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INTRODUCTION

It is commonly known in the US market, and perhaps in the global market, that the historical
returns on equity have far exceeded the returns on government bonds. This large magnitude of
differential in returns—known as equity premium—cannot be accounted for by standard equilibrium
models as presented by Mehra and Prescott (1985) in [24], leading to the so called risk premium
puzzle. Since then, despite a large number of proposed resolutions which are generally based on
complete Brownian models, no single one has achieved general acceptance. Consequently, this
dissertation attempts to overcome such challenge by utilizing incomplete Lévy models. The main
feature is a positive impact due to the model’s incompleteness on the Sharpe ratio. This leads to a
subsequently positive impact on equity premium which captures some disparity between theoretical
and empirical equity premiums. More detailed discussion and a literature review are provided in
the introduction of Chapter I.

This dissertation is organized as follows. The first chapter investigates Lévy models in the sim-
plest, infinite time-horizon settings. Sufficient conditions on the Lévy measure are stated and the
closed-form equilibrium is solved using the Hamilton-Jacobi-Bellman (HJB) equation. A numer-
ical example illustrating the incompleteness impacts on the interest rate and the Sharpe ratio is
provided for the compound Poisson model with Gaussian jumps. The work in this chapter was in
collaboration with K. Larsen [21] and is forthcoming in Mathematics and Financial Economics.

Chapter II explores finite time-horizon Lévy models with a more relaxed assumption on the
Lévy measure. The closed-form equilibrium is derived using Fenchel’s conjugate as the main tool
for solving the investors’ maximization problem. The relaxed assumption on the Lévy measure
allows us to extend the equilibrium result to variance gamma models, whose numerical example is
provided therein. Finally, we discuss the lack of the minimal martingale measure in these incomplete
Lévy models.

vi



CHAPTER I

Radner equilibrium in Lévy models!

1.1 Introduction

We construct equilibrium models in which a finite number of heterogeneous ex-
ponential investors cannot fully trade their future income streams. We show that
the framework of continuous-time Lévy processes produces the Radner equilibrium
in closed-form (i.e., optimal strategies, interest rates, drifts, and volatility structures
are available in closed-form). In addition to allowing for more model flexibility, we
show that by going beyond models based on Brownian motions we can produce the
following empirically desirable feature: The class of pure jump Lévy models can si-
multaneously lower the equilibrium interest rate and increase the equilibrium Sharpe
ratio due to investors’ income streams being unspanned (i.e., due to model incom-
pleteness).

The first construction of an incomplete continuous-time model which allows for
an explicit description of the Radner equilibrium was given in [9]. As an applica-
tion of this model, [9] showed that model incompleteness can significantly lower the
equilibrium interest rate. However, the (instantaneous) Sharpe ratio is unaffected by

the model’s incompleteness.? Beside being of mathematical interest, our motivation

IThis chapter is the joint work with K. Larsen and is forthcoming in Mathematics and Financial Economics

2Theorem 4.1 in [10] shows that no model based on exponential utilities, continuous consumption, and a filtration
generated by Brownian motions can ever produce an incompleteness impact on the Sharpe ratio when this ratio is
measured instantaneously.



behind extending the Brownian framework in [9] to the more general Lévy frame-
work is to produce simultaneously a negative impact on interest rate and a positive
impact on the Sharpe ratio while still maintaining a closed-form equilibrium model.
Our desire to construct an incomplete equilibrium model with these features is of
course due to Weil’s celebrated risk-free rate puzzle (see [33]) as well as Mehra and
Prescott’s equity premium puzzle (see [24]). These and other asset pricing puzzles
are also discussed in detail in the survey [6].

The literature on continuous-time Radner equilibrium theory in models where the
investors’ income streams are spanned (i.e., complete models) is comprehensive and
we refer to the recent references on endogenous completeness [1], [18], [16], and [20]
for more information. On the other hand, models with continuous-time trading and
unspanned income streams (i.e., incomplete models) are much less developed and
only in recent years has progress been made. The papers [35], [34], [8], and [19]
consider models with exponential utilities, no dividends (i.e., only financial assets),
and discrete-time consumption.® These papers differ in how general the underlying
state-processes describing the investors’ discrete-time income streams can be: [35]
considers a Brownian motion and an independent indicator process. [34] and 8]
consider multiple Brownian motions ([8] also allow for processes with mean reversion)
whereas the recent paper [19] allows for a non-Markovian Brownian setting. The
current paper is more related to [9] and [10] who - in Brownian settings - consider
both financial and real assets in the case of exponential investors with continuous-
time consumption. Indeed, the current paper can be seen as a direct extension of [9]

to the setting of discontinuous Lévy processes.

3By restricting the investors to only consume at maturity, we obtain a model in which the economy’s interest
rate is undetermined. Furthermore, by only considering financial assets, we cannot determine the assets’ volatility
structures. Therefore, the interest rate and the volatility parameters are taken as exogenously specified model input
in such models.



The paper is organized as follows: The next section exemplifies the underlying
setting in the Gaussian compound Poisson case. Section 1.3 describes the underly-
ing Lévy framework. Section 1.4 provides the solution to the individual investors’
problems. Section 1.5 contains our main result which provides the equilibrium price
processes in closed-form. Section 1.6 illustrates numerically the equilibrium impacts
due to income incompleteness in the specific model from Section 1.3. The last two

sections contain all the proofs.

1.2 Example

This section serves to introduce the basic ideas in a specific example. There are
I < oo investors trading and consuming continuously over the infinite time-horizon.
Our framework takes as input (i.e., exogenously specified data) the exponential utility
investors’ time preferences 9; > 0, risk tolerance coefficients 7; > 0, income processes
Y; = (Yit)i>0, and the stock’s dividend process D = (D;);>0. On the other hand, our
framework’s output (i.e., endogenously determined data) are the economy’s equilib-
rium interest rate process 1 = (r;);>0 and stock price process S = (S;);>0.* As a
by-product, we also obtain all investors” optimal consumption processes ¢ = (¢};)t>0,
their stock investment strategies 67 = (07,);>0, and their money market account in-

O _ (0(0)*

vestment strategies 6 i )0

We start by specifying the input processes (D, Y7, ..., Y7) in this section’s example
by means of the widely used compound Poisson process with Gaussian jumps.® We

let N = (NVi)i>0 be a Poisson process with intensity A > 0 and we let (A4,)22, be a

n=1

sequence of R !valued i.i.d. normals A'(m,Y) which are independent of N. Here

m denotes A,,’s mean vector and X is A,’s variance-covariance matrix (both m and

4 As usual, the price dynamics of the money account are given by ngO) = rtSt(O)dt with Séo> =1.
5The geometric form of this Lévy process was first used in finance by Merton in his classical paper [25]. This

process is also the basis for Bates’ asset pricing model developed in [4].



Y. are independent of n). We can then define the dividend and income processes as

follows:
D,
V| M

(1.1) =34, >0
n=1

The model specification (1.1) has finitely many jumps on all finite intervals. Fur-
thermore, all processes jump at the same time (whenever the Poisson process N
jumps) and the various jump sizes are jointly normally distributed. As we shall see
in Section 1.6.2, this model produces an incomplete equilibrium model as soon as
the jump sizes of the dividend process D are less than perfectly positively correlated
with the jump sizes of the incomes Y; for all : = 1,2, ..., 1.

Next, we consider the endogenously determined processes. Throughout the paper
we assume that the i'th investor, ¢ = 1,...,1, seeks a consumption process ¢; in
excess of the income process Y; and investment strategies (950),@) in the money

market account and the stock which maximize the expectation®

c

(1.2) E |:/ 6_6itUi(Cit + Yit)dt ) UZ(C> =—e 7w, ceR, i=1,..1.
0

Throughout this paper we will consider Radner’s notion of equilibrium:”

Definition I.1 (Radner). We call (S, S) an equilibrium if these price processes

clear the markets in the sense that for all (t,w) € [0,00) x £ we have

1 1

I
(1.3) Slew=Di, D Oa=1, > 67 =0,
i=1 =1

=1

where the processes (6;, (91(0), ¢;) maximize the expectation in (1.2) for i =1,2,...,I.

6We will need to place various integrability restrictions on investor’s possible choices of (6;, 950), ¢;); see Definition
1.4 below.

"Radner’s equilibrium notion has a long history in financial economics and is also called security-spot market
equilibrium. We refer to Section 10 in the textbook [12] for more details.



The first requirement in (1.3) ensures that the good’s market clears, the second
requirement ensures that the stock market is in net unit supply (real asset), and
the last requirement ensures that the money market account is in net zero supply
(financial asset).

Our main result (Theorem 1.6 below) provides conditions under which a Radner
equilibrium exists. Furthermore, it provides both the equilibrium interest rate r
(turns out to be constant) and the equilibrium price process S in closed-form.

In general, it is impossible for a market with only two traded securities (here a
money market and a stock) to span all the income risks present in (1.1). Conse-
quently, the investors cannot share their income risks efficiently, which renders the
model incomplete. In the next sections we present the equilibrium theory for more
general Lévy processes; however, in Section 1.6 we return to this section’s compound
Poisson process example (1.1). We will illustrate that the model based on (1.1) can
simultaneously produce both a lower equilibrium interest rate and a higher equi-
librium Sharpe ratio for the stock when compared to a model in which the traded
securities span all income risks. In other words, despite the simplicity of both our
model’s utility functions and the dynamics (1.1), the model is rich enough to simul-
taneously resolve both the risk-free rate puzzle of [33] and the equity premium puzzle

of [24].

1.3 Mathematical setting

1.3.1 Underlying Lévy process

We let (2, F, (Ft)i>0, P) denote the underlying filtered probability space. For some
underlying R/*1-dimensional pure jump Lévy process n we denote by N = N(dt, dz)
the random counting measure on [0,00) x RI*! associated with 1’s jumps. The

corresponding compensated random measure is denoted N(dt,dz) = N(dt,dz) —



v(dz)dt where v is referred to as the Lévy measure on R associated with n’s
jumps, see, e.g., [2] and [30] for more details about these objects. We assume that
(Ft)e>o is the (right-continuous) filtration generated by 7.

The following regularity assumption on the Lévy measure v will be made through-

out the paper:

Assumption 1.2. In addition to the usual properties

(1.4) v({0}) =0, /RIH(HZH2 A Dy(dz) < oo,

the Lévy measure v satisfies the following three conditions:

(1.5) / 120|v(dz) < oo,
[lzl]<1

(1.6) / e“(O)Z(O)JF“(i)Z(i)V(dZ) < oo for all u'® u® € R andi=1,..,1,
[|zl/=1

(1.7) v(z® > 0) >0 and v(2¥ < 0) > 0.

Assumption 1.2 requires a few remarks: [9] consider the case of correlated Brow-
nian motions with drift which is why we focus exclusively on the pure jump case.
The requirement that (1.6) holds for all 4(*) and u(” in R can be relaxed to a certain
domain at the cost of more cumbersome notation (this can be seen from the proofs
in Section 1.8). Condition (1.5) is not implied by (1.4) because it requires that v can
integrate z(¥ instead of (2(?)? on the unit ball and has a number of implications;

e.g., (1.5) ensures that the process

t
(1.8) Jt:// 2ON(ds,dz), t>0,
0 Jllz|l<1

is well-defined and is of finite variation.® We note that J can still have infinite activity
on finite intervals. The last condition (1.7) can also be relaxed to only requiring that

a certain explicit function is onto (see function ¢; of Lemma 1.7 in Section 1.7).

8The process J will be related to the stock’s dividend process D below.



1.3.2 Exogenously specified model input

We consider a pure exchange economy in the sense that the money market account,
stock price, income, and dividend processes are all quoted in terms of the model’s

single consumption good. The i’th investor’s income rate process is modeled by

(1.9) dYy = pdt + o / ZON(dt,dz), Yi €R,

RI+1
where p; € R and o; > 0 are constants for ¢ = 1,...,I. The single stock’s dividend

rate process is modeled by

(1.10) dD, = ppdt + aD/ ZON(dt,dz), D, eR,

RI+1
where up € R and op > 0 are constants. Because (1.8) is of finite variation, we see
that D is of finite variation too (Y; defined above by (1.9) might not be).

We note that the processes (1.9) and (1.10) are not independent; indeed, the

quadratic cross characteristics between D and Y; are given by

d(Y;, D), = O'iUD/ 2020y (dz)dt, t>0, i=1,..1

RI‘H
We can use (1.4) and (1.6) in Assumption 1.2 together with Cauchy-Schwartz’s in-

equality to see that (Y;, D), is finitely valued for allt > 0 and i =1, ..., I.
1.3.3 Endogenously determined price dynamics

We will restrict the financial market to only consist of two traded securities (one
financial asset and one real asset). The financial asset is taken to be the zero net

supply money market account. Its price process will be shown to have the following

equilibrium dynamics

(1.11) dS©® = 5Orat, SV =1, t>o0,

9The brackets (-,-) are also called the conditional quadratic cross variation; see, e.g., Section IIL5 in [27].



where r > 0 is a constant. Because the interest rate r is constant, the money market
account is equivalent to zero-coupon bonds of all maturities.

The real asset is a stock paying out the dividends at rate D (see (1.10)). This
security is in unit net supply and we will show that its equilibrium price dynamics

are given by

(1.12)  dS, + Dydt = (7"5} + u) dt + UTD CON(dt, dz), t>0,
RI+1

where the excess rate of return 1 € R is a constant.
As discussed in the Introduction we are interested in how model incompleteness
impacts the interest rate r and the stock’s Sharpe ratio. The stock’s (instantaneous)

Sharpe ratio A is defined as the constant

(1.13) A= a .
20/ foes (20)20(d2)

The Sharpe ratio (1.13) measures the stock’s return (cleaned for interest and dividend
components) relative to the standard deviation of its noise term. Sharpe ratios have
been widely studied and used in the literature and we refer to [11] for an application
of the Sharpe ratio (1.13) in a continuous-time jump diffusion setting.

We conclude this section with a lemma which we need in the proof section. Be-
cause our model is necessarily incomplete there are infinitely many martingale den-
sities (state-price densities).!® For our purpose the following particularly simple

martingale density suffices. We define Z = (Z;);>0 as the solution to the linear

equation

(1.14) dZ, = Zt_/ Y(2)N(dt,dz), t>0, Zy=1.
RI+1

10The technical difficulties related to the existence of equivalent martingale measures on infinite time-horizons
already arise in Black-Scholes’ model; see, e.g., the textbook discussion in Section 6.N in [12]. The same technical
issues are also present in our jump setting which is why we prefer to use martingale densities.



We refer to Section I1.8 in [27] for the unique explicit solution of (1.14). In (1.14)

the deterministic and time independent integrand ) is defined by
_pr 70 p(dz)) 2(®

(1.15) P(z) = of (SE5 i 2On(@)0 1, zeRM

where f is the inverse of the mapping

(1.16) R > u® — z(o)e“(o)z(o)u(dz).

RI+1
Lemma 1.3. Under Assumption 1.2 there exists a unique solution Z = (Z;)i>o of
(1.14). This solution is a positive martingale. Furthermore, let (S, S) be given
by (1.11) and (1.12). Then the process StZt/Sfo) + f; DuZ, )5V du, t > 0, is a

sigma-martingale.

1.4 Individual investors’ optimization problems

Throughout this section the price dynamics (1.11) and (1.12) are taken as input.
Given these price dynamics, the i’th investor is assumed to maximize exponential

utility of running consumption over the infinite time-horizon:

(1.17) sup ]EU e MU, (cir + Yi)dt | .
(Gi,ci)EAi 0

Here the exponential utility function U; is defined by (1.2) and .A; is the i’th investor’s
admissible set (see Definition 1.4 below). Because S(()O) = 1, the investor’s initial
wealth is given by X;p = 958)_ + 0,0—Sy where investor i’ths initial endowments are
9581 units of the money market account and 6;0_ units of the stock. In (1.17) the
process ¢; denotes the consumption rate in excess of the income rate Yj;, i.e., investor
i’ths cumulative consumption at time ¢ € [0,00) is given by fot (Ciu + Yiu)du. We
refer to [31] and [32] for more information about the optimal investment problem
(1.17) for exponential investors receiving partly unspanned income over the infinite

time-horizon in various Brownian settings.
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We next specify the admissible set of controls A;. The i’th investor chooses
predictable processes 6; = (6;¢)¢>0 and ¢; = (¢;t)1>0 to generate the self-financing gain

dynamics

(1.18)

dXit = <TXit — Cit + Gztu> dt + eltO—D Z(O)N(dt, dZ), t Z 0, Xi() € R,
r

RI+1

provided that the various integrals exist. As usual, the investor’s investment (9@(0) in
the money market account is implicitly specified by (1.18); see, e.g., Section 6.L in
[12]. To state the additional properties (6;, ¢;) will be required to satisfy in order to
be deemed admissible, we first note that Lemma 1.7 in Section 1.7 ensures that the

function
(1.19) R>u® = / 2(0)6u(0>z(0>+u<i>z<i>V(dz), O R
RI+1

has a well-defined continuous inverse fi@ (-) with domain R. We can then define the

constants 07 € R by (here we use (1.5))

(1.20) 0 =—Lfi <—ﬂl+/ zwwu@).
RI+1

op *T_iUi op

This allows us to define the function

1 vy 1y 1,
(121> V;(xuy> = —;6 i Tliy ?1«91’ T,y € R7

where we have defined the constants g; by

1 1
gi =0; — 1+ —‘(9:7"#—1‘ —Hi
(1.22) Ti Ti ' ,
SN () S N O ,
- / (e EA A R —0ropz + —aiz(’)>1/(dz).
RI+1 T; i

)

As usual, infinite time-horizon problems require a transversality condition to hold

(see, e.g., Section 9.D in the textbook [12]). In our case, this condition takes the
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form

(1.23) lim e *'E[V;(Xy, Yit)] = 0.

t—o0
We can then state the precise constraints on the investor’s choice of controls in
(1.17). The last requirement placed on (6;, ¢;) in the next definition is purely technical

and is needed in the verification part of the proof of Theorem 1.5 given in Section

1.8.11

Definition I.4. A pair of predictable processes (6;,¢;) is deemed admissible if (i)
the wealth dynamics (1.18) are well-defined, (ii) the expectation in (1.17) is finite,
(iii) the transversality condition (1.23) holds, and (iv) the stochastic integral

(1.24

)
t
/ / <V;<Xzsf + eisU_DZ(O)a Yvisf + aiz(i)) - ‘/;(Xisfa Yvisf))N(dsa dZ), t Z 07
0 JRI+1 T

is well-defined and is a martingale. When (i)-(iv) hold we write (6;,¢;) € A;.

¢

In terms of these objects, the following result provides the explicit solution to

(1.17); see Section 1.8 for the proof.

Theorem 1.5. Let Assumption 1.2 hold and let the price dynamics (1.11) and (1.12)

with v > 0 be given. Then the processes (0F,cf) € A; attain the supremum in (1.17)

91

where 0 is defined by (1.20) and

(1.25) ¢ =rXn+ 2o >0
T

In (1.25) the process X} denotes the gain process (1.18) produced by (0F,cf). Fur-

thermore, the resulting optimal expected utility is given by Vi(Xy, Yio) where V; is
defined by (1.21).

M For continuous-time optimal control problems, martingale conditions are always needed to verify optimality (see,
e.g., Section V.15 in the textbook [29]).
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From this theorem we note that the marginal utilities
e U, + Vi), i=1,..1,

are not in general proportional across investors. This is due to the fact that the
market (S(©,9) is insufficient for the investors to share all risks imbedded in their
various income streams (Y;)7_;. In other words, because there are non-traded income
claims, the investors cannot share all income risks efficiently and this feature renders

the model incomplete.

1.5 Radner equilibrium

This section contains our main result which provides the Radner equilibrium in
closed-form. Our main existence result is Theorem 1.6 below (the proof is in Section
1.8) which is stated in terms of the constants (r, u) as well as the martingale Z =
(Z¢)¢>0 from Lemma 1.3. To define the constants, we start by defining the Sharpe

ratio A € R (constant) through the requirement

(1.26) aD+an@ ( \//Rm )+/RIH Z(my(dz)) ~0,

where the inverse functions (f?)L_, are defined by (1.19). Lemma 1.7 in Section 1.7

ensures that (1.26) uniquely determines A\. Then we can define the constants

(1.27) 67 = A (—)\\// (z0)2v(dz) +/ z(o)y(dz)> , i=1,..,1.
Op —79% RI+1 RI+1

In turn, this allows us to define the constant
1 I I
= T_{ND + ZTiéi + Zﬂi
= i=1 i=1
1 ©) () !
- / (Z e TP o s +opz? + Z aiz(i)> I/(dz)},

i=1 i=1

(1.28)
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where 7y, = 25:1 7;. We can then finally define the constant

(1.29) = /V%\//RIH(Z(O))QVMZ)'

The next theorem is our main existence result.

Theorem 1.6. Let Assumption 1.2 hold, let Zle 058)_ =0, Zle B0 = 1, define

(r, ) by (1.28)-(1.29), and assume that r > 0. Then (S, S) with S defined by

(1.11) and S defined by

1

/ e "CVR[Z,D,|F]ds, t>0,
t

where the martingale density Z is defined by (1.14), constitute a Radner equilibrium

in the sense of Definition I.1.

We would like to mention that we can replace the exogenous process parame-
ters wup,op, pi, 04, © = 1,.... I, by deterministic functions of time and still perform
the equilibrium analysis provided that we replace the constant coefficients in the

dynamics (1.11) and (1.12) with time dependent functions.

1.6 Application

In this section we will compare the incomplete equilibrium of Theorem 1.6 with
the corresponding complete equilibrium based on the representative agent. In the
second part of this section we specify the Lévy measure v to be the compound Poisson
process with Gaussian jumps from Section 1.2. We illustrate numerically the impacts

on the resulting equilibrium parameters due to model incompleteness.

1.6.1 Representative agent’s equilibrium

It is well-known that when all investors have exponential utilities, then so does the

sup-convolution describing the representative agent’s preferences with risk tolerance
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coefficient v, = Zfil 7; and time preference parameter dy = é Zfil 7:0;; see, e.g.,
Section 5.26 in [17]. We therefore define the representative agent’s utility function

by

The consumption-based capital asset pricing model developed in [5] (and extended
in [15] to certain incomplete models) is based on constructing price processes by
applying the first-order condition for optimality in the representative agent’s problem

through the proportionality requirement

rep

I
(1.31) e UL, (Dot Vi) ez 120
=1

Here r*P is the interest rate and Z™P is the model’s (unique) martingale density.
This model (i.e., P and Z'P) will serve as the basis for our comparison. It6’s

lemma produces the following dynamics of the left-hand-side of (1.31)

de=*=tUl, (Dy + 25:1 Yit)

rep

_6EtU1:ep(Dt + Zz‘lzl Kt)

_ _5Edt+/RI+1 <6 e (7GRS L) I )N(dt dz) — %( D +Zuz>

=1

*%<0D2(0)+Z£=1 Uiz(i)) B i ) I 6 >
* /RIJrl <€ ) 1+ s (UDZ + ;UZZ’ ) v(dz)dt.

By matching coefficients with the right-hand-side of (1.31) we find

L G
(1'32) ereP Zrep wrep( ) (dt dZ> wrep(z) =e Tz (Zle Uzz()"'UDz(O)) —

RI+1

(1.33)  r'P =iy + — (,uD + Zm)

7L( ORI . (i))

opz\V437 oz (0) )
— e 7= -1 —I— 0 2+ 0%
Lo ’ Z
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We find the parameters describing the stock dynamics by computing the dynamics

of (similar to (1.30))

1
(1.34) SiP =

= —mp / e—rrep(s—t)E [Z;ePDS‘JT_'t] ds, t>0.
Zt t

As in the proof of Theorem 1.6 in Section 1.8, we find that the dynamics of (1.34)

are of the form (1.12) but with r» = r™P and pu = p**P, where

e = =20 [ () 0(d2),

TP Jpr1

with ¢ defined by (1.32). Finally, the Sharpe ratio based on the representative

agent is defined as:

rep

(1.35) AP = a ,
2 Jera (20)20(dz)

which is the analogue of (1.13).

1.6.2 Incompleteness impacts in a numerical example

In this section we consider the Lévy measure corresponding to a compound Poisson
process with Gaussian jumps (i.i.d. zero-mean normals with covariance matrix )
and a unit constant Poisson intensity. In other words, for a symmetric positive

definite matrix > with unit diagonal elements, we consider the Lévy measure

v(dz) = ! e 27 5y, 2 e RITL
(27m)+1det(X)

This measure satisfies Assumption I.2. Furthermore, the functions f* and f (the
inverse functions of 1.19 and 1.16) can be expressed via the Gaussian moment gen-
erating function ez’ b € R’ and its derivatives.

Based on (1.28) and (1.33), we see that the incompleteness impact on the equi-

librium interest rate is given by

I

. 1 .

Ti —Loropz(0_Ls,200) = (opz@OLS 5. 20

7,,l"ep —r = ( —e T i 9D Tio —e Ts ( D Zz—l i ) V(dZ).
RI+1 i—1 ™
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Jensen’s inequality and the clearing property Zfil 0f =1 (coming from (1.26) and
(1.27)) can be used to see that this difference is always non-negative (a similar obser-
vation is made in [9] and [10]). On the other hand, the impact on the instantaneous
Sharpe ratio due to model incompleteness, i.e., A — A"™P, can be either positive or
negative. Here \*P is defined by (1.35) and the (instantaneous) Sharpe ratio A in the
incomplete equilibrium is defined by (1.13). The constant A € R is found implicitly

by solving

I
Op +ZTlfilg (—)\) =0.
i=1 ™

This follows from (1.26) and the zero-mean and unit variance properties of the Lévy
measure v.

To proceed with the numerics, we will use a flat correlation matrix in the sense
that ¥,; = pfori # jand ¥;; = 1fori,5 =0,1,...,I where p € [0,1). The remaining

parameters used to generate Figure 1.1 below are!?
(1.36) op=2I, o=.1, 7=71, i=1,..1.

From Figure 1.1 we see that our model can simultaneously produce a positive
impact on the equilibrium (instantaneous) Sharpe ratio and a negative impact on
the equilibrium interest rate. As discussed in the Introduction, these effects are
empirically desirable because they are linked to the asset pricing puzzles in [33] and
[24]. We note that as p 1 1 the resulting model approaches the representative agent’s
complete model and both incompleteness impacts vanish.

Because all the investors in the model behind Figure 1.1 are homogeneous they
hold the same number of stocks and there are no differences across investors. We

would like to see how investor heterogeneity affects the equilibrium. The next table

12The dividend’s parameters are scaled up to the size of the economy, while the investors’ income parameters are
independent to the size as they represent individual characteristic of investors.
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Figure 1.1: Plot of impacts due to model incompleteness on r™P — r (left) and A — A\*P (right)
seen as a function of the correlation coefficient p. We consider the limiting economy
(I — o0) whereas the remaining parameters are given by (1.36) for the various risk

tolerance coefficients 7: 7 = % (—), 7= % (~—-),and 7 = % (----).

illustrates investor heterogeneity effects on the equilibrium for the independent case
where Y;; = 0 for 7 # j and ¥;; = 1 for ¢,7 = 0,1, ..., /. We split the population into
two homogeneous groups (A, B) and we let w € [0, 1] denote the relative weight of
group A. The investors in group A all have the same high income volatility coefficient
o4 = .2 whereas the investors in group in B all have the coefficient og = .1. In Table
1.1 below we also report how the investors’ strategies vary between the two groups
(A, B) which is done as follows: For I € N we have (see 1.3)
I
1= 67 = ITwt + I(1 — w),
i=1
Table 1.1 reports lim;_, o, Jwé? which measures how big a fraction of the equity group

A collectively holds in equilibrium (in the limiting model I — 00).
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w (T4, 7B)

(3:3) (3:3) (3:3) (3:3)
1.00 1 [.090], (.036) 1, [.090], (.036) 1, [.236], (.142) 1, [.236], (.142)
0.75 .740, [.073], (.029) .814, [.084], (.037) .639, [.159], (.082) .731, [.190], (.113)
0.50 487, [.056], (.022) .593, [.077], (.037) .369, [.101], (.046) .475, [.145], (.085)
0.25 .240, [.039], (.015) .327, [.067], (.036) .162, [.057], (.024) .232, [.100], (.058)
0.00 0, [.022], (.009) 0, [.055], (.033) 0, [.022], (.009) 0, [.055], (.033)

Table 1.1: Values of limy_,oo wI0%, [r™P —r], (A— A™P) in the limiting economy (I — oo) for various
weights w and various risk tolerance parameters (74,7g). The values are based on the
parameters 04 = .2, op = .1, op = .21, and X;; = 0 for i # j and X;; = 1 for
i,7=0,1,.., 1.

By comparing Columns 2 and 3 in Table 1.1 we see that the incompleteness
effects on the interest rate and the Sharpe ratio are largest when the most risk
averse investors have the highest income uncertainty. A similar observation regarding
the interest rate is made in Table 1 in [9]. Compared to all Brownian models (see
Theorem 4.1 in [10]), our framework’s main new feature is that discontinuous Lévy
models can produce a significant impact on the Sharpe ratio while still being as
tractable as the arithmetic Brownian model developed in [9].

Finally, we note from Table 1.1 how the equilibrium equity distribution between
the two groups depends on the groups’ risk aversion coefficients. When the two
groups are equally sized (w = 0.5) and have the same risk aversion coefficients
(Columns 1 and 4 in Table 1.1), group B, who has the lowest income volatility,
holds slightly more equity than group A. However, by changing the risk aversion
coefficients we dramatically change the equilibrium equity distribution. Indeed, if
group B’s risk aversion is increased from 2 to 3, group A will hold close to 60% of
the economy’s equity even though group A has the highest income volatility (Column

2 in Table 1.1).
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1.7 An auxiliary lemma

Lemma 1.7. Suppose Assumptions 1.2 holds. Then the partial derivative

; 9 (00 5(0) 4 (i) 5(0) ;
(@ @Dy = w2 putt (0) o,
oi(u'™” u') = 520 /RI+1 (e 1>V(d2), u, ut e R,

s a well-defined function and satisfies the following properties:

1. The function @; has the representation

(1.37) i (), u) = / OOy 0 0 e R

RI+1
2. The function p; is jointly continuous.

3. For fived ) € R, the function u® — ©;(u®,u) is strictly increasing and
onto R. Consequently, the inverse function f;m() exists and is continuous on

R.

Proof. For the first claim, we can use the bound

1]

T < |Z’€|Z|, Z(O) S R, ’h’ <1

(1.38)

This bound is integrable by (1.5) and (1.6) of Assumption I.2. Therefore, the dom-
inated convergence theorem can be used to produce the representation (1.37). The
second claim follows similarly. The strict monotonicity property in the last claim

follows directly from (1.37). Finally, (1.7) ensures that the map ¢;(-,u()) is onto R.
%

1.8 Proofs

Proof of Lemma 1.3. The integrability property

/R o (¥(2)) v (dz) < oo,
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follows from the definition of ¥ (see (1.15)), the bound (1.38), and the integrability
requirements in Assumption [.2. Furthermore, because ¢ defined by (1.15) satisfies
+1 > 0 we see from Theorem 37 in Section I1.8 in [27] that there is a unique strictly
positive solution Z of (1.14). The martingale property of Z follows from Novikov’s
condition for Lévy processes (see Theorem 9 in [28]). The claimed sigma-martingale

property follows from It6’s product rule applied to Z % combined with the no drift

property

(1.39) Lol B(2)2Ou(dz) = 0.

Op RI+1
The latter condition (1.39) follows from the definition of .

O

Proof of Theorem I.5. Throughout this proof we let V; be defined by (1.21) and we

let (07, c

7,72

) be defined by (1.20) and (1.25). We split the proof into two steps:

Step 1: (Admissibility of 8}, ¢f). By inserting (67, ¢}) into (1.18) we produce the gain

Z7Z

dynamics

ax;, = (on - T;gi>dt+6;‘0—D AON(dt,dz), t>0.

r RIJrl

To see that X} has all exponential moments we let @ € R be arbitrary. The integra-

bility conditions (1.4) and (1.6) ensure that

(1.40) / (e“Z<O) -1- az(0)> v(dz) < oo
RI+1

Consequently, I1t6’s lemma ensures that

Y 0
ea fg Jpr+1 2O N (du,dz)—t Jrr+1 (e‘”( )—l—az<0))u(dz)
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is a nonnegative sigma-martingale. Furthermore, Ansel-Stricker’s Theorem ensures
that it is a supermartingale which combined with the deterministic property of (1.40)

produces

(1.41) E [eafot Jar+1 z((’)N(du,dZ)] < ot Jrrt (eaz(O)—l—az(O))u(dz) < o0,

In a similar fashion we can see that Yj; has all exponential moments. This shows
that the expected utility of (6}, ¢f) is finite.

To see that the stochastic integral (1.24) is a martingale, it suffices to show the

square integrability property

! 9 _ 99D ,(0) _%i (i) 2
E /%(XZ;L_,K-U_) / (e —1) v(dz)du| < oo,
0 RI+1

for all ¢ > 0. The integrand in the v-integral does not depend on w € (). The
bound (1.38) combined with (1.4) and (1.6) ensures that this v-integral is finite.

Furthermore, the first inequality in (1.41) shows that the functions
0,t]5u—E [ebxfu] and [0,t|>u—E [eb%“} ,

are bounded by exponential functions for all b,’ € R. Because such functions on
finite intervals are bounded, the square integrability property follows from Cauchy-
Schwartz’s inequality.

To verify the transversality condition (1.23) we use [td’s lemma to compute the
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dynamics

dVi(X}, YY) = / (m(X;_ + Q;UTDZ(O)’Y“_ + aiz(i)) —Vi( ;_,}gt_)>N(dt,dz)

RI+1

9FD (0)_1 (9
—_—2Z ——0iZ

1 )
+ V(X ,Yit)/ (—(ejo—Dz@) +o2) +e m 7 1>u(dz)dt
RI+1 \T;
= Vi, Ya ) (Zub; — gi+ 2 ) dt
Ti Ti
B / (ViCXis +0; 2220 Vi + 032) = Vi(XG_, Y ) ) N(d d2)
RI+1 T
+V( :;5 y Zt )((5 —T)d
The just proven martingale property of the stochastic integral (1.24) produces
t
BIVA(XGs V)] = Vi(Xin,Yio) + | BIVA(X3, Y61 = )
0
Therefore, because r > 0, we have

lim ™ E[V;(X};, V)] = lim e”*V;(Xyp, Yio)e* ™" = 0.
—00

t—o0

Step 2 (Verification): Itd’s lemma produces the following dynamics for arbitrary

controls (6;,¢;) € A;

t
d(/ e oMUy (Ciu + Yiu)du + Vi ( Xy, Yz‘t))
0
— e Uilei + Yag)dt — 6:Vi(Xu, Vi)t

+ / (Vi( X + en—z“” Yo +0:2%) = Vi(Xiy—, Vil )) N (dt, dz)
RI-H

_%it9p (0)_ 1, ()
T Tt

1 .
(— (Hitapz(o) + Jiz(l)) +e — 1> v(dz)dt
T;

+ Vi( X, Yir—) /

RI+1

ViKY ) = (0K = cu+ i)t = V(X Vi) 2ot}

A direct calculation shows that the drift is maximized pointwise by the processes
(07, cF) given by (1.20) and (1.25). Furthermore, the definition of ¢; ensures that this

7,7’L

maximal value is zero. Therefore, the martingale property of the integrals in (1.24)
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produces
t
E [/ e Uy(ci + Yiu)du + e Vi( X, Y;t):|
0
< V(Xio, Yio)
t
) [/ e MU (¢, + Vi )du + e V(X3 Yit)] .
0

We can then use the monotone convergence theorem to pass ¢ — oo as well as the

transversality condition (1.23) to see
EL/65WM%+%QM}§VMmE@:EL/65WM%+KQM}
0 0

O

Proof of Theorem I.6. Fix the time points 0 < ¢t < s < oco. Based on Lemma 1.3

we can define the P-equivalent measure Q, on F; by the Radon-Nikodym derivative

@ .= Z,. Girsanov’s theorem and the definition of ¢ (see 1.15) produce the Q-

dynamics

dD, = (,uD — m’) du + O'D/ P <N(du, dz) — (1+ Mz))u(dz)du), u € [0,s].

RI‘H

To ensure that the stochastic integral is a Q -martingale it suffices to show

/IRI+1 (Z(O))2(1 + 1/)(2)>V(dz) < 0.

This follows from 1’s definition (1.15) and the integrability requirements in Assump-

tion I.2. Bayes’ rule then produces

E[Z,D,|F;
% =E%[Dy|F) = Dy + (up — pr)(s — t).
t

This gives us the representation

(1.42) Sy = / e (st —E[ZSDSI}—)&] ds = D + Ko — 7
t

Z, T 72
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This representation and (1.10) produce the dynamics (1.12).
To see that the clearing conditions (1.3) hold, we first note that inserting p defined

by (1.29) into (1.27) gives us (1.20); hence, 6} is optimal by Theorem I.5. Therefore,

we have

I I
1 . ur
0 = —— > 7f —— +/ 2Ou(dz > =1,
22:1: 9D zzzl: fﬁ%‘” ( RI+ (@)

0D
where the last equality follows from inserting p defined by (1.29) into (1.26). Clearing
for the money market account market is equivalent to S; = Zle X}, For t =0 this
holds. By inserting the optimal consumption processes (1.25) into the gain dynamics

(1.18) and using the already established property Zl 0F =1 we find

=171

I I
* TiGi op .
§l_1j dX} = (u - E_lj : >dt + 22 [ ON(at, dz).

T JRI+1

On the other hand, the representation (1.42) produces

S, =2ar + 72 [ 2ON(dt, dz).
T T RI+1

The claim therefore follows as soon as we establish

I
(1.43) ZTigi = ur — [ip.
i=1

To see that this relationship holds we can insert the definition of g; (see (1.22)) and
use the definition of r (see (1.28)). This argument also produces clearing in the

good’s market because

Here the third equality follows from the representation (1.42) and the last equality

comes from (1.43).



CHAPTER II

Model extensions

In this chapter, we consider the finite time horizon version of the Lévy model
introduced in Chapter I. In these finite time horizon models, we relax the assump-
tion on the Lévy measure in order to extend our equilibrium result to more general
models, including the variance gamma model. The following sections are organized
as follows: first we re-state the new finite time horizon problem including the new
assumption, then we state and prove the new equilibrium results, and finally we
consider a variance gamma model and its numerical results. In addition, the discus-
sion about the lack of the minimal martingale measure is included at the end of this

chapter.

2.1 Finite time-horizon setting

2.1.1 Underlying Lévy process

Recall that 7 is the underlying R’*!-dimensional pure jump Lévy process which
generates the (right-continuous) filtration (F;)i>o. N = N(dt,dz) is the random
counting measure on [0,00) x R’ and v is the Lévy measure on R’ associated
with n’s jumps. We define the sets of exponentially integrable domain D; by

D; = {(u(o),u(i)) € R?: /

(0) 5(0) 44, (9) 5 (3) .
et F AR I/(dz)<oo}, Vi=1,...,1.
[|2]]>1

25
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Below we state our relaxed assumption on the Lévy measure v.

Assumption II.1. In addition to the usual properties (1.4) the Lévy measure v

satisfies the following conditions:

(2.1) / 1200p(dz) < oo,
[|z]]<1
(2.2) D; is open, NVi=1,...,1,

(2.3) v(2® > 0) >0 and v(2© < 0) > 0.

This new assumption requires a few remarks and lemmas.

Remark 11.2. While Conditions (1.5)-(2.1) and (1.7)-(2.3) are identical, Condition

(1.6) implies (2.2) with D; =R?* Vi=1,...,1.

Lemma I1.3. Suppose Condition (2.2) in Assumption II.1 holds. Then for every
(u®,u®) € Dy, there exist a V||, >1-integrable function h and an open neighborhood

U of (u9,u) such that
(2.4) e < h(z), Wz e |2l = 1}, V(z,y) € U.
Proof. Let (u®,u®) € D;. Since D; is open, we can find € > 0 such that
[(u© — €, u® 4 ¢ x [u — e, uD + € C D;.
We define the dominating function h by
h(z) _ e(u<0)+E)z(0)+(u(i>+e)z<i) +e(u<0)+5)z(0>+(u(i>_e)z(i)
4 OO LD L O )20 4 (D) )20

Then h satisfies (2.4) with U = (u® — €, u® 4 ¢) x (u® — €, u® + ¢) and

/| - h(z)v(dz) < oo.
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Corollary I1.4. Suppose Condition (2.2) in Assumption II.1 holds, then for every

compact subset K of D;, there exists a v|),)>1-integrable function h such that

eu(0)2<0)+u(i)z(i) <h(z), Vze{|lz]] =1}, \V/(U(O)’u(i)) € K.

The following lemma is the analogue of Lemma 1.7 under the relaxed Assumption

IT.1.

Lemma I1.5. Suppose Assumption II.1 holds. Then the partial derivative

(,Di<u(0), u(l)) — _/ (exz(())-‘ru( )2 1> I/(dZ) , (U(O), u(1)> c Di7
8:13 RI+1

m:u(o)

1s well-defined and satisfies the following properties:

1. The function @; has the representation

0i(u®, ) = / z(o)e“(0>z(0)+"(i)z(i)V(dz), (u®,u?) € D;.
RI+1

2. The function ; is jointly continuous on D;.

3. For fized u, the function u® — @;(u®,u®) is strictly increasing and onto
R; hence, admits the continuous inverse function f;()() whose domain 1is the

entire space R.
4. The map (t,uY) — fi. (t) is jointly continuous.

Proof. The first property is a direct consequence of Lemma II.3. For the second
property, we use the bound

" — 1]

i SR ), 2R h<L

(2.5)

The joint continuity follows from the bound (2.5) and the dominated convergence

theorem.
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Next, we proceed to prove the third property that the map u® — o;(u(®, u®) is
onto R. Since ¢; is continuous in D; it suffices to show that inside D; the function
@i(-,u™) is unbounded from above and below. To prove this claim, we fix (u(?, (") €

D; and let

{x eER: / e“m)“(i)zml/(d@ < oo} = (o, B),
|[z][>1

for some —oo < a < # < 0o. Here we know the above set is an open interval because
D; is convex and open. We then prove the lack of an upper bound in two following
separate cases.

Case 1: f = oco. We know from the first property that the function ¢; is finite inside

the set D;, i.e.,
/ z<0)em(0)+u(i)z(i)y(dz) < oo, Vze (a,00).
RI-H

Since u® — ;(u®, u™) is strictly increasing, we can use condition (2.3) to conclude

that
(0) 44y (D) 5(0)
/ 20220020 (12) = 00, as z T oo.
]RI+1

Case 2: 8 < oo. We take an increasing sequence (f3,)nen such that 5, 1T f and

(Bn, u®) € D;. We have the inequality

/ eﬁz(o)”(i)z(i)l/(dz) < 6f3_5"/ e’B”Z(O)JF“(i)Z(i)I/(dz) < 0.
{1zl 1n{=© <1} (1= (=0 <1}

Because D; is open and (3,u®) is at the boundary of D;, we have (3,u') ¢ D;.

This, together with the above inequality, implies

(0) gy (D) ()
/ PFIHTNEY Y () = o0,
{llzl213n{=(>1}
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By the monotone convergence theorem, we deduce that

lim z(o)eﬁnz(o)“(i)z(i)V(dz) > lim eﬁnz(o)ﬂ(i)z(i)u(dz)
o J{|lzl>1}n{=© > 1} 1o S22 1)n (=@ > 1}
:/ ,32<0 +u® 20 (dz)
{IzlI=1}n{=(®>1}
= 00.

A similar argument shows that ;(-,u) is unbounded from below in D;; therefore
the claim is proved.
Finally, we want to show the joint continuity of the map (¢, u(i)) — [ (t) in the

last property. We let (tn,u,(f)) — (t,u) as n 1 oo and write u? = fl(,)( n) and

u® = fi.(t). We assume for the moment that {( ull ,un) (u%o),ui)}neN is contained

in a compact subset of D;. We write

26)  ta—t = (pi(u®u?) = (1)) + (o, 1) = o (@®, ).
By Corollary I1.4 and the dominated convergence theorem, we have

|oi(u (0) 00y — @i(ug’)’u(i)ﬂ —0, asntoo.

The left hand side of (2.6) converges to zero by initial assumption. Consequently,
we have

ei(u®,u) = i, u?), asntoo.

We deduce that u!” — u(© using the continuity of fi() (for a fixed ) from the
third property.

To see that {( u%o),u%)) (u%o), (i))}neN is compactly contained in D;, we rely on
the strict monotonicity of fzi(i)' We let 6 > 0 and denote ugo) = fqi(i) (t+24). By joint

continuity of ¢;, we can find € > 0 such that

|(P1(33,y> o (t+ 26)| < 57 for (l’,y) S (u((SO)au(l)) + (_67 6) X (_676)'
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In particular,
(0)

t+6 <piluy’,y) <t+30, forye (u(i) — E,u(i) +e).

As ud) — u® and t, — t, we have, for some M € N and any n > M,

(2.7) u — e <uld < u® 4
(2.8) tn <t+0.

Applying strict monotonicity of f*, to (2.8), we have
ul® < ugo), for n > M.

Similarly, we can find a lower bound u(_°§ € R such that

(2.9) u@g <ul® < ugo), for n > M.

The compact containment follows immediately from (2.7) and (2.9).

2.1.2 Economy

We assume that the economic activities happen continuously on a finite time

horizon [0,7], T € (0,00). As usual the economy consists of I < oo investor-

consumers all having exponential utility of consumption, a single non-durable con-

sumption good, and two traded assets. The ' investor equipped with exponential
p g ) quipp p

utility function

Ufc)=¢ 7, 7,>0, ceR,

receives random endowment over the time period [0, T]. The endowment is specified

by the rate process (Y;t)icp,r] which evolves as

dYy, = pi(t)dt +/ oi(t) 2N (dt,dz), Y €R.

RI+1
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Here the functions pu;(t) and o;(t) are deterministic and exogenously specified. The
two traded assets are the money market account and a risky asset. The money
market is in zero net supply and its equilibrium price is conjectured to have the

dynamics
(2.10) ds” = r(t)sVdt, vte[o, 1], S =1,

for some deterministic rate of return r(¢). The risky asset is taken to be a unit net
supply stock which pays out continuous dividends at rate D. The dividend rate D

is exogenously specified by the dynamics

dD; = pp(t)dt +/ op(t)z2ON(dt,dz), Vte[0,T], D,€R,

RI+1
which contain the deterministic (input) functions pp and op. We will show that the

equilibrium price dynamics of the stock take the form

(2.11)  dS; + Dydt = r(t)S,dt + p(t)dt +/ o(t)2ON(dt,dz), Vte|0,T),

RI+1

(2.12) Sp. = Sp =0,

for some deterministic functions x4 and o. The insertion of terminal condition (2.12)
guarantees no stock price jumps at the terminal time. Consequently, the gain process
is left-continuous at the terminal time; a result which is crucial in our equilibrium
verification. To sum up, (up, op, p;, 0;) are the model’s exogenously specified input,

whereas the functions (7, i, o) are endogenously determined.
2.1.3 Assumptions on the market structure
In order to keep our model as simple as possible, we place several assumptions

on the prices of the traded assets, their dividends, and the investors’ endowments.

The first assumption is placed on the choice of input parameters in the dividend
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process and the investors’ endowment processes. These parameters are completely

exogenously specified.

Assumption I1.6. The deterministic functions (pp,op, pi,0:), @ =1,...,1, are
continuous and finitely valued on the interval [0,T). Furthermore, op > 0 on the

interval [0, T).

The second assumption is placed on the prices of the traded assets which, on the
other hand, are endogenously determined. We need to verify that our candidate
equilibrium price processes satisfy this assumption. Before we state the assumption

we first define the price of zero coupon bonds, 5(t,s), and the price of the annuity,

A(t), by

B(t,s)=e Jirdu <t <s<T,

T
A(t):/t Blt,u)du, 0<t<T.

Assumption I1.7. The functions (r, u, o) appearing in the price of the traded assets

are deterministic, continuous, and finitely valued on the interval [0,T].

We remark that if Assumption I1.7 is satisfied then there exists a constant 7 such
that r(t) > 7 > —oo for t € [0, T]. As a consequence, the price of annuity satisfies

the condition

(2.13) lim [ A(t)"'dt = +oo.
T 0

There is a third and final assumption on the choice of functions (op,0;). The
purpose of this assumption is to ensure sufficient integrability of our optimal in-
vestment strategies. Since the assumption is technical and requires the definition of
admissible strategies, we postpone the statement of this assumption to Section 2.2

(see Assumption I1.16).
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2.1.4 Individual investor’s problem

Throughout this section the price dynamics (2.10) and (2.11) are given as input.
Each investor has to choose his investment and consumption rates for every time
t € [0,7]. The choice of investment of the i'" investor is represented by the self-
financing predictable pair (9;0 ),Qit)te[o,ﬂ, where 95? ) and 0, denote the number of
units invested in the money market account and the stock at time ¢ respectively.
Initially, the i*" investor starts with his endowments (6’1(8)_, 0i0—). The initial aggregate

holdings of money market account and stock satisfy

I I
i=1 i=1

As before, we denote ¢; = (Cz't)te[o,T} the rate of consumption in excess of the endow-
ment. Due to self-financing, the investor’s choice of investment-consumption strategy
can be identified with just the pair (0;,¢;). The investor’s objective is to maximize

the expected utility of running consumption over [0, T7:

T
(2.14) sup E {/ e %t Ui (e + Yig)dt | .
(0i,¢i)€A; 0

We will specify the admissible set of controls A; later in this section.

We next define the gain process and the state-price densities. The i*" investor’s
gain process is defined by Xi(tc“ei) = Qi(to 15O 4 6,5, with initial value Xi(gi’ei) =
01(8)_ + 0,0-Sy. By imposing the self-financing condition, the dynamics of the gain

process can be written as

X" = (r() X = e+ Op(t)) dt + / 040 (1) N (dt, dz), t€0,T),

RH—I

i ci0i
Xi(T )= Xi(Tf :

Y

where the terminal gain equals its left limit due to no terminal price jumps. We also

need some integrability requirements for the above process to be well-defined. These
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requirements are

(2.15)

T T T
/ lcaldt < o, / / (B (£) 2020 (dz)dt < oo, / Bupa(1)]dt < oo,
0 0 RI+1 0

P-a.s. We then define the state-price densities below.

Definition IL.8. A cadlag, adapted process § = (& )i, is said to be a state-price

density if it satisfies the following three properties:
(i) & = 1 and & is strictly positive for t € [0, T].
(ii) The process Z; = (0) is a martingale.

(iii) The process (ftX (i, i —|— fo fscmds) o is a o-martingale for any (c;, 0;) satis-
te[o,T

fying (2.15) and for i =1,2,...,1I.

Note that for a state-price density & we call Z;, = S &y martingale density.
t

To derive the representation of the state-price densities we consider the processes

£V whose dynamics are of the form

(2.16)  de’ = 5;{{ eyt + [ 9,(2)N(dt, dz)}, & =1, telo,T)

RI+1
for some predictable integrand 9;(z) = ¥;(z,w). However, not every predictable
integrand v gives rise to a state-price density. The three conditions on 9 below are

sufficient for £V to be a state-price density:

(2.17) 9,(2) > =1, Vte[0,T),

0 f]RI+1 B¢ (2) I/(dz)dt] < 00,

(2.18) [
(2.19) ﬂ+/ﬂw 9(2)2Ov(dz) =

o(t)
In particular if ¥ satisfies the above conditions, then the state-price density has

the explicit exponential form stated in (2.22). The above conditions deserve a few
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remarks. Condition (2.17) guarantees the exponential form in (2.22) is well-defined.
Condition (2.18) is a Novikov-type condition that guarantees the martingality of
Z?; see Thm 9 in [28]. Lastly, condition (2.19) guarantees the o-martingality of the
processes in (iii) of Definition IL.8.

We would like to set up a non-trivial admissible set of investment-consumption
strategies that rules out the doubling-type strategies and makes it possible to per-
form verification. In the following setup, two additional restrictions on the possible
strategies are made. To state these restriction conditions we define the deterministic

function 6} by

(2.20) 0; (t) = —%g) fiéai(t)( - % 1 /R y 2Ou(dz)),

where function f! is the inverse of the map

(0) 5(0) 4,9 ,(3)
u® — 20D #FuE ()
RI+1

as defined in 3. of Lemma II.5. Equivalently, there is an implicit form of ¢ obtained

from the unique solution to the equation

13 —= “19* () ()20 — Loy (2) 20
(2.21) 'Mg‘t§‘+ / 20 (AT OO 2000 Y ) =
g RI+1

Lemma II.5 shows that 6} defined by (2.20) is continuous on [0, 7], hence, there is

no difference between writing 67 (t—) and 6 (¢). We let

A - * g z( )770., Zi
Uh(2) =e S AW T (W)o(t)2 D~ Loi()2) 1,

and we define the state-price density specific to the i investor, &, by

ag, =& { —rdt+ | Nz} g =1

RI+1
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Lemma I1.13 in Section 2.1.5 shows that the state-price density specific to i*" investor

has the explicit form

(2.22)
t t 1 1 N\~
it ZGXP{ - / r(s)ds +/ / (= —A(s)7'0;(s)0(5)2© — —0i(s5)2D) N(ds, dz)
0 0 JRI+1 T; T;
N /t/ (= & HAO B Lo Ly,
0 JRIH
t LAty 19 O _ Lo (5.0
+ (= =A(s)7'0;(s)a ()2 — —0i(s)2")v(dz)ds p.
0 JRI+1 Ti Ti

We are now ready to state our choice of admissible sets.

Definition I1.9. An investment-consumption strategy (c¢;, 6;) said to be admissible
for the " investor, and we write (¢;,0;) € A;, if it satisfies the following three

conditions:
1. The integrability requirements in (2.15) are satisfied.
ci,0;
2. P(X™ > 0) = 1.

3. The o-martingale (f;‘tXZ-(tCi’ei) + fot ;‘scz-sds> o0 is a P-supermartingale.
tefo,T

In what follows, we state another assumption on both the endogenous and exoge-
nous functions (u, o, 0;). This assumption requires that 6 implicitly obtained from

(i, 0, 0;) is sufficiently smooth and sufficiently integrable.

Assumption I1.10. Vi = 1,...,1, the map t — A7)0 (t)o(t) is continuous,

finitely valued on [0,T], and

( - E.A_l(t)@*(t)a(t), —gai(t)> €D, Vte[0,T].

Ti Ti
Once we find an equilibrium candidate (u, o), we will return to this assumption
and restate it in terms of the exogenous input (op,o;) (see Assumption I11.16). We

now conclude the section with the main optimization result.
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Theorem I1.11. Under Assumptions I1.1, I1.6, 11.7, and I1.10, the optimal consumption-

investment strategy (¢;, 0; i) is deterministic and is given by
(2.23) 0 = 07(2),
o T s
(2.24) G = AT X L nA@)T / B(t, s) / gi(u)duds,
t t

where g; is the continuous deterministic function defined by

(2.25)
1, . 1
gi(t) = 0; — () + —07()A[R) " u(t) + —pi(t)
_ 1y 0)_ L ()50 1 1 X
_ / (e 70 (AW o (0)=® n“l(t)z()—1+—Qf(t)A(t)_la(t)z(O)+—ai(t)z(l)>y(dz).
RI+1 Ti Ti

2.1.5 Auxiliary lemmas and proofs

Lemma I1.12. Suppose that Assumption 1.7 holds. Suppose m and ¢ are two con-
tinuous deterministic functions which are finitely-valued on [0,T], then the solution

to SDE

dX, = ((r(t) —A(t)‘l)Xt+m(t)>dt+ / AW e(t)2ON(dt,dz), X, € R,

RI+1

exists and is unique on [0,T). Furthermore, X; — 0 a.s. ast 1 T.

Proof. Let b(t) = r(t) — A(t)~!. Tto’s product rule for Lévy processes gives us that

_efob(udu<X +/ — 3 b, ds+/ / =I5 b A ()¢ ()20 N (ds, dz))
RI-H

is the unique solution to the given SDE. To see the convergence as t T T', we first
note that b(t) — —oo as t T 7. We would like to justify the convergence to zero in
each term in the above equation. Condition (2.13) in Assumption I1.7 provides the

convergence of the first term:

Gfg b(u)duXO — 0.
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The convergence of the second term follows from L’Hopital’s rule:

t— [ b(u)du d ¢
li 0" rmls)ds Lm0
T e~ Jo b(w)du T —b(t)

For the third term, we claim that the stochastic integral defined by

¢
I :/ / e~ Jo bW A (5)e(5)2 O N (ds, dz)
0 JRI+1

is bounded in IL2. We start by giving a bound to its quadratic variation:

E([1.1],) = /O t /R TR A )2e(5)2(=0 P (d2)ds

§t< sup e_2f5b(“)d“A(s)20(s)2>/ ||2||2v(dz).
RI-H

$€[0,7T

If we can show that

sup e~ 2o MW 4(5)2¢(5)? < o0,
s€[0,T

then I becomes a martingale bounded in L2, Due to continuity of the functions A

and c, it suffices to show

< =2 [Tp(u)du 2 2
ltlTIII“le 0 A(t)e(t)” < 0.
Since 2 A(t)~ = —2A(t)~2b(t), we obtain the representation
A(t)_2 _ A(O)_2€_2 fot b(u)du'

Inserting this expression in the limit, we have

=2 [Th(u)du 2 2 _ 7 2 2 _ 2 2
ltlTl%le 0 A(t)%c(t) ltlTr%lA(O) c(t)® = A(0)%¢(T)* < oo,

and the claim is proved. Now that {I;};-r is a martingale bounded in L2, we know

it converges almost surely to a finitely-valued random variable I7. Consequently,
elo bwduy, 50, ast 1T,

and the lemma is proved. &
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Lemma I1.13. Suppose that Assumptions I1.6, I1.7, and I1.10 hold. The state-price
density specific to the it" investor, &, has the explicit solution as in (2.22). Moreover,

there exists p > 2 such that £ is bounded in ILP uniformly on [0,T].

Proof. The explicit form of &, follows immediately from Ito’s formula. To prove the
latter part, we choose p > 2 such that <— 7%A(zﬁ)_l@;‘(t)a(t),—f,(f,»(t)) € D; for

t € [0,7]. We define M = (M;).cj0.11 by

t — * ) 7 ~
M, = / / (67%A(8) 107 () (5)7 0 = Foile) 2 _ 1>N(ds,dz),
0 RI+1

and define £(M) to be the Doleans exponential of M given by

&M t—eXp{ / /Rm ——A ej(s)a(s)z@—Ba,-(s)z@)zv(ds,dz)

Ti Ti

/ / pA (s)=10x(s )U(S)Z(O)f%ai(s)z(i) _ 1>y(dz)d8 )
RI+1

Since AM > —1, £(M) is a positive supermartingale and hence
(2.26) E[E(M)] <1, ¥tel0,T].

We then write

(2.27)
(é—;kt)p — E(M)t exp { / ds 4 / /I 1 PA(S 19;(S)U(S)z(o)_%o'i(s)z(i) . 1)y(dz)d8
RI+

+p / / e AT O ) (dz)ds
RI+1
+/ / (- L A(s) 707 ()0 (5)2© — £Uz'(S)Z(i))If(alz)dS}.
0 JRIH Ti T

It follows that & is bounded uniformly in IL? because of (2.26) and that the remaining

terms in (2.27) are deterministic and bounded. &

Lemma 11.14. Suppose that Assumptions I1.1, I1.6, and I1.10 hold. Let X, denote
the gain process corresponding to the optimal strategy (éz,él) defined in Theorem

11.11, then it s bounded in IL? uniformly for any p > 0.
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Proof. We begin by writing the dynamics of the optimal gain process as

X ={(r(0) = A7) Ko+ 0:00) ~ ) e+ [ 6:(0)0(0)20 Nt ),

RI+1

where the deterministic function K; is defined by

K= a0 [ o) [ otaus

Using 2 A(t)~ = A(t)"2 — r(t)A(t)~", we can write the dynamics of A1 X as

dA(t)1Xit—(A(t)19;‘(t)u(t)—nA(t)1Ki(t))dt+/ A)710r (t)o ()2 ON(dt, dz).

RI+1

Under Assumption II1.10 and that D; is open at zero, we can find ¢ > 0 such that

<6A(t)_16’;"(t)a(t), o), (— eA() 7105 (t)o (t), o) €D, VteloT).
An argument similar to that in Lemma I1.13 shows

sup E[egA(t)ﬁlX“} < 0, sup E[ —eAm ™! ”} < 00.

te[0,T) tel0,T)

We then use the inequality |z|? < Cp(e™ + e~*), Va € R for positive constant C, to
see that

sup E“A(t)_lf(it’p} < 00

tel0,T)

Finally, due to continuity of the function A on [0,7] and Fatou’s lemma, we have

sup E[‘Xit‘p] < 00

t€[0,T7]

Corollary 11.15. Under Assumptions I11.6, I1.7, and I1.10, we have

sup E[(Sz*tf(lt)Z] < 00.

te[0,7
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Proof. The bound follows immediately from Lemmas I1.13, I1.14 and Holder’s in-

equality. &

Proof of Theorem II.11. We divide the proof into two steps.
Step 1: Admissibility conditions.
In this step we will verify three key ingredients needed for the next step. For

simplicity, we write X, = Xt(é"’éi) for (¢;,6;) defined in (2.23)-(2.24). The three key

ingredients are
(i) e %tU!(¢; + Yy) = a&, Vt € [0, T], for some positive constant o > 0.

(ii) The stochastic process (5;)2”5 + fot fséisds> o is a martingale.
te0,T

~

(ili) X7 =0 as. P.

CittYiy
To prove claim (i), it suffices to show that the process E; =e 7 satisfies the

same SDE as €%/}, Inserting the representation of é; from (2.24) and applying Ito’s

formula to E;;, we have
1 1
dEq = By { (= —A®)70; (0p(t) = —p(t) + g:(t)

—-= —19*(t)o(t)z(D — Lo (¢) 20 1 —1 1% 1 i
+ / (e mAD T OIWXO o@D gy 2 A1 (1) (1) 2O —|——Ji(t)z())u(dz)>dt
RI+1 X

T; T;

-1 1070 (t) 20— Lo, ()2 \
- / (e~ mAOT 0o OO g gy dz>}
RI+1

Hence, the claim (i) is proved.
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For claim (ii), applying Ito’s product rule to iﬁf(it, we have

(€5 %) + €5ttt = { (w000 + [ 0200107500t
# [ (B 0i) + G000 i) + 1)) N do) |

— ¢, / (Rt () + 0 (00(1) (V=) + 1)V ) N(dt, d),

where we have used the state-price density condition (2.21) for £ to cancel the drift
term. We need to show that the remaining stochastic integral is a true martingale.

It suffices to show the following two conditions:

IEZ[ /0 ' /R o (f;_Xit_ﬁft(z))%(dz)dt] < 0,

E[ /0 ' /R (ge 00 (05 + 1)>2y(dz)dt} < .

The first integrability condition is obtained from Corollary I1.15 and the bound

T
E[/ / (fft_Xit—ﬁft(z))QV(dz)dt}
0 JRIH
g L —lg* ) i
= / E(&EX]) / (¢ FAD TR OWL e )2, g4
0 RI+1

< 00.

The second integrability condition follows from Lemma I1.13 in a similar fashion.
Claim (iii) follows directly from Lemma II.12 and the assumption that ¢ —
A(t)7107(t)o(t) is continuous and finitely valued on the interval [0, T7.

Step 2: Verification step.
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We denote by V; the Fenchel’s conjugate of U;. We have

T - T T
E [/ 6_6itUZ‘(Cit + }/Zt)dt] S E / 6_6it‘/i(a6§it :;)dt -+ / (0] ;(Cz’t -+ S/zt)dti|
0 -J0 0
- T T
S E / 6_6it‘/i<()é6§it ;)dt + / (07 Zg(cit + }/zt)dt + Oéf,szXiT}
-J0 0
- T T
<E / etV (et dt + / o} Yidt + ozXZ-O}
-J0 0
- T T
=K / 676it‘/i(0666it ;)dt + / « :t<éit + Y;t)dt + aﬁfTXiT]
-J0 0

- T T
=K / e*éit‘/’i(aeéit :;)dt + / o ;t(éit —+ )/;t)dt:|
L Jo 0

- rr
=E / 676itUi(éit + Y;t)dt:| .
-J0

We note that the first inequality follows from Fenchel’s inequality, whereas the su-
permartingality of an admissible strategy gives the third inequality. Meanwhile, the
first equality holds because of (iii), the martingality of the optimal strategy is used

in the second, and the last equality follows from (i). O

2.2 Finite time-horizon equilibrium

In order for the economy to be in equilibrium, all markets must clear: The money
market account must be in zero net demand, while the stock must be in net unit
demand. Furthermore, since the consumption good is non-storable, the net excess
consumption must equal the dividends from the risky asset. We recall the full def-
inition of Radner equilibrium price processes (S(*),S) in Definition 1.1 where now
the investor’s objective is (2.14) and the admissible sets are A; defined in Definition
I1.9. Our main goal is find deterministic functions (r, u, o) that induce equilibrium
prices (S©,S). We will assume throughout this section that Assumptions II.1 and
I1.6 hold.

Our main equilibrium result is developed from solving the following fixed point
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problem:

I
(2.28) ;Tififlic”(t) ( — A(t)\/41+l(z(o>)2y(dz) + /}RI+1 Z(O)y(dz)) = —op(t).
Before deriving the equilibrium, let us first motivate why the above fixed point prob-
lem comes up naturally. Suppose that we find (r, 1, 0), a candidate for equilibrium
processes satisfying o(t) = op(t)A(t) for t € [0,7]. We recall from the previous
section that the optimal investment strategy for the i investor can be written in
terms of (7, 1, 0) as in (2.20). We let the Sharpe ratio A (deterministic function) be
given by

(t)

(2.29) A(t) = a .
0 ()7 Jrr (20)20(dz)

In terms of ), the i** investor’s optimal investment strategy can be written as

(2.30)

0:(t) = —#ﬂém(— )\(t)\//RHl(z(O))?y(dz) + /}Rm z(o)u(dz)>, i=1,...1.

We see from (2.30) that the fixed point problem (2.28) is equivalent to the clearing

condition in the stock market.

We start over and redefine (A, 0F) according to their chronological order. Initially,
we are given (p, op, pi, 0;) as input. We first define A(¢) to be the (unique) solution
to the fixed point problem (2.28) for ¢t € [0,7] (See Assumption 1I1.16 and Lemma
I1.17 for sufficient conditions). Then, we define 6 (¢) in terms of A(¢) from equation
(2.30). We let 75 = Zle 7;. Next, we state our last assumption on choice of input
parameters (op,0;) that had been postponed in Section 2.1.4. The main purpose of
this assumption is to provide first a sufficient condition for the existence of solution

to (2.28), and second a sufficient integrability condition for verification.
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Assumption I1.16. We assume that the following two conditions hold for (op,0;):

1 1 .
(2.31) (— —on(t), ~—oilt )) €D, Vtel0,T), Vi=1,... 1,
2 2 .
(2.32) (— ~6: (o t), —;m(t)) eD;, Vtel0,T), Vi=1,...,1.

Lemma I1.17. Suppose (2.31) of Assumption I1.16 holds. Then there exists a unique

solution \(t) to equation (2.28) fort € [0,T].
Proof. By Assumption I1.16, we have

TifiLU.(t)(x) > —ﬂap(t), asx too, Vi=1,...,1.
T 5>

Summing over ¢ < I, we obtain

I
ZTifiiai(t)(x) > —0p, as xToo
i=1 K

We can show similarly that

I
Zﬂf 1 (t)( r) < —0p, asx ) —0o.
i=1
Because fi(i) is continuous and strictly monotone, we therefore conclude that equa-
tion (2.28) has a unique solution for A(t), V¥t € [0,7]. &
Similar to the infinite time-horizon model, this model is incomplete and has in-
finitely many martingale measures. In addition, the minimal martingale measure
does not exist in this model (more detail is discussed in Section 2.4). In order to
properly state the equilibrium result, we will define a simple martingale measure

which is independent of individual investor’s parameters. We first define the deter-

ministic functions #° and ¥° by

0 () = \/ /R ORude) + /R | O(a)),

Op(z) = "7 — 1,
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where f is the inverse of the map u® — [,,,, 2@e"”*"v(dz). We define 2% =

(Z ﬂo)tE[O,T] as the solution to the linear equation

izl =70 ([ GeN), telT), Z=1.

We will construct p such that (2.29) holds. Then Z%° is a martingale density because
¥° satisfies conditions (2.17)-(2.19). We let Q° be the martingale measure generated
by the Radon-Nikodym derivative dQ = ZY° and write E° for the expectation under
Q.

We can now state our equilibrium result, which is an analogue of Theorem I.6.
Theorem I1.18. In addition to Assumptions I1.1 and I1.6, we suppose that Assump-
tion I11.16 holds. Assume that the initial aggregate holdings of money market account

and stock satisfy

1

I
DOl =0, D bio- =
i=1

=1

We define A implicitly through (2.28) and 0} by (2.30). Then the functions (r, u,o)

defined by
] I I
(2.33) r(s):E pp(s)+ Y mibi+ Y pils)
i=1 i=1
! 1 0 @
_ / (30 me B e Y
RIFL o1
I
+ op(s)z® + ;s },
L (00920 + 3 o)) wta
(2.34) o(s) = A(s)op(s),

(2.35) p(s) = )\(s)a(s)\//ﬂv+1 20p(dz),

constitute equilibrium price processes (S, S) defined in (2.10)-(2.11). Furthermore,
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the stock price process satisfies

(2.36) S, = E° [/Tﬁ(t, w) Dydu ;ft], te0,7].

Proof. To prove the representation of S in the theorem, we instead define S as in
(2.36) and will show that its dynamics satisfies (2.11). We begin by computing the

dynamics of Z?° D:
deO_Dt = Zf_o{ (MD(t) + / ﬁ;(Z)O'D(t)Z(O)V(dZ>>dt
R

+ /1+1 {(1 + ﬁ?(z))ap(t)z(o) + Dtﬁ;’(Z)}N(dt, dz)}

I+1

— 7 { (up(t) — A(t) " u(t))dt + / {(1 +95(2))op ()2 + Dt,ﬁ;’(z)}N(dt, dz)},

RI+1

where have used the fact that 9° satisfies (2.21) in the second equality. Rewriting

the above dynamics as an integral and taking conditional expectation, we obtain

E[Z) D.|F]
zZy°

20D+ B[ [} 22 (nnls) = Als) ™ u(s))ds| 7
(2.37) = 5 :

B*(D,|7,] =

for w > t. Since ZY° is a martingale, we have, for s > t,

E[ZY

F) =E[Z) — AZ,|F)]

— 7" E[E Az

Fi-]

7

_ 70°
= 7"

Using the fact that pp(s) — A(s)"'op(s) is deterministic, equation (2.37) can be

further simplified to

E°[D.|F] = D, + /tu <uD(s) — A(s)_lu(s)>d5.
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It then follows from Fubini’s theorem that

T
Sy = / B(t,uw)E°[D,|F]du

(2.38) = A(t)D; + /tTﬁ(t, u) /t“ (,uD(s) - A(s)_lu(s))dsdu.

Computing the dynamics in (2.38), we see that the dynamics dS; match with (2.11)
with the terminal condition (2.12).

Next, we need to check the market clearing conditions. The stock market au-
tomatically clears due to the construction of A and 6. Provided the stock market

clears, the money market account clears if and only if
I
(2.39) Sp=> Xu, Vte[0,T).

Initially, equation (2.39) holds at ¢ = 0 because

I I
> Ko = Y (0515 + u0-50) = S0
i=1 i=1
It also holds at terminal time as S = 0 and Zle Xi —0asttT by Lemma II.12.
We claim that, prematurely, both S; and Zfil X, are the unique solution to the

SDE
dR, :{(r(t)—A(t)1)Rt+u(t)—A(t)1/t B(t, u) / ZW dsdu}
(2.40) +/ o(t)2ON(dt,dz), te[0,T), Ry=5S,.

It is clear from the optimal choice of consumption ¢; in (2.24) and Lemma I1.12
that 25:1 X;; satisfies the SDE (2.40). To see that the same holds for S, we write

dynamics of S as

s, = {(r(t) —A(t)"N)S + p(t) + A(t) 'S, — Dt}dt + / o(t)z O N(dt, dz).

RI+1
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Comparing the above dynamics with (2.40), we wish to have

(2.41) A)'S, — Dy = —A(t)_l/t B(t,u) /tu an,-(s)dsdu.

By definition of g; and 7 in (2.25) and (2.33), we have

(2.42) =3 migi(s) = japls) = A() ).

Equation (2.41) follows immediately from (2.42) and (2.38), therefore the claim is
proved and the money market account clears. It remains to show that the goods
market clears. To see this we write

ZéitzA(t)‘IZXit+A(t)_l /t B(t, s) / S 7:9:(w)duds

i=1 t

_ AW, + At /t B(t, ) / i (u)duds

t

:Dta

where the third equality comes from (2.41). &

2.3 Variance gamma model

As an example we consider the Variance Gamma process as our underlying Lévy
process 7; see [23]. The VG process suits our model because it is a well-known pure
jump process. Below we follow [3] for the construction of the multivariate VG process
through a linear transformation of independent one-dimensional VG processes.

We let Z; ~ CGMY (C;, G;, M;,0) be independent VG processes characterized as
a special case of the CGMY process as the last parameter Y; = 0 [7]. In other words,

the Lévy measure v; of Z; is defined by

vi(dz) [ CEEEE 2 <0
dz

Cj exp(—M;z)
P )

z > 0.
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Let o € R with o = 1. We define the multivariate VG process 1 as

N = (7’](0)77](1), Ce ,77(])) = (Zo —|—CY()Z[+1, .. .,Z[ + OC[Z[_H).

According to Proposition 11.10 in [30], the Lévy measure v of the multivariate process

7 satisfies

— i vi(E;) + vip1(Ea), VE € B(R'™™\ {0}),
where
E;={z; e R:(0,0,...,2;,...,0) € E},
En={seR:sa€ E}.
In particular, this Lévy measure v have positive measure only on the z-axes and
on the line {z € R : 2 = sa}. We observe that v fails to satisfy Condition (1.6)

in Assumption I.2. We will instead derive the exponentially integrable domains D;

and show that the conditions in Assumption II.1 are satisfied. Since

oo (ul®—M;)z(® —(uD4G;)z®
() 4(9) ; (& e .
/ ey (d2") = C’i/ . + . dz1,
|2(D]>1 1

Z(l) Z(Z)
we have
(2.43) / "7 (d2D) < 0o = u € (=Gy, M;).
12(]>1

It follows similarly as in (2.43) that fl 1>1€ en VO Hulz0

v(dz) < oo if and only if
(u(o),u(i)) € (—Go, My) x (=G, M;) and o' + au'® € (=Gry1, Mryq).

Hence the domain D; is open and is given by

D; = {(U(O),U(i)) € (—Go, My) x (=Gi, M) : ul? + au® € (—G1+1,M1+1)}-
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Next we proceed to derive the explicit form of function ;. We have

SO0, g0 / s +an sy, ()
R

R

o 1 1
— N\ My, —u® Gy u©®

1 1
C — — — |.
+Crn (MI+1 — (uO + au®) G+ (u® + aiu(l)))

Unlike ¢;, the function fi@) can only be obtained implicitly through the inverse of the
@i(-,u™). As a result, we can only verify numerically the conditions in Assumption
I1.16.

The remainder of this section is dedicated to numerical results from a VG model.
We consider the economy with a large number of identical exponential investors with
m=71fori=1,...,I. We set the dividend volatility parameter op = .1/. The Lévy

measure is constructed by iid one-dimensional VG processes
(2.44) Zi~CGMY(1,2,2,0), ay=1, a;=p, fori=2,....1+1.

This particular parameter setting reflects an economy whose investors face the same
income uncertainty with p indicating degree of the shared income risk. Figure 2.1 be-
low shows the impacts due to the incompleteness in this model as p changes between
[—1,1].

Next we show the effects of investor heterogeneity on the equilibrium for the case
where p = 1. As usual, we split the population into two homogeneous groups (A, B),
each containing investors with identical characteristic. Investors in group A bear
higher income risk through the increase in jump sizes as 04 = .2, whereas in group
B, op = .1. We let w € [0,1] denote the weight of group A against the whole
population. Table 2.1 below reports the impacts on fraction of equity, equilibrium

interest rate, and Sharpe ratio as the weight changes.
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Figure 2.1: Plot of impacts due to model incompleteness on r™P — 7 (left) and A — \*P (right) seen
as a function of the parameter p. We consider the limiting economy (I — co) whereas
the remaining parameters are given by op = .11 and (2.44) for the various risk tolerance

coefficients 7: 7=1(——), 7=4 (-—-),and 7 =13 (- — ).
w (T4, 7B)
(3:3) (3.3) (3:3) (3.3)
0.75 648, [.052], (.104) .780, [.053], (.122) .474, [.120], (.200) .638, [.121], (.248)
0.50 365, [[041], (.087) .544, [.045], (.122) .175, [.086], (.136) .352, [.094], (.202)
0.25 149, [.027], (.071) .287, [.034], (.122) .031, [.049], (.090) .11, [.061], (.160)

Table 2.1: Values of limj_, o, wI0%, [r™P —7], (A—A\"P) in the limiting economy (I — o) for various
weights w and various risk tolerance parameters (74,7). The values are based on the
parameters o4 = .2, op = .1, op = .1I, p = 1, and the remaining parameters as in
(2.44).

2.4 Lack of the minimal martingale measure

This section is dedicated to the discussion of the (lack of) minimal martingale
measure in our jump model. The existence of the minimal martingale measure for
models with continuous stock prices is well studied by [13]. They established that
the minimal martingale measure exists under a square-integrable condition of its
martingale density. In our pure jump Lévy model, the stock price is not continuous.
Therefore, the result from [13] does not apply in our case. In fact, we will show that
the minimal martingale measure does not exist. We will proceed by proving that the

unique candidate minimal measure cannot be a martingale measure.
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We first introduce necessary notation to define the minimal martingale measure.
We let M? be the set of all L*-martingales M such that sup,., E{M?} < oo, and

M, = 0 a.s. The space M? endowed with the norm
M| = E{M}=

is a Hilbert space. Two martingales N, M € M? are said to be strongly orthogonal
if their product L = NM is a (uniformly integrable) martingale. Furthermore,
we can extend this definition of orthogonality to a pair of locally square-integrable
martingales M, N € M2  in the natural way by stopping. We write A* to denote
the set of all elements of M? strongly orthogonal to each element of A.

We now state the necessary assumption and define the minimal martingale mea-
sure. We let S = % be the discounted stock price, and assume that it admits a
semimartingale decomposition S = Sy + M + A, for a local P-martingale M and

an adapted process A of finite variation. The following definition of the minimal

martingale measure is taken from [14].

Definition I1.19 (Structure condition). S satisfies the structure condition (SC) if
M is locally P-square-integrable and A has the form A = [ Ad(M) for a predictable

process A such that the increasing process [ N'Ad(M) is finitely valued.

Definition I1.20 (Minimal martingale measure). Suppose S satisfies (SC). A mar-
tingale measure P with P-square-integrable density d]f”/ dP is minimal if P = P on F
and if every local P-martingale L which is locally P-square-integrable and strongly

P-orthogonal to M is also a local I@’—martingale.

In our Lévy model, the discounted risky asset satisfies

t)— D 1 .
) = Doy / o ()2 ON(dt, dz).
RN+1

dS, =
t St(O) St(O)
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We see that S admits a semimartingale decomposition with local martingale part

t
Mt:// 2O N (ds, dz).
0 JRI+1

Here, the exclusion of the coefficient 57 > 0 does not affect the minimal martingale

because the coefficient is finitely valued and deterministic. In addition,

E[M?] < t / (20)2(dz) < oo

RI+1
hence, the model satisfies (SC).
We will give two different proofs of the non-existence of the minimal martingale
measure. One uses stable spaces of M2-martingales, and the other relies on the chaos

decomposition for Lévy processes (see [26] and [22]).

2.4.1 Minimal martingale density as an element of the stable subspace S(M)

In this section we suppose, by way of contradiction, that the minimal martingale
measure P exists. We will derive a representation of its density and show that it
fails to be positive. The set S(M) is defined to be the smallest closed (under the
MZ2-norm) and stable subspace of M? containing M. Using the finite time version of

Theorem 35 in [27], we have
(2.45)

T
S(M) = {H - M : Hy = H(t,w) is predictable and ]E[/O HZd[M, M]S} < oo}.

We note that the predictable integrand H in (2.45) cannot depend on the jump size z.
On the other hand, it follows from the definition of the minimal martingale measure

of M that for any square-integrable martingale L € M?,

Le{M}* = L isaP-martingale.
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Here we only test I@)—martingality of the genuinely square-integrable martingales as
oppose to all the locally square-integrable martingales. If we define Z™" = dIAP/ dP e
M2 to be the density for the minimal martingale measure P, then LZ™" is a (UI)

P-martingale for any L € {M}*. In other words,
Zmz’n c {M}XX.

A direct consequence of Theorem 37 in [27] implies { M }** = S(M); hence, by (2.45)

we can write Z™" as
. t ~
Zmin — / H,29'N(ds,dz),
0 ]RI+1

for some predictable integrand H independent of z. By comparing this to the state-

price density in (2.16), we see

A H,2©
t Zt_

Without further assumptions on the Lévy measure, condition (2.17) is violated.
Therefore, Z™" is not almost surely positive and is not (in general) a martingale

density.

2.4.2 Chaos decomposition for Lévy processes

In this section, we will introduce the chaos decomposition for Lévy process to
solve for the minimal martingale measure. Although the decomposition was first
used by [26], we will use its multivariate version which was extended by [22]. The
decomposition holds under the following condition on the Lévy measure: There exist

some €, A > 0 such that

(2.46) A o Nl (dz) < oo.
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We note that the above condition is automatically satisfied if we suppose that the
Assumption II.1 holds.

Next, we follow [22] for the construction of the chaos decomposition. For sim-
plicity, we will use the multi-index notation, for instance, we write n® instead of
nPoPL-PN) for p = (po,...,pn). We denote |p| = po + p1 + ...pn and define an

ordering on N'*1 by

i<pif lq| < |p|, or
lq| = |p| and (3¢,Vj < i,q; = pj and ¢; < p;).

We define the power jump monomial processes by

o =37 (An@) (A (AN

0<s<t

The compensated power jump processes are defined by

i =P —E[1?)].
where

E [nt(p)} = /RIH (2(0))p0 e (Z(I))plu(dz)t.

The compensated power jump processes are genuine martingales but they are not

orthogonal. In fact, the cross characteristics is

(7P, 79, = / P2 (d2)t,
RI+1

which is non-zero when p # ¢. The following is the standard Gram-Schmidt process

to construct an orthogonal basis {H® : p € N/+1}. We define

F(10,..0) _ ﬁ(l,o,...,o)

I

H® = 7®) 4+ " c0i®, Yp= (1,0, ,0),

q=p

where the constants c(, ) are chosen so that (H®), H®) =0 for all [ < p. The chaos

decomposition theorem is stated below.
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Theorem II.21 (Predictable Representation Property). Under Condition (2.46),

every random variable F in 1L?(Q, F) has a representation of the form

B+ Y- Y [T auny

d=1 |p|=d

where ®®) s predictable function of (t,w) and does not depend on the jump size z.

The chaos decomposition enables us to identify all the processes strongly orthog-
onal to M and in turn find their common martingale-preserving measure. To see this

we suppose Z7" € L% is the minimal martingale measure which decomposes into

(2.47) me=1+22/ dHP, 0<t<T,

d=1 |p|=d
for some predictable processes ®®. On the other hand, the martingale part of

discounted stock price M is identified in the chaotic decomposition as
M, — Ht(1,0,...,0)_

We quickly note that for a process L € M? to be a I@’—martingale, we must have that
L is strongly orthogonal to Z™". We then solve for the predictable processes ®®) in
(2.47) by testing the strong orthogonality with different M-orthogonal martingales.

For instant, the process L ) defined by
t
P = / OPIHP  p£(1,0,...,0),
0
due to the construction of the orthogonal basis {H® : p € N'*1} must satisfy
<L(p), M>t = <L(p)7 H(l’oy'..70)>t = 0.
Then, by definition of the minimal martingale measure, we have

t
0= (L® M™"y, = E/ (W) d(H),.
0
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Consequently, ®® = 0, for p > (1,0,...0), and the minimal martingale density Z™"

satisfies

t t
Ztmm — / CI)S’O"“’O)st(l’O""’O) _ / / @gl’o""’o)z(o)dN(ds, dZ)
0 0 RI+1

Finally, we argue that the martingale Z™" above cannot be a martingale measure
as it fails to be strictly positive a.s. We see this as

p(1,0--0)

gpin(z) = 2O % 1,
t_

especially when 7’s jump on the z(®-direction is unbounded. We conclude that the

minimal martingale measure does not exist as the only ‘minimal’ candidate may not

be a positive martingale measure.
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