05)]| dio (0,3
2
+\//\/VW<x—y>—vwm—y)dm(y,y) o (2,7)

< Lwds (po,00) + Lwda (po, 00)

= 2Lwda (po,00)
where the first inequality is the Minkowski inequality.

Therefore,
da (g, 0) <;\ - QCwe) <de 3 Lydy (10, 00)
or by recalling the definitions of o and o:
o (i, M) < (ASZWW) ds (o, M) e3¢

for ¢ € [0,T7]. O

5.2. Long Time Control of the d, (y;, M)

The previous section showed how a path i, that starts at a po that is near in an co—Wasserstein
sense to a full linear stable steady-state p, will experience 2—Wasserstein contraction from g
and the manifold Mgenerated by p. This contraction holds as long as u; stays sufficiently close
in the co—Wasserstein sense to M. Thus if one can control this distance for all time, then one
can get 2—Wasserstein contraction of p; to M.

In order to do this one can first bound the speed at which the 2-Wasserstein projection
of s on to the manifold M moves, and then use that to bound the speed at which u; might
be distancing itself from M in the oco-Wasserstein sense, such that d, (u, M) always stays
bounded.
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First note that the spreading stability of the steady-state implies that the velocity vector
field generated by the steady-state is controlled in the sense that all vectors at points near to

the steady-state’s particles are pointing toward the steady-state.

LEMMA 22. Assuming all the assumptions and definitions of 1.7, let i be a finite particle
steady-state (as defined by (4.3.12)) that is spreading stable with constant A\ > 0 (in the sense
that it satisfies (4.3.20)). Then when Z; is in the support of i and x is such that |z — T;| < ﬁ,
it holds that

_ A _ 2
(5.2.1) v () - (. —7;) < . lx — Z;]°.

PROOF. Let f be defined as
f(8)==-VWxi(sz+ (1—38)Z;).
Since [ is a steady-state, f (0) = 0. And by definition f (1) = vz (z). Computing directly, by
Taylor’s theorem there exists some 5 € [0, 1] such that
vp (@) (z—2) = f(1) (v —Zi)
(fO)+f(5) - (z = 7)
= —(2—2;) HessW i (52 + (1 — 8) %) (x — &)

and then recalling that HessW being Lipschitz with constant cy, gives that
(z — ;)" (HessW * i (%;) — HessW # i (52 + (1 — 5) ;) (z — Z;)| < ews o — &4
so then
v (2) - (x— %) < — (x — %) HessW x i (Z;) (x — Z) + ews |z — T
and since s < 1 and applying the spreading stability with constant A > 0 at f one can further
state that
vp () - (2 — &) < (A4 ew |z — &4]) o — 7]

so that since |z — Z;| < ﬁ it holds that
_ A _
va (2) (2 —2) < =5 |o -zl

which is what was to be shown. O

Now the goal is to show that one can bound for all time the oo-Wasserstein distance from
some gradient flow evolution that starts sufficiently near (in an co-Wasserstein sense) to a fully
linear stable steady-state. This then allows someone to apply (21) above for all time, implying

the 2-Wasserstein convergence to (a rotation of) the steady-state.
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As stated at the beginning of this section, the first goal is to bound the speed at which the
ds projection onto M of a path p; moves by a function of the speed at which p; moves and its
distance from M.

In order to do this, suppose one has a a general path p; parametrized by ¢ in Ps, not
necessarily a gradient flow. One more thing to do is track how quickly the ds projection onto
a manifold M generated as in (5.1.1) by a finite particle steady-state i (as defined by (4.3.12))
moves in time. Let § > 0 be such that

min _|z; — x;| > 104.
ie{1,...,N}

Thus define o5 to be a local minimizer of ds (uo,-) on to the manifold M. The tangent
space to M at o9 is given by vector fields generated by skew-symmetric matrices, i.e.

ToM = {Az| A" = —A} = H = {Ac R AT = -4}

The inner product is
Jos (A, fl) = /(Ax) Az doy ().
Let
By ={A;,..., Ak}
where K = @ be an orthonormal basis of H. Then for i € {1,..., K} and j # ¢,

(5.2.2) /|Aix|2d02 =1

/(Azx) -Ajxdoy (z) = 0.

Note that the exponential mapping from a neighborhood of 0 in H to a neighborhood of o5 in
M is given by
(51A1 4+ SKAK) — 65#1A1+-..+SKAK0.2'

Consider the mapping f : R x R? — R defined by
KA
f(tvsla“'aSK) ng (6%2&:1:1 027/1't)'

Let G : xR x R% — R4

of of
G(t,s1,..,8K) =D F = | 7—, ..., —/— .
( ! K) s |:881 aSK
. 27}(:1 SiAi . oy . 2 .
Note that if G = 0 then e} o9 is a critical point of d3 (-, u¢) and thus a candidate for a
local minimizer. The goal is to prove using the implicit function theorem that there exists a O

function 7 : R — RY such that G (¢,7 (t)) = 0.
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Let m € Topr,o (02, o). Assume that doo (po, 02) < 6. Then where ¢, is the flow map of the
path py, for ¢, s, ..., sk small it holds that

(eril sidi o SDt)# 7 € Lopto (e%fil SiAiog,ut) )
This implies that
[t 51, 5K) =dj (625{:1 SiAiU%Mt) = / ‘625{:13“47"15 — ¥t (?J))Z dm (z,y) .
Thus f is a C! function. So

(5.2.3) / = 2/ (85»67@2&1_1 4 :1:) . (621:1 idig n (y)) dm (x,y)

881'
of

0s; 5;=0,j=1,...,K,t=0

= 2 [ () (@) dn (o)
=0
where the last equality is by (20). So G (0,...,0) = 0.
To show that there exists the desired 7 such that G (¢, (¢)) = 0 for all ¢ small one uses the

implicit function theorem, which means it only needs to be shown that DG (0, ..., 0) is invertible.
Note that

DG(0,...,0) = 0
g eeey - 88188] © 0).

From (5.2.3) it follows that (using ¢ = 0)
2 2
o’f = 2/ < 9 it SiAi:r) . (625(:1 sidip _ o, (y)) dr (z,y)

0505, 0s;0sy,
+ (aikezf(l 5’7‘4’395) . ((92]_625(1 siAia:) dr (x,y) .

So so by plugging in 0= (0,...,0) one gets

an _ AkAJ + AjAk
0s;0sk |5 2/ (2;10) (7 —y) + (Agz) - (Aj2) drr (2,y)

(5.2.4)

where 50 —eXizisii
6j8&k

_, is found using the formula
0

K K

K
1
eXica sidi — [ 4 ZSiAi + 3 ZZsksjAkAj +o 8? + sj + 25185 + Z |4l
k=1 k=1j=1 ig¢{j,k}
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Now f can be estimated since

[t @ anen| = | @A) Ao - an o)

< \/ [ 1450 dor <x>\/ Aul? [ Jo =y dn (2.
(5.2.5) = ||AkHd2 (O’Q,M())
and note that
0 SK 54,
<8sj88k6 - I)
1 ifk=j
/(Akx) -Ajzdr (z,y) = .
0 else

Now since [ is in general position, there exists a ¢; > 0 such that for all i € {1, ..., K'}

1= / A2 dos (2) > e | A2

SO )
il < —.
1
Assume that ¢ is such that
5 < ﬁ
3K’

So from (5.2.5)

1 1
‘/(AkAja:) (zr—vy)dr (x,y)‘ < ﬁ(S < BV
Thus from (5.2.4)
02 1
7{ > 1 -
Isi g 3K
ok 2
f < —.
05505k |§ sk 3K
Thus [aizaé - } on0) is diagonally dominant, therefore positive definite, and therefore invertible.

So by the implicit function theorem there exists v : (—¢,¢) — R? for some £ > 0 such that
G (t,v(t)) =0. Let
Y()=(s51(t), 5K (1))

so one can define
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which, since G (t,7 (t)) = 0, is a critical point of d3 (-, i) . Moreover, since
© a2 -
o7 > 1
| 05i0s; | (0,...,0) 4
one can conclude by continuity that
o -
1
o > =1
_8si83j Jy@) 8

for t small. Therefore o (t) is a local minimizer of d2 (-, ju¢). So t — o2 (t) is a continuous curve
of local minimizers of ds (-, ).

Furthermore, one can take the derivative in time of o3 (t): By the definition of G it follows
that

(%f) 9 / (Ai) - vy () dr (2, )

i / Ai (z = y) - vy () dr (2, )

2\/ / A, (z — )| dr <x,y>\/ / [0 ()] dy (8)

< 2010 | gy I14ill 2 (110, 02 (0))

2
< a Hvuo”m(duo) da (o, 02 (0)) .

IN

By implicit function theorem (G (¢,7 (t)) = 0) it follows that
-1 0G

"(0) = (D ==
A 0) = (DG (0) 7

Since DG (0) > 11, it holds that (DG (0))”' < 4I. Thus

oG K
/
O < 4| 52| <85 T s

Thus J X
W
@, dz (02 (t),02(0)) = |7/ (0)] < 8a 100 [l 2 ()

. Since this can be carried out for any ¢,

d K
(5.2.6) i (d2 (02 (t) ,02(0))) < 8a ||U#0HL2(dMO)

Now that the speed of the dy projection of u; onto M can be bounded by (5.2.6), it is
time to show that d. (i, 02) can be controlled by do, (i, i). To do this, for the finite particle

steady-state & define

i#£]
(5.2.8) L = max|z]
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LEMMA 23. Assuming all the assumptions and definitions of 1.7, let i be a finite parti-
cle steady-state (as defined by (4.3.12)). Let ¢ and L be defined by (5.2.7) and (5.2.8), re-
spectively, and mote ¢ < 2L since 0 is center of mass. Let c1 be defined as above and let
m = min; {my,...,my} and assume 0 < 6 < ém\/a.

Assume pis such that doo (p, 1) < 6. Then there ezxists oo € M a local minimizer of the
distance to p such that

4L
doo (11, 02) < (m\/a+1) 5

PROOF. Let A be a skew-symmetric matrix such that ||A| < 1. Note that

’eAx —z| > % |Az|
etz —z| < |A|l|z].
Thus if
l
(5.2.9) 1Al < 3L
then )
Al < 5
and
|eAi" -z < — d |Z]
3 K2 — 2L K2
SO
m_in ‘GAE'Z' — ifj| = |€A{fi — i’z| .

J

A

Thus = +— e“x is an optimal transportation mapping (both for the 2-Wasserstein and oo-

Wasserstein distances) between fi and e’; i

Thus )
d (¢4 ) > gmmax |Azi| > Y |4

[\]

On the other hand
doe (1, 7) < max || A]| [7] < | A]| L.

Consider A such that ||A| =

Then by the assumption on § it holds that

R
4l < myery = o
f 8
So this A satisfies (5.2.9).
Therefore
ds (41, i) > \Fm S

m,/c1
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and for any H[lH < m‘fja, A skew-symmetric, it holds that
i 49
d ( an —) < L
oS} 6#/“ )= m\/a

Note that
dQ (62‘&,0’2) Z dQ (egﬁ,ﬂ) - dQ (IL_L,UQ) >20—6=90 Z dg (ﬂ, 0'2) .

Thus by (19) there exists a skew-symmetric A such that HAH <M< 5 such that oy = eéﬂ

my/c1 —
is a local minimizer of the 2-Wasserstein distance to p. Furthermore
doo ( ) < doo (1 1) + doo (fi, 02) < 0 + AL )
oo b o — oo ’ [ee) ’ o =
Wy o2 ey 1 M, 02 mer

d

This next lemma uses the previous one to bound the speed at which the co—Wasserstein
distance between p; and M grows. The idea here is to use the d.distance between the p; and

the dy projection of p; onto M as a way to control deo (p¢, M).

LEMMA 24. Assuming all the assumptions and definitions of 1.7, let i be a finite parti-
cle steady-state (as defined by (4.3.12)). Let ¢ and L be defined by (5.2.7) and (5.2.8), re-
spectively, and note £ < 2L since 0 is center of mass. Let c1 be defined as above and let
m = min; {my,...,my} and assume 0 < § < %m\/a.

Assume

doo (uO:M) < 50 = min

1 A 1)
4L ’ 8K 2
2 (m n 1) 4 (LW + 3K 2LW)

Then for all t such that doo (15, M) < & for all s € [0,t] it holds that

d 36
2 (do (s, 22
a (doo (e, M)) < 1
ProOOF. First note that
) 4L )
deo (ﬂ0,02)< . ( +1) = —.
9 (m% T 1) m./c1 2

Also note by the triangle inequality that

doo (pt, 02 (1)) < doo (pt, 02 (5)) + dos (02 (5) , 02 (1))

and since o9 (s) and o9 (t) are just rotations of the same particle steady-states in holds that
1
doo (92 (s) 02 (1)) < —d2 (02 (5), 02 (1))

so that )
doo (12,02 (1)) < doo (e, 02 (5)) + —da (02 () , 02 (¢)) -
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Now since it holds that the righthand side of the above inequality is increasing at time t = s
then one can say

4

dt|,_,

So then by definition of d, it holds that

4
dt

d

e (o2 (1) € G| o Grea @)+ | a0 (1),

s t=s

y — X
doo (p12,02 (8)) < sup e () - .
1= (4,2)ESUPDTET opt, o0 (112,572 (5)) ly — =

And by (5.2.6)

8K
d2 (02 (), 02 (1)) < - [V | L2y B2 (55 02 (5))

S

1
m

t=s

which, since

||Uut||L2(du,) = \/// VW (z - y)|2 dpe (y) dpe ()

Hvut”Lz(dM) = \// ‘Um (I)|2dﬂt (x) =
2
\// /VW(x—y)dut(y)

dp ()
\// /vwx—y)ivww—y)—VW@—y)dm(y,y)

\// [ YW@= - W - pdn 0.5)

+\//‘/vw(g;—y) — VW (Z —g)dm (y,9)
< Lwdsy (e, 09 (t) + Lwds (e, o2 (t))
= 2Lwds (pe,02(t)).

Therefore it holds that

4
dt

2
d;“’t (:E, f)

2
dp (z,Z)

IN

2
dpy (2, T)

y—x 8K
ly — x| me

doo (i, 02 (1)) < sup Uy, (Y) Moo (e, M) da (p1s, 02 (5)) -

t=s (y,2)€suppm €L opt, 00 (1t,02(8))




Now consider that for any (y,x) € suppm € Topr.c0 (1it, 02 (t)), then

Vpy (y) .
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y—r _ (=VW * ps (y) + VW x 02 (s) (y))

ly — x|
y*SC
ly — x|

—VW x 03 (s) (y)

IN

Applying (5.2.1) one sees

y—x

—VW %05 (s) (y) - =] S

A
Lwdsy (s, 02 (s)) — B ly — |

< Xy—q
——ly—=x
23/

y—l’
ly — |

65

and by the Lipschitz continuity of VW with Lipschitz constant Ly, let m € Tppi o (s, 02 ()

then one sees

IN

IN

IN

IN

Therefore

\(—vw s (g) + VIV 03 (5) (1)
=W )+ 9 0 (9) )] | L

‘/vw(yf)dus (fi’)Jr/VW(y*é) do (s) ()

’ —VW (y — &) + VW (y — %) dr (%, %)

Lywds (ps,02(s)) .

y—x

A
. < X —Zy =zl
Uy, (Y) =] S Lyds (s, 02 (s)) = 5 ly — 2|

Putting that with the estimate above gives that

d

dt

y—l’
ly — x|

(doe (11,02 (1)) < (LW + 8;136> ds (10, 03 (1))

IN

8K
(LW + )\(5) 6_%75.
m
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So

d

5 (e (1,02 (1)

IA

8K 2
doo (po,02) + (LW + )\5> do~
mey A

) 8K 2
< —+(Lw+—X)do~
2 mey A
375
1

Using the previous lemmas is now enough to show that du (¢, M) can be controlled in

time and therefore the dy contraction holds.

THEOREM 25. Assuming all the assumptions and definitions of 1.7, let i be a finite par-
ticle steady-state (as defined by (4.3.12)). Let ¢ and L be defined by (5.2.7) and (5.2.8), re-
spectively, and note ¢ < 2L since 0 is center of mass. Let c; be defined as above and let

m = min; {my,....,my} and assume 0 < § < %m,/cl.

Assume
1 A )
doo (HO»M) < 0p = min s —=.
2 (i +1) 4 (w500 [ 2
Then for all t > 0 it holds that
36
doc (/f"hM) < Z

and therefore
do (pe, M) < 8ds (1o, M) e~ T

PROOF. Assume there is a ¢ such that dog (pe, M) > 32, Let T be such that

36
= 1 > -
T ;Izlf(‘)doo (MtaM) =4

then 25
doo (/U'Tv M) = Z

Thus there is an € > 0 such that do (s, M) < § on [0,¢ +¢]. Then by the previous lemma,

doo (fts, M) < 32 for s in [0, + €] which contradicts that du (ur, M) = 32. Since

41
doo (,U,(),O'g (0)) < (m\/a + 1) o <0
then
2t

da (pt, M) < da (po, 02 (0)) e™ 3"
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REMARK 26. From (21) one could state there was da contraction of a gradient flow towards
the manifold that held at least for some finite time greater than zero. The only reason that
contraction might stop is that the estimate on the Hessian (4.3.8) may not hold if the d
distance between the gradient flow evolution and the manifold M generated by z (as defined
by (5.1.1)) grows sufficiently large. Thus (25) shows that the d, distance between the gradient
flow evolution and the manifold M can be bounded arbitrary small for all time if the initial

data of the gradient flow evolution starts close enough to the fully linear stable steady-state .



CHAPTER 6

Applications

6.1. Preliminary Lemmas

In order for the stability results to hold, the example configurations that are explicitly
computed here need to be finite particle configurations in general position. Recall that if x;
for i € {1,..., N} means for all A € so(d) (the skew-symmetric matrices) then being in general
position means

max  |Az;| > c||A]l.
i€{1,2,...N}

Fortunately, in R? all finite particle configurations with at least 2 at distinct poisitions are in

general position, which is what the next lemma shows.

LEMMA 27. In R? all finite particle configurations with at least 2 particles at distinct poisi-

tions are in general position.

Proo¥r. For all A € so(2), there exists an a € R such that

so that
|Az;| = alz;].
Since there are at least 2 particles at distinct poisitions at least 1 of them is not at the origin,

so there exists a ¢ > 0 such that

c<  max |yl
i€{1,2,...N}

then it holds that as was to be shown. O

It is also useful to know that when dealing with radially symmetric configurations it is only

necessary to check the spreading stability condition at one point.

LeMMA 28. If i has a radial symmetry meaning that there is a rotation matriz R such that

i (z) = i (Rz), and for notational convenience define
M (x) := HessW * fi (x)

68
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then
w' M (Rx)w = (RTw)T M (z) (RTw)
which implies that it is only necessary to check the spreading stability condition at one point in

the configuration.

PRrOOF. Using the definition of M (Rx) one sees

w'M (Rx)w = wT/F’(|R:L’fy\) Rr —y <ny>T
[Re —y| \|Rz —y|

F(|Rx —y|) Rz —y (Rw—y>T _
|1 - dp (y) w
el \" " TRe—yl \Re—y) ) ¥V
By the radial symmetry of i one gets

T
w'M (Rx)w = wT/F/(|R:z:fRy|) ény (Rny)

z — Ry| \|Rz — Ry|
F (|Rz — Ry|) r Rr—Ry ([ Rr— Ry N
i el A V2 _ d
TRl \" T TR Ry \[Re— Ry} ) W

— wT/F’(la:—y|)R|z:z| <|z:z|>TRT
LE(e—uD (RRTny (zy>TRT> dpi (y) w

|z —y lz =yl \ |z —y|
T
_ RTwT/F/ . x—y(x—y)
() J = g o=y
T
LE(e =y (- zy(ﬂﬁy) i (y) BTw
|z —y [z =yl \ |z —y|

= (R"w)" M () (R"w)

which completes the proof. O

6.2. Stability of 3-particle rings

Consider a configuration made of a triangle of 3 particles (i.e. delta masses) with locations

at 1,2, 3 € R? with corresponding masses

my,mg,mg > 0

m1—|—m2—|—m3 = 1
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By assuming that the center of mass is 0, then, without loss of generality, one can suppose
that for an 7 € {1,2,3}
LV3

3
where L is defined for F' as described in the introductory chapter.

T = €1

The positions zo and x3 are

Ty = 2

wfy

R I
R:2 To = R47r.%'1

€T =
3 3

wfy

so the steady-state is

B= m16x1 + m2612 + m36w3

6.2.1. Spreading Stability of the Triangular Steady State.
6.2.1.1. The Equal-mass Triangle. As a motivational and more easily computed first case,
consider when the masses are equal, i.e.
1
my=mg=mg= -

3
and recall that to show spreading stability, one must show that

HessW * [i (z)

is uniformly A—positive definite i—a.e. for some A > 0. Again allow for notational convenience
the definition
M (x) = HessW x i (x) .

Then checking the spreading stability is equivalent to checking the A—positive definiteness of
1
M (x;) == Z gHessW (x; — xj)

for all i = 1,2,3. However, this configuration has rotational symmetries of § and %’T, such that
by all of these matrices are positive definite iff one of them is. Here will be checked the positive
definiteness of M (z1).

Furthermore, wlog, let x; be such that

Recall that

— 22 F(lz;—z; — ®2
HessW (z; — x;) = F' (|Jx; — zj|) z; —xj® + w (I—xi —a:j® )
g
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So recalling that F'(0) = F' (L) =0,

1
M(z) = 3{F’(O)J
T
/ (R%ﬂfl) 12T (R%ﬂff)
+F' (L) 2
T
/ (R%ﬂ —I) 12T (R%ﬂ —I)
+F' (L) 7 }
Y3
and by using the assumption that z; = 03 then
L.
M(@) = 9F (01
3 F [ o] -4
_¥3 _3 0 0 V3 _3
2 2 2 2
+F' (L) + L ]
[ 3 VB[ 2l o] =3 8]
2 2 3 2 2
V3  _3 0 0 _¥3 _3
2 2 2 2
+F (L) + S }
1
= {F(0)I
H{r o
_3 B _1 B
—I—F/(L) 2 2 2 6
4 Ao o
_3 V3 _1 V3
+1_71/(1;) \/g 2 2 6 }
2 3]l o
1
= {F(O)I
H{r o
3 V3
/ 4 4
R | E T
4 4
3 _V3
1 4 4
+FL) | e T }
4 4
1| F0)+ 3F (L) 0
3 0 F'(0)+ 3F' (L)

From this it is enough to check that the smallest eigenvalue, Ay, is positive where

Aenin = % <F (0) + %F’ (L)> .

71
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0.5 S + 48 % 0.5 0.5 -, 0.5

-1 0 1 -1 0 1 -1 0 1 -1 0 1

FIGURE 6.2.1. An example evolution where the initial distribution is uniformly
distributed in a box and then evolves to a 3 particle steady-state.

6.2.1.2. The General-mass Triangle configuration. The main difference between this case
and the equal-mass triangle is that it is less obvious how to take advantage of the rotational
symmetry. However, since the positions are still rotation invariant, even if the masses aren’t,
and therefore the minimum eigenvalue of each M (z;) should be the same up to a permutation
of the masses.

Consider {i,j, k} a permutation of {1,2,3}, then this subsubsection will compute

3
M (x;) == ijHessW (x; — ;)
j=1

and check the positivity of its minimum eigenvalue. Recall that

_ F (| — .
HessW(a:i—xj):F’(|xi—a:j|)xi—mj®2+M(I— - ®2)

So recalling that ' (0) = F (L) = 0, one computes

+m; F’ (L)( ki

L2
T
(Raz = 1) wial (Raz — 1)
+mkF/ (L) L2

Again, without loss of generality, assume
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So
M(z;) = F (0)m;l
A
V3 3 0 0 V3 3
+m,F' (L) +—2—24 L = 1Ll 2 2 |
3 [ o[ - 2
V3 _3 0 0 _V3 3
+mp P (L) =2 S
= F’(O)mil
[ 3 8 _1 _ B
+m FL) |2 2 76
L% 2 o 0
[ 3 _38 _1 3
+mpF (L) | 22 2 76
= F’(O)mil
[ 3 B
+m;F' (L) jg 1
| 2 1
[ 3 _B
+mpF' (L) ‘i/g 14
| —2 1
o 3 (. ' V3o '
_ | maF(0) + 5 (my + mi) FY (L) © (mj —my) F' (L)
V2 (my —my) F' (L) miF' (0) + § (mj +my) F' (L)

Now the explicit computation of this matrix’s minimum eigenvalue, Anin, i8

1
Ain = F' (0)mi + F' (L) 5 {(m; + my) = /m —mymy +m? |

which is strictly increasing in m; and m;, and strictly decreasing in m;, so to calculate the

minimum eigenvalue over all the {M (mi)}?zl it is enough to consider the Ay, for the i where

m; > mgj, mg.

6.2.2. Displacement stability of the three particle triangle. If the three masses
are equal, than the computations in the section on the N-particle ring will give an explicit
computation for the maximal\ for the displacement stability of the 3 particle triangle with equal
masses. The rest of this section will demonstrate that the 3 particle triangle is displacement
stable no matter how the weights are allocated, but it does not give an explicit computation for

the maximal \ by which the triangle is displacement stable.
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To check the linear stability for the 3 particle triangle for any allocation of the mass one

needs to show, for all nonzero admissible velocity vector fields v, that
3 3
SO " mimy (0 (1) — v ()" HessW (25 — 2;) (0 () — 0 (7)) > 0
i=1 j=1

Note that for summands where j = i are zero. Further, when j # 4, F (L) = 0. So for j # ¢,

HessW (z; — x;) = F' (L) x; — :cj®2

SO

iimimj (0(x;)— 0 (xj))THessW (i — zj) (V(x;) — 0 (xj)) =
2F" (L) {m1m2 [(@ (21) — 7 (22)) ~x1/—\a:2r
Fmams [(@ (z1) — 7 (3)) -acl/—\acgr
Fmams [(@ (z2) —  (23)) -mz/—\m?,r

Clearly, this is always positive except in the case when all of the following are true

(0 (1) — 0 (2)) -1 —F2 = 0
(0(z1) — 0 (23)) -1 —F3 = 0
(0 (22) —(23)) 22 —23 = 0

The proceeding will check that the only admissible vector field for which this happens is the zero
vector field, and this the linearized hessian above is positive definite on all admissible vector
fields:

Let a; and b; respectively be the first and second co-ordinates of v (z;), then this is a set of

linear equations that can me solved:

1 V3
5(ar—az)+ == (br—b2) = 0
%(alfas)Jr?(bl*b@ =0

as —az = 0

Furthermore, since these need to be admissible as defined in the previous chapter, they must
satisfy the conservation of center of mass and the conservation of angular momentum. For these

it will be needed the precise co-ordinates of the particles. Recall here that 0 is the center of



mass, so

so that
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mix1 + maTo + Mms3xs

1 -1
mixy + maxy + malL \% + msxy + mslL \%1
2 2
L mo — M3
T+ &
! 2 \/§(m2+m3)]
L mo — M3
T+
P2 \/3(1—7711)]
L- ms — M2
T = —
2 | —V3(ma+ms)
L_m3—m2+1
To = —
2 miv3

N

m3—m2—1
3 =

m1\/§

. Then in the chosen co-ordinates the admissibility requirements are:

miay + moas + msaz = 0
m1b1 —l—m2b2 +m3b3 = 0
L
5 |:m1 (alx/g(mg —+ mg) —+ b1 (m3 — mg)) —+ mao <fa2m1\/§+ bQ (m3 — mo —+ 1))
+ms (—a3m1\/§—|— b3 (m3 — Mo — 1)):| = 0

So finding solutions of the above equations for aq, b1, as, bo, as, bs is equivalent to finding

solutions to

1 V3 ~1 -3 0 0 0

—1 V3 0 0 1 -3 0

0 0 1 -1 0 0

my 0 mo 0 ms 0 0

0 mq 0 mo 0 ms 0

V3mi(matms) mi(mz—ma) —mimov3 (maz—ma+l)  —mimzv/3 (mz—ma—1) 0
1 1 1 1 1 1 J

This coefficient matrix can be row reduced in six steps:
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1. Use row 1 to reduce rows 2, 4, and 6
1 V3 -1 V3 0 0 |
0 2V/3 -1 -3 1 -3
0 0 1 0 -1 0
0 -miv/3 mo + 2my miv3 ms 0
0 mi 0 mo 0 ms
0 my (2mz —4my)  V3mims (m37m2+1)1rm1(m2+m3) —mimsV3  (m3 —my —1)
2. Use row 2 to reduce rows 4, 5, and 6
IRV} -1 -3 0 0
0 2V3 -1 -3 1 —V3
0 0 1 0 -1 0
0 0 may + 321 "“T\/g ms3 + S —"“T\/g
0 0 NG my + 5 PV my + 5
0 0 miv3(dmsz—2m2)  mg—matl-mimot2mims —miV3(dmz—2ma) mz—mo—1+mi(mz—2mz)
3 1 3 i J

3. Use row 3 to reduce rows 4, 5, and 6

1 V3 -1 —/3 0 0

0 23 -1 -3 1 -3

0 0 1 0 —1 0

0 0 0 m/3 1+my —my3

0 O 0 mg + 5t 0 mg3 + "5t

0 0 0 m3—mo+1—mims+2mims 0 m37m271+m1(m372m2)_

4. Switch rows 4 and 5

1 V3 -1 —V3 0 0

0 2v3 -1 V3 1 -3

0 0 1 0 -1 0

0 0 0 my + T 0 mg + 5

0 0 0 /5 1+ my — /s

0 O 0 m3—mo+1—mimo+ 2mims 0 m3—m2—1+m1(m3—2m2)_
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5. Use row 4 to reduce rows 5 and 6

(1 V3 -1 -3 0 0 ]
0 2v3 -1 —V3 1 -3
0 0 1 0 -1 0
0 0 0 met+™ 0 mg + 5
0 0 0 0 14m g (1 + 322121)
0 0 0 0 0 m3z—mo—14+mi(ms—2ma) 277L3—m2+1—m1m2+2m1m3
L 1 2ma+m1 -

Now this matrix is full rank if all of its diagonal entries are nonzero. The only nontrivial
one to check is the last one. Note

— 1-— 2
g — Ty — 1 T my (m3 _2m2) _ 2m3 mo + mimse + 2mims B

2mg +my

m3 —1+my +m3+1—mq+m?+mims

= [mg —my —1 1—my—3 -2
[m3 mao + mi ( mq mg)] —+ 2m2 n my

Now if both of these summands are negative then the sum must be negative (thus nonzero).
First conserve that the first summand:
[ms —ma—14+mq (1 —mq —3mg)] = m37m27m17m27m3+m1fm%f?)mlmg
= —2mg — m% — 3mims
so that summand is negative. Now consider the numerator of the other summand,
—2 [mg—l—i—ml +m3+1—m1+m%+m1m3] = -2 [m3+m3+m?+m1m3]

which is negative, so that summand is negative. Thus the last diagonal entry of that row reduced
coefficient matrix is nonzero, so as was stated before it is full rank.

Since it is full rank, this shows that only the zero vector field is an admissible vector field
such that the linearized hessian equals zero. So for all nonzero admissible vector fields, the

linearized hessian is positive definite for any 3 particle triangle.

6.3. Stability of N-particle rings

The N-particle ring discussed here is the “circle” of N particles evenly spaced around a circle
and with equal mass. The displacement stability of the N-particle ring was first analyzed in [39]
and later [12].

6.3.1. The Displacement Stability of the N-particle ring. To understand the dis-

placement stability of the ring it is necessary to analyze the eigenvalues and eigenvectors of the
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matrix that represents it:

> j1 HessW (21 — z5) —HessW (29 — 21) - —HessW (zny — 1)
- —HessW (z2 — 1) > juo HessW (22 —x5) -+ —HessW (zn — x2)
—HessW (xn — 1) —HessW (zy —22) -+ 30,y HessW (zy — ;)

In the ring case of interest here the {a:z}fvzl are the positions of particles of a steady N-particle
ring, that are a radius ry away from the center of mass such that the particle ring is a steady

state. Here (up to rotation and translation) the particles have the positions

T = ryRie;

where
cos 2xk —sin 2&
R=| gf 271rv
sin 57k cos 7k
and
— F(|lx; — x; —
HessW (2 —2;) = F' (o —a;))a; — ) M (I T xj®2>
i J
— F (4;; —
(631) = Fl (ZU)ZITZ —$j®2+éij) (I—!El —.Tj®2)
ij
where o
bij = |z; — ;| = 2rn [sin T —J) (ZJ\: 7) ’ .

The goal here in analyzing H is to find an orthonormal change-of-coordinates for the velocity
vector fields that diagonalize H, thus giving an explicit representation of the eigenvalues and
eigenvectors of H. Note that this means the eigenvectors of H are eigen-velocity vector fields
on the positions of the particles on the ring.

Now H is written for velocity vector fields whose co-ordinates are in euclidean form, but
the analysis here and the previous analysis start their diagonalization by rewriting the velocity

vector fields in terms of radial and tangential co-ordinates. To do this, define the matrix R

which has the block entries such that the ijt" entry of R is (R);; where
0 ifi#j
(R);; = e
R, ifi=j

Thus R changes the co-ordinates of a velocity vector field from euclidean to radial /tangential

co-ordinates.
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The main result of for the displacement stability is 31, namely that the eigenvalues are

N—-1 ok
A= ST F () (2sin2 N)
k=1

A =0
and for i € {2,..., N}
N-1 w(4—2i)k
F (Un) 1 — cos —x—
i ; > (Cnk) + e 5
k=1
In particular, note that
AP = A =2 =0
1 2 _1.a
A= = oA
The eigen-velocity vector fields corresponding to {)\Z(-l)} , are the Fourier basis on the radial
1€ELN

co-ordinates (of mode i—1), whereas the eigen-velocity vector fields corresponding to {AEQ)} ,
1€ELN
are the Fourier basis on the tangential co-ordinates (of mode i — 1).

Attaining this result requires several computations using the change of coordinates for the
Hessian discussed earlier in this section.

PROPOSITION 29. Applying the change-of-coordinates R to H, it can be shown
B ool o Ch

T
wap—| O

—Cn_1 —-Cn_o9 - B
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2 (7k
sin Lk sin (W) 0
N 0 cos? (ZE)

where

N—-1
B = ZF’ <2rN

k=1

7wk
F <2TN SlnN> - cos? (Lk) 0
N
+ i 0 sin? (%’“) ]
2r N |sin 57 -
k — sin? Lk) sin(”—k) cos(”—k)
o = F (orlin ™ R ) cos (&
F ( NS D [ —sin (”Wk) cos (%k) cos? (%’“)
F | 2ry|sin Z&
. ( ) N) cos? () sin (5) cos ()
] L) (i) |
27 |sin
CJJ\;fk = Gk

and more explicitly the ij*" block entry of RTHR is
B Jifi=3

(R"HR) —Ciy Lifi>j.

ij

-Ccl, Lifi<y
The proof of this proposition will use the following lemma;:
LemMmA 30. For

T = ryRieq,

. — ®2
one can rewrite r; — x; either as

— o _ sin? (W(?v_i)) —sin ”(?V_i) cos (W(JN_i)) AT
S A (wuﬂ')) cos <7r<m>> cos? (ﬂm)) ‘
N N N
or
e, — sin? (ﬂ(zv_i)) —sin (sz_i) cos ”(zv_i) AT
A (mﬂ')) cos (ﬂjﬂ-)) cos? (wuﬂ')) i
N N N

PRrOOF. (of lemma)
One can see by a geometrical diagram that

—

iEi—.’Ej:Ri-gijeg
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which can be rewritten as
—_—

T, —Xj = RlR%eg

or as
—_—

Ti— Tj = RjRQGQ
2

— ®

2 .
Thus, x; —x;  can be written as

— ®2 T
T; — Ty = (RiR%Bg) (RiR%eg)
_ R cos 7”(]];” —sin LJ]'V_Z') 0 0 cos W(J]'v_i) sin W(iv_i) BT
- sin 777(31'\,_1') cos Liv_i) 0 1 —sin ﬂ(jN_i) cos TUZY) '
_ R 0 —sin % cos LU};” sin 777(?\[_i) BT
- 0 cos =i —sin TUZD oog T ‘
N N N
sin? ”(J;i) —sin ”(Jl'vf )) cos (Lj*i)) .
= R (ﬂj—i)) cos (w(j—i)) cos? (w(j—z’)) R
N N N
or as
@2 T
T; — Ty = RiRjEi €2> (RjR%cSz)
_ B cos TUZY) sin TUZY) 0 0 cos ”(i];j) sin (ij\?j) BT
- sin TUZD o TU—D) 0 1 —gin T0Z) oog m0—d) I
N N N
_ B 0 sin TU—9) cos Li]\?j) gin T=d) BT
- 0 cosZU=D sin ﬂ(i]\?j) cos Z=d) J
— sin? (”(JN_“) —sin (”(gv_i)) cos (ﬁ(iv_i)) -
= R sin ( G )) oS (ﬂ(jﬂ)> cos2 (ﬂ(]ﬂ)) R
N N N
which proves the lemma. O

The previous lemma can now be used to prove the proposition stated above.
PRrOOF. (of Proposition)
Define
M;; = RI'HessW (z; — ;) R;
Nij = RIHessW (z; — z;) R;
then the 5" entry of the matrix H can be rewritten as
R; (zk# Mik) RT ifi=j

Hij =
—R;Ni;RT if i # g
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and thus the ij*" entry of RTHR can be written as

Zk;ﬁi My, iti=j

(R"HR), . = :
S E Sifi #

Now the proposition is true if for any i,j € Zy

ki ki
and
(6.3.3) Nij = NN(i—j mod N) <:5 Ci—j)
and
(6.3.4) Cr = CR_y-

To show (6.3.2), note from the definition of M;; and (6.3.1) that

ZM”“ = RT ZHessW(xi—l“k) R;
ki ki

F (¢,
= R} ZF/ (bik) Ti — xk®2 + é,kk) (I — T — xk®2> R;.
ki i

Then by applying the lemma one rewrites this as

in2 (M) o (ﬂ'(k—i)) . (rr(k—i)
Sin sin cos
_ / N N -
ZMik - ZF (bie) in (=0 m(k—i) 2 ((m(k—i)
k#i ki —sin N cos | —x— cos” | —x—
P () 1 — sin? (W) sin (W(?v_i)) cos (wu]cv—i))
lik sin (“(lj\,ﬂ')) cos (”(’j\;i)> 1 — cos? (W)
. - 2 (w(k—i)
= SR (oryfsin TEZD ) (*5) 0
= N N O COS2 (M)
ki -
Fl2 in ©k=1) .
( TN |sin = cos2 (w(an) 0
+
(k—1i) 0 sin? (”(k*’)>
2rpy [sin B N
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F(QTN )
> and

27"N
are even over k € Zy, while sin (”(I;V*i)) cos (ﬂ(’j\;i)> is odd over k € Zpy. This resulting

expression’s summands are even over k € Zy and this is enough symmetry to show that the

. m(k—1)
s ~N

s
S

where the second equality comes from the fact that F’ <27“ N %

ow(k—1)
sin -~

sums are independent of the 7 chosen. Thus, one can calculate B by picking any ¢ € Zy, and

here ¢ = N is used:

B

Z My,

k#N

N-1
= Z F/ <2TN
k=1

2 (nk
sin @ sin (W) 0
N 0 cos? (Z£)

F2ry|sin ZE| | .

( " N) cos? (%) 0

- 0 sin2(“—k) .
2rn sin’%C - N

This completes the demonstration of (6.3.2).
Now to show (6.3.3) and (6.3.4), recall the definition of N;; and (6.3.1) that

Ny = RIHessW (z; —z;) R;
- F (0 J—
= RT (F’ () —z; + éij) (I T zj®2>> i
tj

Then by applying the lemma one rewrites this as

Nij =
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i T =) ) ssin? (7)) —sin (7472 cos (<72)
N

sin (W(zv_i)) cos (W(?\,_i)) cos? (L?V_i))

F’ (27"1\]

F <2rN Sinw )
(6.3.5) + R} R,
27y [sin LJNﬂ)
i (=)
F <2TN SN ) — sin? (L%i)) —sin (W(j;i)) cos (ﬂ(g\,ﬁi))
(6.3.6) — 44 sin (TU=D ¢og (=D cos? (=1
27 v |sin % N N N
and _ o o o
[ ) () )
U/ sin (w(jﬂ‘)) cos (rr(jfi)> cos? (ﬂ(%ﬂ) N
i N N N
[ cos 72W(]{,_i) — sin 72”(1{[_”
| sin L(Jj\‘,ﬂ‘) cos L(]J\fi)
1| cos 72”(J<,7i) -1 —sin 277(1{,%)
2 sin 2ZU=0 o 27U 4 g
B 1 cos 7%(]{;” +1 —sin W
2 sin 72”(]{,4) cos LS{;” -1
B cos? (W(zv_i)) —sin (ﬂ(zv_i)) cos (”(?\,—i))
sin (”(J;i)) cos (”(g\;i)) — sin? (”(J]'V*i))
so that
/ Cr(j— i) — sin? (7ﬂ(§v_i)> —sin(ﬂ(jN_i))cos (%)
N2] = F 27’]\{ S111 7]\[ . 7(j—i) w(j—1) 2 (m(j—i)
R E S T
. ow(j—1)
d <2TN SN ) cos? (LJJ‘\;Z‘)) —sin (“(J]'Vﬂ')) cos W(J]-\,fi))
(6.3.7 + — sin (ﬂ;‘q)) cos (w(jfi)> _gin? (w(jfi))
27 N |sin LJN_” N N N

This expression only depends on i —j mod N. Thus, for all iand j,

Nij = NN@G—j mod N)-
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Furthermore (6.3.6) shows
Nj; = NJ.
So when CY}, is defined such that

Cr: = Nng
= F'[2rylsin mk _Sif (%) . sin (57) Coi (%)
NI | —on (@) eon(3) o (3)

F (| 2ry|sin Z¥
N cos? (ZE) sin (ZE) cos (Z£)
X —sin (Lj\]f) cos (%k) — sin? (%k)
27y [sin WW
then
Cpr=0C%_,.
Note that
Ci_; Jifi > g
Ny = ’ ’
Ch iy i<y
Ci_j yifi > g
Cl .y L ifi<y
thus completing the proposition that
B Jifi=3
(RTHR),, = —Ci_j ,ifi>
-cl, ifi<j
with B and C as defined. O

Now for the diagonalization being presented here, define the Fourier matrix S whose the
ijt" block entry is
Sij = Rii-1)-)-

\/%S is an orthonormal change-of-coordinates that diagonalizes RT HR.
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THEOREM 31. Using S and R, the diagonalization of H is achieved, in that the ij'" entry
of ¥STRTHRS is

0 ifi  j

ifi=j

k=1
2
AP = o
and fori € {2,..,N}
N-1 m(4—20)k
F 1-— —_—
A =P = F' (0) + 2 00) P _x ).
InNk 2
k=1
In particular, note that
AP = A=A =0
1
A= = oA

And furthermore, the eigen-velocity vector fields corresponding to {)\El)} 5. are the Fourier
iE€ELN

basis on the radial co-ordinates (of mode i — 1), whereas the eigen-velocity vector fields corre-

sponding to {)\gz)} are the Fourier basis on the tangential co-ordinates (of mode i —1).
1ELN

PROOF. The proof is a computation of the individual ij" entry of ST RT HRS. To prove

this takes several steps: O

Step 1: Compute that

N N-1
(STRTHRS),; = Ri 1) (B - Ckka'l)) Rn-1)(-1)-
k=1

h=1

Step 2: Show that if @); is a symmetric matrix, then
N 0 Jifi#£ g
> Ry @iBa-ni-n = { NQ; yifi=j=1
! (N"2) 1 iri=j#1

(B — Zg;ll CkR_k(j_1)>. It is a symmetric matrix,
so step 2 applies to give an explicit computation of the expression in step 1.

Step 3: Define and calculate Q; :=
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PRrROOF. To show the first step, that

N N-1
(STRTHRS)U = ZRZ—UU"—D <B - Z CkR_k(j_1)> R(h—l)(j—1)7
h=1 k=1
recall from the previous proposition that
B Lifi = j
(RTHR),, =4 ~Ci_j ,ifi>
T . . .
=Ci_; Liti<y
and that
ct . =cC,.
Then
N
(R"HRS);; = > (R"HR)ixSk;
k=1
i—1 N
= =Y CistRu-ng-n + BRu-ng-1 — D ClicyRu-ni-1
k=1 k=i+1
i—1 N
= =) CipRp_1)j—1) + BRi_1)(j—1) — Z CN+i—kRg—1)(j-1)-
k=1 k=i+1

By using the change of variables k:= N +i— k, one sees

N N-1
Z OnvikBe-1)G-1) = ZCIER(NH#H)(J*U
k=i+1 k=i
N-1
= . C~R(i—k—1)(7—1)
k=1

and by using the change of variables k=i — k, one sees

i—1 i—1
Z CikRp-1)-1) = Z C%R(i—l"f—1)(j—1)
k=1 k=1
and so by relabeling
i—1
(RTHRS);j; = BR(;-1)(j-1) = ) CeRii-k-1)(-1)-
k=1

Then to complete the first step of the proof, calculate
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N
(S"RTHRS)i;; = > Sj(RTHRS);

h=1
N N-1

= ZR571)(h71)(BR(h71)(j71) - Z CrRh—k-1)(j-1))
h=1 k=1
N N-1

= > Rlino-nB =Y OeBoyGn) B
=1 k=1

Now the task is to show the second step of the proof, that if @) is a symmetric matrix, then
N 0 Jifi £ g
> RGyn-n@Ra-nG-1y = { NQ Jifi=j=1.
" (NE2) 1 iti=j#1
To see this recall that by the spectral theorem there exists an orthogonal matrix £ and eigen-

values of A, X and v, vy orthogonal vectors such that

A
_ T
Q = E . E
£ [won]

and without loss of generality suppose that

Now to compute the sum, rewrite it as

N N
ZRa_n(h—nQR(h—n(j—n =F (Z ETR,(I;_I)(}L_l)QR(h_l)(J‘_l)E> ET

h=1 h=1

and start by computing the summands:

ETRg;—l)(h—l)QR(h—l)(J’—l)E = (R(i—l)(h—l) [ v V2 DTQ <R(h—1)(j—1) [ vl V2 )

To do this, note that

(Bogn [ o 02 ]) = cos (3 (1=1) G = 1) ey sin (3¢ (1= 1) G = 1)

(R(h—l)(i—l) { U1
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and because v; and vy are eigenvectors of () with eigenvalues A\; and \g, respectively, one gets

QR(h-1)(j-1) [ v U2 }

= AW cos (22 (h—1)(j — 1)) vy A cos (22 (h—1)(j — 1)) va
+A@sin (22 (h—1) (j — 1)) v2 “AWsin (2 (h—1)(j — 1)) v

Putting together the last two equations one can compute the components of ETR%;_l)(h_l)QR(h_l)(j_l)E

A cos (?\7; (h—1)(j — 1)) cos (33 (h—1) (i — 1))

+A® sin (?\7; (h—1)(j - 1)) sin (%f (h—1) (i — 1))

(E™RE o0 QRu-nG-0E) |

(B o @Romnon ), = A®cos (5= 0G-1) )sin (57 (- 1= 1)
AW gin G\’; (h—1)(j — 1)) cos <§\7; (h—1) (i — 1))
(BBl @RomnovE), = -AVcos (301G = 1)sin (5 -0 )

+2@ sin (?\7; (h—1)(j — 1)) cos <?\7; (h—1) (i — 1))
(BB QRunn ), = A cos (5 =16 - 1)) eos (37 (0= 1) - )

AW sin (?\7; (h—1)( — 1)) sin (?\7; (h—1) (i — 1)) :
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Note that for any 4, j that
N
27 ) . (27 . .
h;cos (N (h—1)(j — 1)> sin <N (h—1) (i — 1)) =0

}éCOS(%(h—l)(j—l)%in(%(h—1)(z'—1)> = 0

v , ) 0 ifi#y
T T
ZCOS((hl)(jl))cos((hl)(z’l)) = (N ifi=j=1
h=1 N N N ep . .
5 ifi=j#1
N ) ) 0 ifi#y
T T
Zsin((h—l)(j—l))sin((h—l)(z’—l)) = 0 ifi=j5=1
h=1 N N N g .
5 ifi=j#1
and therefore
0 0 e
- ifi # j
N AL
T pT ifi=4
> ETR{_)-nQRu-1yg-nyE={N 0 @ ifi=j=1.
h=1
A 2 (2)
ADL® L
N AW 4A®) ifi=j+#1
0 2
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Thus, noting that

N N
> Ri_yu-nQRu-G-1n = E <Z ETR%;—l)(h—l)QR(h—l)(j—l)E> ET
h=1 h=1
00 e
00 ifi#£j
AL 0
= (NET E ifi=j=1
0 A\®
A 42 (2)
T 2 0 i
NE 0 A 4A®) E ifi=j#1
2
00 e,
ifi #£j
0 0
NQ ifi=j=1
(N%)J ifi=j#1

which is what was to be shown for step 2.
The third step of the proof is to compute (B — fo:_ll CkR,k(j,l)) and show it is symmet-
ric, and therefore this computation and step 2 will give an explicit computation of (ST RT HRS);;

because of what was shown in the first step of the proof. Recall from 29 that

N-1 s .2 (mk
- 7k sin® (ZF) 0
B = E F' | 2rn smﬂ-— ) l N . ]
= ( N 0 cos® (%)

F | 2ry|sin Z& _
( ’ N) cwos? () 0
* 0 sin® (Lk)
2ry sin’r—l\é€ - N
oo = (o) [ ) s es ()
M) | —sin (5 eos () cost (38)
F | 2ry sin”—z\’,C
L l cos? (%k) sin (Lj\’f) cos (%k) ]
ok sin (%‘) cos (”Wk) — sin? (Lz\];)

2ry [sin 7
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To compute the sum it will be useful to have the following equivalent expression of C

1 wk -1 0 cos (%k) sin (2”k)
Cp, = =F'[2ry|sin— +
' 2 ( " N)([ 0 11 [Sm(zﬁk) cos (%3%)
F | 2ry|sin Z&
1 1 0 cos (2%) sin (%)
T3 + . (2nk 2k
2 o sm%k 0 -1 —sin (28%)  cos (%5%)
SO
CrR_j(j—1)
1 wk -1 0
= ZF [ 2rylsin =
5 ( T [sin ) [ 0 1 ]
+1F' o |sin wk cos (%’Q—k) sin (%) cos Q”k%_l) sin Qﬂk%_l)
2 N N —sin (22£)  cos (%££) —sin 2”%71) cos 2”5\{4)
F | 2rn|sin 7;\5“
+1 1 0
2 0 -1
2rn [sin &2 ”k
F2ry 81117]‘\’,“ k k 2mk(i—1) 27rk( 1)
N 1 cos (3££)  sin (3%%) cos T3 sin J—
2 ) - —sin (%) cos (%) —sin ng\],'_l) cos 2”’“5\], 1)
v |sin &F
B 1F’ 5 7k — cos 27rk(y D 4 cos 2wk§\g"—2) — sin 27rk(] D 4 gin 27rkg\][’—2)
) TN S = _sin 27rk§\j[ D g 27rk§\g/:72) cos 27rk§\g] D 1 cos 27rk§\g/:72)
7k
+1 F <2rN sin 5F ) cos 27rk,'(j 1) 1 cos zﬂkgfz) sin 2wk§\gf>1) + sin 27rk§\j['72)
2 ) i sin 27\']{:% 1y sin 27rk%—2) — cos 27rk§\g/:—1) + cos 27\']{:%—2)
7 |sin 5F
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F (27‘1\/ sin %k
) and 1 1/ 2mkp

k ) are even over k € Zy, while sin ( i ) is

k.
sin % N

in Tk
2r N [sin N

Note that I’ (27‘N

odd over k € Zy for all p € Z. Thus, for all p € Z,

F | 2ry|sin Z&
N_lF, o s wk o 27Tk:p vl ( N ) o 2mkp 0
ry|sin —| | sin sin =
- NPEN - N
k=1 k=1 2r N |sin %’“

so all the off diagonal entries of EkN:_ll CrR_j(j—1) are zero.
This means that if one also rewrites B as

N-1 27k
1 k 1-— 0
B = - F'<2TNSin7;V>[ cos (%) - ]
24 0 1+ cos (23%)
F | 2ry|sin 7;\],“
1 4 cos (2]7{,’“) 0
* 0 1 — cos (ﬂ)
2rn [sin 7;\’,“ N
then
N-1
B= ) CeRoii-
k=1
L N1 ok . |
= 3 F’ (27‘]\; sinN> 1-— cos(Q’Tk)+Co %—Cos‘%ﬁ 0
=t 0 1+ cos (217\’/“) cos 2EG=L) _ og QWk%_z)
F <2TN sin % ) i
1 - a
T3 1+ cos (25£) — COSM—COSW 0
27y |sin ZE 0 1—005(2”’“)4—(:05%_0%%

Thus, Q; is symmetric, which allows us to apply step 2 to step 1.

For simplicity, denote
N-1

Qj =B~ CiRoy;-1)

k=1



then

Q =

tI‘Qj =
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2

sin —

—1
F/ <27”N

1
F (27“]\/

2TN

N-1
F/ <2TN

F <2’I“N

e
Il

in Tk
sin 77

) _

+

i wk
Sin N

in Tk
sin 57

si Lk
mN

1 — cos (%) 0

)| B

0 0
0 1-—cos (217{,—")

2k (j —
(1 — cos <N

.k
2ry [sin 7

This completes the proof because by step 1,

(STRTHRS)

j

N
_ T
= > Ri_yu-y
h=1

(

N-1

B =) CiR_y-1

k=1

N
= Y Ri_yn-1QiRu-1G-1

h=1

and because @); is symmetric (shown in step 3), step 2 shows that

|

*))

ey

) Rh-1)(-1)

N
Y RGyin-n QiR

(STR'HRS), =
h=1
0 ifi # j
= ({NQ ifi=j=1

N(@)I ifi=j#1

and the computations at the end of step three further show that

(STR"HRS)

1j
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0 ifi % j
- {Ng ifi=j=1
N (M) fi=j A1
0
1—cos (%E) 0
g:_ll F’ <2rN sin%k ) ( )

in Tk
sin 73

N i (27‘1\[
Jr

27‘N wk

Sin N

in &
sin N

F (QT‘N k

i Tk
S N

vz

A <2rN

)

(STRTHRS), = l

sin Tk
27N |sin T

Further note that, when denoting

1

Ao
N

0 A®

that in fact, from the condition that the configuration is a steady N-particle ring,

v F <2rN Sin% ) -
T
/\§2) = Z (1 — cos (N)) =0.
=L oy sin%’“

Moreover, )\51) = /\22) for all ¢ > 1, and in particular:
A =2 =o.

This completes the proof.

95
ifi # j
ifi=j=1

) (1—cos(72”’“§§*2>)) I ifi=j#1.

0

REMARK 32. This diagonalization of RTHR is distinct from that in [39] and [12]. That
is because they do not use the Fourier matrix S for their change-of-coordinates, but rather in

coordinates represented by S where the ijtPentry of S is

g cos 271(,” cos 27]:,”
9T sinZm _gip 2mid
N N
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S is neither invertible nor orthogonal, but most of its block entries invertible. What the authors

compute there are matrices M (m) such that, independently of j, satisfy

(RTHRS) =8, M(m).

jm

Thus if S were invertible, then one could compute the ij*"entry of ST'RTHRS as

thus giving a block-diagonalization of the matrix H.

6.3.2. Spreading Stability of N-particle ring. As stated in the definition of spreading
stability, (4.3.20), it is necessary at at least one point € suppj the values of HessW * [ (Z).

Checking this at T = rye; gives two entries on the diagonal of the matrix, A\; and Ao which

are
1 oL F' (2ry sin ZF) 27k 27k
AN = — hkN(l—2cos( )—i—cs( ))
Nk:1 4sin® 5F N N
ZF' (2ry sin Z%) 5 2k o [ 21k
cos | —— | —cos” | —
N 87“]\/51n‘3’;\§c N N
N wk
27“ sin % ) 2k
Ay = in? ( ——
2 k; 451112 ’T’“ (sm ( N >)
N .k
1 F' (2rpy sin &2 2k
p Ly lrysin ) ((3052 (” ))
N = 8rysin® N

so if A is the smaller of the two then the N-particle ring is 2\ spreading stable.
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