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Abstract

This thesis is concerned with the study of random graphs and random
algorithms. There are three overarching themes. One theme is sparse
random graphs, i.e. random graphs in which the average degree is bounded
with high probability. A second theme is that of finding spanning subsets
such as spanning trees, perfect matchings and Hamilton cycles. A third
theme is solving optimization problems on graphs with random edge costs.
The research contributions of the thesis are separated into five chapters.
The topics of the chapters are similar but separate, and can be read in any
order. Each chapter fits at least one of the themes, while each theme fails
to feature in at least one chapter.

In Chapter [2] we consider random k-out subgraphs G of general graphs
G with minimum degree §(G) > m for some m that tends to infinity
with the size of G. We show that if £ > 2 then G}, is k-connected with
high probability. For a fixed ¢ > 0 we show that if k is large enough
then Gy contains a cycle of length (1 — €)m with high probability. When
m > (1/24¢)n we strengthen this to showing that Gy contains a Hamilton
cycle with high probability.

In Chapter [3] we analyze the random walk cuckoo hashing algorithm for
finding L-saturating matchings in a random bipartite graph on vertex set
L U R. It is shown that the algorithm has expected insertion time O(1).

In Chapter |4 we introduce a variation on the Barabdsi-Albert preferential
attachment graph in which edges are removed in an on-line fashion. The
asymptotic behaviour of the degree sequence is determined, as well as
conditions for the existence of a giant component.

In Chapter [5] we consider the following optimization problem. Let G =
Gnp or G = Gy pnp, and after generating G assign random costs to each
edge, independently exponentially distributed with mean 1. We show that
the expected minimum-cost perfect matching converges to 72/(12p) for
G = G and 7%/(6p) for G = Gy, when np > log?n. This generalizes
a well-known result for the case p = 1.

Finally, in Chapter [6] we consider the complete graph K, in which each
edge is independently assigned a uniform [0, 1] cost. We exactly determine
the expected minimum total cost of two edge-disjoint spanning trees, and
show that the minimum total cost of k£ edge-disjoint spanning trees is
proportional to k? for large k.
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Chapter 1

Introduction

Complex networks are found in many areas of modern life. Devices connected to the internet form
a massive network spanning the entire globe, while roads, electrical grids and airline travel form
other infrastructural networks which humans depend on. More abstractly, human interaction and
relations can be seen as enormous complex networks, to which the term “social network” refers.
These networks are typically too large and complex to study directly, and we turn to mathematical
models which imitate the behavior of real-world networks. A mathematical description which
approximates the real network simplifies calculations, and may help in understanding how a network
obtained its shape. Real-world networks are often formed by interactions between its members
which can be viewed as random, and random graphs provide a tool with which networks are
modelled.

A random graph is a graph which is chosen randomly from some large class G of graphs according to
some distribution specified by the random graph model used. In random graph theory, we answer
the question “what are the properties of a typical member of G7”, as opposed to the more classical
mathematical question “what are the properties shared by every member of G7”. Rather than
pure enumeration, we are interested in using probabilistic tools and asymptotic approximations to
estimate the proportion of G which has a certain property.

Random graphs have applications outside of modelling real-world networks. Graph theoretic al-
gorithms in theoretical computer science are plentiful, and random graph problems arise with the
use of modern randomized algorithms. In other areas of combinatorics, some random graphs have
properties which are difficult to construct “by hand”. Some of the early applications of probabilis-
tic ideas in graph theory appeared in Ramsey Theory, e.g. Szele [85] who showed the existence
of tournaments on n vertices with n!2'~" Hamilton cycles and Erdés [24] who showed that the
diagonal Ramsey number R(k) is greater than 2¥/2.

The study of random graphs was initiated by Erdés and Rényi [25], and independently by Gilbert
[54], in the late 1950’s. The former introduced the graph G, ,,,, a graph chosen uniformly at random
from all simple graphs on n vertices containing exactly m edges, while Gilbert considered the closely
related graph G, ,, a graph on n vertices in which each possible edge is included with probability
p € (0,1). The models Gy, ,,, and Gy, ;, are now known as the Erdés-Rényi or Erdés-Rényi-Gilbert
graph, and has been studied extensively since its introduction, most notably by Erd6s and Rényi
[26], [27], [28], [29]. The field was later dominated by Béla Bollobds, and his 1985 book [12] would
help solidify the field as a branch of mathematics and attract new researchers to the field.
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1.1 Preliminaries

The theory of random graphs lies at the intersection of graph theory and probability theory. While
the reader is expected to have some familiarity with these branches of mathematics we now briefly
introduce the subjects, establishing conventions and notation used throughout the thesis.

1.1.1 Graph theory

We define an graph G as a pair of sets (V, E) where V is the vertez set and E C V' x V is the edge
set. The graph may be undirected in which order is ignored, and we write {u, v} for the edge (u,v)
and (v, u), or directed. In an undirected graph we view (u,v) and (v,u) as one edge. Throughout
this thesis, the sets V, E will be assumed to be finite. We allow E to be a multiset, i.e. we allow
it to contain more than one copy of the same edge (parallel edges). If E contains no parallel edges
and no edge of the form (v,v) (a self-loop), we say that G is simple. In most applications we are
only interested in simple graphs. We write e(G) = |E(G)| and v(G) = |V(G)| for the number of
edges and vertices in G, respectively.

In an undirected graph we say that u,v € V are adjacent or neighbors if {u,v} € F, in which case we
write u ~ v. The neighborhood of v € V is the set N(v) = {u € V : {u,v} € E}, and the degree of v,
denoted d(v) or degw, is the size of N(v). In a directed graph we let N*(v) = {u € V : (v,u) € E}
denote the out-neighborhood of v, and d*(v) = |[NT(v)| is the out-degree of v. The in-neighborhood
N~ (v) and in-degree d~ (v) of v are defined similarly.

A path in an undirected graph is a sequence of distinct vertices vy, vy, ..., v where e; = {v;_1,v;} €
E fori=1,...,k. Where convenient we may also view the path as the edge sequence eq,...,ex. A
cycle is a path vp, v1, . .., v along with the edge {vg,vo}. In a directed graph we require orientations
to be consistent; we require (v;—1,v;) € E for i = 1,...,k in paths and cycles, and (vg,v9) € E in
cycles. A walk is a path in which repetitions of vertices and edges are allowed. A Hamilton cycle
is a cycle which covers all vertices of the graph.

Given a graph G = (V, E) we say that H is a subgraph of G, denoted H C G, if H = (V, E’)
where £/ C E. Note in particular that H is defined on the same vertex set as G. Given W C V,

the induced subgraph of G on W, denoted G[W], is the graph on vertex set W whose edge set is
{(u,v) € E:u,v e W}.

We define a tree as a connected graph which contains no cycles. A tree may be viewed as a minimal
connected graph, in the sense that removing any edge disconnects the graph. A forest is a graph
with no cycles, i.e. a collection of disjoint trees. Given a graph G, a spanning tree of G is a subgraph
of G which is a tree on all vertices of G.

A matching is a set of edges M such that each vertex is incident to at most one edge of M, or in
other words no two edges of M meet at any vertex. A perfect matching in a graph G = (V, E) is a
matching M C E which is incident to each vertex exactly once.

1.1.2 Discrete probability theory

The random graphs considered in this thesis are of large finite size. We now set up the necessary
probabilistic and asymptotic notation required to study random graphs.
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We are typically concerned with the asymptotic behaviour of a sequence {G,, : n € N} of random
graphs as n tends to infinity. To be precise, let G1,Gs, ... be an infinite sequence of finite collections
of finite graphs. The size of a typical element in G,, should increase with n; in many cases all graphs
in G, have exactly n vertices, but this is not always the case (e.g. Chapter . Let G, be a random
member of G, chosen according to some distribution specified by a model, typically with one or
more real numbers as parameters. Define a property to be a collection P = {P, C G, : n € N}. We
say that the random sequence {G,, : n € N} has property P with high probability (w.h.p.) if

lim Pr{G, € P,} =1.
n—o0

The sequence {G), : n € N} is typically understood to be implicit, and we say that G,, has property
‘P with high probability.

As statements are made about the asymptotic behaviour of graphs, asymptotic notation is fre-
quently used. For functions f(n) and g(n) # 0 we write f(n) = O(g(n)), f(n) = o(g(n)) if there
exists a constant C' > 0 such that
lim <C, lim —/—= =0,
n—oo

‘ fn)

agn

respectively. Define f(n) = Q(g(n)), f(n) = w(g(n)) if f(n) # 0 and g(n) = O(f(n)) and g(n) =
o(f(n)) respectively. At some points we prefer to write f(n) < g(n) for f(n) = o(g(n)) and

f(n) > g(n) for f(n) = w(g(n)).

Unless a probability distribution is specified, the phrase “a random z € X” should be interpreted
as a member z of the (finite) set X chosen uniformly at random from X.

1.1.3 Random graph models

We now define three well-known models of random graphs which will be referenced in the thesis.
The most well-known graph is the Erdés-Rényi graph Gy, ,, (introduced by Gilbert [54]), the random
graph obtained by deleting each edge of K,, independently with probability 1 — p. Here p = p(n)
typically depends on n. Let G, be the class of graphs on n vertices with m = m(n) edges and
define Gy, 1, as a uniformly random member of G, ,,,. The graph G, is closely related to G, , via
the following identity:

VG € Gnm: Pr{G,,=G|e(Gpp) =m}=Pr{G,, =G}

For a fixed positive integer k we define the k-out random graph K, (k—out) on n vertices as follows.
Each vertex v chooses a set N, of k vertices uniformly at random, with or without replacement, and
K, (k—out) includes the edge e = {v, w} if and only if v € N,, or w € N,,. A bipartite version of this
graph was first considered by Walkup [89]. The k-out graph achieves strong connectivity properties
such as being k-connected [31] and containing spanning subgraphs such as perfect matchings and
Hamilton cycles with only O(n) edges (e.g. [10], [43]), while G, requires Q(nlogn) edges to
achieve the same properties.

One class of random graphs which have gained popularity in recent years are preferential attachment
graphs. For a fixed m > 1 we will consider the following definition of such a graph, first rigorously
defined in [7]. Given a graph Gy, we define G411 by adding a single vertex along with m edges.
The m edges are attached to vertices in GGy with probabilities proportional to the degrees of the
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vertices. Starting at some fixed graph G, this defines a sequence Gg, GG1, . .., and we consider some
G, where n > v(Gy). Preferential attachment graphs were proposed by Barabdsi and Albert [2] as
a way of modelling real-world networks, as such networks frequently have a degree sequence which
follows a power law.

All random graphs considered in this thesis are related to the above three models, while models
such as the geometric graph, random regular graphs and infinite graphs such as the Z™ lattice are
not considered.

1.2 History and contributions

In this thesis we present five separate contributions to the fields of random graphs and random
algorithms.

1.2.1 Long cycles in k-out subgraphs of large graphs

Traditionally, most results on (finite) random graphs are based on studying properties of random
subgraphs of K,, or K, . Recently however, Krivelevich, Lee and Sudakov [65] considered Erdds-
Rényi subgraphs of some more general graph G. They define G, by deleting any edge of G' with
probability 1 — p, independently. Their main result is that if G has minimum degree 6(G) > m and
p > 1/m then G, contains a cycle of length (1 — 0,,(1))m with probability 1 —o,,(1). Riordan [8]]
gave a simpler proof of this result.

In [40] we consider k-out subgraphs of some arbitrary graph G on n vertices, assuming 6(G) > m
for some m = m(n) that tends to infinity with n. Define Gy, the k-out subgraph of G, to be the
random graph given by each vertex protecting k of its incident edges uniformly at random, and
removing any unprotected edge. We show that there exists a k. such that if k& > k., the k-out
random subgraph of G has a cycle of length at least (1 — &)m with high probability.

When m > (1/2 + ¢)n for some constant € > 0, we also prove that k-out subgraphs of G are
k-connected with high probability for any & > 2, and show that there exists a k. such that k > k.
implies that the k-out subgraph of GG contains a Hamilton cycle with high probability. This is
inspired by a result from Bohman and Frieze [10], who showed that if £ > 3 is enough for k-out
subgraphs of K, to contain a Hamilton cycle with high probability, and by Krivelevich, Lee and
Sudakov [66] who showed that there exists a C' > 0 such that if §(G) > n/2 and p > Cn~'logn
then G, is Hamiltonian with high probability.

In Chapter |2| we present [40] in full.

1.2.2 Random walk cuckoo hashing

Suppose G = (L + R, F) is a bipartite graph which contains a matching of L = {vy,...,v,} into
R = {wi,...,wy}, m > n. Define a sequence of random induced subgraphs of G as follows. Let
) =Ly C L C---C L, =L be some sequence with |Ly \ Lg_1| = 1 for all k¥ > 0 and define
Gr = G[LyUR] for k =0,1,...,n. Let vy be the unique element of Lj \ Ly_; for all k. We consider
the problem of building and maintaining a matching on-line. Presented with G1,Gs,...,G, in
order with no knowledge of G, the aim is to maintain a matching My, of L; into R as k increases
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from 1 to n. We obtain M}, from Mj_q via augmenting paths from v, to some vertex in R which
is not incident to Mj_1. We wish to bound the total length of augmenting paths in this process.
Chaudhuri, Daskalakis, Kleinberg, Lin [I7] considered the case |L| = |R| = n, and showed that if
the vertices of L arrive in a random order then the total length of augmenting paths needed to
building a perfect matching, if the shortest possible augmenting path is used at each stage, is at
most nlogn + O(n). The problem has also been discussed by Bosek, Leniowski, Sankowski and
Zych [I5] and Gupta, Kumar and Sten [56].

In [41] (Chapter [3) we consider the problem on a random graph with n = (1 — €)m where the
neighborhood of each v € L is a random set of d vertices in R for some constant d, and where
augmenting paths are found via random walks. This corresponds to cuckoo hashing, introduced
by Pagh and Rodler [77]. We show that if d > 1/e, the expected length of an augmenting path
from Mjy_1 to My is O(1), for all k. This is the first result with constant expected insertion time,
and improves on bounds by Frieze, Melsted and Mitzenmacher [50], Fountoulakis, Panagiotou and
Steger [37], Fotakis, Pagh, Sanders and Spirakis [35]. The size of d required for a matching to exist
is d > log(1/¢) ([49], [36]), so there is some room for improvement.

1.2.3 A preferential attachment graph with oldest-edge deletion

The preferential attachment graph, introduced by Albert and Barabasi [2], is a popular random
graph model for modelling real-world networks whose degree sequence follows a power law. In other
words, the proportion of vertices having degree k is proportional to k™" for some constant 7. A
large number of real-world networks including the World Wide Web [30] follow a power law. A
long list of real-world networks exhibiting power law behaviour can be found in [7].

Chapter [4] covers [60]. Here we consider a variation of the Barabdsi-Albert model with fixed
parameters m € N and 1/2 < p < 1. A random graph G,, is generated in an on-line manner
starting with some small graph Gy,. With probability p a vertex is added along with m edges,
each of whose endpoint is randomly chosen with probability proportional to vertex degrees. With
probability 1 — p we locate the oldest vertex still holding its original m edges, and remove those m
edges from the graph. We find a py =~ 0.83 such that if p > pg, the resulting graph G,, has a degree
sequence that follows a power law, while if p < py the degree sequence has an exponential tail. We
also show that the graph has a unique giant component with high probability if and only if m > 2.

While this variation of the preferential attachment model has not been studied before, other prefer-
ential attachment models with vertex and edge deletion have previously been considered by Bollobas
and Riordan [13], Cooper, Frieze and Vera [20], Flaxman, Frieze and Vera [33]. Chung and Lu [I§]
considered a general growth-deletion model for random power law graphs.

1.2.4 Minimum-cost matchings in a random graph with random costs

The final two chapters deal with optimization problems on some graph G,,, in which each edge e
is assigned a cost c(e), here random, independent and identically distributed for all e. For a class
‘H,, of subgraphs of G,, we define a random variable

Zn:min{ZC(e):HGHn}»

eeH
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and we are interested in the limiting behaviour of Z,, as n — co. Most often c¢(e) is uniform [0, 1]
distributed and G,, = K, or G,, = K, 5. The most studied instances of this problems are (i)
spanning trees in K, see Frieze [42], (ii) paths in K, see Janson [59] (iii) perfect matchings in
K, (see below) and (iv) Hamilton cycles, see Karp [61], Frieze [44] and Wéstlund [93].

In [38] (Chapter [5) we consider perfect matchings in a bipartite graph G where costs are indepen-
dently exponentially distributed with mean 1. The case G = K, , has been extensively studied.
Walkup [88] and Karp [62] bounded E [Z,] before Aldous [3], [4] proved that E[Z,] — ((2) =
> k>1 k2 as n — oo. Parisi [78] conjectured that E[Z,] = >"}_; k™2 exactly, and this was proved
independently by Linusson and Wistlund [68] and by Nair, Prabhakar and Sharma [74]. An elegant
proof was given by Wastlund [90], [92], who also extended the proof idea to K, [91].

In [38] we extend the proof idea of Wastlund, replacing K, , by the bipartite Erdés-Rényi graph
Gnnp- Generating G = Gj ) first and then assigning random costs, we show that with high
probability G is such that E[Z, | Gnnp = G] = p~1¢(2) + o(p~') as n — oo when p > n~!log?n.
For G,,,, we similarly show that the expected minimum-cost perfect matching has cost p~1¢(2)/2+
o(p~1) when p > n~'log?n.

1.2.5 Minimum-cost disjoint spanning trees in the complete graph with random
costs

Our final contribution also falls into the category of optimization problems defined above. It
is motivated by the minimum-cost spanning tree problem in K, with uniform [0, 1] edge costs,
for which Frieze [42] showed that E[Z,] — ((3) = > ;> k> as n — oo. Generalizations and
refinements of this have been given by Steele [83], Frieze and McDiarmid [48], Janson [58], Penrose
[79], Beveridge, Frieze and McDiarmid [9], Frieze, Ruszinko and Thoma [5I] and Cooper, Frieze,
Ince, Janson and Spencer [19]

In Chapter [ we are interested in generalizing this to the problem of finding a minimum-weight basis
in an element weighted matroid. In the language of matroids, a minimum-cost spanning tree is a
minimum-weight basis in the cycle matroid with uniform [0, 1] weights. Kordecki and Lyczkowska-
Hanckowiak [64] have shown a general result for this optimization problem on general matroids,
but the formulae obtained are somewhat difficult to penetrate. In [39], which Chapter @ covers,
we consider the union of k cycle matroids, for which a basis is given by k edge disjoint spanning
trees. For large k we show that the weight of the minimum-cost basis is proportional to k2, and for
k = 2 we show that the expected minimum converges to an integral which approximately evaluates
to 4.17.

1.3 Future considerations

As mentioned above, while our result on the cuckoo hashing algorithm [41] brings the expected
insertion time down to a constant, it does require d > 1/e, which is above the requirement d >
log(1/¢) by a significant margin. More research should be focused on bringing the value of d down.

The preferential attachment graph with oldest-edge deletion has not been studied outside of [60],
and many questions remain. Natural properties to investigate are the maximum degree of the
graph, the exact size and diameter of the giant component, and connectivity properties. It is also
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natural to ask what happens when the parameter p is close to the power-law threshold pg ~ 0.83,
as [60] does not address this. A closely variation on the preferential attachment graph is given by
removing the oldest vertex in the graph with probability 1 — p, rather than removing the oldest
edges. We expect this variation to have properties similar to those of the edge-deletion model.

The generalization from K, , to Gy in [38] was made in the aim of generalizing from K, to
general d-regular graphs. We conjecture that the minimum-cost perfect matching in a d-regular
graph is nd~1¢(2) + o(nd™1), likely with some lower bound on d. The calculation of the minimum
cost of two disjoint spanning trees in [39] was done in the hope of generalizing the elegant formulae
available for spanning subsets such as spanning trees and perfect matchings. The formula obtained
for k = 2 spanning trees is somewhat complicated, and it might be difficult to find a useful formula
for general k. Nevertheless, one direction of future research in random optimization problems is
toward simple formulae for general minimum-cost matroids.






Chapter 2

Long cycles in k-out subgraphs of
large graphs

This chapter corresponds to [40].

Abstract

We consider random subgraphs of a fixed graph G = (V, E') with large mini-
mum degree. We fix a positive integer k and let G, be the random subgraph
where each v € V independently chooses k random neighbors, making kn
edges in all. When the minimum degree §(G) > (3 +¢)n, n = |V| then Gy,
is k-connected w.h.p. for k¥ = O(1); Hamiltonian for k sufficiently large.
When §(G) > m, then Gj, has a cycle of length (1 —¢)m for k > k.. By
w.h.p. we mean that the probability of non-occurrence can be bounded by
a function ¢(n) (or ¢(m)) where lim,_,o ¢(n) = 0.

2.1 Introduction

The study of random graphs since the seminal paper of Erdés and Rényi [26] has by and large been
restricted to analysing random subgraphs of the complete graph. This is not of course completely
true. There has been a lot of research on random subgraphs of the hypercube and grids (perco-
lation). There has been less research on random subgraphs of arbitrary graphs G, perhaps with
some simple properties.

In this vain, the recent result of Krivelevich, Lee and Sudakov [66] brings a refreshing new dimension.
They start with an arbitrary graph G which they assume has minimum degree at least k. For
0 <p <1 welet G, be the random subgraph of G obtained by independently keeping each edge of
G with probability p. Their main result is that if p = w/k then G, has a cycle of length (1 —ox(1))k
with probability 1 — og(1). Here og(1) is a function of k that tends to zero as k — oo. Riordan
[81] gave a much simpler proof of this result. Krivelevich and Samotij [67] proved the existence
of long cycles for the case where p > 1% and G is H-free for some fixed set of graphs H. Frieze
and Krivelevich [47] showed that G, is non-planar with probability 1 — o(1) when p > 1% and
G has minimum degree at least k. In related works, Krivelevich, Lee and Sudakov [65] considered

9
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a random subgraph of a “Dirac Graph” i.e. a graph with n vertices and minimum degree at least
n/2. They showed that if p > % for suffficently large n then G, is Hamiltonian with probability
1 —op(1).

The results cited above can be considered to be generalisations of classical results on the random
graph G, ,, which in the above notation would be (K,),. In this paper we will consider generalising
another model of a random graph that we will call K,,(k — out). This has vertex set V = [n] =
{1,2,...,n} and each v € V independently chooses k random vertices as neighbors. Thus this
graph has kn edges and average degree 2k. This model in a bipartite form where the two parts of
the partition restricted their choices to the opposing half was first considered by Walkup [89] in
the context of perfect matchings. He showed that k > 2 was sufficient for bipartite K, ,(k — out)
to contain a perfect matching. Matchings in K, (k — out) were considered by Shamir and Upfal
[82] who showed that K, (5 — out) has a perfect matching w.h.p., i.e. with probability 1 — o(1) as
n — oo. Later, Frieze [43] showed that K, (2 — out) has a perfect matching w.h.p. Fenner and
Frieze [31] had earlier shown that K, (k—out) is k-connected w.h.p. for k > 2. After several weaker
results, Bohman and Frieze [10] proved that K, (3 — out) is Hamiltonian w.h.p. To generalise these
results and replace K, by an arbitrary graph G we will define G(k — out) as follows: We have
a fixed graph G = (V, E) and each v € V independently chooses k random neighbors, from its
neighbors in G. It will be convenient to assume that each v makes its choices with replacement. To
avoid cumbersome notation, we will from now on assume that G has n vertices and we will refer
to G(k — out) as G. We implicitly consider G to be one of a sequence of larger and larger graphs
with n — oco. We will say that events occur w.h.p. if their probability of non-occurrence can be
bounded by a function that tends to zero as n — oo.

For a vertex v € V we let dg(v) denotes its degree in G. Then we let 6(G) = minyey dg(v). We
will first consider what we call Strong Dirac Graphs (SDG) viz graphs with 6(G) > (3 + ) n where
€ is an arbitrary positive constant.

Theorem 2.1. Suppose that G is an SDG. Suppose that the k neighbors of each vertex are chosen
without replacement. Then w.h.p. Gy is k-connected for 2 < k = o(log"/?n).

If the k£ neighbors of each vertex are chosen with replacement then there is a probability, bounded
above by 1 — e=* that G, will have minimum degree k£ — 1, in which case we can only claim that
Gy, will be (k — 1)-connected.

Theorem 2.2. Suppose that G is an SDG. Then w.h.p. there exists a constant k. such that if
k > k. then G is Hamiltonian.

We get essentially the same result if the k neighbors of each vertex are chosen with replacement.

Note that we need € > 0 in order to prove these results. Consider for example the case where G
consists of two copies of K, /» plus a perfect matching M between the copies. In this case there is

a probability greater than or equal to (1 — Q—f)n/Q ~ e~ * that no edge of M will occur in Gy.

We note the following easy corollary of Theorem

Corollary 2.1. Let k. be as in Theorem[2.3. Suppose that G is an SDG and we give each edge of G
a random independent uniform [0,1] edge weight. Let Z denote the length of the shortest travelling

(ke
salesperson tour of G. Then E[(] Z) < (H;El)-
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We will next turn to graphs with large minimum degree, but not necessarily SDG’s. Our proofs
use Depth First Search (DFS). The idea of using DFS comes from Krivelevich, Lee and Sudakov
[66].

Theorem 2.3. Suppose that G has minimum degree m where m — oo with n. For every & > 0
there exists a constant k. such that if k > ke then w.h.p. Gy, contains a path of length (1 —e)m.

Using this theorem as a basis, we strengthen it and prove the existence of long cycles.

Theorem 2.4. Suppose that G has minimum degree m where m — oo with n. For every € > 0
there exists a constant k. such that if k > k. then w.h.p. Gy contains a cycle of length (1 —e)m.

We finally note that in a recent paper, Frieze, Goyal, Rademacher and Vempala [45] have shown
that Gy is useful in the construction of sparse subgraphs with expansion properties that mirror
those of the host graph G.

2.2 Connectivity: Proof of Theorem 2.1

In this section we will assume that each vertex makes its choices without replacement. Let G =
(V,E) be an SDG. Let ¢ = 1/(8e). We need the following lemma.

Lemma 2.1. Let G be an SDG and let C = 48/e. Then w.h.p. there exists a set L C V', where
|L| < Clogn, such that each pair of vertices u,v € V' \ L have at least 12logn common neighbors
wmn L.

Proof. Define L, C V by including each v € V in L, with probability p = C'logn/2n. Since
d(G) > (1/2 4 e)n, each pair of vertices in G has at least 2en common neighbors in G. Hence, the
number of common neighbors in L, for any pair of vertices in V'\ L, is bounded from below by a
Bin(2en, p) random variable.

Pr{3u,v € V'\ L, with less than 12logn common neighbors in L}

< n?Pr{Bin(2en, p) < 12logn}
= n*Pr{Bin(2en,p) < enp}
< nQefenp/S

= o(l).

The expected size of L, is %C’logn and so the Chernoff bounds imply that w.h.p. |L,| < Clogn.
Thus there exists a set L, |L| < C'logn, with the desired property. O

Let L be a set as provided by the previous lemma, and let G}, denote the subgraph of G}, induced
by V'\ L.

Lemma 2.2. Let ¢ = 1/(8¢). If k > 2 then w.h.p. all components of G are of size at least cn.
Furthermore, removing any set of k — 1 vertices from G}, produces a graph consisting entirely of
components of size at least cn, and isolated vertices.
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Proof. We first show that w.h.p. G/, contains no isolated vertex. The probability of G}, containing
an isolated vertex is bounded by

= o(1),

k
Cl
Pr{3v € V'\ L which chooses neighbors in L only} < n ogn]

1
5N

where L and C are as in Lemma .11

We now consider the existence of small non-trivial components S after the removal of at most k£ — 1
vertices A. Then,

Pr{3s, A, 2 <|S| <en, |A| =k — 1, such that S only chooses neighbors in SU L U A}

SHIDS

Ik
l+k—2+Clogn]

1=2 |S|=1 | A|=k—1 (3+¢)
on Ik
(n) (n—l) [+ Clogn
= — 1
P l k—1 5n
ey ! I+ Clogn]”
< <@) k1 + - ogn
1=2 ! 2"

_ ok L [2Re(l + Clogn)® -t (I + Clogn)¥
=2t k1] z ‘

Now when 2 <[ < log2 n we have

(14 Clogn)¥

Fe(l+ Clogn)* <log** n and < log3*

And when log2 n <! < cn we have

(I+ Clogn)*

BN = (14 o1,

Fe(l4+ Clogn)* < (2+ o(1))*el* and

which implies that

Fe(l + Clogn)* =1 (I+ Clogn)* - ((2 + o(1))ke)l=1i(k=1)
nk—1] l - nk—1)(1-1)

((2 + 0(1))ke)l—lcl(k—1)nk—1 — ((2 + O(l))ke)l_lcl(k_l),

<

since nF~1 = (nk=1/U=1)i=1 = (1 4 o(1))!-1.

Continuing, we get a bound of

logn log® n
2"e E(gm) + § ((2+0(1)fec™™ )71 | = o(1).
n

=2 1=log?n
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This proves that w.h.p. G), consists of » < 1/c components Ji, Jo, ..., J, and that removing any
k — 1 vertices will only leave isolated vertices and components of size at least cn.

Lemma 2.3. W.h.p., for any i # j, there exist k vertez-disjoint paths (of length 2) from J; to J;
n G.

Proof. Let X be the number of vertices in L which pick at least one neighbor in J; and at least
one in Jy. Furthermore, let X, be the indicator variable for w € L picking u € J; and v € J, as
its neighbors. Note that these variables are independent of G}. Let ¢ = 1/(8¢) as in Lemma
and let C'= 24/¢ as in Lemma [2.1] For w € L we let

Xw = Z Xuvw-

(u,v)EJl X Jo
wENgG(J1)NNg(J2)

These are independent random variables with values in {0,1,...,k} and X =)

EX] = Y > Y E[Xuul

werl Xw- Then,

ueJp veds weL
weN (J1)NN(J2)
d
S yy oy
(dG(w)
u€eJy veEJy weL k
weN (J1)NN(J2)
1
> 22 X
ueJ1 veJa weL
weN (J1)NN(J2)
- 24(cn)?logn
= 24¢%logn.

We apply the following inequality, Theorem 1 of Hoeffding [57]: Let Z1, Zs, ..., Zy; be independent
and satisfy 0 < Z; < 1fori=1,2,... M. f Z =271+ Zy+---+ Zps then for all t > 0,

Pr{|Z —E[Z]| >t} < e 2°/M, (2.1)

Putting Z,, = Xy /k for w € L and Z = X/k and applying (2.1)), we get

Pr{X <k} =Pr{Z <1} gPr{Zg Egz]} gexp{_(E[ZW}

= exp {—%} =o(1). (2.2)

Now for wy # wy € L let £(wy,w2) be the event that wy, ws make a common choice. Then

2 O, 2TL
klg) = o(1). (2.3)

n

Pr{3Jwi,wy : E(wy,w2)} = O <

To see this, observe that for a fixed wq, w2 and a choice of wy, the probability this choice is also
one of wy’s is at most nL/Q Now multiply by the number k of choices for wy. Finally multiply by

|L|? to account for the number of possible pairs wy, ws.



14 CHAPTER 2. LONG CYCLES IN K-OUT SUBGRAPHS OF LARGE GRAPHS

Equations ([2.2]) and (2.3]) together show that w.h.p., there are k node-disjoint paths from J; to Js.
Since the number of linear size components is bounded by a constant, this is true for all pairs J;, J;
w.h.p. ]

We can complete the proof of Theorem[2.1] Suppose we remove [ vertices from L and k—1—1 vertices
from the remainder of G. We know from Lemma that V'\ L induces components Cy, Cs, ..., C,
of size at least cn. There cannot be any isolated vertices in V' \ L as Gy has minimum degree at
least k. Recall that each vertex makes k choices without replacement. Lemmas and
imply that r = 1 and that every vertex in L is adjacent to Cj. O

2.3 Hamilton cycles: Proof of Theorem

Let G be a graph with 6(G) > (1/2 + ¢)n, and let k be a positive integer.

Let D(k,n) = {D1,Da,...,Dp} be the M =[], oy (dck(”)) < ("gl)n directed graphs obtained by
letting each vertex x of G choose k G-neighbors yi, ..., Yk, and including in D; the k arcs (x,y;).
Define Nj(z) = {y1,...,yx} and for S C V let Ny(S) = Uzes Ni(z) \ S. For a digraph D we let
G (D) denote the graph obtained from D by ignoring orientation and coalescing multiple edges, if
necessary. We let I'; = G(D;) for i = 1,2,..., M. Let G(k,n) = {T'1,Ta,...,Tas} be the set of k-out
graphs on G. Below, when we say that D; is Hamiltonian we actually mean that I'; is Hamiltonian.
(It will occasionally enable more succint statements).

For each Dj;, let D1, D;s, ..., Dj be the k = k™ different edge-colorings of D; in which each vertex
has k—1 outgoing green edges and one outgoing blue edge. Define I';; to be the colored (multi)graph
obtained by ignoring the orientation of edges in D;;. Let Ffj be the subgraph induced by green
edges.

N(S) refers to Ny(S) when i is chosen uniformly from [M], as it will be for G.

Lemma 2.4. Let k > 5. There exists an o > 0 such that the following holds w.h.p.: for any set
S CV of size |S| < an, |[N(S)| > 3]S|.

Proof. The claim fails if there exists an S with |S| < an such that there exists a T', |T| = 3|S| — 1
such that N(S) C T. The probability of this is bounded from above by

2 () Gy I () (5]
(1) (@) [l

an k—a7
2 [64(8e)k (i) ]

for o = 271679, O

IN

(]
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We say that a digraph D; expands if |[N;(S)| > 3|S| whenever |S| < an, o = 27679, Since almost
all D; expand, we need only prove that an expanding D; almost always gives rise to a Hamiltonian I';.
Write D' (k,n) for the set of expanding digraphs in D(k,n) and let G'(k,n) = {I'; : D; € D'(k,n)}.

Let H be any graph, and suppose P = (v1,...,v) is a longest path in H. If ¢t # 1,k — 1 and
{vk, v} € E(H), then P' = (v, ..., v, Uk, Vk_1, ..., 0p+1) s also a longest path of H. Repeating this
rotation for P and all paths created in the process, keeping the endpoint v; fized, we obtain a set
EP(vy) of other endpoints.

For SCV(H) welet Ng(S)={w¢ S:3veS st ovweEH)}.

Lemma 2.5 (Pdsa). For any endpoint x of any longest path in any graph H, |Ng(EP(x))| <
2|EP(z)] — 1.

We say that an undirected graph expands if | Ng (S)| > 2|S| whenever |S| < an, assuming |V (H)| =
n. Note that the definition of expanding slightly differs from the digraph case.

Lemma 2.6. Consider a green subgraph Ffj. W.h.p., there exists an o > 0 such that for every
longest path P in T{; and endpoint x of P, |[EP(x)| > an.

Proof. Let H = I'};, We argue that if D; expands then so does H. If IN;(S)| > 3|S|, then
|INg(S)| > 2]S|, since each vertex of S picks at most one blue edge outside of S. Thus H expands.
In particular, Lemma implies that if |S| < an, then |N(S)| > 3|S| and hence [N (S)| > 2|S|.
By Lemma this implies that |EP(z)| > an for any longest path P and endpoint x. O

Define a;; to be 1 if G(I'; ;) is connected and Ffj contains a longest path of I';;, 1 < i < M; (i.e.
I';; is not Hamiltonian), and 0 otherwise.

Let M; be the number of expanding digraphs D; among Dy, ..., Dj; for which G(D;) is connected
and I'; is not Hamiltonian. We aim to show that M; /M — 0 as n tends to infinity. W.l.o.g. suppose
N (k,n) ={D1,...,Dpy } are the connected expanding digraphs which are not Hamiltonian.

Lemma 2.7. For 1 <i < My, we have 377_; a;; > (k—1)".

Proof. Fix 1 <i < M; and a longest path P; of I';. Uniformly picking one of D;1, ..., D;x, we have

Priay =1} > Pr{BE(P)C BTy}
1\ EF)]
> |[1—-=
> (-3)
> (1 1\"
- k
The lemma follows from the fact that there are k™ colorings of D;. O

Let A € D(k—1,n) be expanding and non-Hamiltonian and for the purposes of exposition consider
its edges to be colored green. Let D € D(k,n) be the random digraph obtained by letting each
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vertex of A randomly choose another edge, which will be colored blue. Let Ba be the event (in
the probability space of randomly chosen blue edges to be added to A):

D has an edge between the endpoints of a longest path of G(A), or
D has an edge from an endpoint of a longest path of A to the complement of the path.

Note that the occurrence of Ba implies that the corresponding a;; = 0. If a;; = 1 then the
connectivity of I';; imlies that G(D) has a longer path than G(A). Let Ba be the complement of
Ba and for Hamiltionian A let Ba = 0.

Let Na be the number of 7, j such that Ffj = A. We have

Y aj=NaPr{Ba}
i,j:Ffj:A

The number of non-Hamiltonian graphs is bounded by

M, < Zz(ki%)n

i=1 j=1

. XaNaPr{Ba)
ST

< ME"™ maxa Pr{Ba}
S T Gy

B maxa Pr{Ba}
= M a e

Fix a A € N(k — 1,n) and a longest path Pa of G(A). Let EP be the set of vertices which are
endpoints of a longest path of G(A) that is obtainable from Pa by rotations. For z € EP, say x
is of Type I if x has at least en/2 neighbors outside Pa, and Type II otherwise. Let E; be the set
of Type I endpoints, and F» the set of Type II endpoints.

Partition the set of expanding green graphs by
D'(k—1,n)=Hk—1,n) UN(k—1,n) UN2(k — 1,n)

where H(k —1,n) is the set of Hamiltonian graphs, A7 (k —1,n) the set of non-Hamiltonian graphs
with |Ey| > an/2 and Na(k — 1,n) the set of non-Hamiltonian graphs with |E;| < an/2. Here
a > 0 is provided by Lemma [2.6

Lemma 2.8. For A € Ni(k—1,n), Pr{Ba} < e m/4,
Proof. Let each x € E; choose a neighbor y(x). The event By is included in the event {Vx € Ej :
y(x) € Pa}. We have
Pr{Ba} < Pr{Vzxe E;:y(zx) € Pa}
H dp, (2)
rEF, dG(.’E)

(-5

where dp, () denotes the number of neighbors of x inside Pa. O

IA
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Lemma 2.9. For A € No(k —1,n), Pr{Ba} < e—ea’n/129

Proof. Let X C Es be a set of an/4 Type II endpoints. X exists because |EP| > an and at most
an/2 vertices in EP are of type I. For each = € X, let P, be a path obtained from Pa by rotations
that has x as an endpoint. Let A(x) be the set of Type II vertices y ¢ X such that a path from x
to y in A can be obtained from P, by a sequence of rotations with x fixed. By Lemma [2.6] we have
|A(z)| > an/4 for each z, since A(x) = EP(x) \ (E1 U X).

Let P, be a path with endpoints z € X,y € A(x) obtained from P, by rotations with z fixed, and
label the vertices on P, , by = 29, 21, ..., 27 = y. Suppose y chooses some z; on the path with its
blue edge. If {zj11,2} € E(G), let By(x) = {ziy1}. Write v(y) for zi41. If {ziy1,2} ¢ E(G), or if
y chooses a vertex outside P, let By(x) = 0.

Figure 2.1: Suppose y chooses z;. The vertex z;; is included in B(z) if and only if {z, z;11} € E(G).

There will be at least 2 (1 4+ $) n —n = en choices for i for which {z, z;11} € E(G). Let Y, be the
number of y € A(x) such that By(z) is nonempty. This variable is bounded stochastically from
below by a binomial Bin(an/4,¢) variable, and by a Chernoff bound we have that

can ean
Pr{EIx 1Y, < ?} < nexp{—3—2}

Define B(z) = Uyca(y) By(®). If @ chooses a vertex in B(z) then Ba occurs. Conditional on
Y, > ean/8 for all z € X, let y1,y2, ..., yr be 7 = can/8 vertices whose choice produces a nonempty
By(x). Let Z, = |B(x)|, and for i = 1, ..., 7 define Z; to be 1 if v(y;) is distinct from v(y1), ..., v(yi—1)
and 0 otherwise. We have Z, = Zzzl Z;, and each Z; is bounded from below by a Bernoulli variable
with parameter 1 — /8. To see this, note that y; has at least en choices resulting in a nonempty
By, (x) since x and y; are of Type II, so

) o
r{3j <i:v(y;) =v(y)} < - - 5

Since /8 < 1/2, Z, is bounded stochastically from below by a binomial Bin(ean/8,1/2) variable,

and so ean ean
Pr{EI:J; F gy < g} < nexp{—ﬁ}

Each z for which Z,; > ean/32 will choose a vertex in B(z) with probability
|B(x)| < ean/32 _ ea

da(z) = n 32
Hence we have
ca\on/4 san ean 2
< = i _SP o e n/129'
Pr{Ba} < (1 32> +nexp{ 3 }+nexp{ 128}_6
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We can now complete the proof of Theorem 2.2} From Lemmas 2.8 and [2.9) we have
Pr{Ba} < max {6*50‘"/4, e*an/HQ} '

Going back to (2.4) with k& = C'/e we have

M
Pr{G}, is non-Hamiltonian} = o(1)+ ﬁl
maxa Pr{Ba}
(- 1/k)"

—ea2/129 "

< o(l)+

e

= o(1)+ [1—5/0

< oty e( - 2))

= o(1),

for C = 259/a?. 0

We can now prove Corollary We follow an argument based on Walkup [88]. If X, is the length
of edge e = uv of G then we can write X, = min {Yy,, Yy} where Y, Y,,, are independent copies
of the random variable Y where Pr{Y >y} = (1 — y)'/2. The density of Y is close to y/2 for y
close to zero. Now consider Gj_ where the choices {v1,va,...,v; } of vertex u are the k. edges
of lowest weight Y, among uv € E(G). Now consider the total weight of the Hamilton cycle H
posited by Theorem The expected weight of an edge of H is at most 2 X 2’?%1)” and the

2
corollary follows.

2.4 Long Paths: Proof of Theorem

Let Dy denote the directed graph with out-degree k defined by the vertex choices. Consider a
Depth First Search (DFS) of Dy where we construct Dy, as we go. At all times we keep a stack U of
vertices which have been visited, but for which we have chosen fewer than k£ out-edges. T' denotes
the set of vertices that have not been visited by DFS. Each step of the algorithm begins with the
top vertex u of U choosing one new out-edge. If the other end of the edge v lies in T' (we call this
a hit), we move v from T to the top of U.

When DFS returns to v € U and at this time v has chosen all of its k out-edges, we move v from
U to S. In this way we partition V into

S - Vertices that have chosen all k of its out-edges.
U - Vertices that have been visited but have chosen fewer than & edges.

T - Unvisited vertices.

Key facts: Let h denote the number of hits at any time and let x denote the number of times we
have re-started the search i.e. selected a vertex in 7' after the stack S empties.

P1 |SUU] increases by 1 for each hit, so [SUU| > h.
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P2 More specifically, |[SUU| =h+x — 1.

P3 At all times S U U contains a path which contains all of U.

The goal will be to prove that |U| > (1 — 2e)m at some point of the search, where ¢ is some
arbitrarily small positive constant.

Lemma 2.10. After ckm steps, i.e. after ekm edges have been chosen in total, the number of hits
h>(1-¢)m w.h.p.

Proof. Since §(G}) > k, each tree component of G}, has at least k vertices, and at least k? edges
must be chosen in order to complete the search of the component. Hence, after ekm edges have been
chosen, at most ekm/k? < em/2 tree components have been found. This means that if b < (1—¢)m
after ekm edges have been sent out, then P2 implies that [SUU| < (1 —¢/2)m.

So if h < (1 — &)m each edge chosen by the top vertex u has probability at least W >e/2

of making a hit. Hence,
Pr{h < (1 —&)m after ekm steps} < Pr{Bin(ekm,e/2) < (1 —e)m} = o(1),
for k > 2/€2, by the Chernoff bounds. O

We can now complete the proof of Theorem [2.3] By Lemmal[2.10] after ekm edges have been chosen
we have [SUU| > (1 —e)m w.h.p. For a vertex to be included in S, it must have chosen all of its
edges. Hence, |S| < ekm/k = em, and we have |U| > (1 — 2e)m. Finally observe that U is the set
of vertices of a path of G. O

2.5 Long Cycles: Proof of Theorem

Suppose now that we consider Gy, = LR, U DRy, U LBy, U DBj, where each for each vertex v and
for each ¢ € {“light red”, “dark red”, “light blue”,“dark blue”} the vertex v makes k choices of
neighbor N.(v), distinct from any previous choices for this vertex. The edges {v,w},w € N.(v) are
given the color c. Let LRy, DRy, LBy, DBy, respectively be the graphs induced by the differently
colored edges. We have by Theorem that w.h.p. there is a path P of length at least (1 —e)m
in the light red graph LRy. At this point we start using a modification of DFS (denoted by A®Y)
and the differently colored choices to create a cycle.

We divide the steps into epochs Tg, Too, 101, - - ., indexed by binary strings. We stop the search
immediately if there is a high chance of finding a cycle of length at least (1 — 20e)m. If executed,
epoch T,,¢ = 0% xx will extend the exploration tree by at least (1 —5¢)m vertices, unless an unlikely
failure occurs. Theorem provides Ty. In the remainder, we will assume ¢ # 0.

Epoch T, will use light red colors if ¢ has odd length and ends in a 0, dark red if ¢ has even length
and ends in a 0, light blue if ¢+ has odd length and ends in a 1, and dark blue if ¢+ has even length
and ends in a 1. Epochs T,o and T,; (where ¢j denotes the string obtained by appending j to the
end of ¢) both start where T, ends, and this coloring ensures that every vertex discovered in an
epoch will initially have no adjacent edges in the color of the epoch.

During epoch T, we maintain a stack of vertices S,. When discovered, a vertex is placed in one
of the three sets A,, B,, C,, and simultaneously placed in S, if it is placed in A,. Once placed, the
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vertex remains in its designated set even if it is removed from S,. Let dr (v, w) be the length of the
unique path in the exploration tree T from v to w. We designate the set for v as follows.

A, - v has less than (1 — 2¢)d(v) G-neighbors in T'.

B, - v has at least (1 — 2¢)d(v) G-neighbors in T', but less than ed(v) G-neighbors w such that
dr(v,w) > (1 —19¢)m.

C, - v has at least (1 — 2¢)d(v) G-neighbors in T, and at least ed(v) G-neighbors w such that
dr(v,w) > (1 —19¢)m.

At the initiation of epoch T,, a previous epoch will provide a set T of 3em vertices, as described
below. Starting with A, = B, = C, = 0, each vertex of T is placed in A,, B, or C, according to
the rules above. Let S, = A,, ordered with the latest discovered vertex on top.

If at any point during 7, we have |B,| = em or |C,| = em, we immediately interrupt A®> and use
the vertices of B, or C, to find a cycle, as described below.

An epoch T, consists of up to ekm steps, and each step begins with a v € A, at the top of the stack
S,. This vertex is called active. If v has chosen k neighbors, remove v from the stack and perform
the next step. Otherwise, let v randomly pick one neighbor w from Ng(v). If w ¢ T, then w is
assigned to A,, B, or C, as described above. If w € A,, perform the next step with w at the top of
S,. If w € B,UC, perform the next step with the same v. If w € T, perform the next step without
placing w in S,.

The exploration tree T is built by adding to it any vertex found during A®X, along with the edge
used to discover the vertex.

Note that unless |B,| = em or |C,| = em, we initially have |A,| > em, guaranteeing that ekm steps
may be executed. Epoch T, succeeds and is ended (possibly after fewer than ekm steps) if at some
point we have |A,| = (1 —2¢)m. If all ekm steps are executed and |4,| < (1 —2¢)m, the epoch fails.

—2m/8

Lemma 2.11. Epoch T, succeeds with probability at least 1—e , unless |B,| = em or|C,| =em

18 reached.

Proof. An epoch fails if less than (1 — 3¢)m steps result in the active vertex choosing a neighbor
outside T'. Since the active vertex is always in A,, we have

Pr{T, finishes with |A4,| < (1 — 2e)m} < Pr{Bin(ekm,2¢) < (1 — 3e)m} < o—<m/8

for k > 1/2¢2, by Hoeffding’s inequality. This proves the lemma. O

Ignoring the colors of the edges, an epoch produces a tree which is a subtree of T'. Let P, be the
longest path of vertices in A,, and let R, be the set of vertices discovered during 7, which are not
in P,. If the epoch succeeds, P, has length at least (1 — 6¢)m, and at most 3em vertices discovered
during 7T, are not on the path. Indeed, a vertex of A, is outside P, if and only if it has chosen all
its k neighbors. Thus, the number of vertices not on the path is bounded by

ekm

|R,| < = +|B.| + |C.| < 3em.

If the epoch fails, the path P, may be shorter, but |R,| is still bounded by 3em.
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If T, succeeds, the epochs T,¢ and 7,1 will be initiated at the end of T,, by letting T,,% and T,f)1 be the
last 3em vertices discovered during T,. If T, fails, 7,9 and T;; will not be initiated. The exploration
tree T will resemble an unbalanced binary tree, in which each successful epoch gives rise to up to
two new epochs. Epochs are ordered and T, is initiated before T,, if and only if ¢; < t5. Here let
t; = xy;,1 = 1,2 where z is the longest common substring of ¢t1,10. We will have ¢1 < 1o if either g
is the empty string or if y; starts with 0 and yo starts with 1.

Lemma 2.12. W.h.p., A®Y will discover an epoch T, having |B,| = em or |C,| = em.

Proof. Suppose that no epoch ends with |B,| = em or |C,|] = em. Under this assumption, each
successful epoch T, gives rise to X, new epochs. By Lemma X can be stochastically bounded
from below by X,, where for some ¢ > 0, X, = 0 with probability e=2¢", X, = 1 with probability
2e (1 — e~“™) and X, = 2 with probability (1 —e~“")2. The number of successful epochs is
then bounded from below by the total number of offspring in a Galton-Watson branching process
with offspring distribution described by X,. The offspring distribution for this lower bound has
generating function

Gm(s) = 72 4 257 ™(1 — &™) 4 §%(1 — e~™)2,
Let s, be the smallest fixed point Gy, (Sm) = Sm. We have, with £ = e~ ™,

oo 1=2e(1-g) —[(1-26(1 - €))? — 4(1 — €)%/
" 2(1-¢)?

— 0, as m — oo.

Hence, the probability that the branching process never expires is at least 1 — s,,, which tends to
1.

The number of epochs is bounded by a finite number. Hence, the branching process cannot be
infinite. This contradiction finishes the proof. O

We may now finish the proof of the theorem. Condition first on A®Y being stopped by an epoch
T, having |C,| = em. In this case, let each v € C, choose k neighbors using edges with the epoch’s
color. Each choice has probability at least € of finding a cycle of length at least (1 — 19¢)m, by
choosing a neighbor w such that dr(v,w) > (1 — 19¢)m. The probability of not finding a cycle of
length at least (1 — 19¢)m is bounded by

(1 —¢)Fm - 0.

Now condition on A®Y. being stopped by an epoch T, having |B,| = em. Note that we must
have ¢ = ¢'1 for some ¢/. Indeed, if ¢ = ¢0, then any v discovered in ¢ must have at least 11ed(v)
G-neighbors at distance at least (1 — 19¢)m, at its time of discovery. If not, and v ¢ A, then it has
at most 2ed(v) G-neighbors outside T', at most 3ed(v) 4 3ed(v) G-neighbors in R, U R,/. There are
at most (1 —19¢)d(v) G-neighbors in T'\ (R, U R,/) at distance less than (1 —19¢)d(v) and so there
are at least 11ed(v) G-neighbors in T' at distance at least (1 — 19¢)d(v) from v, which implies that
v € C,, contradiction.

Since the epoch produces a tree with at most m vertices, using the pigeonhole principle we can
choose a W C B, such that |W| = &?m and dr(v,w) < em for any v,w € W.

Note also that d(v) < 2m for any v € B,. This can be seen as follows: For any v € W let p, € T)
be the vertex which minimizes dr(v, p,). Note that we may have p, = v. There are at most |Q)|
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G-neighbors of v on the path @ from v to p,. Then note that there are at most 2((1 —19¢)m — |Q)|)
G-neighbors of v on T'\ (Q U R, U R,» U Ry) that are within (1 — 19¢)m of v. Here the factor 2
comes from counting G-neighbors in 7, and Tyq. So the maximum number of w € Ng(v) NT such
that dp(v,w) < (1 — 19¢)m is bounded by

1Q +2((1 = 192)m — Q) + [R| + [Rur| + [Ruro] < (2 —292)m (2.5)

Equation (2.5)) then implies that d(v) < (2 — 29¢)m + 3ed(v).

Define an ordering on T by saying that t; < ¢y if £; was discovered before t5 during A®Y, or if
t1 =to. If SC T, and t < s for all s € S, write t < S. Similarly define >, > and <.

Figure 2.2: Example depiction of cycle found when |B,| = em.

Let each v € W choose k neighbors in the color of epoch T,. We say that v is good if it chooses
v1,v9 € Py and vg € P, such that

dp(v1,v2) + dT(vng,‘O) + dp(py,v) > (1 = 172)m

where dr(vs,S) = minges dr(vs,s). For each v € W define ng(v) = |[Ng(v) N P, \ T?|, n1(v) =
|Ng(v) N Py \ TP| and nz(v) = |[Ng(v) N Py \ T2|. Since v € B, we have

no(v) + n1(v) + n2(v) = |(Ng(v) N T) \ (Ry U Ryg U R, UTL)| > (1 — 14¢)m.
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Since the ng(v) +n1(v) vertices of Ng(v)UP,U P, \T? are on a path, we must have ng(v) +n1(v) <
(1 — 16e)m, otherwise v has 2em > ed(v) neighbors at distance at least (1 — 18¢)m, contradicting
v € B,. This implies ny(v) > 2em. Similarly, nq(v) > 2em.

Fix a vertex v € W and define V1, Vo C (Ng(v) N Py) \ T? and V3 C (Ng(v) N Py) \ T2, |Vi| =
|Va| = |V3| = em as follows. V) is the set of the first em vertices of Ng(v) N P, discovered during
A®Y. V; is the set of the last em vertices of Ng(v)N P, discovered before any vertex of T). Lastly,

V3 consists of the em last vertices discovered in Ng(v) N P,g. Since ny(v) > 2em and na(v) > 2em,
the sets V1, Vi, V3 exist and are disjoint.

Since d(v) < 2m, the probability that v chooses v; € Vi,vs € Vo and vz € V3 is at least (¢/2)3. If
this happens, we have

dr(v1,ve) + dr(v3, TL) 4 dr(pv, v) > n1(v) — 2em + na(v) —em +nz(v) > (1 — 17¢)m.

In other words, v € W is good with probability at least (¢/2)3. Since |W| = e*m, w.h.p. there
exist two good vertices u,v € W. By choice of W we have dp(py,u) > dp(py,v) — 2em. Suppose
uw and v pick u; < ug < wuz and v; < vy < w3. We have dp(vy,v2) < dp(u,v2) + |Vi|. The cycle
(Uy Uy ey V2, UV, V3, ony Py -, w) has length

14 dr(ui,v2) + 141 +d7(vs, pu) + dr(pu, u)
dp(v1,v2) + dr(vs, TC) + dr(py,v) — 3em
(1 - 202)m.

v v






Chapter 3

Random walk cuckoo hashing

This chapter corresponds to [{1)].
Abstract

Cuckoo Hashing is a hashing scheme invented by Pagh and Rodler [77].
It uses d > 2 distinct hash functions to insert items into the hash table.
It has been an open question for some time as to the expected time for
Random Walk Insertion to add items. We show that if the number of hash
functions d = O(1) is sufficiently large, then the expected insertion time
is O(1) per item.

3.1 Introduction

Our motivation for this paper comes from Cuckoo Hashing (Pagh and Rodler [77]). Briefly each
one of n items x € L has d possible locations hi(z), ho(z),...,hq(x) € R, where d is typically a
small constant and the h; are hash functions, typically assumed to behave as independent fully
random hash functions. (See [71] for some justification of this assumption.)

We assume each location can hold only one item. Items are inserted consecutively and when an
item z is inserted into the table, it can be placed immediately if one of its d locations is currently
empty. If not, one of the items in its d locations must be displaced and moved to another of its
d choices to make room for x. This item in turn may need to displace another item out of one of
its d locations. Inserting an item may require a sequence of moves, each maintaining the invariant
that each item remains in one of its d potential locations, until no further evictions are needed.

We now give the formal description of the mathematical model that we use. We are given two
disjoint sets L = {v1,v2,...,v,}, R = {wi,wa,...,wy,}. Each v € L independently chooses a set
N(v) of d > 2 uniformly random neighbors in R. We assume for simplicity that this selection is
done with replacement. This provides us with the bipartite cuckoo graph I'. Cuckoo Hashing can
be thought of as a simple algorithm for finding a matching M of L into R in I". In the context of
hashing, if {z,y} is an edge of M then y € R is a hash value of z € L.

Cuckoo Hashing constructs M by defining a sequence of matchings My, Ms, ..., M,, where M is
a matching of Ly = {v1,v9,..., v} into R. We let I'y, denote the subgraph of I' induced by Ly U R.

25
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We let R; denote the vertices of R that are covered by M and define the function ¢ : Ly — Ry
by asserting that My = {{v, ¢x(v)} : v E Lyj}. We obtain M}, from Mj_q by finding an augmenting
path Py in I'y from vy to a vertex in Ry—1 = R\ R_1.

This augmenting path Py is obtained by a random walk. To begin we obtain M; by letting ¢1(vy)
be a uniformly random member of N(v;), the neighbors of v;. Having defined M), we proceed as
follows: Steps 1 — 4 constitute round k.

Algorithm INSERT:

Step 1 = + vp; M < Mj_q;

Step 2 If Sp(r) = N(x) N Ri_1 # 0 then choose y uniformly at random from Si(z) and let
My =MU {{x,y}}, else

Step 3 Choose y uniformly at random from N (z);

Step 4 M MU {{z,y}}\ {1,6s",(0)}; = « 67", (1); goto Step 2.

This algorithm was first discussed in the conference version of [35]. Our interest here is in the
expected time for INSERT to complete a round. Our results depend on d being large. In this case
we will improve on the bounds on insertion time given in Frieze, Melsted and Mitzenmacher [50],
Fountoulakis, Panagiotou and Steger [37], Fotakis, Pagh, Sanders and Spirakis [35]. The paper [35]
studied the efficiency of insertion via Breadth First Search and also carried out some experiments
with the random walk approach. The papers [50] and [37] considered insertion by random walk and
proved that the expected time to complete a round can be bounded by log?t?d(!) . where 04(1)
tends to zero as d — oo. The paper [37] improved on the space requirements in [50]. They showed
that given ¢, their bounds hold for any d large enough to give the existence of a matching w.h.p.
Mitzenmacher [70] gives a survey on Cuckoo Hashing and Problem 1 of the survey asks for the
expected insertion time.

Frieze and Melsted [49], Fountoulakis and Panagiotou [36] give information on the relative sizes of
L, R needed for there to exist a matching of L into R w.h.p.

We will prove the following theorem: it shows that the expected insertion time is O(1), but only
for a large value of d. The theorem focusses on the more interesting case where the load factor n/m
is close to one. When the load factor is small enough i.e. when nd < (1 — ¢)m the components of
I" will be bounded in expectation and so it is straightforward to show an O(1) expected insertion
time.

Theorem 3.1. Suppose that n = (1 —e)m where ¢ is a fized positive constant, assumed to be small.
Let 0 < 0 < 1 also be a fized positive constant and let

v =5(1—¢)%2 (3.1)

If d?>y < (1—6)(d—1) then w.h.p. the structure of T is such that over the random choices in Steps
2,3,

2
E[|Pk|]§1+§fork::1,2,...,n. (3.2)

Here |Py| is the length (number of edges) of Pj.
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When d is large the value of 6 in (3.2)) is close to de/2. It can be seen from the proof that as
e — 0, the value of d needed is of the order (%) This is larger than the value O(log(1/¢))

needed for there to be a perfect matching from L to R and finding an O(1) bound on the expected
insertion time for small d remains as an open problem. We note that the BFS algorithm of [35],
which requires Q(n®) space for constant § > 0, has an expected insertion time of d(log1/e),

The problem here bears some relation to the On-line bipartite matching problem discussed for
example in Chaudhuri, Daskalakis, Kleinberg and Lin [17], Bosek, Leniowski, Sankowski and Zych
[15] and Gupta, Kumar and Stein [56]. In these papers the bipartite graph is arbitrary and has
a perfect matching and vertices on one side A of the bipartition arrive in some order, along with
their choice of neighbors in the other side B. As each new member of A arrives, a current matching
is updated via an augmenting path. The aim is to keep the sum of the lengths of the augmenting
paths needed to be as small as possible. It is shown, among other things, in [17] that this sum can
be bounded by O(nlogn) in expectation and w.h.p. This requires finding a shortest augmenting
path each time. Our result differs in that our graph is random and |A| = (1 — ¢)|B| and we only
require a matching of A into B. On the other hand we obtain a sum of lengths of augmenting paths
of order O(n) in expectation via a random choice of path.

3.2 Proof of Theorem [3.1]

3.2.1 Outline of the main ideas

Let

Bk:{’UGLk:N(U)ﬂkalzw}.

If x ¢ By in Step 2 of INSERT then we will have found P.

Let P = (21,&1,22,&2,...,2¢) be a path in I', where x1,x9,...,2¢ € Lp_q and &,8&2,...,&-1 €
Rji_1. We say that P is interesting if x1,xo,...,xy € Bg. We note that if the path P, = (z1 =
Un, §1, 02,82, - - -, g, &y, l’g+1,f@+1) then Qr = ($1,§1,IB2,§2, . -_'awf) is _interesting. Indeed, we must
have x; € By, 1 <1 </, else INSERT would have chosen & € R;_; C R,, and completed the round.

Our strategy is simple. We show that w.h.p. there are relatively few long interesting paths and
because our algorithm (usually) chooses a path at random, it is unlikely to be long and interesting.
One caveat to this approach is that while all augmenting paths yield interesting sub-paths, the
reverse is not the case. In which case, it would be better to estimate the number of possible long
augmenting paths. The problem with this approach is that we then need to control the distribution
of the matching Mj. This has been the difficulty up to now and we have avoided the problem by
focussing on interesting paths. Of course, there is a cost in that d is larger than one would like,
but it is at least independent of n.

To bound the number of interesting paths, we bound |Bj| and use this to bound the number of
paths.
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3.2.2 Detailed proof

Fix 1 < k < n. We observe that if Rx_1 = {y1,y2,...,yk—1} then
y), is chosen uniformly from Rj_, (3.3)

and is independent of the graph I'y_; induced by Li_1 U Ri_1. This is because we can expose I’
along with the algorithm. When we start the construction of My we expose the neighbors of v one
by one. In this way we either determine that Si(vy) = () or we expose a uniformly random member
of Sk (vg) without revealing any more of N (vg). In general, in Step 2, we have either exposed all the
neighbors of x and these will necessarily be in Rj;_1. Or, we can proceed to expose the unexposed
neighbors of = until either (i) we determine that Si(z) = 0 and we choose a uniformly random
member of N(z) or (ii) we find a neighbor of = that is a uniformly random member of Rj_;. Thus

Rj._4 is a uniformly random subset of R.
We need to show that By is small. It is clear that v; ¢ By i.e. By = () and so we deal next with
2 <k<d-2. If vy, € By then vy must choose some vertex in R three times. But,
Pr(32 <k <d—2,w € R : v chooses w three times) < (d — 2)m x m~ = o(1).

This implies that w.h.p. By = 0 for 2 < k < d — 2. We deal next withd —1 < k < n9/10 Since
N (v) is uniformly random, we see that

Pr(3k < n?10: v, € By) < n'~Y19 = o(1) for d > 10.

Assume from now on that n?/10 <k <n—1. Let 14 denote the number of interesting paths with
2¢ — 1 vertices. Let 6, > 0 be as in the statement of Theorem |3.1

Lemma 3.1. Given Ay and d sufficiently large,

Pr <E|2 << Aploglogn v, e > (1+ 9)k’y(d27)671) =o(n™?). (3.4)

The bound o(n~2) is sufficient to deal with the insertion of n items.

Before proving the lemma, we show how it can be used to prove Theorem We will need the
following claims:

Claim 3.1. Let A denote the mazimum degree in I'. Then for any t > logn we have Pr(A > t) <
—t
e "

Proof of Claim: If v € L then its degree deg(v) = d. Now consider w € R. Then for ¢t > logn,

1 t
Pr(3w € R : deg(w) > t) < m(d:> poo <m <dte) <e

End of proof of Claim

We will make use of the following simple modifcation of the Azuma-Hoeffding inequality.
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Lemma 3.2. Let Z = Z(X1,Xa,...,Xyp) > 0 where X1, Xo,..., Xy are independent random
variables. Let & = £(X1, Xa, ..., Xp) be an event. Suppose that if £ occurs, then changing a single

X; can only change Z by at most A1. Then, for any t > AgPr(E) we have
2

Pr(Z > E[Z] +1) <exp {—
2M A2

bepe(e)

Proof. We have

Pr(Z > E[Z] +t) = Pr(Z1g > E[Z] +t) + Pr(Z1; > E[Z] + t)

< Pr(Zl¢ > E[Z1¢] + u) + Pr(€) (3.5)

where
u=E[Z]-E[Zlg]+t>t. (3.6)

Applying the Azuma-Hoeffding inequality (more precisely, the special case referred to as McDi-
armid’s inequality) we get

’LL2
The lemma follows after using (3.6|) and (3.7 in (3.5)). O

Claim 3.2. With probability 1 — o(n=2), T' contains at most n1/2+o) cycles of length at most
A = (loglogn)?.

Proof of Claim: The expected number of cycles of length at most 2¢ = A is bounded by

‘o /n\ (m 25 4 o
Z<S><S)(s!)2 (i) gsZ:;dQ _ o))

s=2
Let C denote the number of cycles of length at most A. We apply Lemma to C with M = dn,
E={A<X=(logn)?} and A; = \} and t = n'/2 Aglogn = n'/2t°(1) We use Claimto bound
Pr(&).
End of proof of Claim

These two claims imply the following;:

1/2+0(1)( vertices within

)2z — pl/2+o(1)

With probability 1 — o(n2) there are at most n 3logn

distance at most 24 loglogn of a cycle of length at most A = (loglogn)?. (3.8)
Now let py ¢ denote the probability that INSERT requires at least ¢ steps to insert vy.
We finish the proof of the theorem by showing that
= 2
E[|P:]]=1+2 <1+4-. 3.9
IR =123 e <14 5 (39)

We observe that if v, has no neighbor in Rj_; and has no neighbor in a cycle of length at most A
then for some ¢ < Agloglogn, the first 2¢ — 1 vertices of P, follow an interesting path. Hence, if
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d*>y < (1 —60)(d—1) then

Ap loglogn Ap loglogn y
< —1/2+0(1) k¢
Z Pre < O(n )+ Z (d— 1)
=2 =2
Aploglogn 2 \I—1
_ ky(d=y)
1/2+0(1
<o)y A= 1T
=2
- -1 16
<o(1)+(1+0)Y (1—0)"=o0(1)+ 5 (3.10)

(=2

Explanation of : Following , we find that the probability vy is within 24 loglogn of a
cycle of length at most A is bounded by n=1/2+°(1) The O(n~1/2+°(1)) term accounts for this and
also absorbs the error probability in . Failing this, we have divided the number of interesting
paths of length 2¢ — 1 by the number of equally likely walks k(d — 1)¢ that INSERT could take. To
obtain k(d — 1)* we argue as follows. We carry out the following thought experiment. We run our
walk for ¢ steps regardless. If we manage to choose iy € Rj_; then instead of stopping, we move
to vy and continue. In this way there will in fact be k(d — 1)¢ equally likely walks. In our thought
experiment we choose one of these walks at random, whereas in the execution of the algorithm we
only proceed as far the first time we reach Rj_;. Finally, for the algorithm to take at least ¢ steps,
it must choose an interesting path of length at least 2¢ — 1.

Note next that

Dk Ao loglog n < O(n—1/2+o(1)) + 3—A0 loglogn'

It follows that

(logn)“o (logn)“o
S me< Y Dragloglogn = 0(1). (3.11)
{=Aploglogn {=Aploglogn

We will use the result of [50]: We phrase Claim 10 of that paper in our current terminology.

Claim 3.3. There exists a constant a > 0 such that for any v € Li_1, the expected time for INSERT
to reach Rp—1 is O((logk)®).

It follows from Claim [3.3] that for any integer p > 1,

1

Pr(|Py| > p(log k)**) < (log k)7

(3.12)

Indeed, we just apply the Markov inequality every (logk)?® steps to bound |P;| by a geometric

random variable.

It follows from (3.12)) that

oo 0o 1
Z Pre < Z Z DPEe < Z W = 0(1) (313)
>3(log k)2 p=3 £/(logk)?2€[p,p+1] p=3

Theorem now follows from (3.9)), (3.10), (3.11)) and (3.13)), if we take Ay > 2a.
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3.2.3 Proof of Lemma [3.1]

We apply Lemma [3.2] to vy ¢ to argue that
Pr(vps > B v + n®/*) < 2¢~(0gn)”, (3.14)

We let M = kd, &€ = {A < A= (logn)?} as before, A; = A\* and t = n3/%. We use Claim to
bound Pr(€). The bound on A; follows from the fact that an edge can be in at most A% interesting
paths.

It follows from ([3.14)) that to finish the proof, all we need to show is that if # > 0 is an arbitrary
positive constant
E [v6] < (1+0)ky(d*y), (3.15)

where v is as in (3.1)).

Claim 3.4. Let
By, = {|Bk| > kv} .

Then L
Pr(By) = O(e "),

Proof of Claim:
Let By; denote the set of vertices v; € Ly such that round ¢ exposes at least d/2 edges incident
with v;. Then

Pr(v; € By) < (1 —¢)¥2.

It then follows from the Chernoff bounds that
Pr (|Bk71| > 2k(1 — 5)d/2) = O(e U2y, (3.16)
Next let
By o = {s < k: round s does not end immediately in Step 2 with z = v,.}
Then, Pr(s € By2) = (%)d and this holds for each value of s independently and so

kd+1

k s—1 d
E(|Bil] < < .
[1B.2]] — < m ) (d+ 1)md

Now |By 2| is the sum of independent {0,1} random variables and so Hoeffding’s theorem [57]
implies that for a constant 6 > 0,

kd+1
(d+ Dmd

Now if By3 = {s € By : 3 < k,{ # s s.t. round ¢ ends with x = vs} then |By 3| < |Bgg2|. Define
By = By \ (Bg1 U Bga U By ). Let t > s be the first time that v, is re-visited by INSERT or let
t = k if vy is not re-visited. Then s € By, 4 only if in round ¢, at least d/2 unexposed edges incident
to s are found to be in R;_1. It follows that

Pr(|B2| > (1+0) O(e %) for some constant e, = &1(d, £,6) > 0. (3.17)

E(|Byal) < k(1 — )2,
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Since membership of s in By 4 is determined by the random choices of v,, |Bj4| is the sum of
independent random variables and so

Pr (|B,€,4| > 2k(1 — 5)d/2) = O(e ')y, (3.18)

The claim follows from (3.16]), (3.17)) and (3.18).

End of proof of Claim

Given Claim [3.4] we have
E [I/]ag] =E [Uk7g | ﬁBk] PI‘(ﬁBk) + E [V]ﬁg | Bk] PI‘(Bk)
202
< klyR ((1 + o(l))k> + O ), (3.19)

< (14 o(1))ky(d?7) + o(1).

This proves (3.15]).

Explanation of : We can choose the vertex sequence o = (x1,&1,...,&—1,2¢) of an inter-
esting path P in at most ]Bk|ek£*1 ways, and we apply Claim Having chosen o we see that
((1+0(1))d/k)?*~2 bounds the probability that the edges of P exist. To see this, condition on Ry_1
and the random choices for vertices not on P. In particular, we can fix Ry—1 = {y1,%2,-.-,Yk—1}
from the beginning and this simply constrains the sequence of choices y1,¥2,...,yr_1 to be a uni-
formly random permutation of Ry_1. Let My be the property that I has a matching from Ly to R.
It is known that Pr(My) = 1 — O(n*~%). This will also be true conditional on the value of Rj_;.
This follows by symmetry. The conditional spaces will be isomorphic to each other. So for large d,
we can assume that our conditioning is such that with probability 1 — O(1/n3) the edge choices by
T1,%9,...,x, are such that T'y has property M, with probability 1 — O(n”~%). Recall from (3.3)
that the disposition of the edges of I'y_; is independent of R;_;. Now each edge adjacent to a
given © € o N Ly is a uniform choice over those edges consistent with x being in By. But there will
be at least k — 1 such choices for such an x viz. the vertices of Rj_1. Thus

, Pr(P exists d\ %2
Pr(P emsts\Mk)gWg(Ho(m <k> .

Note that Pr(My) is only inflated by at most W = o(n°M) if we condition on x1,zs, ...,

making their choices in Rj_;. This has to be compared with the unconditional probability of
O(n™9).

This completes the proof of Theorem O

Remark 3.1. Along with an upper bound, we can prove a simple lower bound:

2
EHPkH > m

This follows from the fact that Step 2 of INSERT ends the procedure with probability 1 — (1 — 5)‘5’6(90”
and |Sk(x)| < d.
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3.3 Final Remarks

There is plenty of room for improvement in the bounds on d in Theorem [3.1] It would be most
interesting to prove an O(1) bound on the expected insertion time for small d, e.g. d = 3,4,5. This
no doubt requires an understanding of the evolution of the matching M.

Acknowledgement: We thank Wesley Pegden and the reviewers for their comments.






Chapter 4

Preferential attachment with edge
deletion

This chapter corresponds to [60].

Abstract

We consider a variation on the Barabasi-Albert random graph process with
fixed parameters m € N and 1/2 < p < 1. With probability p a vertex is
added along with m edges, randomly chosen proportional to vertex degrees.
With probability 1 — p, the oldest vertex still holding its original m edges
loses those edges. It is shown that the degree of any vertex either is zero or
follows a geometric distribution. If p is above a certain threshold, this leads
to a power law for the degree sequence, while a smaller p gives exponential
tails. It is also shown that the graph contains a unique giant component
with high probability if and only if m > 2.

4.1 Introduction

In recent years, considerable attention has been paid toward real-world networks such as the World
Wide Web (e.g. [30]) and social networks such as Facebook [87] and Twitter [73]. Many but not
all of these networks exhibit a so-called power law, and are sometimes referred to as scale free,
meaning that the number of elements of degree k is asymptotically k=7 for some constant n > 0.
In [7] it is shown that the social network of scientific collaborations is scale free. For a number of
real-world scale free networks see [7].

As a means of describing such networks with a random graph, Barabési and Albert [2] introduced
a class of models, commonly called preferential attachment graphs, and argued that its degree dis-
tribution has a tail that decreases polynomially, a claim that was subsequently proved by Bollobaés,
Riordan, Spencer and Tusnédy [I4]. This is in contrast to many well-known random graph models
such as the Erdds-Rényi model where the degree distribution has an exponential tail. While the
Barabdsi-Albert model in its basic form falls short as a description of the World Wide Web [1], the
model has become popular for modelling scale free networks.

35
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The base principle of preferential attachment graphs is the following: vertices are added sequentially
to the graph, along with edges that attach themselves to previously existing vertices with probability
proportional to their degree. This principle is susceptible to many variations, and can be combined
with other random graph models. See for example Flaxman, Frieze and Vera [32], [34], who
introduced a random graph model combining aspects of preferential attachment graphs and random
geometric graphs.

Real-world networks will encounter both growth and deletion of vertices and edges. Bollobas and
Riordan [13] considered the effect of deleting vertices from the graph after it has been generated.
Cooper, Frieze and Vera considered random vertex deletion [20], and Flaxman, Frieze and Vera
considered adversarial vertex deletion [33], where vertices are deleted while the graph is generated.
Chung and Lu [I8] considered a general growth-deletion model for random power law graphs.

In this paper, we consider a preferential attachment model in which the oldest edges are regularly
removed while the graph is generated. There are two fixed parameters, an integer m > 1 and a
real number 1/2 < p < 1. As the graph is generated, with probability p we add a vertex along
with m edges to random endpoints proportional to their degree. Choices are made with or without
replacement. The vertices are ordered by time of insertion, and with probability 1 — p we remove
all edges that were added along with a vertex, where the vertex is the oldest for which this has not
already been done. This is a new variation of the preferential attachment model, and the focus on
the paper is to find the degree sequence of this graph. The proof method also leads to a partial
result on the existence of a giant component.

In Theorem[4.2] we find the degree sequence of the graph, and show that it exhibits a phase transition
at p = po ~ 0.83, independently of m. If p > pg then the degree sequence follows a power law, while
p < po gives exponential tails. A real-world example of this behaviour is given by family names; in
[72] it is shown that the frequency of family names in Japan follow a power law, while [63] shows
that family names in Korea decay exponentially.

We prove three theorems. The first deals with the degree distribution of any fixed vertex, show
that it is the sum of m independent variables that are either zero or geometrically distributed. We
let G, denote the nth member of the graph sequence described above. The notation given here is
imprecise at this point, but the theorems will be restated with precise notation below.

Let D be the event that at some point of the graph process, the graph contains no edges. The
probability of D is addressed in Lemma and we will be conditioning on D not occurring. At
this point we remark that if the process starts with a graph with wy edges where wy = wg(n) — o
as n — oo, then Pr{D} = o(1). Note that the w in the following theorem is different from wy.

Theorem 4.1. Suppose w = o(logn) tends to infinity with n. Let d(n,v) denote the degree of
verter v in G,. Conditioning on D, there exist functions p(n,v),q(n,v)) € [0,1] and a constant
0 < ¢ < 1/2 such that d(n,v) is distributed as the sum dy(n,v) + da2(n,v) + -+ + dpn(n,v) of
independent random variables with

) 1=a(n,v) +0(n™°), k=0,
Pr{d;(n,v) =k} = { q(n,v)p(n, v)(1 —p(n,v))k_l +0(n~°), k>0,

fori=1,...,m, for allv>njw.
We do not address the degrees of vertices v < n/w. In particular, we present no bounds for the

maximum degree of G,,. We have instead focused on finding the degree sequence and connected
components of G,,.
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The second theorem translates the degree distribution into a degree sequence for G,,. It shows that
the graph follows a power law if and only if p is above a certain threshold.

Theorem 4.2. Let py ~ 0.83113 be the unique solution in (1/2,1) to p/(4p —2) = In(p/(1 — p)).

Let Xi(n) denote the number of vertices of degree k in G,. Conditioning on D, there exists a
sequence {xy : k > 0} such that

(i) if @« < 1 then x) = ko) gnd if o > 1 then there exist constants a,b > 0 such that
zp = ak™" 1 + Ok~ 21log® k), where n = n(p) > 2 is defined for p > poy, and

(i1) for any fixred k > 0, Xi(n) = zxn(l + on(1)) with high probabilitgﬂ.

The third theorem shows that G,, has a giant component if and only if m > 2. This is in contrast
to the classical Barabdsi-Albert model which is trivially connected. Let B(n) = Alnn when p < pg
and B(n) = A/ Inn when p > po for some constants A > 0, n > 2, explicitly defined later. Note
that when p > pg and m is large, Theorem states that the number of vertices which are not in
the largest component is Oy, (c™n) for some 0 < ¢ < 1, since the total number of vertices in Gy, will
be shown to be pn(1 + 0,(1)) whp.

Theorem 4.3. Condition on D.

(i) If m = 1, the largest component of G, has size O(Alogn) with high probability, where A is
the mazimum degree of Gy,.

(ii) If m > 2, there exists a constant & > 0 such that with high probability the number of isolated
vertices is Epn, the largest component contains at least (1 — €)(1 — (13/14)™ Ypn vertices,
and all other components have size O(logn). If p > pg then & = O, (c™) for some 0 < ¢ < 1.

4.1.1 Proof outline

The paper is laid out as follows. In Section [£.2] we define the graph process precisely and define
constants and functions that are central to the main results. Section [£.3]is devoted to Crump-
Mode-Jagers processes, which will be the central tool in studying the graph process. Sections [£.4]

and [£.6] are devoted to proving Theorem and [£.3] respectively.

We will now outline the proof of Theorem Theorem is an elementary consequence of
Theorem and the proof of Theorem [4.3]is heavily based on the method used to prove Theorem
41l

In Section [4.2.1] we will define a master graph I' which contains G; for all t. We will mainly be
proving results for I' and show how they transfer to G,,, but for this informal outline we will avoid
the somewhat technical definition of I and show the idea behind the proofs.

We begin by describing the Crump-Mode-Jagers process (or CMJ process). The name Crump-
Mode-Jagers applies to a more general class than what is considered here, but we will mainly be
talking about the special case described as follows. Fix a constant a > 0 and consider a Poisson
process Py with rate o on [0,1). Suppose Py has arrivals at time 791 < 792 < --- < 79,. The jth
arrival gives rise to a Poisson process Py; on [19;,70; + 1), j = 1,...,k, independent of all other

!We say that a sequence of events &, occur with high probability (whp) if Pr{&,} — 1 as n — oo
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Poisson processes. In general, let s = 0... be a string of integers starting with 0 and suppose
Ps is a Poisson process on [7s,7s + 1). Then the jth arrival in Py, at time 7,;, gives rise to a
Poisson process Ps; on [7s;,Ts; + 1). Here sj should be interpreted as appending j to the end of
the string s. Let d(7) be the number of processes alive at time 7, i.e. the number of processes
Ps with 75 € (7 — 1,7]. Lemma will show that for fixed 7, d(7) is either zero or geometrically
distributed.

We will now explain how the degree of a vertex in the graph process relates to a CMJ process.
Firstly, note that choosing a random vertex with probability proportional to degrees is equivalent
to choosing an edge e uniformly at random, and choosing one of the two endpoints of e uniformly at
random. We will refer to this as choosing a half-edge (e, ) where £ € {1,2}. If e = {v, w} is added
along with vertex v, we say that choosing (e, 1) corresponds to choosing w via e, and choosing (e, 2)
corresponds to choosing v via e. This is described in detail in Section

For the purpose of demonstration consider the case m = 1, i.e. the case in which exactly one
edge is added along with any vertex added to the graph. It will follow from Lemma that if
a vertex vy is added along with an edge ey at time ¢y then with high probability ey is removed
at time ~tg + o(t), where v = p/(1 — p). Note that the degree of vy may still be non-zero after
the removal of ey. If the degree of vy is to increase from its initial value 1, then there must
exist a time Ty with tg < To1 < ~yto + o(tg) at which a vertex vg; is added along with edge egq,
where eg; is randomly assigned to (eg,2). The time Tp; is random and we will see (equation (4.1)))
that log., (Tb1/t0) € (0,1 + o(1)) is approximately exponentially distributed with rate a = «a(p).
Furthermore, if Ty < Ty < - -+ < Ty denote the times at which a vertex is added that chooses
vp via ep, then the sequence (log,(7b;/t0)) can be approximated by a Poisson process with rate
a on the interval (0,1). Let ep; denote the edge that is added at time Tp; and chooses (eq,2)
(if such an edge exists). Then the degree of vy may increase by some edge ep1; added at time
To11 with To1 < To11 < vTo1 + o(Tp1) choosing (ep1,1), i.e. choosing vy via eg;. As above, the
sequence of times Tp11, 1012, - - -, Lo1¢ at which a vertex is added that chooses vy via ey are such
that (log, (To1:/To1)) approximately follows a Poisson process on (log, To1, 1 +log, To1). Repeating
the argument, any edge incident to vy gives rise to a Poisson process, and as long as the degree
of vy is not too large the processes are “almost independent”. Under the time transformation
7(t) = log, (t/to), the times at which the degree of vy increases or decreases can be approximated
by the times at which d(7) increases or decreases in a CMJ process with rate a. This approximation
is made precise in the proof of Theorem [4.1] and shows that the degree of a vertex is either zero or
approximately geometrically distributed.

Now suppose m > 1. Then each of the m edges added along with v gives rise to a CMJ process by the
argument above, and the processes are “almost independent”. The degree of v will be approximated
by a sum of m independent random variables that are each either zero or geometrically distributed.

4.2 The model

Fix m € Nand 1/2 < p < 1. Let G, be the class of undirected graphs on [vg] = {1,...,vg} for
some integer vg such that if edges are oriented from larger integers to smaller, there exists some
integer 1¢ with m < 1g < vg such that a vertex v has out-degree m if v > 1 and out-degree zero
if v < 1. All graphs we deal with will be in G,,. In some places it will be convenient to think of
graphs as being directed, in which case we always refer to the orientation from larger to smaller
integers. We will allow parallel edges but no self-loops.
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Our graph G will be defined by G = G,, for some graph sequence (G;) and some n that grows to
infinity. Each G; will be in G,,,, and we write 1; = 1g,, 1+ = vg,. Given Gy, we randomly generate
Gy41 as follows. With probability 1 — p, remove all m edges oriented out of 1;, so that 1,41 = 1,4+ 1.
Note that edges oriented into 1; remain in Gy41. With probability p, add vertex v;41 = 11+ 1 along
with m edges to distinct vertices, where vertices are picked with probability proportional to their
degree with replacement. In other words, if d(¢,v) denotes the degree of vertex v in Gy, then vy

is added along with edges (v4+1,v;) where vy, ...,v,, are independent with
d(t —1,v)
Pri{v,=v}=—-——+
{ 1 } €(Gt71)
where e(G;_1) denotes the number of edges in G;_;. Rather than using the terminology of v;41
choosing vy, ..., vy, we will say that the m edges ey, ..., e, added at time ¢ + 1 choose v1,..., vy,

respectively. Let d*(t,v),d ™ (¢,v) denote the out- and in-degree of v in G; in the natural orientation.
Write d(t,v) = 0 if v ¢ Gy. The issue of the empty graph appearing in the process is addressed
shortly.

We will assume that the graph process starts with some graph H € G,,, on v = o(nl/ 2) vertices, and
we label this graph Gy, where ty) = 15 + vy in order to maintain the identity 1; + v, =t for every
Gy, to <t <n. Let o € {0,1}""% be such that o(u) is the indicator for if a vertex and m edges are
added at time u + tg, or if m edges are removed at time u + tg. Then v; = vy + Ezztm—l o(u) for
all t > tp, and 1; = ¢t — 4. The entries o(u) are independent and o(u) = 1 with probability p. Say
that o is feasible if it is such that v; > 1; for all t > tg, noting that {o is feasible} = D with D as in
Section For a function w = w(n) such that w — oo as n — oo, We say that o is w-concentrated
if |y — pt| < t'/21nt for all t > n/w. Note that if o is w-concentrated then |1; — (1 — p)t| < t'/2Int
and |e(Gy) — m(2p — 1)t| < mt'/?Int for all t > n/w. Furthermore, if an edge e is added at time
t > n/w then it is removed at time pt/(1 — p) + O(t'/?Int).

Lemma 4.1. Let w = w(n) — oo with n. If the graph process is initiated at H € G, on vy <
wn!/? vertices and vy — 1y = N, then o is feasible with probability 1 — O(cN), i.e. Pr{D} =
O(cN), for some constant ¢ € (0,1). Furthermore, o is w-concentrated with probability 1 — O(n=C)
for any C' > 0.

Proof. Recall that o(t) = 1 with probability p and o(¢) = 0 otherwise. The difference v, — 1; is a
random walk, and the fact that 14 > 1; for all ¢ > ¢, with probability 1 — O(c"V) for some ¢ € (0, 1)
is well known (see e.g. [55, Section 5.3]).

Suppose t > n/w. Then t — ¢ty > n/2w and by Hoeffding’s inequality [57], since pto — vg =
o (n/w)/2) = ot/ nt),

t
Pr {Vt —pt >t/ lnt} =Pr { ( > a(u)) — p(t — to) > pto — vir + 1"/ mt} = ¢ (0" )

u=to+1
Summing over t = n/w,...,n shows that v, < pt + t1/21nt for all t > n/w whp, and similarly
v, > pt — t/21nt for all t > n/w whp. O

4.2.1 The master graph

The above description of G is limited in that it forces one to generate the graph on-line, i.e. vertices
need to make their random choices in a fixed order. Conditioning on ¢ we can define an off-line
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graph I' which contains G} for all . This graph enables us to generate small portions of the graph
without revealing a large part of the probability space.

Fixing a feasible o we define a master graph I' = I'?(H ) which has G; as a subgraph (in the sense
that Gy can be obtained from I' by removing edges and possibly vertices) for all tg <t < n. There
are two key observations that allow the construction. Firstly, if o is fixed, then vy = VHJrZi;tf o(u)
is known for all ¢y < ¢t < n. This means that 1; = t—v; is known, and we know that the m(r;—1;+1)
edges in Gy are those added along with 1;,1; + 1,..., v, for all tg < t < n. Secondly, suppose a
vertex v is added along with edges ey, ..., e, at time ¢ > t3. Rather than using the terminology
of v choosing m vertices vy, ..., v, € Gi—1 with probability proportional to their degrees, we will
adopt the terminology of the edges e; independently choosing edges f; € G;_1 uniformly at random,
then choosing one of the two endpoints of f; uniformly at random. To make this formal, let EJ be
the edges that are in the graph when the edge e is added, noting that if e is added at time ¢ then
E?={m(l4_1 —1)+1,...,my_1} with 1;_1,14_1 determined by o. Then each e; independently
chooses an f; € EZ uniformly at random, along with j; € [2] chosen uniformly at random. If
fi = {u,u'} with v/ < u, then e; choosing (f;,1) means e; chooses v/, and (f;,2) means choosing u.
We say that f; chooses u (or u') via f;. We call a pair (e, j) with j € [2] a half-edge.

Suppose the graph process is initiated with some graph Gy, = H € G, on [vg| with 1y + vy = to.
We will introduce an integer labelling L(e) for the edges e in I'. The L will be dropped from
calculations and we write e; > ez to mean L(e;) > L(ez) and f(e) = f(L(e)) whenever f is a
function on the integers. The labelling is defined by labelling the m edges along with v > vy by
m(v—1)4+1,m(v—1)+2,...,mv. The edges in the initial graph H can be oriented in such a way

that vertices 1,...,1y — 1 have out-degree zero, and 1, ..., vy have out-degree m. We can then
label the edges in H by m(1gy — 1)+ 1,...,mvy in such a way that 1y < v < vy is incident with
edges m(v — 1) + 1,...,mv. Note that under this labelling, every edge e is incident with vertex

[e/m] while its other endpoint v(e) will satisfy v(e) < [e/m].
Definition of I': Fix a feasible ¢ and a graph H € G,,. We define I' = T'7(H) as follows. The

vertex set is [v,] where v, = vy + Z?:_lt %o (i). The graph I' contains H as an induced subgraph on
[vir]. Every edge e > muy is associated with a set (e) = EZ x [2], and makes a random choice
o(e) = (f(e),j(e)) € Q(e) uniformly at random, independent of all other edges. One endpoint

of e is [e/m] (the fixed endpoint) and one is v(e) (the random endpoint). If j(e) = 2 then
v(e) = [f(e)/m]. 1f j(e) = 1 then v(e) = v(f(e)).

Note the recursion in defining the random endpoint v(e) of an edge e. If j(e) = 1 and j(f(e)) =1
then v(e) = v(f(e)) = v(f(f(e))), and so on until either j(f*)(e)) = 2 for some k, or f*)(e) < mvy
for some k, in which case v(e) = v(f¥(e)) is determined by H. Here f(¥) denotes k-fold composition

of f.

We will generate I" carefully by keeping a close eye on the sets 2(e). Let I'g be the graph in which
no randomness has been revealed; in 'y only the edges in H are known, all other edges are free,
and all sets Q(e) = Qo(e) = EJ x [2]. For sets A C {mvyg + 1,mvg +2,...,mv,} of free edges and
RC{m(ly—1)+1,m(1yg—1)+2,...,my,} x [2] of half-edges, define a class G(A, R) of partially
generated graphs as follows. We say that Ie G(A, R) if (i) for e > mvy, ¢(e) is known if and only
if e € A, and (ii) for all e ¢ A we have Q(e) 2 Qo(e) \ R. In other words, if (f,j) € R then for each
e with (f,7) € Qo(e), we may have determined that ¢(e) # (f, 7).

Given a partially generated reg (A, R), we define two operations that reveal more information
about I'. We say that we assign e ¢ A when we choose ¢(e) uniformly at random from Q(e) =
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Qo(e) \ R. For any (f,j) we can reveal (f,j) to find the ¢~ *({f,j}) \ A of edges e ¢ A, free in
', that choose (f,7). We reveal (f,j) as follows. For every edge e ¢ A with (f,j) € Q(e), set
¢(e) = (f,j) with probability 1/|Q(e)|, and otherwise remove (f, ) from Q(e).

Starting with Ty € G(0, () (this class contains only one graph), we can generate I" by a sequence of
assigns and reveals. Given I'; € G(A;, R;), we can assign e ¢ A; to form I';11 € G(A;U{e}, R;), and
we set Ajr1 = A; U{e} and R;11 = R;. If (f,j) ¢ R; is revealed and ey, ..., e, are the edges that
choose (f,7), we get I';iy1 € G(A;U{e1, e, ..., ex}, RiU{(f,7)}), and we set A;11 = A;U{e1,...,ex}
and R;11 = R; U{(f,7)}. We get a sequence I'g,I'1,... where I'; € G(A;, R;) and A; C A;4; and
Ri - Ri+1 for all 4.

Note that in a partially generated graph, if ¢(e) = (f(e),1) where f(e) is free, then we know that
v(e) = v(f(e)), but v(f(e)) is not yet determined. We say that e is committed to f(e). This can be
pictured by gluing the free end of e to the free end of f(e). At a later stage when f(e) is attached
to the its random endpoint v(f(e)), the edge e will follow and be attached to the same vertex.

We will condition on ¢ being w-concentrated for some w in the proofs to follow. In I', this translates
to each e with e > mn/w having EZ = {e/v+0(n'/?Inn),... m([e/m] —1)}, where v = p/(1—p).
Note in particular that |E7| = e(1 — 1/7) + O(n'/?Inn). Note also that for any edge e > mn/w,
the largest f for which e € Ef is f=ve+0(nY?nn).

4.2.2 Constants and functions

In this section we collect constants and functions that will be used throughout the remaining
sections. Fixing p and m, we define
P _pm

p=m2p—1), 5 T T M=,

The constant a will play a central role in what follows. We note that it is independent of m, and
viewed as a function of p € (1/2,1) it is continuously increasing and takes values in (1/2,00). Let
po ~ 0.83113 be the unique p for which @ = 1. When « # 1 define ¢ as the unique solution in
R\ {1} to

Ce®1=9) =1,

Alsolet n=—Invy/InC if @« > 1. If & < 1 then 7 is undefined.

Define a sequence a; by ag = 1 and

o aN k-1
_(_ ao a1 N Y s
“’f‘( a)((k—1>!+<k—2>!+ *“’“) ( a>.:0<k—j—1>!”“—1'

For k > 0 define functions Qy : [k, k + 1) — [0,1] by

and for 7 > 0 let Q(7) = Q|,|(7). We note that Q(7) is discontinuous at integer points k with

Q(k)=ar and Q(k7)=—ae “ay
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where (k™) denotes the limit of Q(7) as 7 — k from below. Define

g(r)=1,0<7<1, q(r)=1+

p(7) = exp {—a /OT q(:v)dx} :

For 7 < 0 we define Q(7) = ¢(7) = p(1) = 0.

Finally, define

In Section [4.6| we will need explicit formulae for ¢(7) for 0 < 7 < 3. We have ap = 1, a1 = —e%/«

and ag = €2*/a? — e*/a, s0if 0 < 7 < 1then Q(7) =1, Q(1+ 1) =7 — e“/a and Q(7 +2) =

%72 —a~ter + €22 /a? — e%/a, and

(=1, qr+1)=1-— (T+2)=1 o
T) =1, T =1- ) T = 1— )
1 1 e —ar e — (1 + 1)ae® + 30272

0< <1

The following lemma collects properties of the constants and functions presented here. Its proof is
postponed to Section [£.7]

Lemma 4.2. (i) Ifa>1then(<a ' andifa<lthen(>1—-at+a2>a"L
(ii) If o > 1 then n > 2.

(i1i) The functions p(T),q(T) are decreasing and take values in [0, 1].

(iv) For any non-integer T > 0,

1 (Q(r)eT)
! = — ]_ d = — .
QM =Qr=1) d qr) = G
(v) If a < 1 then there exist constants A1, A2 > 0 where A\; < « such that for all T > 0,

pr)=1—a+t 2 L0 and q(r) =2+ 0.

(vi) If o > 1 then there exist constants A3, A\s > 0 and a constant C > 0 such that for all T > 0,

A3CT < p(1) S AT+ CCP and q(1) =1— (4 M(T 4+ O(CT).

The proof of Lemma [£.2] is postponed to Section [4.7]

4.3 A Poisson branching process

We now define a process C, called a Crump-Mode-Jagers (or CMJ) process. The name Crump-
Mode-Jagers applies to a more general class than what is considered here, but we will mainly be
talking about the special case described as follows. Fix a constant a > 0 and consider a Poisson
process Py on [0, 1). Suppose Py has arrivals at time 791 < 792 < - -+ < Tog. The jth arrival gives rise
to a Poisson process Py; on [19;,70; + 1), j = 1,..., k, independent of all other Poisson processes.
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In general, let s = 0 % xx be a string of integers and suppose Ps is a Poisson process on |75, 75 + 1).
Then the jth arrival in Ps, at time 7,;, gives rise to a Poisson process Py; on [74j,7sj + 1). Here
sj should be interpreted as appending j to the end of the string s. Let d(7) be the number of
processes alive at time 7, i.e. the number of processes Ps with 74 € (7 — 1, 7], and define b(7) to be
the number of processes born before 7, i.e. the number of s for which 74 < 7.

For a random variable X and p,q € [0, 1], say that X ~ G(p, q) if

1—gq, k=0,
gp(1 —p)F=1, k>1.

Pr{X—k}—{

Lemma 4.3. For all >0, d(1) ~ G(p(7),q(7)).

The proofs of Lemmas and are postponed to Section [4.8

Lemma 4.4. There exists a constant X > 0 such that for 0 < 7 < logﬂf n, as n — 00

(i) ifa <1,
Pr{b(r) > Alun} = o (711) .

(ii) if > 1,

Pr{b(T) > Anl/ hm} =0 <1>

n

where n = —Invy/In¢ > 2.
(i13) If o # 1 then d(T) > Lb(r)/()\logi n)| for all 0 < 7 <log, n with probability 1 — o(n™1).

Let A > 0 be as provided by Lemma [4.4] and define

Alnn, a<l1,
At Mnn, o> 1.

B(n) = {

Given a time 7 > 0 we can calculate b(7),d(7) by the following algorithm, based on the breadth-
first-search algorithm. Here S, S’ are sets of integer strings. The numbers 4, j count the number of
times &, £ have been called, respectively.

0. Let S = {0}, S = {0} and 79 = 0.

1. If S’ is empty, stop and output S and T' = {7, : s € S}. Otherwise choose the smallest s € S’
(ordered lexicographically) and remove it from S’. Let Ly = 1 be the lifetime of process Ps.

2. Let X1, Xsa,. .., X(k41) be independent Exp(a) variables where k > 0 is the smallest integer
for which Xg1 + -+ Xy441) > Ls. If kb > 1, set

Ts1 = Ts + Xs1,
Ts2 = Ts + X1 + X2,

Tok = Ts + Xs1 + Xgo + -+ + X
Add s1,s2,...,sk to S and 5.
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4.4 The degree distribution

This section is devoted to proving the following theorem. Suppose the graph process starts at
H = G, where tg = o(nl/z). Asin Section let D denote the event that 1; > 14 for some ¢t > tg.

Let G™(p, q) denote the distribution of X = X;+ X+ -+ X,,, where X,..., X,, are independent
G(p, q) distributed variables. Let g™ (k;p,q) denote the probability mass function of X. Note that
we define d(n,v) = 0 if v is not in G,,. The functions p(7), ¢(7) are defined in Section [£.2.2]

Theorem 4.1. Let w = o(logn) be such that tg < n'/?/w and w — oo as n — co. Let v > njw,
6 =n"Y2Inn, and 7 = log, (pn/v). There exists a function (1) € [0,1] with ¢(7) = q(7) for all
T ¢ (—=9,0)U(1—9,1+0), such that the degree d(n,v) of v satisfies

Pr{d(n,v) =k | D} = g"(k;p(7),q(7)) + O(B(n)n=21n?n), k> 0.

In Section the idea behind this proof is outlined in the notation of the process G;. The full
proof presented here is based on the master graph I' and will be rather technical, but the idea is
the same. Condition on a feasible and w-concentrated o € {0,1}" 7% see Lemma We will be
considering the master graph I' = T'7(H) defined in Section Let E, be the set of edges in
I' with at least one endpoint in {1,,...,v,}, so that G,, is obtained from I' by removing all edges
not in F,,.

Consider the graph T'y € G(0,0) in which all edges e > mvy are free. Fix a vertex v > n/w, and

let eg =m(v—1)+¢,£=1,...,m denote the m edges adjacent to v. Suppose an edge e > mu is
adjacent to v in I'. Then e must choose ¢(e) = (f,7) for some edge f which is also adjacent to v.
Here j must be 2 if f € {e1,...,e,} and 1 otherwise. In words, for an edge to be adjacent to v in

I" but not in ['g, it must choose the appropriate endpoint of some other edge that is adjacent to v
inI.

We will now make this idea more precise. Consider a partially generated graph Te G(A, R) for some
sets A, R. For (e, jo) ¢ R, we define an operation called exposing (eq, jo), as a sequence of reveals (as
defined in Section [.2.1)). Let Qo = {(eq, jo)}. For i > 1 define Q; = {(e,1) : e ¢ A, ¢(e) € Qi—1}.
Consider the following algorithm for finding the edges in U;>¢Q;. The parts labelled Setup are
not essential to the running of the algorithm, but are included to emphasize the similarity to the
algorithm in Section to which it will later be compared.

The algorithm takes as input sets A, R, a partially generated reg (A, R) and a half-edge (eg, jo) ¢
R.

0. Let S ={0},5 = {0}. Let Q = {(eo,jo)}-

1. If S’ is empty, stop and output S and Q. Otherwise, let s be the smallest member of S’ (in
the lexicographical order) and remove s from S’.
Setup: Let L} = log, (f/es) where f is the largest edge with e, € E7.

2. Reveal (e, js) to find ¢~ 1({es,js}) \ A. Label the edges in ¢! ({es, js}) \ A by es1 < es2 <

-+ < eg (where si denotes string concatenation). Add (eg, 1),..., (es, 1) to @, and add
s1,52,...,sk to S and S’

The partially generated graph is now in G(A U {es1,...,es}, RU{(es,75)}). Set A+ AU
{€s1,-..,est} and R < RU{(es,js)}. Go to step 1.
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Figure 4.1: One outcome of the expose algorithm for m = 2. Here v has degree 9 in I' and degree
4 in G,. All edges in the figure are adjacent to v, but are drawn to indicate which half-edge was
chosen, e.g. ¢(e221) = (e22,1). Free edges are drawn as arrows.

Setup: Let X{; = log,(es1/es) and X[, = log, (ese/ege—1)) for £ =1,2,... k. Set X
oo and €,(x41) = 0.

(k+1)

With input (eg, jo) and T’ € G(A, R), let E((eg, jo),T) be the set of edges e € E, (i.c. edges in G,)
such that e = e, for some s € S.

Lemma 4.5. Let w = o(logn) tend to infinity with n. Suppose either « < 1 and 0 < e < 1/2, or
a>1and0<e<1/2—1/n. Let T € G(A, R) where |A|,|R| = O(n/2*<1og* n) for some k > 1.
Let (eo, jo) & R satisfy eg > mn/w, and let 7 = log,(pmn/eg). There exists a § = O(n~'21nn)
and a function q(1) € [0,1] such that

= 1=a(r) + O(B(n)n~Y2+en? n), k=0
Pr{IE((eo.do).T)| =k} = { G)p(r) (1 - p(r))1 + O(B(n)n V2 In?n), k> 1.

where (1) = q(7) for all 7 ¢ (=5,5) U (1 — 0,1+ 9).

Before proving the lemma, we show how it is used to finish the proof of Theorem Consider the
graph 'y € G(0,0) in which no assignments or reveals have been made. We expose (e1,2) to find
that |E((e1,2),T0)| is asymptotically G(p(7),q(7)) distributed. Exposing (e;,2) gives a partially
generated graph I'; € G(A1, R1) where A; is the set of edges assigned while exposing (e1,2) and Ry
consists of (e1,2) and (e, 1) for all e € A;. By Lemma we have |A1], |R1| = O(B(n)) = o(n'/?)
whp. Apply Lemmal[d.5|to I'y to find that |E((ez,2),T1)] is asymptotically G(p(7), ¢(7)) distributed,
and consider 'y € G(Ag, Ry), where Az \ A1 and Rs \ Ry consist of the edges assigned and revealed
when exposing (eg,2). Repeating this m times keeps the sets A;, R; of size o(n!/?), and we find
that |E((e;,2),1-1)| is asymptotically G(p(7),q(7)) distributed for i = 1,2,...,m. Then

d(n,v) = Z |E((e:,2),Ti-1)]
=1
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and the theorem follows.

The above assumes that each vertex makes its m random choices with replacement. In the process
of determining d(n,v), O(B(n)) edges are revealed. The probability for any edge e to be adjacent
to vis O(B(n)/n), and it follows that the probability that two edges ej, ea with [e;/m] = [ea/m/]
are adjacent to v is O(B(n)%/n) = o(B(n)n~/?). This shows that d(n,v) has the same asymptotic
distribution when choices are made with or without replacement.

4.4.1 Proof of Lemma [4.5|

For i > 1 write X!, = logv(esi/es(i_l)), where we say esg = es. We will show that the collection
{X!:s € S} can be coupled to a collection { X : s € S} of independent Exp(«) variables in such
a way that X! = X, + O(n~'/?*¢Inn) for all s with high probability. The lemma will then follow
from arguing that a CMJ process on [0, 7] with 7 < log, n is robust with high probability, in the

sense that changing interarrival times by O(n~/2*¢Inn) does not change the value of d(7).

The set of edges e with eg € E7 is {eg +i,e0+ i+ 1,...,e,} for some i € [m] and some ef,. Since
o is w-concentrated, there exists a constant C' > 0 such that for all edges e > mn/w, the largest
edge that may choose e is ¢/ where e(y — Cn~121In’n) < ¢ < e(y + Cn~Y21n?n). Fix such a C
and let 01 = Cn~1/2In’n, and let § = O(n~/21In? n) be such that 1 —§ < log, (y + 1) < 1+ 4.
Let 7 = log, (pmn/eg). If 7 < —§ then eg ¢ ', if 6 <7 <1 -0 then eg € Ey, and if 7 > 14§
then ep € I" but eg ¢ E,,. We will be assuming that 7 ¢ (—0,0) U (1 —J,1+ ), and leave the cases
7€ (=6,0) and 7 € (1 — 4,14 ) until the end of the proof.

Now, consider the first edge eg; that chooses (eg,jo), taken to be oo if no edge chooses (eq, o).
Since o is w-concentrated and |R| = O(n'/2+¢1log* n) for some k > 1, we have |Q(e)| = 2ue/pm +
O(n'?Inn) — O(n'/?*2logk n) = 2ue/pm + O(n'/?>*¢logh n) for all e > mn/w. Since ey > mn/w,
if (eq, jo) € Q(e) then

Pr{e chooses (eg, jo)} = g—m +O(n3/* e Ik n),
pe

independently of the random choice of all other edges. Let ¢ € [m] be the smallest number for

which eg € E7 ,;, and suppose y > 1 is such that e € EfyeoJ' Then if z = log, v,

Lyeo]
Pr{ep1 > yeo} = H (1 S O O(n=3/2+ 1p* n))

e=eqp+1i 2M€
e¢ A
pm Lyeo] 1 ) i
_ —3/24
= exp o Z.(e—FO(n “ln n)>
e=ep+1
e¢A
= exp {—ax <1 +0 (’A‘ + /e 1k n)) }
n

= exp {—a:L‘ (1 + O(n~ Y2+ 1k n))} . (4.1)

This suggests that X{;, = logw(egl /eo) is approximately exponentially distributed, in the range of

y for which e € Efyeo I We will couple X{; to an exponentially distributed random variable, and
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the coupling technique will depend on whether or not ey € Ey,,. Define 7 = log. (pmn/ep). As noted
above, 7 > 1+ 0 implies eg € I" and eg ¢ E,,, while 6 <7 <1 —§ implies eg € E,.

Case 1, ey ¢ E,.

Suppose 7 > 1+ §, so that eg ¢ E, under our choice of 0. By choice of d;, there exists a
y € (v — 61,7 + 01) such that yeq is the largest edge for which e € Ef, . Applying with this
y, we have Pr{eg; = 0o} = exp {—a(1 + O(n~/21n* n))}, since log, (v +0) =1+ O(n~Y21In%n).
For L > 0 we define a distribution Exp(«, L) by saying that X ~ Exp(«a, L) if Pr{X > a} =™
for 0 < 2 < L and Pr{X = oo} = e~*L. We will couple X{; to an Exp(a, 1) variable, as described
below.

Condition on ep; and consider egpe, the second edge that chooses eg. Repeating (4.1)) shows that
Pr{eg2 > yeor1 } = exp{—az(14+O0(n""/***1n* n))} where z = log, y, for all y such that eg € Ey,

yeo1”

The largest such y is yeg/eo1 + O(n~/21n%n), and

Y€o — _
log,, <€01 +O(n~ Y2 m? n)) =1— X}, +0(n %1% n).
We will couple X{), to an Exp(a, 1 —X{);) variable. In general, X, will be coupled to an Exp(c,1—
Xby—— X(’)(i_l)) variable, conditioning on X/, ..., X(/)(Z._l).

Case 2, ¢y € E,,.

In the case § < 7 < 1—0, where ey € E,,, we instead couple X{; to an Exp(a, 7) variable, since the
largest edge that may choose (eg, jo) is mv, = pmn + O(n~'/?Inn), the largest edge in I'. We will
couple X{,;, to an Exp(a,7 — X — -+ — X(’)(i_l)) variable.

Coupling the variables: Let 77 = min{1,7}. In terms of Exp(«, L) variables, we can define a
Poisson process on [0,7'] as follows. Let X¢1 ~ Exp(a,7’). Conditioning on Xo1 = zp1 < 1 we

define Xo2 ~ Exp(a, 7" — 201). In general let Xo; ~ Exp(a, 7’ — 201 — -+ — zo(;—1)) until Xop = oo.
Then Xo1,. .., Xox—1) are the interarrival times for a Poisson process of rate o on [0, 1].
We will now describe the coupling explicitly. Let Uyy, Upo, . . . be a sequence of independent uniform

[0, 1] variables. The variable X1 ~ Exp(c, 1) is given by
_ 1 —
Xop = { a 'InUpy, e < Up <1,

00, 0<Up <e™ ™
and for ¢ > 1, conditioning on Xg1 = g1, ..., X0; = To; Where xo1 + -+ 4+ xg; < 1,
—a~!'ln UO(i+1)7 6704(1733017'"7%”) < UO(Z'—!—I) <1,
Xo@i+1) = (=201 ;)
o, 0< UO(i—i—l) < e i TTol Toi),

Define X, = min{log, y : Pr{eo1 > yeo} < Up1}, taken to be oo if the set is empty. Recall that
61 = O(n~Y21nn) is such that 1 — &, < log, (v +d) <1+ d1. Then by and the choice of ¢,
-1
a+ O(n=1/2+e1n* n)
and if Uy < exp{—a(l + 61)} then X, = co. Say that this coupling of X1, X(); is good if either

Xo1, X(; are both infinite, or X, = Xo1 + O(n_l/2Jr€ In” n), and bad otherwise. The above shows
that

if Uy > 670[(1751) then X(l)l = InUp = Xo1 + O(n71/2+5 In* n),

Pr {the coupling of Xy, X{); is bad} = Pr {e_“(H(Sl) < Uy < e_o‘(l_‘sl)}
=0 %% n).
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Suppose i > 1 and condition on the couplings of Xo;, Xg; being good with Xo;, Xj; < oo for all
1 <j <. Define X, = min {logvy : Pr {€0i > yeo(i-1) Xy, ,X(’)(iil)} < U(]i}. We repeat the

above argument to show that the coupling of X, Xo;, conditioning on previous couplings, is bad
with probability O(n=21n?n).

Let Cp be the event that the coupling of the Xy; making up the Poisson process Py is good for
all i. Since the process has O(logn) arrivals with probability 1 — o(n™!), we have Pr{Co} =
1 — O(n~Y?*1n®n). After revealing eg, the partially generated graph T is in G(A’, R'), where
|A"\ A| = O(logn) whp and |R'\ R| = 1. Thus, the coupling argument can be applied to O(n'/?*¢)

Poisson processes with |A|, |R| = O(n'/?*¢In”* n) being maintained.

Let S’(t) be the state of the set S” after Step 2 of the algorithm has been executed t times, and let
S’ (t) be the corresponding set in the CMJ generating algorithm of Section . We just showed that
S'(1) = S’(1) with probability 1 — O(n~'/2*¢1n?n). For any process P, that appears, we apply a
coupling using the technique above, and we have S’(t) = S.(t) for all 1 < t < B(n) with probability
1 —O(B(n)n~Y?*n%n) =1 — o(1). We also have S’(B(n)) = () with probability 1 — o(n~!), by
Lemma [4.4] so

Pr{5'(t) # S.(t) for some t > 1} = o(1).

Condition on the two algorithms producing the same set S of strings. For s = 0sy...5; € S we
have

S1 S2 Sj
Te = § Xoi + E Xosyi + -+ E Xosy...s;_1i»
=1 =1 =1

and the same identity holds with 75, X, replaced by 7/, X]. If s = 0s1...s; let |s| = j be the
generation of s. With probability 1 — o(n™!), each Poisson process has O(logn) arrivals, so each
si = O(logn). Thus 75 is a sum of O(|s|logn) variables X, and if all couplings are good then
7! = 75 + O(|s|n=/2In*+1 n) for all s € S. We need to bound |s|.

Claim: Consider a CMJ process with rate @ > 0 and lifetime 1. Let 0 < 7 < log,n and
S(r) = max{|s| : 7, < 7}. Then Pr {S(r) > log%n} =o(n71).

Proof of claim: Let Py(7) denote the number of processes Ps with |s| = k and 75 < 7. Condition

on Py having arrivals at time x1,...,xy. Then C can be seen as Py together with ¢ independent
CMJ processes C',...,C" on [z1,7],..., [xs, 7] respectively. Then
Z .
Pu(r) =) Pl (1 — ;)
j=1

where P,g_l(T —zj) counts the number of (k — 1)th generation processes started before 7 —z; in C/.
Let U denote a uniform [0, 1] random variable. Removing the conditioning and taking expectations,
we have

e y4

l
E[Pk(T)]:Z g]a ZE[Png(T_U)} :E[Pk—l(T—U)]Z
£20 J=1 >1

a ;= aE[Pi(r - U)].

Here we use the fact that if we condition on a Poisson process on [0, 1] having ¢ arrivals, the arrival
times are independently uniformly distributed. Note that Py(7) = 0 for all 7 < 0.
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We show by induction over k that Py(7) < (a7)¥/k! for all integers k > 0 and all 7 > 0. For the
base case we have Py(7) = 1 for 7 > 0. If P,(7) < (a7)*/k! for all 7 > 0 then if 7 > 0,
E[Pe1(m - U)l = aE[E[P(T - U) | U]]

Ozk(T . U)k Ctk+1 <a7>k+1
< aE _ k+1 _ ke T
=« [ k! } Gy a0 =1 < g

where we use the fact that Py(7) = 0 for 7 < 0, and the induction is complete.

Let k = log?/ n. Then by Markov’s inequality and the bound k! > (k/e)¥,

k log., n
Pr{3s:7s <7 and |s| =k} <E[P(1)] < <%) < <lozan> - O(n=%)
Y

for any C' > 0. Since Py/(7) < Py(7) for any k' > k, the claim follows.
End of proof of claim.

We have shown that with high probability, the graph algorithm produces a set S and a set {7, : s €
S} that matches the set {7, : s € S} of a CMJ process in the sense that 7/ = 7,40 (n~/?* In*+3 p)
for all s. Since d(7) counts the number of 74 in the interval (7 — 1,7), we can finish the proof by
arguing that

{seS:7-1<1s<7}={se€S:e; € E,}. (4.2)
Since o is w-concentrated, every edge e € Ej, satisfies log,(e/eg) € (7 — 1 — O(n~Y%Inn),r +
O(n~'21nn)) where 7 = log, (pmn/ep). Condition on 7{ = 75 + O(n=Y/#+en 3 p) for all s € S.
If is false, there must exist some s € S such that either 7, = 7 — 1 + O(n~/?*<1Inf+3n) or
7o = 7+ O(n~/?*¢In**3 ). The probability of this is O(B(n)n~'/21n*3n), since a CM.J process
with at most B(n) active processes locally behaves like a Poisson process with rate at most aB(n).
This finishes the proof of the lemma for 7 ¢ (—0,d) U (1 — 4,1+ 9).

If 7€ (=6,0)U(l—0,1+0), then (4.2) is false with some significant probability, since one set may
contain s = 0 while the other one does not. The function ¢(7) accounts for this event.

4.5 The degree sequence

For k > 0 let X (n) denote the number of vertices of degree k in G,,. In this section we prove the
following. Recall n = —In~y/In{ > 2, defined when @ > 1, see Section Recall that D denotes
the event that at some point, the graph process contains no edges. The probability of D depends
on the initial graph H = Gy, see Lemma

Theorem 4.2. Condition on D. There exists a sequence {xy, : k > 0} such that

(i) if a < 1 then ), = o*1+x() and if & > 1 then there exist constants a,b > 0 such that
zp = ak™ "1 + Op(k~ " 210g” k), and

(ii) for any fized k > 0, Xi(n) = xxn(1 + 0,(1)) with high probability as n — oo.

Proof. Fix k > 0. We begin by showing that Xi(n) = (1 + 0,(1))E [X(n)] whp. We will use
Azuma’s inequality in the general exposure martingale setting in [5, Section 7.4]. To do this,
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fix a feasible ¢ and consider the master graph I' = I'7(H) for a fixed starting graph H (see
Section . Let T'g be the unexplored graph, as defined in Section and define a sequence
I'y,Ts,..., 'y = T of partially generated graphs. Here I'; is obtained from I';_; by letting edge
mvyg + ¢ make its random choice. Consider the edge exposure martingale Y, = E [Xy(n) | I';]. If
E,, denotes the edge set of Gy, then Xi(n) is given as a function of I' by counting the number
of vertices which are incident to exactly k£ edges of FE,. This martingale satisfies the Lipschitz
inequality |Y7 — Y;7,| < 3, since the degrees of at most 3 vertices are affected by changing the
choice of one edge (see e.g. Theorem 7.4.1 of [5]). By Azuma’s inequality, conditioning on o we
have | Xi(n) — E [Xk(n)]| < n'/?Inn with probability 1 — e~I0* 1) yoting that M = m(vy, — vy)
is of order n. We will show that E[Xj(n)] /n has essentially the same limit for all feasible and
w-concentrated o, setting w = loglogn, and the result will follow since ¢ is w-concentrated with
probability 1 — o(n~!) (Lemma and X (n) < n. Fix a feasible and w-concentrated o for the
remainder of the proof.

Recall that G™(p, q) denotes the distribution of the sum of m independent G(p,q) variables. If
X ~G™(p,q) and k > m then

m y4
==Y (7)Y -0 Tlwa -t
=1 i=1

k1+-+ke=k
k1,...,k¢>0

SO

Here ¢ represents the number of nonzero terms in the sum X = X; + --- + X,,,, and (’;:11) is the
number of ways to write k as a sum of ¢ positive integers. By linearity of expectation,

E [Xi(n)] = Pr{d(n,v) = k}.
v=1

Let w = loglogn. By Theorem [.1] we have

>ope(itnn =k =0 (%) 3 (Priemin.an) =1 +o (PR
v=1

v=n/w

Summing the O(n~'/2B(n) In®n) terms gives a cumulative error of O(n'?B(n)1n3n) n Slnce
cither B(n) = O(logn) or B(n) = O(n*/"Inn) (see Section and 1 > 2 (see Lemma [4.2)
So if k > m and 1, = log, (pn/v), by ({.3)),

n " /m) (k-1 ~ e~ _
ppaml =0 (2)+ X 3 () (5210 -dmm amsn - s @
v=n/w {=1

where (1) € (0,1) and §(7) = q(7) outside (—6,8) U (1 — §,1 + 6) for some § = O(n~"21Inn). For
n/w < v < n we have log, p < 7, < log, (pw) (note that log, p < 0), and for any 7 in the interval,
the number of v for which 7 < 7, < 7+ ¢ is pneln(y)y~" + O(e?). Viewing the sum as a Riemann
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sum, we have

Jim 3 (=G ) P (1 plr))
v=n/w

=p lny/oo (1 —g(r)™q(r)'p(r)*(1 — p(T))kfedT
log., p T

—O(n~Y21nn) +pln7/°° (1- Q(T))m_EQ(T)jﬁ?(T)E(l —p(m)* (4.5)
0

The last identity comes from (i) the fact that g(7) = ¢(7) outside a set of total length O(n~"21Inn),
(ii) the fact that the integral converges since the integrand is dominated by =7 where v > 1, and
(iii) the fact that ¢(7) = 0 for 7 < 0.

Plugging (4.5)) into (4.4) we have

L BIXGM)] s () (B 1) [ (= a() () p(r) (L= p(r)*
lim p =pl 7;<£><€_1>/0 dr.  (4.6)

,-)/T

Let
(1= g(m)™ *q(1)'p(r)" (1 - p(T))H.

fo(r) = T

Our aim is to calculate [~ fo(7)dr.

Case 1: a > 1.
By Lemma we have p(7) > A3(" for all 7 > 0, where A3 > 0. Let (k) = —log((k —
0)/(C'Ink)) for some constant C' > 0, noting that (k) — oo when k — oo. Making C' large enough,

/w(k) fo(r) < (k)1 = AP I)FE < gp(k)e M E = O(k772). (4.7)
0

Here we used the fact that f,(7) < (1 — p(7))F~.

Again by Lemma we have p(7) = A3¢” + O(¢?") and ¢q(1) = 1 — ¢ + O(¢™). Suppose
7 > (k). Then k¢*™ = o} (1) and

ML= Q) (M) (L — Mg

- (1+O(m¢™) + Ok (k¢?T)) .

fe(T)

Indeed, each of the m factors involving ¢(7) contributes an error factor of 1 + O(¢”) and each of
the k factors involving p(7) contributes an error factor of 1+ O(¢?7). We have m(™ = O(Ink/k)
and k¢?" = O(In? k/k), so

fm) = U2 (et -+ 0 (1)), (45)

Note that Az, (,m and ¢ are independent of k and 7.
Claim: If o > 1 there exists a constant ¢, such that

oo FTl(1 _ T\k—4
/ ¢ )»\r3< ) _ C@k_n_é + O(k_"_g_l),
(k) v
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It will follow from the claim and (4.8)) that for some constant cj,

/w :) Fo(r)dr = eyl (1 e <m;1<;>) . (4.9)

Proof of claim: We make the integral substitution u = A3(", noting that 7 = log.(u/A3) so
(recalling that n = —In~y/In(, see Section |4.2.2))

This implies that the integral equals (up to a multiplicative constant)

Cizlnk

L 1 1
/ k—¢ un+f*1(1 o u)kfedu — / uT]+£71(1 o u)k*édu o / uTH*Z*l(l o u)k%du
0 0 C)\:ilnk

= B+ Lk = £+1) +0 (k)

where B(z,y) = 01 u”"1(1 — u)¥~'du denotes the Beta function. Here the O(k~¢*3) term comes

from bounding v < 1 and 1—u < e~ C*snk/(k=0) " Taking C' to be large enough makes the error
O(k="=m=1) (recall that £ < m). As k — oo, Stirling’s formula provides an asymptotic expression
for B(n,k+ 1):

B4+ Lk—04+1) =T+ 0Ok + Ok,

where I' denotes the Gamma function. End of proof of claim.

We finish the proof for a > 1 by noting that by Stirling’s formula, for some constant s,

<I; - i) = sk 1+ O (4.10)

Plugging (4.7), (4.9) and (4.10) into (4.6)) shows that
E [X;(n)] o(m\ (k-1 /OO
—el pl dt
" —ply) AVEEYN fo(7)

=plny) (?) (sek* 1+ O ) (k" + Ok~ n? k))

= (p lnyz (7?) 8402) k717l Ok 2 3 ).
/=1

Here the expression in brackets depends only on p, m, and this is the constant a in the statement
of the theorem.

Case 2: a < 1.
In this case we need not be as careful. By Lemma we have 1 — p(7) = a — A\ /¢7 + O(¢?7)
where 0 < A\ < a and ¢ > 1, so we can write

(1 - a(m)ta(r)p(r)t (22)
/-yT

fo(r) = aFt
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and the calculation of o= (*=0) Jo" fe(T)dT proceeds much like the a > 1 case. We find that
/ fg(’]’)d’i‘ _ ak—fo(kC) _ ak(l-ﬁ-ok(l))
0

for some constant C' > 0. Summing over £ = 1,...,m does not affect this expression. O

4.6 The largest component

This section deals with connectivity properties of G,,. Note that G, is disconnected whp since
one can show that the number of isolated vertices is (n) whp. It is also the case that the set of
non-isolated vertices is disconnected whp, since the probability that a vertex v shares a component
only with its m older neighbors is a nonzero constant, as can be seen by methods similar to those
used in the proof of Lemma below.

In the following theorem, the size of a component refers to the number of vertices in the component.
Recall that B(n) = Ann if & < 1 and B(n) = An'/"Inn if & > 1, for a constant A > 0. Recall also
that D denotes the event that the graph process contains zero edges at some point (see Lemma

1),

Note that the number of vertices in G, is pn + O(n1/2 Inn) whp, so when m > 2 and a > 1,
Theorem states that whp the number of vertices outside the giant component is O,,(c™n) for
some 0 <c < 1.

Theorem 4.3. Condition on D.

(i) There exists a & = £(m,p) € (0,p) such that the number of isolated vertices in G, is En(1 +
on(1)) whp. If & > 1 then § = O, (c™) for some 0 < ¢ < 1.

(ii) If m = 1, all components in G, have size O(Alogn) whp, where A denotes the mazimum
degree of G,.

(iii) If m > 2, whp there exists a component containing at least p(1—€)(1 — (13/14)™Y)n vertices
while all other components have size O(logn).

The remainder of the section is devoted to the proof of this theorem. Let w = loglogn. We fix a
feasible and w-concentrated o, see Lemma We also fix € > 0 with 1/2 —¢ > 1/nif @ > 1 and
e<1/2ifa<1.

We first prove (i). The existence of ¢ is provided by Theorem (ii), so we need only prove that
& = Op(c™) for some 0 < ¢ < 1 when a > 1. Fix a vertex v > n/w. By Theorem [4.1]the probability
for v to be isolated is (1 — ¢(7))™ for some 7. By Lemma [£.2] (vi), o > 1 implies 1 — ¢(7) < ( <1
for all 7, so the probability of being isolated is at most (™. By linearity of expectation we expect at
most ("pn+ O(n/w) vertices to be isolated, accounting for the n/w vertices for which Theorem
does not apply. Theorem [4.2|shows that the number of vertices of degree zero is within O(n'/?Inn)
of its mean with high probability, so the number of isolated vertices is at most 2p{"n whp. This
finishes part (i), and the remainder of the section is devoted to proving (ii), (iii).

The proof will rely heavily on the master graph I' defined in Section We will define an algo-
rithm that searches for a large connected edge set in I', which remains connected when restricting
to the edge set E,, of G,,.
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Orient each edge {u,v} in I from larger to smaller, i.e. v — w if v > u. Then d*(v) = m for all
v > 1y and d*(v) =0 for v < 1. When m = 1, this implies that T is a forest in which each tree
is rooted in {1,...,1x — 1}, and any edge is oriented towards the root in its tree. Restricting to
E,, breaks the trees into smaller trees. Let v € V},. Then there exists a unique vertex u ¢ V,, that
is reachable from v via directed edges in E,,. The connected component of v is T, where T, is the
tree rooted at u of vertices which can reach u via a directed path. This shows that the connected
components in G,, are {T, : u ¢ V,,} when m = 1.

We now show that |T,,| = O(d(n,u)logn) for all w whp. Let u ¢ V,, and let vy,...,v; be the
neighbors of w in V,, and let e; be the unique edge oriented out of v; for ¢ = 1,..., k. Expose
(e1,2),...,(ex,2). For any edge e found, we expose (e,1) and (e,2). Repeating the coupling
argument of Lemma [4.5 one can show that the of descendants of e; can modelled by a CMJ process
of rate 2. The number of descendants of e; is geometrically distributed with rate e=22™ for
7 = log. (pmn/er1) < 1+ O(n~Y21Inn). With high probability each e; has O(logn) descendants,
and it follows that whp |Ty,| = O(d(n,u)logn) for all u ¢ V,,. In particular, the largest component
has size O(Alogn) where A denotes the maximum degree of G,,. In this paper we make no attempt
to bound A.

Let m > 2 for the remainder of the section. We now loosely describe the intuition that will help us
prove the theorem. Suppose eq, ..., e, are the m edges oriented out of v € V,, in G,,. We imagine
splitting v into m smaller vertices v1, ..., v, with d*(v;) = 1 for each 7. In Section we saw that
each edge e directed into v can be traced back to a unique ¢;, in that e either directly chooses (e;, 2)
or chooses (€/,1) for some €’ that chooses (e;,2), and so on. If e can be traced back to e;, we make
it point to v;. Let G}, be the graph in which all vertices in V,, are split into m parts in this fashion.
In G, vertices have out-degree 0 or 1, and we can define trees T, as above for u ¢ V,,. Then each
v € V, is associated with m trees, namely the m connected components of vy, ..., v, in GJ,.

We now make this precise. Let u ¢ V,,. In Section we saw how to find the neighbors of w in V,,
by exposing (e1,2), ..., (émn,2) for the m edges ey, ..., e, oriented out of u in I". We start building
T, by letting u be the root, and the children of u each vertex v € V,, that is adjacent to u. For such
a v, let e, be an edge that was found when exposing (e1,2), ..., (em,2). Expose (e,,2) to find all
neighbors of v that can be traced back to the edge e,. The children of v in T}, will be all neighbors
of v that are incident to some edge that can be traced back to the edge e,. Repeat this for all
v €V, in T,. Note that T,, may not be a tree, since two edges adjacent to the same vertex may be
found when exposing edges.

With this definition, we can partition the edges of G,, into {T}, : v ¢ V,,}. In particular, for each
e € E, there is a unique vertex u ¢ V,, such that e € T,. Write T, = T,,. The idea behind the
algorithm described in detail below is to do a “breadth-first search on the T;,”. Starting with a free
edge xo € E,, we determine (part of) T,,. For any edge f € T,, we expect the other m — 1 edges
oriented out of the same vertex as f to be free. These m — 1 edges provide the starting point for
m — 1 future rounds of the algorithms, and in each round a new T, is determined.

For a vertex vy let Cr(vg), Ca(vo) be the set of edges in the connected component of vy in I', G,
respectively. Starting with a vertex vy and the graph I’y € G((, (), we use the following algorithm
to find a set C(vg) € Cg(vp). An explanation of the algorithm follows immediately after its
description. See Figure for an example outcome of one round of the algorithm.

0. ffv € Vylet C =X = {m(vg—1)+1,...,mu}, and A = R = (0. If vg & V,, set
C=X=A=R=0and Q(x¢) = {(m(vg — 1) +1,2),...,(mvg,2)} and go to step 3.
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1. If X = 0, stop. If X # 0 choose an edge zyp € X and remove it from X. Set Q(zg) =
{(z0,1), (20,2)}, X1(z0) = 0 and Yi(z0) = 0.

2. Choose (1, j1) € Q(xp) \ R uniformly at random.

If z1 € A, do nothing.
If x1 € E,, add D(x1) to X1 (z0).
If x1 ¢ E, and j; = 2, add (z1,2) to H.

If x1 ¢ E,, and j; = 1, choose (z2, j2) € ﬁ(:cl) uniformly at random. Repeat until one
of the following holds:

2.1.)
2.2.)
2.3.)
2.4.)

~ ~~ —~

(24.1) j1i=jo=-+-=Jk—1 =1and jp =2. Add (x1,1),...,(zk—1,1) and (z},2) for
all 2 € D(z) to Q(zo). Set Q(z;) =0 fori=1,2,...,k— 1.
(2.4.2.) j1 =j2 =+ =jr_1 = 1 and z < mvy. Let v be the vertex (in H) corre-

sponding to (zg, jk). Add (z1,1),...,(zx_1,1) to Q(xp), along with (2, j") for
all edges ' incident to v in H, for the proper choice of j'.

Add TQ,T1y--.,Tk—_1 LO A.
3. While Q(xg) is nonempty, repeat the following.

(3.1.) Pick (h,j) € Q(zo) and remove it from Q(zg). Let Y/ = {(h,j)}. Add h to Yi(zo).
While Y’ # ) repeat the following:

(3.1.1) Choose (y,i) € Y and remove it from Y’. For each e ¢ X U A with (y,1) € Q(e),
query whether e chooses (y,1), i.e. set ¢(e) = (y,i) with probability 1/|Q(e)| and
remove (y,i) from Q(e) otherwise. If e chooses (y,4) then add (e, 1) to Y’ and
Yi(zo), and add all edges f # e with [f/m] = [e/m] to Xi(xo) and X. If e € E,,
then also add (e,2) to Y’ and Y7 (o).

4. Set C +— C' U X1(zo) U (Yi(z0) N Ey). Go to step 1.

Explanation of algorithm: We call steps 1-4 a round of the algorithm. At the beginning of
each round, we choose some free edge xg € F, that has been determined to be in C C Cg(ep).
The objective of the round is to build the set T, in order to find free edges X;(xo) which share a
component with xg. See Figure for a typical outcome of a round in which x; ¢ E,,. Note that
part of T, may have been found in a past round.

Step 0 is a preliminary step; if vg € V,, then we feed the m free edges adjacent to vy into X, and
if vg ¢ V,, then we find T, in step 3 and feed any free edges adjacent to T, into X in step 4. We
call this round 0.

The edge zp makes a random choice (z1,j1). If 1 € E,, then T,,, = T,;, and we cut the search short
and find all of T}, in a future round. The reason for this is mainly to make calculations easier in
Lemma In the current round we will find the part of T, that can be traced back to x.

The edge x( has a fixed endpoint [z¢/m| and a random endpoint v(xg). If 21 ¢ E, then v(zg) ¢ Vy,
and we will have T, = Ty, (5,)- In step 2 we determine v(zg). We assign zg to (z1,71), and if j; =1
we assign x1 to (ze,j2), and so on until one of two things happen. If j; = jo = -+ = jp_1 = 1
and jr = 2 for some k then v(xg) = [zx/m]. If j1 = -+ = jr = 1 and zx < mry, then
v(zg) = v(x1) = -+ = v(ag), noting that v(zy) is not random when xy < muyy.
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Figure 4.2: A typical round of the algorithm when m = 2 and z; ¢ E,. Free edges are denoted
by arrows, and e is an edge with [e/m]| = [x9/m] found in a previous round which may or
may not be free. In this example, Yi(x0) = {y1,y2,¥y3,v4,y5} and X1(zo) = {22, 23, 24, 25}. Note
that each member of Yi(xg) N E, = {y2,y3,y4,ys} contributes exactly (m — 1) free edge(s) to
X1(xo). Edges y2,Y3, Y4, s, 22, 23, 24, 25 are added to C, which already contains zy and e. Half-
edges (zo,1), (x0,2), (z1,1), (x2,2), (25, 2), (y1,7), (y2,9), (y3,7), (ya,7), (y5,1), @ = 1,2, are added to
R, and edges o, 1, Y1, Y2, Y3, Y4, Y5 to A. Edges xo,y2,y3,y4,y5 are in T,,. Note that T,, may
contain more edges, not pictured, if some edge randomly chose (x, 1) in a previous round.

At the start of any round, we have sets A, R, X and a partially generated graph Feg (A, R) such
that if e € A then (e,1) € Q(z) only if € X. For this reason, it is not possible that z; € A for
any j > 2, since we only consider j > 2 when z1 ¢ E,,, so x1 ¢ X.

Assuming v(xo) was found, in step 3 we find T}, using a modification of the ezpose algorithm in
Section noting that part of the tree has already been built. We do this by exposing (i) (e, 2)
for the m free edges e adjacent to v(zo), (ii) (e, 1) for all edges determined to be in Ty, and (iii)
(e,2) for the edges in Ty, that are in E,. We take care not to include edges in X, and in particular
if one edge e is determined to be in X then we immediately place the other m — 1 edges adjacent
to [e/m] in X. These rules are included to avoid X decreasing in size.

Entering step 4 we have a set Y7(xg) of non-free edges that are in T, and a set X1 (z¢) of free edges
whose fixed endpoint is also the fixed endpoint of some edge in Y (z9) N E,. If 1 € E,, we have
| X1(z0)| = m + (m —1)|Y1(x0) N Ey|, and if 21 ¢ E,, then | X;(xo)| = (m — 1)|Y1(z0) N Ey|.

End of explanation.

If the algorithm terminates, i.e. X = ) at some point, then C' = Cg(vg). By estimating the round
T at which the algorithm terminates, we can estimate the size of C(ep) via Lemma (ii) below.
Let E. = {e : e > mn/w} be the set of edges for which Lemma applies. In Lemma [4.6] we
estimate 7' by showing that if RN E. (taken to mean {e € E.: (e,1) € R or (e,2) € R}) is not too
large then {|X| : ¢t > 0} is bounded below by a random walk with positive drift.

Lemma 4.6. Suppose m > 2 and let Z be a random variable taking values in {0,1,2} with
Pr{Z =0} =0.26 and Pr{Z =1} = 0.46. Suppose a round starts at xo € X and with |RN E.| <
nl/2+e login. Then | X1(xo)| is stochastically bounded below by Z.
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The following lemma shows that if RN E, is too large for the bounds in Lemma [4.6] to apply, then
we have found a large component.

Lemma 4.7. Let C;, Ry, X; denote the states of C, R, X after t rounds of the algorithm.

(i) There exists a constant A > 0 such that |Ry| < M| Cy| logi n for all t with probability 1 —o(n=1).

(it) For allt, 3|Cy| < |Xy| +t < |Cyl.

The proofs of Lemmas [4.6] and [£.7] are postponed to the end of this section. Suppose the algorithm
is run starting at some vertex vg. If at some point |R N E,| > n!/?t¢ log% n then we conclude that

|Ca(vo)] > A~'n!/2%2 and say that the component (and every edge and vertex in it) is large. If
the algorithm terminates with |X| = 0 then we say that the component is small.

As long as |[RNE,| < nl/?t¢ logi n we will bound | X;| below by a random walk |Xo|+3¢_,(Z; —1)
where the Z; are independent copies of Z as defined in Lemma Here Xy is the state of X after
round 0, and we have | Xo| = m if vg € V,,, |Xo| = 0 if vy ¢ V,, is isolated in G, and |Xo| > m — 1
if vg ¢ V;, is non-isolated in G,,.

The rest of the proof follows from four separate claims.

Claim 1: Small components have size O(logn). Let Xy, R; denote the states of the sets
X, R after t rounds of the algorithm, i.e. when steps 1-4 have been executed ¢ times. Let T
denote the minimum ¢ > 0 for which X; = 0. We have |Cg(eg)] = |Crl|, so by Lemma
(ii), 1|Cq(eo)] < T < |Cg(eo)| with probability 1 — o(n™'). We bound the probability that
clogn <T < nl/2*e for some ¢ > 0 to be chosen.

Suppose t < T. Since | Xy11]| > |X¢| — 1 for all ¢, we must have 0 = | Xp| > |Xy| — (T — 1), so
T > |Xy| +t. Conditioning on Lemma T < n'/2*¢ implies that for all t < T,

|Re| < 2X\(|X¢| + t) logd n < 2An'/**€ log3 n,
SO

Pr {clogn <T< n1/2+5} < Pr {clogn < T < pl/2te

|Ry| < 2xn'/%*¢1og? n for ¢ < T} .

Conditioning on |Ry| < 2An!/?*¢ logi n, Lemmaapplies. We couple | X;|—|X;—1] to independent
copies Z; — 1 of Z — 1, so if | Xo| denotes the size of X after round 0,

t t
Xl = X0l + 0% — Xt = m -1+ 5 (Z - 1).
i=1 =1

Here | Xo| > m — 1 whenever T' > 0.

The process Wy = m — 1+ 3t_(Z; — 1) is a random walk with W, — W;_; € {~1,0,1} and
E[W; —W;_1] = E[Z; — 1] = 0.02. Choosing ¢ > 0 large enough, Hoeffding’s inequality [57] shows
that

Pr{3t > clogn : W; =0} < Z Pr{Z + -+ Z; < 1.01t} = o(n™ 1),

t>clogn

and since | X¢| > W, it follows that with probability 1—o(n~!) the algorithm either terminates after
at most clogn steps, or T' > n'/2%¢_ in which case the component is large. Since %|Cg(€0)| <T<
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|Cg(eg)| with probability 1 —o(n~!), and the number of components is O(n), all small components
have size at most clogn with high probability.

Claim 2: The probability for a non-isolated vy to be in a small component is at most
(13/14)™. Recall that in a small component, |X;| > W; for a random walk W; as above. Since
Wy > m — 1, we have

9 m—1 1 m—1
Pr{3t <clogn:|Xy| =0} <Pr{3t: W, =0} = (822> - <1i> ’

see e.g. [b5, Exercise 5.3.1].

Claim 3: All large vertices are in the same connected component. Suppose v is a large
edge and let X,,, R, be the states of X, R at the point that |R| hits pl/2te log?’y n when the algorithm
is run starting at v. Then the above shows that | X,| > en!/?*¢ whp for some ¢ > 0. Similarly, if w
is a large vertex then | X, | > enlt/2te, Assign all edges in X, U X,,. For every pair e € X,,, f € Xy,
either e € E;{ or f € E7, since edges in X are required to be in the edge set E,, of G,. In particular,
either half the edges e € X, have half of X, in EY, or half the edges f € X, have half of X,, in ES.
In the former case, the probability that no edge e € X, chooses any f € X,, is bounded above by

Q(n1/2+5)
QO(nl/2t+e
(1 - (n)) = exp {—Q(n*)}

n

and in the other case, the same bound holds. So with high probability, any two large edges belong
to the same component. In other words, there is a unique large component.

Claim 4: The large component contains Q(n) vertices. The number of vertices in G,, is
pn+0(n'/?1Inn) since o is w-concentrated. By part (i) of Theorem the number of non-isolated
vertices is(1 — &)n + O(n'/? Inn) whp for some & > 0. By linearity of expectation and Claim 2, the
number S of small, non-isolated vertices in G,, satisfies

1 m—1
E[S]<(1-Y9) (j) n+ O(n'/?Inn).

We note that E[S] = Q(n): when the algorithm starts with X = {z1,..., 2}, the m free edges

adjacent to some vy € V,,, the probability that X;(z;) =0 for i = 1,2,...,m is bounded away from

0.

Write S = i, Su where S, is the indicator variable for v being small. Then E[S(S —1)] =
Zu# E [S,Sy]. Fix u # v. Suppose we run the process starting at v and find that the component
is small. In the process of determining that the component is small, we assign some edges A, and
expose some half-edges R,, where |4,| = O(logn) and |R,| = O(log?n). The probability that u
is in the component is O(log2 ~n/ n). If u is not in the component, the algorithm is run starting at
u on the partially generated I' € G(Ay, Ry). In the statement of the algorithm we assumed that
it is run on 'y € G(0, (), but it can be easily modified to accommodate for I" € G(A4,, R,), and it
will follow that E[S, | S, =1] = E[S,] (1 4+ o(1)). Hence E[S,S,] = E[S,|E[S,] (14 o(1)), and
Chebyshev’s inequality shows that S = E [S]+o(n). Since E [S] = Q(n), this shows that with high
probability,

m—1
S=E[S]+o(n) <(1-9 <ﬁ> n+o(n).

The theorem follows.
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4.6.1 Proof of Lemma [4.6

We first note that Pr{z; € A} = o(1), since if € A then (z,1) € R, and |R| = o(n). If 21 € E,,\ A
then D(z1) C Xi(x0) so | X1(zo)| > m > 2. If x1 ¢ E, we have |X1(zg)| = (m — 1)|Y1(z0) N Ey|.
The lemma will follow from showing that for all m > 2,

Pr{|Yi(zo)NE,| =0 and z; ¢ E,} <0.255

and for m = 2,
Pr{|Yi(zo) N E,| =1and z; ¢ E,} < 0.455.

Throughout this proof we take a ~ b to mean that a = b+ 0,(1). Let (x1,71) be the random choice
of xg. We first note that if 79 = log, (pmn/xo) € [0,1] and 71 = log, (pmn/x1) then for y € [0, 1],

In~y 4
Pr{m —mn <y}l = / v *dx. 4.11
Indeed, (z1,71) is a uniformly random member of Q(zg) = (Eg, x [2]) \ R, and since o is w-
concentrated we have ES = {zo/y+O0(n""21Inn),...,zg—i} for some i € [m]. Since |R| = o(|EZ,|)

and Q(z0) D (EZ, x [2]) \ R, we can view z; as essentially being a uniform member of EJ . Then
1 — 79 = log,(wo/71) is exponentially distributed, truncated to [0,1] as in (4.11)). In particular,
since z1 ¢ E, when 71 > 1+ § for some § = O(n_1/2 Inn).

In~y ! 0 —1

v Fdx =
1=1/7 )14 v -1

Pr{z; ¢ E,} = <79. (4.12)

Claim A: Let m > 2 and zg € E,,. Then Pr{|Yi(z9) N E,| =0 and 21 ¢ E,} < 0.255.

Proof of claim A: Let m > 2 and fix an edge xy € E,. Suppose x; ¢ E,. In step 2 of the
algorithm we then find a chain of edges x1,zs,...,zx for some random K. Since |R| = o(n®*)
and |Q(z;)| = Q(n/w) for all z; > mn/w, we have Pr{j; =1} = 1/2 + o(n~/4) for all i, and K
is approximately geometric with mean 2. In particular, since log, (z;/xi—1) <1+ o(1) for all i we
have zx > mn/w with probability 1 — 0,(1). Condition on this.

We will consider two subsets of Yi(zg). Let R(xg) be the edges found when exposing (z¢, 1) and
(z0,2), and let L(xzg) be the set of edges in E,, found by exposing (z1,1), (z2,1),...,(xx-1,1) and
(2%, 2) for all 2% € D(zk). Then

Pr{|Xi(z0) = 0]} = Pr{[R(z0)| = |£(z0)| = 0},

and we now argue that |R(xo)|,|L(xo)| are essentially independent. We find R(x¢) by exposing
(zo,1) and (x0,2). By Lemma the number of edges found is asymptotically geometric, and in
particular is O(logn) whp. Initially [€2(e)| is of order n for all e > xg, so exposing O(logn) edges
only shrinks Q(e) to Q(e) of size |Q(e)| = |2(e)|(1 — o(1)). When |L(zg)]| is calculated, starting
with €(e) instead of Q(e) for e > xo makes an insignificant difference to the result, and we have

Pr{[R(zo)| = j1 and [L(x0)| = j2} = Pr{|R(z0) = ji}Pr{|L(x0)| = ja}.

Let 79 = log, (pmn /). Since o is w-concentrated we have 79 € (—d, 149) for some § = O(n'/?Inn),
see Lemma Assume for now that 79 € [0,1]. Let E(xg,7) denote the set of edges in E,, found
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by exposing (z¢,4). By Lemma |E(x0,1)| is asymptotically geometrically distributed (nonzero
since xg € E,) with rate e~ for i = 1,2 so

e j=0,
Pr{‘R(‘TO)’ = ]} ~ 26—2a7'0(1 . 6—047'0) j=1. (413)

Now consider the chain z¢g > x1 > .-+ > xx where z;_; chooses (z;,1) for 1 <i < K —1 and xx_;
chooses (7,2). If K =1 and a1 ¢ E,, then Pr{|L(z0)| =0} =~ (1 —q(n1))™ < (1 — q(71))? by
Lemma where 7 — 79 can be approximated by a truncated exponential as above, so

1 Invy /1 (1 —q(70 + ))?
Pr{|L(zg)|=0, K=1and x E,} < - dr.

In Claim C we show that for all « > 1/2 and 79 € [0, 1],

1 Invy L1 = q(mo +2))?
21— 1/7/

70

dr < .
1—79 Fyx v 2e — 61/2

If K > 1, then L(xo) = 0 only if E(zy,j1) = E(x2,j2) = 0. If ; = log, (pmn/x;) denotes the age
of x; then the probability of E(z;,j;) being empty is 1 — q(7;) < 1 — q(70 + @) for i = 1,2. Here
we used the fact that ¢(7) is decreasing, see Lemma (ii). Since Pr{K > 2} =1/2, we have by

ED. .
Pr{|L(z0)| =0, K >2and 21 ¢ E,} < 50(1 —q(ro+ 1)1 = q(r0 + 2)).

The function ¢(7) is defined in Section and we have

1 e® — ary

e — arp e2® — (19 + 1)oe® + 1a27¢’

(1 —g(ro+1)(1—q(r0+2) =

We show in Claim C that this is at most 1/(e — /% +1/8). So

Pr{|Yi(zo)NE,| =0 and z; ¢ E,}

n 1 — (T x 2

1 1
<Tpe 20 + .
=0 (26—61/2 2(6—61/2+§)>

Let Ly denote the expression in brackets, and note that Ly < 0.69. We have e 2270 < ¢! for
a>1/2 and 19 € [0, 1], so

Pr{|Yi(zo)NE,| =0and z; ¢ E,} < e -0.69 < 0.255.
End of proof of claim A.
Claim B: Let m = 2 and z¢ € E. Then Pr{|Yi(z9) N E,| =1 and 21 ¢ E,} < 0.455.

Proof of claim B: We note that while £(xg) and R(z() do not necessarily partition Y;(z¢) N E,,
it is the case that

Pr{[Y1(z0) N En| = 1} < Pr{[L(z0)] = 1, |R(z0)| = 0} + Pr{|L(z0)| = 0,[R(x0)| = 1}
~ Pr{[L(z0)] = 1}Pr {|R(x0)| = 0} + Pr {|L(20)| = O}Pr {|R(x0)| = 1}.
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We calculated the probability that |R(xg)| = 0,1 in (4.13)). For the probability that |L(xo)| = 1,
let zx 11 denote the edge added along with xx (so |zx41 — zk| = 1). Let ; = log, (pmn/x;) for
1=0,1,..., K+ 1. Then

k+1
Pr{|L(zo)| =121 ¢ E,} <Y Pr{K =k} qm)p(n) [] (1—alr)
k>1 i=1 1<j<k+1

J#i

where ¢ denotes the edge whose exposure contributes to L(zg). We use the bound 1 — ¢(7;) <
1—¢q(70+1) whenever 1 —q(7) is involved in the product (i.e. when i > 1), and bound p(7;)q(7;) <
p(1)g(1) for all i > 1 (which follows from p(7), ¢(7) being decreasing, see Lemma (i) to get

Pr{|L(r0) = 1] a1 ¢ Bu} < 3 oep(a(1) (14 k(1 — gl + 1))
k>1

2
e *l—e™) |14 ——
e Y(l—e )( +6a—047'0)

Sl 2
~ 4 el’2—-1/2)"

This bound holds for all a > 1/2, 1 € [0,1]. Let Ly = 1/4 + 1/(2¢'/2 —1).

We now bound

Pr{|Yi(xg) NE,| =1 and 1 ¢ E,} <Pr{|R(xo)| = 0}Pr{|L(x0)| =1 |21 ¢ E,}Pr{z1 ¢ E,,}
+ Pr{|R(zo)| = 1}Pr{|L(z0)| =0 and 21 ¢ E,}

<mpe 20, + 27’()672&70(1 —e ) Lo

1 1
<-Li+ —(1—e %)Ly,
e ae

where we used the fact that 7oe~29™ viewed as a function of 79 has a global maximum at 7o = 1/2a,
so Tpe 2270 < 1/(2ae) < 1/e, and we also used 1 — e 2™ < 1 — e~ Finally, (1 — e )/(ae) is
decreasing in «, so

Ly

2
Pr{|Yi(zo)NEy| =1and 21 ¢ E,} < = + =(1 — e Y?)Ly < 0.455
(& &

End of proof of claim B.
Claim C: The following two inequalities hold for all & > 1/2 and 7y € [0, 1]:

1

1—qg(ro+ 1)1 —q(ro+2) < ———, 4.14

( q(TO ))( Q(TO )) — e — 61/2 + 1/8 ( )
and . )

1 1—

2 - 2/'7 1-79 e 2e — el/?
Proof of claim C: To emphasize the dependence on a we briefly write ¢(o,7) = ¢(7). For
70 € [0,1] we have

(m+1) = ———, gla,m+2) = ¢” —on
q\&, T et — OZTO’ q &, 7o - 020 _ (TO I l)aea n %a27-2 .
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Suppose a1 > as and let C; be a CMJ process with rate a;. Mark any arrival red with probability
ag/aq, and consider the CMJ process C, on the red arrivals. This will have rate as, and if C,
is active at time 7y then so is C. This implies g(ay,7) > g(ag,7) for all 7, since g(a, 7) is the
probability that a CMJ process of rate a is active at time 7. So for any « > 1/2, 79 € [0, 1],

1

1
1—qla,mp+1)<1 q<2,7'0—|—1> YR (4.16)
and 12
1 (& —7'0/2
1—gqla,70+2)<1- —T0+2) = . 4.17
q(a, 10 +2) q<2 0 > w2 28 (4.17)

Consider multiplying (4.16]) and (4.17)). It is easy to confirm that e — T(’T'Hel/ 2 4+ 72/8 is decreasing
for 79 € [0,1], and (4.14]) follows.

Now consider (4.15)). First note that a =

Invy = In~. We have

_1
2-2/y

1 ! 1-— 2 1 70
= / Udm +v) dx:/ . gdﬂfz/ 1 . 5dz.
2— 2/7 1—79 ¥ 1—7o vx(eo‘ — Oé(x + 70 — 1)) 0 rym+ —70 (60‘ _ a$)

Fix 79 and let f(a,z) = a/(y*T1"™(e* — ax)?) for 0 < x < 179. We will show that f(a,z) <
lim,_,q/2 f(c, ) for a > 1/2 by showing that f(c,z) is decreasing in . To calculate the derivative

p
4p—2

of v~ (@+1=70) with respect to «, we note that since o = ﬁ In -,

dy  (2y-27 2y-2 2y — 2

doz_27—2—21n’y_1—ﬁlnfy—1—2a/7'

Since Iny <y —1 we have 1 < 2a =1In~/(1 —1/v) <+, so

d -1

= > 27.
da v — 2« 7

In particular,

d
%ry_(iﬂ""l—To) — 7(1/, + 1 . 7_0),)/—(14-1—7'0)

1dy

72 1 o —(:E—‘rl—TO)‘
5 da < —2(z+ 70)Y

Now for 0 <z <79 <1 and a > 1/2, since e* > 1/2 + ax we have

ﬁ = 1 + o i —(z—70+1) | _ 20((e” — )
oo - ,-y;r-&-l—To (ea _ Ck.%')Q (60‘ _ 0437)2 do ,-Yx—To—&—l(ea _ Ct.f)?’
1 2x 41— 719 2a(e®* — )
< ,7:1:+177'0 (ea _ OéI')2 - ,7334»177'0 (ea _ OLIL‘)z o ,yxfToJrl(ea _ OéZL‘)3
1
= T gy (¢ 0%~ 2a +1-m)a(e” — az) — 2a(e” ~x))
1
< (8 — ag)? (e — axr — 2za(e® — arx) — 2a(e” — x))
1

= S P (e*(1 —2a) — 2ax(e* — ax — 1/2))

< 0.
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Noting that v — 1 as @ — 1/2, this implies

/ ’ “ de < / —C ! ! o
"L‘ f— —_— = .
0 7T (ed — ar)? o (@2 _z/2)2 " A2 _1j2  el2  2e12(el/2 — 1y /2)

Then ([&.15)) follows from e'/2 — 75/2 > e'/2 —1/2.
End of proof of claim C.

4.6.2 Proof of Lemma (4.7

Recall Lemma

Lemma 4.7. Let Ci, Ry, X3 denote the states of C, R, X after t rounds of the algorithm.

(i) There exists a constant A > 0 such that |Ry| < M| Cy| logi n for all t with probability 1—o(n=1).

(ii) For allt, 3|Ci| < |Xy| 4+t < [Cyl.

Proof of (i). The key observation is that by Lemma (iii) and Lemma if e > mn/w
and we expose (e, j) then there exists a A > 0 such that |E(e,j) N E,| > L|E(e,j)|/()\log3 n) | with
probability 1 —o(n~1) . Here E(e, j) denotes the set of edges found when exposing (e, 7). Condition
on this being the case for all O(n) half-edges exposed over the course of the algorithm. To avoid
rounding, we note that if |E(e,7) N E,| = 0 then |E(e, )| < )\login and if |E(e,j) N Ey,| > 0 then
[Ele, )] < 2\|E(e,§) 1 By log? .

The above holds if e > mn/w. If e < mn/w and (e,j) € Q(x), Lemma does not apply to
exposing (e, 7). In this case, reveal (e, j), i.e. find all f such that ¢(f) = (e, 7). Note that
E(e,j) = {(e,4)} U U B
(f1):fed=1(e,d)

Remove (e, j) from Q(x) and replace it by (f,1) for all f € ¢~ 1(e, j). Repeat this until all (e, j) €
Q(z) have e > mn/w. Let () be the end result of this process.

Recall that E, is the set of edges e with e > mn/w. We have

t t

ReOE < S 2MWale) N El, (Gl 2 Yilas) 0 Bl
i=1 i=1
and in round 4,
Vi) NEl= Y [Bled), Mi(z)NE= Y [E(e,j)NEnl.
(e,5)€Q’ (z) (e.5)€Q (i)

Letting (e1,J1), ..., (es,js) € U;Q'(x;) be the half-edges exposed in the first ¢ rounds of the algo-
rithm, we then have

S S
|ReNEe| <2 |Eles, ji)l,  |Cil = |E(ei, ji) N Enl.
=1 i=1
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Let I; be the indicator variable for |E(e;, j;) NV Ey,| > 0, and let I = I +---+ I5. Then by the above,

|R: N Ec| <2(s— I))\logi n+ 2\ loggn Z |E(es, ji) N Ey| =2(s — I)/\log?yn + 2X|Cy| log% n,
;=1

and we will show that s < I'logn < |Cy|logn.

Every edge exposed in the process is in E., so the probability that I; = 1 is, by Lemma q(7)
where 7; = log, (pmn/e;). For all i, 7; < log,w, and ¢(7) is decreasing by Lemma , S0
I; = 1 with probability at least g(log, w) > Xa(™ logy @ where Ay > 0, see Lemma Let ¢ > 0
be such that ¢(7;) > w™¢ for all i. Then I can be bounded below by a binomial random variable
J ~ Bin(s,w™°). Suppose s > 4w?“logn. Then Hoeffding’s inequality [57] implies

Zen 2
Pr {I < sw_c} < Pr{J < sw_c} < exp {—2 <w2 ) s} <n2

Since |Cy| > I, This shows that with high probability, if s > 4w?“logn then s < Iw® < |Ct|w® and

|R: N Ec| < 2(s — I)Alog2 n + 2X|Cy| log? n < 3X|Cy|w” log? n.
If s < 4w?*logn then |C;| > 0 implies
|R; N Ec| < 42w log? n < 4Xw®(|Cy| + 1) log3 n,
and since w?® = (loglogn)? < log, n for n large enough, this finishes the proof of (i).
Proof of (ii). In each round we have |X;(z)] = m + (m — 1)|Yi(z) N E,| if x; € E, and

| X1(z)| = (m—1)|Yi(x) N E,| if x1 ¢ E,. In particular, |Yi(z) N E,| < | Xi(2)]/(m—1) < |Xi(x)].
If z; denotes the starting edge of round ¢ then
t t
Col =m+ ) 1 Xu ()| + [YVi(w) VB, Xl =m+ ) | Xu(a)] -1,

i=1 =1
SO
t ¢
(Col = 1Xe| =t =) Yi(a) N Eal <) 1 X0 (20)] = [ Xe| + t.
i=1 i=1
It follows immediately that 5|Cy| < |X;| 4+t < |Cy].

4.7 Proof of Lemma 4.2

In this section we prove Lemma [4.2] in which we collect useful properties of the central constants
and functions defined in Section £.2.21 We will restate the definitions here to make this section
self-contained. Firstly, the integer m > 1 and the real number 1/2 < p < 1 are the parameters for
the graph process, and we define

1—-p’ 20 4p — 2

p=m(2p—1), =~ Invy.
We let pg =~ 0.83113 be the unique p for which a = 1, and when « # 1 we define { as the unique
solution in R\ {1} to

¢e®1=0 =1, (4.18)
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If @« > 1 define n = —In~y/In(. If @ < 1 then 7 is undefined.

We define a sequence a by ag = 1 and

)_l

ar = (—) S L k>1 (4.19)

:o _]_1

.

For k > 0 define functions Qy : [k,k + 1) — [0,1] by

k a
:Z(k_

J=0

— k)k—j

)

and for 7 > 0 we let Q(7) = Q||(7). We note that Q(7) is discontinuous at integer points k with
Q(k) =ar and Q(k7) = —ae “a (4.20)
where (k™) denotes the limit of Q(7) as 7 — k from below. Define

Q(r—1)
aQ(r)

p(7) = exp {—a /0 Tq(m)d:c} .

For 7 < 0 we define Q(7) = ¢q(7) = p(7) = 0.

qr)=1,0<7<1, q(r) =1+ > 1.

Finally, define

Lemma 4.2. (i) Ifa>1then(<a ' andifa<lthen(>1—-at+a?2>a"!
(ii) If o> 1 then n > 2.

(i1i) The functions p(T),q(7T) are decreasing and take values in [0, 1].

(iv) For any non-integer T > 0,

Q) =Qir-1) and gfr)= L OD

a Q(r)eet
(v) If a < 1 then there exist constants A1, A2 > 0 where A1 < « such that for all T > 0,
_ )\1 —27 )\2 —27
p(T)—l—oM—F—i-O(C ) and q(1)= C—T+O(C ).

(vi) If o > 1 then there exist constants Az, Ag > 0 and a constant C' > 0 such that for all T > 0,

AsCT < p(1) < As¢T+ O and q(t) =1—C+ M(T +O(CT).

Proof. Proof of (El) Let o # 1. The function z — ze*(1~?) is strictly increasing for z < o~ !
and strictly decreasing for > a~!, and its global maximum at z = o' is a7 !'e®~! > 1. The
two solutions x1, xo of ze®(1=%) = 1 must satisfy 1 < a™! < 29, and ¢ < o~ ! for o > 1 follows
from the fact that ¢ is the solution which is not 1. When « < 1, it is straightforward to plug in
z=1-—a"'+ a2 and confirm that ze®1=*) > 1, which shows that ( > 1 —a 14+ a2 >a L
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Proof of . Let a > 1, s0 p > pg = 0.83. To see that n > 2, we first note that the definition of
a giveslny = a(4 — 2/p) and the definition of ¢ gives In¢ = —a(1 — (), so

2
Iy 43
= 1
T="m¢ T 1=¢"
since 4 — 5>1f0rp>p0%083and1—c<1—a_1<1by. Now, (4 —2/p)/(1 —=¢) > 2 is
equivalent to ( +1—1/p > 0, and > 1 and v > 1 implies

Cal—tomemy _1ZPm )
p p

Proof of (iii). Lemma shows that ¢(r) = Pr{X > 7} for a random variable X, namely
X =min{z > 0:d(z) = 0} in the notation of Lemma and follows immediately.

Proof of . Suppose k > 1 is an integer such that £ < 7 < k4 1. Then follows from the
fact that

(r— k:)k_j_1 =Q(r—1).

P
T dr ]:0 ! = (k—j—1)!

The case 7 < 1 follows from the fact that Q(z) = 0 for all z < 0.

Proof of (v), (vi). We now need to look closer at the sequence {aj}. Let A(z) denote its
generating function. From (4.19) we have

k-1

D=1+ () St e X g
Jj= kj+1

[0}

e
—1-%efa
e (2)

so A(z) = 1/(1 + a~1ze**#). The sequence b, = (—a)¥a; then has generating function

1
1 — zex(l=2)"

B(z) = A(—az) =

This has simple poles at z = 1 and z = ¢, with residues 1/(a — 1) and (/(a¢ — 1) respectively.

Then
— 1 1 ¢

B(z) = — _
R A () I (R To (=)
is analytic. Writing 8 = (1 —a()™!, the power series representation of B(z) is by, —1/(1 —a) —/C*.
Since B(z) is analytic, Cauchy’s integral formula shows that for any ¢ > 0,
1 5
Ck

bk:: + Ok(F).

In the remainder of the proof, fix 0 < e < (1.
Using and (4.20) we have, for any integer k > 0,

_ ‘ Qy—l oG-U 11
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and ¢(k) =1+ Q(k—1)/(aQ(k)) =1 —bg—1/bk. If & <1 then ¢ > 1 so for integers k,

K ok (4 bk—l) P — oy B—(B+O((TF)
q(k)¢" = ¢ <1 b ) = b =" o n

—

=B1-a)(1-C)+0(¢")

and we set Ao = (1 —a)(1—-¢) = (1 —a)(¢ —1)/(a¢ — 1). Recall that p(k) = 1/b;. By Taylor’s
theorem we have 1/(a + br) = a~' — ba—2z 4+ O(2?) for any constants a, b # 0, so with x = (¥

(p(k) — (1= a))¢* = ( o 0 a)) ¢ = —B(1—a)? +0(CH)
l1-a ¢k

and we set A\; = —3(1—a)? = (1—-a)?/(al—1). Here ¢ > 1—a~ ' +a~2 (from ) implies A\; < a.
Suppose @ > 1. Then 0 < ¢ < a~! and

k) —(1— by —be1  SEHO0ERYH) -0 -a
q()CIE O:Ckgkb:1:15+0(§k) _( g{)(1 C)+O(<k)

and we set Ay = (1 — {)(1 — aC)/(a — 1). From the definition (4.18]) of ¢ we have

pé:) = exp {_0‘ /OT q(x)dx — TIDC} = Xp {_a /OT(Q(x) - O)dx}

and since ¢(7) decreases toward 1 — ¢ at an exponential rate, the integral converges as 7 — oo and
p(7)C7 is decreasing. Again considering integer values k, we have

p(k) 1 1
¢t bk B+ 0O(¢R)

=1-al+0(h

and we set A3 =1 — a(.

The above shows the asymptotic behaviour of p(7), ¢(7) for integer values of 7. Since both functions
are monotone, the same asymptotics apply to non-integer values of 7. From it follows that
A1, A2, A3, Ay all are positive. ]

4.8 Proof of Lemmas [4.3]

Recall Lemma
Lemma 4.3. For all >0, d(1) ~ G(p(7),q(7)).

Proof of Lemma[{.3 The process is a Crump-Mode-Jagers process, a class of processes which were
studied in general in companion papers [21], [22]. Define

F(s,7) =Y Pr{d(r) = k}s".

k>0

In [22] it is shown that the probability generating function satisfies
F(s,T)zseXp{a/ (F(s,u) = 1) du},0§7<1 (4.21)
0

F(s,7) = exp {a/:_l(p(s,m _1) du} el (4.22)
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We will show that F'(s,7) = F(s, ) where

= p(r)q(7)s

F(s,7)=1—q(7) + =1+ a(r)(s — 1)

1—s(1—p(7)) 1—s(1—p(7))
with p(7), ¢(7) defined in Section This is the probability generating function of G(p(7), ¢(7)).
Firstly, when 0 < 7 < 1 we plug ¢(7) = 1, p(7) = e~7 into (4.21]), and via the integral substitution

w = e,
T s—1 T (s—1)e
1 —1) du, = ——d
seXp{a/o < TSI e > u} SeXp{a/o s+ (1 — s)e u}

se /6” s—1 dw
= X _—
P 1 st+w(l—ys)

=sexp{—In(s — (s —1)e*")}

—QT

se
1—s(1—ea7)

confirming that ﬁ(s, 7) satisfies (4.21)).

For 7 > 1 we have

exp {a/;(ﬁ(s,u) ) du} ~ exp {a/:_l %} du

and since p(u) = exp {—a [ ¢(x)dz}, the substitution v(u) = Inp(u) with dv/du = —aq(u) yields
T _ v(7) —
o / =) / 1=
T—1 1—s+ Sp(u) v(r—1) 1— s+ se”
v(T) v
-/ (1 - ) v
o(r—1) 1— 5+ se?
and substituting w = eV gives, as above,

v(T) v e(7)
/ (1—8€> dvzv(7‘)—v(7‘—1)+/ #dw
o(r—1) 1— 54 se? ev(r—1) 1 — s+ sw

1— s+ sev(™1)
1— s+ sev(™) '

:v(T)—v(T—l)-i-ln(

So since v(u) = Inp(u),

T _ p(1) 1-s+sp(r—1)
exp {a/T_l(F(s,u) -1) du} =D 1—stsp) (4.23)

We have 1 — ¢(7) = p(7)/p(T — 1) (see (4.25))), so

p(r) 1—s+sp(r—1) (1—-s5)1—q(7))+sp(r) _ g(r)(s—1) _ 7.
p(r=1) 1—s+sp(r) 1—s+sp() _1+1—s+sp(7')_F(’ ) (4.24)

Now (.23) and (£.24) imply that F(s,7) satisfies (£.22).
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To see that 1 — ¢(7) = p(7)/p(T — 1), recall from (4.20) that Q(k)/Q(k™) = —1/(ae®) for integers
k, and from Lemma we have ¢(7) = a1 (Q(7)e*™) /(Q(7)e®™) for non-integer values of 7.
So the integral of ¢(7) is ™! In(Q(7)e®T), and

p(’;@l) :exp{—oc/T;q(x)dx}

_ Q= 1)e D (lr el
Qe Qe

_ —Q(r—1)
aQ(T)
=1—q(7). (4.25)
The last equality comes form the definition of ¢(7). O

Recall Lemma (.41

Lemma 4.4. There exists a constant A > 0 such that for 0 <7 <log, n, asn — oo

(i) if a < 1,
Pr{b(t) > Alnn} =o <711> .
(ii) if a > 1,

1
Prib At Minnt =o( =
7’{ (1) > An nn} O(n)
where n = —In~vy/In¢ > 2.

(i1i) If o # 1 then d(T) > U)(T)/()\logi n)| for all 0 < 7 <log, n with probability 1 — o(n™1).

Proof of Lemma[.4 Each Poisson process has lifetime exactly 1, so

and in particular,

b(t) < [r] max d(k). (4.26)

From Lemma [.3] we have

Pr{d(r) > £} = q(7)(1 — p())".
For a < 1, Lemma , imply that 1 — p(7) < «, so

P d(k) > —21 < —2logan — (71,
{ o () > ~2logn} < [l o(n )
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For a > 1, Lemma , imply

1/n < _ [T1\An'/"Inn < _ []..1/n
Pr{ogg}[{ﬂ d(k) > An lnn} < [7](1 = As¢!'™) < [7] exp{ MsC!Tin lnn}

and since 7 < log, n and ¢logypl/m =1, this is o(n~!) for A large enough.

Assertion (iii) follows from (i) for o < 1. Suppose o > 1. The claim will follow from showing that
we can choose A, B > 0 so that if 7 <log, n,

Pr{3z €[0,7] : d(z) > Alog., n and d(7) < d(z)/B} = o(n™1). (4.27)

Indeed, suppose b(7) > A(log, n)2. Then by (4.26) there exists some x < 7 for which d(z) >
b(r)/T > Alog, n. It will follow from (4.27) that d(r) > b(r)/(Bt) > AB~'b(r)/log, n with
probability 1 —o(n™1). If b(7) < A(log,, n)? we choose A > A so that d(7) > 0 = Lb(T)/(Clog% n)|.

If 2" < 7 is such that d(2') > Alog, n Poisson processes are active, then either (i) at least d(z’)/2
of the processes are still active at time 2’ + 1/2, or (ii) at least d(x’)/2 of the processes were active
at time 2’ — 1/2. In either case, there exists an x < 7 such that d(z) > %log7 n and at least d(z)/2
processes are active at time x + 1/2. If z > 7 — 1/2 then d(7) > d(z)/2, so suppose x < 7 — 1/2.

Suppose P; is a process which is active at times = and x + 1/2. The probability that P; has at
least one arrival in (z,z 4 1/2) is 1 — e=®/2. Suppose P; has an arrival at time z; € (z,z + 1/2).
Then the process starting at time z; can be seen as the initial process of a CMJ process C; on
[zi, 7]. Since o > 1, the probability that C; is active at time 7 is ¢(7 — ;) > 1 — ¢ (see Lemma [1.2]
and ) In other words, if X; is the indicator variable for P; having an active descendant at
time 7, then Pr{X; =1} > (1 — e~%/?)(1 — ¢). This is true independently for the d(z)/2 processes
P1, ..., Py) 2 active at time x and x +1/2, and we have d(7) > X1+ -+ Xy(3)/2. Choosing A, B
large enough, Hoeffding’s inequality [57] shows that d(7) > d(z)/B with probability 1 — o(n™1).
This finishes the proof. O

4.9 Concluding remarks

The main computational task in improving the results of this paper is in estimating integral involv-
ing p(7),q(7) and v~7. To find the exact number of vertices of degree k for k = O(1), one needs
to calculate integrals involving terms of the form v~ "¢(7)p(7)(1 — p(7))*~!, and this is difficult
to do in any generality. Integrals involving p(7),¢(7) and v~ 7 also appear when looking for small
components, which prevented us from finding the exact size of the giant component.



Chapter 5

Minimum matching in a random
graph with random costs

This chapter corresponds to [38].

Abstract

Let G, be the standard Erdés-Rényi-Gilbert random graph and let Gy, ,
be the random bipartite graph on n + n vertices, where each e € [n]?
appears as an edge independently with probability p. For a graph G =
(V, E), suppose that each edge e € F is given an independent exponential
rate one cost X¢. Let C'(G) denote the random variable equal to the length
of the minimum cost perfect matching if G contains at least one perfect
matching and let C(G) = 0 otherwise. Let u(G) = E [C(G)]. We show that
if np > log?n and G = Gnonp then whp. pu(G) = g—;. This generalises the
well-known result for the case G = K, 5, where p = 1. We also show that

if G = Gn,p then H(Gn,p) ~ %21)

for both types of random graph.

w.h.p. along with concentration results

5.1 Introduction

There are many results concerning the optimal value of combinatorial optimization problems with
random costs. Sometimes the costs are associated with n points generated uniformly at random in
the unit square [0, 1]2. In which case the most celebrated result is due to Beardwood, Halton and
Hammersley [§] who showed that the minimum length of a tour through the points a.s. grew as
Bn'/2 for some still unknown (. For more on this and related topics see Steele [84].

The optimisation problem in [§] is defined by the distances between the points. So, it is defined
by a random matrix where the entries are highly correlated. There have been many examples
considered where the matrix of costs contains independent entries. Aside from the Travelling
Salesperson Problem, the most studied problems in combinatorial optimization are perhaps, the
shortest path problem; the minimum spanning tree problem and the matching problem. As a first
example, consider the shortest path problem in the complete graph K, where the edge lengths

71
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are independent exponential random variables with rate 1. We denote the exponential random
variable with rate A by E()\). Thus Pr(E()\) > x) = ¢~ for x € R. Janson [59] proved (among
other things) that if X;; denotes the shortest distance between vertices 4, j in this model then
E[X 2] = % where H,, =3 " | %

As far as the spanning tree problem is concerned, the first relevant result is due to Frieze [42]. He
showed that if the edges of the complete graph are given independent uniform [0, 1] edge weights,
then the (random) minimum length of a spanning tree L, satisfies E[L,] — ¢(3) = > 72, % as
n — 0o. Further results on this question can be found in Steele [83], Janson [58], Beveridge, Frieze
and McDiarmid [9], Frieze, Ruszinko and Thoma [52] and Cooper, Frieze, Ince, Janson and Spencer
[19].

In the case of matchings, the nicest results concern the the minimum cost of a matching in a
randomly edge-weighted copy of the complete bipartite graph K, ,,. If C, denotes the (random)
minimum cost of a perfect matching when edges are given independent exponential F(1) random
variables then the story begins with Walkup [88] who proved that E[C,] < 3. Later Karp [62]
proved that E[Cy] < 2. Aldous [3, @] proved that limy 0 E[Cy] = ((2) = Y32, 75. Parisi
[78] conjectured that in fact E[C,] = >°_; 5. This was proved independently by Linusson and
Wistlund [68] and by Nair, Prabhakar and Sharma [74]. A short elegant proof was given by
Wiistlund [90, [92].

In this paper we replace the complete graphs K, , and K, by random graphs. More precisely
each graph G gives rise to a probability space Qg = [[.cq Xe where for each e € E(G) we have
Pr(X. > x) = e * for > 0 i.e. each edge has an independent exponential mean one cost. For
each X € Qg we let Gx denote the corresponding edge-weighted graph. The random variable
C(G,X) is equal to the length of the minimum cost perfect matching in Gx, if G contains at least
one perfect matching and is equal to zero otherwise. Let u(G) = Ex[C(G, X)].

Let Gy, np be the random bipartite graph on n +n vertices, where each e € [n]? appears as an edge
independently with probability p. The next theorem deals with the random variable (G, p p)-

2

Theorem 5.1. If d = np = w(n)log? n where w(x) — oo with x, then E[u(Gpnp)l = &

To be clear, the expectation in the theorem is taken over random G = G, 5, , and random X.

In addition we will in fact show that (G, np) will be highly concentrated around g—;. In this case
the probability is over the graph G alone. Here u(G) is a function of G alone.

Here A, =~ B, iff A, = (1+ o(1))B,, as n — oo and the event &, occurs with high probability
(w.h.p.) if Pr(&,) =1—0(1) as n — oo.

In the case of G, , we prove

2

Theorem 5.2. If d = np = w(n)log? n where w(zx) — oo with x, then E[u(Gp )] ~ Top-

Applying results of Talagrand [86] we can prove the following concentration result.

> 5) <n K
p

Theorem 5.3. Let € > 0 be fized, then

2 72

_@

3

> ) < n—K7 Pr (‘N(Gn,p)

Pr (‘M(Gn%p) — p

6p

for any constant K > 0 and n large enough.
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In this theorem the probabilities are with respect to random G, ,, , or Gy, alone.

In the paper [9] on the minimum spanning tree problem, the complete graph was replaced by a
d-regular graph GG. Under some mild expansion assumptions, it was shown that if d — oo then ((3)
can be replaced asymptotically by n((3)/d.

Now consider a d-regular bipartite graph G on 2n vertices. Here d = d(n) — oo as n — oo. Each
edge e is assigned a cost w(e), each independently chosen according to the exponential distribution
E(1). Denote the total cost of the minimum-cost perfect matching by C(G).

We conjecture the following (under some possibly mild restrictions):

Conjecture 5.1. Suppose d = d(n) — oo as n — oo. For any n-vertex, d-regular bipartite G,

In this paper we prove the conjecture for random graphs and random bipartite graphs.

5.2 Proof of Theorem [5.1]

We find that the proofs in [90], [92] can be adapted to our current situation. Suppose that the
vertices of G = Gy, p are denoted A = {a;,7 € [n|} and B = {b;, j € [n]}. We will use the notation
(a,b) for edges of G, where a € A and b € B. Let C(n,r) denote the cost of the minimum cost
matching

M, ={(ai,¢r(a;)) : i =1,2,...,r} of A, ={a1,aq,...,a,} into B.

We will prove that w.h.p.

121
E[C(n,r)—C(n,r —1)] = ;9 2 =)
forr=1,2,...,n —m where
n
R VE logn
Using this we argue that w.h.p.
n—mr—1
1+ o(1 1
E[C(G)] = E[C(n,n)] = E[C(n,n) — C(n,n —m +1)] + p() SN e (5.1)
r=1 =0
We will then show that
n—mr—1 o)
1 2
3 - ~Y %. (5.2)
r=1 =0 k=1
E[C(n,n) — C(n,n —m+ 1)] =o(p~ ) w.h.p. (5.3)

Theorem [5.1] follows from these two statements.



74 CHAPTER 5. MINIMUM MATCHING IN A RANDOM GRAPH WITH RANDOM COSTS

5.2.1 Outline of the proof

We first argue (Lemma that w.h.p. vertices v € A, have aproximately (n — r)p neighbors in
B\ B,, where B, = ¢,(A;). Then comes the beautiful idea of adding a vertex b,+1 and joining
it to every vertex in A by an edge of cost F()). The heart of the proof is in Lemma that
relates E [C'(n,r) — C(n,r — 1)] in a precise way to the probability that b, is covered by M}, the
minimum cost matching of A, into B* = B U {by+1}. The proof now focuses on estimating this
probability P(n,r). If  is not too close to n then this probability can be estimated (see (5.6)) by
careful conditioning and the use of properties of the exponential distribution. From thereon, it is a
matter of analysing the consequences of the estimate for E [C(n,r) — C(n,r — 1)] in (5.7). The final
part of the proof involves showing (Lemma that E[C(n,n) — C(n —m+ 1)] is insignificant.
This essentially boils down to showing that w.h.p. no edge in the minimum cost matching has cost
more than O(logn/(np)).

5.2.2 Proof details

We use the Chernoff bounds to bound degrees. For reference we use the following: Let B(n,p)
denote the binomial random variable with parameters n,p. Then for 0 < e <1 and « > 0,

Pr(B(n,p) < (1 —e)np) < e /2, (5.4)
Pr(B(n,p) < (1+&)np) < e < /3, (5.5)
Pr(B(n,p) > anp) < (=)

Forve Alet dy(v) = |[{w e B\ B, : (v,w) € E(G)}|. Then we have the following lemma:
Lemma 5.1.

|d(v) — (n—r)p| < w2 (n—1)p whp. forve A, 0<r<n—m.

Proof. For the purposes of this lemma, we construct Gx by generating, for i = 1,2, ..., n, the edges
incident with a;, along with their costs. Note that we can now determine the function ¢, and hence
B,., as soon as we have dealt with a1, a9, ..., a,. At this point we have not exposed any of the edges
of Gy pnp incident with A\ A,. We condition on the set B,. It follows then that d,.(v),v ¢ A, is
distributed as B(n — r,p). Applying the Chernoff bounds , with ¢ = w™1/% we obtain

Pr(3v : |dy(v) — (n = r)p| > w2 (n = r)p) < 2me= "/ (nr/3
< oni=e

O]

We can now use the ideas of [90], [92]. We add a special vertex b,y; to B, with edges to all n
vertices of A. Each edge adjacent to b, is assigned an E()\) cost independently, A > 0. We now
consider M, to be a minimum cost matching of A, into B* = BU{b,+1}. We denote this matching
by M) and we let B} denote the corresponding set of vertices of B* that are covered by M.

Define P(n,r) as the normalized probability that b,41 participates in M}, i.e.

1
P(n,r) = )1\11)1}) XPr(bn_H € B)).
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Its importance lies in the following lemma:

Lemma 5.2. 1
E[C(n,r)—C(n,r—1)] = ;P(n,r).

Proof. For the argument that follows, we need to argue that the vertices B of B covered by the
cheapest (A, \ {a;})-assignment are a subset of B,. Using the symmetry of the problem, we argue
instead that B,_; C B, with probability one. So, consider the symmetric difference D = M,._1 D M,..
In general, it consists of a collection of alternating paths and cycles from A, to B. The cost of
a path/cycle is the difference between the cost of its M,-edges and its M,_j-edges. Now with
probability one these will be non-zero. If a cycle has positive cost then it means that M, can be
improved by reversing the inclusion of edges in the cycle and if the cost is negative then M,._1 can be
improved. Hence with probability one there are no cycles in D. An alternating path from a;,j # r
to B\ B,_1 leads to the same conclusion about the optimality of M,_1, M,. Thus with probability
one, D consists of an augmenting path from a, to B\ B,_; and this implies that B,_; C B,.

Let X = C(n,r) and let Y = C(n,r—1). Fix i € [r] and let w be the cost of the edge (a;, by+1), and
let I denote the indicator variable for the event that the cost of the cheapest A,-assignment that
contains this edge is smaller than the cost of the cheapest A,-assignment that does not use by,1.
In other words, I is the indicator variable for the event {17 +w < X}, where Y is the minimum
cost of a matching from A, \ {a;} to B. This uses the fact that B C B, by assuming that after
deleting the edge (a;, by+1) from M, we have a matching from A, \ {a;} to B of cost Y. Note that
by symmetry Y and Y have the same distribution. For this symmetry argument to be valid, we
need to be dealing with the probability space of G and X.

If (ai,bpy1) € M) then w < X — Y. Conversely, if w < X —Y and no other edge from bp+1 has
cost smaller than X — }A/, then (a;,bny1) € M), and when A — 0, the probability that there are
two distinct edges from b, 11 of cost smaller than X — Y is of order O(\?). Indeed, let F denote
the existence of two distinct edges from b, 41 of cost smaller than X and let F; ; denote the event

that (a;,bn41) and (a;, bp41) both have cost smaller than X. Then by symmetry,
Pr(F) < n?Ex[Pr(Fiz | X)] = n?E[(1 — e )% < n?E[X?]\?,
and since E [X?] is finite and independent of A, this is O()?).

Since w is E()) distributed, as A — 0 we have,

E[X—Y]:E[X—ﬂ _dgm

.1 S 1
= = lim XPr(w <X-Y)= ;P(n,r).

A=0 A—0

The factor 1/r comes from each i € [r] being equally likely to be incident to the matching edge
containing b,1, if it exists. O

We now proceed to estimate P(n, 7).

Lemma 5.3. Suppose r <n —m. Then

A

Pr(bniy € BY | bpsr ¢ BE,) =
( +1 | +1 ¢ 1) p(n—T+1)(1+8r,n)+)\

where |ep | < w15,
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Proof. Assume that b,41 ¢ B . M is obtained from M ; by finding an augmenting path P =
(ar,...,aq,br) from a, to B*\ B}_; of minimum additional cost. Let « = W (o, 7) denote the cost
of (as,br). We condition on (i) o, (ii) the lengths of all edges other than (a,,b;),b; € B*\ B}_; and
(iii) min {W (o, j) : b; € B*\ B}_;} = . With this conditioning M,y = M;"_; will be fixed and
so will P" = (ay,...,ay,). We can now use the following fact: Let X1, Xo,..., X be independent
exponential random variables of rates aq, s, ..., ay. Then the probability that X; is the smallest
of them is «;/(a; + ag + -+ - + apy). Furthermore, the probability stays the same if we condition
on the value of min { X7, Xo,..., X3/}. Thus

A
Pr(bpi1 € BY | b1 ¢ Bf )= ——— .
r (b1 | bny1 & 1) dr_1(a0) + A
O
Corollary 5.1. If r < n —m then
1/1 1 1
Plnr)=~-(~ et V(A tem .
(n,r) p<n+n—1+ +n—r+1>(+€’) (5.7)
where |ep 5| < w15,
Proof. Let v(§) = p(n — 5)(1 +€j1), |€jn] < w /5. Then
. v(0) v(1) v(r—1)
Pr(b,., € B)=1— . .
t(bnt1 € Br) v(0)+ A v(1)+A  v(ir—1)+A
AN\ AN\
=1—(14+ -2 U I AN
(o) ()
1 1 1
= — 4+ — 4. I AN+O(N
(o s+ o) 009
1 1 1 1
= - + +-+ A+ 0N
s i o * T T G ) O
and each error factor satisfies |1 — 1/(1 +¢;,)| < w™'/5. Letting A\ — 0 gives the lemma. O
Lemma 5.4. If r <n —m then
1+o(l) < 1
E[C(n,r)—C(n,r —1)] = -
rp i
Proof. This follows from Lemma [5.2] and Corollary O
This confirms (5.1) and we turn to (5.2). We use the following expression from Young [95].
"1 1 9 .
Z —=logn+~vy+ o +0(n™%), where v is Euler’s constant. (5.8)
i n

i=1
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Let mq = wl/4m. Observe first that

m1 n—m 1 n—m
1 1 logn 1 1
LY rco(Ee Yy LY !
1=0 r=i+1 —n3/4 r=i1+1
1 - n 1
< o(1 1 (—) —3/2
O()+n—m1 > (og - +2(n—m)+0(” )
i=n3/4
n™m™
< o(1 —1
o(1) + 21og ()
2mq ne
<o(l)+ —log | —
mq
=o(1).
Then,
r(n—i) n— —~ T
r=1 i=0 1=0 r=i+1
n—m-—1 n—m
1 1
= Z " — ' ;—’—0(1),
1=m1 r=i+1
n—m—1
n—m 1 1
= 1 - = 2 1
Z n—z<0g< ' >+2(n—m) 5 TOU ))+0( )
=mq
n—m-—1 1 n—
= > (M) o),
) n—1 7
=mq
"Rl n—m
= ,1og< _>—|—o(1), (5.9)
“ J n—=7
Jj=m+1

n—mi q _
:/ — log (n m> dx + o(1).
z=m+1 L n—x

We can replace the sum in (5.9) by an integral because the sequence of summands is unimodal and
the terms are all o(1).

Continuing, we have

k=177%=
0 n—m-—mi 1 k
Yy
= dy. 5.10
;/y:1 y+mk(n—m)k 4 ( )
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Observe next that for every k > 1

n—m-—mi 1 yk n—m-—mi ykfl 1
dy < — 2 dy < —.
/y_l y+mk(n—m)k y_/y_l k(n —m)k V=72

So,
e n—mj 1 (1,‘
0< Y / - dx< Z (5.11)
k=logn ¥~ m+1 ¥ (TZ— k= logn

If 1 < k <logn then we write

n—m-—mi 1 k n—m-—mi 1 n—m-—msj k _ k
/ y kdy:/ wam® ", +/ Tt VR
et wrmke-mF Y T o ke mFE YT L G )k —m)

Now

/ynmnn Md 1 (n—m)"—(m+1*F 1 (1) _ (5.12)

=—=+0
_1 k(n —m)k YTk (n —m)k 2t kwl/4logn

If £ =1 then our choice of m implies that

n—m-—mi (y + m)k — yk mlog(n — ml) B
/yl (y+m)k‘(n—m)kd = T a—m o(1).

And if 2 < k <logn then
Cm— k o
n—m-—msi y+m k _ yk n—m-—mi /[ yk‘—lml
/ ( ) Ry = Z Ry
ot k- T L 1) g+ m)k(n —m)

k n—m-—mai k—l—l l
k m

< E g dy
Ao (J k(n —m)F

=1

e

E\ mt(n —m —mq)*~!
_Z<l> k(k —1)(n —m)k (5.13)

=1

e R e AT

To go from ((5.13) to ([5.14]) we argue that if the summand in ([5.13)) is denoted by w; then w1 /u; =
O(1/w'/?) for 1 <1 <logn. Hence the sum is O(uy).

It follows that

logn

e (yam)f -yt L),
0< ; /y:1 G+ = E = o) +0 (; — logn> —o(1).  (5.15)

Equation ((5.2]) now follows from (5.10)), (5.11)), (5.12) and ([5.15]).

Turning to ((5.3)) we prove the following lemma:

Lemma 5.5. If r >n —m then 0 < C(n,r+1) — C(n,r) =0 (%).

This will prove that

mlogn n 1
<E - — 1] = = - -
0<E[C(n,n)—Cn—m+1)]=0 < o > O <w1/2np> 0 (p)
and complete the proof of (5.3)) and hence Theorem
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5.2.3 Proof of Lemma [5.5]

Let w(e) denote the weight of edge e in G. Let V, = A,11 U B and let G, be the subgraph
of G induced by V,. For a vertex a € A,41 order the neighbors uj,us,..., of a in B so that
w(a,u;) < w(a,ui+1). Similarly, if b € B order the neighbors uj,usg,..., of b in A,4; so that
w(ui, b) < w(uiy1,b). For v € V., define the k-neighborhood Ni(v) = {u1,ug,...,u;}. This is
defined independently from any matchings between A and B.

Let the k-neighborhood of a set be the union of the k-neighborhoods of its vertices. In particular,
for S C A,11, T C B,

Ne(S)={beB: Ja€ S :ye Niga)},

Nk(T) = {a S Ar+1 :dbeT :ac€ Nk(b)}

Given a function ¢, defining a matching M of A, into B, we define the following digraph: let
I = (V,, X) where X is an orientation of

X =
{{a,b} € G:a € Ar11,b € Nyo(a)}U{{a,b} € G: b€ B,a € Ny(b)}U{(dr(ai),a;) : i =1,2,...,r}.

An edge e € M is oriented from B to A and has weight —w(e). The remaining edges are oriented
from A to B and have weight equal to their weight in G.

The arcs of directed paths in T, are alternately forwards A — B and backwards B — A and so
they correspond to alternating paths with respect to the matching M. It helps to know (Lemma
next) that given a € A,;1,b € B we can find an alternating path from a to b with O(logn)
edges. The ab-diameter will be the maximum over a € A,11,b € B of the length of a shortest
alternating path from a to b.

Lemma 5.6. W.h.p., for every ¢,, the (unweighted) ab-diameter of T, is at most kg = [3log, n].

Proof. For S C A,41, T C B, let
A(S) ={be B: Jac S such that (a,b) € X},
AT) = {a € A,y : 3be T such that (a,b) € X}.

We first prove an expansion property: that w.h.p., for all S C A, with |S| < [n/5], [A(S)] > 4]5].
(Note that A(S), A(T) are defined by edges oriented from A to B and so do not depend on ¢;.)

/51 o
Pr(3s: |S] < [n/5], IAS)] < 4IS]) <o(1) + 3 <7"+1> <”> <(4n°)>

§ 4s) \ (1)

s=1
n/5

ne\s /me\ds [4s) 2%
<> () ()" (%)
s 4s n
1/ 5436435\
n35

-
~
=

Bl
< i
Tt =

I
vl
[

Il
)
—~
—_
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Explanation: The o(1) term accounts for the probability that each vertex has at least 40 neighbors
in I'y.. Condition on this. Over all possible ways of choosing s vertices and 4s “targets”, we take the
probability that for each of the s vertices, all 40 out-edges fall among the 4s out of the n possibilities.

Similarly, w.h.p., for all ' C B with |T'| < [n/5], |A(T)| > 4/|T|. Thus by the union bound, w.h.p.
both these events hold. In the remainder of this proof we assume that we are in this “good” case,
in which all small sets S and T" have large vertex expansion.

Now, choose an arbitrary a € A,y1, and define Sy, 51,52, ... as the endpoints of all alternating
paths starting from a and of lengths 0,2,4,.... That is,

So = {a} and S; = ¢ 1 (A(Si_1)).

Since we are in the good case, |S;| > 4|S;_1| provided |S;_1| < n/5, and so there exists a smallest
index ig such that |S;;_1| > n/5, and ig — 1 <log,(n/5) < log,n — 1. Arbitrarily discard vertices
from S;¢ 1 to create a smaller set S7_ | with [S; | = [n/5], so that S, = A(S], ;) has cardinality
81,1 > 4I8,_,| > 4n/5.

Similarly, for an arbitrary b € B, define Ty, T1,..., by

To = {b} and T; = ¢, (A(Ti-1))-
Again, we will find an index i7 < logy n whose modified set has cardinality |7} | > 4n/5.

With both [S; | and [T} | larger than n/2, there must be some a’ € S  for which b’ = ¢,.(a’) € T} .
This estabhshes the existence of an alternating walk and hence (removmg any cycles) an alternating
path of length at most 2(ig +i7) + 1 < 2log, n from a to b in I';. O

We will need the following lemma,

Lemma 5.7. Suppose that ki + ko + --- + ky < alog N, and X1, Xo,..., Xy are independent
random variables with X; distributed as the k;th minimum of N independent exponential rate one
random variables. If p > 1 then

iualOgN a(1+log p—p)
Pr(X X — | <N EHTH),
I'< 1+ + M_N—alogN>_

Proof. Let Y1,Y3,..., YN be independent exponentials with mean one and let Y3 denote the kth

smallest of these variables, where we assume that k = O(log N). We therefore have X; = Y{3,.
The density function fi(x) of Y{y is

fk(l') _ (Z) ]{:(1 _ e*l)k*lefx(N*k+1)

and hence the 7th moment of Y(y) is given by
i | (N i —z\k—1 _ —z(N—k+1)
E[Y(k)]—/o <k>k:x (I—e*)"e dx
< /00 <N> kXZIZJrk 1 7:E(N k+1)dl,
(i+k—1)!
(N (N —k+1)+k
+

(o) et
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Thus, if 0 <t < N —k+1,

E[e”“)]s(uo(’;j)): <N k+1> <k‘+z—1>
(140 (%) (-=51)

fZ=X1+Xo+ -+ Xy thenif 0 <t <N —alogh,

7 - X, t elos
J=1IE Z]§<1—N_alogN> :
=1

It follows by the Markov inequality that

prl 7> palog N (1. t _alogNeXp _ tpalog N
~ N-—alogN ) — N —alog N N —alogN |~

We put t = (N — alog N)(1 — 1/p) to minimise the above expression, giving

palog N 1—pyalog N
Pr({Z> ——F"— )< o
r< _N—alogN>_(Me )

O

Lemma 5.8. W.h.p., for all ¢,, the weighted ab-diameter of T, is at most cl% for some absolute
contant c; > 0.

Proof. Let
k k—1
Z; = max {Z w(zi, yi) — Zw(yiaxi—f—l)} ;
i=0 i=0
where the maximum is over sequences xo, Yo, Z1, - - - , Tk, Y, Where (x;,y;) is one of the 40 shortest
arcs leaving x; for i =0,1,...,k < ko = [3logyn|, and (y;, zi+1) is a backwards matching edge.

We compute an upper bound on the probability that Z; is large. For any n > 0 we have

ko k+1
Pr <Z1 > nlg;n> <o(n ™)+ Z((r + 1)n)F <1+o(1)) : x pFlx

n
k=0

o 1 ylogn k=l
/ (k:—l)'( p ) > a(po; p1;-- -, pein+y) | dy
Y !

=0 po-+p1+-+pi, A0(k-+1)

where

logn
Q(P07l)17~-7pk§77):Pr<X0+X1+ +Xp > gp )

Xo, X1,..., X} are independent and X is distributed as the pjth minimum of r independent ex-

ponential random variables. (When k = 0 there is no term =y 1), (ylo%) )

Explanation: The o(n~%) term is for the probability that there is a vertex in V. that has fewer
than (1 — o(1))np neighbors in V.. We have at most ((r + 1)n)¥*1 choices for the sequence
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k—1
0, Y0, T1s- -+, Tk, Y. The term (k—ll)! (ylfin) dy bounds the probability that the sum of k in-

dependent exponentials, w(yo,z1) + -+ + w(Yk—1, k), is in Og"[y y + dy]. (The density function

or the sum of k independent exponentials s ‘Tk:i_,z We integrate over y.
1)

W is the probability that (x;,y;) is and edge of G and is the p;th shortest edge leaving x;, and

these events are independent for 0 < i < k. The factor p*~' is the probability that the B to A edges

of the path exist. The final summation bounds the probability that the associated edge lengths sum

(n+y) logn
to at least e

It follows from Lemmal[5.7|with a < 3, N = (1+ o(1))np, n = (n+y)/a that if 7 is sufficiently large
then, for all y > 0,

q(pry- s prin +y) < (np)~(rrw)losn/@logne) — p=(ntu)/2,

41k+4-40

Kt ) (the number of positive integral

Since the number of choices for pg, p1, ..., px is at most (
solutions to ag + a1 + ... + agy1 < 40(k + 1)) we have

1 (1 41k + 40\ [
Pr <Z1 > 0gn> <o(n™*) +2n?" n/220gn)1)< k:jl )/ Oyk’lnfyhdy
! -

np
k—2
< o(n4) + 202 n/2z IOg" 241k+40( 2 > /OO 1z,
logn =0

— o(n~4) + 2%9p21/2 logn2242k
k=0

for n sufficiently large. O

Lemma shows that with probability 1 — o(n™*) in going from M, to M, ; we can find an
augmenting path of weight at most Clibﬂ. This completes the proof of Lemma and Theorem

(Note that to go from w.h.p. to expectation we use the fact that w.h.p. w(e) = O(logn) for
alle € A x B,) O

Notice also that in the proof of Lemmas [5.6] and [5.8 we can certainly make the failure probability
less than n~ % for any constant K > 0.

5.3 Proof of Theorem [5.2]

Just as the proof method for Ky, in [90], [92] can be modified to apply to Gy, n p, the proof for K,
in [91] can be modified to apply to Gy, .

5.3.1 Outline of the proof

This has many similarities with the proof of Theorem The differences are subtle. The first is
to let M be the minimum cost matching of size r after adding a special vertex v,41. We do this,
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because there is no natural way to choose a set of vertices of size n/2 — o(n) that we can be sure
contains no edge of the minimum cost matching. It is again important (Lemma to estimate
the probability that v, € M. (This will be our short-hand for v, lies in an edge of M;.) The
approach is similar to that for Theorem except that we now need to prove separate lower and
upper bounds for this probability P(n,r).

5.3.2 Proof details

Consider G = G, 5, and denote the vertex set by V' = {v1,v9,...,v,}. We will now use the notation
{a,b} for the edges of G. Add a special vertex v,41 with E(\)-cost edges to all vertices of V', and
let G* be the extended graph on V* =V U {v,41}. Say that vq,...,v, are ordinary. Let M} be
the minimum cost r-matching (one of size r) in G*, unique with probability one. (Note the change
in definition.) Define P(n,r) as the normalized probability that v, € M}, i.e.

1 «
P(n,r) = /1\111’6 XPr(Un+1 € Mr)

Let C(n,r) denote the cost of the cheapest r-assignment of G. To estimate C'(n,r), we will again
need to estimate P(n,r), by the following lemma.

Lemma 5.9.

E[C(n,r)—C(n—1,r—1)] = %P(n,r)

Proof. Let X = C(n,r) and Y = C(n — 1,r —1). Fix i € [n] and let w be the cost of the edge
(vi,Un+1), and let I denote the indicator variable for the event that the cost of the cheapest r-
assignment that contains this edge is smaller than the cost of the cheapest r-assignment that does
not use v,11. The rest of the proof is identical to the proof of Lemma except that there are
now n choices for ¢ as opposed to r in the previous lemma. O

In this case, unlike the bipartite case, we are unable to directly find an asymptotic expression for
P(n,r), as we did in Lemma [5.3| and Corollary Here we will have to turn to bounding P(n,r)
from below and above.

5.3.3 A lower bound for P(n,r)

We will consider an algorithm that finds a set A; C V* which contains the set B, of vertices
participating in M, s = |As| > |Bs| = 2r. Call A; the set of exposed vertices.
Initially let A; = B; =0 and r = s = 0. At stage s of the algorithm we condition on
As, Bs and the existence and cost of all edges within Ag.
In particular, we condition on r and the minimum r-matching M.

Given a minimum matching M, we decide how to build a proposed (r 4 1)-matching by comparing
the following numbers and picking the smallest.

(a) z, equals the cost of the cheapest edge between a pair of unexposed vertices.
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(b) z» = min{c1(v) : v € As \ Bs}, where ¢;1(v) is the cost of the cheapest edge between v and a
vertex 71(v) ¢ As.

(¢) ze = min{ey1(v) + c1(u) + 0(u,v) : u,v € By} where 6(u,v) denotes the cost of the cheapest
alternating path from u to v with internal vertices in By, with the cost of edges in M taken
as the negative of the actual value.

Let

Zmin = mMin {zq, 25, 2¢} -

If Zmin = 2, then we reveal the edge {v,w} and add it to M to form M}, ;. Once v, w have been
determined, they are added to As and B, and we move to the next stage of the algorithm, updating
§$4s+2,7r<r+1

If zmin = 25 then let v € A\ B be the vertex with the cheapest ¢1(v). We reveal w = 71(v) and
add w to A, and to B, while adding v to B;. Now M ; = M} U {v,w}. We move to the next
stage of the algorithm, updating s < s+ 1,7 < r + 1.

If zpmin = zc then reveal w; = 71 (u), we = 71 (v). If w1 = we, we say that we have a collision. In this
case, the vertex wj is added to As (but not By), and we move to the next stage with s < s+ 1.
If there is no collision, we update M;" by the augmenting path wi,u,...,v,ws to form M, ;. We
add wi,ws to As and B, and move on to the next stage with s < s+ 2 and r + r + 1.

It follows that As \ Bs consists of unmatched vertices that have been the subject of a collision.

It will be helpful to define A, for all s, so in the cases where two vertices are added to Ay, we add
them sequentially with a coin toss to decide the order.

The possibility of a collision is the reason that not all vertices of A, participate in M*. However,
the probability of a collision at v, is O(A?), and as A — 0 this is negligible. In other words, as
A—0,

Pr(v,i1 € MY) = Pr(v,i1 € Bo,) = Pr(va,1 € Ag,) — O(N?)
and we will bound Pr(v,41 € Ag,) from below.

Lemma 5.10. Conditioning on vy,+1 ¢ As, As is a random s-subset of V.

Proof. Trivial for s = 0. Suppose As_; is a random (s — 1)-subset of V. Define Ny(v) = {w ¢ A, :
(v,w) € E}. In stage s, if we condition on ds(v) = |Ng(v)|, then under this conditioning N (v)
is a random ds(v)-subset of V' \ As. This is because the constructon of Ay does not require the
edges from A, to V'\ A to be exposed. So, if As\ As—1 = {w} where w is added due to being the
cheapest unexposed neighbor of an exposed v, then w is a random element of Ng(v) and hence a
random element of V'\ As.

If we are in case (a), i.e. M} ; is formed by adding an edge between two ordinary unexposed
vertices v, w, then since we only condition on the size of the set {(v,w) : v,w ¢ A}, all pairs
v,w € V \ As are equally likely, and after a coin toss this can be seen as adding two random
elements sequentially. We conclude that A, is a random s-subset of V. O

Recall that m = n/(w/?logn).
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Corollary 5.2. W.h.p., for all0 < s<n—m and allv eV,

d() — (0 — 5)p| <w™3(n — s)p.
Proof. This follows from the Chernoff bounds as in Lemma [5.1 O

We now bound the probability that Ag\ As—1 = {vn41} from below. There are a few different ways
this may happen.

We now have to address some cost conditioning issues. Suppose that we have just completed an
iteration. First consider the edges between vertices not in A;. For such an edge e, all we know is
w(e) > n where n = zy;y of the just completed iteration. So the conditional cost of such an edge
can be expressed as n+ E(1) or n+ E(\) in the case where e is incident with v,,11. The exponentials
are independent. We only need to compare the exponential parts of each edge cost here to decide
the probability that an edge incident with v, is chosen.

We can now consider case (a). Suppose that an edge {u,v} between unexposed vertices is added
to As_1. By Corollary there are at most p(”_§+1)(1 + w~1/%) ordinary such edges. There are
n — s edges between v,11 and V \ A, each at rate \. As A — 0, the probability that one of the
endpoints of the edge chosen in case (a) is v,y is therefore at least

A(n —s) S 1 2\
o n—s+1 -1/5) — o
An—=s)+p("5THA+w /5 " pn—s

(1-w P +0()?)

We toss a fair coin to decide which vertex in the edge {u,v} goes in As. Hence the probability that
As\ As—1 = {vp+1} in case (a) is at least
1 A

pn—3s

(1—w %) +0(N?).

We may also have A\ As—1 = {vn11} if case (a) occurs at stage s — 2 and v,,41 loses the coin toss,
in which case the probability is at least
1 A

]f)m(l — (.U_l/5) + O(}\2>

Now consider case (b). Here only one vertex is added to As_1, the cheapest unexposed neighbor w
of some v € A;_1 \ Bs—1. The cost conditioning here is the same as for case (a), i.e. that the cost
of an edge is n + E(1) or n + E()\). By Corollary m this v has at most p(n — s + 1)(1 + w™1/?)
ordinary unexposed neighbors, so the probability that w = v, is at least
A 1 A
pn—s+ 1)1 4+w V) +X pn—s+1

(1-w %) 4+ 0(N?).

Finally, consider case (¢). To handle the cost conditioning, we condition on the values ¢;(v) for
v € Bs. By well-known properties of independent exponential variables, the minimum is located
with probability proportional to the rates of the corresponding exponential variables. A collision at
vn41 has probability O(A?), so assume we are in the case of two distinct unexposed vertices wy, we.
Suppose that w; is revealed first. Exactly as in (b), the probability that w; = v,41 is at least

1 A

Em(l — W_1/5) + O()\2)
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If wy # vp41, the probability that we = v,41 (i.e. Ast1 \ As = {vp41}) is at least
1 A

L) o),

so by considering the possibility that v,y1 is the second vertex added from A, o, we again have

probability at least
1 A

zzm(l — UJ_l/B) + O(}\2)

We conclude that no matter which case occurs, the probability is at least

1 A -1/5 2
pn_s+1(1 w™ %)+ 0(N?).
So )
1—w PN 1
P(n,r) > lim ~ ZPrA\Asl_{vnH}) PR Shrerny (5.16)
Write

5.3.4 An upper bound for P(n,r)

We now alter the algorithm above in such a way that As,. = Bs,.. We do not consider A, for odd s
here. At a stage with s = 2r, we condition on

A,, and the appearance and cost of all edges within Aj.
In particular, we condition on r and the minimum r-matching M,".
A set Cs C Ag, where each v € Uy has been involved in a collision.

The cost c1(v),v € Cs of the cheapest edge from v to a vertex not in A,.

This changes how we calculate a candidate for M7, ;. We now take the minimum of

(a) z, equals the cost of the cheapest edge between unexposed vertices.

(b) 2z = min{cy(u) + c1(v) + d(u,v) : u,v € Ag, [{u,v} N Cs| < 1}, where ¢; and § are as defined
in Section £.3.3

(¢) ze = min{ci(u) + c2(v) + 6(u,v) : u,v € Cs,11(u) = 71(v)}, where 71 is defined in Section
5.3.3| and ca(v) is the cost of the second cheapest edge between v and a vertex 12(v) ¢ As.

Let
Zmin = min {zg, 2p, 2¢} -

If zmin = 2, then we reveal the edge {v,w} and add it to M, to form M}, ;. Once v, w have
been determined, they are added to As and we move to the next stage of the algorithm, updating
s+ s+ 2.
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If zmin = 2 then reveal w; = 71(u),ws = 7(v). If w; = ws then we add u,v to Cs and go to
the next stage of the algorithm without changing s. (The probability that 71 (u) = 71 (v) = vp41 18
O(A\?), and we can safely ignore this as A — 0). If at some later stage w; is added to As and u say
is still in Cy then we remove u from Cs. If w; # wy then we update M;* by the augmenting path
Wi, U, ..., v,wy to form M, ;. We add wy,ws to As, and move on to the next stage with s < s+ 2.

If Zmin = 2. then we update M by the augmenting path w; = 71 (u),u,...,v,we = 12(v) to form
M ;. We add wy,ws to Ay, and move on to the next stage with s < s+ 2.

Eventually we will construct M, ; since case (b) with 71(u) = 71(v) can happen at most s times
before Cs = Aq.

The cost conditioning is the same as we had for computing the lower bound in Section [5.3.3] except
for the need to deal with ca(v),v € Cs. For this we condition on cz(v) and argue that the probability
To(v) = z is proportional to the exponential rate for the edge (v,x). At this point we know that
71(v) # vp41, since we are assuming A is so small that this possibility can be ignored. So, in this
case, we can only add v,4+1 as 7(v) for some v € Cj.

To analyze this algorithm we again need to show that As, is a uniformly random subset of V.

Lemma 5.11. Conditioning on vp+1 ¢ Aoy, Aoy is a random 2r-subset of V.

Proof. Let D denote the nxn matrix of edge costs, where D(%, j) = w(v;, v;) and D(i, j) = oo if edge
(vi,v5) does not exist in G. For a permutation 7 of V' let D be defined by D(i,7) = D(n (i), 7(j)).
Let X, Y be two distinct 2r-subsets of V' and let 7 be any permutation of V' that takes X into Y.
Then we have

Pr(As, (D) = X) = Pr(As, (Dy) = 1(X)) = Pr(As, (Dy) = Y) = Pr(As (D) = Y),

where the last equality follows from the fact that D and D, have the same distribution. This shows
that Asg, is a random 2r-subset of V. O

Let dor(v) = {w ¢ Agy : (v,w) € E}.
Corollary 5.3. W.h.p., for all0 <r <(n—m)/2 and allv €V,
|dor(v) — p(n — 2r)] < w_1/5p(n —2r).

Proof. The proof is again via Chernoff bounds, see Lemma 5.1 O

We bound the probability that v, 1 € Ag, \ Ag._2 from above. Suppose we are at a stage where a
collisionless candidate for M has been found.

In case (a), as in the previous section the probability that v, is one of the two unexposed vertices
is at most
A(n —2r + 2) 1 2\

== 14w /%) + O(N?
An—2r +2) +p(" T ) (1 —w1/5) pn—2r+1( w ) (%)

Now suppose we are in case (b) with u,v ¢ C,_9. If no collision occurs, the probability that one
of 71 (u), 71 (v) is vp41 is at most
A A 1 2\

< — 1 -1/5 2
AJrcls(U)JrAers(v)_1 _Pn—2r+1( +w™?) + O(N7)
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Finally, if we find M, ; by alternating paths where one exposed vertex uses its second-cheapest edge
to an unexposed vertex, the probability of that vertex being vy, 41 is even smaller at A/(n —2r + 1).

So,

r 2(1—|—w_1/5) " 1
P — i Pr(vny1 € Ao\ Ags_g) <
(n.7) = Jim 3 Prvs € An.\ Aaeca) L OTETES
Write
" 2
U —
(n,7) Zan—2s5+1

5.3.5 Calculating E [C(G,,)]

).

From Lemma and (5.16)) we have

E[C(n,(n —m)/2)]

(n—m)/2
1
= ——P(n— 1 — 2— 1
; e m—r+1,(n—=m)/2—r+1)
(n—m)/2

1+ o(1) 1

(n—m)/2 1 n—m—2r+2 1

_1+4o0(1)
o Z n—r+1 Z mn—r+1)—s+1

r=1 s=1

(n—m)/2

- 1+po(1) > n—?1"~|—1 <10g <nn_z:——:"1> * 2(n1—7”) - 2<m1+ D) +O(m_2)> » (8:17)

r=1

by .

The correction terms are easily taken care of. First we have

(n—m)/2

1 1 1 -
z:; n—r+1 <2(nr) S 2(m ) +0(m 2)>

(n—m)/2
ol L
m. = n—r—l—l

Now we want to replace the (m + r) term in the logarithm in the RHS of (5.17) by r. For this we
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let my = n/(w'/*logn) = mw'/*. Then

(n—m)/2 1
Z log r
o n—r+1 m+r
mi1—1 m (n—m)/2
:Zn— 1log<1+7>+ ,,_Z: — +1log<1—i-—>
mi—1 1 (n—m)/2 1
<1 log { 1+ —
ogm; T+1+0g< + ) TZ 11
<logn 1 m (n—m)/2
n—mi; my n/2
=o0(1)
So, using (5.17)) we have
(n—m)/2 1 "
E — 2)] =o(1 1
pxBiCO = m2 =)+ Y s (")

Substituting y = log(1/a — 1) we have

12 1—« <y
I =
/0 1—a0g< o )da /0 ey—l—ldy

This proves a lower bound for E [C(n, (n —m)/2)]. It also shows that

(n—m)/2 1 7T2

> m il Ln-m)/2—r+1)=(1+0(1) 5 (5.18)
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For an upper bound, note that for » < (n —m)/2,

T 1 1
U(n,r)—L(n,T)=Z<n_25+1 _n—28—|—2)

s=1

1
:52 (n—2s+1)(n— 2s +2)
dt=d

So,

E[C(n, (n—m)/2)]

(n—m)/2

§1+;(1) Tz:l n_iHU(n—r—i—l,(n—m)/Q—r—i—l)
—1+0(1)(n2m:)/21(L(n—r—l—l(n—m)/Q—r—{—l)%—O(T))
o p — n-r+l1 ’ (n —2r)?
(n—m)/2
_1+4+0(1) 1
-— (1) + Z — L=+ 1 (= m) /2= + 1)) (5.19)
2
=12 —(1+0(1)). (5.20)

To get from (5.19) to ((5.20) we use (5.18)).
We show that for n even, E [C(n,n/2) — C(n,(n —m)/2)] = o(1/p) to conclude that

2

E[C(Gnp)l = E[C(n,n/2) = C(n,(n —m)/2)] + E[C(n, (n —m)/2)] = 19 - (L +0(1)).

As above, this will follow from the following lemma.

Lemma 5.12. Suppose n is even. If (n —m)/2 < r < n/2 then 0 < E[C(n,r +1) — C(n,r)] =
logn
0 (k).

5.3.6 Proof of Lemma [5.12]

This section will replace Section Let M = {v,¢(v),v € [n]},¢2(v) = v for all v € [n] be
an arbitrary perfect matching of G, ,. We let M = {(u,v) : v = ¢,(u)} consist of two oppositely
oriented copies of each edge of M. We then randomly orient the edges of Gy, that are not in M
and then add M to obtain the digraph G = én,p. In the case of Gy, We only needed to orient
e € M from B to A. Here we need an oriented copy of e € M in both directions because if e, f € M,
we cannot guarantee that an alternatlng path will traverse e and f consistently with a smgle given
orientation. Because np = wlog?n we have that w.h.p. the minimum in- or out-degree in G pis
at least wlog®(n)/3. Let D be the event that all in- and out-degrees are at least this large. Let the
alternating diameter of G be the maximum over pairs of vertices u # v of the minimum length of
an odd length alternating path w.r.t. M between u and v where (i) the edges are oriented along the
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path in the direction u to v, (ii) the first and last edges are not in M. Given this orientation, we
define T, to be the subdigraph of G consisting of the r cheapest non-M out-edges from each vertex
together with M. Once we can show that the alternating diameter of Tpg is at most [3logsgn], the
proof follows the proof of Lemma more or less exactly.

Lemma 5.13. W.h.p., the alternating diameter of Tag is at most ko = [3logszn].

Proof. We first consider the relatively simple case where np > n'/?logn. Let N*(u) be the set of
out-neighbors of u in G and let N ~(v) be the set of in-neighbors of v in G. If there is an edge of M
from N*(u) to N~ (v) then this creates an alternating path of length three. Otherwise, let Nt (u)
be the other endpoints of the matching edges incident with N (u) and define N~ (v) analogously.
Note that now we have N**(u) N N=~(v) = ) and given D, the conditional probability that there
is no edge from N*+(u) to N~ (v) in G is at most (1+o0(1))(1 —p)"2/3)? < =(0sn)?/10 — ((5=2),
Thus in this case there will w.h.p. be an alternating path of length five between any pair of vertices
u,v € V.

Now assume that np < n'/3logn. For S C V, N (S) = {w ¢S:3Jves (vw)e E(fgo}) is the
set of out-neighbors of S in Tag and Ny (S) is similarly defined.

Imitating Lemma we prove an expansion property for r 20: The o(1) term in the first inequality
accounts for conditioning on the event D.

2/3 118y \ *
e oy s ()

—1 20
(ne)s ( ne )108 (113)205
< \s 10s n
3

(611112089)8
10,9
f 109
(1).

Fix an arbitrary pair of vertices a,b. Define S;,7 = 0,1,... to be the set of vertices v such that
there exists an alternating path of length 2i in Ty from a to v. We let Sy = {a} and given S; we
let S = NT(S;)\ {b} and S} ={w #b: I{v,w} € M : v € S/}. We now argue that implies
that w.h.p. [S?| > 3|S;|, so long as |S;| = o(n™/12). Indeed, It follows from that S; has
at least 9|.5;| out-neighbors T' via a non-M edge. Now consider the edges of M incident with 7.
At most |S;| of these have one endpoint in S; and one endpoint in 7. At most |7'|/2 have both
endpoints in 7. Thus at least |T'| — |T'|/2 — |S;| > 3|S;| of these edges have one endpoint in 7" and
one endpoint not in S; UT.

n2

IA

S

n2

~

S

I
S

~—

(5.21)

We can therefore take Sj;1 to be a subset of S/ of size 3|.S;|. So w.h.p. there exists an i, < logzn
such that |S;, | € [n'3/24, 3n13/24].

Repeat the procedure with vertex b, letting T;,7=0,1,... be the set of vertices v such that there
exists an alternating path of length 2i in [y from v to b. Then let T ]H = N7 (T}) etc. By the
same argument, there exists an j, < logzn such that T}, is of size in [n 13/24, 3n13/24]. Finally, the

probability that there is no S;, — T}, edge is at most (1 — 10)"13/12 = o(n~2). This completes the
proof of Lemma [5.13 O]
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The remainder of the proof of Lemma [5.12] is now exactly as in Section [5.2.3] This concludes the
proof of Theorem

5.4 Proof of Theorem 5.3

The proof of Lemma allows us to claim that for any constant K > 0, with probability 1—O(n~5)
the maximum length of an edge in the minimum cost perfect matching of G = G, ,, or G = G,
is at most £ = ¢ lfp" for some constant c; = co(K) > 0. We now closely follow the ideas in
Talagrand’s proof [86] of concentration for the assignment problem. We let @(e) = min {w(e), &}

and let C'(G) be the assignment cost using w in place of w. We observe that

Pr(C(G) # C(G)) = O(n~ ) (5.22)
and so it is enough to prove concentration of C (G).

For this we use the following result of Talagrand [86]: consider a family F of N-tuples a = (o;)i<n
of non-negative real numbers. Let
Z = mi i X
nip 2 ok

where X1, Xo,..., Xy are an independent sequence of random variables taking values in [0, 1].

Let 0 = maxqger||a||2. Then if M is the median of Z and u > 0, we have

U2
Pr(|Z —M|>u) <4 —— 7. 2
(12~ M| > 0 < desp {1 | (5.23)

We apply (5.23) with N = n? and X, = @(e)/¢. For F we take the n! {0,1} vectors corresponding
to perfect matchings and scale them by &. In this way, >, a.X. will be the weight of a perfect
matching. In this case we have 02 < n¢2. Applying ((5.23]) we obtain

~ — _ € g? 1 e2n
P —M|>-)<4 S G -
' ('C(G) = p) B eXp{ 4p? nEQ} eXp{ (c2 logn)2}’
where M is the median of C(G).
It then follows from (5.22) that

Pr <|C(G) — M| > ;) =0o(n K. (5.24)
Now R
WG <M+ + O(n~"2) (5.25)
after using (5.24)) and E [ZUMJ_GE(G) w(vi,vj)| < n?
In addition
1(G) > (]\7— ;) (1-0(mn*)). (5.26)

Theorem follows easily from ((5.22)), (5.25) and ([5.26]).
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5.5 Final remarks

We have generalised the result of [4] to the random bipartite graph Gy, ,,, and the result of [91] to
the random graph G, ,. It would be of some interest to extend the result in some way to random
regular graphs. In the absence of proving Conjecture we could maybe extend the results of [4],
[91] to some special class of special graphs e.g. to the hypercube.






Chapter 6

Minimum cost of two spanning trees

This chapter corresponds to [39].
Abstract

Assume that the edges of the complete graph K,, are given independent
uniform [0, 1] edges weights. We consider the expected minimum total
weight uy of £ > 2 edge disjoint spanning trees. When k is large we show
that u; ~ k2. Most of the paper is concerned with the case k = 2. We show
that puo tends to an explicitly defined constant and that us =~ 4.1704288. . ..

6.1 Introduction

This paper can be considered to be a contribution to the following general problem. We are given
a combinatorial optimization problem where the weights of variables are random. What can be
said about the random variable equal to the minimum objective value in this model. The most
studied examples of this problem are those of (i) Minimum Spanning Trees e.g. Frieze [42], (ii)
Shortest Paths e.g. Janson [59], (iii) Minimum Cost Assignment e.g. Aldous [3], [4], Linusson
and Wastlund [68] and Nair, Prabhakar and Sharma [74], Wastlund [92] and (iv) the Travelling
Salesperson Problem e.g. Karp [61], Frieze [44] and Wastlund [93].

The minimum spanning tree problem is a special case of the problem of finding a minimum weight
basis in an element weighted matroid. Extending the result of [42] has proved to be difficult for
other matroids. We are aware of a general result due to Kordecki and Lyczkowska-Hanckowiak
[64] that expresses the expected minimum value of an integral using the Tutte Polynomial. The
formulae obtained, although exact, are somewhat difficult to penetrate. In this paper we consider
the union of k cycle matroids. We have a fairly simple analysis for k — oo and a rather difficult
analysis for k = 2.

Given a connected simple graph G = (V, E) with edge lengths x = (z : ¢ € F) and a positive integer
k, let msty (G, x) denote the minimum length of k£ edge disjoint spanning trees of G. (mstg(G) = 0o
if such trees do not exist.) When X = (X, : e € F) is a family of independent random variables, each
uniformly distributed on the interval [0, 1], denote the expected value E [mst (G, X)] by msty(G).

As previously mentioned, the case k = 1 has been the subject of some attention. When G is the

95
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complete graph K, Frieze [42] proved that

n—00 k3"

lim msty (K,) =((3) = Z L
k=1

Generalisations and refinements of this result were subsequently given in Steele [83], Frieze and
McDiarmid [48], Janson [58], Penrose [79], Beveridge, Frieze and McDiarmid [9], Frieze, Ruszinko
and Thoma [51] and most recently in Cooper, Frieze, Ince, Janson and Spencer [19].

In this paper we discuss the case kK > 2 when G = K, and define

py, = liminf msty (K,,) and p;* = lim sup msty (K,).
n—00 n—o00

Conjecture: pf = pui* i.e. limy, oo msty(K,) exists.

Theorem 6.1.

. M . M,
1 —= =1
foo k2 oo K2

(b) With fi, and cy ~ 3.59 and N, ~ 2.688 as defined in (6.1), (6.5). (6.9).

=1.

2

ot (ch)? 0 ( B et )\fg()\)_ fg(/\))( e et _)\e’\fl()\)>

! */A:Ag o T e e )\ TR0 T R0 )P
= 4.17042881. ..

There appears to be no clear connetion between us and the ¢ function.

Note also, in connection with Theorem [6.1](a), that if n is even and k = (n — 1)/2 and we take a
partition of the edge set of K, into spanning trees then w.h.p. u; =~ %2 ~ k2.

Before proceeding to the proof of Theorems we note some properties of the k-core of a random
graph.

6.2 The k-core

The functions
o0

j
fi()\):Z;', i=0,1,2,..., (6.1)
=i 7

figure prominently in our calculations. We let

oy o M)
gi(A) = ) 0,1,2.

Properties of these functions are derived in Section
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The k-core C(G) of a graph G is the largest set of vertices that induces a graph H,, such that the
minimum degree 0(H,) > k. Pittel, Spencer and Wormald [80] proved that there exist constants,
i,k > 3 such that if p = ¢/n and ¢ < ¢, then w.h.p. G, has no k-core and that if ¢ > ¢, then
w.h.p. G, has a r-core of linear size. We list some facts about these cores that we will need in
what follows.

Given A let Po()) be the Poisson random variable with mean A and let
mr(A) = Pr{Po()\) > r} = e f.(\).
Then
¢ —inf(A')\>0>
" 77'/@71()\) ’ )
When ¢ > ¢, define A\, (c) by

A et

Ax(c) is the larger of the two roots to the equation ¢ = = . 6.2
© & d Tr-1(A)  fa—1(N) (62
Then Wh[ﬂ with A = A\;(c) we have that
- fe(N) , A A (V)
Cx(Gpyp) has = T, (M)n = o N vertices and = Sy v L edges. (6.3)
Furthermore, when & is large,
¢r = K+ (klog k)2 + O(log k). (6.4)

Luczak [69] proved that Cj, is k-connected whp when x > 3.
Next let ¢/, be the threshold for the (x + 1)-core having average degree 2x. Here, see (6.2]) and

(6.3), .
/= 7)\6 where Afr(M)

T fe(N) Jrr1(A)
We have ¢y & 3.35 and ¢, ~ 3.59.

Cc

6.3 Proof of Theorem [6.1(a): Large k.

We will prove Part (a) of Theorem in this section. It is relatively straightforward. Part (b) is
more involved and occupies Section

In this section we assume that &k = O(1) and large. Let Zj denote the sum of the k(n — 1) shortest
edge lengths in K,,. We have that for n > k,

He Dy k(n— D)(k(n —1) + 1) )
mst,(K,) > E[Z;] = ZT S = 172 e [K2(1—n"Y), k2. (6.6)

This gives us the lower bound in Theorem [6.1f(a).

'For the purposes of this paper, a sequence of events &, will be said to occur with high probability whp if
Pr{&€&}=1-o0(n")
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For the upper bound let ky = k+ k%/? and consider the random graph H generated by the ko(n—1)
cheapest edges of K,,. The expected total edge weight E of H is at most k3, see .

H is distributed as G, jyn. This is sufficiently close in distribution to Gy p, p = 2ko/n that we can
apply the results of Section without further comment. It follows from that cop < 2kg.
Putting Ao = A2k (2ko) we see from that w.h.p. H has a 2k-core Cy, with ~ nPr{Po(\g) > 2k}
vertices. It follows from that A\g = 2komar—1(2ko) < 2ko and since mor_1(\) increases with A
and 7op_1(2k + k2/3) = Pr {Po(2k + k2/3) > 2k — 1} >1- e=1k"* for some constant ¢; > 0 we

2/3
see that % < 2kg and so A\ > 2k + k2/3,

A theorem of Nash-Williams [75] states that a 2k-edge connected graph contains k edge-disjoint
spanning trees. Applying the result of Luczak [69] we see that whp Cy contains k edge disjoint
spanning trees 17,75,...,T;. It remains to argue that we can cheaply augment these trees to
spanning trees of K,. Since |Cy;| ~ nPr{Po(\) > 2k} whp, we see that whp Dy = [n] \ Co
satisfies | Do | < 2ne—cik'’?,

For each v € Do, we let S, be the k shortest edges from v to Co,. We can then add v as a leaf to
each of the trees 11,715, ..., T} by using one of these edges. What is the total weight of the edges
Y,, v € Dor? We can bound this probabilistically by using the following lemma from Frieze and
Grimmett [46]:

Lemma 6.1. Suppose that k1 + ko + --- + ky < a, and Y1,Yo, ..., Yy are independent random
variables with'Y; distributed as the kith minimum of N independent uniform [0,1] random variables.
If w > 1 then

Ha a(1+In p—p)
PriYi4+---+Yy> < =)
7“{ 1+ + M_N—I—l}_e

Let e = 2e~*""* and y = 10In 1/e and let M = ken, N = (1 —¢e)n, a = Msn. Let B be the

event that there exists a set S of size en such that the sum of the k shortest edges from each v € S
to [n] \ S exceeds pa/(N + 1). Applying Lemma [6.1] we see that

Pr{B} < (;ZL) exp{k(k+ 1)en(l+Inpu—pu)/2} < (g . e_“k2/3>m =o(n1).

It follows that
a

N +1

msty, (K,) < o(1) + k2 + < k% + 3E5/3.

The o(1) term is a bound kn x o(n™'), to account for the cases that occur with probability o(n~1).

Combining this with we see that
k2 < i, < k% + 3k%/3

which proves Theorem [6.1f(a).

6.4 Proof of Theorem [6.1(b): &k = 2.

For this case we use the fact that for any graph G = (V, E), the collection of subsets I C E that
can be partitioned into two edge disjoint forests form the independent sets in a matroid. This being
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the matroid which is the union of two copies of the cycle matroid of G. See for example Oxley [76]
or Welsh [94]. Let 5 denote the rank function of this matroid, when G = K,,. If G is a sub-graph
of K, then r3(G) is the rank of its edge-set.

We will follow the proof method in [6], [9] and [58]. Let F' denote the random set of edges in the
minimum weight pair of edge disjoint spanning trees. For any 0 < p <1 let GG, denote the graph
induced by the edges e of K, which satisfy X, < p. Note that G, is distributed as G, .

Forany 0 <p <1, p 1(x.>p) is the number of edges of F' which are not in G, which equals
2n — 2 —ro(Gp). So,

mste (K, X) = ZXe = Z/

ecF ecF

1 1

Lx.>p)dp = / Z L(x.>p)dp-
p=0 ccp

Hence, on taking expectations we obtain

1

msta(Ky,) = / _ (2n=2-E[na(Gy))dp. (6.7)

It remains to estimate E [ro(G)p)]. The main contribution to the integral in comes from p = ¢/n
where c is constant. Estimating E [r2(G))] is easy enough for sufficiently small ¢, but it becomes
more difficult for ¢ > ¢, see (6.5). When p = £ for ¢ > ¢, we will need to be able to estimate
E [r;:(Ck+1(Grnyp))]. We give partial results for & > 3 and complete results for & = 2. We begin
with a simple observation.

Lemma 6.2. Let Cy1 = Ci11(G) denote the graph induced by the (k+ 1)-core of graph G (it may
be an empty sub-graph). Let Ey(G) denote the set of edges that are not contained in Cyyq. Then

re(G) = |Ex(G)| + 7(Cht1)-

Proof. By induction on |V (G)|. Trivial if [V (G)| = 1 and so assume that |V (G)| > 1. If §(G) > k+1
then G = Cj41 and there is nothing to prove. Otherwise, G contains a vertex v of degree dg(v) < k.
Now G — v has the same (k + 1)-core as G. If Fy, ..., F}, are edge disjoint forests such that ri(G) =
|F1| + ... + | F)| then by removing v we see, inductively, that |Ex(G — v)|+ rg(Cky1) = k(G —v) >
|Fi| + ... + |F| — dg(v) = m(G) — dg(v). On the other hand G — v contains k forests FY, ..., F},
such that ri(G —v) = |F{| + ... + |F}| = |Ex(G — v)| + 7% (Cly1). We can then add v as a vertex of
degree one to dg(v) of the forests Fy, ..., F},, implying that r(G) > dg(v) + |Ex(G — v)| + 7% (Cit1)-
Thus, r¢(G) = dg(v) + ‘Ek(G — U)‘ + rk(CkJrl) = ‘Ek(G)’ + 75 (Cra1)- ]

Lemma 6.3. Let k > 2. If ¢, < ¢ < ¢}, then w.h.p.

|E(Gn,c/n)‘ - 0(”) < Tk(Gn,c/n) = |E(Gn,c/n)‘

Proof. We will show that when ¢ < ¢, we can find k disjoint forests Fy, Fy, ..., F}, contained in
Cy11 such that

k
|E(Crir)| = D |E(F)| = o(n). (6.8)
i=1
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This implies that 7,(Cky1) > |E(Ckt1)| — o(n) and because ri(Cit1) < |E(Cky1)| the lemma
follows from this and Lemma [6.2]

Gao, Pérez-Giménez and Sato [53] show that when ¢ < ¢}, no subgraph of Gy, , has average degree
more than 2k, w.h.p. Fix e > 0. Cain, Sanders and Wormald [16] proved that if the average degree
of the (k+1)-core is at most 2k — ¢, then w.h.p. the edges of G, ;, can be oriented so that no vertex
has indegree more than k. It is clear from that the edge density of the (k + 1)-core increases
smoothly w.h.p. and so we can apply the result of [16] for some value of e.

It then follows that the edges of G, ) can be partitioned into k sets ®1,®»,...,®; where each
subgraph H; = ([n], ®;) can be oriented so that each vertex has indegree at most one. We call
such a graph a Partial Functional Digraph or PFD. Each component of a PFD is either a tree or
contains exactly one cycle. We obtain Fi, Fb, ..., Fi by removing one edge from each such cycle.
We must show that w.h.p. we remove o(n) vertices in total. Observe that if Z denotes the number
of edges of G, , that are on cycles of length at most wy = %logcn then

wo
E[Z] < Zﬁ! <Z>£p€ < woc® < nl/2,
=3

The Markov inequality implies that Z < n?/3 w.h.p. The number of edges removed from the larger
cycles to create Fi, Fs, ..., F) can be bounded by kn/wy = o(n) and this proves and the
lemma. O

Lemma 6.4. If ¢ > ¢, then w.h.p. the 3-core of G,/ contains two edge-disjoint forests of total
size 2|V (C3)| — o(n). In particular, r2(C3(Gp c/n)) = 2|V (C3)| — o(n).

The proof of Lemma is postponed to Section We can now prove Theorem (b).

6.5 Proof of Theorem [6.1] (b).

As noted in (6.7)),

1

msta(Ky) = /:0(271 —2—E[r:(Gp)])dp.

After changing variables to x = pn,

n

msto(K,) = /:0(2 —o2n ' —nE [72(Gyyn) ] )d

By Lemmas and for © < ¢, we have E [r2(Gy/p)] = |E(Gyp)| — o(n) = an/2 — o(n).
By Lemma for # > ¢y we have E [ry(C3(G,)n))] = 2|V(C3)| — o(n). So by Lemma
r2(Gom) = |E(Gom)| = [E(C3)| +2[V(C3)[ - o(n), and

o= [C D) [1 (2 (5 B + AV CC) ) o ot

=0

We have from (6.3) that for p = z/n we have

Lvieyr = BN on)
1 Af2(N)

C|B(Cy)| = +o(1)
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where ) is the largest solution to Ae*/fa(A\) = z. So

. e (A B0
= i et = [ (2 Favs [ (2050 0 2R e

:C2

To calculate this, note that
dx e n et B et f1(N)
dx (0 200 fa(N)?

/x_c/ <2—2+ ) -2 o >da:

o0 et Afa(N) fa(A) e xed e fi(N)
/A ( 20 T 2er e )(fm)*fg(x)‘ (V)2 )C“

where, see ,

SO

Ny =gy 1 (4) ~ 2.688 (6.9)
is the unique solution to Afa(A)/f3(A) = 4, see Section Attempts to transform this into an
explicit integral with explicit bounds have been unsuccesful. Numerical calculations give

pi2 ~ 4.1704288 . ..

The Inverse Symbolic Calculator (https://isc.carma.newcastle.edu.au/) has yielded no symbolic
representation of this number. An apparent connection to the ¢ function lies in its representation

as
1 o] )\:c—l
(o) = INED) /)\:0 er — 1d/\

which is somewhat similar to terms of the form

o0
/ foly()\) I\
)\:)\/2 er—1-—-A

appearing in ps, but no real connection has been found.

6.6 Proof of Lemma (6.4l

6.6.1 More on the 3-core.

Suppose now that ¢ > ¢4 and that the 3-core C3 of G, , has N = Q(n) vertices and M edges. It will
be distributed as a random graph uniformly chosen from the set of graphs with vertex set [INV] and
M edges and minimum degree at least three. This is an easy well known observation and follows
from the fact that each such graph H can be extended in the same number of ways to a graph G

with vertex set [n] and m edges and such that H is the 3-core of G. We will for convenience now
assume that V(C3) = [V].

The degree sequence d(v),v € [N] can be generated as follows: We independently choose for each
v € V(C3) a truncated Poisson random variable with parameter A\ satisfying go(\) = 2M/N,
conditioned on d(v) > 3. So for v € [N],

Ak 2M
Pr{d(v):k}:m, k=3,4,5,..., A=g <N)
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Properties of the functions f;, g; are derived in Section[6.8] In particular, the g; are strictly increas-
ing by Lemma SO 9o Lis well defined.

These independent variables are further conditioned so that the event

D=S > dv)=2M (6.10)
vE[N]

occurs. Now A has been chosen so that E [d(v)] = 2M /N and then the local central limit theorem
implies that Pr{D} = Q(1/N'/?), see for example Durrett [23]. It follows that

Pr{& | D} < O(n'/?)Pr{&}, (6.11)
for any event £ that depends on the degree sequence of Cs.

In what follows we use the configuration model of Bollobas [I1] to analyse C5 after we have fixed
its degree sequence. Thus, for each vertex v we define a set W, of points such that |W,| = d(v),
and write W = (J, W,. A random configuration F' is generated by selecting a random partition of
W into M pairs. A pair {z,y} € F with x € W,,y € W, yields an edge {u,v} of the associated
(multi-)graph I'p.

The key properties of F' that we need are (i) conditional on F' having no loops or multiple edges,
it is equally likely to be any simple graph with the given degree sequence and (ii) for the degree
sequences of interest, the probability that I'z is simple will be bounded away from zero. This is
because the degree sequence in has exponential tails. Thus we only need to show that I'p
has certain properties w.h.p.

6.6.2 Setting up the main calculation.

Suppose now that p = ¢/n where ¢ > ¢,. We will show that w.h.p., for any fixed £ > 0,
i(S)=|{e€ E(C3):enS # 0} > (2—¢)|S| for all S C [N]. (6.12)

Proving this is the main computational task of the paper. In principle, it is just an application of
the first moment method. We compute the expected number of .S that violate and show that
tis expectation tends to zero. On the other hand, a moments glance at the expression f(w) below
shows that this is unlikely to be easy and it takes more than half of the paper to verify .

It follows from (|6.12)) that
E(C3) can be oriented so that at least (1 — )N vertices have indegree at least two. (6.13)

To see this consider the following network flow problem. We have a source s and a sink ¢ plus
a vertex for each v € [N] and a vertex for each edge e € FE(C3). The directed edges are (i)
(s,v),v € [N] of capacity two; (ii) (u,e), where u € e of infinite capacity; (iii) (e, t),e € E(C3) of
capacity one. A s —t flow decomposes into paths s,u,e,t corresponding to orienting the edge e
into u. A flow thus corresponds to an orientation of E(Cs). The condition implies that the
minimum cut in the network has capacity at least (2 — ) N. This implies that there is a flow of
value at least (2 —¢)N and then the orientation claimed in exists.

Thus w.h.p. C3 contains two edge-disjoint PFD’s; each containing (1 — )N edges. Arguing as
in the proof of Lemma we see that we can w.h.p. remove o(N) edges from the cycles of
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these PFD’s and obtain forests. Thus w.h.p. C3 contains two edge-disjoint forests of total size
at least 2(1 — )N — o(N). This implies that E [ro(C5(G, c/n))] > 2(1 — )N — o(N) and since
N = Q(n), we can have E [r2(C5(G,, ¢/n))] = 2(1 —€)N — o(n). Because ¢ is arbitrary, this implies
72(C3(Gp c/n)) = 2N — o(N) whenever ¢ > c;.

6.6.3 Proof of (6.12): Small S.

It will be fairly easy to show that (6.13) holds w.h.p. for all S| < sy where

wm (10E2)",

e2tee

We claim that w.h.p.
|S] < sp implies e(S) < (1 +¢)|S] in Gy, p. (6.14)

Here e(S) = |{e € E(Gpp) : e € S}|.
Indeed,

IN

S0 s
Pr {3S violating (6.14)} <n>< (2) >p(1+5)s <

() () () ) o

For sets A, B of vertices and v € A we will let dg(v) denote the number of neighbors of v in B. We
then let dp(A) =, c 4 dp(v). We will drop the subscript B when B = [N].

Suppose then that holds and that |S| < s¢ and i(S) < (2 —€)|S|. Then if S = [N]\ S, we
have
e(S) +dg(S) < (2 —¢)|S| and d(S) = 2¢(S) + dg(S) > 3|5

which implies that e(S) > (1 4 ¢)|S|, contradiction.

6.6.4 Proof of (6.12): Large S.

Suppose now that C3 contains an S such that i(S) < (2 — €)|S|. Let such sets be bad. Let S be
a minimal bad set, and write 7" = [N] \ S. For any v € S, we have i(S\ v) > (2 —¢)|S \ v| while
i(S) < (2 —¢)|S|. This implies dr(v) =i(S) —i(S\v) < 2.

We will start with a minimal bad set and then carefully add more vertices. Consider a set S such
that i(S) < 2|S| and dp(v) < 2 for all v € S. If there is a w € T such that dp(w) < 2, let
S" = SU{w}. We have i(S") < i(S)+ 2 < 2|5’|. This means we may add vertices to S in this
fashion to aquire a partition [N] = SUT where dp(v) < 2 for all v € S and dp(v) > 3 forallv € T.
We further partition S = Sy U S; U Se so that dp(v) =i if and only if v € S;. Denote the size of
any set by its lower case equivalent, e.g. |Sy| = sp.

We now start to use the configuration model. Partition each point set into W, = W, UW[, where
a point is in W if and only if it is matched to a point in U,esW,. The sizes of W, W, uniquely
determine w = (80, 51,52, Do,Dl, DQ,Dg,t, M) Here Dz = ds(Sl),Z = 0, 1, 2 and D3 = dT(T)
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Estimating the probability of w.

We have D; > (3 —i)s; for i = 0,1,2 and D3 > 3t. Define degree sequences (al1 ., d") for
Si,i=0,1,2 and (d},...,d}) for T. Furthermore, let dJ = d] -1, d] = dj — 2 and dj > 0 be the
S-degrees of vertices in S1, S, T, respectively.

Dealing with Sp:
Ignoring for the moment, that we must condition on the event D (see (6.10)), the probability that

Sp has degree sequence (dj, . ..,d’), di > 3 for all 4, is given by
0 \dj
ZHl dg! f3(N)
where ) is the solution to
go(A) = %

Hence, letting [2”]f(x) denote the coefficient of x” in the power series f(x), the probability
m0(S0, Do) that d(Sp) = Dg is bounded by

o \d Do 1
7T0<SO7D0) Z H d“fg - f3()\)80 Z H ﬁ

d1+ +d50 =Dy =1 d1+ +d50 =Dy =1
dl>3 dgz3
s0
ADo 20
= R 2
3 &g 0’
APo
= foge e M@

IA

for all \g. Here we use the fact that for any function f and any y > 0, [zP°]f(z) < f(y)/y"°. To
minimise (6.15)) we choose A\g to be the unique solution to

Do

go(Xo) = o

(6.16)

If Dy = 3sp then \g = 0 by Lemma Section In this case, since f3(N\g) = w, we
have
3

A %0
Do) < | ——— hen Dy = . 1
7T0(S(], 0) ~ <6f3()\)) 5 when 0 380 (6 7)

Dealing with S;:
For each v € S1, we have W, = WUS UWT where |[W.'| = 1. Hence, the probability 71(S1, D1) that



6.6. PROOF OF LEMMA 64 105

d(S1) = D1 + s1 is bounded by

di+1 Adi+1 \Di+s1 s
(51, D1) < Z H < ) - Z =
a1 1 di +1)!f3(X) f3(A)= - di!
di>2 222
AD1+s1 Dy .
- fS()\)Sl [:’U ]fz(ﬂj)

APIFsL £ (M)
fs(N)s AP

IN

We choose A; to satisfy the equation
D1
s1°

g1(A1) = (6.19)

Similarly to what happens in (6.17]) we have \; = 0 when D; = 2s; and we have fa(\1) = w
and then we have

A?’
2f3(A)

S1
7T1(51, Dl) § < ) 5 when D1 = 281. (620)

Dealing with Ss:
For v € S, we choose 2 points from W, to be in W, | so the probability m2(S2, D2) that d(S2) =
Dy + 2s9 is bounded by

52 &\z ) )\(ﬁ+1 AD2+2s2 Ao )52
ma(Se, Do) < Z H ( 2;— > = : < N f1<D22) 2752 (6.21)
Booed? oy 1 (dy+2)1fs(\) — [3(AN)%2 A
dy>1

where we choose A9 to satisfy the equation

D
g2(h) = —

S9

(6.22)

Similarly to what happens in (6.17)) we have Ao = 0 when Dy = s9 and we have f1(A2) = A2(1 +
O(A2)) and then we have

52
> ,  when Dy = s9. (6.23)

Dealing with T': A
Finally, the degree of vertex ¢ in T' can be written as dé = c/l\g + E; where c/l\g > 0 is the S-degree
and dy > 3 is the T-degree. Here, with ¢ = |T'|, we have

t
ngg =dg(T) = s1 + 2s2
=1
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by the definition of Sy, S1,S2. So the probability 73(T", D3) that dp(T) = Ds, given si,se can be
bounded by

t5 5 i
ds +d A\dstds3
TR SERD SEES | { (0 ) B
d: di + dy)! f3(A
dy 4 +di=s1+2s2  dy+--+dy=Ds =1 3/ (dy +dy)lfs(A)
di>0 ai>3

A\Ds+s1+2s2

Lo
- f3()\)t Z Z H/\ﬂ'

il 2 1, i—1 dylds!
dj+-+di=s142s2  dg+-+dz=D3 "= 3

d4>0 d5>3
A\Ds+s1+2s2

D3 .ZL't xs1 289 ex
oy (1@ (7))

A\Ds+s1+2s2 f3()\3)t $s1+2s2

< : 6.24
- fg(/\)t )\3D3 (81 + 282)! ( )
where we choose A3 to satisfy the equation
D
go(A3) = 73 (6.25)

Similarly to what happens in (6.17)) we have A3 = 0 when D3 = 3t and we have f3(\3) = w

and then we have
A\Ds+s1+2s2 ps142s2

m3(T, Dy) < (6f3(A)F (s1+ 2s9)

when D3 = 3t.

Putting the bounds together.

For a fixed w = (sq, s1, s2, Do, D1, D2, D3, t, M), there are (SO;?SSQJ) choices for Sy, S1, .52, T. Having
chosen these sets we partition the W,,v € S into Wf U WUT . Note that our expressions ,
(6.18)), (6.21)), (6.24) account for these choices. Given the partitions of the W,’s, there are (Do +
Dy + Dy)!'D3!l(s1+2s2)! configurations, where (2s)!! = (2s—1) x (25 —3) x - - - x 3 x 1 is the number
of ways of partitioning a set of size 2s into s pairs. Here (Dy + D1 + D3)!! is the number of ways
of pairing up J,cg Wy, D3!! is the number of ways of pairing up (J,c, Wi and (s; + 2s2)! is the
number of ways of pairing points associated with S to points associated with T'. Each configuration
has probability 1/(2M)!!. So, the total probability of all configurations whose vertex partition and
degrees are described by w can be bounded by

< t+s > Do fg()\o)so A\D1+s1 f2()\1)81 A\D2+2s2 fl()\2)52 os2
80,81,82,t) fs(A)o \Jo o fs(A)sr AP fs(N)s2 A2
)\D3+81+252 fg()\g)t t81+252 (D() + D1 + DQ)!!Dg!!(Sl + 282)!

X
FOV AP (514 25)! (2M)!

_ ( t+s ) MM F3(XN0)*0 fa(A1)*t f1(Ae)® g—s2 fa(Ag)!  tF1t2e
s0,51,82,t) fa(MN Ao APt AP APs (51 +2s2)!

» (Do + D1+ Do)!'D3ll(s1 + 2s9)!
2M)!




6.6. PROOF OF LEMMA 64 107

Write D; = Ays, |Si| = 0ys, t = 75, M = ps and N = vs. We have k!! ~ v/2(k/e)*/? as k — oo by
Stirling’s formula, so the expression above, modulo an ¢°®) factor, can be written as

oy (r+ 17 N f3(00) F20)7 fiA)™ ()7 (re)7r 2
Aoy L TP V- VR V- VR ¥ R >

(Ao + A + AQ)(A°+A1+A2)/2A3A3/2 ’
(2p)#

We note that

o9 =1—09— 01,
A3:2M—A0—A1—A2—20‘1—40‘2
:2M—4—A0—A1—A2+40‘0—|—201 (626)
v=1+4r.
Hence o9, Az, v may be eliminated, and we can consider w to be (0¢, 01, Ag, A1, Ag, 7, 11). When

convenient, Az may be used to denote 2u — 4 — Ag — A1 — Ag + 40 + 2071. Define the constraint
set F' to be all w satisfying

A02300,A1 Z2O‘1,A221—UO—O’17A3237‘. (6.27&)
Ao+ A1+ A
% +o1+2(1l—0p—01)<2—¢ since i(S) < (2 —¢)]5|, see (6.18)27Db)

00,01 > 0,00 + 01 < 1.
0<7<(1—¢)/esince |S| >eN.
p>(2+¢)(l+7)since M > (2+¢)N.

op <1, otherwise C3 is not connected. (6.27c)

Here ¢ is a sufficiently small positive constant such that (i) we can exclude the case of small S, (ii)
satisfy condition (6.12) and (iii) have M > (2 + )N since ¢ > ¢

For a given s, there are O(poly(s)) choices of w € F', and the probability that the randomly chosen
configuration corresponds to a w € F' can be bounded by

S 3" 0Woly(s) f(w)* < D2 max f(w)* < N max fw) Y. (628)

s>eN W

As N — oo, it remains to show that f(w) < 1 — 9 for all w € F, for some § = d(¢) > 0. At
this point we remind the reader that we have so far ignored conditioning on the event D defined

in (6.10)). Inequality (6.11)) implies that it is sufficient to inflate the RHS of (6.28]) by O(nl/ 2 to

obtain our result.

So, let

(Ao, A1, Ag,00,01,7, 1) =
(r+1)7* A2 f3(A0)7 fa(A) T fi(A2)' 0T f3(Ng)T
00’07 (1 — 09 — op)l7o0=anrT fy(\)THL (o \M AS2 ASS
(e7)27290791 (Ag + Ay + Ag)(A0+A1+A2)/2A§3/2
21-o0—n (2p)r

X
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We complete the proof of Theorem M(b) by showing that

2
flw) < exp{—%}for all we F.

Eliminating u

We begin by showing that it is enough to consider p = (2+¢)(14 7). We collect all terms involving
1, including As, A and A3 whose values are determined in part by u. It is enough to consider the
logarithm of f. We have

Olog f 2 (2M fz()\)> OAs < f2(As) As)
=2logA\+ — |+ —v a7 -5
o o\ T RN T o UR0w) T N
—2log A3 +logAs +1—log2u—1
by definition of A, A3, we have
2p f2(N) Az fa(rs)
— v =0and — —7 =
A f3(N) Az f3(A3)

and so

dlog f A As
=2log (=) +1log [ =2
op Og<k3>+ Og(%)

We have Az < 2pu and furthermore, A < A3 since gg is an increasing function. Indeed, writing
v =1(S5)/s <2, we have Az + 20 =2u > 4(7 + 1), so

CAz 2 2p—20 2p 2p—2u(1r +1) >4—2L

— > 0.
T v T T4+1 T(T+1) - 7

go(A3) — go(N)

This shows that log f is decreasing with respect to p, and in discussing the maximum value of f
for p > (24 ¢)(1 4 7) we may assume that y = (2+¢)(1+ 7).

We now argue that to show that f < exp{—¢2?/3} when u = (2 +¢)(1 + 7), it is enough to show
that f <1 when p=2(1+7). Let 2(1+7) < pp < (2+¢)(1 + 7). Then by (6.26) and (6.27al)

A3 = 2u—4—Ag— A1 — As+4og+ 207
< 2u—4—30¢g—201— (1 —09—01)+40og + 201
= 2u—5+4 200+ 01
< 2u—2

and since 7 < 1/e — 1, p < (2+4¢)(1 + 7) implies p < 2/e 4+ 1 < 3/e. So,
dlog f A 2u —2 €
O8] < 910g (2 ) +1 <log (1-3)
o~ " <A3>+ Og< o )8 3

So, fixing W' = (00,01, 80,A1,A9,7), let p=2(1+7) and ¢/ = 24+¢e)(1+ 7). If f(Ww,p) <1,
then

log f(w/, 1) <log f(w', ) +e(1 +7)log (1 - %) < .
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This shows that it is enough to prove that f(w) <1 for w € F’, defined by

Ag > 309,A1 > 201,A0 > 1—0¢—01,A3 > 37 (6.29a)
Ao+ A1+ Ay < 4dog + 207 (6.29b)
09,01 > 0,00+01 <1

0<7T<

w=2(1+r7).

We have relaxed equation (6.27b]) to give (6.29b)) in order to simplify later calculations. In F’, X is

defined by ) A1 )
A +7

A
90(A) v 147

so in the remainder of the proof
A =gy (4) ~ 2.688 is fixed.

It will be convenient at times to write A = Ag+A;+Ay. We observe that 3094201 +(1—0¢g—01) =
200+ 01 + 1, so by (/6.29a)), (6.29b)),

200+ 01 +1 <A <d4dog+ 207. (6.30)
Note also that g = 2(1 + 7) implies
A3 =2u—4—Ag— A1 — Ay +4og+ 201 = 47 + dog + 201 — A. (6.31)
The quantity 209 4+ o1 will appear frequently. We note that and og + o1 <1 imply

1< 20¢9+4+01 <2.

Eliminating 7

We now turn to choosing the optimal 7. With p = 2(1 + 7),

(1 +1)7+1 AN £5(00)70 fo( M)
Ao.ArL A —
floo, 01, B0, B, Bz, 7) 0007 (1 — o9 — o1)t=o0=917T \ f3(N) A€O NS
1) fyOg)T (er)2 0o ABZADY?
)\2AQ )\3A3 2170'070'1 (4 + 47-)2+2T :

Here )\0 = Ao(AD, 0'0), )\1 = )\1(A1, 0'1), )\2 = )\Q(AQ, ao, 0'1), )\3 = )\3(0'0, a1, AQ, Al, Ag, 7’) as deﬁned
in (6.16)), (6.19), (6.22)), (6.25). Since 7 fa(A3)/f3(A3) —As/A3 = 0 by the definition of A3, the partial
derivative of log f with respect to 7 is given by

4
Bﬁrlog floo,01, 80, A1, g, 7) = log(7 +1) + 1 —log7 — 1+ log <f3/\()\)>
8/\3 ( f20\3) A3>
s A g 2 +10 )\ —410 )\
o o g(f3(A3)) g3

2— 200 —
72007 4 9(1 4 log Ag) — 2log(4 + 47) — 2

)\4f3()\3)> 2—200—01
A% f3(A) T

T

= log(T+ 1) —logT + log <

+2log Ag — 2log(4 + 47)
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This is positive for 7 close to zero. This is clear as long as 20¢ 4+ 01 < 2. But if 209 + 01 = 2 then
oo + 01 < 1 implies that o9 = 1,01 = 0. But then if 7 > 0 we have that C3 is not connected and
that if 7 =0, S = [N] which violates (6.27c|). On the other hand, % log f vanishes if

2200 o (1 1) 2100 (22) g (S . oy

So any local maximum of f must satisfy this equation. If no solution exists, then it is optimal to
let 7 — 0o. We will see below how to choose 7 to guarantee maximality. For now, we only assume

T satisfies ([6.33).

Eliminating Ag, A1, Ao.

We now eliminate Ag, Ay, Ag. Fix 09, 01. For A; > (3 —1i)o; such that Ag+ Ay + Ag < 4og + 2071,

d O\ fo—i(Ni) A
1 = i —— ) —log\; +1
oA, og f A, (O‘ FiOn) N og \; + log A3
0 or 1 1 1 1
—I-%logf oA, —|—§logA—|—§—§logA3— 3

[ A
= —log\; +log ()\3 A) ,
3

since g;(A\;) = A;/o; by definition of \;, and the term a% log f O1/0A; vanishes because (6.33) is
assumed to hold. We note that \; > 0 when A; > (3 — i)o; (Section , allowing division by ;.

As A; tends to its lower bound (3 — i)o;, we have log \; — —oo while the other terms remain
bounded, so the derivative is positive at the lower bound of A;. Any stationary point must satisfy

Ao = A1 =X = A3 /A/A3 =: . This can only happen if

~ ~ ~ A A A
0090(A) + 0191 (A) + (1 — 00 — 01)g2(\) = 00700 tor =+ (1—0p—o1) 2

— =A.
o1 1—09—o01

So we choose /):, A, T to solve the system of equations

= Ag,/AA3

~ o~

A = gogo(N) +o191(N) + (1 — a9 — 01)g2(N)
2—-200—01 = T [log (1 + i) —2log <i3> —log <m)]

In Section we show that this system has no solution such that 2090 +01+1 < A < 409+ 207 (see
(6.30)). This means that no stationary point exists, and log f is increasing in each of Ay, Ay, As.
In particular, it is optimal to set

Ap + Ay + Ag = 40g + 201 which implies that As = 47, see (6.31)). (6.36)
This eliminates one degree of freedom. We now set

Ay =4dog + 201 — Ay — Aq.
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Then for Ay, A1, we have

aii log f = —logA; +logAs, ©=0,1.

To see this note that (6.34) has to be modified via the addition of % log f x %, for i =0,1.

So it is optimal to let A\g = A\; = Ay = X, defined by

Uogo()\) + Ulgl(A) + (1 — 09 — 0’1)92()\) =409 + 201 (6.37)

This has a unique solution A > 0 whenever 20y + o1 > 1, since for fixed o, o1, the left-hand
side is a convex combination of increasing functions, by Lemma [6.7, Section [6.8] This defines
A; = Ai(oo,01) by

Ag = go(N)oo, Ar=gi(N)o1, Ay =g(A)(1—00—01) (6.38)

We note at this point that A < A. Indeed, by (6.36]) and (6.27a)),
Ag =4og + 201 — A1 — Ag < 4oy + 201 — 201 — (1 — 09 — 01) < 4oy,

go(X) = — <4 =go(N) (6.39)

0o
implying that A < ), since g is increasing.

This choice (6.38) of Ag, A1, Ag simplifies f significantly. With A = 40g + 207 we have Az = 47,
see (6.36)), and so

4

is fixed. In particular, the relation (6.33)) for 7 simplifies to
1
2—20p— 01 =7log <1 + ) (6.41)
T

Let ¢(7) = 7log(1+1/7). Then ¢"(7) = =7 1(1+1)72, s0 ¢ is concave and then lim,_,o ¢(7) = 0,
lim; 0 ¢(7) = 1 implies that ¢ is strictly increasing and takes values in [0,1) for 7 > 0. This
means that has a unique solution if and only if 209 + 01 > 1. When 209 + 01 = 1, f is
increasing with respect to 7, and we treat this case now.

If 200 + 01 = 1, then (6.30) implies that A = 2. Furthermore, Ag = 47 (see (6.31))) and Az = A
(see (6.40))) and ¢;(0) = 3 — ¢ implies that

0090(0) + 0191(0) + (1 — 09 — 01)g2(0) = 200 + 01 + 1 = 409 + 207,

so A = 0 is the unique solution to (6.37). Then since A;/0; = g;(0) = 3 — i (Lemma Section
[6.8), we have A; = (3 —i)o;, i =0, 1,2, and as in (6.17), (6.20), (6.23),

fsN)7 2N fr(N) 70" (fs(M)UO <f2(>\)>01 <f1/(\A))1_"°_"1 11

e 3 3 T 6720
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so when 20y + 01 = 1, (6.32]) becomes

A - (r+ 1) X1 1 e 22Pn)T
00,01, 7) = Jgoafl(l —0g — 01)1—00—017—7' f3()\) 6oo 201 91—op—01 (4 + 47->2+27"

In this computation we also used the fact that A = A3 (see (6.40])) and A3 = 47 (see (6.31))) to find
that

< )\4 >‘r+1 f3()\3)7— )\4

fs(A) AL ~ B

Here A*/f3()\) ~ 7.05 is fixed. We show in Section |6.7| that in this case, the partial derivative in 7
is positive for all 7, so we let 7 — oo. Substituting o; = 1 — 20 we are reduced to

) (r+1)7+! M1 1 er 24n)*
floo) = lim e
300 080(1 _ 200)(1—200)0807.7 f3()\) 600 21—200 900 (4 + 47.)2-1-27
A 1

16f3(A) o57° (1 — 209) 1200300
This has the stationary point op = 2 — /3, and f(2 — v/3) =~ 0.95. We also have f(0) ~ 0.44 and
f(1/2) =~ 0.51 at the lower and upper bounds for oy.
Dealing with oy, 01
With this, we have reduced our analysis to the variables og, o1 in the domain

E ={(00,01) : 09,01 > 0,00 + 01 < 1,200+ 01 > 1}.
We just showed that f <1 in
Ey = {(00,01) € E : 200+ 01 = 1}.

Further define

F = {(0070'1) el :001<0 < 0.99},
Ey = {(00,01) el :0<01 < 0.01},
FE3 = {(00,01) ceF:099<0 < 1}.

We will show that f <1 in each of these sets, whose union covers E.

From this point on, let 9; = %,i =0,1. As noted above, A = 40( + 207 simplifies f. Specifically,
if 200 + o1 > 1 then (6.32)) becomes, after using ((6.36) and (6.40)),

f(O'O 0'1) = (T + 1)T+1 a8 fg(X)UOf2SX)Jl fl (X)l_ao_al
) 0.8'00.5'1(1 — 0 — 0.1)17007017-7 f3(>\) )\400—1—201
(eT)?7200791 (40 + 201 )00 91 (47)%7
21—00—01 (4 + 47_)2—1—27
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In (6.41)), (6.37) respectively, T and A are given as functions of o¢, 1. Recall that A\ = gg 1(4) is
constant. So

dolog f(09,01) =
—logog — 1 +1log(l — o9 —01) + 1+ log f3(A) — log f1(\)
—4log X — 2log(er) + log 2 + 2log(40q + 201) + 2

B RO, AR ) oot 20
*aoo<°f3<x>+1f2<x>+“ TN T )

) 2~ 250 —
+aT<log(T+1)+1—log7‘—1+M+210g47’+2—210g(4+47’)—2>
g0
1—o00— A
— log (M) + log 7{3( ) ) olog 7 + log 2 + 2log(dog + 207) (6.43)
0 A fi(N)

where, as expected, the terms involving dy7 and JyA vanish since 7, A were chosen to maximize

log f. (See (6.41)) and (6.37]) respectively).

Similarly,
O1log f(op,01) =
—logo; —1+1log(1l — o9 — 01) + 1 +1log fo(A) —log f1(A)
—2log A — log(eT) + log 2 + log(4og + 201) + 1

N (V) AN L foN) ey +201>
T 90 (UO Loy T oy TR TR )
+ 87—<log(7'+1) +1—-logr -1+ e ek +2logdr 4+ 2 —2log(4 + 47) — 2>
Joq T
— log <1_U°_Ul> +log ({2@) ) “log T + log 2 + log(40o + 201). (6.44)
01 A f1(A)

Any stationary point must satisfy

99 log f = lo o o (TLVSBNN o
(0o 261)1gf—1g<00(1_00_01)>+1g< HO? ) log2 = 0. (6.45)

Now we show in Lemma Section [6.8] that
f2(\)?

1< 2N 9
SN f3(A)
This means from (6.45]) that if (9y — 20;)log f = 0 then

2
g
1 < 4.

2<
- (70(1 — 00 — 01)
In particular, the lower bound implies o9 > (1 — 01)/2 + /1 — 201 — 07/2 and the upper bound
implies 01 < —20¢ + /409 — 40’%. The latter bound is used only to conclude that o1 < 1/2, by
noting that —20q + /409 — 403 < (5'/2 —1)/3 < 1/2 for 0 < 0p < 1. In conclusion,

(8 — 201)log f = 0 = { 002 (1 =01)/2+ /1 =201 = 07/2. (6.46)

o1 < 1/2.
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Case One. E; = {(0p,01) € £:0.01 <o; <0.99}
When oy < 0.99, we need a lower bound for A\7. We first note that g;(A) <3 —i + A (Lemma
Section implies

dog + 201 = O’og(](X) + Olgl(X) + (1 — 00 — Jl)gg(X) <200+01+1 +A

SO

A>200+01—1=1—7log(1+1/7).
Here we have used (6.41)).

For 7, note that oy < 0.99 and oy + 01 < 1 implies 7log(1 +1/7) =2 — 209 — 01 > 1 — 0 > 0.01.
The function 7log(1 + 1/7) is increasing in 7 by the discussion after (6.41]). This implies

> 1073, (6.47)

since 0.001log(1001) < 0.01.
Ifr<1.1,

A>1-1.1log2 > 0.1.

So, if 7 < 1.1,
AT > 1074

If 1.1 < 7 then we use log(1 + ) < x — 22/2 + 23/3 for |z| < 1 to write
>

1 1
3176

M\H

A > 71— 12log(l+1/7) >

So, in F7, we have _
A >1074, (6.48)

By definition of Ey, og > 0.01 and o1 > 0.01. By (6.39), 0 < A < A. This implies f3(}) INAO) <
1/6 and fo(A)/Afi(X) < 1/3 (Lemma [6.8] Section [6.8). So after rewriting (6.43) slightly,

1—o0g— A -
Oolog f(og,01) = log <M> + log (53( z > — 2log AT +log 2 4 2log (4o + 207)
o0 A fi(A)

1 1
log o +log = — 2log 10~ 4 +log2+2log4

< 25.

IN

Similarly, (6.44)) is bounded by

1 1
o1 log f(op,01) < logm—klogf—loglo 4+ log2+log4 < 15.

We now show numerically that log f < 0 in FEj.

Numerics of Case One:

Since 0; log f is only bounded from above, ¢ = 0, 1, this requires some care at the lower bounds of
00,01, given by 09 > (1 —01)/2 and 1 > 0.01. Note that if o9 = (1—01)/2, then (09, 01) € Ey and
it was shown above that log f (o9, 01) < 10g0.95 < —0.01. Define a finite grid P C E; such that for
any (09, 01) € E1, there exists (7g,01) € PU Ey where 0 < 0g — g9 < 6 and 0 < 01 — 71 < 4. Here
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d = 1/4000. Numerical calculations will show that log f(7g,1) < —0.01 for all (g,71) € P. This
implies that for all g, 01 € E,

log f(op,01) < max  log f(Gp,01) + 256 + 156 < —0.01 + 400 < 0.
70,01€PUE

When calculating log f(G0,71), approximations Xnum,Tnumiof X@0,71),7(50,71) must be calcu-
lated with sufficient precision. By definition of A, dlog f/0\ = 0, while

0% log f ‘
2

_ io <f1()\) f2(>\)2> . (fo()\) fl()‘)2>

A f2(A)  f2(A)?

fs(0) f3(M)?
L) AR | e+ 20,
+ (1 0 1) <f1()\) fl()\)2> XQ

o (v AQ) ff?“)?) for (v fold) _ Vf1<”2>
s f3(N)? f(A)  fa(N)?

A
— —2 T\ 2
R

= ?"7090<X)(91 (A) —go(X) +1) + 0191(A) (92(X) — g1 (A) + 1)
+ (1= 00— a1)g2(MN(A = g2(A) + 1))

9
< ?Wogo()\) +0191(A) + (1 = 90 = 01)g2(N)|

9
= Slto+20 -1, by (30

Here we use the fact that gi(\) <4for 0 <A< )\ i=0,1,2 to conclude that |g; — go + 1, lg2 —
g1+ 1|, |A— g2+ 1| <9, and the final step uses 40¢ + 201 < 4. So the error contributed by Apym, is

236

|log f(T0,T1; Anum) — 10g £ (70,715 )| < (Apum — A) X

and to achieve a numerical error of at most 10~%, we require that [Xpum/A — 1| < 1072/6.
Similarly by definition of 7, dlog f/0T = 0, while

0% log f B
orz | |r(t+1)

‘ < 10°%, by (6.47).

Thus to achieve a numerical error of at most 1074, it suffices to have |Tum /7T — 1| < 1072,

With the above precision, it is found that over all (59,5;) € P U Ey, log f(c9,01) < —0.0105
numerically. With an error tolerance of 10™#, this shows that log f(5o,71) < —0.01.

Case Two. Ey = {(09,01) € E:0< 01 <0.01}
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We divide FEs into three subregions,

Es1 ={(09,01) € B3 : 01 =0},

Es9 ={(00,01) € B3 : 0¢g + 01 = 1},

Es3=FEs\ (E21UE32).
We begin by considering the point (og,01) = (1,0). Here 40¢ + 201 = 4, and from A is
defined by go(A) = 4. So X = g5 '(4) = \. We also have 2 — 209 — 01 = 0, and from the definition
of 7 we have 7 = 0. Plugging this into the definition of f gives f(1,0) = 1.

Sub-Case 2.1a:
Now consider Ejy 1, where o1 = 0. Here o9 > 1/2, from the definition of £ and

1— by —
0o log f(00,0) = log ( UO) + log 7];3( z — 2log AT + log 2 + 21og(40y)
o0 A fi(A)
Within Ej 1, we consider two cases. First suppose o < 0.99. As noted in (6.48)), o9 < 0.99 implies
AT > 1074, Applying the same bounds as in (6.49)),

1
0o log f(00,0) < logg —2log107* +log2 + 2log4 < 21

and we show numerically that f < 1. The umerical calculations for this case now follow the same
outline as above. The precision requirements given there will suffice in this case.

Sub-Case 2.1b:

Now suppose ¢ > 0.99, still assuming oy = 0. Here A < X (see (6.39)) implies f3(X)/X4f1 (A) >0.01

by Lemma Section We have 7log(1+1/7) = 2 — 209 — 01 = 2 — 209 < 0.02 and since

7log(1+1/7) is increasing (see (6.41)), it follows from a numerical calculation that 7 < 0.004. This

implies ,
Lm0 _log (21 £2) 5 195105250

-

-
and

o log f(00,0) = log <1_JO) + log <{:3()\)> —2log T+ log 2 + 4log(40y)
g0 A fi(A)

- _

= log < 200) —log g + log ({:3()\) ) + log 2 + 4log(409)
T A fi(N)

> log(1251log 250) + log 0.01 + log 2 + 210og 3.96 > 0

which implies f(00,0) < f(1,0) =1 for oy > 0.99.

Sub-Case 2.2:
Now consider F»», i.e. suppose og + 01 = 1 and o1 < 0.01. Then
1- A
0o log f (00,1 — 09) = log <UO> + log 7{34 —log 7 + log(2 + 209) (6.50)
90 A fa(N)
By Lemma Section A < X implies
3(A
B 09
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As 01 = 1 — 0p, 7 is defined by 7log(l+ 1/7) = 2 — 209 — 01 = 1. So 7log(l 4+ 1/7) < 0.01,
implying 7 < 0.003 since 7 log(1 + 1/7) is increasing, and

1- 1
90 _ L _og <1 T ) > log 333.
T T

So,

1 A
O log f(o0,1 —00) = log <TUO> + log (2 L > — log og + log(2 + 20y)

> loglog 333 + log 0.09 + log 3.98
> 0

and for all 0.99 < oy < 1, f(00,1 —09) < f(1,0) = 1.

Sub-Case 2.3:
Now consider Ej 3, i.e. suppose 0 < 01 < 1—09 and 01 < 0.01. We show that the gradient V log f #

0. Assume (Jp — 201)log f = 0. By (6.46) we must have oy > (1 — 01)/2 + /1 — 201 — 0% /2.
Since o1 < 0.01, we can replace this by the weaker bound oy > 1 — 1.10y. We trivially have
1 — 0 > (2—20’0—0’1)/2, SO

2271—00 272_200_01 —110g<1+1)
T T

1.1 7 2.2 T 2.2

Since 7log(1 +1/7) =2 — 209 — 01 < 1.207 < 0.012, we have 7 < 0.002. So o1/7 > log(500)/2.2.

This allows us to show that if (Jy — 20;)log f = 0 and o7 < 0.01, then (Jyp — 91) log f # 0. Noting
that dog + 201 > 4(1 — 1.107) + 207 > 3.976,

A
(Op —Oh)log f = log (ﬂ> + log <“§3( z ) —logog + log(4og + 207)
T A fa(N)
> log(log(500)/2.2) + log 0.09 + log 3.976
= 1.038445... — 2.407945... + 1.380276...

> 0

This shows that Vlog f # 0 in Es3. The boundary of Es 3 is contained in Ey U Ey 1 U Ego U Ej.
Since f <1 on the boundary of E53 and Vlog f # 0 in Es 3, it follows that f <1 in Ey3.

Case Three: E3 = {(09,01) € £:0.99 < 0y < 1}.
Further divide F3 into

Eg,l = {(O’Q,Ul) e Fy:00+01 = 1},
E39=FE3\ E3;.

Sub-Case 3.1:
Consider FEjs 1, i.e. suppose o9 + o1 =1 and o9 < 0.01. Then we write, see (6.50]),

1-— 1 —
0o log f (00,1 — 0p) = log < UO) + log ( — ) —log AT + log(2 + 209)
o0 90(AN)
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To show that this is positive, we bound A7 from above. From (6.53) (Section|6.7) with A = 40+20;
we have 7 < 1/(40g + 201 — 2). For ), we use the bound derived in Section (6.54). Note that
if A =400+ 207 then Ly = X in (6.54). So,

12(40’0 + 20’1 — 20’0 — 0] — 1)
6 — 309 — 201

>

< <12(200 4 01 — 1) < 12.

These two bounds together imply A < 6. Forall 0 < A < X\ we have 3 < gO(X) < 4 since
3 < Ap/og < 4 (see the discussion before (6.39).

We conclude that

0.99 1
0o log f(00,1 — 0p) > logm —Hogz —log6 +log2 >0

This implies that for all (0g,01) € E31, f(00,01) < f(0.01,0.99) < 1, since (0.01,0.99) € E;.

Sub-Case 3.2:

Now consider E32. As noted in , any stationary point of log f must satisfy o1 < 1/2, so Es3
contains no stationary point. The boundary of Fj3 > is contained in FyU Ey U E3 1, and it has been
shown that f <1 in each of Fy, Fq, E3 1. It follows that f <1 in Ej3».

This completes the proof of Lemma [6.4 and Theorem

6.7 Appendix A

This section is concerned with showing that the system of equations (6.35]) under certain conditions
has no solution. Throughout the section, assume 7 satisfies (6.33)): Recall that Ag = 47 + 40¢ +
20’1 - A,

1 47 4+ 4dog + 201 — A 24 f3()\3) o
T<log <1+T> —2log< i > —log <)\§ f3()\>)> =2—200—01. (6.51)

Here \ = g5 ' (4) ~ 2.688 is fixed.
Define for 209 + 01 +1 < A < 4og + 207

A
4T+400—|—201—A

Li(og,01,A,7) :)\3\/

and define Lo(0g,01,A) as the unique solution to G(o¢, 01, L2(0g,01,A)) = A, where G is defined
by
G(oo,01,2) = 0ogo(x) + o191(x) + (1 — 09 — 01)g2(). (6.52)

This is well defined because each g; is strictly increasing, and for fixed o, 01 we have G(09, 01,0) =
200+ 01 +1 < A and lim,_,» G(0¢,01,2) = 00 (see Section . Define

R = {(oo,ol,A,T) € Ri c00+ 01 <1;2004+01 >1; 200+ 01+ 1 <A <4dog+ 207; (6.51)) holds.}
We prove that the system ((6.35]) is inconsistent by proving

Lemma 6.5. Let (09,01,A,7) € R. Then Li(0g,01,A,7) > La(0g,01,A)
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Proof. Define L(og,01,A,7) = Li(09,01,A,7) — La(0p,01,A). We will bound |VL| in R in order
to show numerically that L > 0. However, VL is unbounded for A close to 4 and 20( + o1 close to
1. For this reason, define

Ry ={(00,01,A,7) € R: A > 3.6},
Ry = {(00,01,A,7) € R: 200+ 01 < 1.1},
R3 = R\ (R1 U Rg).
Analytical proofs will be provided for Ry, Rs, and a numerical calculation will have to suffice for

Rs.

First note that for any o, 01 we have La(0q, 01,200+ 01+ 1) = 0, since G(0¢,01,0) = 200+ 01+ 1,
see (6.52). Here we use the fact that g;(0) = 3 — 4, i = 0,1,2 by Lemma Section This
implies that Lq(0g, 01,200+ 01+ 1,7) > 0 = La(09, 01,200+ 01+ 1), and we may therefore assume
A >209+01+ 1.

We proceed by finding an upper bound for 7, given that it satisfies (6.51)). Fix 0,01, A and define

T ol o1 — 4
r©=¢ (g (1) 208 (2R ) s (20

We first derive a lower bound r1(¢) < r(().

For > 0 we have x — 22/2 < log(1 + 2) < x. This implies, that for all ¢,

4 201 — A 4 200 — A 4 201 — A
2(10g<1—|—00+01>§2c oo + 201 _ 4o + 201

4¢ 4¢ 2

Let h(z) = log fs(x) — 4logxz. Then h/(z) = fa(x)/fs(x) — 4/x, and we note that h'(\) = 0, by
definition of X\. The second derivative is h”(z) = f1(z)/f3(z) — fo(x)?/ f3(x)? + 4/22. Substituting
filz) = f3(x) +z +2%/2 and fo(x) = f3(x) +2%/2, for all z > A

/) 4 :v+1:2/2_ B x? B x?
) Fo@) (o)
4 % — 2z xt

a2 2fy(x)  Afs(x)?

Since # > A > 2 we have 72 — 22 > 0, and f3(x) < e® implies

4 x2 — 2 x4
22 2f3(x) 4f3(x)?
4 x2 — 2

' (z) =

< = _

- 22 2e®
4 2x

< 42

- zZ Q2e®

4
< ) +331_)\
X

Here we use the fact that e® > 2* for & > X, since A < e. Since 4272 4+ 21~ is decreasing, we have
R (z) < 4XN"2 4+ N2 < 3/4 for all z > .
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By Taylor’s theorem, for some x € [\, As3]

MBs) B
1g(X§ f3<A>> — hOw) — h(V)

= B+ ) — )+ gh" (@) — A~ h(3)
< S0u- 2

Another application of Taylor’s theorem lets us bound

40’0—|—20’1—A> _1

)\3—)\:go_l<4—|— — 90 (4)

T

By Lemma Section we have gh(x) > gh(N\) > 1/2 for x > A, so dgy *(y)/dy < 2 for y > 4,
and for some y > 4

4og + 201 — A

1 _
N = At dgy  (y) (400 +201 — A

<A+2
dy T )_ "

and so

A fs(hs)) 3 s 3 (4004201 — A\?
() =3 e (e

Define 71 as the unique solution ¢ to

2 —20p— 01 =11(C)

2
Tl(()=C<log<1+1>_‘WM_;<W> )

where

¢ 2¢ ¢

Then r1(¢) < r(¢), and r1() is strictly increasing. So, since r1(71) = (1) = 2 — 209 — 071, it follows
that 7 < 77.

Case of Ri:
Now fix (09,01, A,7) € Ry, i.e. suppose A > 3.6. Then
3 . 3 4 4og + 201 — A 2
1 <4> = 4log<1—1—3> — 5 2(40¢ + 201 — A)
3 7 A
= Zlog= — 200 — — 24 201 — A)?
1 108 3 — 200 01—1—2 (4dog + 201 )
3 7 3.6
> Zlog = — 200 — = —2(4 —3.6)?
2 log g —200 o1+ 5 (4—-3.6)

> 2—200— 01

We have lim¢_,071(¢) <0, and 7 is continous and increasing, so 7 < 71 < 3/4. Since A > 3.6 and
200+ 01 < 2,

A— (41 +400+201 —A) >2A -3 409 — 201 >72—-T7>0

This implies that

A

L A) =\ A
100,01, 4) 3\/4T+4ao+201—A> 3
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Note that

G(O‘o,O‘l,)\) > G(O‘o,O‘l,)\) =40y + 201 > A

implies that
Ly(og,01,A) < A= g5l (4).

Also note that by (6.25)) and (6.31]) we have

(A _ 409 + 201 — A _

since g, !'is increasing (Lemma Section . So
Li(00,01,A,7) > A3 > A > La(00,01,4A)

for (UQ,Ul,A,T) € R;.

Case of Ry, Rs:
For Ry, R3 we will need a new bound on 7. Since x — x2/2 < log(1 + ) for all x > 0,

r1(¢) > r2(¢) —C<1 1 dog + 20y - A 3 <400+201 _A>2> '

¢ 2 2( 2 ¢
Let 15 be defined by r2(m2) = 2 — 209 — 01, which can be solved for 7o;

1+ 3(400 + 201 — A)?
N A—2 ‘

72

It follows from r(7) > ro(7) and the fact that r9 is increasing that

< 1+3(40’0—|—20’1—A)2
- A—2 ’

T

121

(6.53)

An upper bound for Lo(og, 01, A) will follow from bounding the partial derivative of G(og, 01, z)

with respect to z. We have g{, > 1/4, g} > 1/3 and g5 > 1/2 by Lemma [6.7] (Section [6.8)), so

0
5,000 01,2) = o0go(x) + o141 (z) + (1 — 00 — 01)g5(x)
S oo | 01 1—09g—01
= 4 3 2
- 6 — 30‘0 — 20‘1
- 12

and G(o0g,01,0) = 200 + 01 + 1 implies
A = G(O'Q,O'l,LQ(A))

0
> G(09,01,0) + min %G(UO,ULI')LQ(A)
6 — 300 —2
> 200+ 01+ 14+ 2 L Ly(A)

So

12(A — 209 —01—1
Lo(a) < e =200 = 1)
6—30‘0—20‘1

(6.54)
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So, to show Lj(0g,01,A,7) > Lo(0p,01,A), it is enough to show that

\/ A - 12(A — 209 — 01 — 1)
3V 4r 1409 + 20, — A 6 — 300 — 201

Solving for 7, this is equivalent to showing

— 300 — 2 2y 201 — A
T<A[ )\3(6 300 Ul) :| B oo + 201

24(A—2UO—0'1—1) 4

and by (6.53), and A3 > A, it is enough to show

1+ 3(400 + 201 — A)? A(6 — 300 — 201) r_ (400 4201 — A) (6.55)

A—2 <A|:24(A—20'0—O'1—1) 4
for (0p,01,A,7) € Ry U Rs.

Case of Ry:
Consider Rs, i.e. suppose 209 + o1 < 1.1. Then 40¢ + 201 — A < 209+ 01 — 1 < 0.1 since
A > 2009 + o1 + 1. This implies

1+ 3(409 + 201 — A)? . L03
A—2 TA-2

Furthermore, 6 —309—201 > 4.9—09—01 > 3.9, while 209 +01 > 1 implies A —209—01—1 < A—2.
We have A3 > A = gy (4) > 2.5. So it holds that

A

A3(6 — 300 — 207) r _Uoo+20 -4 [ 2.5 x 3.9

2
24(A — 200 — 01 — 1) 4 24(A — 2)] - 002

and it is enough to show that

1.03 { 2.5 x3.9
<

2
= S22 - 0.02
24(A—2)] 0.025

A—-27

We have A > 209 + 01 + 1 > 2, so multipling both sides by A — 2 > 0, this amounts to solv-
ing a second-degree polynomial inequality. Numerically, the zeros of the resulting second-degree
polynomial are A =~ —33 and A ~ 2.37. The inequality holds at A = 2.3, and so it holds for all
2 < A <2.37. In particular, it holds for 209 + 01 + 1 < A < 40¢ + 207 when 1 < 20+ 01 < 1.1.

Case of Rj:
Lastly, consider R3. Here more extensive numerical methods will be used, and we begin by reducing
the analysis from three variables to two. Divide R3 into four subregions,

R31 = {(00,01,A) € R3:1/2 < 01 <1},
R3 2 = {(00,01,A) € R3:1/4 <01 < 1/2},
R373 = {(O‘o,o‘l,A) S Rg : 1/8 <o < 1/4},
R34 = {(00,01,A) € R3: 0 <07 < 1/8}.

Define
u1 = 5.5, us =5.75, wuz=>5875 wuy=5.9375.
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Then
3(20’0 + 0'1)

6—300—201:(6—2>—300—%2u2— 5

2
in Rs;,i=1,2,3,4.

Fixing 4, (6.55)) will hold in Rj; if we can show that

(6.56)

1+3(dog +201 = A) _ A [Awi = 3(200 + 01)/2) > (4004201 — A)
A—2 B 24(A—20‘0—O‘1—1) 4

Note that 0,01 only appear as ¥ = 20g + o1 in (6.56)). For this reason we clear denominators in
(6.56) and define for i = 1,2, 3,4,
0i(3,A) = ANA(A —2)(u; —3%/2)? — 144(A — 2)(A — X — 1)%(2% — A)
—576(A — X — 1) — 1728(A — X — 1)?(2% — A)%
In which case, (6.56]) is equivalent to ¢(X, A) > 0.

In R3; we have 1.1 < ¥ < 1.5 since 209 + 01 > 1.1 is assumed, and o1 > 1/2 and 0p+ 01 <1
imply 209 + 01 < 2 — 01 < 1.5. For this reason define

Rz ={(3,4):1.1<Y<15%+1<A<2%}
Ryp={(%,A):15< Y <175, +1<A<2%},
Rssz={(3,A):1.75 <X < 1.875, L+ 1 < A < min{2%,3.6}},
R3g={(3,A): 1875 <X <2,%41<A <min{2%,3.6}}.

Here ¥ +1 < A < 2% is (6.30)).
Equation ((6.56)) will follow from showing that ¢;(3,A) > 0 in .[:“ég,i, 1=1,2,3,4.

The ¢; are degree four polynomials, and bounds on |V;| are found by applying the triangle
inequality to the partial derivatives of ¢;. The same bound will be applied to V; for all i. using,

I<KNHLI<A<2IN <4, u; <6, A<3

from which we obtain

ui—% %—1<32—2A+1<1—2<42 3A+2<1,
(A-%— )(ZE—A)SMSL
4 4
we have
'gg | = 3X2A(A — 2)(u; — 35/2) + 288(A — 2)(A — £ — 1)(28 — A)

—288(A —2)(A =X — 1) + 1152(A — X — 1)

+3456(A — X — 1)(2% — A)2 — 6912(A — ¥ — 1)%(2% — A)|
3AZA(A — 2)(u; — 3%/2) + 288(A — 2)(A — X — 1)[3% — 2A + 1|
+1152(A — % — 1) + 3456(A — X — 1)(2%2 — A)[|4% — 3A + 2|
27-4-2-9/24288-2-2-14 11522 + 3456 - 3/4 - 2

= 9612

IN
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For A,

'5%‘

A INA(u; — 35/2)% + M2(A = 2)(u; — 3%/2)% — 144(A — X — 1)%(2% — A)

—288(A —2)(A =X —1)(28 — A) + 144(A — 2)(A — X — 1)?

—1152(A = ¥ — 1) — 3456(A — £ — 1)(2% — A)? + 3456(A — ¥ — 1)%(2Z — A)|

M(2A — 2)(u; — 38/2)% +144(A — £ — 1)?(22 — A) +288(A — 2)(A — 2 — 1)(22 — A)
+144(A = 2)(A =2 — 1)% + 1152(A — ¥ — 1) + 3456(A — ¥ — 1)(2% — A)|2A — 3% — 1|
< 9-6-(9/2)24144-2%.14288-2-2-1+144-2-22 + 115224 3456 - 3/4 - 1

— 8383.5

IN

so |V;| < 12755 for i = 1,2, 3,4.

For each i, a grid P; C ﬁg,i of 4-10° points is generated such that for each = € 1733,1-, there exists an
xg € P; for which |z — x| < 0.001. On this grid, ¢; is calculated numerically, and it is found that

9249, i—=1
min i(z0) = 25.50, i=2
20EP; 27.08, 1=

19.04, =4

So for any ¢ and any x € Egﬂ', there exists an xg such that |p;(z) — @i(x0)| < |Veillr — xo| <
12755 - 0.001 < 13, which implies ¢;(z) > ;(xg) — 13 > 0. This proves (6.55)) for 09,01, A € R3.

O]

6.8 Appendix B

This section is concerned with the functions

-1

k .
J
fo(x) = €® and fi(z) =e* — xf', x>0, k=1,2,3,
=07’
and the related functions
x fa(x) xfi(z) x fo(z)

w0 =T M g 20T ey
Since fx(0) =0 for k£ > 1, we define ¢;(0) = limg_,0 g;(x) = 3 — 7. Note that
d
2o @) = froa(@), k=1
Lemma 6.6. For allx >0 andi=0,1,2,
r<gir)<3—ituwx

with equality in the upper bound if and only if x = 0.
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Proof. Fix i. By definition, ¢;(0) = 3 — 4. For > 0 consider

T fo_i() z(fo—i(w) — f3—i(2)) 23
3t 7 H A w7 R T P
Since f3_;(x) > 0 we have g;(z) —z > 0. Now
k k
(3—i)(2— D) fs_i(z) — 237 = (3 — i)! %—m3_i: (3 —i)! % >0
k>3—i k>4—i
for > 0, implying g;(z) — =z < 3 —i. O

Lemma 6.7. The functions go, g1, g2 are convez, and gi(z) > 1/(4 —1i) forz >0,i=0,1,2.

Proof. Consider go. Since fa(z) = f3(z) + 22/2, go can be written as

B x fa(x) - x3
0= = o)

Let q(z) = f3(z)/2% = >0 27 /(j + 3)!. Then go(x) = = + 1/2q(z), and

, "(x y 2¢ (2)? — q(z)¢" (z
(o) =1 - g, afa) = LT

and we show that 2q"(x)2 —q(2)q"(x) > 0. We have ¢'(z) = 3,500 + )27 /(5 + 4)! and ¢"(z) =

> js0ld +1)(J+2)27 /(§ + 5)!, so the jth Taylor coefficient of 2¢'(x)? — q(x)q"(x) is given by

i+1) Ge+t1) 1 (2+1)(j2+2)

G+ G2 +4! (1+3)!  (ja+5)

[27][2¢ (2)” — q(2)d"(x)] = D 2
P

= Y A+ DG+ D02+~ Gt Dl + D02 +2)
J1.g2 (1 +D)!(j2 +5)!

S (2 + DU+ D)2 +5) — (h +4)(2 +2))
(1 +4)!(j2 + 5)!

J1,J2
_ Z (o + 1)(j1j2 + 841 — 2j2 + 2)
(1 +4)!(j2 +5)!

Ji,J2
It is seen that this is pOSitiVG for .7 = 07 17 2. Let Q(jl,jQ) denote the summand. If j 2 3 then since
Q(j1,7J2) > 0 whenever j; > 2.

> i) = Q([3][3]) +e0n+eai-n

71,7220
Ji+j2=j

(Li/2)+1) ([5/2115/21 +8[5/21 —2[j/21+2) _ 2(°-1)  j°—11j
(T7/21 + 9)([j/2) +5)! 24(j +5)!  120(j + 4)!
)

S j? s -1y
= 8([5/21 +(|g/2] +5)! 12(j+5)!  120(5 +4)!
_ 5 ~104% + (42 = 115)(j + 5)
8([3/2] +D\(5/2] +5)! 120(5 + 5)!

j3

> ( ! 1 >
= S\ 0L +5)! BG+o))
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(To get the final inequality, consider j < 11 and j > 11 seperately).

It remains to show that a; = ([j/2] +4)!(|j/2] + 5)! is smaller than b; = 15(j + 5)! for j > 3. For
j=3,a3=06!6! <15-8! = bs. For the induction step, a;j11/a; < j/2+6 while bj1/b; = j +6, so
az < bs implies a; < b; for all j > 3. So 2¢/(x)? — q(x)q"(x) > 0, and it follows that go is convex.
Similar arguments show that gi, go are convex.

For i = 0,1,
oy fmi(@) | whioi() z fo_i(x)?
5= @ T @ foalo)?
_ foui(@) fa—i(m) + 2 fii(z) f3—i(2) — 2 f3_i(7)?
f3—i(z)? '
Now
fo—i(z) fa—i() + 2 fii(z) f3—i(2) — 2 f3_i(2)? =
o 1 1 1 1 P
o ((2 T R s B R 1T s R O e T Sl e 1T s TR O(””)>
—9 1
- (g o)
And

So, for ¢ = 0,1 we have

For i = 2 we have

e* xe® re® o <f1(x)(1 +o) - $€x> =" <W> - ; + O(x).

S R CRE CE AGE 210 ) "2

And by the convexity of g; we have g/(x) > 1/(4 — i) for all > 0. O

Lemma, allows us to define inverses g, li=0,1,2.

Lemma 6.8. For 0 <z <\ = 961(4), the following inequalities hold.

(1) 1< Jm <2
(i) 0.09 < x{}(ﬁ y < é
(iid) xf;ffx)) < %

(iv)  0.01< %

W) 009 < 2
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Proof. For the lower bound, let > 0 and consider the equation fo(x)? = fi(z)f3(z). By definition
of f;, this equation can be written as

T

oty (eo1-em2)

Expanding and reordering terms, we have

e’ :Jc—i—gi2 *x—i-xj
2 ) 2

which clearly has no positive solution. Since f2(0)?/f1(0)f3(0) = 3/2 > 1, this implies that
fo(2)?/ fi(z) f3(z) > 1 for all z > 0.

For the upper bound we consider the equation fo(z)? = 2f1(x)f3(z). This simplifies to
(e® —1)? = 2%¢” or ® = 1 4 ze/?
which has no positive solution.

Since go, g1 are increasing by Lemma and positive, the expressions in (ii) — (v) are all decreasing;

fa(x) 1 fa(z) 1 fs(x) 1 fax) 1

22filz)  go(2)gi(2)’  wfi(x)  gi(z)’ 2tfi(z)  2Pgo(2)gn(z)”  2?falz)  wgo(w)

The upper bounds are obtained by noting that ¢;(0) = 3 —i by Lemma while the lower bounds
are obtained numerically by letting x = 2.688 > . O
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