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Abstract
We study a scalable approach to information fusion for large sensor networks. The algo-

rithm, field inversion by consensus and compressed sensing (FICCS), is a distributed method
for detection, localization, and estimation of a propagating field generated by an unknown
number of point sources. The approach combines results in the areas of distributed average
consensus and compressed sensing to form low dimensional linear projections of all sensor
readings throughout the network, allowing each node to reconstruct a global estimate of the
field. Compressed sensing is applied to continuous source localization by quantizing the
potential locations of sources, transforming the model of sensor observations to a finite dis-
cretized linear model. We study the effects of structured modeling errors induced by spatial
quantization and the robustness of `1 penalty methods for field inversion. We develop a per-
turbations method to analyze the effects of spatial quantization error in compressed sensing
and provide a model-robust version of noise-aware basis pursuit with an upperbound on the
sparse reconstruction error. Numerical simulations illustrate system design considerations
by measuring the performance of decentralized field reconstruction, detection performance
of point phenomena, comparing trade-offs of quantization parameters, and studying various
sparse estimators. The method is extended to time-varying systems using a recursive sparse
estimator that incorporates priors into `1 penalized least squares. This thesis presents the
advantages of inter-sensor measurement mixing as a means of efficiently spreading infor-
mation throughout a network, while identifying sparse estimation as an enabling technology
for scalable distributed field reconstruction systems.
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ful insights and encouragement. I will always be thankful for having a chance to learn from
you. Thanks very much to Carolyn Patterson and Claire Bauerle who made complex tasks
seem simple while never failing to brighten my spirits. Thanks to my officemates and col-
leagues who have shared so much wisdom and good times with me; Soummya Kar, Divyan-
shu Vats, Marek Telgarsky, Kyle Anderson, Subhro Das, Stephen Kruzick, Matthew Baron,
and Liangyan Gui; as well as all the members of the Signal Processing/Networks group,
Aliaksei Sandryhaila, João Mota, Nicholas O’Donoughue, Usman Khan, Joel Harley, June
Zhang, Joya Deri, Sérgio Pequito, Dusan Jakovetic, Dragana Bajovic, and Augusto San-
tos. These group members, and all in Porter Hall B-Level, made for an interesting, fun,
and inspiring work environment. Particular thanks to Akshay Rajhans, Rohan Chabukswar,
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Chapter 1

Introduction

Our interest is in the problem of coordinating networked sensors that monitor a large area to reconstruct

spatially distributed fields. Applications such as environmental monitoring, distributed surveillance,

and early warning systems depend on information fusion strategies that scale with increasingly large

networks. We focus on distributed inference techniques for their resilience to individual node failures

as well as their avoidance of the centralized collection of increasingly large data sets. The approach

we develop, called field inversion by consensus and compressed sensing (FICCS), is in two steps; 1) a

consensus step, where sensors cooperate with neighbors to iteratively update their states by exchanging

low-dimensional projections of the measurements of all sensors; and 2) a compressed sensing step, in

which any sensor may invert the field parameters using efficient sparse optimization methods. Often, the

models for physical fields are described by a small number of system parameters. We leverage advances

in sparse estimation to allow for the accurate reconstruction of large fields using efficiently computed

projections of network measurements.

This work considers distributed field inversion; i.e., determining the locations of an unknown number

of sources with unknown amplitudes from measurements collected by a sensor network. The classical

solution to field inversion collects all sensor measurements to a centralized location, or fusion center, and

applies least-squares (LS) or maximum likelihood (ML) optimization strategies to estimate the param-

eters of the field. Traditional least-squares approaches are not robust to noise or undersampling, taking

no advantage when the number of sources is small. On the other hand, ML methods can give preference
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to sparse solutions, but lead to high-dimensional nonlinear optimizations, which are not scalable as the

size of networks grow. We depart from these approaches by proposing a distributed algorithm combining

consensus and compressed sensing.

1.1 Contributions

This thesis makes contributions toward the goal of scalable distributed network inference along the fol-

lowing dimensions: 1) modeling and casting distributed field inversion problems into the framework

of average consensus and compressed sensing; 2) describing a scalable network inversion algorithm;

3) addressing quantization error that arises as structured uncertainty to the linear model; 4) proposing

a model-robust version of basis pursuit; 5) studying tradeoffs in system parameter choices in various

settings; 6) extending the distributed field inversion approach to time-varying systems; and 7) demon-

strating the improvement of information content of observations when sensors mix their values with

others sensors.

We detail a fully decentralized scalable algorithm for field inversion, FICCS, that combines consen-

sus and compressed sensing. The strategy follows from early observations that, by iteratively averaging

their own values with those of their neighbors, sensor nodes in a network may increase the information

locally available. Equipped with a generative linear model for point phenomena, sensors then use low

dimensional projections of global information to invert the field by casting reconstruction as a sparse

optimization problem. Using this approach, the total number of messages passed in the network may

grow with order N log(N) in the number of nodes in the network, representing a comparatively slow

growth rate for a strategy that is inherently broadcast in nature.

We address an issue fundamental to the application of compressed sensing to many real world prob-

lems; the modeling error induced by quantizing continuous parameter spaces. The issue arises when

discretizing a model of sparse phenomena that reside in a continuous location space. To cast the prob-

lem as a finite dimensional discrete linear one, generally the location space is quantized, and the system

is modeled based on phenomena approximated at the quantized locations. This introduces a structured

uncertainty into the linear system, for which we devise a method for analyzing the structured errors from

a perturbations perspective.
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A model-robust version of noise-aware basis pursuit is presented that allows for use of a residual

cone constraint in sparse optimizations. This model-robust basis pursuit (MRBP) estimator comes with a

stability result derived from easily verifiable coherence conditions of the observation system. In practice,

the popular `1 penalized least squares (`1 penalty) shows robustness to this type of modeling error, and a

hybrid version of penalized least squares, penalized model-robust basis pursuit (PMRBP), trades between

the performance of the two approaches while displaying lower parameter sensitivity.

Through the use of comprehensive numerical studies, we demonstrate the distributed field inversion

technique and benefits of model robust sparse estimation methods. We characterize the impacts of the

number of network projections computed, choice of spatial quantization parameters, optimization trade-

off parameters, and measurement noise levels.

We present a recursive version of of the distributed field inversion approach, called dynamically

re-weighted `1 penalized least squares, that adapts estimation to time-varying systems where point phe-

nomena may randomly appear and dissappear.

1.2 Motivation

To place this work in the context of real-world problems, we give a few example applications motivating

the development of efficient distributed field reconstruction and estimation techniques, such as wide area

surveillance with distributed radar or infrared camera networks and tsunami detection using waterheight

samples of distributed buoys. In each case, we imagine large networks where the overhead of centrally

collecting all sensor measurements becomes too burdensome. Rather, we look for a decentralized method

of passing information between neighboring sensor nodes and inverting the global field.

In distributed radar and infrared sensor networks, there are several potential approaches to coopera-

tive detection. We envision a simple case in which sensors aggregate angular information into an omni-

directional total received energy sample. This necessitates cooperation among the sensors since multiple

targets in the monitored field will superimpose, making inference not possible from the information of

a single sensor. Collectively, the whole network of sensors has enough information to disambiguate the

locations and intensities of a small number of targets in the field. Assuming that sensors communicate

wirelessly, we seek approaches where the number of messages needed for distributed reconstruction of
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the target parameters does not grow too large as additional sensors are added or the monitored area is

increased.

Another type of application is in distributed geophysical sensing. A pressing example is that of giving

accurate warnings of rare but dangerous tsunami events to coastal communities. The National Oceano-

graphic and Atmospheric Administration (NOAA), through its Deep-ocean Assessment and Reporting

of Tsunamis (DART) system, deploys networked surface buoys to monitor ocean height and aid in de-

tecting tsunami waves. The current system uses seismic information with event-triggered ocean height

collections to estimate the origin, magnitude, and long-distance propagation details of tsunami waves

across the ocean, [1, 2]. However, currently the locations of origin of seismic events must be modeled at

a number of pre-selected locations, and the small number of buoys are used only to verify the presence

of large waves.

We can imagine a future system with increasing large networks of buoys capable of detecting de-

structive waves purely based on collective cooperative inference using ocean height readings, thereby

reducing sensitivity to selected origin locations. In addition, some events, such as coastal landslides,

have been known in rare cases to cause tsunamis without the involvement of underwater seismic ac-

tivity. A large system would have to deal with increasing amounts of data to be transmitted as well

as sensitivity to single point failures in the network or at data fusion centers. To that end, developing

a distributed method for sensors to communicate with neighbors and reconstruct source parameters of

hazardous waves would allow the size of the system to be scaled up without incurring ballooning costs,

improving the lifetime of buoys, and reducing the amount of data transmitted through satellite networks.

Distributed networked sensors are used in a wide variety of applications, from temperature moni-

toring of crops to structural health monitoring of buildings and bridges. Our focus is on applications

that require sensors to coordinate and exchange information in order to achieve the desired detection or

estimation objectives.

In much of our analysis, we will study the toy problem of localizing acoustic sources observed by

distributed isotropic sensors, with simplified physical models. This example is useful for its low single-

sensor observability, necessitating coordination among the sensors to achieve acceptable reconstruction,

detection, and localization performance. We propose methods for this class of distributed estimation
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problems that scale with increasing numbers of sensors, avoiding problems associated with centralized

approaches, such as bottlenecks that increase latency or brittleness of the system.

1.3 Previous Work

Much of early multisensor estimation work falls into the fields of array processing or decentralized de-

tection. While major innovations in array processing have enabled a host of revolutionizing technologies,

most require a centralized collection of sensor measurements. In this work, we aim to find alternatives

to centralized schemes. The idea of decentralized detection using a network of sensors was studied by

Tsitsiklis, [3], and there are many results framed in this context of hypothesis testing for conditionally

independent sensor measurements. This challenging field has opened the door to many advances, lever-

aging a variety of disciplines such as filtering theory, graph theory, distributed optimization, and Markov

processes. By studying an example problem of acoustic source localization within a sensor network and

borrowing from new techniques in sparse signal reconstruction, we further characterize and expand the

set of problems that can be treated by decentralized detection and estimation methods.

The problem of localizing an acoustic source using received signal strength measurements from

multiple sensors has been well studied for the case of a single source. There are a number of distributed

algorithms that may be performed using local communications in the sensor network to localize a single

source, such as in [4, 5, 6]. In [5] Rabbat, Nowak, and Bucklew show how localization can be posed as an

averaging problem of the locations of sensors with detections, which are then computed using distributed

averaging gossip techniques. However, this method along with requiring a single source, assumes that

source presence can be reliably detected with measurements local to each sensor. In more complex

problems where coordination is needed to gain observability, such as the tsunami example above, this

approach is not general enough. In [6], Blatt and Hero note the nonconvexity of computing the maximum

likelihood estimate of a source’s location and magnitude, but show how a reformulation of the problem

to projection onto convex sets yields efficient global solutions that can be implemented in a distributed

way. However, it is not clear how to extend these methods to handle multiple active sources.

We will consider cases where there may be a finite number of sources present and the number is not

known a priori. We assume a simplified propagation model, namely free-space propagation that follows

5



the inverse square power law, so that the observation model is well known as a function of each source

location and magnitude. First, we consider the case where the sources can only lie on a discrete lattice of

positions, later generalizing to continuously located sources. Since the discrete lattice has only a finite

set of locations, one approach is to treat localization as an M -ary hypothesis testing problem, using a

generalized likelihood ratio test to determine the most likely locations of a set of sources.

Let H0 represent the case of no sources present, H1 a source at the first location, H2 a source at the

second location, . . . , HL+1 two sources at location 1 and 2, and so on up to HM the case of sources

present everywhere in the lattice. There are M = 2L such hypotheses to consider, where L is the

number of lattice points. This represents an exponentially growing problem that is quickly intractable

for moderate L. Let the vector, v ∈ RL, correspond to the field magnitudes at all of the locations in the

lattice. The observation model for this discrete problem is written as the linear superposition of sources.

y = Av + n (1.1)

where the columns of A contain the predicted sensor readings for a unit magnitude source at each lo-

cation, and n represents additive independent zero-mean Gaussian noise. The maximum likelihood

hypothesis test solves

min
i∈[1,2n]

{
Ji = min

vTi
‖y −ATivTi‖22

}
(1.2)

where Ti represents the set of indices where sources are present under Hi, and the matrix ATi and vector

vTi represent restrictions of the columns ofA and the nonzeros of v to the set Ti. Note that an assumption

here is that the number of sensors is at least as large as L, so that the minimization Ji is well-posed. We

can see that considering all M hypotheses is not necessary for this minimization, since the value of JM

must always be less than or equal to all other Ji. In this formulation, the system will choose the most

complicated hypothesis, corresponding to having sources everywhere, to explain the data.

In practical systems, we have strong reasons to prefer sparse hypotheses; i.e., explanations involving

only a small number of sources. In a Bayesian estimation context, this may correspond to the prior

knowledge that observing many sources is unlikely as compared with a few active sources. One way

to account for this is to add a penalty to the cost, shown in (1.3), related to the number of sources
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hypothesized.

min
i∈[1,2n]

{
Ji = min

vTi
‖y −ATivTi‖22 + λ|Ti|

}
(1.3)

Another possibility is to use an upperbound on the expected norm of the noise vector, ‖n‖2 ≤ ε, and

then solve for the simplest hypothesis that satisfies the error bound, as in (1.4).

min
i∈[1,2n]

{
|Ti| subject to min

vTi
‖y −ATivTi‖2 ≤ ε

}
(1.4)

Both (1.3) and (1.4) are combinatorial problems in that, at worst, all 2L hypotheses must be considered,

and, at best, at least
(
L
S

)
must be considered where S is the smallest integer corresponding to the number

of sources required to meet the feasibility condition of (1.4). However, the insights of compressed

sensing have shown that, for certain A, a sparse v can be approximately recovered using relaxations

of these minimizations, where the cardinality of the support is replaced by the `1-norm of v. We will

leverage these efficient estimation methods for sensor networks observing a sparse set of sources and

discuss the details of this in the following sections.

It is worth mentioning here another efficient and well-known method for estimating the locations of

sources, which is a generalization of the matched filter or correlation filter, originally developed by D.

O. North for radar target detection, [7]. The correlation filtering procedure corresponds to computing

the correlations between columns of A and the received measurement vector y, and then choosing the

detections to be at locations where r = ATy has magnitude above some threshold. For well-chosen

thresholds this would yield sparse estimates of the source locations, and, as detailed by Bajwa et. al. in

[8], this procedure, referred therein as one step thresholding, requires conditions for recovery that are

stronger than the conditions for compressed sensing recovery algorithms. Various iterative versions of

this correlation procedure, called Matching Pursuit or Orthogonal Matching Pursuit, also have similar

compressed-sensing type conditions for reliable estimation, [9]. We will present these as alternative

estimators in our approach in subsequent sections.

1.4 Outline

In chapter 2, we give background on general field inversion and the set-up for quantizing source locations

to approximate the source propagation model by a discrete linear observation model. In chapter 3,
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we show that a combination of consensus message passing and sparse estimation methods, which we

call field inversion by consensus and compressed sensing (FICCS), can yield efficient distributed field

reconstruction and estimation algorithms that scale with network size. Using results from the field of

compressed sensing, we describe the design considerations for implementing this algorithm with sensors

placed on a 2D lattice referring to [10, 11, 12] for predictions of sparse estimation performance. We

illustrate the approach with the example of 2D localization of an unknown number of acoustic sources

given a single snapshot of superimposed received signal strength (RSS) measurements, and discuss the

scaling of the algorithm in common used network structures.

In chapter 4 we address the assumption that the sources must lie on the discrete grid and propose

a robust approach to sparse linear parameter estimation. The robust estimator takes into account the

uncertainty of the system model. Since this type of error is induced by spatial quantization, we use

this knowledge to bound this type of error and adjust the noise-aware basis pursuit estimator to account

for the structured errors. We derive a bound on estimation error using model-robust basis pursuit, as

it depends on model error constants and the maximum magnitude of sources. We also compute lower

bounds for the error of basis pursuit estimates that do not account for structural errors. We also analyze

the relationship of structured modeling error constants and system coherence with the spacing of the

spatial quantization lattice.

Chapter 5 describes several motivating applications in distributed sensing and oulines our approach to

applying FICCS to these areas. Chapter 6 presents studies of the performance sensitivity of FICCS in nu-

merical simulations using sparse estimation approaches for localization experiments with inverse power

propagation laws. Both `2 errors and detectability of sparse signal support are compared using various

sparse estimators as a function of a comprehensive set of system and estimation tradeoff parameters.

Chapter 7 presents an adaptation of FICCS to time-varying problems using dynamically re-weighted

`1 penalized least-squares to incorporate knowledge of previously located sources. The estimator is tested

in an acoustic source localization system where sources may randomly appear and disappear anywhere

in the monitored area. The recursive estimator is shown to require few global network projections of

measurements to accurately track of the field.

Chapter 8 analyzes how mixing pointwise measurements in a network through linear projection in-
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creases the information available to local sensors. We derive bounds on the improvement of the mutual

information of the mixed measurements in situations where sparse parameter locations are known, as

well as unknown and random, showing that matrices with low coherence approach these bounds. In ad-

dition, we compare `1 recovery with minimum mean-squared estimators, showing that in test cases with

low noise, there is little gap in recovery error.

We conclude in chapter 9 with a discussion of remaining challenges and future work.
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Chapter 2

Observation System Modeling for Field

Inversion

This chapter formulates the field inversion problem with continuous parameter locations as a discrete

linear model with a sparse state parameter vector. We consider a physical scalar field f , defined in

continuous space; e.g., temperature, acoustic signal strength, or water height. We assume propagating

fields where at each time-snapshot the field is described by a small number of point sources, and the

principle of superposition applies to fields composed of multiple point sources. For a real-valued two-

dimensional (2D) field, this means that the field f(t1, t2), at location (t1, t2), can be represented as a sum

of scaled location-dependent basis functions, ψpk(t1, t2),

f(t1, t2) =
S∑
k=1

αkψpk(t1, t2) (2.1)

where there are S sources with magnitudes αk ∈ R, at 2D locations pk ∈ R2. The field locations may

also be written as a vector, [t1, t2]T = t. The ψ’s are identical except shifted by the source location pk;

i.e., ψpk(t) = ψ0 (t) ∗ δ (t− pk), and we refer to them as propagation functions.

We now formalize the network observation model. A distributed sensor network of N sensors sam-

ples the field at a discrete set of locations, tj ∈ R2. Each sensor’s local observations, {xj}Nj=1, are

corrupted by additive independent measurement noise, {nj}Nj=1. We have

xj = f(tj) + nj =

S∑
k=1

αkψpk(tj) + nj (2.2)
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With continuously located sources, the observation model is characterized by location-dependent

basis functions that can be arbitrarily located in the continuum. As such, inverting the field to find the

number of sources and their locations is a difficult problem. In cases in which the basis functions may

be described through convolution of a propagation function with delta functions located at a finite set

of locations {pk}Sk=1, this corresponds to a deconvolution problem. When there is just one source, its

location may be estimated through a variety of maximum likelihood or cost-minimization schemes.

In this work, we assume multiple sources may be present in the field. We also assume that all sources

lie within the finite area monitored by the sensor network. Since our motivation is to find distributed

estimation approaches that scale with increasing numbers of sensors, corresponding to an expanding

area monitored, we think of the number of sensors as large. In particular, the number of sensors is

assumed to be larger than the number of sources present in the field.

To formulate the observation system as a linear function of a discrete state vector, we approximate

(2.2) by discretely sampling or spatially quantizing the monitored area using a 2D lattice with spacing

parameter, δ, and
√
L ×
√
L grid points. A key assumption is that, due to the similarity of responses to

sources from nearby locations, the prediction errors of modeling the field as the superposition of sources

ar a discrete set of locations can be bounded to moderate values. We index the discrete source vector,

v =

[
vi

]L
i=1

, by grid-point location, i = 1, 2, . . . , L, which we order by stacking columns of the lattice.

Each index i corresponds to a discrete location on the lattice. The source locations, previously indexed

by source number k, are now indexed by the lattice index i. We write

xj ≈
L∑
i=1

viψpi(tj) + nj (2.3)

vi =

αk for pk ≈ pi

0 otherwise
(2.4)

The source vector v is now of finite dimension with entries that are nonzero only when there is a source

that is close to the corresponding location in the sampled lattice.

This process of quantizing the spatial dimensions of the field may be equivalently thought of as

sampling in the spatial domain and “accumulating” the continuous point-source field in the 2D square
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(c) actual field values
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(d) approx. field values

Figure 2.1: Inverse square distance propagation field with three continuously located sources (panel a)
and the approximation to a discrete lattice (panel b). Dashed squares represent the regions that each
source is associated with. The corresponding field values are shown in contour plots in panels c and d,
respectively.

region given by,

Ri =

{
(t1, t2) :

(
pi(1)− δ

2

)
< t1 ≤

(
pi(1) +

δ

2

)
,

(
pi(2)− δ

2

)
< t2 ≤

(
pi(2) +

δ

2

) }
(2.5)

where δ is the distance between each lattice point, and pi(1) and pi(2) are the first and second coordinates

of the location of lattice point i. If more that one source falls in the same region, their contributions will

be summed, and therefore indistinguishable in the discretized source vector.

Figure 2.1 shows this process in an example field with 3 sources. Each source is associated with the

region of just one of the lattice points. The field contours are compared for actual source locations versus

sources locations at the nearest lattice points. Based on the particular field basis functions and the spatial

sampling rates of the lattice, this approximation can be more or less accurate.

Written in matrix form, the approximation of (2.3) becomes the following system.

x = Ψv + n, where Ψ ∈ RN×L : Ψ =

[
ψpi(tj)

]
j,i

(2.6)

By approximating the system with discretely sampled source locations, the field inversion problem con-

sidered becomes the problem of estimating an unknown discrete vector v that can be described as a

sparse linear combination of parameters, using observations x collected by a network of sensors with

a known linear model, Ψ : RL → RN . By construction, the source vector is known to be sparse; i.e.,

‖v‖0 ≤ S, where ‖ · ‖0 is called the `0 quasi-norm and counts the number of nonzero entries.

The observation model of (2.6) will be further modified through a message-passing method of mea-
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surement combination throughout the network, which will be described in chapter 3 section 3.1, creating

a low dimensional projection of the field.

y = Φ (Ψv + n) = ΦΨv + z, for Φ ∈ Rm×N or Cm×N (2.7)

The important thing to note is that this system now corresponds to a typical noisy compressed sensing

set-up. Hence, when Φ and Ψ satisfy certain conditions, the parameter vector v may be approximately

recovered through noise-aware basis pursuit, even for m� N , [13, 14, 15, 12]. Next, we show how the

discrete linear approximation is applied to the observation model of acoustic sources.

2.1 Example Application: Acoustic Source Localization

We use acoustic source localization as a concrete application to test the methods presented. The goal is

to localize point sources to a 2D lattice of potential locations using a single time snapshot of received

signal strength (RSS) measurements. Optimally placed sensor positions will occur on the same lattice.

Each sensor samples the acoustic field, which is the superposition of the signals radiated by all sources.

A simple approximate model for acoustic propagation of received intensity is an inverse power law. We

refer the reader to [16] for more details on the free-space far field approximation leading to the following

model for acoustic intensity.

ψpi(lj) =
1

(‖lj − pi‖γ + 1)
(2.8)

where lj represents the 2D position of sensor j, pi the 2D position of source i, and γ ≥ 1 is a known

environmental parameter. The addition of 1 to the denominator serves to avoid numerical issues at small

distances. Under this model and with γ = 2, the form of the Ψ matrix of (2.6) and (2.7) is specified by

inverse square distances between each source and sensor location.

Ψ =

[
1

d2j,i+1

]
1≤i≤N,1≤j≤L

(2.9)

We expect a small number of active point sources compared to the number of grid locations, so the

vector of source magnitudes v is sparse by construction. A key parameter in this model is the lattice

spacing. This affects the resolution of the source location estimates, as well as the prediction error due to
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quantization of source location. However, the conditioning of the original linear observation system (2.6)

worsens with finer lattice spacing, pointing to a tradeoff between a grid that is too fine or too coarse.

Sparse recovery algorithms can overcome certain conditioning issues, although their own version of a

conditioning metric, called coherence, will come into play. These issues will be discussed in section 3.2.

2.2 Conclusion

This chapter showed the observation model that is generated by quantizing the space of potential source

locations to a 2D lattice. Because of this construction, the source field vector in this system has only

a small number of nonzeros. This model considers field inversion using a single time snap-shot of

information.

In chapter 3, we propose the FICCS algorithm, which distributes a low dimension projection of the

field using a robust type of message passing, and describe how the full field is estimated at each node

using techniques from compressed sensing.
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Chapter 3

Field Inversion by Consensus and

Compressed Sensing

In this chapter, we present, FICCS, a distributed algorithm for field inversion using consensus and com-

pressed sensing. The idea of using local communications to distribute projections of sensor network

measurements for use in sparse recovery algorithms was proposed by Rabbat, Haupt, Singh and Nowak

in a method for compressing and distributing network data [17]. Gossip and distributed average con-

sensus have many applications in network signal processing; for an extensive review of these see [18].

In studying the performance of sparse field inversion using randomly weighted iterative local mixings,

we found that this method for distributing low dimensional projections of measurements throughout the

network enabled the design of weights with good sparse inversion properties for the discrete acoustic

source localization problem, [19, 20].

3.1 The FICCS Algorithm

The steps of the field inversion by consensus and compressed sensing (FICCS) algorithm involve setting

up a sensor network to use iterative message passing for computing projections with pre-defined weights.

The message passing portion will be called operation in sensing mode and uses distributed consensus to

pass compressed information throughout the network, after which, each node uses a compressed sensing

recovery algorithm to estimate the field, called field inversion.
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(a) lattice placement (b) random placement

Figure 3.1: Two ways to deploy sensors with respect to the discrete lattice of potential source locations.
The left panel shows the optimal choice of regular placement, while the right panel shows random, but
even, placements.

3.1.1 Network Set-up

N sensors are deployed throughout the area to be monitored. Ideally their locations correspond to the
√
N ×

√
N lattice of discretized source positions to be detected, but they may be deployed in other

evenly-distributed ways. Figure 3.1 illustrates this. Sensors must then be localized with respect to each

other. There are efficient decentralized methods for this; for an example see [21, 22].

Having the sensor locations allows us to find the linear observation matrix, Ψ, as well as the undi-

rected communication graph topology, as determined by a uniform sensor communication radius. During

network initialization, the nodes compute their local distributed averaging weights, potentially using as-

pects of the graph structure. Every node will associate a weight for itself and each of its neighbors.

Collected together in a matrix, the set of all consensus weights has the structure

W ∈ RN×N : wi,k = 0 if (i, k /∈ E and i 6= k) (3.1)

where E is the set of available direct communication channels among sensors, represented as edges in

an undirected graph. The entries of W are chosen such that iterative weighted combinations of each

sensor’s value with its neighbors will converge to the average of allN sensor values. The method for this

is discussed in 3.3. Each node is also assigned a set ofm projection weights, which are chosen so that the

collection has low “coherence” with the sparsifying basis for the field, Ψ. Considerations for choosing

projections are discussed in 3.2. The collection of all projection weights forms the matrix Φ ∈ Rm×N ;

each column of which is assigned to a different node.
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3.1.2 Sensing Mode using Consensus

The sensors collect noisy measurements of a static or concurrently observed field, x, defined in (2.6).

The sensor i initializes its local m dimensional state equal to (Nxi)⊗ φTi , where φi is the ith column of

the projection matrix Φ and ⊗ is the Kronecker product, which multiplies each entry in φTi by the scalar

Nxi. It will be convenient to represent each projection value in y = Φx, using rows of Φ, which we

refer to as pj for j ∈ {1, . . . ,m}.

y = Φx =

[
φ1 · · · φN

]
x =


− pT1 −

...

− pTm −

x (3.2)

All states in the network can be represented by the N ×m dimensional matrix S0.

S0 =


(Nx1)⊗ φT1

...

(NxN )⊗ φTN

 (3.3)

=


Np1(1)x1 Np2(1)x1 · · · Npm(1)x1

...

Np1(N)xNNp2(N)xN · · ·Npm(N)xN

 (3.4)

We assume a deterministic consensus protocol using constant symmetric weights, W . Randomized

gossip methods can also be applied as in [23, 17]. At each consensus iteration every sensor updates

its state by a weighted linear combination of its own and the states of its neighbors, using weights in

W . With this matrix representation of the consensus state, the projection values at each node at the kth

mixing is given in terms of the previous state.

Sk = WSk−1 = W kS0 (3.5)

lim
k→∞

W k =
11T

N
(3.6)

The states of all the nodes converge to

11T

N
S0 =

11T

N

[
Ndiag(p1)x · · · Ndiag(pm)x

]
(3.7)

=

[
1pT1 x · · · 1pTmx

]
= 1⊗ yT (3.8)
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where the diag(·) operation creates a square zero matrix and places the vector argument on the diagonal.

After a large enough number of mixings, all nodes will approximately have the same projection y = Φx.

In practice, sensors will stop at a number k agreed upon during set-up. We denote the exact projection

matrix of node i as Φeff(i), which is known to each node.

3.1.3 Field Inversion Mode using Compressed Sensing

We now discuss the ways in which local sensors may reconstruct estimates of the global field using their

m low dimensional projections. The projection at node i represents

y(i) = Φeff(i) (Ψv + n) (3.9)

= Aeff(i)v + z (3.10)

For n being additive independent zero-mean Gaussian noise, z ∼ N (0, σ2
nΦeff(i)Φ

T
eff(i)). A noise-aware

basis pursuit approach places a bound on the norm of the additive noise vector. In that case, we estimate

a sparse v̂ that satisfies the linear model to within an error ε, based on, for example, a 99% bound on

‖z‖2.1 Note that non-Gaussian noise can also be handled by this as long as a reasonable bound on the

norm of the noise vector can be used.

There are many alternatives for estimating the arguments of sparse linear systems; see [24, 25, 8]

for some comparisons. These methods are based on preferring sparse estimates v̂, and have varying

computational complexities. We list 5 alternative approaches for comparison.

1. `0 minimization (P0,ε):

minimize ‖v‖0

subject to ‖y −Av‖2 ≤ ε
(3.11)

for a chosen ε, a bound on the norm of the additive noise ‖n‖2 ≤ ε, [11].

2. `1 minimization (P1,ε): (Also called Noise-Aware Basis Pursuit)

minimize ‖v‖1

subject to ‖y −Av‖2 ≤ ε
(3.12)

for a chosen ε, a bound on the norm of the additive noise ‖n‖2 ≤ ε, [11].
1For a Gaussian noise vector, this high probability bound may be computed via the inverse chi-squared function.
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3. `1 penalty:

minimize γ‖v‖1 + ‖y −Av‖2 (3.13)

for a chosen γ value, [24].

4. Orthogonal Matching Pursuit (OMP): (Also called Orthogonal Greedy Algorithm)

Initialize r0 = y, v0 = 0, T0 = ∅.

Iteration k: compute q = ATy, let i = argmaxi/∈Tk |qi|

Tk+1 = {Tk ∪ i}, vk+1 =
(
ATTkATk

)−1
ATTky, rk+1 = y −Avk+1.

Stop when: maxi/∈Tk |qi| < γ, [26, 11].

5. Maximum Correlation Thresholding (MC): (Also called One Step Thresholding)

Compute q = ATy

Find T = {i : i ∈ [1, N ], |qi| > γ}

v̂ = (ATTAT )−1ATTy

(3.14)

for a chosen γ value, [25, 8].

The `0 minimizer, (P0,ε), gives the ideal sparse solution, but is combinatorial to compute, and so is

infeasible even for modest dimension. The `1 minimizer, (P1,ε), which is a convex relaxation of the

former, corresponds to a second order cone program (SOCP), [27], for which there exist efficient methods

for solving. For optimization techniques specifically tailored to basis pursuit, see [28]. The `1 penalty

is also a very efficient program, and has good properties for noise that is Gaussian. Depending on the

computational resources available at sensor nodes, when the dimension of the source vector is very large,

both convex programs, corresponding to methods 2 and 3, may become intractable to compute. In those

cases, we may use method 4, which is a sequential greedy pursuit method. For extremely large problems,

solving the least squares at each iteration of OMP, may be too taxing, in which case the MC estimator,

corresponding to a type of matched filter detection, takes only linear time to estimate the sparse support

v, [8].

Our efforts thus far have focused on specifically on the second method, basis pursuit and its variants,

due its excellent performance on moderate sized problems and the extensive literature on this type of

sparse signal recovery. Some of the strongest compressed sensing results for robust signal recovery
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correspond to this approach (as well as the `1 penalty method). Also, when a bound on noise energy is

known, this method requires little parameter tuning.

3.2 Design of Measurement Projection Weights

In this section, we discuss the design of the measurement projections used in the matrix Φ, and how they

relate to theoretical predictions of field inversion performance. To address the questions of field inversion

performance after network compression of the sensor measurements, we turn to some predictions from

the field of compressed sensing. Compressed sensing theory suggests a variety of methods for observing

a sparse signal that are likely to lead to stable estimates; i.e., `2 errors linearly related to the additive

noise norm bound ε. For the noise-aware basis pursuit method of [11], given in (3.12), the `2 error of

recovery estimates is upperbounded by a function of the coherence. This parameter is used to predict the

performance of compressed sensing and is defined in [11, 24] for A = ΦΨ, as

µ(A) = max
i 6=j

∣∣aTi aj∣∣
‖ai‖2 · ‖aj‖2

, for A =

[
a1 a2 · · · aN

]
(3.15)

When the number of nonzeros, also called the sparsity of v, denoted S, is less than 1
4

(
1
µ + 1

)
, one

can deterministically bound the recovery error of the basis pursuit estimator of (3.12), with

‖v̂BP − v0‖2 ≤ 2ε√
1− µ(4S − 1)

(3.16)

as proven by Donoho et. al. in [11]. This bound is not tight, and stable recoveries are frequently observed

in systems not satisfying the requirement S < 1
4

(
1
µ + 1

)
. The complimentary analysis of Candès,

Romberg, and Tao, [10], derives conditions for stable recovery via (3.12) using the restricted isometry

property (RIP). The results suggest the use of random matrices and provide less restrictive conditions

for approximate recovery. Testing whether a particular matrix satisfies RIP is intractable, although [29]

provides methods of bounding restricted isometry constants of a matrix, as well as sufficient conditions

using the null space property (NSP).

Choosing the projections in Φ will determine the coherence of the system. There are a variety of

choices investigated in the compressed sensing literature. Compression matrices with entries that are

randomly drawn from i.i.d. N
(
0, 1

m

)
or the matrices generated from orthonormalizing these, have low
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coherence, defined in (3.15), with high probability, [14]. In the noisy setting, Gabor frames achieve a

theoretical minimum on the coherence, defined in (3.15), and can be constructed with continuous subsets

of m rows of the discrete Fourier matrix.2 For real-valued projections, Grassmann frames achieve lower

bounds in coherence, but are unfortunately not constructable for all pairs (N,m), [31, 32]. Although

additional strategies abound, for simplicity we consider random orthonormal projections or a subset of

the Fourier matrix. To use the complex Gabor frame, we compute Ψ−1 and then choose

Φ = F1:mΨ−1 (3.17)

where F1:m is the first m rows of the Fourier matrix. The overall sensing matrix

A = ΦΨ (3.18)

is then equal to the Gabor frame and will have optimally low coherence. Alternatively, we may use

real random projections, such as a matrix i.i.d. Gaussian entries or the first m rows of a randomly

generated orthonormal matrix. In all of these cases, the number of projections m needed for reliable

sparse recovery is predicted to scale with N at a rate of O(S log(N)), where S is an upperbound on the

number of nonzero components to be estimated, [14].

3.3 Consensus Weight Design and Scaling

A key goal of this study investigating the application of sparse estimation and distributed averaging to

network field inversion is to find techniques that scale with increasing numbers of sensors N . In this

section, we discuss the design of the distributed averaging weights of W and discuss the asymptotic

growth of the number of messages and latency of FICCS, specifically in an 8-nearest neighbor 2D lattice

graph communication topology. We will assume, for simplicity, that the 2D lattice of source positions

also corresponds to the set of sensor positions, meaning the dimensions N and L from the observation

equation (2.6) are equal, and the initial observation system is square. This also means that increasing N

corresponds to increasing the number of source locations. Under these assumptions, the area monitored

grows larger by increasing the size of the sensor/location lattice.

2In coding settings, these are known as maximally robust tight frames, [30].
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In section 3.2 we estimated how the number of measurement projections m scales with increasing

N . To study the convergence rate of distributed consensus, we use the fast distributed linear averaging

(FDLA) algorithm, assuming a grid-based network in which nodes on the 2D lattice communicate with

8 neighboring nodes. It is known that consensus in this type of network is slow to converge, [33].

However, this corresponds to a straightforward sensor deployment and minimizes the distance that any

single sensor must transmit messages.

For simplicity, we use the results of [34] setting all edge-weights to the uniform value αopt and the

self weight for node i to (1 − αoptdi), where di is the degree of the ith node. The optimal α is equal

to 2/ (λ2(L) + λN (L)), where λ2 and λN are the second smallest and largest eigenvalues of the graph

Laplacian matrix,

L = D −A (3.19)

where the D matrix is a diagonal matrix of node degrees, and A is the adjacency matrix with ones only

at (i, j) coordinates where (i, j) ∈ E , and zeros everywhere else. Using the uniform weights strategy,

W = I − αoptL (3.20)

This choice of weights yields the asymptotic step-wise convergence factor,

τstep = ρ
(
W − 11T /N

)
=

λN − λ2

λN + λ2
(3.21)

For a desired multiplicative error tolerance of 0 < c < 1, representing ‖yk − yavg‖2/‖y0‖ ≤ c, the

number of mixings k should be

k ≥ log(c)

log(τstep)
(3.22)

Characterizing how k grows with increasing N involves describing how τ and therefore the eigenvalues

of the Laplacian depend on N .

In practice the graph of sensors on a 2D lattice suffers from boundary effects so that only the nodes in

the interior have the regular number of 8 adjacent neighbors. For analysis purposes only, we add edges to

the boundary nodes connecting them to the opposite sides of the lattice. This results in a toroid structure,

with the advantage of now being regular with a circulant adjacency matrix. These additional edges can
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only improve the rates of mixing convergence and so are representative of a slightly better case version

of the original grid structure. In a regular graph, the Laplacian simplifies to dI − A where is d is the

degree of every node. Using a convention that eigenvalues be ordered, 0 = λ1 ≤ λ2 ≤ · · ·λN ,

λi(L) = d− λ(N−i+1)(A) for all i ∈ [1, N ] (3.23)

To find the needed eigenvalues of the Laplacian we may solve for the smallest and second largest eigen-

values of A, representing their dependence on the lattice dimension g explicitly.

Theorem 3.3.1 Let g be an even positive integer. Assume N = g2 sensors lie on a 2D torus with

dimensions g × g and each node can communicate with its 8 nearest neighbors. Using the optimal

uniform-weight distributed averaging algorithm of [34], the number of consensus iterations k to ensure

convergence within the multiplier c < 1 of the average grows linearly with N .

The proof of this is detailed in Appendix A and relies on the relationship between the eigenvalues of

L and A and on the property that A is circulant, and therefore diagonalizable by the Fourier matrix. This

yields a closed form for the eigenvalues of the adjacency matrix.3 We show that the minimum magnitude

eigenvalue of A is constant with g, corresponding to a constant λN (L). In contrast, the eigenvalue of

A with second largest magnitude converges asymptotically with N to the degree, 8. This results in a

decreasing λN (L) and increasing in the stepwise convergence factor. From these, the behavior of

k =
log(c)

log (τstep)
=

log(c)

log
(
λN−λ2
λN+λ2

) (3.24)

is characterized for large g and shown to grow at the rate of g2 = N .

Since each deterministic consensus iteration involves approximately 8N messages to be exchanged

among nodes in the network, the total number of messages required for convergence, applying Theo-

rem 3.3.1, has the scaling O(N2). Certain randomized gossip algorithms, such as the geographic gossip

of [36], can perform better than this deterministic method. A modification of geographic gossip, called

randomized path averaging, of [37], has recently shown an “order-optimal” convergence rate. This means

the number of messages needed for each projection can be made to scale linearly with N in both grid-

based and random geometric graphs.
3A similar relationship is given in [35] for a 1D torus with 2-nearest neighbors.
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FICCS with messages latency

uniform weights, [34] SN2 log(N) SN log(N)

path averaging, [37] SN log(N) SN log(N)

Table 3.1: Order of algorithm scalings with N , the number of nodes in the 8 nearest neighbor 2D lattice
graph.

Since the FICCS algorithm requires m ∼ O(S logN) weighted averages to be computed, which can

be done in parallel, we may now conclude that the growth in messages with N in this nearest neighbor

graph is O(SN2 logN) for the uniform-weighted W described, and O(SN logN) if using the order-

optimal path averaging of [37]. To define the latency of FICCS, in an idealized sense, we ignore com-

putation time for estimation and assume that a consensus iteration for one projection can be executed in

O(0) time. Then in both approaches, the latency grows with

m · k ∼ O(SN log(N)) (3.25)

Table 3.1 summarizes these scaling relationships.

For the FICCS method with the order-optimal consensus algorithm, we see that the number of mes-

sages, our “stand-in” for communication energy burden, grows with a rate at least as large as N log(N).

If we take lattice growth to correspond to incorporating a larger area to be monitored, it is reasonable

that S, the maximum number of nonzero components, will also scale linearly with N . This scaling law

leaves much to be desired since greater than N2 growth in messages diverges quickly with network size.

This can motivate the study of other topologies, which can drastically improve the scaling of consensus

approaches in applications where longer distance links are allowed, as in the work of [33, 38] contain-

ing some results on topology optimization. These scaling relationships show the promise of the FICCS

algorithm for reducing the scaling factors for communication overhead in growing networks.

3.4 Example Recovery Using FICCS

We now present an example of FICCS used on an acoustic source localization experiment. In this test,

sources are assumed to only occur at the sampled grid locations.
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(c) 300 orthonormal projections

Figure 3.2: Example recovery estimates for a sensor network with N = 1024 sensors placed in a 32-
by-32 grid, where intersensor spacing is δ = 2. The left panel shows all sensor readings; additive noise
has variance σ2 = 0.01. Middle and right panels show basis pursuit estimates for 300 randomly selected
sensor measurements and 300 random orthonormal projections computed via consensus. The true source
locations of the 10 sources are overlayed in white crosses. The `2 recovery errors were 20.75 and 2.09
for panels (b) and (c), respectively.

Figure 3.2 shows the example sparse recovery using the FICCS algorithm. The left panel displays

the set of all sensor observations in a 32-by-32 grid network. These are samples of a field induced by

10 acoustic sources with random positive magnitudes between 1 and 10. Sources are located exactly at

grid-points in the potential source location lattice. There is additive independent Gaussian measurement

noise with variance 0.01, resulting in signal-to-noise ratio of approximately 16 dB. The spacing of the

regular sensor grid is 2, and is coincident with the lattice of potential source locations. Each sensor’s

communication radius is 3, meaning an interior sensor is connected to its 8 nearest neighbors.

With the full set of observations, the locations and magnitudes of the sources can clearly be estimated

by collecting all 1,024 sensor readings at a fusion center and using classical least squares. However, the

FICCS approach avoids the communication bottleneck and single-point-of-failure sensitivity of central-

ized collection. In this example, m = 300 random orthogonal measurement projections are computed

using the distributed consensus of section 3.1.2. Panel (c) shows the recovery estimate of the noise-aware

Basis Pursuit (BP) with ε = 1.53, corresponding to the 95% probability bound on the additive noise z.

The white crosses show the true source locations. We see that all but one source is detected, and `2

estimation error is very low, at only 2.09.

In panel (b) we compare with the BP recovery estimate using 300 randomly-selected sensor obser-

vations. Because the propagation basis Ψ is not incoherent with the “spike” basis, the sparse estimator
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performs very poorly, detecting only one of the sources present, resulting in roughly 10 times the estima-

tion error of the FICCS estimate. This demonstrates the importance of the consensus message-passing

phase of the approach. Using distributed averaging computes incoherent projections of the field and

allows every node to estimate the global field. In the next section, we give average reconstruction perfor-

mance as a function of the number of network measurement projections, m.

3.5 Simulation Testing of FICCS

To test the performance of the approach for distributed field inversion, we simulate a network of sensors

observing an acoustic field with a small number of point-sources on a 2D lattice. We plot average `2 error

of the basis pursuit estimates over a large set of trials and as a function of the number of measurement

projections m, replicating the threshold behavior typical to compressed sensing systems. We also plot

the computed asymptotic convergence parameters of distributed consensus in our grid graph topology

for various network sizes. This shows numerically the linear trend that was predicted in section 3.3

of the growth in the number of mixings needed. Finally, we compare the performance of the FICCS

estimator to the least-squares estimator when sensors are deployed randomly in the monitored area. This

demonstrates how an estimator that promotes sparsity may be more robust to ill-conditioned random

sensor deployments.

As an example of a FICCS reconstruction, we simulate a square 2D lattice of 1024 sensors. The

lattice spacing used is δ = 2, and sources unknown positive magnitudes may be located only at lattice

locations. Each sensor exchanges messages with its neighbors within a communication radius that yields

a version of a 2D lattice graph with connections to the 8 nearest neighbors. This geographically driven

communication topology is very sparse. With only 7,812 edges, there are many fewer edges than in the

one million edges of the complete graph.

With this communication topology and using the optimal uniform weights method of [34], the step-

wise convergence factor for uniform average consensus is τstep = 0.9953. To converge to within 0.001

of the average, we set the number of consensus mixing iterations to 1,461.

We compare the performance of two types of projection matrices. The first type is a subset of rows

from a randomly generated real orthonormal matrix, called Φorth. The second matrix Φeff is complex
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and designed to yield a subset of the DFT coefficients when composed with the propagation matrix. We

examine the reconstruction performance of these ideal Φ’s as compared with the actual Φeff that results

from the finite number of consensus mixings. Basis pursuit estimates were computed using the tool cvx,

[39]. We have also compared a tool using spectral projected-gradient method detailed in [40], which is

optimized to solve basis pursuit. This open-source code package, SPGL [41], is much faster, although

the results here do not use it.

Figure 3.3: Field inversion performance as a function of the number of projections m, for noiseless
measurements (left) and σ2 = 0.2 (right). Mean squared error of the source vector is plotted for various
choices of projection matrices, Φ, and compared to inversion using m point samples or randomly mixed
samples.

Figure 3.3 shows average `2 inversion performance, as it depends on the number of projections, m,

and method for choosing Φ. The two panels represent a study with no measurement noise and a study

with σz = 0.2. The number of randomly chosen sources is 3, and mean squared error is averaged over

20 independent trials. As the number of projections increases, there is more information to constrain the

solutions of the sparse minimization, and so the `2 error of the estimates fall. We compare estimation

performance of using exact projections to the effective ones arrived at through distributed consensus,

and show very little difference in error. The top red line, shows a baseline for comparison. We call this

point-wise samples, and it represents a projection that simply selects m of the sensors observations for

distribution. The point-wise samples show the effects of having a very poorly mixed projection of the

sparse sources motivating the use of nonsparse observation bases. The second series, marked by green

asterisks, is shown for comparison to a completely random mixing method in which nodes draw new i.i.d.
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Gaussian weights for each projection at every consensus iteration. Although this random mixing method

performed well in no noise, as seen again on the left, it is not robust to additive noise. The remaining

series are tests of the FICCS approach, where the projections are carefully designed to yield either a Φorth

of Φdft. The results of using the distributed parallel mixings match very well to using the exact projection

values. The projections designed to yield the DFT perform very well in the noisy measurements cases,

but requires the storage and transmission of complex states.

Figure 3.4 shows how the convergence factor grows with number of nodes N . In this 8-nearest

neighbor 2D lattice graph structure, the number of required mixings grows linearly with N , in both the

optimal uniform and optimal symmetric strategies of [34]. These are compared with the random Erdös-

Rényi graph with the same number of edges, and the predicted performance of an 8-regular Ramanujan

graph, described in [33]. This verifies our estimates of the growth rate of required iterations, for our

geographically driven communication topology, and highlights the stark difference with communication

structures that are optimized for consensus.
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Figure 3.4: Comparison of the asymptotic convergence rates of FDLA in the 8 nearest-neighbor grid
graph versus a random Erdös-Rényi, and Ramanujan graphs with the same number of edges. Each were
computed by numerically, except in the case of the Ramanujan graph with represents a lower bound on
the number of mixing in an 8-regular graph, vs. N .

Lastly, we show the performance of FICCS on a small network, N = 25, where sensors are placed

randomly, but such that they satisfy a minimum inter-sensor distance of δ4 . The potential source locations

again lie on the 2D lattice with L = N = 25, and lattice spacing parameter is again δ = 2. The

leftmost panel of fig. 3.5 shows an example deployment. Unlike the previous tests, no compression on

measurements is done; i.e., Φ = I , and we focus on the middle sensor’s ability to detect a source at
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Figure 3.5: A comparison of center source detection performance in 10 random sensor deployments
with the restriction that inter-sensor distance is at least 1

2 , Left panel shows an example deployment.
Each series in (b) and (c) corresponds to a different random network deployment. Receiver operator
characteristic for the center source is averaged over 100 experiments.

the center of the grid using measurements from all of the sensors. We simulate the presence sources at

each lattice point as random Bernoulli, with the uniform probability p = 1
5 , except at the center location

where the source arrives with probability p = 1
2 . Source magnitudes are now equal to 15, when present,

and the additive sensor noise has standard deviation of 1.

For the least squares approach, the estimate v̂LS = Ψ−1y is used and the center estimate is thresh-

olded for detection. Varying the threshold generates the receiver operator characteristic (ROC) for detec-

tion versus false alarm rates. This is compared with the detection performance of basis pursuit, in which

the center value is thresholded. The detection and false alarm rates are averaged over 100 trials, showing

the basis pursuit method to be much more robust to the particular sensor deployment. This suggests an

added benefit of the sparse estimation approach, in that it can better handle poorly conditioned Ψ.

These examples showed the operation of FICCS in test cases where sources were constrained to

lie on the grid-points of the spatial quantization lattice. In practical applications we expect sources or

targets to arrive uniformly in the 2D monitored area. The next chapter presents the model for bounding

this structured error and methods to adapt basis pursuit estimators to spatial quantization error.

3.6 Summary

This chapter presented the distributed field inversion algorithm, FICCS, detailing the deployment and

operation of sensing and field inversion modes using consensus and compressed sensing. We discussed
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the design of the weights matrices for distributed averaging and how the number of messages required

for consensus scales with the number of nodes in regular lattice graphs. We examined considerations

for choosing informative measurement projections, Φ, from the perspective of low mutual coherence.

An example field inversion using FICCS was presented, as well as a study of average recovery error

in noise-free and noise cases when sources are constrained to be located only at grid points. The next

section will address the issue of continuously located sources and the impact of structural model error on

the noise-aware basis pursuit estimator.
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Chapter 4

Structured Model Error and

Model-Robust Basis Pursuit

Our assumption that potential source locations must lie on a discrete lattice can affect whether sensor

measurements are well represented by a sparse discrete vector. In this chapter, we describe the perturba-

tions to the system model due to sources actually being distributed in a continuum and propose a method

to help deal with these structural perturbations. In general, the impacts of modeling error due to dis-

cretization will be application dependent. First, we show an additive matrix perturbation representation

for the model error. Then we use this set-up to bound the model fit error, leading to a straightforward

modification of the noise-aware basis pursuit algorithm that we call model-robust basis pursuit.

Comparison of Existing Approaches

We call attention to a number of approaches to sparse estimation when the field is composed of continu-

ously translated, known propagation functions. There are approaches that seek to recover the continuous

location parameters exactly. One example is the finite rate of innovations techniques of Vetterli, Marzil-

iano, and Blu, [42]. The recent work of Tang, Bhaskar, Shah, and Recht addresses continuous localization

through minimization of the atomic norm, [43].

We use the approach of applying discretization of spatial location parameters, and controlling for

modeling error. Existing work on this subject of handling location discretization error include the Spar-
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sity Cognizant Total Least Squares approach of Zhu et. al., [44], and the General Deviants model of

Herman and Strohmer, [45]. In the total least squares work, an additive matrix perturbations model is

used and the nonconvex joint optimization of perturbation variables and the sparse parameter vector is

treated. In our approach, we do not significantly change the form of the inversion algorithm. Instead of

optimizing over the potential model perturbations, we expand the constraints on the error residual. In

addition, there are notable results on the potential `1 recovery stability of off-grid sampling for angle

estimation, by Boufounos, Cevher, Gilbert, Li, and Strauss, in [46].

Another robust approach to off-grid error is given by Ekanadham, Tranchina, and Simoncelli in [47],

in which an interpolated approximate translational error in one dimension is incorporated with learned

offset values in the basis pursuit optimization. A simple comparison is that our residual constraint is

expanded by an approximation that is constant with grid-offset value, whereas their approach estimates

the offset values using a first-order Taylor approximation of quantization modeling error. Their analysis,

found the same tradeoffs that we observe between lower modeling error through fine discretization versus

increasing coherence between basis functions, which impacts the chances of stable sparse recovery.

The general deviants method of Herman and Strohmer is similar to our work. This method finds new

restricted isometry constants that can still guarantee stable parameter recovery under the approximate

observation model. In contrast, our analysis, detailed in [48, 49], follows the approach of Donoho, Elad,

and Temlyakov, [11], deriving bounds based on mutual coherence for statements regarding error stability.

Overview

We motivate the approach of model-robust basis pursuit in section 4.1 by deriving a lower-bound on

the inversion error due to model mismatch in the usual basis pursuit, under worst case, constant-norm

noise vectors. In section 4.3, we upperbound the estimation error of model-robust estimates, showing

that local stability results are possible for some compressed sensing problems. We show lower bounds

on reconstruction error in the presence of modeling error in section 4.2.

Section 4.4 presents an analysis of the model error and mutual coherence in power law propagation

systems as it depends on the quantization lattice spacing parameter. Subsections 4.4.1 and 4.4.2 derive

these constants for one dimensional lattice systems and inverse square distance loss functions. Subsection
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4.4.3, uses numerical experiments to show the effect of the power law exponent γ and spacing parameter

in both one dimensional and two dimensional systems.

4.1 Perturbations to the Linearized Model

We now relax the assumption that points sources must lie exactly on our 2D lattice. Rather, they can

occur continuously in the field. Our object remains to localize sources to their nearest lattice point, as

well as estimate their magnitudes. We may represent the difference between what sensors measure and

what is modeled by the discrete set of lattice locations by an additive perturbation to the observation

matrix. The observations at all sensors are now described by

x = Ψv + n = (Ψ0 + E)v + n (4.1)

Here, the matrix Ψ ∈ RL×N represents the actual observation system with each column corresponding

to the sampled propagated field due to the actual continuous source location. The matrix Ψ0 denotes the

model that we assumed by quantizing source locations to a lattice, and E is a matrix of perturbations to

this assumed model.

Taking this discretized modeling error into account, the Noise-Aware Basis Pursuit method for re-

constructing sparse solutions gives an altered fit constraint.

(P1,ε)
minimize ‖v‖1

subject to ‖y − ΦΨ0v − ΦEv‖2 ≤ ε
(4.2)

We do not know a priori the particular E that will be observed, and jointly minimizing over both E and

v is a nonconvex problem, as formulated and treated in [44]. Instead, we will try to bound the norm of

the additional error vector, noting that the vector v is sparse. We assume v has nonzeros on the set of

indices T , where |T | ≤ S.

We recognize structure to the perturbation matrix, namely, the columns of E =

[
e1 · · · eN

]
, are

given by the difference between sensor measurements of a source at the lattice point as compared with

the source shifted in each of the spatial dimensions by as much as ±δ/2, where δ is the lattice step-size.

The additional error term Ev can be decomposed as a sum over indices T describing the support of v;
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as in Ev =
∑

i∈T eivi. The difference vectors ei ∈ RN are drawn from the set of allowed column

perturbations, which we call ∆i. Each set is defined as

∆i = { e : ej = ψpi+t(lj)− ψpi(lj), for 1 ≤ j ≤ N, t1, t2 ∈ (−δ/2, δ/2] } (4.3)

where lj represents the 2D position of sensor j, (pi + t) the actual 2D position of the source within

range of lattice point i, and δ the distance between adjacent points on the lattice, a sampling resolution

parameter.

In cases when the observations are lower dimensional projections of the field measurement vector, as

described by (2.7), the perturbation system is correspondingly modified to be a linear transformation of

the original set.

y = ΦΨv + Φn = Φ (Ψ0 + E)v + Φn (4.4)

∆i = { Φe : ej = ψpi+t(lj)− ψpi(lj), for 1 ≤ j ≤ N, t1, t2 ∈ (−δ/2, δ/2] } (4.5)

In this case, model perturbations depend both on the propagation model as well as the projection ma-

trix Φ.

By bounding the norm of vectors from each ∆i, we may bound the overall fit error. Let gi be an

upper bound on the norm of any vector from ∆i.

gi = max
e∈∆i

‖Φe‖2 (4.6)

Performing a search over each set for these extrema may actually be simplified when the type of en-

vironmental model is unimodal and isotropic, so that the maximum is achieved at one of the points

tT ∈ {[δ/2, δ/2], [δ/2,−δ/2], [−δ/2, δ/2], [−δ/2,−δ/2]}. This computation may be done during net-

work set-up, while computing the observation matrix. From these column-norm upperbounds, we can

now bound the overall fit error, which we define as

f = ΦEv + z =
∑
i∈T

viΦei + z (4.7)

We recall that z is the additive measurement noise vector that we bounded in norm by ε. Using the

triangle inequality property of norms, the upperbound on the overall fit error is

‖f‖2 ≤
∑
i∈T
|vi|gi + ε (4.8)
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For source magnitudes that cannot be negative, and defining g = [gi]
N
i=1, this leads to the simple expres-

sion

‖f‖2 ≤ gTv + ε (4.9)

We now use this to expand the fit constraint of the noise-aware basis pursuit program. We propose the

following model-robust formulation of a noisy compressed sensing estimator.

(P+
1,ε,g)

minimize 1Tv

subject to ‖y −A0v‖2 ≤ ε+ gTv

v ≥ 0

(4.10)

Even in cases where we do not know the sign of v, we can formulate the optimization by splitting v

into positive and negative parts; i.e., v = v+ − v−, the cone constraint of the original basis pursuit

optimization may be modified to include this model error.

(P1,ε,g)

minimize 1Tv+ + 1Tv−

subject to ‖y − ΦΨ0(v+ − v−)‖2 ≤ ε+ gT (v+ + v−)

v+ ≥ 0, v− ≥ 0

(4.11)

These model-robust formulations of basis pursuit remain second order cone programs, and so can

be efficiently solved for their global minimum using off-the-shelf solvers such as cvx, [39]. In each

program, the cone constraint has been expanded by a linear term involving the magnitudes of source

intensities. In section 4.3, we will show what implications this may have on the stability of recovery. In

section 4.2, we first demonstrate conditions that would necessitate a modification of the original noise-

aware basis pursuit program, by examining lower bounds on the error of basis pursuit estimates as it

depends on the extent to which (2.7) is violated. Section 4.4 considers the model error contants and

system coherence in power law propagation models. Section 4.5 concludes the chapter.

4.2 Lower Bound on Error of Basis Pursuit

In order to study conditions necessitating the expansion of the model fit constraint in basis pursuit, we

first assume that the additive noise vector has a known norm. Rather than this z being Gaussian, we call it
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a worst-case perturbation vector with norm equal to ε. We term this worst-case because the ε previously

referred to a 99% probability bound on the norm of sensor noise. The exact values of this norm-ε noise

vector are still unknown.

First, we check for when the modeling error could make the optimization of (3.12) infeasible. We

recap the noise-aware basis pursuit program from chapter 3, for A = ΦΨ0, below.

minimize ‖v‖1

subject to ‖y − ΦΨ0v‖2 ≤ ε
(4.12)

The optimization is infeasible when the set F1 = {v : ‖y − ΦΨ0v‖2 ≤ ε} is empty. However, the

dimensions of the sensing matrix A ∈ Rm×N typically satisfy m ≤ N . In these situations, there is

a v such that y = Av, and so F1 is not empty. Infeasibility of basis pursuit becomes a consideration

when there are more measurements than the dimension of v, creating an overdetermined system. In that

situation, expanding the constraint to include modeling error may be required for feasibility, especially

when assuming worst-case noise, or if ε is small compared to the magnitudes of sources and the norm of

structural errors.

In most situations, the basis pursuit program will remain feasible. However, the feasible set is no

longer guaranteed to contain the true parameter vector. Denoting the true source vector as v0, we may

find the distance between v0 and the feasible set of (4.12), denoted dF1(v0). This provides a lower

bound on the estimation error of basis pursuit, since all potential estimates must be in the feasible set.

The feasible set can be rewritten as

F1 = {v : ‖Φ (Ψ0 + E)v0 + z− ΦΨ0v‖2 ≤ ε} (4.13)

Define the vector, b = z + ΦEv0, to be the noise vector and model error combined. Let the difference

between v and v0 be denoted by w.

F1 = {v : ‖ΦΨ0w + b‖2 ≤ ε} (4.14)

Suppose that ‖b‖2 is known to be greater than ε. This is especially likely when ‖z‖2 alone equals ε.

Then, the squared distance of v0 to the feasible set is the solution to the minimization

minimize wTw

subject to wT (ΦΨ0)T (ΦΨ0)w − 2wT (ΦΨ0)Tb + bTb− ε2 ≤ 0
(4.15)
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Figure 4.1: Histogram for 100 trials of computed basis pursuit error lower bounds for 3 randomly located
acoustic sources each with magnitude 15. One hundred sensors cover the area in a lattice arrangement
with spacing of 2. They perform consensus to find m projections of a randomly drawn orthonormal
matrix, Φ. Three values of m are compared. The sensor noise vector z is drawn uniformly from vectors
with norm 0.3526. Values of gi range from 0.7526 to 0.7532.

which is a quadratically constrained quadratic program (QCQP), [27]. Strong duality holds in this prob-

lem as long as there is a Slater point; i.e., a strictly feasible w, which is guaranteed when ΦΨ0 is not

overdetermined. As a result, the problem can be solved through its dual, which is a convex maximization

of g(λ) over the dual variable λ, in this case a scalar argument.

g(λ) = min
w

{
L(w, λ) = wT

(
I + λAT0 A0

)
w − 2λbTA0w + λ

(
bTb− ε2

)}
(4.16)

= −λ2bTA0

(
I + λAT0 A0

)−1
AT0 b + λ

(
bTb− ε2

)
(4.17)

dF1(v0)2 = max
λ
{g(λ) : λ ≥ 0} (4.18)

The solution for the distance dF1(v0), will depend on the particular vector b observed.

To gauge the effect of model mismatch on the lower bound of the basis pursuit error, we computed the

minima of (4.15) via its dual for 100 acoustic source localization tests with N = 100. Figure 4.1 shows

the histogram of distances for various dimensions m, which corresponds to the number of randomly

generated orthogonal projections computed through Φ. The sensors are arranged on a regular 10-by-10

lattice, with lattice spacing δ = 2, and the three sources are sampled from anywhere in the monitored

area, each with magnitude 15. The additive measurement noise has norm ε = 0.35.

As expected, the model fit errors increased with the dimension of the projection m, resulting in

higher lower bounds on the error for a larger number of projections. There is a wide range of lower

bounds computed because of variability in the b observed, since sources may occur closer or further
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from the lattice points, depending on where they are located. We have observed larger computed lower

bounds when the magnitudes of sources are larger as compared with the norm bound on the additive

noise vector. The benefit of accounting for model fit error in this way is dependent on it being an effect

that is not overshadowed by the additive sensor noise.

4.3 Upper Bound on the Error of Model-Robust Basis Pursuit

In this section, we discuss predictions on the stability of model-robust basis pursuit (MRBP), similar to

those of the original noise-aware basis pursuit summarized in chapter 3 in (3.16). By stability, we refer to

finding an upperbound on the `2 estimation error. Because of the expansion of the fit constraint in MRBP

by a term that involves source magnitudes, we will need to impose a restriction on the magnitudes of

nonzero terms to get a similar stability result. Intuitively, if we allow elements of the true source vector v0

to have arbitrarily large magnitude, then the constraint set, denoted as F2, for (P+
1,ε,g) as defined in (4.10)

would also grow arbitrarily large.

F2 =
{
v : ‖ΦΨ0 (v − v0)− ΦEv0 − z‖2 ≤ ε+ gTv

}
(4.19)

We impose a bound on the elements of v0.

|vi| ≤ vmax, ∀ i (4.20)

In this case, a clear extension to the proof of the stability of basis pursuit in [11] yields an upperbound

on the error of MRBP estimates.

Theorem 4.3.1 For a source vector, v0, satisfying ‖v‖0 ≤ S and maxi |vi| ≤ vmax; and system y =

Φ (Ψ0 + E)v0 + z, with coherence µ(ΦΨ0) given by (3.15), E satisfying maxi ‖Φei‖2 ≤ gmax, and

‖z‖2 ≤ ε, then, for S < 1
4

(
1
µ + 1

)
, the estimation errors of (4.11) and (4.10), are upperbounded by

‖v̂ − v0‖2 ≤
2 (ε+ S · gmaxvmax)√

1− µ(4S − 1)
(4.21)

The proof follows from a modification of the stability analysis of BP given by Donoho, Elad, Temlyakov

in [11], and is detailed in appendix B. We note that, similar to [11], we find the recovery error bound
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Figure 4.2: Relationships between the four compared sparse recovery methods. All methods shown
include the optional positivity constraint.

derived by this method to be very loose and that, in practice, we rarely meet the strict coherence re-

quirement of S < (1/µ + 1)/4, while still observing reasonable reconstruction errors. In comparison,

Herman and Strohmer in [45] also model the error due to perturbations of the linear observation model

and conditions for stability of noise-aware basis pursuit. However, their analysis is based on modification

of RIP constants. While the error bound may be loose, the advantage is that the mutual coherence for the

system of interest in our application is easily computable, whereas RIP constants are much more difficult

to verify.

The enlarged cone constraint of (4.10) can reduce the estimation performance of MRBP, so we add

an `2 fit penalty to the objective function, calling this method penalized model-robust basis pursuit (PM-

RBP). In addition, the parameter, β ∈ [0, 1], is added to the cone constraint expansion, which allows

adjustment of these worst-case perturbation bounds. Figure 4.2 shows the comparison of sparse estima-

tors, with parameter β ∈ [0, 1] relating the four methods. We see from the diagram the close relationship

between the various estimators. The MRBP method allows for expansion of the residual cone constraint

to account for the multiplicative-type structured model errors and is tuned by a parameter β ∈ (0, 1]

adjusting how much to expand the constraint. The PMRBP method combines the new cone constraint

with the traditional penalized objective of `1 penalty and depends on the trade-off parameter λ. The next

section explores the tradeoffs of these various sparse estimators and their performance in the presence of

spatial quantization errors.

41



4.4 Analysis of Spatial Quantization Trade-offs in Power Law Propaga-

tion

We examine the impact of lattice spacing δ on the modeling error for observation systems having inverse

power law propagation. To compute the worst-case column error of the observation system, we start by

analyzing the system for the full collection of sensor observations x, in (2.6). Since the Φ ∈ Rm×N of

(2.7) are generally chosen to be selected rows of a random orthonormal matrix, the analysis of model

error in the global system indicates the relation of model error to lattice spacing without having to choose

the number of network projections or projection matrix.

We first derive, in subsection 4.4.1, the relationship of the worst case constants gmax. In addition, we

study system coherence µ, as it depends on δ, for the one dimensional case in subsection 4.4.2. Then we

quantify the relationship numerically in the two dimensional case, in 4.4.3.

4.4.1 Model Error for Inverse Square Distance Propagation: One Dimension

Figure 4.3: Illustration of the propagated field at the 0 position (upper) and at the 0 position plus an offset
t0 (lower).

Here, we derive the equation for model fit error, in a one dimensional sensing array. The propagation

model is the inverse square distance from a source, assumed to be at the origin. We assume regularly

spaced sensors along the line, spaced by distance T , which also corresponds to the δ of our source lattice.

We also assume the line of sensors is infinite. In practice, since the power law energy dies quickly enough

with distance, we observe the same result for finite, but large, numbers of sensors. Figure 4.3 illustrates
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the set-up. The sensors measure the received signal strength (RSS), based on free space propagation

given by

xn =
1

d2
0,n + 1

=
1

(Tn)2 + 1
, n ∈ Z (4.22)

where d0,n is the distance from the origin to the nth sensor, which is equal to Tn.

In the discretized model, we assume a source is located exactly at one of the discrete points, here

the origin. Now we compare to the same system but now the source location is offset by a t0, where

−T/2 < t0 ≤ T/2. We call the actual signal y(t).

yn =
1

(Tn− t0)2 + 1
, n ∈ Z (4.23)

The total model error of one source is equivalent to the bound on the maximum norm of the error for

one column of Ψ, of (2.6). This is also the bound on the norm of one column of the perturbation matrix

E, in (4.1). Denoting the error vector, or column of E, as en, given by

en = xn − yn (4.24)

the squared error may be obtained from ‖e‖22 =
∑∞

n=−∞ |e(nT )|2. We note that e(nT ) is a sampled

version of the continuous error signal.

e(t) = x(t)− y(t) (4.25)

for x(t) =
1

t2 + 1
, and y(t) =

1

(t− t0)2 + 1
(4.26)

The goal is to compute the squared error difference in the observation vector due to an off-grid

location. The approach is to use Parseval’s relation for Fourier transform of a signal to evaluate the

energy of the continuous-time error signal in the Fourier domain, converting this back to the discrete-

time domain by sampling at rate T .

The Fourier transform of x(t) has a well-known form, and y(t) is a version of x(t) shifted by t0,

yielding

X(jω) = πe−|ω| (4.27)

Y (jω) = πe−|ω|e−jωt0 (4.28)
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We may use the the Fourier Domain representation to compute the squared energy of the error

E(jω) = X(jω)− Y (jω) = e−|ω|
(
1− e−jωt0

)
(4.29)

since, by Parseval’s relation, we know
∫
|e(t)|2dt =

(∫
|E(jω)|2dω

)
/2π. Then to apply sampling, we

use ∫ t=+∞

t=−∞
|e(t = nT )|2 dt =

1

T

(
1

2π

∫ ωs
2

−ωs
2

|E(jω)|2dω

)
(4.30)

where ωs is the sampling frequency, which is 2π/T . An important assumption to this computational

approach is that aliasing due to the sampling by T is negligible. While the error signal is technically not

bandlimited, it is limited such that sample rates for 0 < T ≤ 1/2 have neglible aliasing.

Appendix C, shows that the computation of the total squared error, 1
2πT

∫ π
T

− π
T
|E(jω)|2dω, yields

=
π

T

(
t20

4 + t20

)
+
π

T
e
−2π
T

(
4

(4 + t20)
cos(πt0/T )− 2t0

(4 + t20)
sin(πt0/T )− 1

)
(4.31)

which depends on T and the shift amount t0, which can be between −T/2 and T/2. Because the

propagation function is strictly increasing and strictly decreasing before and after its peak, respectively,

we can argue the shift correspending to the largest error is at the boundary of the bin, t0 = T/2.

Figure 4.4 shows the computed squared errors (by the formula, and actual sampling). Recall that

the formula assumes no aliasing, which becomes a factor for T larger than 0.5, completely invalidating

(4.31) for T > 1. The experimentally computed error grows with T both in absolute terms and as a

fraction of the total energy of the measured samples x(nT ). Although the model error levels off with

very large sample rate T , the level or error approaches 100 percent of the energy measured from the

source, and so, would not allow for detection.

This section derived an expression for the maximum model fit error due to off-grid location in the

one dimensional inverse square law propagation system. It shows that the error is well behaved at small

discretization lattice spacings. The next section examines the impact of this spacing on the mutual

coherence of the global observation system.

4.4.2 Coherence for Inverse Square Distance Propagation: One Dimension

As described in section 3.2, the mutual coherence of the observation matrix is one way to predict per-

formance of sparse estimators. To illustrate how this changes with the choice of source lattice sampling
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Figure 4.4: Worst case model error versus discretization spacing T for one-dimensional lattice and in-
verse square distance propagation. Left panels show squared error for the worst case offset, t0 = T/2.
The red asterisk series using the formula of (4.31), assuming no aliasing, while the blue dots series is the
result of sampling and computing of the error for 2 million samples. Right panels: showing the ratio of
the model error to the total squared energy x(nT ). The upper panels zoom in to 0 < T ≤ 2, while the
lower left panels show a larger range of T .

parameter δ, but herein referred to as T , we derive the relationship of the mutual coherence versus T for

the one dimensional lattice with inverse square law propagation.

We examine the mutual coherence µ(Ψ), for matrix Ψ of (2.6). The matrix Φ of (2.7) is generally

chosen as rows of an orthonormal system, so the worst-case coherence is described by the coherence

of Ψ. This will show the trend of this parameter, as it depends on the spacing T , without requiring the

choice of the number of network projections or a specific projection matrix. We assume an infinite lattice

of sensors that sample the source field, arranged in a lattice that coincides with the source lattice, as was

done in the previous section.

Again we model the sampled signal due to one source as x(nT ),

x(nT ) =
1

(Tn)2 + 1
, ∀ n ∈ Z (4.32)
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noting that shifts of this signal x make up the columns of the matrix Ψ. We recall that the mutual

coherence is the maximum inner product between any two columns of a matrix.

µ(A) = max
i 6=j

|〈ai,aj〉|
‖ai‖2 · ‖aj‖2

(4.33)

for ai and aj distinct columns of A.

While in the previous section, we were interested in computing the norm of the difference of x(nT )

and x(nT − t0), here we look for the innerproduct of adjacent columns of A, x(nT ) and x((n − 1)T ),

which we denote as 〈a1,a2〉. We again use the method of analysis of the continuous-time Fourier trans-

form of the function, applying Parseval’s relation and sampling by T . Appendix D computes the square

energy of x(nT ) and the innerproduct of x with its shift by finding the t = 0 value of the convolution

signal n[0] = (a1[n] ∗ a2[n]) [0], again using their Fourier transforms.

The result is that the energy of a signal
∑

n∈Z |xn|
2 = ‖a1‖22 = ‖a2‖22 is given by

∑
n∈Z
|x(nT )|2 =

π

2T

(
1− e−2π/T

)
(4.34)

as shown in section D.1

The absolute innerproduct of two adjacent columns of Ψ is given by |〈ai,aj〉| =
∑

n∈Z |x(nT )x((n− 1)T )|2

〈ai,aj〉 =
1

2π

∫
N(jω)ejωtdω

∣∣∣∣
t=0

=
1

2π

∫
N(jω)dω (4.35)

=
1

2π

∫
X(jω)2e−jωTdω (4.36)

=
π

2T

[
1

(2 + jT )

(
1 + e−2π/T

)
+

1

(2− jT )

(
1 + e−2π/T

)]
(4.37)

as is shown in section D.2.

Putting the energy and innerproduct expressions together gives an expression for the coherence as a

function of T .

µ =
|〈ai,aj〉|
‖ai‖2 · ‖aj‖2

=

π
2T

(
4

4+T 2

) (
1 + e−2π/T

)
π

2T

(
1− e−2π/T

) (4.38)

=

(
4

4 + T 2

) (
1 + e−2π/T

)(
1− e−2π/T

) (4.39)

which we must be careful not to apply when the sample interval T is too large, leading to aliasing.
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Figure 4.5: Coherence study for one dimensional lattice with inverse square propagation law: Each panel
compares the derived quantity versus the measured value computed using 10,000 sensor samples and
spacing T . Panel (a) shows the squared energy of x(nT ), panel (b) shows the innerproduct of adjacent
columns of Ψ, and panel (c) shows the resulting mutual coherence versus T . Panel (d) shows measured
coherence for a larger range of T .

Figure 4.5 shows the squared energy of the basis functions and the inner product of adjacent basis

functions versus sample rate, T . The bottom panels show the measured mutual coherence metrics for

the same range of T in panel (c), on the left, and for a larger range of T in panel (d), on the right. The

predicted values of mutual coherence from (4.39) are high since, for T > 1/2, the formula is inaccurate

as aliasing error becomes significant. The measured coherence in panel (d) falls quickly with large

spacing. However, as shown in the previous section the modeling error becomes large, and so lattice

spacing parameters above T = 2 may not result in good recovery.

These sections, 4.4.1 and 4.4.2, explored the tradeoffs of choosing a lattice spacing parameter in the

one dimensional lattice, using the inverse distance-squared propagation law. The relationships of worst

case modeling error and mutual coherence versus spacing interval showed the tension between making
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a fine lattice to keep error constants low and keeping basis functions that are distinct enough to allow

stable recovery by sparse estimation. The next section shows these error and coherence parameters in

the two dimensional system of interest, as they depend on lattice spacing as well as the exponent of the

propagation power law.

4.4.3 Numerical Evaluation of gmax and µ versus 2D Lattice Spacing and Power Law γ

In the case of a two dimensional lattice, closed-form expressions for model error constants and mutual

coherence are not easy to derive. Instead, we simulate the two dimensional lattice as a function of the

spacing parameter T , using the inverse power law propagation function of (2.8), repeated below

ψpi(lj) =
1

(‖lj − pi‖γ2 + 1)
(4.40)

The power laws we consider concern γ in the range from 1 to 4, modeling propagation losses for a variety

of applications.

Figure 4.6 shows the measured gmax for the 1D lattice, but with various choices of γ. To simulate

this, 10,000 sensors were modeled at each regular spacing and the squared error between the sampled

field of a unit-magnitude source and a shifted version was computed. We see a higher sensitivity of

model error to spacing T when γ is larger, due the more peaked shape of the loss function. In contrast,

the mutual coherence is lower for large γ at a fixed T , suggesting increased distinguishability between

sources at neighboring locations.

We perform the same experiment in a 2D lattice, as illustrated in figure 4.7. In this case a 400 by

400 array for sensors was modeled with spacing T in each direction. The maximum offset, t0 = T/2, is

assumed in both directions, resulting in an extremal boundary point of the quantized region.

Figure 4.8 shows the resulting modeling errors, gmax, in panel (a). The behavior of the absolute error

for γ ≥ 2 is less intuitve. The drop in sampled energy with larger spacing makes it appear that model

error is falling over some intervals. However, when we compare the ratio of model error to the total

sampled energy of the field using the spacing T , we see that the percent error is strictly increasing with

T , and for the large γ it increases at a high rate. On the other hand, the lower panel shows that mutual

coherence falls quickly with T especially for the γ = 4 and 2 cases. This may indicate that fine spacings
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Figure 4.6: Worst case model error and coherence versus discretization spacing T for a 1D lattice and
various inverse power propagation laws. The power γ is varied from 0.5 to 4, and 10,000 sensors are
modeled. The left plot of panel (a) shows squared error for the worst case offset, t0 = T/2, versus lattice
spacing T , while the right shows the ratio of the model error to the total squared energy x(nT ). The left
plot of panel (b) shows signal energy and innerproduct of adjacent bases, while the right plot shows the
resulting mutual coherence vs. T

can perform well in the propagation environments with larger exponents to propagation loss. We test this

with numerical simulations in the next chapter.

4.5 Conclusions

In this chapter, we studied the stuctured model error due to spatial quantization of continuous source

locations. We derived bounds for the model errors of single sources and presented model-robust estima-

tors, MRBP and PMRBP, which expand the cone constraint for noise-aware basis pursuit to account for
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Figure 4.7: Illustration of simulation of worst case modeling error in the 2D lattice for T = 1/2. Panel
(a) shows a source exactly at a gridpoint with contours based in inverse squared distance, Panel (b) shows
the source at location [T/2, T/2] away from the grid point. The black box denotes the quantization region
corresponding to the origin. Selected contours are labeled with the field level values.

the quantization error. We presented an upperbound on the `2 error of MRBP estimates and computed

lower bounds on the reconstruction error of traditional basis pursuit due to off-grid source location. We

analyzed the relationships of model error constants and mutual coherence as a function of lattice spacing

in both one and two dimensional systems with power law propagation functions. The next chapter tests

the various sparse estimators proposed in off-grid numerical experiments testing the sensitivity of each

method to system and chosen tuning parameters.
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Figure 4.8: Worst case model error and coherence versus discretization spacing T for a 2D lattice and
various inverse power propagation laws. The power γ is varied from 0.5 to 4, using 160,000 sensors. The
left plot of panel (a) shows squared error for the worst case offset, (T/2, T/2), versus lattice spacing T ,
while the right shows the ratio of the model error to the total squared energy x(nT ). The left plot of
panel (b) shows signal energy and innerproduct of adjacent bases, while the right plot shows the resulting
mutual coherence vs. T
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Chapter 5

Motivating Applications

In this chapter, we a present number of studies using numerical experiments to simulate FICCS in surveil-

lance applications. We discuss the methodology of applying FICCS to three examples of distributed

monitoring systems, each with differing sensing modalities that commonly obey inverse power propa-

gation laws. Our approach is to describe various networked sensing applications and how they may be

similarly modeled to cast them as linear discrete models with sparse underlying source parameter vec-

tors. As we discussed in chapter 2, a network of omnidirectional microphones measuring the received

signal strength (RSS) of an acoustic field can be adapted to the FICCS distributed inversion approach

by quantizing spatial dimensions of the monitored area. We also present alternative sensing modalities

that arise in radar and underwater sonar applications, and how these distributed sensing problems may

also be cast in terms of FICCS. We recognize, through considering these various applications, that this

approach for distributed field inversion depends only on the construction of a linear superposition model

whose continuous parameter spaces may be quantized to a discrete sparse vector describing the sensed

field.

5.1 Acoustic Sources Localization and Infrared Fields, γ = 2

This section discusses the application of FICCS to passive sensing regimes, using acoustic and infrared

sensors. In chapter 2, we present distributed acoustic source localization as the motivating example

application for our approach to distributed field estimation. We model a network of omnidirectional mi-
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crophones sampling received signal strength (RSS) measurements of an acoustic field. We assume free-

space propagation proportional to the inverse square distance between sources and sensors.By quantizing

the spatial dimensions of the monitored area, we adapt the field inverison problem to FICCS. The result

is the finite linearized model for sensor measurements x, recapped below.

x = Ψv + n, for Ψ ∈ RN×L : Ψ =

[
1

d2j,i+1

]
1≤i≤N,1≤j≤L

(5.1)

where dj,i represents the distance between sensor j and the potential source location at index i of the

quantized source lattice.

In the acoustic source regime and free-space propagation environment, it is typical to use the param-

eter γ = 2 in the inverse power law function (2.8). However, this parameter can be adjusted based on the

experiment of interest. In addition, directional gain patterns of microphone receivers may be accounted

for during the construction of the linear model (5.1) using calibation information and locations of the

microphones. By assuming no directional preferences in receivers, our analysis treats the challenging

case when no directional information is available, motivating intersensor cooperation.

This set-up can also be applied to a distributed monitoring network using low resolution infrared (IR)

cameras. In the long-wave IR regime, the radiation collected by most objects is dominated by emissive

components and, at long distances, unresolved objects can behave as sources with magnitudes based on

emissivity-area and temperature. A collection of networked IR cameras can be deployed in the field,

each integrating received energy over pixels and orientation. Using spatial quantization of the location

dimensions of the monitored area, these sensors can apply FICCS to detect and resolve an unknown

number targets with unknown magnitudes. A number of practical issues need to be addressed, such

as accounting for time-varying radiation from the surrounding background. It is notable, however, that

distributed field inversion may enable the use of low resolution passive sensors to accomplish monitoring

tasks that are not be possible with a single, or a small number of sensors. Many of the studies in chapter

6 use this passive sensing model, corresponding to γ = 2, to test the effects of various system parameters

in FICCS, and demonstrate the performance of this approach to field reconstruction in these applications.
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5.2 Radar Surveillance Network, γ = 4

The distributed monitoring approach of FICCS may also be applied to networks of active sensors. This

represents a significant difference in sensing modality, in which propagation losses must be accounted in

two-way paths. Certain radar and active sonar sensors can be modeled in this γ = 4 power law regime.

We refer readers to the introduction of [50] for more on modeling of range propagation losses in radar

systems.

As an illustration, we focus on the application of multiple target detection in an area monitored by N

distributed networked radars. Our set-up uses a common model for adapting compressed sensing to radar

applications, similar to [51]. Each radar is assumed to have an isotropic antenna and emits narrowband

pulses. We assume the networked radars are placed either regularly or randomly at the same altitude.

The objective is to monitor a volume of air space above the radars. For example, we may place the radars

in a 3 km by 3 km area to monitor the space above at altitudes between 1 and 1.5 km. Figure 5.1 shows

this set-up in panel (a), with radars at the bottom and a 3D volume above them where targets may lie.

Three targets are shown in as red circles.

An additional issue raised in active sensor networks is that the group of radars must coordinate to ac-

tively interrogate the region without interfering with the pulses of other radars. This maybe accomplished

with time-division multiplexing as well as the use of orthogonal waveforms. In the simplest model, we

may assume that each radar collects the returns of only its own pulses, as opposed to a full MIMO radar

system, in which radars also process the bistatic returns from pulses generated by the other sensors.

Targets are modeled as deterministic point-targets, meaning their radar cross section (RCS) is con-

stant from all aspects and does not vary probabilistically from one pulse to the next. In this analysis, we

consider targets with zero Doppler shift, meaning they are stationary. The narrowband pulses transmitted

by each radar are given by

p(t) = Re
{
A w(t)ei2πfct

}
(5.2)

where t represents time, A is a constant representing the gain of the amplifier, fc is the carrier frequency

of 3 MHz, and w(t) is the square window function with a pulse width of 1 ms. Since we are considering

scenarios with multiple targets, received radar returns of sensor i will contain the superposition of the
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(a) sensors and target space (b) location bin

Figure 5.1: Depiction of the distributed radars and monitored discretized space with 3 targets, red circles,
in (a), and, in (b), a close-up showing the potential location variation within a voxel.

returns from each of S targets.

xi(t) =

S∑
k=1

Re
{
Ak w(t− τk)ei2πfd,k(t−τk)

}
(5.3)

The above, xi(t), is assumed to be the received pulse after it has been demodulated to baseband fre-

quency. The parametersAk, τk and fd,k are unique to each target, representing respectively the amplitude

of the received reflection due to target RCS and distance, the time-delay of the return due to distance,

and the Doppler shift in frequency due to target velocity. Specifically, each parameter, is given by

Ak =
σkP

r4
k

, τk =
2rk
c
, fd,k =

2fcvk
c

(5.4)

where σk is the target RCS, P is an overall system gain in Joules-square-meters (J ·m2), rk is the range

from the radar to target k, vk is the projection of the target velocity vector onto the radar’s line of sight,

and c is the speed of light. Since we are assuming stationary targets, returns will all have 0 Doppler; i.e.,

fd,k = 0. We collect superimposed square waveforms containing only amplitude and delay information.

The continuous volume of potential target locations is discretized using a finite Lx×Ly×Lz lattice,

where the spacing between lattice points is given in each direction by δx, δy, and δz . Panel (a) of fig. 5.1

also shows these discrete bins covering the monitored area. The goal is only to localize detected targets

to their bins, rather than estimate continuous target locations. As shown in panel (b), the actual location

of a target within a bin may differ by up to half the lattice spacing in each direction, inducing error into

the observation model.

We integrate the energy of the received pulses of each radar to obtain the discrete vector of ob-

servations at radar i, xi, proportional to the Ak values. The discrete target vector, v ∈ RL, contains
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magnitudes at potential target locations of the spatial lattice and has dimension L = LxLyLz . Each

entry of v will be zero, if there is no target in that location bin, or will contain the RCS of the target,

if one is present. Since there are many more bins than targets, v is a sparse vector. We stack the pulse

energy samples of each sensor into a single vector of all network sensor observations, x. This vector

has dimension NT where N is the number of sensors and T the number of time-samples. Based on the

simple model of (5.3) and (5.4), the observations due to a unit-RCS target at the center of each bin are

known and collected into the columns of the matrix Ψ. The result is a linear observation model for the

collected observations at all sensors due to all discrete target locations,

x = Ψv + n, n ∈ RNT , for Ψ ∈ RN×L : Ψ =

[
1

d4j,i+1

]
1≤i≤N,1≤j≤L

(5.5)

where n is additive measurement noise.

We have shown the casting of a distributed narrowband radar surveillance network as a linear field

inversion model with a sparse discrete source vector. Alternative formulations could use bistatic returns

and directional information in the model. In many of the studies in chapter 6, we present results of

numerical tests using the radar model, showing the potential of FICCS in applications of distributed

monitoring using active sensors.

5.3 Guided Wave Applications, γ = 1

When studying, the effects of the exponent γ in power law propagation, in section 6.3.3, we will compare

the inversion performance in the previous two regimes with the γ = 1 case. This corresponds to wave

guided propagation, rather than spherical wave propagation, modeled in sections 5.1 and 5.2. This type

of propagation can arrise in certain underwater passive sonar applications when the density variation

with depth acts as a waveguide, [52]. In structural health monitoring, wave propagation is modeled by

guided Lamb waves; see [53, 54]. While we will not elaborate on the modeling details, we recognize

the importance of this regime, and include studies with the propagation law corresponding to inverse

distance to assess the sensitivity of distributed inversion performance to the exponent γ.
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5.4 Conclusions

In this chapter, we have discussed the application of the FICCS approach to distributed field inversion to

distributed networks of passive and active sensors with varying sensing modalities. In the next chapter,

we use numerical simulation experiments to compare the performance of the alternative sparse estimators

to the localizations of targets that are continuously located in the monitored area. We present a number

of studies detailing the system tradeoffs on field inversion and target detection performance.
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Chapter 6

Numerical Simulation Testing in

Surveillance Applications

In this chapter, we a present number of studies using numerical experiments to simulate field inversion

experiments in the surveillance applications described in chapter 5. We show average `2 estimation and

detection error computed through numerical simulation tests involving a small number of continuously

located sources. We test robustness to the discretization of the source field, comparing the performance

of the four estimators, summarized in figure 4.2. We measure field inversion performance by the average

`2 estimation and detection error as they depend on the number of network projections used.

In addition to comparing the performance of the various sparse estimators, we study the sensitivity of

FICCS to a wide variety of design parameters, operational choices, and system characteristics that may

depend on the application. We organize the study of these considerations into two major categories. The

first category involves parameters and choices related to the use of the field reconstruction algorithms,

including penalization parameters, positivity constraints, and spatial quantization step-size. The second

category contains the parameters that are dictated by the physics of the application. We include under

these the signal-to-noise ratio (SNR) of sensor readings, the particular exponent for the inverse power

law propagation function, and the locations of deployed sensors.

In 6.1, we give an overview of the methodology of numerical testing, listing the major studies con-

ducted. The following sections then present the relevant studies and discussions regarding estimation
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tradeoffs and system tradeoffs.

6.1 Overview of Experiments and Tradeoffs

In order to better understand the tradeoffs between the four estimators of fig. 4.2, we simulate sensor

network surveillance experiments to model the FICCS algorithm, as given in chapter 3. For all of these

tests, we simulate the placement of either 100 regularly-spaced or 150 randomly-placed sensors in a 20-

by-20 area. Measurements are of the total received signal strength (RSS) for a field generated by a small

number of passively or actively monitored sources, modeled as given by (2.8), with power law parameter

1 ≤ γ ≤ 4. Randomly placed sensor locations are chosen sequentially and uniformly at random,

rejecting any locations that are closer than the minimum spacing, δ/6, to existing sensors. The sensor

locations and communication radii determine the network topology, which allows for the distributed

averaging in the sensing phase of FICCS, section 3.1.2. After confirming convergence of the node states

to the first m rows of the randomly selected orthonormal matrix Φ using optimal uniform averaging

weights, we focus on the field inversion phase of FICCS, in which the full field is estimated using sparse

reconstruction.

A discrete
√
L-by-

√
L lattice with spacing δ is imposed on the square region as the quantized set of

potential source locations. In each test, S = 3 sources with magnitude 15 are present near distinct lattice

points, selected at random. The exact locations of the sources are chosen uniformly in the 2D monitored

area, inducing the spatial quantization error discussed in section 4. Sensor readings are corrupted by

additive measurement noise, where n of (2.6) is chosen uniformly from the vectors with norm bσ2 . The

norm b is defined by the 95% norm-bound1 of the Gaussian random vector with variance σ2. Random

network projections used in all trials are the first m rows of a randomly generated orthonormal matrix,

determining the Φ of (2.7).

We model sources with positive magnitude, but magnitude information in not used by the estima-

tors, except in the form of optional positivity constraints on source estimates. The sparse estimates are

computed using the CVX optimization package, [39, 55]. Unless otherwise stated, the columns of the

A = ΦΨ matrix of (2.7), are normalized to have unit `2-norm before computing sparse estimates. The

1The 95% norm bound corresponds to the inverse chi-squared cumulative density function with L degrees of freedom.
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saved column scale factors are then multiplied with the sparse estimate v̂ to give the recovery estimate.

When normalizing the columns of A for one of the model-robust estimators, the vector of perturbation

constants g must also be re-scaled by the column scale factors. Section 6.2.5 will show the tradeoffs of

sparse estimation with normalized versus un-normalized observation systems.

Estimation performance of the discrete target source vector is measured by the average `2 estimation

error from the discretized true source vector, of (2.6); i.e., ‖v̂ − vtrue‖2. This metric depends on both

source localization and magnitude estimation accuracy. Since `1 optimization methods are known to be

biased for inferring magnitude, [56], we also study the detection rate of sources at fixed low false alarm

rates. These are stringent performance metrics since a source that arrives near the border of two quantized

regions could be detected in the neighboring cell and would be counted as both a miss and a false alarm.

To show the impact of source location quantization, in each study, we compare the estimation error of

each of the sparse reconstruction methods to the error of noise-aware basis pursuit, BP (3.12), for sources

that lie exactly at their closest discrete grid-points.

The tests presented illustrate the tradeoffs of using the various sparse estimators in the FICCS algo-

rithm. Section 6.2 presents the studies of sensitivity of inversion performance to choices regarding the

estimators while section 6.3 studies the impacts of the parameters of the phyical system.

6.2 Studies of Estimation Tradeoffs

We first examine examples where the expansion of the basis pursuit cone constraint addresses feasibility

issues of traditional noise-aware basis pursuit, even for moderate choices of the parameter β. Next,

we study the sensitivity of the penalty methods to choices of the penalty parameter λ, which affects `1

penalized least squares and penalized model-robust basis pursuit (PMRBP).

We study the effect of the lattice spacing δ used for the quantized location grid-points. We present

the average error and detection performance as a function of the lattice spacing, noting that, for a finely

spaced lattice, the performance metrics and localization accuracy are stricter than in a coarse lattice. We

show an example with high model error, in which the penalized model-robust basis pursuit estimator

(PMRBP), of (4.10), can be tuned through β to trade off between the performance of traditional basis

pursuit and the `1 Penalty, of (3.13).
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We then present comparisons of reconstruction accuracy when using positivity constraints on esti-

mated source magnitudes, as well as normalizing the columns of the system observation matrix A, given

by (2.7), showing that while both practices are recommendable there are certain scenarios when using

these options can hurt performance.

6.2.1 Cone Expansion Factor β

The model-robust basis pursuit (MRBP) and penalized model-robust basis pursuit (PMRBP) estimators

were introduced to account for modeling errors due to spatial quantization, allowing for stable estimation

using constraints on the observation fit residual. The estimators, detailed in chapter 4, expand the cone

constraint of noise-aware basis pursuit, using bounds on the norms of induced model error for each source

location in the lattice. The bounds are given by the vector g ∈ RL
+. The cone constraint is expanded to

‖y −Av‖2 ≤ ε+ βgTv (6.1)

v ≥ 0 (6.2)

in (4.10), which gives the positive magnitude version of MRBP. The scalar weight, β ∈ (0, 1), is in-

troduced as a tuning parameter of this algorithm. A choice of β = 1 would guarantee that the true

source vector is in the feasible set. But because the vector g represents worst-case bounds, often the full

expansion in not needed.

In this section, we first examine the effect of the β chosen on the probability that the original source

vector remains a feasible solution to the model-robust basis pursuit estimators, MRBP and PMRBP. We

show by numerical experiment, that moderate choices of β; e.g. 0.5, often covers the vast majority of all

cases. Then we perform a sensitivity study, comparing all of the estimators, as β is varied, showing that,

in cases with significant quantization error, average estimation and detection performance is sensitivity

to β being sufficiently large, and as β becomes too large MRBP performance suffers, while PMRBP is

able to maintain performance similar to the `1 Penalty estimator.

Probability of Feasibility versus Cone Expansion Factor β

We performed numerical simulation to test the effect on the choice of β on the likelihood that the orig-

inal source vector is a feasible solution to the model-robust estimators. These tests also included the
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Figure 6.1: Study of Feasibility of vtrue vs. β: Panel (a) illustrates the set-up of the experiments, which
use a regular grid of 25 sensors spaced by distance 2 and source lattice spacing δ = 1.5. The maximum
perturbation constant and its source location are also shown. Panels (b-d) show probability of feasibility
over 1000 trials of the original source vector for residual cone constraints expanded using varying β,
using m = 18 random orthonormal network projections. The series in (b) compare various propagation
factors, for Gaussian measurement noise with variance 0.01. Panels (c) and (d) show the feasibility for
varying measurement noise levels σ2

n in the case of Gaussian noise, and random noise with norm bσ2 ,
respectively.

positivity constraint on source magnitudes, and additive measurement noise at various levels, translating

to the 95% norm-bound ε, in (6.2). A regular 5-by-5 grid of sensors is deployed with spacing 2, and a

source discretization lattice with spacing δ = 1.5 is used. The set-up is illustrated in panel (a) of figure

6.1. Source vectors with 3 sources at continuous random locations and magnitudes of 15 were chosen.

The network computes 18 random orthonormal projections (about 36% of the dimension L) during the

consensus phase of FICCS. The feasibility of the true source vector was averaged over 1000 trials. Panels

(b), (c), and (d) show the probabilities that the true vectors are feasible versus β for various propagation

laws, additive noise types and levels. From (b), we see that propagation factor γ had little effect on the
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feasibility of orignal v. Comparing (c) and (d) we see that using random Gaussian measurement noise,

especially with high variance, results in near 100% feasibility at small β. This is due to the worst-case

nature of choosing the bound ε. When measurement noise is added that has exactly the norm ε, the effect

is not as dramatic. However, it remained that for most noise levels over 80% of trials maintained feasible

truth vectors for β = 0.5.

Unfortunately, the feasible set containing the true source vector does not guarantee a stable recovery.

The next section tests the recovery error as they depend on β.

Estimation Performance versus Cone Expansion Factor β

In this section, we present a study of `2 estimation error and detection performance, as a function of

the chosen cone expansion weight, averaged over 100 recovery trials. The experimental set-up uses 150

randomly-placed sensors, inverse square law propagation; i.e., γ = 2, and additive measurement noise

with norm of bσ2 for σ2 = 0.001. Two resolutions of source location lattices were used; one with a coarse

δ = 2 spacing, and an upsampled by 3 version with δ = 2/3. Estimation was performed enforcing the

positivity constraint on source magnitudes.
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Figure 6.2: Number of Feasible Trials and System Parameters vs. m, for two source lattice sampling
rates, u = 1, 3 with δ = 2, 2/3, N = 150 randomly placed sensors, random additive noise of norm
b0.001. Panel (a) shows feasibility of BP and (P)MRBP for various β at each lattice sample rate. Panel
(b) compares average coherence µ to model perturbation constants gmax for the two lattice sample rates.

Because of the positivity constraint, it was possible to have infeasible basis pursuit estimates. The

first study, shown in figure Figure 6.2 shows a comparison of feasibility, system coherence, and quanti-

zation error parameters for the two lattice resolutions, u = 1 and u = 3, and various values of the cone
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expansion factor β. These quantities are shown as a function of the number of network projections m

used. We see from panel (a) that basis pursuit, with unmodified cone constraints, suffers quickly from

infeasibility with increasing numbers of measurements due to the increase in unaccounted model error.

Even in the upsampled version with a finely spaced lattice, more than half of the trials are infeasible. In

the model-robust versions, denoted by MRBP, the feasibility issue is addressed by moderate values of

β, with all trials feasible for β = 0.5, even in the coarse lattice. Panel (b) shows the system coherence

and maximum perturbation constants versus m, showing that the worst case model error is much lower

in the finely sampled lattice than in the coarse one and increases with m. Mutual coherence is high,

suggesting that performing field inversion in this scenario may be challenging. Figure 6.2 shows the new

cone constraint can address feasibility issues of traditional basis pursuit under model uncertainty.
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Figure 6.3: β Study: Recovery error and detection rates of FICCS for two source lattice sampling rates,
u = 1, 3 with δ = 2, 2/3, over 100 trials, 150 randomly-placed sensors, random additive noise of norm
b0.001; λ = 1 and m = 30 projections are used. Top panels show shows the average `2 error and
detection rate vs. β for estimators using the un-normalized system matrix A and fixed false alarm rate
0.01. Bottom panels show average `2 error and detection rates vs. β for estimators using a normalized
system matrix A.
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Figure 6.3 shows the average estimation error and detection performance for the various estimators,

with λ = 1, m = 30 network projections, and both un-normalized and normalized A matrices. For

the u = 1, BP was infeasible, and so provided no field estimates. Panels (a) and (c) show the average

recovery error versus β at the two lattice sample rates and compared with the performance of basis

pursuit when sources are actually at grid locations (BP exact). For the u = 1 lattice sample rate, the

average estimation error of BP exact (not shown in figure) was below 3. We first note that estimation

error is reduced for all but the MRBP method when a normalized A was used. In particular the mean

squared error of the upsample lattice (u = 3) is much reduced by normalizing, even in the BP exact

case. Due to large modeling perturbation constants MRBP at both lattice resolutions performed worse

that its counterparts, with performance heavily degraded by normalizing the columns of A. The PMRBP

estimates, however, did slightly better or the same as `1 Penalty. In particular, for un-normalized A, and

the coarse lattice, PMRBP matches the low error of BP exact for β = 0.25, and moves up to the error of

`1 Penalty with larger β. Panels (b) and (d) show the average detection rates for a fixed false alarm rate

of 0.01. This false alarm rate applies to all the lattice points in the network, so for the 100 dimensional

lattice PFA = 0.01 translates to 1 expected false alarm per inversion. To allow for comparison, the

detections rates for the finer lattice were converted to coarse detection vectors, where a detection in any

of the upsampled lattice bins corresponding to the u = 1 lattice counted as a detection. The detection

rates in all series except MRBP were again improved by normalizing A. The cases of PMRBP that were

feasible matched or slightly improved the detection rate ov `1 penalty. This shows that the penalty term

allows the PMRBP to retain good performance as the cone constraint is expanded large with increasing

β, while MRBP suffers as the cone constraint enlarges. Overall, this shows PRMBP to be robust to a

wide set β and can trade between the performance of the BP and `1 Penalty estimators. In contrast,

MRBP is very sensitive to the choice of β, and suffers from too quickly expanding residual constraints.

6.2.2 `1-Norm Penalization Factor λ

We study the impact of choice of the penality parameter λ on the `1 Penalty and PMRBP estimators.

Using the same experimental set-up as in section 6.2.1, but with a β fixed at 0.5, we compare average

reconstruction error and detection rates versus λ. Again, detections rates for the finer lattice were con-
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Figure 6.4: λ Study : Recovery error and detection rates of FICCS for two source lattice sampling rates,
u = 1, 3 with δ = 2, 2/3, 100 trials. N = 150 randomly-placed sensors, random additive noise of norm
b0.001; β = 0.5 and m = 30 projections are used. Top panels show shows the average `2 error and
detection rate vs. λ for estimators using the un-normalized system matrix A and fixed false alarm rate
0.01. Bottom panels show average `2 error and detection rates vs. λ for estimators using a normalized
system matrix A.

verted to coarse detection vectors, where a detection in any of the bins corresponding to same location in

the coarse lattice counted as a detection.

Figure 6.4 compares not normalizing observation matrix A, in the upper panels, to normalizing A,

in the panels, before `1 optimizations. Traditional basis pursuit in the u = 1 lattice does not appear

because it was infeasible. In these scenarios, the estimation effect due to source arrivals not on the lattice

is considerable. For the δ = 2 spacing, the average estimation error of BP with targets located exactly at

grid locations (not shown in figure), is less than 3. The penalty parameter λ is varied from 0.001 to 100,

with average error plotted versus the logarithm of the parameter λ.

The error of `1 Penalty is large for small λ, in both δ cases. When not normalizing A, estimates
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Figure 6.5: Performance of FICCS, averaged over 100 trials, vs. quantization spacing. In both, N =
100 sensors are distributed in a regular grid, spaced by the same δ as the source quantization lattice,
using m = 30 network projections and additive noise has an exact norm b0.01. Columns of A are not
normalized, in estimators. Panel (a) shows average `2 estimation error of the sparse estimators, using
λ = 2, while (b) shows the detection rates for a fixed false alarm rate of 0.001.

PMRBP for the coarse sampling are robust to small λ. For normalized A, PMRBP at the fine lattice

performed much better than for the coarse lattice for small λ. In terms of detection rate, panels (b) and

(d) show PMRBP to be more robust than `1 Penalty to too small choices of penalty parameter. As λ

increases, average error of both `1 Penalty and PMRBP with u = 1 both drop below that of BP for the

fine lattice, suggesting some advantages of performing coarse detection using a model-robust estimator

rather than using BP with a finer sample rate. This shows PRMBP displays more robustness to too small

choices of penalty parameters, through having also a constraint on fit residual.

6.2.3 Quantization Lattice Spacing δ

The panels of figure 6.5 compare the performance of each estimator versus the spatial quantization pa-

rameter δ. In this study, 100 sensors are placed in a regular 10-by-10 grid spanning the region, using

m = 30 network projections. In this study, the parameter δ refers to both the source quantization lattice

as well as the sensor spacing, since the two grids coincide. The propagation law uses γ = 4, model-

ing active sensors such as in radar. The additive noise corresponds to a vector with norm b0.01, which

equals the 95% norm bound on Gaussian noise vectors with variance σ2 = 0.01. The estimators do not

normalize the columns of the observation system A, before performing optimization. Basis pursuit with

no location quantization error (BP Exact) has the lowest error and highest detection rate. As the lattice
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Figure 6.6: µ and gmax versus quantization lattice spacing.

spacing δ increases, the number of source lattice points L decreases, which could reduce reconstruction

error simply by reducing possible locations. However, model error for γ = 4 increases sharply with

δ, so we see a sharp optimum spacing for lowest `2 error at δ = 2. This is not the full story, since,

from a detection perspective, sources are localized well using almost all of the estimators for δ between

2 and 4. Since support detection is the most difficult aspect of this problem, and other methods can be

used to de-bias the magnitude estimates after localization, these results are promising in showing some

robustness of FICCS estimators to quantization level.

Figure 6.6 shows the coherence and model perturbation constants as a function of lattice spacing. We

see from this that the region near δ = 2 corresonds to a sweet spot with low coherence but not yet high

bounds on model uncertainty.

Selecting the case of δ = 4 from the study of figure 6.5, we now show the performance of the

various estimators as a function of varying numbers of network projections, in figure 6.7. This is an

example of a challenging case in which PRMBP may have lower error than the unconstrained `1 Penalty

estimator. Model error is high, resulting in poor average `2 error across the estimators. As the number

of observation projections m are varied, there is little change in the average `2 error, and little difference

among estimators, with the exception of BP exact. However, the detection rate of the 3 sources is higher

for fixed false alarm rate of 0.001, using the estimators containing the residual cone constraints. This

shows the adaptability of the PMRBP method for support detection. In cases where the unconstrained

`1 Penalty performs well, it does similarly. In cases where the cone constraint is needed it can take

advantage of this constraint without running as large of a risk for infeasibility as does basis pursuit.
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Figure 6.7: Challenging Case: 100 Trial Average FICCS `2 error and detection rates vs. number of
network projectionsm, for 100 sensors in a 10-by-10 grid, source lattice spacing δ = 4. The propagation
law corresponds to a Radar test, with γ = 4. Additive noise has an exact norm b0.01, and penalization
parameter is λ = 2.

6.2.4 Positivity Constraints

An important consideration to the sparse estimators is whether or not to enforce the positivity constraint

on source magnitudes. In general, it helps to impose this constraint when it is known. However, we

can show examples where hurts to impose this constraint. The first study of this section is shown in

figure 6.8. In this study, the propagation factor is γ = 1, additive noise has norm b0.01, and λ = 2, and

source lattice spacing δ = 2.0. Each plot directly compares the avg. `2 error or detection rate of the

sparse estimators using the positivity constraint versus estimators with unconstrained magnitudes. The

left sides show these overlayed, with the unconstrained series in dashed lines, while the right sides show

differences in the estimation error or detection rates. Panels (a-d) correspond to 100 sensors placed in a

square grid, which (e-h) correspond to 150 randomly-placed sensors.
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Figure 6.8: Effects of Positivity Constraints: Propagation factor γ = 1 (data from study of figures 6.13
and 6.14), source lattice spacing δ = 2, 100 recovery trials, additive noise with norm b0.01, and λ = 2.
Left panels comparing avg. `2 error or detection rate of sparse estimators using the positivity constraint
on v versus none, plot the performance of both with unconstrained in dashed lines. Right panels show
direct differences due to requiring v ≥ 0. Upper panels (a-d) use a system with 100 sensors in a regular
grid, while lower panels (e-h) have 150 randomly placed sensors.
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When sensors are in a lattice, the differences due to imposing positivity are small. Mean-squared

estimation error is relatively unaffected, and detection rates are generally improved (see panel d). How-

ever, for randomly placed sensors, model errors are higher. We see in (e-h) that imposing the constraint

v ≥ 0 increases mean-squared error and reduces detection performance for the estimators containing

residual constraints. In this case, the unexpected results of (e-h) could be related to poor conditioning

due to random sensor locations, or to higher quantization errors.

Figure 6.9 also shows the reduction in L2 error, and improvement in probability for using positivity

constraints. For this study, γ = 2, δ = 2, and 150 sensors are placed randomly. Estimators use the

normalized A matrix, λ = 2, and β = 0.40. Both average `2 recovery error and detections rates were

consistently improved using the positivity constraint for all estimator except traditional basis pursuit.

The positivity constraint is generally helpful as long as cone is expanded sufficiently large and model

error is moderate.

6.2.5 Normalization of Observation Matrices

When performing the `1 optimizations, Basis Pursuit and `1 Penalty, it is often recommended to nor-

malize the columns of the observation matrix, which we denote as A, to have unit norm. An equivalent

transformation of the problem, is to use a diagonally weighted `1 norm of potential source vector es-

timates, where the weights are norms of the columns of A. Each of the column norms represents the

expected received energy due to a single unit-magnitude source, at the corresponding position. Some

positions have higher SNR than others due to their being near more sensors, etc.. The weighting of the

`1 norm most likely allows these estimators to hypothesize sources at low SNR positions without having

to pay as high of a penalty as with source having high SNR, somewhat equalizing the playing field for

detection.

In the previous section, 6.2.4, we already commented on the decision of normalizing the A matrix

for `1 optimizations. We saw that this may help, especially when perturbation constants are low, as fine

lattice (u = 3) of the β and λ studies, in sections 6.2.1 and 6.2.2. The comparisons of both studies,

shown in figure 6.3 and 6.4, showed normalization of the columns of A greatly improved detection rates

and the effect was mostly present for all optimizations. However, the reduction of average `2 estimation
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Figure 6.9: Effects of Positivity Constraints on Estimation Performance in the propagation factor γ = 2
study. Upper panels show mean `2 error over 100 trials, while lower panels show detection rates at a
fixed false alarm rate. Panels (b) and (c) show the increase of detection rate using positivity constraints
over unconstrained optimization. Panels (e) and (f) show the average of reduction of `2 recovery error
of using the positivity constraint. Simulations correspond to those the study of figure 6.16, which uses
inverse squared distance propagation loss, 150 randomly placed sensors, source lattice spacing δ = 2,
100 recovery trials, with additive noise with an exact norm b for σ2 = 0.01. Sparse estimators use λ = 2
and β = 0.40.

error was smaller and not as consistent.

In this section, we will directly compare mean recovery error and detection rates in challenging

scenarios. We will find that although normalizing the observation matrix is generally recommended, in

some cases in which quantization model error is quite large and A is poorly conditioned, normalizing A

can hurt the performance of estimators that do not sufficiently account for these model errors.

Figure 6.10 shows a comparison of the impact of normalizing the observation matrices, for the γ = 4

propagation, with 150 randomly placed sensors and positively constrained source vector magnitudes.

Recovery error and detection rates are averaged over 100 trials, with additive noise of norm b0.01. Sparse

estimators used λ = 2 and β = 0.10. In this case, normalizingA greatly increased the average estimation

error, which is due to the large increase in perturbation constants after rescaling. See figure 6.15 for the

normalized perturbation constants. For detection performance, except for PMRBP with β = 0.4, all of
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(a) Avg. `2 Error with un-norm. A
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(b) Avg. `2 error with norm. A
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Figure 6.10: Un-normalized vs. Normalized A in for γ = 4, 150 randomly-placed sensors, (study
also in figure 6.18). Lattice spacing δ = 2.0, 100 recovery trials, with random additive noise with
norm b0.01. Sparse estimators use λ = 2 and β = 0.10, and contrained v ≥ 0. Upper panels show
average `2 estimation error and lower panels show detection rates, as a function of the number of network
projections m.

the cone constrained estimators either remained infeasible, or fell to 0 detection rate after normalizing

A. The performance of `1 Penalty and PMRBP with β = 0.4 remained the same. In the γ = 4 case,

where modeling error can be large (and SNR low) renormalization of the observation matrix is better to

be avoided.

Figure 6.11 shows a comparison of `2 error and detection rates for the γ = 1 study (also shown in

figure 6.14). Again sensor are placed randomly, lattice spacing δ is 2. 100 recovery trials are performed

with additive noise norm b0.01. Sparse estimators use λ = 2 and β = 0.10, but this time did not constrain

the sign of v. Examining the top panels we see the effect of normalizing to be very minimal on average

`2 recovery error. However, check the detection rates, we see that, for the same false alarm rates of 0.01,

detection rates for all but BP and MRBP have improved due to normalizing A. From figure 6.15, we see
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that in this case the perturbation constants are much more moderate, suggesting that normalization of the

observation matrix is beneficial in such cases.
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(a) Avg. `2 Error with un-norm. A
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Figure 6.11: Un-normalized vs. Normalized A for γ = 1 Study, (from figure 6.14): Recovery error
and detection Performance, as a function of the number of network projections m. Lower panels show
detection rates at a fixed false alarm rate, upper panels show average `2 error. 150 Sensors are randomly
placed, 100 simulations trials use lattice spacing δ = 2.0, additive noise with norm b0.01, λ = 2, and
β = 0.10, and no constraints on the signs of v.

We will compared `2 recovery error and detection rates when using un-normalized versus normalized

observations matrices in `1 optimizations. We found that normalized A generally improves detection

rates. A few cases in which the system may be poorly conditioned, especially when sensors are placed

randomly and γ = 4 is used., normalizing A can hurt the performance of MRBP and PMRBP estimators

that do use large enough cone expansion factors, β.
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6.3 Studies of System Tradeoffs

The simulation experiments of section 6.2 studied the effects of a variety of estimation parameters on the

performance of field inversion. However, we saw that many system parameters of these tests played a

critical role. For example, the most challanging cases generally involved random placements of sensors

and γ = 4 propagation losses.

In this section, we focus on system related parameters and their impact on field inversion perfor-

mance. We show the sensitivity of sparse estimation to the amount of measurement noise in 6.3.1. Then,

in 6.3.2, we discuss the effects of having randomly located sensors versus having sensors on a regular

lattice. Embedded in many of our discussions is the impact of the propagation factor γ. Section 6.3.3,

presents a full comparison of the inversion performance for each propagation factor for fixed choices of

estimation parameters.

6.3.1 Signal-to-noise Ratio

In this section, we show a study over a range measurement noise levels, presenting both average error

and detection performance as a function of signal-to-noise ratio (SNR). This study uses 100 regularly

spaced sensors. The propagation law uses γ = 4, modeling active sensors, such as in radar. The source

quantization spacing was δ = 2, m = 30 random orthogonal network projections are computed, and ran-

dom additive noise with norm equal to bσ2 . Recall that bσ2 is the norm bound for 95% Gaussian vectors

with variance σ2. Random source vectors have three continuously located sources with magnitudes 15.

The choices of variances are adjusted resulting in a change in the ratio of signal power of the true source

vector to the total noise power of sensor readings.

The panels of figure 6.12 compare performance of the FICCS estimators as a function of the resulting

SNR. Average `2 error and detection performance are shown for each sparse estimator, and 3 choices of

cone expansion weights β. Basis pursuit with performed on source vectors with no location quantization

error (BP Exact) has the lowest error. We see that most estimators using off-grid observations perform

similarly in terms of the `2 error metric. However, when we compare detection rates for a fixed false

alarm rate of 0.001, the robust estimators as well as `1 Penalty outperform BP in detecting the source

locations.
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Figure 6.12: SNR Study: Performance of FICCS averaged over 100 trials, with N = 100 regularly
spaced sensors with δ = 2, using m = 30 projections, additive noise has an exact norm b, and propaga-
tion constant γ = 4. The constant b is adjusted to provide the various SNR levels. Columns of A are not
normalized in the estimators. Panel (a) shows average `2 estimation error of the sparse estimators, using
λ = 2, while (b) shows the detection rates for a fixed false alarm rate of 0.001.

While the off-grid sources resulted in the largest impact on estimation error, detection performance

falls sharply for SNR’s that are too low. The increase in `2 error with falling SNR is more gradual,

and makes sense due to linear dependence of bounds on recovery error to the noise level. Overall,

however these sparse estimators require scenarios with high SNR to effectively recovery the support of

an unknown source vector as we see in panel (b).

6.3.2 Random versus Regular Sensor Placement

A number of the tests in section 6.2 used regular and random sensor placements. When placing sensors

continuously at random in the monitored area, we enforce a distance bound of δ/6 (where δ is given by

the source quantization lattice), so that any sensors places closer than this bound to an existing sensor

will be thrown out. In each case, if the sensors were placed randomly, and compared to a regular grid of

sensors, 50% more sensors would be used. This is due to the lower efficiency of randomly placed sensors

at observing an area in which sources arrive uniformly at random. In a random placement we run high

risks of some areas not being adequately monitored. We found that using 50% more of them helped in

mitigating this effect.

In studying the effects of positivity constraints on the estimators, we compared lattice versus ran-

domly placed sensors in figure 6.8. The scenario used propagation factor γ = 1, source lattice spacing
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δ = 2, additive noise with norm b0.01, and penalty parameter λ = 2. We found that using positivity

constraints improved the performance of most estimators except in the case of random sensor placement

with cone-constrained optimizations. In these cases, we suspected that poor conditioning of the observa-

tion system increased their sensitivity to the additional constraint. We show, here, the full set of `2 error

and detection performance for this case of γ = 1, using both lattice and random sensors placement, and

for positively constrained and unconstrained v estimates in figures 6.13 and 6.14. Estimators use λ = 2,

β = 0.10, and do not normalize columns of A before computation.

From figures 6.13 and 6.14, we notice that estimators are always feasible under lattice placement,

whether or not a positivity constraint is used. The effect on feasibility is strongest with the positivity

constraint, however. Panel (b) of 6.13 shows that, with the constraint and random placement, only about

60% of trials model-robust trials were feasible for the larger cone factor of 0.40. This helps to explain

the increase in recovery error and falls in detection performance of (d) and (f). Even for the `1 penalty

estimator, with no feasibility issues, the detection rates is lower when using the random placement set-up.

In figure for estimation performance the study of figure 6.14, which does not use positivity con-

straints, shows more severe jump in `2 estimation error, most likely due to the cone constraint estimators

being near to infeasible. However, detection performance is more robust since more of the trials were

feasible.

Overall, this study shows that even spacing is a more efficient use of sensors. The system can use

fewer of them, and have less sensitivity to quantization and conditioning issues. By examining 6.15, in

the next section, we can see that the coherence of the randomly placed sensor system is much higher than

in the regular placement. This indicates poor conditioning of the network observations when not using a

regular grid of sensors.

The next section, presents the detailed estimation and detection results, with random and lattice

sensor placements, for the other propagation factors, γ = 2 and 4. These studies also show a strong

preference for regularly placed sensors.

78



20 40 60 80
0

20

40

60

80

100

m, number of projections

N
u
m

b
e
r 

o
f 
F

e
a
s
ib

le
 T

ri
a
ls

Feasible Trials vs. m, (un−norm) λ=2.00 (100 trials)

 

 

BP

PMRBP β=0.01

PMRBP β=0.10

PMRBP β=0.40

(a) Sensors on Lattice, Num. Feasible

20 40 60 80 100 120
0

20

40

60

80

100

m, number of projections

N
u
m

b
e
r 

o
f 
F

e
a
s
ib

le
 T

ri
a
ls

Feasible Trials vs. m, (un−norm) λ=2.00 (100 trials)

 

 

BP

PMRBP β=0.01

PMRBP β=0.10

PMRBP β=0.40

(b) Sensors Random, Num. Feasible

20 40 60 80
0

5

10

15

20

25

30

m, number projections

A
v
e

ra
g

e
 L

2
 E

rr
o

r

Avg. L2 Error vs. m (un−norm), λ=2.00 (100 trials)

 

 

(c) Sensors on Lattice, Avg. `2 Error
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Figure 6.13: Study with γ = 1, Lattice vs. Random Sensor Placement, Estimators using Positivity
constraints. Left panels show detection rates at a fixed false alarm rate, while right panels show the
difference of the detection rate using positivity constraints minus the rates when the signs of v are
unconstrained. The upper panels use a system with 100 sensors in a regular grid, while lower panels
have 150 randomly placed sensors. Simulations correspond to source lattice spacing δ = 2, 100 recovery
trials, with additive noise of norm b0.01. Estimators use λ = 2 and β = 0.10.
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Figure 6.14: Study with γ = 1, Lattice vs. Random Sensor Placement, Estimators not using positivity
constraints. Left panels show detection rates at a fixed false alarm rate, while right panels show the
difference of the detection rate using positivity constraints minus the rates when the signs of v are
unconstrained. The upper panels use a system with 100 sensors in a regular grid, while lower panels
have 150 randomly placed sensors. Simulations correspond to source lattice spacing δ = 2, 100 recovery
trials, with additive noise of norm b0.01. Estimators use λ = 2 and β = 0.10.
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6.3.3 Propagation Power Law

Throughout our numerical testing, we used three main exponents for inverse distance propagation loss

functions. The factors γ = 4, 2, and 1, correspond to radar, acoustic source, and guided wave applica-

tions, respectively. We continue the experiments of section 6.3.2 for the additional propagation factors of

γ = 2 and 4, comparing also the effects of lattice versus random sensor placement and use of positivity

constrained on estimated magnitudes.

First, figure 6.15 shows the systems performance parameters of coherence µ and maximum model

error gmax for each of these propagation factors. First we notice that in all of the random sensor placement

experiments, the coherence is much higher than in the regular placement experiments, helping to explain

the inversion performance degredation we saw in the previous section. In addition, we see that coherence

is lower for higher γ, while model perturbation constants are highest for the larger γ. The factor of γ = 2

may represent a good tradeoff in these two competing issues.

Figures 6.16, 6.17, 6.18, and 6.19 show the full set of `2 errror and detection performance for γ =

2, 4, for both lattice and random sensors placement, and for positively constrained and unconstrained v

estimates. When γ = 2, we see similar results to the γ = 1 case, except that the `2 estimation error

is more stable in the case where positivity constraints are not imposed, see panel (d) of figure6.17. In

addition the detection performance of the best estimators, `1 Penalty and PMRBP, is better for γ = 2

than it was in the γ = 1 cases, for both lattice and nonlattice sensors.

When γ = 4, feasibility becomes a major issue because of the very high model error in this regime.

When using positivity constraints, there are a few basis pursuit trials with lattice placement of sensors

that are infeasible, whereas for the other power laws, feasibility never was an issue when using sensors

on the grid. In addition, we see a similar phenomenon to the results of the γ = 1 study with no positivity

constraints. When the number of measurement projections is large the system becomes infeasible, and

the basis pursuit estimates that are feasible have enormous mean-squared error. However, from the

detection standpoint, the performance suffers a moderate amount, with the unconstrained `1 Penalty

estimator performing the best. The radar propagation cases show that, in this regime, the effects of

sensor placement are the strongest, with regular placement being more critical to inversion performance.

Indeed both figures 6.18 and 6.19 display excellent estimation performance for regularly spaced sensors.
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(a) Sensors on Lattice, µ and gmax, γ = 1
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(b) Sensors Random, µ and gmax, γ = 1
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(c) Sensors on Lattice, µ and gmax, γ = 2
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(d) Sensors Random, µ and gmax, γ = 2
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(e) Sensors on Lattice, µ and gmax, γ = 4
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(f) Sensors Random, µ and gmax, γ = 4

Figure 6.15: Coherence µ and perturbation constants gmax for each power law propagation exponent γ =
2, 1, 4, using lattice spacing δ = 2 . Left panels show these for a system of 100 sensors in a regular grid.
Right panels show these for 150 randomly placed sensors.
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(c) Sensors on Lattice, Avg. `2 Error
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Figure 6.16: Study with γ = 2, Lattice vs. Random Sensor Placement, Estimators Using positivity
constraints. Left panels show detection rates at a fixed false alarm rate, while right panels show the
difference of the detection rate using positivity constraints minus the rates when the signs of v are
unconstrained. The upper panels use a system with 100 sensors in a regular grid, while lower panels
have 150 randomly placed sensors. Simulations correspond to source lattice spacing δ = 2, 100 recovery
trials, with additive noise of norm b0.01. Estimators use λ = 2 and β = 0.10, and normalized A.

Overall, we find that in the various tests performed, the particular propagation law at work does not

have as large of an impact as we expected. If using random sensor placements, then the γ = 2 regime is

preferred. However, when using a lattice for sensors performance using each law is roughly equivalent,
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(c) Sensors on Lattice, Avg. `2 Error
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Figure 6.17: Study with γ = 2, Lattice vs. Random Sensor Placement, Estimators not using positivity
constraints. Left panels show detection rates at a fixed false alarm rate, while right panels show the
difference of the detection rate using positivity constraints minus the rates when the signs of v are
unconstrained. The upper panels use a system with 100 sensors in a regular grid, while lower panels
have 150 randomly placed sensors. Simulations correspond to source lattice spacing δ = 2, 100 recovery
trials, with additive noise of norm b0.01. Estimators use λ = 2 and β = 0.10, and normalized A.

with γ ≥ 2 outperforming γ = 1 by a little. We trace this effect back to the study of coherence and

model error parameters in chapter 4. It seems for the higher propagation exponent, although model

error increases, coherence decreases, and for small exponent, the model error is low even though system
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(c) Sensors on Lattice, Avg. `2 Error
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Figure 6.18: Study with γ = 4, Lattice vs. Random Sensor Placement, Estimators Using positivity
constraints. Left panels show detection rates at a fixed false alarm rate, while right panels show the
difference of the detection rate using positivity constraints minus the rates when the signs of v are
unconstrained. The upper panels use a system with 100 sensors in a regular grid, while lower panels
have 150 randomly placed sensors. Simulations correspond to source lattice spacing δ = 2, 100 recovery
trials, with additive noise of norm b0.01. Estimators use λ = 2 and β = 0.10, and un-normalized A.

coherence is higher.

85



20 40 60 80
0

20

40

60

80

100

m, number of projections

N
u
m

b
e
r 

o
f 
F

e
a
s
ib

le
 T

ri
a
ls

Feasible Trials vs. m, (un−norm) λ=2.00 (100 trials)

 

 

BP

PMRBP β=0.01

PMRBP β=0.10

PMRBP β=0.40

(a) Sensors on Lattice, Num. Feasible

20 40 60 80 100 120
0

20

40

60

80

100

m, number of projections

N
u
m

b
e
r 

o
f 
F

e
a
s
ib

le
 T

ri
a
ls

Feasible Trials vs. m, (un−norm) λ=2.00 (100 trials)

 

 

BP

PMRBP β=0.01

PMRBP β=0.10

PMRBP β=0.40

(b) Sensors Random, Num. Feasible
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(c) Sensors on Lattice, Avg. `2 Error
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Figure 6.19: Study with γ = 4, Lattice vs. Random Sensor Placement, Estimators not using positivity
constraints. Left panels show detection rates at a fixed false alarm rate, while right panels show the
difference of the detection rate using positivity constraints minus the rates when the signs of v are
unconstrained. The upper panels use a system with 100 sensors in a regular grid, while lower panels
have 150 randomly placed sensors. Simulations correspond to source lattice spacing δ = 2, 100 recovery
trials, with additive noise of norm b0.01. Estimators use λ = 2 and β = 0.10, and un-normalized A.

6.4 Conclusions

We have studied, through numerical experiments, the considerations in parameter choice and system

design as they affect the performance of the set of compressed sensing estimators. We found that the
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proposed expansion of residual cone constraints, used in the model-robust estimators, successfully ad-

dressed feasibility issues, and when combined with an `1 penalty term in the objective is quite robust to

discretization factor, as well as choices of the tuning parameters β and λ. We found that although the

traditional `1 penalty often had the best performance, the PMRBP estimator was able to either match

its performance or that of traditional basis pursuit in many challenging off-grid recovery scenarios. We

also identified the placements of sensors in the distributed network to have strong implications on the

quality of field inversions. Overall, this distributed estimation algorithm proved adaptable to a wide set

of propagation regimes and system designs.
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Chapter 7

Time-Varying Field Inversion Using

Dynamically Re-Weighted `1 Penalized

Least Squares

We extend the FICCS approach, presented in chapter 3 for the static configuration, to a dynamic environ-

ment. Like before, we treat the problem of field reconstruction where a field, generated by point-sources

with known propagation, is observed by a distributed network of sensors. The sensors are constrained to

local communications, leading to a fully distributed architecture that employs consensus message pass-

ing to transmit low dimensional projections of the global field. The approach, called field inversion for

consensus and compressed sensing (FICCS), relies on sparse optimization methods, e.g. basis pursuit

and `1 penalized least-squares, [24, 11], to recover multiple target locations as well as their unknown

magnitudes. We simulate targets within the surveilled area via a random appearance and disappearance

model. The physical field generated by the targets is the superposition of a small number of spatially-

distributed sources, with known inverse power-law propagation. The stationary sources are assumed to

appear and disappear in the monitored area at random, and at a relatively slow rate compared to the

rate of communication. This work shows the advantages of the FICCS technique for the tracking of

time-varying support using the Adaptive LASSO sparse estimator of Zou, [56]. The re-weighted sparse

`1 optimization provides a robust for applying previous support knowledge to a time-varying source
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tracking application, while allowing for the discovery of new sources with a minimum of computed

network observations. We compare the performance of adaptively weighted sparse minimization to an

unweighted version for tracking the locations and magnitudes of the slowly changing target vectors in

both the mean-squared error and detection senses, showing the ease and advantages of the adaptively

reweighted sparse estimators.

Section 7.1 formulates the dynamics of the field.

7.1 Dynamic Target Support Model

We describe the discrete time-varying system with a linear additive model. At each large time-step, the

support of the source vector may have changed by at most one. There are two time-scales at which the

system operates, shown in fig. 7.1. Targets may appear and disappear at the long time-scale, while the

network communication occurs in the short time-scale, allowing the sensors sufficient time to spread new

global field information.

At each time-step, a new source may appear in the vector v , with probability p+, an existing source

may disappear with probability p−, or the support of nonzeros in v may stay the same, with probability

p= = 1− p+ − p−. As an example, we may choose p+ = p− = 0.2, resulting in a p= of 0.6.

At each time-step we can model the time-varying system for source vector and sensor readings asvt+1 = vt + dt

yt = Φ (Ψvt + nt) = Avt + nt

(7.1)

where nt is an independent additive noise vector, and the difference vector, dt, is constrained to have

‖dt‖0 ≤ 1. The entries of dt either contain a source magnitude at a new location, the negative mag-

nitude of a source at an existing location representing the disappearance of that source, or no entries,

corresponding to probabilities p+, p−, and p=.

For simplicity, in (7.1) we will collect the same network projections at each time-step. While making

the new projections adaptive can be more efficient, the protocols for collecting the same projections are

simpler, and we may assume a constant observation matrixA = ΦΨ. In the next section, we describe our

approach to leveraging an estimate from the previous time-step, v̂t|y0:t in computing the next estimate

v̂t+1|y0:t+1.
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Figure 7.1: Diagram of the slow observation time-scale, in which a single source may disappear or
appear, versus the fast network communication time-scale, in which the m distributed averages are com-
puted using distributed consensus

7.2 Dynamically Re-weighted `1 Penalized Least Squares

In the Adaptive Lasso, [56], it is suggested that given an estimate vt, we may solve an adaptively re-

weighted `1-penalized least squares with weights given by

wt(i) =
1

|vt(i)|
, wt =

[
w1 w2 · · · wN

]
(7.2)

Then the next estimate v̂t+1 is the minimizer of the Weighted `1 penalized Least Squares (wtdL1LS),

below.

(wtd L1LS)
minimize ‖diag(wt)v‖1 + λ

2‖yt+1 −Av‖22

subj. to v ≥ 0
(7.3)

The objective of this method is to iteratively learn the support of the sparse v. As the weights on the

support get smaller and off the support get larger, the estimator becomes unbiased. Instead of using this

to debias the estimates, we will use it to encode our assumptions that most of the support of vt+1 will

be the same as the support of vt. We slightly modify the weighting function, using a floor parameter

β = 0.10,

wt(i) =
1

|max {vt(i), β}|
, wt =

[
w1 w2 · · · wN

]
(7.4)

and then estimate v̂t+1 using the weighted `1 Penalty, in (7.3).

As we will show with experimental simulations, this method allows the use of fewer network obser-

vations in the time-varying dynamic FICCS approach.
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7.3 Example Simulation Experiment

To test the approach, we simulate a field monitored by N = 100 sensors arranged in a 10-by-10 regular

grid. The potential source locations also correspond to this grid, with spacing δ = 2 units. The initial

number of sources is S = 3. We present field reconstruction estimates for randomly generated scenarios

using the model of (7.1), with unknown source magnitudes set to 15, and measurement noise with vari-

ance 0.01. At the initial time-step, we used a larger set of measurements, y0 ∈ RM , with M = 30, to

compute the initial estimate v̂0. After, there were 20 time-steps of new observations of the changing vt,

each yt ∈ Rm, for m = 15. By leveraging results of previous time-steps estimates, FICCS should be

able to withstand fewer new measurements.
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Figure 7.2: Example Simulation Test: The number of sources, panel a, and `2 estimation error, panel
b, versus time-step of FICCS estimates. Panel (b) compares the mean `2 estimation error of performing
independent L1LS at each new time-step with only m = 15 network projections versus the dynamically
re-weighted L1LS which uses the estimate of the previous time-step as a prior.

Figure 7.2 shows the `2 estimation error the equal-weighted `1-penalized least squares (L1LS) and

the WtdL1LS estimators. The upper left panel shows the source support change over time. This is

a challenging scenario with frequent changes of where the sources are and has as many as 7 sources.

The upper right panel compares the estimates using only the current observation, as a control, to the

adaptively reweighted method. We see the reweighted method is better able to handle the support changes

over time since it uses the priors of the estimate of the previous time-step. The two lower panels show

the reconstructed source field with the correct locations overlayed at the last time-step, showing that the

reweighted estimator accurately localized and recovered the source field.
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Figure 7.3: Example Simulation Test: Comparison of the source field estimates of L1Ls, panels (b) and
(d), vs. the sequential estimator Wtd. L1LS, panels (c) and (e), at time-steps 5 and 20. Both estimators
start with the initial L1LS v̂0, shown in panel (a), which uses 30 network projections to compute the
initial estimate. Correct source locations as white crosses.

The next section, 7.4, shows average estimation error and detection rates as a function of time-step

and number of network projections for a wider set of scenarios.

7.4 Simulation Experiments

We performed 100 trials, similar to that of section 7.3, except that now sources can arrive anywhere in the

monitored area, and not just at grid-points. The propagation law used is the inverse squared distance; i.e.,
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γ = 2. A network of 100 sensors arranged in a grid observes an area, with discretization lattice spacing

of δ = 2. Initially there are 3 sources in unknown locations. The support of vt changes according to

p+ = p− = 0.2, and stays the same with probability 0.6. The initial number of consensus network

projections at t = 0 is m0 = 30, while at each subsequent time-step the network computes only 15 new

projections.

Figure 7.4, panel (a) shows the average number of sources over time, for the 20 time-step simulations.

Individual traces are shown in light blue and the± one standard deviation error bars are also shown. This

shows that the variance in the number of sources increases over time, but the expected number of sources

stays near 3. The `2 estimation error of `1 penalty (L1LS) and dynamically re-weighted `1 penalty

(Wtd L1LS) are shown in green +’s and blue ×’s, respectively. Since the re-weighted `1 penalty uses

the values of the previous time-step to compute weights for the next time-step, it is better able to track

the changing support vector with fewer network observations. Panels (b) and (c) contrast the effects of

sources arriving only at grid locations, in (b), and anywhere in the monitored region, in (c). In both cases,

dynamically re-weighted `1 penalty improves on the estimates that do not use previous information. The

increases in error due to off-grid source locations in this scenario is considerable.

Figure 7.5 performs the dynamic inversion tests in a scenario where the sensor and source lattice have

the smaller spacing, δ = 1. The initial number of consensus network projections at t = 0 is increased

to m0 = 40, and at each subsequent time-step the network computes 20 projections. In this case, the

modeling errors are lower, and more information is collected, so the average estimation error of the off-

grid estimates is lower. This shows that, by using priors based on previous estimates, the `1 penalized

least squares optimization can be simply adapted to the time-varying setting.

7.5 Conclusions

We studied a recursive decentralized sensor network sparse reconstruction algorithm that is adapted to a

time-varying appearance and disappearance model for point-sources. After each measurement collection

a small number of compressed network observations are computed by distributed averaging message

passing. Each node estimates the field using `1 penalized least squares optimization, with a weighted `1

norm penalty, roughly corresponding to the inverse magnitudes of the values of the field estimated during
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Figure 7.4: Tests of dynamic reweighted `1 penalty, for acoustic source simulation, source and sensor
lattice spacing of δ = 2, averaged over 100 trials. The initial number of network projections at t = 0 is
m0 = 30, with each subsequent time-step using only 15 network projections. Panel (a) shows the average
number of sources versus time-step, in blue ×’s, with black error bars marking the ± one standard
deviation and light blue series showing individual traces of number of sources vs. time. Panels (b) and
(c) show average estimation error in the case where source fall exactly on grid points, on the left, and
uniformly continuously in the space (i.e. off-grid) on the right. The blue ×’s show the performance
of `1 penalty with no information from prior estimates, while green +’s denote the performance of the
dynamically reweighted `1 penalty estimator. Panels (d) and (e) show detection rates for average false
alarm rate of 0.0001 and 0.01, respectively.
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(b) On-grid Avg. Estimation Error vs. t
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(c) Off-grid Avg. Estimation Error vs. t
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Figure 7.5: Tests of dynamic reweighted `1 penalty, for acoustic source simulation, source and sensor
lattice spacing of δ = 1, averaged over 100 trials. The initial number of network projections at t = 0
is m0 = 40, with each subsequent time-step using 20 network projections. Panel (a) shows the average
number of sources versus time-step, in blue ×’s, with black error bars marking the ±σ and light blue
series showing individual traces of number of sources vs. time. Panels (b) and (c) show average estima-
tion error in the case where source fall exactly on grid points, on the left, and uniformly continuously in
the space (i.e. off-grid) on the right. The blue ×’s show the performance of `1 penalty with no infor-
mation from prior estimates, while green +’s denotes the performance of the dynamically reweighted `1
penalty estimator using the values of the previous time-step to compute weights. Panels (d) and (e) show
detection rates for average false alarm rate of 0.001.
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the previous time-step. We found the adaptive re-weighted LASSO method was able to incorporate

source estimates from the previous time-steps. This method allows for the computation of fewer network

observations, and is simple to implement. We conclude that the dynamically re-weighted `1 penalized

least squares estimator lends itself well to problems with time-varying support change.
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Chapter 8

On the Benefits of Measurement Mixing

At the heart of the FICCS algorithm is the idea of using local measurement mixing to create informative

projections of global parameters. We first noticed the improvements due to mixing in [19], in which

sensor nodes mix their values with random linear combinations of the measurements of neighbors. This

initial approach showed the potential for communication-efficient information fusion through distributed

averaging. In this chapter, we present an analysis justifying why low dimensional network projections

can efficiently capture global information of the full field.

First, we treat the case where sparse system parameters are multivariate normal, but their locations

are known. This corresponds to inverting an acoustic field where source locations are known but mag-

nitudes are random. This leads to principle components analysis (PCA), [57]. Previous work on linear

experiment design treated the case where additive noise enters the system after measurement compres-

sion and obtained the same form of optimal sensing matrices only when imposing the restriction of

right-orthonormality, [58]. We show that restriction is unneeded in this particular observation model,

with proof of the optimality of PCA when measurement noise that is added prior to mixing. The optimal

linear projections correspond in compressed sensing theory to the optimal sparsifying basis.

The second component of the analysis in section 8.3 reintroduces randomness to sparse parameter

locations with a Bernoulli model for active parameter locations, leading to a Gaussian Mixture model

for the field. By examining a lower bound on the mutual information of mixed measurements, we see

a different perspective on the design of the observation projection matrices. The performance of the
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basis pursuit estimator is compared to the optimal MMSE and MAP estimators in an acoustic source

localization example, showing that in the case of low measurement noise there is little gap between the

performance of the estimators, but in the case of high measurement noise, there is a large gap between

the mean-squared error of optimal estimators as compared with basis pursuit.

8.1 Problem Formulation

We assume a known linear model for the phenomena to be estimated and that the fundamental parameters

may be described as a sparse combination of known basis functions. Each sensor observes a scalar

value of the field, corrupted by additive Gaussian measurement noise, n ∼ N(0, σ2
nI). The vector x

corresponds to the collection of all sensor measurements prior to the addition of measurement noise.

x =

N∑
i=1

ψivi = Ψv (8.1)

The sparse parameter vector v has the same dimension as x, but has at most s nonzero components. This

is sometimes written as ‖v‖0 ≤ s.

In the example application, acoustic source localization described in chapter 2, we model the basis

functions, ψi, by the propagation of acoustic wavefields. We model the measured value at location i due

to source j as the source intensity, vj , divided by 1 plus the square distance between locations i and j.

The N sensors are placed on a two-dimensional
√
N -by-

√
N regular lattice, which also corresponds to

the potential locations for acoustic sources. Since the measurements at each sensor are the superposition

of all propagating wavefields, we may represent the observations by a linear matrix equation where the

entries in Ψ correspond to inverse intersensor square distances.

In the FICCS approach, presented in chapter 3, each sensor may estimate the unknown random

vector, given knowledge of the prior distribution of v, the linear propagation matrix of the system Ψ,

and the distributed observation projections. The observation equation is a linear mapping represented by

selection and mixing matrices, H ∈ Rm×N and Φ ∈ RN×N , where the selection matrix is structured to

have one 1 in each row.

z = H(Ψv + n) (8.2)

y = HΦ(Ψv + n), Φ ∈ RN×N (8.3)
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Figure 8.1: The two error systems; in the upper system the observation matrix is restricted to a simple
selection matrix H , in the lower system, Φ allows the production of any linear mapping.

In the subset selection case, we refer to the selected observations as z. We compare this with y, created

through iterative intersensor communications, to compute a general linear mapping, HΦ : RN → Rm.

The observation vector y is distributed throughout the network using distributed average consensus as

detailed in the FICCS algorithm, in chapter 3. Using the FICCS approach to distribute linear projections

of the network state, we analyze the problem of estimating the source vector v from the compressed

measurements z or y. Figure 8.1 shows the alternate error systems. The next section proves the form of

the optimal measurement projection matrix HΦ when the locations of the sparse entries of v are known.

8.2 Linear Gaussian Model

When acoustic source locations are known in v, and the intensities of the sources have a multivariate

normal distribution, N(µv,Σv), the observation system corresponds to a linear Gaussian model. Con-

ditioned on source locations, the observations y and v, alternatively z and v, are jointly multivariate

normal, and so the performance of the minimum-mean-squared error (MMSE) estimator for a given

observation matrix is well characterized.

The MMSE estimate is the conditional expected value of v|y. Using the well-known Gauss-Markov

101



theorem, for y = A(Ψv + n), the conditional mean and variance are given by,

for B = ΣvΨ
TAT

(
AΨΣvΨ

TAT + σ2
nAA

T
)−1

(8.4)

E

[
v|y
]

= µv +B(y − µy) (8.5)

var (v|y) = Σv −BAΨΣv (8.6)

The mutual information follows I(y;v) = h(y)− h(An).

I(y;v) =
1

2
log

(∣∣A(ΨΣvΨ
T + σ2

nI)AT
∣∣

|σ2
nAA

T |

)
(8.7)

The source covariance matrix Σv is known and has exactly s nonzero eigenvalues, since there are

a known set of s source locations. Next we will prove that the sensing matrix, A, that maximizes the

mutual information of the measurements corresponds to rows of the inverse eigenvector matrix. In other

words, the rows of A are the m eigenvectors of Σx = ΨΣvΨ
T corresponding to the largest eigenvalues.

The proof first restricts A to the set of right-orthonormal matrices, i.e., AAT = I . Then we show that

the maximum over all A ∈ Rm×N is attained in the set of right-orthonormal A.

Optimal orthonormal sensing matrices

We prove that, in the case of known source locations, performing optimal mixing must result in more

informative measurements than simple selection. The observations functions are as defined in (8.2) and

(8.3).

Claim: max
H,Φ

I(y;v) ≥ max
H

I(z;v) (8.8)

The H matrix is an m-by-N selection matrix and, in this section we restrict the matrix Φ to be square

and orthonormal. We note that the solution to the selection matrix that maximizes I(z;v) is a combi-

natorial problem, and so computing the optimal H is generally not tractable, although many suboptimal

relaxations of the problem exist; e.g. [59, 60].

As an outline of the proof of (8.8), we will first find an upperbound for I(y;v), then show that it

also applies to I(z;v), after which we show the upperbound for I(y;v) is achievable using a particular

orthonormal Φ. We will first seek to upperbound I(y;v), corresponding to (8.3). We may represent Σx
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in diagonalized form,

Σx = ΨΣvΨ
T = UΛxU

T (8.9)

where we restrict U to be orthonormal and arrange the columns such that the eigenvalues in the diagonal

matrix Λx are ordered λ1 ≥ · · · ≥ λN ≥ 0. Since there are only s sources we know that λi for i > s are

all zero. The mutual information is,

I(y;v) =
1

2
log

(∣∣HΦ(γUΛxU
T + I)ΦTHT

∣∣
|HΦΦTHT |

)
(8.10)

where γ is 1/σ2
n. Without loss of generality, assume that the selection matrix H selects the top m rows.

Because we restricted Φ to be orthonormal, the information simplifies to

1

2
log
(∣∣H (γΦUΛxU

TΦT + I
)
HT
∣∣) (8.11)

Maximizing the mutual information is then equivalent to maximizing the determinant of (8.11).

Now we show
∣∣H(M + I)HT

∣∣ is less than or equal to the product of the largest m eigenvalues of

the matrix M + I , for all selection matrices H and all M ≥ 0. This is true by the Interlacing Inequality

on eigenvalues of principle submatrices, [61]. For anm-by-m principle submatrix, K = HMHT , of the

n-by-n Hermitian matrix positive semi-definite, M , the eigenvalues of the submatrix, λ̃1 ≥ · · · ≥ λ̃m,

satisfy

λ̃i ≤ λi (8.12)

where the λi are the eigenvalues of M also arranged in decreasing order. Using the fact that the deter-

minants of symmetric matrices are the products of eigenvalues, we represent the determinants of K + I

and M + I .

|K + I| =
m∏
i=1

(λ̃i + 1) (8.13)

|M + I| =

n∏
i=1

(λi + 1) (8.14)

The inequality on each eigenvalue implies that λ̃i + 1 ≤ λi + 1 for all i = 1, . . . ,m, so we have

|K + I| ≤
m∏
i=1

(λi + 1), where K = HMHT (8.15)
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Replacing M with γΦUΛUTΦT , and noticing that ΦU is orthonormal, we have

∣∣H(γΦUΛUTΦT + I)HT
∣∣ ≤ m∏

i=1

(
λi
σ2
n

+ 1

)
(8.16)

where λi are the eigenvalues in Λ listed in decreasing order. Similarly we may replace the M matrix

with UΛUT and see that the upperbound applies to the maximization over simple selection matrices as

well.

∣∣H(γUΛUT + I)HT
∣∣ ≤ m∏

i=1

(
λi
σ2
n

+ 1

)
(8.17)

We have shown a common upperbound on both maximizations in (8.8). Now we show that the choice

of Φ = UT in the first maximization achieves the upperbound.

∣∣γHUTUΛUTUHT + I
∣∣ =

m∏
i=1

(
λi
σ2
n

+ 1

)
(8.18)

In the case of maximizing I(y;v), choosing Φ as the inverse eigenvector matrix is optimal. Since H

selects the first columns, we see that the optimal mapping HΦ is to choose, as rows, the eigenvectors

having the largest eigenvalues in Σx.

Since we have shown an upperbound on both informations and achievability by a particularH and Φ,

we have proven the inequality in (8.8). To show this relationship is practically interesting one can take a

particular nondiagonal choice Σx and show experimentally that all possible selection matrices H cannot

achieve this upperbound of I(y;v). In practice, the amount of improvement due to Φ, as compared with

the optimal selection matrix, depends on the particular Σx involved. However, the process of finding the

optimal HΦ is only as difficult as diagonalizing the signal covariance matrix, whereas computing the

optimal H is a combinatorial problem, [59].

Proof of invariance to non-orthonormality

We proved that the optimal orthonormal mixing matrix corresponds to the PCA matrix for the signal

covariance. Now we show that relaxing the restriction of orthonormality of Φ does not increase the

upperbound of mutual information. To prove this we return to maximizing I(y; z) given in (8.10).

Without loss of generality, define Φ̂ = ΦU , using the same U from (8.9) , and replace Φ with Φ̂UT ,

104



yielding

I(y;v) =
1

2
log


∣∣∣HΦ̂(γΛx + I)Φ̂THT

∣∣∣∣∣∣HΦ̂Φ̂THT
∣∣∣

 (8.19)

The argument of the maximization is now Φ̂. Now we note that HΦ̂ is a rectangular matrix in Rm×N .

We define the left m-by-m block of HΦ̂ as A and the remaining right block as B. The matrix γΛx + I

is diagonal in structure with the first m values on the diagonal equal to γλk + 1 for 1 ≤ k ≤ m, and

the remaining values on the diagonal equal to 1 for k ≥ m+ 1. We can write this matrix in blocks with

the upper left m-by-m block called Σ and the lower right block is the identity. In terms of these block

matrices, our objective is to maximize the following.

max
A,B

∣∣AΣAT +BBT
∣∣

|AAT +BBT |
(8.20)

We note that Σ > I in the positive definite sense, since the λk of the signal covariance matrix were

positive for 1 ≤ k ≤ m. This also implies, AΣAT > AAT for all A. We can show the ratio of

determinants of (8.20) is maximized when B is the zero matrix. For positive definite Q and R, with

Q > R, and positive semi-definite M , the maximum of |Q + M |/|R + M | is achieved at M = 0.

First we can show that we may treat M as a diagonal matrix. If it were not diagonal, we could use its

diagonalization, M = V DV T , to rewrite the problem into the equivalent one,

max
D f(D) =

∣∣V T
∣∣

|V T |
|Q+M |
|R+M |

|V |
|V |

=

∣∣V TQV +D
∣∣

|V TRV +D|
(8.21)

where for Q′ = V TQV and R′ = V TRV , we again have Q′ > R′. This function of a diagonal positive

M is a strictly decreasing function of diagonal elements of M , which is seen by taking the derivative

with respect to the matrix M .

δf(M)

δM
=
|Q+M |

[
(Q+M)−1 − (R+M)−1

]
|R+M |

(8.22)

SinceQ > R, if follows thatQ+M > R+M and that (Q+M)−1 < (R+M)−1, meaning the overall

derivative matrix is strictly negative definite. For a strictly decreasing f the maximum, over M ≥ 0 is

achieved at M = 0. Applying this, we find the choice of the square A in (8.20) is arbitrary, assuming

that it is full rank. ∣∣AΣAT
∣∣ / ∣∣AAT ∣∣ = |Σ| =

m∏
i=1

(
λi
σ2
n

+ 1

)
(8.23)
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Figure 8.2: Numerical tests for 10 Known Source Locations, 2 noise levels; left plots: σ2
n = 0.01, right

plots: σ2
n = 1. N = 1024, m is varied, µs = 20, σ2

s = 1. Ψ the inverse squared distance matrix. Upper
panels compare bounds and estimated mutual information for mixed versus selected measurements. In
the selection case, both random and best greedy selection are shown. Lower panels compare squared
estimation error for the MMSE estimate.

We have recovered the optimum found in the previous section, where we restricted Φ to the set of

orthonormal matrices showing that Φ = UT , is also optimal over all matrices. This differs from the

noisy PCA analyses in [58], since our observation equationHΦ scales both signal and noise components

equally. The interlacing inequalities arguments can also be applied to show that Φ = UT minimizes

the mean-squared error of the estimate E[v|y], recovering the well-known result that optimal linear

experimental design by maximizing mutual information is equivalent to the objective of minimizing

mean-squared error for Gaussian random vectors.

Figure 8.2 shows the resutling mutual information and variance of the minimum mean-squared error

estimates in an experiment with 1024 sensors and 10 sources at known locations. The optimal Φ uses

the eigenvectors of the measurement covariance matrix, reaching the upperbound on information after

10 measurements. Both random selection and the best greedy selection are shown. In greedy selection,

sensors are selected in sequence according to which measurement lowers the variance of the estimate
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the most. This is known to yield a sensor selection within information within (1 − 1/e) = 0.63 of the

optimal selection set. However, determining this best sequence takes time, with complexity O(N2). In

this case, since the Ψ has propagation functions with highly localized energy, the greedy selection gets

close to the optimal Φ projection measurements. However, choosing the optimal Φ was only as complex

as computing the eigenvectors of Σx, and so is still a preferable strategy. Compared to random sensor,

selection, the gains in mutual information and reduced estimation variance are very large.

8.3 Bernoulli Locations and Gaussian Intensities

We now analyze the benefits of measurement mixing for the problem of sparse sources at unknown

locations with random Gaussian intensities. Similar to the objective in the linear Gaussian model, stated

in (8.8), we would like to show that mutual information of the mixed measurements is greater than

selected sensor measurements.

Unlike the case of known source locations, in which the signal vector v is multivariate normal, now

source presence at each location in v is modeled as a Bernoulli random variable. Each component, vi, is

independent, identically distributed, with the model,

vi ∼

N
(
µs, σ

2
s

)
w.p. p

0 w.p. 1− p
(8.24)

where N
(
µs, σ

2
s

)
denotes the normal distribution with mean µs and variance σ2

s .

The linear observation equations, (8.2) and (8.3), are unchanged. Since the additive noise is Gaussian,

the random observation variable y follows a Gaussian mixture distribution with L = 2N components.

We can see this by introducing the binary random vector q ∈ ZN , where qi = 1 indicates a source present

at location i, while a zero means no source. Indexing each of the L potential source configurations by

the index k, we may write the distribution for y as

p(y) =
L∑
k=1

p(qk)p(y|qk) =
L∑
k=1

p(qk)N (µk,Σk) (8.25)

The vector y|q is multivariate normal with mean µk = µsATk1 and variance Σk = σ2
sATkA

T
Tk

+σ2
nI , in

which A corresponds to the right-orthonormal observation matrix, HΨ in the selection case and HΦΨ

in the mixing case, and ATk is A restricted to the columns of the indices in the set Tk.
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The mutual information is the entropy of the observations less the entropy of the additive noise. To

see this,

I(y;v) = h(y)− h(y|v) (8.26)

Since h(y|v) = h(n), (8.27)

I(y;v) = h(y)− h(n) (8.28)

However since the observations are Gaussian mixtures, their entropies do not have a closed form expres-

sion, [62]. Instead, we may analyze an upperbound to h(y) = h(y,q)−H(q|y). Since q|y is a discrete

random variable, its entropy is strictly positive, meaning h(y) ≤ h(y,q), where the joint entropy is

readily computed yielding the upperbound IUB(y;v) below.

I(y;v) = h(y)− h(n) (8.29)

≤ h(y,q)− h(n) (8.30)

=

L∑
k=1

p(qk) log

{
(2πe |Σk|)

1
2

p(qk)

}
− m

2
log
{

2πeσ2
n

}
= IUB(y;v) (8.31)

The upperbound on mutual information involves an exponential number of terms. To test how mixing

can increase mutual information, we consider a case where an oracle tells us there is at most one source.

In this case the number of mixture components is N + 1. We compare the upperbound on I(y,v) to the

upperbound on I(z;v) for the particular case of Ψ = I , meaning no propagation.

Conditioning the mixture components on the event of at most one source, we denote wi, for i =

1, ..., N+1, as the sequence of probabilities. All of these probabilities are equal except for wN+1, which

we denote as corresponding to no source present. Upperbounds on I(y,v), where ai refer to the columns

of the observation matrix, are given by,

I(y;v) ≤
N∑
i=1

wi
2

log

(
σ2
s

σ2
n

aTi ai + 1

)
−
N+1∑
i=1

wi log (wi) (8.32)

This yields a simple upperbound for selection IUB(z;v) that is linear in m. Since Φ is orthonormal, all

aTi ai ≤ 1 and we can set an upperbound on mixing performance.

IUB(y;v) =
N · w1

2
log

(
σ2
s

σ2
n

+ 1

)
−

L∑
i=1

wi log (wi) (8.33)
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Figure 8.3: Numerical tests for 2 noise levels; left plots: σ2
n = 0.01, right plots: σ2

n = 1. N = 1024, m
is varied, µs = 20, σ2

s = 1. Ψ the inverse squared distance matrix. Upper panels compare bounds and
estimated mutual information (5000 samples) for various choices of Φ and Ψ. Lower panels compare
average squared estimation error, 1000 trials, for MMSE, MAP, and `1-minimization estimators, for
orthonormal Φ versus random selection.

We can also lower bound this mutual information, using Jensen’s inequality on the entropy, as de-

scribed in [62]. The resulting lowerbound ILB(y;v) is

I(y;v) ≥ −
N+1∑
i=1

wi log


N+1∑
j=1

wjN(µj ;µi,Σi + Σj)

− m

2
log
{

2πeσ2
n

}
(8.34)

where µi and Σi are as defined in (8.31), andN(·;µ,Σ) refers to the evaluation of the normal distribution

at the argument. From ILB , we see this bound on mutual information is maximized when the modes of

p(y), the N(µi,Σi), have minimal expected overlap. This is like an average-case version of mutual

coherence, a measure of the measure of the maximum correlation of the columns of A, which is the key

of mutual coherence. Since this is similar to the mutual coherence measure in compressed sensing, we

have reason to expect random matrices will provide informative measurement projections.

The upper panels of fig. 8.3 compare the upperbounds on mutual information, the dashed lines,

to measured values of I(y;v) for various mixing matrices, applied to the acoustic source localization

problem of sect. 8.1. Each information estimate is computed via Monte Carlo sampling each with 5000
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sampled observations. The x-axis varies the dimension of y, showing the increase in information with

additional measurements. The upper three series represent randomly sampled Φ matrices suggested by

compressed sensing literature; Gaussian entries, orthonormal [14], and ΦDFT , which, with the propaga-

tion matrix Ψ, yields rows of the discrete Fourier transform [12]. In both noise regimes, I(y;v) quickly

approach their upperbounds. The series for I(z;v), computed using random selections, provided very

little information both with and without propagation. The dotted line shows the lowerbound on informa-

tion for the random orthonormal Φ, which was much lower than the experimental estimates.

The lower panels of fig. 8.3 show estimation error averaged over 1000 trials where y are projections

using random orthonormal mixing and z are selections of the propagated acoustic field. We compare the

MMSE, maximum a posteriori (MAP), and sparse recovery (v̂L1) estimators. Sparse recovery estimates

minimize the `1-norm subject to a 99% threshold on observation errors, solved using the cvx semidef-

inite programming package [39]. In both noise regimes the minimum mean-squared error using mixed

measurements falls quickly with increasing m, while estimation errors using z were close that of the

prior. The `1 recovery estimates performed similarly to the MMSE estimates when noise was low, but

had very high average error in the noisier case. These experiments support the use of matrices with good

compressed sensing properties and sparse recovery in probabilistic estimation with low measurement

noise. Although good results were obtained using MMSE and MAP estimates, these would be impracti-

cal to compute for many sparse components, since computation complexity grows with the modes of the

posterior distribution.

8.4 Conclusions

We have studied the mutual information of projection measurements computed using consensus in a

sensor network, for a sparse source estimation problem. Mixing allows for robust estimation of the

global random field using a small number of observation projections and estimates may be computed

using compressed sensing recovery algorithms. We compared the mutual information of low dimension

projections to that of simple sensor selection in the cases of known and unknown source locations. We

showed that projections yield more informative measurements; proving this in the former case, and

showing experimentally in the latter. The type of projections preferred in each are different with the
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PCA matrix being optimal in the linear Gaussian case and random projections performing well in the

unknown location case.
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Chapter 9

Conclusions and Directions for Future

Work

This thesis focuses on the problem of scalable distributed field inversion in sensor networks. We proposed

a new approach to field inversion by consensus and compressed sensing (FICCS), particularly suited for

reconstructing a monitored field. Our method uses a small number of communications to mix the network

observations, and compressed sensing `1 optimizations to estimate sparse source parameters of the field.

This thesis contributes to several areas of active research. The first is in the modeling of problems

of distributed estimation in sensor networks. For continuous fields generated by a small number of point

sources, spatial quantization enables the linearization of the sensor observations model. Then distributed

inference is cast as a distributed average consensus. Sensors mix their information with neighbors to

compute a low dimensional projection of the global field. This low dimensional projection allows for

the inversion of the field using sparse estimation techniques such as `1 penalized least squares and basis

pursuit.

Quantization induces a special type of error, namely, model or structural errors. We provided an

analysis of sparse estimation in the presence of modeling error induced by the spatial quantization of

the source locations. This approach to model uncertainty in basis pursuit bounds on modeling error for

single parameters, and incorporates these bounds into an expanded cone constraint for basis pursuit. The

new estimator is called model-robust basis pursuit and is proven to be stable under appropriate conditions
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on the coherence of the observation system and bounded sparse parameter magnitudes. We developed a

methodology for accounting for structured model uncertainty in noise-aware basis pursuit that provides

a framework for studying model error and alternative robust estimators.

We study the application of FICCS and robust sparse estimators to a set of motivating surveillance

applications using inverse power law propagation. Using simulation testing we found that an estima-

tor combining the cone constraint expansion and the `1-penalized objective function, which we called

penalized model-robust basis pursuit (PMRBP), displayed robust estimation and detection performance

in a variety of scenarios. The PMRBP estimator matches the performance of the `1 Penalty estimator,

sometimes outperforming it in cases where using a cone constraint helps to restrict the solution. This

combination also proved to have low sensitivity to tuning parameters and discretization size for the spa-

tial lattice.

We extended FICCS to settings in which the sparse field has time-varying support. By using a

recursive method of re-weighting the `1-norm of `1 penalized least squares, we incorporated information

of the field from the previous time-step to allow for tracking of the sources with fewer measurements

than would be required using single time samples.

Lastly, we considered the fundamental impact of mixing observations in a sensor network to dis-

tribute information. We characterized upper and lower bounds on the information of mixed measure-

ments, showing mixing outperforms the alternative of selection of unmixed sensor information.

Future work in FICCS need not be restricted to using specific consensus and compressed sensing

techniques. For example, if rather than a broadcast set-up, the network wanted to forward information

to a fusion center, it could use spanning trees or other message passing techniques to efficiently compute

low dimensional projections of the global field, which may then be used for inference.

Also, our approach to accounting for model quantization errors shows promise as a means of bridging

the gap between compressed sensing theory and many practical sensing and surveillance applications.

While we have focused on sensing models based on power-law propagation, there may be other sensing

modalities with tradeoffs between coherence and quantization error. Future work will include the expan-

sion of FICCS to additional time-varying detection settings involving updates close to the communication

timescale.
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Appendix A

Scaling of mixing time with N in the 2D

8-Nearest-Neighbor Graph

Proof of Theorem 3.3.1: The steps are 1) compute the 2nd minimum and maximum eigenvalues of the

Laplacian, λ2 = d − λN−1(A) and λN = d − λ1(A), as they depend on g =
√
N ; and 2) characterize

the behavior of the number of mixings k for large g.

k =
log (c)

log
(
λN−λ2
λN+λ2

) (A.1)

First notice that the adjacency matrix A is circulant with rows that are cyclic shifted versions of a

discrete function, composed of discrete Dirac δn. The rows are given by xn =

δn+
√
N+1 + δn+

√
N + δn+

√
N−1 + δn+1 + · · ·

δn−1 + δn−
√
N+1 + δn−

√
N + δn−

√
N−1 (A.2)

A well-known property of circulant matrices is that they are diagonalized by the discrete Fourier matrix,

and so computing the eigenvalues ofA will be equivalent to finding the discrete Fourier transform coeffi-

cients of xn. We denote these asXm where the indices are taken to be in
{⌈−N

2

⌉
,
⌈−N

2 + 1
⌉
, . . . ,

⌈
N
2

⌉}
.

Xm = 2 cos

(
2πm

g2

)
+ 2 cos

(
2πm

g

)
+ · · ·

+2 cos

(
2π(g − 1)m

g2

)
+ 2 cos

(
2π(g + 1)m

g2

)
(A.3)
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To find the second smallest and largest eigenvalues of the Laplacian matrix, we need to find the second

largest and smallest eigenvalues of A. Local minima and maxima of Xm are located at c
√
N
2 , with the

global maximum at m = 0, second maximum at m =
√
N and global minimum at m = N/2.1

The minimum eigenvalue of A is therefore

Xmin = XN/2 = 2 cos (π) + 2 cos
(
π
√
N
)

+ · · ·

+2 cos
(
π(
√
N − 1)

)
+ 2 cos

(
π(
√
N + 1)

)
(A.4)

We then simplify using the trigonometric sum formula cos(a) + cos(b) = 2 cos
(
a+b

2

)
cos
(
a−b

2

)
for the

last two terms.

Xmin = −2 + 2 cos
(
π
√
N
)

+ 4 cos
(
π
√
N
)

cos (π) (A.5)

Recall the initial assumption that g =
√
N is an even integer, making cos

(
π
√
N
)

= −1, and Xmin =

−4.

The second largest eigenvalue of A is given by

X√N = 2 cos

(
2π√
N

)
+ 2 cos (2π) + · · ·

+2 cos

(
2π(
√
N − 1)√
N

)
+ 2 cos

(
2π(
√
N + 1)√
N

)
(A.6)

We again simplify using the sum of the last two terms.

X√N =2 + 2 cos

(
2π√
N

)
+ 4 cos

(
2π√
N

)
(A.7)

=2 + 6 cos

(
2π√
N

)
(A.8)

We now conclude the eigenvalues of the Laplacian are λ2 = 6 − 6 cos
(

2π
g

)
and λN = 12. From

these it is clear that λ2 converges to 0 as g → ∞. Next, we characterize how the rate of decrease in

algebraic connectivity impacts the number of messages needed k.

k =
log (c)

log
(
λN−λ2
λN+λ2

) =
log (c)

log

(
6+6 cos

(
2π
g

)
18−6 cos

(
2π
g

)
) (A.9)

1This remains to be proven, but is verified by extensive experiments.
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For large g, the arguments of the cosines are close to 0. Applying a Taylor approximation cos(x) =

1− 1
2x

2 +O(x4).

k =
log (c)

log

(
6+6

(
1− 1

2
4π2

g2
+O(g−8)

)
18−6

(
1− 1

2
4π2

g2
+O(g−8)

)
) (A.10)

≈ log (c)

log

(
12− 12π2

g2

12+ 12π2

g2

) =
log (c)

log

(
1−π2

g2

1+π2

g2

) (A.11)

Dividing out the fractions of polynomials 1−x
1+x yields 1 − 2x + 2x2 − 2x4 + · · · , which for x = π2/g2

and g large we further approximate k,

k ≈ log (c)

log
(

1− 2π
2

g2
+O(g−4)

) ≈ log (c)

log
(

1− 2π
2

g2

) (A.12)

Using the Mercator series for log (1 + y) = y − y2

2 +O(y3), for −1 < y ≤ 1, and y = −2π2/g2,

log (c)

log
(

1− 2π
2

g2

) ≈ log (c)

−2π
2

g2
+O(g−4)

≈ − g2

2π2
log (c) (A.13)

Recalling that c < 1, this is a positive scaling of g2. We have shown the asymptotic growth rate in the

number of mixings needed k is on the order of,

k ∼ C1g
2 = C1N (A.14)
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Appendix B

Error Stability of Model Robust Basis

Pursuit

This section presents the proof to the stability bound for model-robust basis pursuit (MRBP), Theo-

rem 4.3.1, which follows the approach of [11].

Given the MRBP estimator, v̂, given in (4.11), we want an upperbound on the mean-squared error.

That is, find the maximum, over v0, z, and E =

[
e1 · · · eN

]
of

maximize ‖v̂1,ε,g(y)− v0‖2

subj. to y = Φ (Ψ0 + E)v0 + z, ‖z‖2 ≤ ε,

‖v0‖0 ≤ S, |v0(i)| ≤ v̄, ‖Φei‖2 ≤ ḡ ∀ i

(B.1)

for v̂(y) the solution of (P1,ε,g), given in (4.11) and below.

argminv

‖v‖1 :
‖y − ΦΨ0v‖2 ≤ ε+ gT (v+ + v−)

v = v+ − v−, v+ ≥ 0, v− ≥ 0

 (B.2)

We recall that (4.8) shows v0 must be in the feasible set of (P1,ε,g), so estimates must satisfy, ‖v̂‖1 ≤

‖v0‖1. Since ‖v0‖1 ≤ Sv̄, replacing gTv on the right hand side of the cone constraint with Sḡv̄ would

expand the feasible set of (B.2), which only increases the maximum of (B.1). We alter the problem to
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maximize ‖v̂ − v0‖2, over v0, z such that

max ‖v̂ − v0‖2

s.t. v̂ = argmin {‖v‖1 : ‖y − ΦΨ0v‖2 ≤ ε+ Sḡv̄},

‖z‖2 ≤ ε, ‖v0‖0 ≤ S, ‖Φei‖2 ≤ ḡ, |v0(i)| ≤ v̄

(B.3)

Define the error vector w = v̂−v0, and denote u = v−v0, equivalently, we look for an upperbound

on ‖w‖22 for w given by argminu {‖v0 + u‖1} over the set ‖ΦΨ0u− (z + ΦEv0)‖2 ≤ ε+ Sḡv̄,

‖z‖2 ≤ ε, ‖ΦEv0‖2 ≤ Sḡv̄, ‖v0‖0 ≤ S

 (B.4)

Since w is the minimizer of ‖w + v0‖1 over the set of allowed u, we know ‖w + v0‖1 ≤ ‖u + v0‖1.

Arguing that u = 0 is feasible, ‖w+v0‖1 ≤ ‖v0‖1. Now, expand the problem to look for the maximum

of ‖w‖22 over this larger set satisfying that property,
‖v0 + w‖1 ≤ ‖v0‖1,

‖ΦΨ0w − (z + ΦEv0)‖2 ≤ ε+ Sḡv̄,

‖z‖2 ≤ ε, ‖ΦEv0‖2 ≤ Sḡv̄, ‖v0‖0 ≤ S

 (B.5)

Let f = z + ΦEv0 and ε+ Sḡv̄ = ε′, and denote ΦΨ0 as the matrix A0, making the maximization,

max
w,v0,f

‖w‖22 :
‖v0 + w‖1 ≤ ‖v0‖1, ‖v0‖0 ≤ S,

‖A0w − f‖2 ≤ ε′, ‖f‖2 ≤ ε′

 (B.6)

now an equivalent problem to that upperbounded in [11], the remaining steps are recapped for complete-

ness. The following are successive expansions of the feasible set for w. From ‖v0 + w‖1 ≤ ‖v0‖1,

we can derive what Candès, Romberg, and Tao refer to in [10] as the Tube Constraint. We may write

the error vector w in terms of the set of true support indices T , as w = wT + wT c , where T c is the

complement; i.e., indices for which entries of v0 are zero.

0 ≥ ‖v0 + w‖1 − ‖v0‖1 (B.7)

= ‖v0 + wT ‖1 + ‖wT c‖1 − ‖v0‖1 (B.8)

≥ ‖v0‖1 − ‖wT ‖1 + ‖wT c‖1 − ‖v0‖1 (B.9)
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where the last inequality follows by reverse triangle inequality, yielding the constraint on the norms of the

error vector on versus off of the support indices, ‖wT ‖1 ≥ ‖wT c‖1. Next, we remove the dependence

on the additive error term, f , by noting

{w : ‖A0w − f‖2 ≤ ε′, ‖f‖2 ≤ ε′} ⊆ {w : ‖A0w‖2 ≤ 2ε′}

This yields the expanded maximization of ‖w‖22 over the set,{
‖wT c‖1 ≤ ‖wT ‖1, ‖A0w‖2 ≤ 2ε′, |T | ≤ S

}
(B.10)

Then, expand the constraint ‖A0w‖22 ≤ (2ε′)2 using the coherence ofA0, defined in (3.15), and denoting

AT0 A0 = G. For an A0 with unit-norm columns, the coherence µ is then equal to maxi 6=j |Gi,j |.

(2ε′)2 ≥ wTAT0 A0w = wTw + wT (G− I)w (B.11)

≥ wTw − |w|T |G− I| |w| (B.12)

≥ wTw − µ|w|T
(
11T − I

)
|w| (B.13)

= (1 + µ)‖w‖22 − µ‖w‖21 (B.14)

The expanded problem is to maximize ‖w‖22 over the set ‖wT c‖1 ≤ ‖wT ‖1, |T | ≤ S,

(1 + µ)‖w‖22 − µ‖w‖21 ≤ (2ε′)2

 (B.15)

Then without loss of generality, assume the nonzeros are collected in the first S indices; i.e., T =

{1, 2, . . . , S}. Denote w = w0 +w1, where w0 has nonzeros only on T and w1 on T c. The constraints

of (B.15) can then be represented by the equivalent constraints ‖w1‖1 ≤ ‖w0‖1 and

(1 + µ)
(
‖w0‖22 + ‖w1‖22

)
− µ (‖w0‖1 + ‖w1‖1)2 ≤ (2ε′)2.

Next, define the constants

‖w0‖1 = A, ‖w1‖1 = B, (B.16)

c0 =

(
‖w0‖2
‖w0‖1

)2

, c1 =
(
‖w1‖2
‖w1‖1

)2
(B.17)

We seek to maximize ‖w‖22 = ‖w0‖22 + ‖w1‖22 = c0A
2 + c1B

1, in the setA ≥ B, A ≥ 0, B ≥ 0, 1
S ≤ c0 ≤ 1, 0 ≤ c1 ≤ 1,

(1 + µ)
(
c0A

2 + c1B
2
)
− µ (A+B)2 ≤ 4ε′2

 (B.18)
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where the constraints on c0 and c1 are due to equivalence of norms. For B = ρA, with ρ ≤ 1

max. (c0 + c1ρ
2)A2

s.t. A ≥ 0, 1
S ≤ c0 ≤ 1, 0 ≤ c1 ≤ 1, 0 < ρ ≤ 1,

(1 + µ)(c0 + c1ρ
2)A2 − µ (1 + ρ)2A2 ≤ 4ε′2

(B.19)

Then define r = (1+ρ)2

c0+ρ2c1
, and based on the limits of its components, 1 ≤ r ≤ 4S. Also, V = A2(c0 +

c1ρ
2), making the last constraint (1 + µ)V − µrV ≤ 4ε′2 and the problem now

max

{
V : V ≤ 4ε′2

(1 + µ)− µr
, 1 ≤ r ≤ 4S

}
(B.20)

giving a maximum at V = 4ε′2

1−µ(4S−1) the upperbound in (4.21).
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Appendix C

Model Error for 1D System

This section derives the equation for model fit error of section 4.4.1. The one dimensional lattice of

source and sensor locations spaced by T , for the inverse squared-distance propagation law.

We may use the the Fourier Domain representation to compute this,

E(jω) = X(jω)− Y (jω) = πe−|ω|
(
1− e−jωt0

)
(C.1)

since by Parsevals we know
∫
|e(t)|2dt =

(∫
|E(jω)|2dω

)
/2π.

Note that after sampling x(t) and y(t) by a pulse train p(t) =
∑

n∈Z δ(nT ), the Fourier transform of

x and y now repeat in the frequency domain at every ωs = 2π/T . We restrict our attention to the square

error over one period, i.e. from ω between −ωs/2 to ωs/2, rescaling by 1
T .

Compute 1
2πT

∫ ωs
2

−ωs
2
|E(jω)|2dω, where ωs is the sampling frequency, which is 2π/T .

1

2πT

∫ ωs
2

−ωs
2

|E(jω)|2dω =
1

2πT

∫ π/T

−π/T
|πe−|ω|

(
1− e−jωt0

)
|2dω (C.2)

=
π

2T

∫ π/T

−π/T
|e−|ω|

(
1− e−jωt0

)
|2dω (C.3)

=
π

2T

(∫ 0

−π/T
e2ω|

(
1− e−jωt0

)
|2dω +

∫ π/T

0
e−2ω|

(
1− e−jωt0

)
|2dω

)
(C.4)
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Simplifying the complex exponential,

|
(
1− e−jωt0

)
|2 = | (1− cos(t0ω)− j sin(t0ω)) |2 (C.5)

= (1− cos(t0ω))2 + (sin(t0ω))2 (C.6)

= 1− 2 cos(t0ω) + cos(t0ω)2 + sin(t0ω)2 (C.7)

= 2− 2 cos(t0ω) (C.8)

Splitting the integral, we have 1
2πT

∫ ωs
2

−ωs
2
|E(jω)|2dω =

=
π

2T

(∫ 0

−π/T
e2ω (2− 2 cos(t0ω)) dω +

∫ π/T

0
e−2ω (2− 2 cos(t0ω)) dω

)
(C.9)

=
π

T

∫ 0

−π/T
e2ω (1− cos(t0ω)) dω +

π

T

∫ π/T

0
e−2ω (1− cos(t0ω)) dω (C.10)

Through a change of variable we can show
∫ 0
−π/T e

2ω (1− cos(t0ω)) dω is equal to
∫ π/T

0 e−2ω (1− cos(t0ω)) dω,

(noting that cos is a symmetric function). This means this evaluates to...

1

2πT

∫ ωs
2

−ωs
2

|E(jω)|2dω = 2
π

T

∫ π/T

0
e−2ω (1− cos(t0ω)) dω (C.11)

=
2π

T

∫ π/T

0
e−2ωdω − 2π

T

∫ π/T

0
e−2ω cos(t0ω)dω (C.12)

2

∫ π/T

0
e−2ωdω = 2

(
e−2ω

−2

∣∣∣∣π/T
0

)
=
(

1− e−2π/T
)

(C.13)

We then evaluate the second term applying integration by parts twice. See section C.1 of this ap-

pendix for this. The resulting integral is...

2

∫ π/T

0
e−2ω cos(t0ω)dω =

2t0
(4 + t20)

e−2π/T sin(πt0/T ) +
4

(4 + t20)
− 4

(4 + t20)

(
e−2π/T cos(πt0/T )

)
(C.14)

And so plugging that into the original expression we have... 1
2πT

∫ ωs
2

−ωs
2
|E(jω)|2dω =

=
π

T

(
1− e−2π/T

)
− π

T

[
2t0

(4 + t20)
e−2π/T sin(πt0/T ) +

4

(4 + t20)
− 4

(4 + t20)

(
e−2π/T cos(πt0/T )

)]
(C.15)

=
π

T

[
1− e−2π/T − 2t0

(4 + t20)
e−2π/T sin(πt0/T )− 4

(4 + t20)
+

4

(4 + t20)

(
e−2π/T cos(πt0/T )

)]
(C.16)
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Simplify: 1− 4
(4+t20)

=
t20

4+t20
.

=
π

T

[(
t20

4 + t20

)
+ e

−2π
T

(
4

(4 + t20)
cos(πt0/T )− 2t0

(4 + t20)
sin(πt0/T )− 1

)]
(C.17)

To recap, we have evaluated the total squared error of the sampled error function to be,

1
2πT

∫ π/T
0 |E(jω)|2dω =

=
π

T

[(
t20

4 + t20

)
+ e

−2π
T

(
4

(4 + t20)
cos(πt0/T )− 2t0

(4 + t20)
sin(πt0/T )− 1

)]
(C.18)

a function of both the sample rate T and the shift amount t0.

C.1 Evaluating 2
∫ π/T

0 e−2ω cos(t0ω)dω by parts

Compute 2
∫ π/T

0 e−2ω cos(t0ω)dω using integration by parts (let e−2ω = U and cos(t0ω)dω = dV , so∫
UdV = UV −

∫
V dU , and dU = −2e−2ωdω and V = sin(t0ω)/t0).

2

∫ π/T

0
e−2ω cos(t0ω)dω = 2

(
e−2ω sin(t0ω)

t0

∣∣∣∣π/T
0

+
2

t0

∫ π/T

0
e−2ω sin(t0ω)dω

)
(C.19)

Evaluate 2

(
e−2ω sin(t0ω)

t0

∣∣∣π/T
0

)
= 2

t0

(
e−2π/T sin(πt0/T )

)
, so

2

∫ π/T

0
e−2ω cos(t0ω)dω =

2

t0
e−2π/T sin(πt0/T ) +

4

t0

∫ π/T

0
e−2ω sin(t0ω)dω (C.20)

Now apply integration by parts to
∫ π/T

0 e−2ω sin(t0ω)dω, where e−2ω = U and sin(t0ω)dω = dV ,

so dU = −2e−2ωdω and V = − cos(t0ω)/t0

∫ π/T

0
e−2ω sin(t0ω)dω =

(
−e−2ω cos(t0ω)

t0

∣∣∣∣π/T
0

− 2

t0

∫ π/T

0
e−2ω cos(t0ω)dω

)
(C.21)

Evaluate −e
−2ω cos(t0ω)

t0

∣∣∣π/T
0

= 1
t0
− 1

t0

(
e−2π/T cos(πt0/T )

)
, so

∫ π/T

0
e−2ω sin(t0ω)dω =

1

t0
− 1

t0

(
e−2π/T cos(πt0/T )

)
− 2

t0

∫ π/T

0
e−2ω cos(t0ω)dω(C.22)
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Plugging this back into (C.19), 2
∫ π/T

0 e−2ω cos(t0ω)dω = 2
t0
e−2π/T sin(πt0/T )+ 4

t0

∫ π/T
0 e−2ω sin(t0ω)dω,

=
2

t0
e−2π/T sin(πt0/T ) +

4

t0

[
1

t0
− 1

t0

(
e−2π/T cos(πt0/T )

)
− 2

t0

∫ π/T

0
e−2ω cos(t0ω)dω

]
(C.23)

=
2

t0
e−2π/T sin(πt0/T ) +

4

t20
− 4

t20

(
e−2π/T cos(πt0/T )

)
− 8

t20

∫ π/T

0
e−2ω cos(t0ω)dω (C.24)

Bring the integral to the left side...(
2 +

8

t20

)∫ π/T

0
e−2ω cos(t0ω)dω =

2

t0
e−2π/T sin(πt0/T ) +

4

t20
− 4

t20

(
e−2π/T cos(πt0/T )

)
(C.25)

2

∫ π/T

0
e−2ω cos(t0ω)dω =

(
t20

4 + t20

)[
2

t0
e−2π/T sin(πt0/T ) +

4

t20
− 4

t20

(
e−2π/T cos(πt0/T )

)]
(C.26)

=
2t0

(4 + t20)
e−2π/T sin(πt0/T ) +

4

(4 + t20)
− 4

(4 + t20)

(
e−2π/T cos(πt0/T )

)
(C.27)
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Appendix D

Coherence for 1D System

We derive the expression for mutual coherence µ(Ψ), for matrix Ψ of (2.6), as it depends on lattice spac-

ing parameter δ, herein refered to as T , for the a one dimensional formulation of the source localization

problem. We assume inverse square power law propagation, as given in (2.9), and an infinite lattice of

sensors sample the source field, regularly spaced in a grid that coincides with the source lattice.

The mutual coherence of a matrix A ∈ Rm×L is defined by

µ(A) = max
i 6=j

|〈ai,aj〉|
‖ai‖2 · ‖aj‖2

(D.1)

where ai and aj denote distinct columns of the matrix A.

For the square propagation system Ψ, each column is the same signal shifted by T . The maximum

innerproduct will be attained by any two adjacent columns, so without loss of generality, we will consider

ai to be the basis centered at the origin and aj centered at T .

First we compute the energy of the signal, to evaluate the denominator of (D.1). Then we compute

the absolute inner product of the propagation function with a version of itself shifted by T .

D.1 Energy of x(nT ) on the Infinite 1D Lattice

The discrete basis functions are defined by an inverse square propagation law,

xn =
1

d2
0,n + 1

=
1

(Tn)2 + 1
, for n = −∞, . . . , −1, 0, 1, . . . , ∞ (D.2)
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The energy of this signal is given by,

‖x‖22 =
∑
n

|xn|2 =
∑
n

1

(T 2n2 + 1)2
(D.3)

Rather than compute this infinite sum, we apply Parsevals Theorem, which relates the energy of the

signal to the energy of its Fourier coefficients.

∞∑
n=−∞

|xn|2 =
1

2π

∫ π

−π
|X(ejω)|2dω =

1

T

1

2π

∫ π/T

−π/T
|X(jω)|2dω (D.4)

The r.h.s. of (D.4) relates the discrete time Fourier Transform coefficients to the continuous time Fourier

transform of the signal (before regular sampling with period T ). The Fourier transform of the continuous

signal x(t) = 1
t2+1

is a well known form.

X(jω) = πe−|ω| (D.5)

The squared energy of one basis function is then equal to,

‖x‖22 =
1

T

1

2π

∫ π/T

−π/T

∣∣∣πe−|ω|∣∣∣2 dω (D.6)

=
π

2T

∫ π/T

−π/T
e−2|ω|dω (D.7)

=
π

2T

∫ 0

−π/T
e2ωdω +

π

2T

∫ π/T

0
e−2ωdω (D.8)

Using
∫ b
a e
−2ωdω = −1

2e
−2ω
∣∣b
a
, we see

∫ π/T

0
e−2ωdω =

1

2
− 1

2
e−2π/T (D.9)

and
∫ 0

−π/T
e−2ωdω =

1

2
− 1

2
e−2π/T (D.10)

The squared energy is therefore,

‖x‖22 =
π

2T

(
1− e−2π/T

)
(D.11)

We note that this assumes no aliasing due to sampling, which, for this propagation function, effectively

means 0 < T < 1/2.
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D.2 Inner product of adjacent bases, x(nT ) and x((n− 1)T )

Since we want to know the maximum inner product, we consider without loss of generality, the adjacent

basis functions, centered at 0 and 1; i.e.,

a1 =
∑
n∈Z

1

(Tn)2 + 1
δ(n) (D.12)

a2 =
∑
n∈Z

1

(T (n− 1))2 + 1
δ(n) (D.13)

(D.14)

〈a1,a2〉 =
∑
n∈Z

1

(Tn)2 + 1

1

(T (n− 1))2 + 1
(D.15)

Since these signals are non-negative, their inner product must be positive, so |〈a1,a2〉| = 〈a1,a2〉.

To make this computation easier we note that one signal is a shifted version of the other, a2[n] =

a1[n− 1]. The inner product of these two is equivalent to the value of the convolution of the two signals

at the zero position.

〈a1,a2〉 = (a1[n] ∗ a2[n]) [0] (D.16)

Convolution in time is equivalent to multiplication in the frequency domain.

For n = x1(t) ∗ x2(t), (D.17)

N(jω) = X(jω) ·X(jω)e−jωT (D.18)

= X(jω)2e−jωT (D.19)

where x1(t) and x2(t) are continuous versions of a1[n] and a2[n]. The value of the convolution at time

0 can then be found via the inverse Fourier Transform,

n(0) =
1

2π

∫
N(jω)ejωtdω

∣∣∣∣
t=0

=
1

2π

∫
N(jω)dω (D.20)

=
1

2π

∫
X(jω)2e−jωTdω (D.21)

Applying similar relationship between the sampled signal and the continuous signals as in the previ-

ous section we now write the inner product as,

〈a1,a2〉 =
1

T

1

2π

∫ π/T

−π/T
X(jω)2e−jωTdω (D.22)
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Recall that the Fourier transform of our continuous propagation function is X(jw) = πe−|ω|.

〈a1,a2〉 =
1

T

1

2π

∫ π/T

−π/T

(
πe−|ω|

)2
e−jωTdω (D.23)

=
π

2T

∫ π/T

−π/T
e−2|ω|e−jωTdω (D.24)

=
π

2T

∫ π/T

−π/T
e−2|ω|−jωTdω (D.25)

=
π

2T

[∫ π/T

0
e−2ω−jωTdω +

∫ 0

−π/T
e2ω−jωTdω

]
(D.26)

=
π

2T

[∫ π/T

0
e(−2−jT )ωdω +

∫ 0

−π/T
e(2−jT )ωdω

]
(D.27)

∫ π/T

0
e(−2−jT )ωdω =

−1

(2 + jT )
e(−2−jT )ω

∣∣∣∣π/T
0

(D.28)

=
−1

(2 + jT )
e(−2−jT )π/T − −1

(2 + jT )
(D.29)

=
1

(2 + jT )
− 1

(2 + jT )
e(−2π/T−jπ) (D.30)

Since e−jπ = −1,∫ π/T

0
e(−2−jT )ωdω =

1

(2 + jT )
+

1

(2 + jT )
e−2π/T =

1

(2 + jT )

(
1 + e−2π/T

)
(D.31)

Similarly for the second term:∫ 0

−π/T
e(2−jT )ωdω =

1

(2− jT )
e(2−jT )ω

∣∣∣∣0
−π/T

(D.32)

=
1

(2− jT )
− 1

(2− jT )
e(2−jT )(−π/T ) (D.33)

=
1

(2− jT )
− 1

(2− jT )
e(−2π/T+jπ) (D.34)

Since ejπ = −1,∫ 0

−π/T
e(2−jT )ωdω =

1

(2− jT )
+

1

(2− jT )
e−2π/T =

1

(2− jT )

(
1 + e−2π/T

)
(D.35)

Plugging these back into (D.27), we have...

〈a1,a2〉 =
π

2T

[
1

(2 + jT )

(
1 + e−2π/T

)
+

1

(2− jT )

(
1 + e−2π/T

)]
(D.36)
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Simplify 1
(2+jT ) + 1

(2−jT ) = 2−jT+2+jT
(2+jT )(2−jT ) = 4

4+T 2

〈a1,a2〉 =
π

2T

[
4

4 + T 2
+

e−2π/T

(2 + jT )
+

e−2π/T

(2− jT )

]
(D.37)

=
π

2T

[
4

4 + T 2
+

(
1

(2 + jT )
+

1

(2− jT )

)
e−2π/T

]
(D.38)

=
π

2T

[
4

4 + T 2
+

4e−2π/T

4 + T 2

]
(D.39)

=
π

2T

(
4

4 + T 2

)(
1 + e−2π/T

)
(D.40)

Again this expression is not valid when there is significant aliasing, and applies to the interval 0 <

T < 1/2.

D.3 Expression for µ

Putting the energy and innerproduct expressions together we have,

µ =
|〈ai,aj〉|
‖ai‖2 · ‖aj‖2

=

π
2T

(
4

4+T 2

) (
1 + e−2π/T

)
π

2T

(
1− e−2π/T

) (D.41)

=

(
4

4 + T 2

) (
1 + e−2π/T

)(
1− e−2π/T

) (D.42)
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