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A bstract

Server farms are popular architectures for computing infrastructures such 
as supercomputing centers, data centers and web server farms. As server 
farms become larger and their workloads more complex, designing effi
cient policies for managing the resources in server farms via trial-and- 
error becomes intractable. In this thesis, we employ stochastic modeling 
and analysis techniques to understand the performance of such complex 
systems and to guide design of policies to optimize the performance.

There is a rich literature on applying stochastic modeling to diverse appli
cation areas such as telecommunication networks, inventory management, 
production systems, and call centers, but there are numerous disconnects 
between the workloads and architectures of these traditional applications 
of stochastic modeling and how compute server farms operate, necessi
tating new analytical tools. To cite a few:

(i) Unlike call durations, supercomputing jobs and file sizes have high 
variance in service requirements and this critically affects the optimality 
and performance of scheduling policies.

(ii) Most existing analysis of server farms focuses on the First-Come- 
First-Served (FCFS) scheduling discipline, while time sharing servers 
(e.g., web and database servers) are better modeled by the Processor- 
Sharing (PS) scheduling discipline.

(in)  Time sharing systems typically exhibit thrashing (resource con
tention) which limits the achievable concurrency level, but traditional 
models of time sharing systems ignore this fundamental phenomenon.

(iv) Recently, minimizing energy consumption has become an impor
tan t metric in managing server farms. State-of-the-art servers come with 
multiple knobs to control energy consumption, but traditional queueing 
models don’t take the metric of energy consumption into account.

In this thesis we attem pt to bridge some of these disconnects by bringing 
the stochastic modeling and analysis literature closer to the realities of 
today’s compute server farms. We introduce new queueing models for 
computing server farms, develop new stochastic analysis techniques to 
evaluate and understand these queueing models, and use the analysis to 
propose resource management algorithms to optimize their performance.
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C h a p ter  1

In tr o d u c tio n

1.1 Motivation
Server farms are becoming an increasingly popular paradigm of com putation since 
they use low-cost commodity hardware to provide computing power exceeding tha t 
of any single device. In addition, the server farm architecture allows the design of 
fault-tolerant and scalable systems -  failures of a few servers don’t bring down the 
entire server farm, and adding capacity is as easy as adding more servers. Server 
farms also lead to the design of energy-efficient computing systems by combining 
slower but more power-efficient processors to reduce the peak power consumption 
(for example, the IBM Blue Gene supercomputer [1] and the FAWN cluster archi
tecture [14]). Another benefit of server farms is tha t by allowing the consolidation 
of multiple workloads, server farms lead to efficient resource utilization, such as in 
cloud computing centers.

Figure 1.1 shows the components of a simple server farm. New requests or jobs arrive 
at the front-end dispatcher, or load balancer. The load balancer routes the incoming 
requests to the back-end servers, which serve them. Requests leave the server farm 
once they complete processing at the back end servers.1 Even in this simplified setup, 
there are two fundamental design questions:

Q u e s tio n  1: L oad  b a lan c in g : Which back-end server should process the incom-

lWe present a subset of the request types, i.e., a job is dispatched to a single server and is 
processed at that one server until completion. There are certainly more complicated scenarios. 
For example, requests that fork into multiple smaller requests and are completed once all the sub
requests are complete (join), or map-reduce type tasks which involve multiple of these fork-join 
stages. In this thesis we focus on the simple subset.
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Back-end servers

F ig u re  1.1: The server farm architecture.

ing request? Should the dispatch be immediate, or can the front-end dispatcher 
defer the decision? Should the dispatching policy be dynamic (depending on 
the current load of back-end servers), or static?

Q u e s tio n  2: S ched u lin g  po licy : How should the back-end servers schedule the
tasks dispatched to them?

Today’s server farms and data  centers cater to a wide spectrum of workloads -  
from database queries, to computationally intensive jobs, to file streaming and web 
requests, to map-reduce tasks. Each of the aforementioned workloads imposes dif
ferent constraints on which dispatching policies and scheduling policies are feasible. 
For example, a database query may only be dispatched to a server tha t stores the 
required data  (locality) and hence dispatching policies are static, while a job only 
requiring processing may be dispatched to any server, allowing dynamic dispatching 
policies. Further, while a database query or a CPU intensive job may be queued for 
later processing, web and file download requests are latency-sensitive and must be
gin processing immediately to prevent dropped connections caused by time-outs. As 
another example, a supercomputing job runs alone on its back-end server in a non- 
preemptive fashion, whereas web and database requests typically timeshare their 
back-end server with other requests. It is clear tha t different applications compel 
different answers to the scheduling/dispatching questions raised above.

In addition to the problem of matching the dispatching and scheduling policies to the
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workload and application, server farms are also required to satisfy multiple conflict
ing performance goals -  low mean response times, efficient utilization of resources, 
flexibility to adapt to varying and unpredictable demands, performance isolation for 
high priority jobs, minimizing energy, to name a few. This adds at least two more 
problem dimensions:

Q u e s tio n  3: D y n am ic  C a p a c ity  S c a lin g /S e rv e r  M a n a g e m e n t: When and
which back-end servers should be turned off, or hibernate, to save energy? 
When should servers be turned on to increase capacity?

Q u e s tio n  4: P ro v is io n in g /D im e n s io n in g : Given a cost budget, how should one
design a server farm (in terms of number of servers and server speeds) to 
maximize performance?

In this thesis we will use stochastic (queueing theoretic) modeling and analysis tech
niques to guide these design decisions by modeling server farms as multi-server 
queues. Queueing theoretic modeling abstracts out the im portant features of the 
scheduling policies governing the performance of the system under consideration, and 
by imposing structured probabilistic assumptions on the sequence of request arrivals 
allows answering questions of the kind: W hat is the average response time of the 
requests? W hat fraction of requests experience response time larger than Tmax? How 
sensitive are these performance metrics to param eter X ? In addition to providing 
these answers for server farms of arbitrary size, stochastic analysis provides insights 
into the qualitative effect of various system parameters on the performance which 
may then be combined with other techniques, such as control theory and feedback 
systems, for operating the server farms.

Queueing theory started with the work of Erlang [55] (also see [138]) who was mo
tivated by applications in telecommunications. Modern queueing theory has been 
shaped by applications to production systems, inventory management, and call cen
ters [100]. The workloads and architectures of these application areas are very differ
ent from compute server farms and hence existing stochastic modeling and analysis 
results do not directly apply to problems faced by computer systems designers:

1. A ssu m p tio n  o f F C F S  b ack -e n d  se rv ers : Most analysis of dispatching poli
cies for multi-server queues assumes th a t the servers follow a non-preemptive 
First-Come-First-Served (FCFS) scheduling policy. While this model fits prob
lem domains which gave rise to the traditional multi-server models, such as 
telephone networks, call centers, hospital emergency rooms, queues in super
markets etc., computer systems such as web servers are better modeled as
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time-sharing systems. Designing and analyzing dispatching policies for time
sharing back-end servers is still an open question.

2. A ssu m p tio n  o f id ea l tim e -sh a r in g : While there is a large body of work 
on analyzing a single time-sharing server, all existing analytical work models 
this time-sharing server as operating under an ideal Processor Sharing (PS) 
scheduling policy. Under PS, the server’s capacity is independent of the num
ber of concurrently running tasks. However time sharing systems, such as 
database servers and thread-based web servers exhibit thrashing which causes 
loss of server’s capacity due to resource contention when too many tasks are 
concurrently active.

3. A ssu m p tio n  o f low jo b -s ize  v a ria b ility : Even in application scenarios 
where traditional models of multi-server are a good fit, the existing analy
ses and approximations are severely lacking because they are derived under 
the assumption tha t the service requirements of the jobs have low variance. 
One example of such an application scenario is supercomputing centers where 
jobs are typically scheduled in a non-preemptive FCFS fashion and thus the 
traditional call center model fits. However, existing approximations which are 
reasonably accurate for the problem domain of call centers can be off by un
acceptable margins when the variance in service requirements is significant, 
which is the case in supercomputing workloads.

4. L ack  o f ev a lu a tio n  o f e n e rg y -p e rfo rm a n c e  trade -o ffs : Traditional mod
els of server farms have not dealt with the metric of energy. This question 
becomes even more im portant because demands faced by today’s server farms 
vary substantially over time. Provisioning for peak demand is extremely waste
ful of energy and thus it is imperative to develop algorithms to power down 
servers when demand is low and turn them back on when demand increases. 
However, the existing models and analyses do not deal with the associated 
setup costs and delays of powering servers up and down in a server farm.

The goal of the thesis is to develop stochastic modeling and analysis techniques to 
bridge the disconnects between prior work on the analysis of multi-server systems 
and the problems faced in management of compute server farms today. Before sum
marizing the research questions addressed in the thesis, we introduce the notation 
used in the thesis. In some chapters we will need additional notation or will deviate 
from the notation mentioned below, and hence notation will be reintroduced within 
the chapters as well.
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1 . 2  N o t a t i o n  a n d  P r e l i m i n a r i e s

The arrival and service processes constitute the most im portant aspects of a stochas
tic model of a queueing system. The arrival process specifies the instants at which 
jobs arrive into the system (server farm), and the service process specifies the size 
or processing requirements of the jobs. Unless otherwise stated, we assume tha t 
the arrival process is a renewal process, by which we mean th a t the times between 
consecutive arrivals are independent and identically distributed (i.i.d .) random vari
ables. We use A  to denote a generic interarrival time. We denote the mean of A  
by E[^4] =  j .  Thus A denotes the mean arrival rate. We also assume tha t job sizes 
form a sequence of independent and identically distributed (i.i.d.) random variables, 
where the random variable S  (for service time distribution) denotes a generic job 
size. We will be dealing with models where the server speed may be heterogeneous 
or state-dependent. Consequently, we will use job sizes to denote the amount of work 
(for example the number of cycles for a CPU job, or file size for an I/O  job). We 
denote the mean of S  by E [S], and assume E  [S] =  1 without loss of generality. In 
empirical computing workloads it is often the case tha t A  and S  exhibit high variabil
ity. One of the most widely used metrics for characterizing this variability is the the
squared coefficient of variation (SCV) of the interarrival and service distributions, 
C \  and C f , respectively:

2 _  var(A ) _ 2 _  var(S)
A E[A]2 ’ S E[S]2 ’

where var(X )  denotes the variance of random variable X .  For a substantial part 
of the thesis we will assume tha t arrival process is Poisson, tha t is, A  obeys the 
exponential distribution with mean 1/A, abbreviated as A  ~  Exp(A), and will denote 
the arrival process by Poisson(A). We will use the symbol p  to denote the service 
rate, or capacity of each server. When we talk about homogeneous server farms, 
where the capacity of each server is the same, we will use p — AE[S\/p  to denote the 
‘load’ which represents the amount of work coming into the system per unit of time. 
We use T  to denote the random variable for the response time, defined as the time 
between a job ’s arrival to the system and its departure from the system. We use W  
to denote the random variable for waiting time, defined as the total time spent in 
the system waiting to receive service.

Since the queueing models considered in the thesis are very different from the clas
sical models, we will extend Kendall’s notation to abbreviate them. In Kendall’s 
notation, a queueing system shorthanded as A / B / C / D  denotes a system with ar
rival process A , service time distribution B , number of servers C, and scheduling
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policy D ? Typical values for the arrival process A  th a t we will use are: M  (for 
Markovian) for a Poisson arrival process, M t for a doubly stochastic Poisson pro
cess (that is, the mean arrival rate at time t is given by some function A(£)), B P P  
for a Batch Poisson Process (Poisson process with a random number of arrivals at 
a time), and G I  for general i.i.d. interarrival times. Typical values for the service 
time distribution B  we will use are: M  for exponentially distributed, D  for degen
erate (non-random), H 2 for 2-phase hyperexponential (a mixture of two exponential 
distributions with different means), HJ for degenerate hyperexponential (mixture of 
an exponential distribution and a point mass at 0), and G for generally distributed 
i.i.d. service times. Typical values for the scheduling policy are FCFS for First-Come- 
First-Served, and PS for Processor Sharing (if there are n  jobs queued at the server, 
each job gets ¿ th  of the server’s capacity). However, we will sometimes combine the 
dispatching and scheduling policies in D. For example, we will use M / G / k / JSQ /PS  
to denote the multi-server system with Poisson arrivals, general service distribution, 
and k servers where each server follows the processor sharing (PS) scheduling policy 
and new requests join the shortest queue (JSQ) immediately on arrival.

1.3 Summary of research questions
We now give a formal summary of the disconnects between existing analytical stochas
tic work on multi-server systems and the needs of practitioners tha t the thesis aims 
to bridge. The goal of the thesis is not to bridge all the disconnects at once, but to 
analyze each individually in depth to show how and where traditional policies and 
analysis fail. Each disconnect guides the answer to one or more of the four design 
decisions presented in Section 1.1. We motivate each disconnect with a computing 
application, and develop frameworks for optimizing and analyzing the performance 
under the unique constraints/opportunities presented by the motivating application. 
Table 1.1 provides a brief summary of the various pieces of the thesis.

1: H ig h  jo b -s ize  v a ria n ce  o f c o m p u te r  sy s tem s  w ork loads  in v a lid a tes  ex 
is tin g  a p p ro x im a tio n s :
We begin with a scenario where the difference in workloads encountered in 
computing applications and traditional applications of queueing models com
pel us to develop new techniques to analyze queueing systems, because existing 
analytical approximations are insufficient. We illustrate this point by consid
ering the M /G /k  First-Come-First-Served (FCFS) multi-server system. The 
M / G / k  FCFS system has traditionally been used as a model of systems such

2Note the absence of dispatching policy in Kendall’s notation.
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Disconnect Motivating
Application

Design Decisions 
Influenced

Contributions Chpt,

1. High job-size vari
ability

Supercomputing Provisioning new analysis 2,3

2. Thrashing/Resource
Contention

Database concurrency 
control, thread-pool 
management

Scheduling new model + 
analysis -1- algo
rithm

4

3. Server farms with 
time-sharing servers

Web server farms Dispatching new analysis 5

4. Energy-performance
trade-offs

Cloud computing, 
data centers

Capacity Scaling/ 
Server Management

new model + 
algorithm 6

5. Time-varying de
mands

DB servers, Cloud 
computing, data 
centers

Capacity Scaling/ 
Server Management

new algorithms 4.3,
5.6.3, 
6.6

T ab le  1.1: A tabular summary of the questions addressed in the thesis.

as call centers, manufacturing, hospital emergency rooms, and supercomput
ing centers. The M / G / k  FCFS system is notoriously hard to analyze, and 
despite being one of the oldest multi-server models to be studied, expressions 
for even the mean response time are not available for general service distribu
tions. In the absence of such results, the following approximation proposed by 
Lee and Longton [108] which only involves the first two moments of the service 
distribution (S) is widely used:

E ^W M/G/k /FCFSj  _  C S +  1  E  ^ y M / M / k / F C F S j

where \ y M / M / k/FCFS  ¿enotes the delay in an M / M / k  FCFS system with the 
same mean job size, arrival rate and service rate as the M /G /k  FCFS system 
(W M/M/k has an exact and explicit expression).

We challenge the status quo in Chapter 2 by proving an in a p p ro x im a b ility  
re su lt: any approximation based only on the first two moments of the service 
distribution S  must be inaccurate for some service distribution when C f is 
large. This is significant because many computer systems workloads such as 
supercomputing jobs and sizes of files transferred over the Internet exhibit 
C f > 40 (e.g., [20]), unlike call centers and manufacturing systems where C j 
is small (e.g., [142]).

Motivated by this result, in Chapter 3, we pursue approximations for W M^G^k 
utilizing higher moments of S. In fact, our goal is more ambitious: Given the
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moments of S', we want to identify service distributions tha t maximize/minimize 
the mean waiting time. Thus our goal is to find sh a rp  b o u n d s  on 
given the moments of S'. By analyzing the M / G / k  system in the limit where 
the arrival rate approaches 0, we identify a link with the classical areas of 
moment problem and Tchebycheff systems, and are able to show th a t these 
extremal distributions are what are known as the principal representations. In 
fact we go further: we find tha t the same service distributions are extremal for 
two seemingly very different, and as yet unsolved, queueing systems.

Next we turn  to scenarios where new architectures of computing applications 
force us to develop new stochastic models and new analysis tools.

E ffec ts o f th ra s h in g  a re  ig n o red  w hile  an a ly z in g  P S -lik e  sy stem s:
We consider the problem of concurrency control in database servers, and man
aging the thread pool in web servers. Processor sharing (PS) is an idealized 
scheduling policy commonly used to model time-sharing systems such as the 
CPU, bandwidth sharing systems, web and database servers. Under PS, a 
server shares its capacity equally among all the jobs in its queue. However al
most all analytical results on the analysis of PS ignore the effects of thrashing
[78]. Thrashing, or resource contention, causes the net capacity of a resource to 
decrease as the number of jobs concurrently sharing the resource increases, and, 
in the absence of any concurrency control mechanism, can bring the system to a 
halt. To get around this problem a Multi-Programming-Limit (MPL) is placed 
on the maximum number of jobs allowed to share the resource simultaneously 
and is almost always chosen to be the point of maximum efficiency (capacity). 
Existing work on analysis of PS with an MPL either ignores the effect of vari
ability of service distribution (C f), or assumes tha t ¡i (service rate/capacity) 
is independent of the state (number of jobs) of the system.

In Chapter 4, we present an approximate analysis of PS-MPL queueing systems 
to find the optimal MPL for minimizing the mean response time as a function 
of C§, A and the fi-vs.-MPL function. The optimal MPL depends crucially on 
the arrival rate A, which may not always be known at the time of system design, 
or may fluctuate at small time scales. As a second contribution, we develop 
tra ffic -o b liv io u s  d y n am ic  M P L  c o n tro l policies, which adapt the MPL 
based on the instantaneous queue length, rather than by attem pting to learn the 
instantaneous arrival rate. Finally, we propose the first heav y -tra ffic  scaling  
for analysis of ‘non-work-conserving’ time-sharing systems (i.e., systems where, 
depending on the current state, the service rate can be smaller than the peak



service rate) and present a preliminary heavy-traffic approximation for the 
stationary distribution of number of jobs in G //G /P S -M P L  systems.

3: N o  an a ly sis  o f load  b a la n c in g  po lic ies  for P S  se rv e r farm s:
The next problem we address focuses on developing sm art load balancing poli
cies for server farms. Motivated by supercomputing applications, there is a 
large body of work on analyzing dispatching policies for server farms where 
the servers operate under FCFS scheduling where the relative performance of 
different load balancing policies is well understood. However, in many appli
cation scenarios, such as web servers and file downloads, the scheduling policy 
employed by servers is PS (in other words, preemptive scheduling policies are 
feasible). Unfortunately, policies which perform well for FCFS server farms 
may not perform well for PS server farms.

In Chapter 5, we show via simulations th a t Least-Work-Left and Size-Based 
dispatching, which perform well under FCFS scheduling, are far from optimal 
under PS scheduling. By contrast Join-the-Shortest-Queue is n e a r  o p tim a l, 
while being oblivious to the job sizes or the service distribution. We also find 
tha t JSQ /PS systems exhibit a n e a r- in se n s itiv ity  property: moments of S  
larger than the mean have minimal impact on the mean response time. Armed 
with the above observation, we propose s h a rp e r  a p p ro x im a tio n s  for JSQ /PS 
systems via a novel Single-Queue-Approximation technique. Finally, we pro
pose a careful m a n y -se rv e rs  h eav y -tra ffic  scaling. We utilize our scaling 
to present another closed-form approximation for the JSQ load balancing pol
icy tha t provides new insights into the behavior of JSQ, and also allows us to 
study the im p a c t o f h e te ro g e n e ity  in server capacities on the performance 
of JSQ-type dispatching policies.

4: L im ite d  u n d e rs ta n d in g  o f e n e rg y -p e rfo rm a n c e  trade -o ffs :
Energy consumption has recently emerged as a key metric for the evaluation of 
scheduling policies and server management policies. Naturally there are trade
offs involved between minimizing the energy consumed and guaranteeing low 
response times. While one wants to turn  off idle servers, or put them into some 
sleep state, the penalties to boot up the servers may be prohibitive.

In Chapter 6, we consider the metric of the product of the mean response time 
and mean power consumed (Energy-Response time-Product, ERP) to capture 
the trade-offs involved in minimizing energy consumptions and maximizing 
performance and analyze server management policies with respect to the ERP
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metric. We prove tha t optimal or near-optimal policies can be found within 
a substantially small set of policies, and provide rules of thumb to choose the 
right policy from among this set. Finally we propose two heuristic policies for 
energy management when the demand is non-stationary.

5: T im e-v a ry in g  a rr iv a l p a t te rn s :
Most of the work on stochastic analysis of multi-server queues has focused 
on Poisson or renewal arrival processes. This implies tha t the mean traffic 
demand remains constant over time. This assumption is violated in the real 
world, as the arrival patterns at web server farms and data centers, for ex
ample, show strong diurnal and seasonal variations. Designing robust server 
management policies which may self-adapt the capacity of the server farm to 
unpredictable arrival patterns is one of the holy grails of capacity provisioning. 
Unfortunately, systems with time-varying arrival patterns are not well under
stood analytically. In previous work [69], we proved tha t the answer to the 
question, ‘Is  a sy ste m  w ith tim e -v a r y in g  a rriv a l p a tte r n  w o rse th a n  a sy s te m  

w ith c o n sta n t m e a n  a rriv a l rate, ’ is not always yes. While there is existing 
analytical work on designing server management policies for time-varying ar
rival patterns, the proposed policies either involve repeated static provisioning, 
or assume th a t the arrival pattern is known beforehand. Additionally, it is 
often assumed tha t server farm capacity may be increased instantaneously -  
an assumption tha t is not always justified.

For each of the three application scenarios discussed above (PS servers with 
thrashing; load balancing; energy management), we have striven to present 
tra ffic -o b liv io u s  po licies in addition to optim al/near-optim al policies for 
a stationary arrival process. In Section 4.3, we present two traffic-oblivious 
heuristics for the problem of concurrency (MPL) control in time sharing sys
tems. In Section 5.6.3, we prove tha t in the presence of heterogeneous servers, 
JSQ minimizes the mean response time while being traffic-oblivious in the 
many-server regime, which is a good approximation for today’s large server 
farms. We also propose another policy H y b r i d ,  tha t is also optimal in many- 
servers limit when the traffic intensity is very close to capacity, and provides 
favorable performance when the number of servers is smaller. Finally, in Sec
tion 6.6, we design two traffic-oblivious server management policies with the 
goal of optimizing energy-performance tradeoff and show tha t they can be ex
tended to application scenarios beyond the simple abstract model of Chapter 6.
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Broadly, each disconnect corresponds to a chapter, and the aim while writing has 
been to make the chapters self-contained. The reader is encouraged to familiarize 
oneself with the ideas from Chapter 2 before reading of Chapter 3, although this is 
not necessary for understanding the analysis.

O rgan iza tion
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C h a p ter  2

Towards a New Theory of 
Moments-based Bounds I: 
An Inapproximability Result for 
the M / G / k  Multi-server Queue

“But it is also worth asking whether anything can be done about some of 
the simple unsolved problems which have, perhaps wisely, been left to one 
side of the mainstream of research. For example, M / G / l  was solved by 
Pollaczek, and M / D / k  for general k by Erlang, but what about M / G / k ?
This is surely an im portant system, with the Poisson arrivals tha t are 
still the most useful input process, and independent service times having 
a given but arbitrary distribution.”

- J.F.C. Kingman [100]

We begin this thesis with a problem tha t is at the heart of the century old field 
of queueing theory -  analyzing the mean waiting time in an M /G /k  multi-server 
queue (Figure 2.1). The M /G /k  queue is widely used as a model for call centers 
and telecommunication systems, inventory management systems, hospital emergency 
rooms, and supercomputing systems, and new applications of this model are continu
ally being discovered. The wide applicability of the M / G / k  system makes it a prime 
target for developing and testing new stochastic analysis techniques, which provide 
insights into queueing systems far beyond the M / G / k  queue itself.

While exact expressions for the mean waiting time of the M /G /k  queue are only 
available for very special cases, numerous bounds and expressions have been proposed
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in the literature. These bounds and approximations are usually functions of the first 
or first two moments of the service distribution. The present chapter is devoted 
to proving the insufficiency of existing approaches to approximate the mean waiting 
time of the M / G / k  queue by proving tha t no single approximation based on only the 
first two moments can be accurate for all service distributions. In Chapter 3, we build 
on the lessons from this chapter to propose a new framework for establishing tight 
bounds on the mean sojourn time of queueing systems by utilizing higher moments.

2.1 Introduction
The M / G / k  queue is one of the oldest and most classical models of a multi-server 
system and has been used as a model in a wide range of applications, including call 
centers, manufacturing systems, and computer systems.

Poisson arrivals 
(rate A. )

Back-end servers

F ig u re  2.1: The M / G / k  queueing system.

An M / G / k  queue consists of k identical servers and a First-Come-First-Serve (FCFS) 
queue (see Figure 2.1). The jobs (or customers) arrive according to a Poisson process 
with rate A and their service requirements (job sizes) are assumed to be independent 
and identically distributed random variables having a general distribution; we use 
S  to denote such a generic random variable. If an arriving job finds a free server, 
it immediately enters service, otherwise it waits in the FCFS queue. When a server 
becomes free, it chooses the next job to process from the head of the FCFS queue. 
We denote the load of this M /G /k  system as p = AE[5], and assume p < k so tha t a 
steady-state distribution exists [92, 93]. We will focus on the metric of mean waiting
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Cg =  19 C ‘l  = 99
E  [W] E [W]

2-moment approximation (Eqn. 2.1) 6.6873 33.4366
Weibull 6.0691Ì0.0138 25.9896±0.1773

Truncated Pareto (a  =  1.1) 5.5277Ì0.0216 24.6049±0.2837
Lognormal 4.9937±0.0249 19.5430i0.4203

Truncated Pareto (a = 1.3) 4.8788Ì0.0249 18.7738i0.3612
Truncated Pareto (a  =  1.5) 3.9466Ì0.0321 10.6487i0.5373

T ab le  2.1: Simulation results for the mean waiting time for an M / G / k  with k  — 10 
and p — 9. The first line shows the mean waiting time given by the analytical 2- 
moment approximation in Equation (2.1). All service distributions throughout the 
chapter have E  [S] =  1.

time in this chapter, denoted as E^VKM/G/,fcj, and defined to be the expected time 
from the arrival of a customer to the time it enters service.

Even though the M / G / k  queue has received a lot of attention in the queueing litera
ture, an exact analysis for even the simplest metric of mean waiting time for the case 
k  > 2 still eludes researchers. To the best of our knowledge, the first approximation 
for the mean waiting time for an M / G / k  queue was given by Lee and Longton [108] 
nearly half a century ago:

E [ w M/G/k] «  ^ s 2+  1 j  E |' w M/M/k] (2 .1)

where E  is the mean waiting time with exponentially distributed job sizes
with the same mean, E ^ ] ,  as in the M / G / k  system, and C f is the squared coefficient 
of variation (SCV) of S. Many other authors have also proposed simple approxima
tions for the mean waiting time, [34, 79, 80, 106, 120, 159], but all these closed-form 
approximations involve only the first two moments of the service distribution.

W hitt [153], while referring to (2.1) as “usually an excellent approximation, even 
given extra information about the service-time distribution,” hints tha t approxima
tions based on the first two moments of S  may be inaccurate when C§ is large. 
Similar suggestions have been made by many authors, but there are very limited nu
merical experiments to support this. While a high C f may not be of major concern in 
applications such as manufacturing or customer contact centers, the invalidity of the 
approximation (2.1) is a major problem in computer and communication systems. 
In Table 2.1, we consider a range of distributions (Weibull, lognormal, truncated
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Pareto1) used in the literature to model computer systems workloads. We compare 
the mean waiting time obtained via simulations to the mean waiting time predicted 
by the approximation (2.1) for two values of C f , C% = 19 and C§ = 99. Such high 
values of C f are typical for workloads encountered in computer systems, such as the 
sizes of files transferred over the Internet [20], and the CPU requests of UNIX jobs 
[49] and supercomputing jobs [74]. As can be seen, there is a huge disagreement 
between the simulated mean waiting time and the 2-moment approximation (2.1). 
Further, the simulated mean waiting times are consistently smaller than the analyti
cal approximation. Also observe tha t different distributions with the same mean and 
C$ yield very different mean waiting times.

G o a l

The goals of this chapter are two-fold:

1. Investigate the (in)sufficiency of first two moments of the service distribution 
for approximating E jYKM/G//A:] ,

2. Investigate how characteristics of the service distribution other than the first 
two moments affect E  j ^ M//Gy/fcJ.

Ideally, to address our first goal, we should consider the set {G\Cg} of all positive 
distributions with a given mean and second moment. Each distribution in this set 
when chosen as the service distribution for the M / G / k  queue yields a value for the 
mean waiting time. We want to establish the set of values (an interval of Mq ) tha t 
are attained as the mean waiting time. We refer to this interval as “the span”. To 
define the span, set

w f s = s u p { e [W ,m /g/'=] | E[S] =  1 ,e [ 5 2] =  C f +  l} ,  (2 .2)

and
M-f* = m i [ E \ W MIGIk\ | E[S] =  1 ,E [S 2] =  C | +  l} .  (2.3)

^he cumulative distribution function of a truncated Pareto distribution with support 
[xmimXmax] and parameter a is given by:

F(x) = X™n^  X_a-  Xmin <X< Xmax
Xmin Xmax

Therefore, specifying the first two moments and the a parameter uniquely defines a truncated 
Pareto distribution.
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The span ranges (Wl s ,W h s ). One of the contributions of this chapter is a lower 
bound on the span for the case p < k — 1 in Theorem 2.1, and for the case p > k — 1 
in Theorem 2.2. We believe tha t the bounds presented in Theorem 2.1 for the case 
p < k — 1 are tight, and conjecture tight bounds for the case p > k —1 in Conjecture 2.1 
(see Section 2.3).

T h e o re m  2.1 For any E[5] =  1 finite C j and p < k — 1,

rC2

c 2 c 2

and thus,

rc 2

where E  | \ y A//D/fcj is the mean waiting time when the service distribution is deter
ministic 1.

T h e o re m  2.2 For E[,5] =  1 any finite Cg and p > k — 1,

C g  +  1

and thus,

c 2
K s > E  \ w M/M/k

p - ( k -  1)
+ k — p

C l - 1

h
rCH ~

|E [ \ y M / M / k ]
E |\ yyM/M/k^1 +

C |-l
2

where E [ w M/M/k] is the mean waiting time when the service distribution is expo
nential with mean 1.

Theorem 2.1 will be proved in Section 2.4 and follows by combining a result of Daley
[44] with some new observations. Theorem 2.2 is far more intricate to prove, and 
forms the bulk of the chapter (Section 2.5).

We now make a few important observations on the span:
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C2 (j2
•  Since we prove a lower bound for Wh s and an upper bound for Wt 5, Theo

rems 2.1 and 2.2 provide a lower bound on the span for general distributions.

• The span can be quite large if C g  is high. In particular, when p < k — 1, 
Theorem 2.1 states tha t the maximum possible mean waiting time is at least 
( C g  +  1) times the minimum possible mean waiting time. Thus, Theorems 2.1 
and 2.2 prove tha t any approximation based only on the first two moments of
S  will be inaccurate for some service distribution.

c 2• The lower bound on Wh s in Theorem 2.2 is the same as the 2-moment approx-
c 2imation in (2.1). (The lower bound on W h s in Theorem 2.1 is very close but 

slightly higher than the 2-moment approximation.)

Another interesting point is tha t the lower bound on the span depends on the load, p. 
The case p > k  — 1 is commonly known in the queueing literature as 0-spare servers 
and the case p < k — 1 is known as at least 1 spare server. The presence of spare 
servers is known to play a crucial role in determining whether the mean waiting time 
is infinite given th a t the second moment of the service distribution is infinite (see
[133] and references therein), and on the tail of the waiting time distribution (see 
[60]). Observe tha t the number of spare servers (zero or at least one) affects whether 
C j shows up in the lower bound of the span in our results. When there is even just 
one spare server, the lower bound is independent of C g ,  which suggests tha t having 
even one spare server might potentially reduce most of the effect of C g  on the mean 
waiting time.

The key in s ig h t in proving Theorem 2.1 (p < k — 1) is to consider two extreme 
two-point service distributions and find the mean waiting time under these extremal 
distributions. To prove Theorem 2.2 (p > k — 1), we consider two extreme distri
butions in the class of 2-phase hyperexponential distributions and obtain the mean 
waiting time under those service distributions. We believe tha t it is not hard to 
tighten the bound in Theorem 2.2 by extending our proof technique to work with 
two-point distributions (mixtures of two mass points), and thus establish a wider 
“span” than we do in this chapter. However, presently, we focus on 2-phase hyper
exponential distributions for ease of exposition and to elucidate the basic steps in 
obtaining the bound. Clearly the span described by Theorem 2.1 is non-empty for 
all C g  > 0. The span described by Theorem 2.2 is non-empty only when C g  > 1 
even though the theorem is true for all values of C g .  In fact, Proposition 2.1 (Ap
pendix 2.A) shows tha t our lower bound on the span is strictly non-empty when 
k > 2 and C g  > 1.
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(j2 (j2
The bounds on W h s and W t s in Theorem 2.2 are identical for k — 1, and in fact in 
this case agree with the well-known Pollaczek Khintchine formula

E [VFM/G/1] =  E [WM/M/1] , (2.4)

which shows tha t the mean waiting time is completely determined by C j and E[5].

Similar results on stationary waiting time and queue length distributions in a G I / M / k  
queue were derived by Eckberg [50] and further developed by W hitt [152] by consid
ering extremal interarrival time distributions. For the G I / M / k  queue, proving such 
theorems is simplified due to the availability of rather explicit expressions for the 
queue length and waiting time distributions in terms of the Laplace transform of the 
inter-arrival time distribution.

O u t l in e

Section 2.2 reviews existing work on obtaining closed-form, numerical and heavy- 
traffic approximations for Ej^VKM/G/fcJ. In Section 2.3 we seek insights into why the 
first two moments of the service distribution are insufficient for approximating the 
mean delay. We also seek answer to the question: “Which characteristics of the 
service distribution, outside of the first two moments, are im portant in determining 
the mean waiting tim e?” Our insights stem from numerical experiments based on the 
2-phase hyperexponential class of service distributions. These insights help us later 
in proving Theorem 2.2. Sections 2.4 and 2.5 are devoted to proving Theorems 2.1 
and 2.2, respectively. In Section 2.6, we address the question of the effect of higher 
moments of service distribution on the mean waiting time.

2.2 Prior Work
While there is a large body of work on approximating the mean waiting time of 
an M / G / k  system, all the closed-form approximations only involve at most the 
first two moments of the service distribution. As mentioned earlier, to the best of 
our knowledge, the first approximation for the mean waiting time for an M /G /k  
queue was given in (2.1) by Lee and Longton [108]. This approximation is very 
simple, is exact for k =  1 and was shown to be asymptotically exact in heavy 
traffic by Kollerstrom [106]. The same expression is obtained by Nozaki and Ross 
[120] by making approximating assumptions about the M / G / k  system and solving 
for exact state probabilities of the approximating system, and by Hokstad [79] by
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starting with the exact equations and making approximations in the solution phase. 
Boxma et al. [34] obtain a closed-form approximation for the mean waiting time in 
an M / D / k  system, extending the heavy traffic approximation of Cosmetatos [40]. 
Takahashi [144] obtains expressions for mean waiting time by assuming a parametric 
formula. Kimura [95] uses the method of system interpolation to derive a closed- 
form approximation for the mean waiting time tha t combines analytical solutions of 
simpler systems.

There is also a large literature on numerical methods for approximating the mean 
waiting time by making much weaker assumptions and solving for state probabilities. 
For example, Tijms et al. [76] assume tha t if a departure from the system leaves 
behind i jobs where 1 < i < k, then the time until the next departure is distributed 
as the minimum of i independent random variables, each of which is distributed 
according to the equilibrium distribution of S. If, however, the departure leaves 
behind i > k jobs, then the time until the next departure is distributed as S /k .  
Similar approaches are followed in [79, 80, 113, 115, 140]. Miyazawa [115] uses 
“basic equations” to provide a unified view of approximating assumptions made in 
[120], [79] and [76], and to derive new approximation formulas. Boxma et al. [34] 
also provide a numerical approximation for M /G /k  which is reasonably accurate for 
service distributions with low variability (C f <  1) by assuming a param etric form and 
matching the heavy traffic and light traffic behaviors. Other numerical algorithms 
include [45, 46, 47]. While these numerical methods are accurate and usually give an 
approximation for the entire waiting time distribution, the final expressions do not 
give any structural insight into the behavior of the queueing system and the effect 
of M / G / k  parameters on waiting time.

Heavy traffic, light traffic and diffusion approximations for the M / G / k  system have 
been studied in [37, 71, 94, 106, 153, 154, 159]. The diffusion approximations used in 
[154] are based on many-server diffusion limits. Motivated by call center applications, 
there is now a huge body of literature for multiserver systems with a large number 
of exponential servers; see the survey paper [62] and references therein.

Bounds on the mean waiting time for M / G / k  queues (and more generally, for 
G I / G / k  queues) have mainly been obtained via two approaches (e.g., see Sec
tion 11-7 from Wolff [158]). The first approach is by assuming various orderings 
(stochastic ordering, increasing convex ordering) on the service distributions (see 
[43, 116, 141, 150, 151]), but these tend to be very loose as approximations. More
over, one does not always have the required strong orderings on the service distri
bution. The second, and more practical, approach tha t started with the work of 
Kingman [99] is obtaining bounds on mean waiting time in terms of the first two 
moments of the inter-arrival and service distributions. The best known bounds of 
this type for E  are presented by Daley [44]. Scheller-Wolf and Sigman
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[132] derive bounds on for the case p < |^|J by reducing the G I /G /k  waiting time 
recursion into an equivalent single-server recursion with dependent service times. 
Foss and Korshunov [60] and Scheller-Wolf and Vesilo [133] use dependent D / G I /1 
queues to bound a G I /G /k  system, and obtain necessary and sufficient conditions 
under which higher (even fractional) moments of delay are finite.

Daley [44] also conjectures tight upper and lower bounds on G I / G I / k  mean waiting 
time in terms of the first two moments of interarrival and service distributions, and 
proves a tight lower bound

inf E  [’W GI/GI/k] =  0, when p < k -  1.

While bounds for G I / G I / k  mean waiting time are more general, they can also be 
loose when applied to M /G /k .

Recently, Bertsimas and N atarajan [24] have proposed a computational approach 
based on semidefinite optimization to obtain bounds on the moments of waiting 
time in G I / G I / k  queues given the information of moments of the job size and the 
interarrival time distributions. We, however, prove E j w M/G/fcJ is inapproximable 
within a certain factor based on just the knowledge of the first two moments of the 
service distribution.

2.3 Insights into why two-moment approximations 
are not enough

Our goal in this section is to illustrate the inadequacy of the first two moments of 
the service distribution for approximating E  . As we said earlier, to achieve
this goal, ideally we would have to look at the set of all distributions with given first 
two moments and establish the span of mean waiting time. As expected, this turns 
out not to be feasible. However, to illustrate inadequacy of first two moment, it 
suffices to establish this fact for an analytically tractable subset of distributions. We 
choose this tractable subset as the class of two-phase hyperexponential distributions, 
denoted by H 2 (see Definition 2.1 below). Distributions in the H2 class are mixtures 
of two exponential distributions and thus have three degrees of freedom. Having 
three degrees of freedom provides us a method to create a set of distributions with 
any given first two moments (C§ > 1 in the case of H2) and analyze the effect of some 
other characteristic. A natural choice for this third characteristic is the third moment
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of the distribution2. The H 2 distribution is also convenient because it allows us to 
capture the effect of small vs. large jobs (the two phases of the hyperexponential) -  
an insight which will be very useful to us later in proving our theorems.

D efin itio n  2.1 Let fix > /i2 ■ ■ • >  fJ>n > 0. Let p{ > 0, i =  1 be such
that Yli=iPi =  1- We define the n —phase hyperexponential distribution, Hn, with 
parameters Hi,Pi, i — 1 , . . . ,  n, as:

Exp(/ii) with probability pi
Exp(//2) with probability p2

Exp (nn) with probability pn

where Exp (//*), i =  1 are n independent exponential random variables with
mean —, i = 1 , . . . ,  n.Vi

D efin itio n  2.2 Let Hi > ¡jl2 • • • >  Hn- i  >  0. Let pi > 07 i =  0 , . . . ,  n — 1, be such 
that Pi =  1- We define the n —phase degenerate hyperexponential distribution, 
H *, with parameters p0, i = 1 , . . . ,  n — 1, as:

0 with probability p0
Exp(/ii) with probability pi

Exp (¿¿n- i)  with probability pn.

where Exp(//¿); i = 1 , . . . ,  n  — 1, are n — 1 independent exponential random variables 
with mean —, i = 1 , . . .  ,n  — 1.

Figure 2.2 shows the mean waiting time for an M /H 2/ k  system evaluated numerically 
using m atrix analytic methods. The dashed line shows the standard two moment 
approximation of (2.1). Note tha t the x —axis is actually not showing E[S'3] but 
rather a normalized version of the third moment, #3, which we define as:

=  n * \ m  ( 2 . 5 )

E [S2Y

2In [45, 153], the authors use the quantity r, which denotes the fraction of load contributed
by the branch with the smaller mean, as the third parameter to specify the H2 distribution. We 
choose the third moment because it is more universal and better understood than r. Further, r is 
an increasing function of the third moment and thus one can go back and forth between the two 
parametrizations.
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F igu re  2 .2 : Illustration of the inadequacy of two-moment approximations for mean 
delay E^VFA//G/A;j . As shown, the normalized 3rd moment, #3, of the service distri
bution has a big effect on mean waiting time of an M /H 2/ 10 system (solid line). The 
parameters of the service distribution were held constant at E[£] =  1 and C \  — 19 
with load p = 9. The dashed line shows the standard two-moment approximation of 
(2.1). The values on the a;—axis are the normalized third moment (2.5).

The above normalization for the third moment with respect to the first two moments
E  \Ŝ ~\

is analogous to the definition of the squared coefficient of variation, (7| =  —^ 4  — 1, 
which is the scale-invariant normalization of the second moment with respect to the 
first moment. For positive distributions, 6 3  takes values in the range [l,oo), and 
our ongoing work on approximations for E ̂ VKM/G/fc based on higher moments of 
service distribution suggests tha t 6 3  is the right variable to look at. We will use the 
normalized third moment, #3, throughout the chapter.

Our first interesting observation is tha t the M /H 2/ k  mean waiting time actually 
decreases as the third moment of S  increases. We also observe tha t the existing two 
moment approximation is insufficient as it sits at one end of the spectrum of possible 
values for E . For lower values of the third moment the approximation is
good, but it is very inaccurate for high values. Moreover, any approximation based 
only on the first two moments will be inaccurate for some distribution because the 
span of possible values of mean waiting time for the same first two moments of the 
service distribution is large.
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While the drop in mean waiting time with increasing <93 seems very counter-intuitive, 
this phenomenon can partially be explained by looking at how increasing <93 alters the 
distribution of load among the small and large jobs. Let p(x) represent the fraction 
of load made up by jobs of size smaller than x. If f ( x )  represents the probability 
density function of the service distribution, then,

1

p(x) = m l uf[u)du'

In Figure 2.3, we show p(x) for distributions in the H 2 class with mean 1, C \  =  19 
and different values of 03. As a reference, we also show p(x) for the exponential 
distribution with mean 1. As can be seen from Figure 2.3, increasing #3 while holding 
the first two moments of the H2 distribution constant, causes the load to (almost 
monotonically) shift towards smaller jobs. While the large jobs also become larger, 
they become rarer at an even faster rate so tha t in the limit as 93 —> oo, the p(x) curve 
for the H2 distribution converges to the p(x) curve for the exponential distribution 
with the same mean. Thus as (93 increases, the fraction of smaller jobs arriving into 
the M / H 2/ k  queue increases, thereby causing a smaller mean waiting time. In fact, 
this behavior would hold for any M / G / k  system where the service distribution is a 
mixture of two scaled versions of an arbitrary distribution.

Based on the numerical evidence of the huge variation in E  \ ^ W ? a natural

question tha t arises is: Can this span of possible values of e J w ^ / ^ 2̂ ]  be quantified? 
Lemmas 2.3 and 2.4 in Section 2.5 answer this question. Lemma 2.3 is obtained by 
considering the case of a distribution in the H 2 class with a small value of 93. In 
particular, we consider the case of an distribution (see Definition 2.2) which we 
can prove has the lowest possible third moment of all distributions in the H2 family 
(with any given first two moments), and we derive the exact mean waiting time under 
the # 2  j°bs size distribution. Likewise, Lemma 2.4 is derived by considering the case 
of an H 2 distribution where #3 goes to oo and we derive the asymptotic mean waiting 
time for th a t situation. Since we restrict our attention to a subset of the entire space 
of distributions with given first two moments, our results provide a lower bound 
on the exact span of 'Et \ w M/G/k . However, all known tight bounds for G I / G I / 1 
involving the first two moments of the service distribution are obtained by considering 
two-point distributions. We too conjecture tha t the bounds in Theorem 2.1 are tight, 
whereas the bounds in Theorem 2.2 can be tightened as described in the conjecture 
below:

C o n je c tu re  2.1 For E[5] =  1 any finite C \,

w f s =  ( C | +  l)  E \ w M/Dlk\ for  all p < k
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F ig u re  2.3: Illustration of the effect of the normalized 3rd moment, 03, on the 
distribution of load as a function of job size for the H2 class of distributions. The 
first two moments were held constant at E[5] =  1 and =  19. The distribution 
of the load for exponential distribution with mean 1, labeled E xp(l), is shown for 
reference.

and,

2
w r s =

Y / M / D / k

y y M / D / k +

i f  p  < k — 1
P - ( f c - l ) 1 C l  i t  k- 1 

k—p 2 < P <  1

where is the mean waiting time when all the jobs have a constant size

2.4 Proof of Theorem 2.1
C2 q2

To obtain the bounds on W h s and Wt s in Theorem 2.1, it suffices to show the
existence of service distributions with SCV C 2S which give the desired expressions for

(j2
mean waiting times. To obtain an upper bound on Wt s , we use a corollary of [44], 
Proposition 3.15:

L em m a 2.1 (D aley  [44, P ro p o s itio n  3.15]) For EfS1] =  1, any C \  > 0 and 0 <
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e < i / i *  d e f in e  th e  fo l lo w in g  r a n d o m  va r ia b le  w ith  a tw o -p o in t  d is tr ib u tio n :

1^  f 1 — £ \ f c ^  with probability 1+e2- 

\  1 +  -^7^  with probability

For p < k — 1 and ant/ given G I arrival process,

U m E [ w GI/Die)/k] = E \ w GI/D/k]

where E  \ w GI/D' k'\ is the mean waiting time when the service distribution is deter
ministic 1.

By definition, each distribution in the D ^  family has mean 1 and SCV Cl.  The
c 2

bound on Wl s follows by setting the inter-arrival time distribution to be Exponential 
(G I  =  M ).

c 2To obtain a lower bound on W h s , we consider the following two-point distribution:

d ;
c 2

0 with probability

Cg + 1 with probability c21+1.

It is easy to verify tha t the above distribution has mean 1, squared coefficient of 
variation and #3 =  1. We denote the M /G /k  system with D*2 service distribution 
as M /D ^ /k .

c 2The bound on Wh s follows from the following lemma:

L em m a 2.2 For any p < k and C \  >  0,

E  [ w M/D*/k] = (C 2S +  1)E [ w M/D/k].

P ro o f: Since the scheduling discipline is size independent, the distributions of the 
waiting times experienced by zero-sized jobs and non-zero jobs are identical. Further, 
to find the waiting time distribution experienced by non-zero sized jobs, we can ignore 
the presence of zero-sized jobs. The waiting time distribution of the non-zero sized 
jobs is thus equivalent to the waiting time distribution in an M / D / k  system with 
arrival rate ^ - ¡ -  and mean job size (C | +  1). The latter system, however, is just an 
M / D / k  system with arrival rate A and mean job size 1 seen on a slower time scale, 
slowed by a factor (C | +  1). Hence, the mean waiting time of the original system is 
also (C | +  1) times the mean waiting time of an M / D / k  system with arrival rate A 
and mean job size 1. ■
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2 . 5  P r o o f  o f  T h e o r e m  2 . 2

(j2 q2
As in the proof of Theorem 2.1, to obtain the bounds on W h s and W l s in Theo
rem 2.2, it suffices to show the existence of service distributions with SCV C \  which 
give the desired mean waiting times. To handle the case p  > k  -  1, we resort to 
service distributions in the class of 2-phase hyperexponentials.

c 2To obtain a lower bound on W h s , we consider the following degenerate hyperexpo
nential distribution:

0 with probability
H2 ~  (  \  '

Exp ( c i f l  ) probability cf+i-

It is easy to verify tha t the above distribution has mean 1, squared coefficient of 
variation C | ,  and #3 =  | .  The distribution as defined above has the lowest third
moment among all the H n distributions with mean 1 and SCV Cf:

C laim  2.1 L e t  Un >i { H n \C g }  be the  s e t  o f  a l l  h y p e r e x p o n e n t ia l  d i s t r ib u t io n s  w i th  
f in i t e  n u m b e r  o f  p h a se s ,  m e a n  1 a n d  squ ared  coe f f ic ien t  o f  v a r ia t io n  C g  (C g  >  I ) .  
T h e  #2 d i s t r ib u t io n  ly in g  in  th is  s e t  has th e  s m a l l e s t  th ird  m o m e n t  a m o n g  a l l  the  
d is t r ib u t io n s  in  U n >i { H n \ C g } .

c 2The bound on W h s in Theorem 2.2 follows from the following lemma which can be 
proved along the lines of Lemma 2.2:

Lem m a 2.3 F o r  a n y  p  <  k  a n d  C g  >  I,

Note tha t the bound obtained from Lemma 2.3 is weaker than the bound from 
Lemma 2.2 since < 2 • E . We present Lemma 2.3 here for

c 2
comparison with the corresponding upper bound on W l s in Lemma 2.4 and the 
2-moment approximation (2.1), which involve E .

c 2To obtain a bound on W l s , we consider a sequence of systems parametrized by a 
param eter e in which we f ix  the f i r s t  tw o  m o m e n t s  o f  the  s e rv ic e  d i s t r ib u t io n  analogous 
to Lemma 2.1. The param eter e allows for increasing the third moment as e goes to
0. More precisely, we consider the sequence of queues M / H ^  / k  (see Section 2.5.2, 
Definition 2.3) as e —> 0 and prove the following limit theorem:
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Lem m a 2.4 F o r~ E [S ] =  1 a n d  a n y  f in i t e  C l ,

. . , „O '1 .. 1 i E \yM /M /k

lilT L  E

- <MEi =  I

+  N ^ ]

01

\ E yyM/M/k

i f  p <  k  — 1 

^  i f  p >  k  -  1

w h ere  E ̂ 4/ A//'Vi/fcJ is  th e  m e a n  w a i t in g  t im e  w h en  th e  s e rv ic e  d is t r ib u t io n  is  expo 
n e n t ia l  w i th  m e a n  1 .

The rest of this section is devoted to proving Lemma 2.4. Since the proof of 
Lemma 2.4 involves a new technique, we begin in Section 2.5.1 with a high level 
proof idea. Subsequent subsections will provide the rigorous lemmas.

2 .5 .1  P r o o f  id e a

The key steps involved in the analysis are as follows:

1. We first observe tha t the service distribution is made up of two classes of 
jobs -  small jobs and large jobs. We use N s and Ng to denote the number of 
small and large jobs in system, respectively.

N tM / H (2e)/ k , vanishes as e2. We show tha t the expected number of large jobs, E 

goes to zero; therefore it suffices to consider only small jobs (see Section 2.5.3).

3. For each M/Hr> / k  system, we construct another system, U^e\  which stochas
tically upper bounds the number of small jobs in the corresponding M/Hef* / k  
system. T hat is,

N UM

(see Section 2.5.4).

4. To analyze N ^ (e), we consider two kinds of periods: good periods -  when there 
are no large jobs in the system, and bad periods -  when there is at least one

Dounds on the mean 
N ^ e) | good period

large job in the system. Our approach is to obtain upper 
number of small jobs during the good and bad periods, E

and E [iVst/(<01 bad periodj, respectively, and obtain an upper bound on E ) 
using the law of total probability:

E ^ sc/(e)j =  E [ iV f£)| good periodj Pr[good period]

+  E 1 bad periodj P r[bad  period]
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We obtain upper bounds on the mean number of small jobs during the good 
and bad periods using the following steps (see Section 2.5.5):

(a) We first look at the number of small jobs only at switching points. That 
is, we consider the number of small jobs only at the instants when the 
system switches from a good period to a bad period and vice versa.

(b) To obtain bounds on the number of small jobs at the switching points, 
we define a random variable A, which upper bounds the increment in the 
number of small jobs during a bad period. Further, by our definition, the 
upper bound A is independent of the number of small jobs at the beginning 
of the bad period. To keep the analysis simple, this independence turns 
out to be crucial.

(c) Next we obtain a stochastic upper bound on the number of small jobs at 
the end of a good period by solving a fixed point equation of the form

A  = ${A + A)

where A  is the random variable for (the stochastic upper bound on) the 
number of small jobs at the end of a good period, and $  is a function that 
maps the number of small jobs at the beginning of a good period to the 
number of small jobs at the end of the good period.

(d) Finally, we obtain the mean number of small jobs during the good and 
bad periods from the mean number of small jobs at the switching points.

5. Similar to U^e\  for each M / H ^ / k  system, we also construct a system, LS€\  
which stochastically lower bounds the number of small jobs in the correspond
ing M /H rf* /k  system. T hat is,

N M in f /k  > si n lM

(see Section 2.5.6). We omit the analysis of L & since it is similar to analysis 
of . Note, tha t we indeed obtain

Convergence of E 
bounds.

6. Finally, we use L ittle’s law to obtain mean waiting time, E

follows from convergence of its upper and lower

\ y M/H2 ) , from

the mean number of waiting jobs, E N M/H(2e)/k
P-
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2 .5 .2  P r e l im in a r ie s

Below we give a formal definition of the H le) class of service distributions.

D efin ition  2.3 We def in e  a f a m i l y  o f  d i s t r ib u t io n s  p a r a m e tr i z e d  by e as  fo l lo w s :

H ?  =
Exp f/4eM p ro b a b i l i ty  p ^

Exp u ' i f  M w ith  p r o b a b i l i ty  1 — p ^

fj,^ > f i f \  w h ere  ¡if* a n d  p ^  sa t i s fy ,

p ^  1 —  p

~iFi +

(«0

P(e)
+  2

/4€) 
i — ]it]

=  E [S (e)] =  1

4 C)) (M f)
E

p

A l ) )

(*

(*

=  c l  + 1

For proving the upper bound on the lower bound WL s of E[W], we look at E

as e —> 0. T hat is, the third moment of service time goes to oo. Below we present 
some elementary results on the asymptotic behavior3 of the parameters of the

3We will use the following asymptotic notation frequently in this chapter: We say a function 
/¿(e) is:

1. e(g (e ) )  if

0 < lim inf£—►0
h(e)
d(t)

< lim sup
e— *0

h(e)
9(e)

< oo

Intuitively, this means that the functions h and g grow at the same rate, asymptotically, as 
e 0.

2. o(g(e)) if

lime—»0
h(e)
g(t)

= 0

Intuitively, h becomes insignificant when compared with g, asymptotically, as e —» 0.

3. 0(g(e)) if

h(e)lim sup
e— 0 g(t)

< oo
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distribution, which will be used in the analysis in Section 2.5.5.

Lem m a 2.5 T h e  ¡¿f*, ¡ i f  a n d  p ^  can be ex p resse d  in  t e r m s  o f e as :

^  =  1 +  § (c g  -  l ) 2e + 0 (e2)

/4   ̂ =  3( C | — l)e  +  18(71(01 — l)e 2 +  0 (e 3) 

p (e) =  1 -  ^(C7| -  l ) 3e2 -h 0 (e3)
2

Proof in Appendix 2.A. 

C orollary 2.1 A s  e —> 0,

Corollary 2.1 formalizes the observation we made from Figure 2.3: As the third 
moment grows, asymptotically, all the load is made up o n ly  by the small jobs, whose 
mean approaches 1. While the mean size of the large jobs also grows linearly in the 
third moment (asymptotically), the probability tha t a large job arrives vanishes at 
a faster rate. Thus, intuitively, our M / H ^ / k  system rarely encounters a large job 
in the limit as e —> 0.

It is im portant to point out that, as e —> 0, the distribution converges in dis
tribution to the E xp(l) distribution. Thus, the stationary queue length and waiting 
time distributions of the sequence of f k  systems also converge in distribution
to the queue length and waiting time distributions of the corresponding M / M / k  
system [30, 139]. However, convergence in distribution of the waiting time d oes  n o t  
imply convergence of the mean waiting time; namely, it is possible that

lim Ee—>0

Indeed, (2.6) can be verified for k = 1 where the mean waiting time is given by 
the Pollaczek-Khintchine formula (2.4). Lemma 2.4 proves tha t the non-convergence 
(2.6) holds more generally for the M / H ^ / k  system when p  >  k  — 1.

That is, h is either Q(g(e)) or o(g(e)).
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D aley [44] proved an  analogous non-convergence resu lt by considering a  class of 
service d is trib u tio n s , S^e\  w hich includes service d is trib u tio n s . He fu rth e r con
jec tu red  [44, C o n jec tu re  3.19] an  expression for th e  difference,

l i m E [ w GI/si£)/k] -  E [ w GI/s/k],

w here S  den o tes th e  lim iting  service d is trib u tio n . T h e  p roof of L em m a 2.4 verifies 
D a ley ’s co n jec tu re  for th e  case of Poisson arrival process an d  H 2 service d is trib u tio n .

2.5.3 B ounding th e  num ber of large jobs

T h e  following lem m a proves th a t  to  b ound  th e  m ean  num ber of jobs in an  M / H ^ / k  
system  w ith in  o ( l) ,  it suffices to  consider only th e  sm all jobs.

Lem m a 2.6 E N, =  0(1)

Proof: W e will u p p e r bo u n d  th e  expected  num ber of large custom ers in th e  system
by (a) g iv ing h igh p rio rity  to  th e  sm all custom ers an d  le ttin g  th e  large jobs receive 
service only  w hen th e re  are  no sm all jobs in th e  system , an d  (b) by allow ing th e  large 
custom ers to  be served by a t  m ost one server a t any tim e. F u rth er, we increase th e  
arrival ra te  of sm all custom ers to  A an d  increase th e  m ean size of th e  sm all custom ers 
to  1. B y n o t being  w ork conserving, increasing  th e  arrival ra te , an d  m aking  sm all 
jobs s to ch astica lly  larger, th e  m odified system  can  becom e overloaded. However, 
since we are  only in te re sted  in th e  asy m p to tic  behavior as e —* 0, it suffices to  find 
an  e' such  th a t  th e  above system  is s tab le  for all e <  e'. T h is  is indeed  tru e  for

p(Cj,+l)2 -,
4(1 -p/k) I" 1 (See p roo f of L em m a 2.9).

For brev ity , we use M( a ) / M( b ) / k  to  deno te  an  M / M / k  queue w ith  arrival ra te  

a an d  service ra te  b. Let be th e  s te ad y -s ta te  num ber of custom ers in an
M  (A (l — p ^ ) )  / M  ( /4 ^ )  A  queue w^ h  service in te rru p tio n s , w here th e  server is 
in te rru p te d  for th e  d u ra tio n  of th e  busy  period  of an  M ( X ) / M ( l ) / k  queue. I t  is easy 
to  see th a t

E N t
M/H{2e)/k < E Nt (e)

T h e  p ro o f is com pleted  by th e  following lem m a:

Lem m a 2.7 E N i « =  o (l)

Proof in A ppendix 2 .A.
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Good period Bad period Good period

Number of 
large jobs

Large job arrives
Gets preemptive prio at server 1

Third large job arrives
Queues up at server 1

Queues up at server 1 
Service of small jobs cease;

Service of small jobs resume;

Figure 2.4: C o n stru c tio n  of system  U ^  w hich u p p er bounds th e  num ber of jobs in 
an  M / H ^ / k

2.5.4 C o nstruc tion  of J J ^ ': th e  upper bounding system  for
N M/H^/k

F igure  2.4 illu s tra te s  th e  behavior of system  U ê\  w hich u p p er bounds th e  num ber of 
sm all jobs in an  M / H ^ / k .  D enote periods w here th e re  are  no large jobs (including  
w hen th e  system  is idle) as good periods, and  periods w hen th ere  is a t  least 1 large 
job  as a  bad period . D uring  a  good period , th e  sm all jobs receive service accord ing  
to  a  n o rm al k server F IF O  system . As soon as a  large job  arrives, we say th a t  a  bad  
p erio d  begins. T h e  b ad  period  consists of up  to  2 phases, called bad' an d  bad". A 
b ad ' ph ase  sp an s th e  tim e from  w hen a  large job  first arrives u n til e ith er it leaves 
or a  second large jo b  arrives (w hichever happens earlier). A bad" phase occurs if a  
second large jo b  arrives w hile th e  first large job  is still in th e  system , an d  covers th e  
p erio d  from  w hen th is  2nd large job  arrives (if it does) u n til th e re  are  no m ore large 
jobs in th e  system .

T h e large jo b  s ta r t in g  a  bad  period  p reem pts th e  sm all job  a t  server 1 (if any) an d  
s ta r ts  receiv ing  service. T he  sm all jobs are served by th e  rem ain ing  (k — 1) servers. 
If a  second large jo b  arrives du ring  a  bad  period  while th e  first large job  is still in 
system , s ta r t in g  a  bad" phase, we cease serving th e  sm all jobs an d  con tinue serving 
th e  large jo b s by only server 1 un til th is busy  period  of large jobs ends (th ere  are  no 
m ore large jobs). W hen  th e  last large job  leaves, we resum e th e  service of sm all jobs
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A nalyzing  system  U (e) is sim pler th a n  analyzing  th e  correspond ing  M / H ^ / k  system  
because in  f / (e), th e  large jobs form  an  M / M / 1  system  indep en d en t of th e  sm all jobs, 
due to  p reem p tiv e  p rio rity  an d  service by only one server. T he  sm all jobs o p e ra te  in 
a  ran d o m  env ironm en t w here th ey  have e ither k, (k — 1) or 0 servers.

Lem m a 2.8 The number of small jobs in an M / H ^ / k  system, ^ , is stochas
tically upper bounded by the number of small jobs in the corresponding system  U ^ \
Nr -

Proof: S tra ig h tfo rw ard  using s to ch astic  coupling. ■

S tab ility  o f sy stem  U ^ :  Since system  U ^  is n o t work conserving, th e re  are  values 
of e for w hich it is u n stab le , even w hen p <  k. T herefore we re s tr ic t our a tte n tio n  to  
th e  following range  of e:

according to  a normal k server FIFO system .

L em m a 2.9 The upper bounding system, U ê\  is stable for e <  e' where

e' =  \
p {C l  +  1):
4(1 -  p/ k)

+  1

- l

P ro o f in  A p p en d ix  2.A.

2.5.5 A nalysis of system

F igure  2.5 in tro d u ces  th e  n o ta tio n  we will use in th is  section. Since in th is  section 
we focus on ly  on th e  analysis of system  U ê\  we will om it su p ersc rip tin g  th e  random  
variab les used in analysis by U ^  for readability . Unless explicitly  su p ersc rip ted , 
ran d o m  variab les correspond  to  th e  U ^  system . We define th e  following random  
variables:

•  N* =  th e  num b er of sm all jobs at the end of a  good period , th a t  is, w hen th e  
system  sw itches from  a  good to  a  bad  period

•  N *b =  th e  n um ber of sm all jobs at the end of a  bad  period , th a t  is, w hen th e  
sy stem  sw itches from  a  b ad  to  a  good period

•  N S)g =  th e  tim e  s ta tio n a ry  num ber of sm all jobs during a  good period

•  N s b̂ =  th e  tim e s ta tio n a ry  num ber of sm all jobs during a  b ad  period
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•  A v  =  th e  increment in th e  num ber of sm all jobs du ring  a  b ad ' period  (w hen 
sm all jobs have (k — 1) servers available)

•  A y(n)  =  th e  increment in th e  num ber of sm all jobs du ring  a  b ad ' period  given 
th a t  th e  b ad ' period  begins w ith  n sm all jobs

•  A b" =  th e  increment in th e  num ber of sm all jobs du ring  a  b ad"  period  (w here 
th e  service of sm all jobs has been blocked)

• A*, = A{,/(0) + Ab"

W e d en o te  th e  frac tio n  of tim e  sp en t in a  good, bad , b ad ' an d  bad" phase by Pr[p], 
Pr[6], Pr[6'] an d  Pr[6"] respectively.

By th e  law  of to ta l  p robability ,

E [Ns] =  E[iVsjP r[p ] +  E[iVs,6]Pr[6] (2.7)

In S ection 2.5.5, we derive s to ch astic  u p p er bounds on N s>g an d  N s whi ch give us 
an  u p p e r b o u n d , (2.9), on E[ NS\. In Sections 2.5.5 an d  2.5.5, we derive expressions 
for th e  q u an titie s  ap p earin g  in (2.9). T hese are used to  o b ta in  th e  final u p p er b ound  
on E[Afs] in S ection 2.5.5.

S toch astic  B ounds

O btain ing a stochastic  upper bound on N Sj9 : L et $(^4) be a m app ing  betw een 
non-negative  ran d o m  variables w here $ ( A)  gives th e  random  variab le for th e  num ber
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of sm all jo b s a t th e  end  of a  good period, given th a t  th e  num ber a t  th e  beg inn ing  of 
th e  good p erio d  is given by A.  L et N*  be th e  so lu tion  to  th e  following fixed po in t 
equation :

= * ( K ,  + A *>) (2-8)

Lem m a 2.10

N  =  N* <  * N*S , g  s , g  — St l y Sjg

P ro o f sketch: T h e  first re la tio n  follows since th e  leng th  of a  good period  is
ex p o n en tia l an d  its  te rm in a tio n  is independen t of th e  num ber of sm all jobs. Hence, 
by conditional PA STA  [148] (see also [69] for a  sim ilar use of cond itional PA STA ),

N  =  N*s , g  s , g

In tu itively , A& sto ch astica lly  u p p er bounds th e  increm ent in th e  num ber of sm all 
jobs d u rin g  a  b ad  p erio d  since it assum es th e re  were zero sm all jobs a t  th e  beginning  
of th e  b ad  p erio d  an d  hence ignores th e  d ep a rtu res  of those sm all jobs. T herefore, 
solving th e  fixed p o in t eq u a tio n  (2.8) gives a  stochastic  u p p er b o u n d  on N* . A 
form al p ro o f of th e  s to ch astic  inequality  is in A ppend ix  2.A. ■

O btain ing a stoch astic  upper bound on N s  ̂ : T he  requ ired  u p p er bo u n d  is 
given by  th e  following lem m a.

Lem m a 2.11

N sfi <st N +  Afe/(0) +  Ib"\bA X (Tb"e)

where A \(Tb»e) is the number of arrivals of a Poisson process (with rate X) dur
ing a random tim e interval Tb»e denoting the excess of the length of a bad" period, 
and where I w\b denotes an indicator random variable which is 1 with probability 
Pr[6"]/Pr[6],

P ro o f sketch: O bserve th a t  th e  first te rm  in th e  u p p er bo u n d  is a  s to ch astic  u p p er
bo u n d  on th e  n u m b er of sm all jobs a t  th e  beginning  of a  bad  period . T h e  second 
te rm  d eno tes a  s to ch astic  u p p er bo u n d  on th e  increm ent in th e  num ber of sm all jobs 
d u rin g  a  b ad ' phase. F inally, th e  th ird  te rm  denotes th e  “average in c rem en t” in th e  
n um ber of sm all jobs du rin g  a  bad" phase. See A ppend ix  2. A for th e  com plete  proof.
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E [Ns] <  E[7Vs*9] P r [ 3 ] +  E[iVs*3 +  A y (0) +  Iv ,]bA x ( 7 > e)]Pr[(>] (2.9)

To com plete  th e  proof, we need expressions for each of th e  q u an titie s  in equa
tio n  (2.9). In  Section 2.5.5 we will o b ta in  expressions for E [A ^(0 )] for th e  cases
p <  k — 1 an d  p >  k — 1. In Section 2.5.5 we will o b ta in  E^iV*5 . However, to

do th is , we will need th e  first tw o m om ents of A*,, E [A J  an d  E[A^], w hich are also 
derived in Section  2.5.5.

To o b ta in  P r[6 ], recall th a t  th e  large jobs form  an  M / M / 1  system . H ence (see 
L em m a 2.5 for expressions for p  an d  /^ ) ,

W l _  Ue)\
Pr[6] =  P r [ >  1 large job] = ------- rr-----

/4

+  0 (e ‘2) (2.10)

Combining the bounds on NSi9 and iVS)6, we get an upper bound on E[iVj:

3 p (C | — l ) 2e ,
2

T h e  following asy m p to tic  behav io r of ^ ^ - E [ A a (T^/e)] is proved in th e  p roof of 
L em m a 2.14:

I ^ E [ A a ( 7 1 0 1  =  6 ( 1 )  (2-11)

In Section 2.5.5, we perform  th e  final ca lcu lations by su b s titu tin g  th e  above q u an titie s  
in to  (2.9).

O btain ing E[A&] and E[A f]

R ecall th a t  we defined,

At = Ab/(0) +  Ay/

w here A 6/(0) is th e  random  variab le for th e  num ber sm all jobs a t  th e  end  of a  b ad ' 
phase  given th a t  it s ta r ts  w ith  0 sm all jobs an d  A v< is th e  num ber of sm all of jobs 
th a t  arrive  d u rin g  a  bad" phase.

L em m a 2.12 gives th e  expressions for E[A&/(0)] and  E[Ajy(0)]. L em m a 2.14 gives 
th e  asy m p to tic  expressions for E [A 6//] an d  E[Ag„] w hich will be sufficient for our 
pu rposes of o b ta in in g  E [Ns\ w ith in  o ( l) .
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Lemma 2.12
Case: p < k — 1

E [A y(0 )] =  0 (1 )  

E [ a £(0)1 = 0 ( 1 )

Case: p > k — 1

E| ^ |0)' - ( 3 ( ~ 4 +  9< 1)

Proof: We can think of A^O) as the number of jobs in an M / M / k — 1 with arrival
rate As =  Ap and service rate ps at time T  ~  Exp (/3) (/3 =  A(1 — p) +  He) given that 
it starts empty. Let us call this N M(̂ Xŝ M^ s^k~l (T ). Let Â M̂Aŝ M̂ fc-1)/iŝ 1(T) be 
the number of jobs in an M /M /1  with arrival rate As and service rate (k — l ) ps at 
time T  given that it starts empty. Then,

yyM(As)/M((fc— ^  (\s)/M(ns)/k-l jyM(\s)/M((k-l)ns)/l ̂  ̂  ̂

(2.12)

To see why (2.12) is true, first note that using coupling, A/’M(As)/M̂ s)/fc_1 (T) can be 
(stochastically) sandwiched between A/’M̂Aŝ A//̂ fc_1^s^1(T) and the number of jobs 
in an M / M / k  — 1 where the service is stopped when the number of jobs goes below 
k — 1. Finally, again using coupling, the number of jobs in this latter system can be 
stochastically upper bounded by A/’M̂Aŝ M̂ fe_1^s^1 (T) + [k — 1 ).
Therefore, using (2 .1 2 ), we only need to evaluate the first and second moments of 
N M{\s)/M{{k-i)ns) / i ^  to obtain E[A;/(0)] and E[A2,(0)] within an error of 0(1) and 
0(E[A6/(O)]), respectively. We do this next.
C a s e :  p < k — 1
For this case the M / M / k  -  1 system is stable during bad' phases, and hence

E[A*(0)] = 0(1) 
e [ a 2 (0)] =  0(1).

C a s e :  p > k — 1
The following lemma gives the expressions for the first and second moments of 
N M(\s)/M((k-l)ns)/l(T j for thg case p >  k — 1.
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E^i\rM(As>/M((fc-1>̂ s)/1(T)J =  + 0 ( 1 )
P

E^(A^Ai Âŝ M^fc-1^ s^ 1(T ))2J =  2 ~  ~  1 ) / ^  _|_ q

L e m m a  2 .1 3  Let T ~  E xp(/3) and Xs > (k — 1)/j,s. Then,

P r o o f  o f  L e m m a  2 .1 3 : See A p pen d ix 2.A.

Now, using the inequality (2.12) and Lem m a 2.13, and substitutin g in the expressions 
for fj,a, Xs and ¡it from Lem m a 2.5 :

E [ A b/(0)] =  E  [jVM(As)/M(Ais)/fc_1 (T)] 

<  E[A/’M Âs^M^fc-1^ s^ 1(T)] + 0 ( 1 )

^S (^ l)/^i

and,

P
Xp — (k — 1 )/i6

+  0 (1 )  

+  0 (1 )A(1 - p )  +  iie
A(l-0(62))-(/c -!)(!  + 0(e))

A 0 (e2) + ( 3 ( 0 2 - 1 ) 6 +  0 (e 2)) 

( p - { k -  1))

+  0 (1 )

3 ( 0 f  -  l)e
+  0 (1 )

e [a J ( 0)] = E  ÂTM^ ) / M^ ) / fc- 1( T ) ) :

<  E

=  2

+  0 ( -

+  e , I  U o ( I

3 (C |  — l)e  J +  U

L e m m a  2 .1 4  The asymptotics for the first and second moments of A b» are given 
by:

E[Afe//] =  0 (1 )
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Proof: See A ppendix 2.A.

e K '] = © ©

O b t a in in g  E

W e w ill use the following lem m a to obtain  E  N,s,g

L e m m a  2 .1 5  Consider an M / M / k  system with arrival rate A and mean job size 
H~l . We interrupt this M / M / k  system according to a Poisson process with rate a, 
and at every interruption, a random number of jobs are added to the system. The 
number of jobs injected are i.i.d. random variables which are equal in distribution to 
some non-negative random variable A. Let N^Int  ̂ denote the number of jobs in this 
M / M / k  system. //E [A ] =  o we have,

E k r ( /rii)l =  e  \NM/M/k] +  +  o (l) .
L J J k/j, — A

P ro o f in A p p en d ix  2.A .

To use the above lem m a, we w ill consider an M / M / k  w ith  arrival rate Ap^e\  m ean 

job  size -Jtj, a — A(1 — p ^ )  and A = Af,. Using the expression for E [A J  derived in 

Section 2.5.5, one can check th at the condition of Lem m a 2.15 is m et. Therefore,

e [ a t s*9] =  E [ N M/M/k] +  +  o( 1) (2.13)

S u b stitu tin g  E [A f] from Section 2.5.5 and using Lem m a 2.5,
C a s e :  p < k — 1

=  E  [NM' M' k] + +  ° ( ! )

=  E \ N M/M/k} + o (  1)

E

C a s e :  p > k — 1

1 A ( § ( C |  -  1 ) V )

^ n + ; , / r

= E [N M/M/k] + [p — (k — l)]2 ° s ~  1 +  o (l)
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R ecall the expression for upper bound on E [N S] from equation (2.9):

E[TV.] <  e [tv; 9](1  -  Pr[6]) +  E ^  +  A„,(0) + 1 ^  (71>»e) ] P r [6]

P u t t in g  it  to g e th e r :  U p p e r  b o u n d  o n  E [Ns\

E [N
Pr b"1

from Section 2.5.5, E[A^(0)] from Lem m a 2.12, 

A \  (Tft//e)] from E quation (2 .11) into the above
equation, we get: 

C a s e :  p < k — 1

E [Ns] < E [N M/M/k] + o (  1)

C a s e :  p > k — 1

E[iVs] <  U [ N M̂ k] + [p -  (k -  1)]
C l  -  12

+ { i ^ L z M  + e W )  f 3 p ( C l - l ) 2e | + o ( 1 )
3(Cl -  l)e ' ’)  V 2

=  e ^ m / m a ]  +  _ Z _  [p _ {k _  1}]2 9 s z l  + p \ p - ( k -  1)] +  0(1)

=  E [jV M/M/fc] +  [p -  (k -  1)] + o ( l)

C a s e :  p — k — 1
T h e  critical case p =  k — 1 is difficult to handle directly. However, we can infer the 

lim it

lim E
e—>0

from  the preceding analysis to obtain  upper bounds for the cases p < k — 1 and 
p > k — 1, and the m atching lower bounds obtained via  analysis of the system  
described in Section 2.5.6 as follows. For each e, let / ^  : [0, k) —> Mq denote the 

function m apping the load p to the m ean num ber of jobs in an M / H ^ / k  system , 

E ^ V M/ii(e)/fcJ. Let /(•) be the point-w ise lim it of f ^ ( - )  as e —> 0. Since each f ^  is 
a m onotonic function, /  is also m onotonic. Further,

lim / ( p ) =  lim f{p) = E[iVM/M/fcl. p]k—1 pik—l L J
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F ig u r e  2 .6 : C onstruction  of system  which lower bounds the number of jobs in 
an M / H ^ / k

Thus we conclude,

f  {k -  1) =  lim E
»0

—  e [  N M/M/k 
p = k - l  *■

2.5.6 C onstruc tion  of L ^ :  th e  lower bounding system

C a s e :  p >  k — 1
Figure 2.6 shows the behavior of system  L ^  for this case. A s before, denote the 

periods w here there are no large jobs in the system  as good periods, and periods 
w hen there is at least 1 large job  as bad periods. D uring a good period, the small 
jobs receive service according to a norm al k server F IF O  system . A s soon as a 
large jo b  arrives to begin the bad period, all the sm all jobs currently in the system  
instantaneously com plete service. T h a t is, the system  restarts w ith  1 large job. 
A n y  large jobs th at arrive during this bad period com plete service instantaneously. 
Further, whenever there are fewer than ( k — 1) sm all jobs in the system  during a bad 

period, th ey  are collectively  served at a to ta l rate of (k — l)/-4^-

C a s e :  p <  k — 1
For this case we can consider an alternate lower bounding system  which simplifies the 
analysis. In the lower bounding system , L^e\  all large jobs instantaneously com plete 
service on arrival. Thus the num ber of large jobs is alw ays 0 and the number of small 
jobs behaves as in an M / M / k  w ith arrival rate A a n d  m ean job  size -^y.

Ms

L e m m a  2 .1 6  The number of small jobs in an M / H ^ / k  system, N s  ̂ 2  ̂ , is 
stochastically lower bounded by the number of sm all jobs in the corresponding system

41



L^e\  N g(e).

P r o o f :  S traightforw ard using stochastic coupling.

S k e t c h  o f  A n a ly s is  o f  L ^

C a s e :  p > k — 1
T h e analysis o f system  L ^  is sim plified because the large jobs form an M /M /1 /1  
system  independent of the sm all jobs. T h e length of a bad period is distributed as 

E xp  (/4 ) and the length of a good period is distributed as E xp ^A(l — p^ ) V  Fur

ther, during a bad period, the num ber of sm all jobs behaves as in an M /M /1  queue 
w ith  arrival rate Ap ^  and service rate (k — l)/4  startin g w ith  an em pty system . 
Therefore, the d istribution  of the num ber of sm all jobs at the end of bad periods 
(and hence, by conditional P A S T A , the distribution of the tim e average num ber of 
sm all jobs during the bad periods) in system  L ^  can be derived along the lines of 
proof o f Lem m a 2.12. To com plete the proof we need to find the statio n ary  mean 
num ber o f sm all jobs at the end of good periods (and hence, by conditional P A S T A , 
the sta tio n ary  m ean num ber of sm all jobs during the good periods). T h is is equiva
lent to  finding the m ean num ber of jobs in an M / M / k  at tim e T  E xp  (A(l  - p ) ) ,  
startin g  at t = 0 w ith  num ber of jobs sam pled from the distribution of the num ber of 
sm all jobs at the end of bad periods. To do this, we start w ith  Eqn. (2.50), proceed 
as in the proof o f Lem m a 2.13 by finding the root of the denom inator in the interval 
[0,1) and equating the num erator to zero at this root. W e then follow the proof of 
Lem m a 2.15 to obtain  the m ean num ber of jobs at tim e T.

C a s e :  p < k — 1
A s stated  earlier, in constructing the lower bound system  Z/e\  we assume th at the 
large jobs com plete service instantaneously on arrival. Therefore, the num ber of 
large jobs in the system  is 0 w ith probability  1. T h e distribution of the tim e average 
num ber of sm all jobs in the system  is given by the statio n ary  distribution in an 

M / M / k  F C F S  system .

2 .6  E f f e c t  o f  h i g h e r  m o m e n t s
In Theorem s 2.1 and 2.2, we proved th at the first two m oments of the service dis
tribu tion  alone are insufficient to approxim ate the m ean w aiting tim e accurately. In 
Section 2.3, by m eans of num erical experim ents, we observed th at w ithin the H2 
class of distributions, the norm alized third m om ent of the service distribution has a 
significant im pact on the m ean w aiting tim e. Further, we observed th at for H2 ser
vice d istributions, increasing the norm alized third  m om ent causes the m ean w aiting
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tim e to drop. It is, therefore, only natural to ask the following questions: A re three 
m om ents of the service d istribution  sufficient to  accu rately  approxim ate the mean 
w aiting tim e, or do even higher m om ents have an equally significant im pact? Is the 
q ualitative  effect of 4th and higher m om ents sim ilar to  the effect of the 3rd moment 
or is it the opposite? In this section, we touch upon these interesting and largely 
open questions.

C g  =  19 Cl  =  99
E  [W] $3 E  [W #3

2-mom ent approx. (Eqn. 2.1) 6.6873 - 33.4366 -
W eibull 6.0691 4.2 25.9896 8.18

Truncated  P areto  (a  =  1.1) 5.5241 4.24 24.5788 6.30
Lognorm al 4.9937 20 19.5548 100

Truncated  P areto  (a  =  1.3) 4.8770 7.59 18.8933 16.85

Truncated  P areto  (o; =  1.5) 3.9504. 20 10.5404 100

T a b le  2 .2 : R esults from sim ulating an M / G / k  w ith  k — 10 and p — 9 (confidence 
intervals om itted). A ll service distributions have ~E[S} =  1.

C g  =  19 C\ — 99

E  [W] #3 E  [W] $3
2-m om ent approx. (Eqn. 2.1) 0.2532 - 1.2662 -

W eibull 0.1374 4.2 0.4638 8.18

T ru n cated  P areto  (a = 1.1) 0.0815 4.24 0.2057 6.30

Lognorm al 0.0854 20 0.2154 100

Tru ncated  P areto (a  =  1.3) 0.0538 7.59 0.0816 16.85

Tru ncated  P areto (a  =  1.5) 0.0355 20 0.0377 100

T a b le  2 .3 : R esults from sim ulating an M / G / k  w ith  A; =  10 and p =  6 (confidence 
intervals om itted). A ll service distributions have E [S] = 1.

W e first revisit the sim ulation results of Table 2.1. Table 2.2 shows the sim ulation 
results o f T able 2.1 again, but w ith an additional colum n -  the norm alized third 
m om ent of the service distribution. W e have om itted the confidence intervals in 
T able 2.2. O bserve th at the lognorm al distribution and the P areto distribution w ith 
a = 1.5 have identical first three moments, yet exhibit very different m ean w aiting 
tim es. T h is  behavior is com pounded w hen the system  load is reduced to p =  6 
(Table 2.3). A s we saw in Section 2.3, the disagreem ent in the m ean w aiting tim e for 
the lognorm al and the truncated Pareto d istribution can be p artly  explained by the
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Figure 2.7: T h e distribution of load as a function of job  size for the lognorm al 
and bounded P areto  (o; =  1.5) distributions for two values of squared coefficient of 
variation. A lth o u gh  the lognorm al and Pareto distributions have identical first three 
m om ents, the d istribution  of load am ong different job  sizes is drastically  different.

very  different looking p (x ) curves for these distributions, shown in Figure 2.7. T h e  
bulk of the load in the lognorm al distribution is com prised of larger jobs as com pared 
to the trun cated  P areto  distribution.

T h e exam ple of lognorm al and P areto (a  =  1.5) distributions suggests th at even 
know ledge of three m om ents of the service distribution m ay not be sufficient for 
accu rately  approxim ating the m ean w aiting tim e. So what is the effect of higher mo
ments on the mean waiting tim e?  To begin answering this question, we will follow 
a sim ilar approach as in Section 2.3 where we looked at the H2 service distribution. 
However, we first need to expand the class of service distributions to allow us control 
over the 4th m om ent. For this purpose, we choose the 3-phase degenerate hyperexpo
nential class of distribution, denoted by H 3 . A nalogous to the distribution, H3 

is the class of m ixtures of three exponential distributions where the m ean of one of 
the phases is 0 (see D efinition 2.2). Com pared to  the H 2 class, the H 3 class has one 
m ore param eter and thus four degrees of freedom, which allows us control over the 
4th m om ent w hile holding the first three m om ents fixed.

W e now extend the num erical results of Figure 2.2 by  considering service distributions 
in the # 3  class w ith  the sam e m ean and S C V  as the exam ple illustrated in Figure 2.2.
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(a) e3 =  3 (b) 03 =  20

F ig u r e  2.8: Illustration  of the effect of 4th m oment of the service distribution on 
m ean w aiting tim e of an M / H £ /10 system  for two values of the norm alized third 
m om ent. D ashed line shows the m ean w aiting tim e under an H2 service distribution 
w ith  the sam e first three m om ents and the light dotted line shows the m ean w aiting 
tim e under an service distribution w ith  the sam e first two m om ents as the 
distribution. T h e  m ean and squared coefficient of variation of the service distribution 
were held constant at E[*S] =  1 and C f  =  19 w ith  load p = 9 (same as Figure 2.2).

To dem onstrate the effect of the 4th m oment, we choose two values of d3 and plot the 
E [W] curves as a function of the 4th m om ent in Figure 2.8. A s a fram e of reference, 
we also show the m ean w aiting tim e under the H2 service distribution (with the same 
first three m om ents as H£) and th at under distribution (with the sam e first two 
m om ents as HJ).

A s is evident from  Figure 2.8, the fourth m oment can have as significant an im pact 
on the m ean w aiting tim e as the third moment. A s the 4th m oment is increased, 
the m ean w aiting tim e increases from E t o  E  1. Therefore, the
q u alitative  effect of the 4th m oment is opposite to th at or the third! moment.

T h e effect of the fourth m om ent also helps explain the disagreem ent between the 
m ean w aiting tim e for the lognorm al, the trun cated  P areto (a; =  1.5) and the H2 
distributions. For the case C\  =  19, the lognorm al distribution has a much higher 

4th m om ent ( E ^ 4] =  64 x  106) than the P areto  ( E [ 5 4] =  5.66 x  10()) and the H2
( E ^ 4] =  4.67 x  106) distribution w ith  03 =  20. W hile this is a possible cause for
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a higher m ean w aiting tim e under the lognorm al distribution, there is still disagree
m ent betw een the m ean w aiting tim e under the lognorm al distribution and the 
d istribution  (see F igure 2.8) w ith  the sam e first 4 m oments, indicating th at even 
higher m om ents are p layin g an im portant role as well! In the next chapter, we will 
conjecture and provide an alytica l and sim ulation evidence for sharp bounds on the 
m ean w aiting tim e in term s of m om ents of the service distribution.

In conclusion, by looking at a range o f distributions including hyperexponential, 
P areto  and lognorm al distributions, we see th at the moments of the service distribu
tion m ay not be sufficient to accu rately  predict the mean w aiting tim e. Further, for 
d istributions such as the lognorm al distribution which are not uniquely determ ined 
by their m om ents, no finite num ber of m om ents m ay suffice. O ther characteristics, 
such as the d istribution  of load am ong the sm all and large job  sizes, m ay lead to 
m ore accu rate approxim ations.

2 .7  S u m m a r y  a n d  O p e n  Q u e s t i o n s

In this chapter, we addressed the classical problem  of approxim ating the m ean w ait
ing tim e of an M / G / k  queueing system , which has been at the heart of queueing 
th eory  since its beginnings, and is the key hurdle in answering the question: W h a t is 
the m inim um  num ber of servers necessary for a given Q oS guarantee. In the absence 
of exact analysis, m ost work in literature on this problem  has proposed approxim a
tions which are functions of at m ost the first two m oments of the service distribution. 
A s the m ajor contribution of this chapter, we proved th at it is im possible to develop 
any approxim ation based on only the first two m oments of the service distribution 
th a t is accu rate for all service distributions. Specifically, we proved th at specifying 
the first two m om ents of the service distribution insufficiently lim its the range of 
possible values of m ean w aiting time: T h e m axim um  value of this range can be as 
m uch as ( C j  +  1) tim es the m inim um  value. W e also, conjecture th at the bounds 
derived in this chapter are sharp given the first two m oments.

W e w ill continue to explore the question of m om ents-based bounds in C hap ter 3.

I m p a c t :  T h e m ajor contribution of this chapter has been to deepen the understand
ing of the M / G / k  queueing system  which we believe would lead to tighter analysis, 
and hence efficiently provisioned server farms. In addition, we also advocate a new 
perspective for developing approxim ations for queueing system s: by exploring the 
worst case deviation  of the perform ance o f a queueing system  from the proposed 
approxim ation -  a perspective th at is ubiquitous in the theoretical com puter science 
com m unity but not well-assim ilated in the stochastic analysis comm unity.
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O p e n  P r o b le m s :  W h a t partial characterizations of the service distribution (i.e., 
independent of k and p) are representative for the purpose of approxim ating M / G / k  
m ean w aitin g tim e? O ur experim ents suggest th at moments are not the ideal job 
size characteristic  on which to  base approxim ations for m ean w aiting tim e. T h e 
m om ent sequence can be useful if one of the m oments (appropriately norm alized) 
is sm all. A s an exam ple, if the service distribution has a sm all norm alized third 
m om ent, then an approxim ation based on only the first two m oments is likely to 
be accurate. However, there are also m any service distributions, e.g., the lognorm al 
d istribution  (whose m om ents are all high), for which moments are not useful in 
accu rate ly  predicting m ean w aiting time.

2.A Proofs

P r o p o s i t io n  2 .1  Let E \ w Mlu >k\ be the mean waiting time in an M / M / k  with 
mean job size 1. For all values of k >2 ,  p G [k — 1,/c) and C\  >  1,

Cl  +  1
+

p - ( k -  1)

k — p
C l -  1

P r o o f :  O ur aim  is to prove th at for k > 2, p >  k — 1 and C'| >  1

P ~ {k — 1)
k — p

C l -  1
(2.14)

R ecall th at we take E [S] = 1 w ithout loss of generality so th at p > k — 1 is equivalent 
to A >  k — 1. L et C (k , A) be the probability  of w ait in an M /M /k .  It is easily shown 

th at

E [ w M/M/k] = (2.15)

c l - 1
Therefore, using p =  A, (2.14) holds if (we have assum ed >  0)

C(k,  A) >  [X — (k — 1)]. (2.16)

It is known th at C(k,  A) is a strictly  convex function in A on [0,k] (see [109]). Since
(2.16) tr iv ia lly  holds for A =  k — 1, and since the right hand side of (2.16) has 

derivative (w .r.t. A) 1, it suffices to show th at

-C (k ,X ) <  1. (2.17)
A—
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Let A \  be a random  variable th at is Poisson w ith  m ean A. It is well known ([103], 
page 103) th at

C(fc, A) =  1
£ _l_ ( 1 _  e\ p(A\<k) '
k \ k) P{A\=k)

U sing this expression, we find th at 

d
d \

C(k,  A)
d 1

<iAA +
M )

P(Ax<k)
P(A\—k) A—fc

1 _  1 P(Ax<k) 
k k P(A\—k) + M ) d P(Ax<k) 

dX P(A\=k)
(h _l (\ _  P(Ax<k)\  
\k  V1 k) P(A\=k) )

1 P(Afc < A; -  1)
*  P{Ak = h)
1 ^  P ( A fc =  Q 

k P ( A fc =  A;)'

A—>fc

Now, note th a t at A =  A;

P ( A t =  fc -  1) fc*-y(fc -  1)! 

P(Afc = A:) A;fc/A;!
If 2 <  A; — 1 we find th at

which im plies th at

P ( A fc =  2) 2 +  1

P(Ak =  ¿ +  1) k 

P(Ak = i)

<  1,

P(Ak =  2 +  1) 

Consequently, for k > 2, we see th at

d
dX

C(k,  A)

< 1, 2 < A: — 1.

1 _̂J jM li\
= - Y  <  1

A—>fc fc £  fc-Vfc!

(2.18)

(2.19)

which com pletes the proof of the proposition. ■

P r o o f  o f  L e m m a  2 .5 : Suppressing the superscript, we have the following equations 

from  D efinition 2.3:

P , 1 - P
+

Hs Hi
=  1 ( 2 . 2 0 )
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P , l - p  =  Cg + 1
H2S u?o 2

hî i4

hi
l  — p l

6e

Perform ing (2.21) -  (2.20) x  (2.20):

P(1 - P )  ( —  -
Hi

Perform ing (2.22) x  (2.20) -  (2.21) x  (2.21):

p ( l  - p )  (  1 1

C l -  1

HsHi \Hs Hi 

T h e above two equations give:

HsHi

2 1 (C g  +  l ) 2
6e 4

c | - i

j _  _  (C.2+1)2 
6e 4

From equations (2.20) and (2.21),

p{Hi Hs) HsHi Ht

P(H2i ~ HÏ) +  h] =
Cl  +  1

(HsHi)

S u bstitu tin g  p(Hi -  Hs) as HsHi ~  Hs in the second equation gives:

C2S + 1 
— 2— VsHi
cf+i cg-i 

2____ 2 _
J_ _  (C9 + 1)2 
6e 4

Finally,

6e

C f-1
2 — 9
(C.2+l)2

4

5  -  I)« 1 +

Q Co t
o + Q 

r
Co t

o 1

2 2

3 (C 1  +  1);
-1

(2.22)

(2.23)

(2.24)

(2.25)

( 2 . 2 1 )

6e

3 (C i +  1);
- 1
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1 + f  (eg + X)(Cf -  l)e 1 +  | ( C g  +  l ) 2e +  \ ( C l  +  l ) 4e2 +  0 (e3)

It is straightforw ard to verify  th at the expressions for ¡is and fig in Lem m a 2.5 satisfy  
the above equations. T h e expression for p then follows from p = 1 — / i g • ■

P r o o f  o f  L e m m a  2 .7 : R ecall th a t Ng^  is defined to be the steady-state num ber of 

custom ers in an M  |A(1 -  P ^ ) )  / M  (¿4^) / I  queue w ith  service interruptions where 

the server is interrupted for the duration of the busy period of an M (X ) /M ( l ) /k  
queue. T h e  busy period of an M (X ) /M ( l ) /k  queue has finite second m oment [145], 
and hence the second m om ent of the service interruptions is also finite. Let be

the busy period of this queue. Define pg =  A(1 — p ^ ) / f j g \

O ur aim  is to  prove:

E f e <6) =  o (l)

T h e  lem m a follows by specializing results for the M / G / l  queue w ith  server break
downs to  the special case considered here, see e.g. A dan h  Resing [11, page 101]. 
For com pleteness, we provide a new proof of the M / G / l  queue w ith breakdowns by 
view ing it as a special case of an M / G / l  w ith  setup times [143, page 130]. Let G 
be a so-called generalized service tim e, which is the service tim e of a large custom er 
plus the to ta l duration of service interruptions while that custom er was in service. 
L et a = A(1 — p denote the arrival rate of the custom ers. T h e breakdowns (busy 
periods of the M ( X ) /M ( l ) / k  queue) arrive at a rate A when the system  is “ u p ” , and 
let -B\,i,a:(s) denote the L aplace transform  of the duration of these breakdowns. We 

can now view  the M ( a ) / M ( f i g ) / 1 queue w ith  breakdowns as an M / G / l  queue w ith 
service d istribution  given by the generalized service tim e, G , and a setup tim e I  at 
the beginning of each busy period, where the Laplace transform  of /, /(s), satisfies:

i{s )  =  - 4 t  + -4 -r  ■ B X,!,*(«) • I(s )  +  - 4 t  ■ —  ( B k I,*(s) -  ¿A,i,*(<*)) a  +  A a- I - A a  +  A a - s K '
(2.26)

In the above equation, the first term  denotes the event th at the custom er arrives 
before the breakdow n, the second term  denotes the event th at the breakdown ar
rives before the custom er, but no custom ers arrive during this breakdown, and the 
th ird  term  denotes the event th at the breakdow n arrives before the custom er and a 
custom er arrives during this breakdown. B y  differentiating (2.26) w ith respect to  s 
once and tw ice, and evaluating at s = 0, the first two m oments of I  are obtained,
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r e s p e c t i v e l y ,  a s:

E[I} =
A \

E l

a + X 

X
a  -f- A

i-B i,A,fc(a)

a+A B ^ [ a )
_  2 E[i?i,A,fc1 +

1 -  Aa+A

(2.27)

(2.28)

tt(€)Define Ve to be the system  tim e (response tim e) of large custom ers in the m odified 
143, page

-  E[G] +

queue. From [143, page 130], we get

Pg
E V ie)

=  E[G] +

I - p a )  2E[G] 

E [G 2]

E [G 2] 2E  [/] +  a E [ / 2]

Pg

I - P g 2E[G]
+

2(1 +  q E[/])

_ x e [B xiM ]_ X  e [ ^ jU ]

1 +  AE[i?A,i,/t]/ 2E[Bxxk\'

Here pc  =  p f \  1 +  E[B\,i,fc]/A). T h e first two m oments o f G  are given by

E[G] = 1 +

and th at

e [g 2] =

o n
i  + +

He
(e)

(2.29)

(2.30)

(2.31)

From these equations, it follows th at E[G] =  0 ( 1 / e) and E[G2] =  © (1/e2). This

im plies E  

im plies E Wt{e)

= © (1/e). B y  L itt le ’s law, E  

=  e (e ) .

=  A(1 - P (£>)E Vf(e> , which

P r o o f  o f  L e m m a  2 .9: Consider a further m odification of system  U(e) where the
sm all jobs are not served during the entire bad period. T h a t is, even when there 
is on ly a single large job  in the system , we stop serving small jobs. T h e fraction of

tim e this m odified system  is busy w ith large jobs is given by A 1-^  =  p x~fe) .
^i

T h e load of the sm all jobs is less than p/k.  Thus, system  U^  will be stable if
p ^  1 l —p(e)
k <  1

Since p ^  <  1 and > 1, we have

1 — p^
2 —

c 2 +  i
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P r o o f  o f  L e m m a  2 .10 : R ecall th at $(i4) was defined as the m apping between
non-negative random  variables where 4>(.A) gives the random  variable for the num ber 
of jobs at the end o f a good period given th at the number at the beginning of the 
good period is A.  Let be another m apping between random  variables defined
by:

oo
+  ^2(i  +  Aft/(z))I{J4==j}

T h a t is, ^ (A )  gives the num ber of sm all jobs at the end of a bad period given that 
the num ber at the start is A. Further, the following facts can be easily verified via  

coupling:

1- A\ <st A 2 = >  3>(Ai) <st &(A2)

2. Aft/(0) > si Aft/(1) > si . . .  Aft/(z) >  Aft/(z +  1) >  . . .

def
T h e last fact im plies <st A  +  A 6/(0) +  A 6// = A  +  A b. This gives us a w ay to 
stoch astically  upper bound N*g. W e defined N*g to be the solution to the following



fixed point equation:

N;,9 = m i g + A b)

Also,

K g  =  * W K , g ) )

L et_ F(0) =  r ( 0 )  =  0. Further, let +  1) =  $ ( ^ ( y ( n ) ) )  and Y(n  +  1) =  
<l>(y(n) +  Aft). Since the M arkov chains defined by the transition functions $ ( i i(-)) 
and <!>(• +  A b) are positive recurrent (we proved system  U ^  stable for e < e' but the 
proof im plies the sta b ility  of this system  as well) and irreducible,

N* = lim Y(n)n—>oo

iV* =  lim Y(n)
s ’9 n —> oo v '

Since Y ( n ) <st Y(n)  for all n by induction, N*g <st N*̂ g. u

P r o o f  o f  L e m m a  2 .1 1 :  Let N ay  denote the number of sm all jobs during the
bad' phase and N Sjb" denote the num ber of jobs during the bad" phase. W e will 
stoch astically  bound N sp  and NS)b» separately  using stochastic coupling.

B o u n d  fo r  N Sib>: W e know th at the lengths of bad' phases of system  U ^  are i.i.d. 
random  variables. Let Ty denote a random  variable which is equal in distribution 
to these. It is easy to see th at N sp  is equal in distribution to the num ber of small 
jobs in the following regenerative process. T h e system  regenerates after i.i.d. periods 
whose lengths are equal in distribution to Tb>. A t each regeneration the system  starts 
w ith  a random  num ber o f sm all jobs sam pled from the distribution of N * and then 
the system  evolves as an M / M / k  — 1 w ith  arrival rate Ap and service rate fis until 
the next renewal.

Now, NSjb> can be stochastically  upper bounded by the number in system  in another 
regenerative process where the renewals happen in the sam e m anner but at every re
newal the system  starts w ith  a random  num ber of jobs sam pled from the distribution 
of N*g. T hese jobs never receive service. However, we also start another M / M / k  — 1 
from  origin (in itia lly  em pty) w ith  arrival rate Ap and service rate ¡is and look at the 

to ta l num ber o f sm all jobs.

Finally, since Tb> is an exponential random  variable, by P A S T A , the distribution of 
num ber of jobs at a random ly chosen tim e (or as t —> oo) is the same as the number 

of jobs at a random  chosen renewal. Therefore,

N,y <st JV; i9  +  A(,|(0) (2.32)
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B o u n d  fo r  Ns^':  To obtain  a stochastic upper bound on Ns^ ,  we follow the sam e 
procedure as above. It is easy to see th at NSjb" is stochastically  upper bounded by 
the num ber of jobs in the following regenerative system . T h e renewals happen after
i.i.d. intervals w hich are equal in distribution to Ty,  the random  variable for the 
length of a bad" phase in system  U^e\  A t every renewal, the system  starts w ith  a 
random  num ber of jobs sam pled from the distribution of N* +  A^(0) and external 
arrivals happen at a rate A (there are no departures) until the next renewal. Let 
Tb»e denote the age (and equal in distribution to the excess) of Tb» and A\(T)  denote 
the num ber of arrivals in tim e T  of a Poisson process w ith rate A. T his gives us the 
following stochastic bound on Nsy ,

N.JP <st N*g + A *(0 ) + {Tb"e) (2.33)

T h e excess of Tb» com es into the picture because we need the number of jobs at a 
random ly chosen instant of tim e during the bad" phase. T h e tim e elapsed since the 
startin g  of a bad" phase until this random ly chosen instant of tim e is distributed as 
Tb»e, the excess of Tb». Finally, com bining (2.32) and (2.33),

N s ,b < s t  N * t9 +  A;,/(0) +  Ifo"|6̂ 4A ( T b " e ) (2.34)

P r o o f  o f  L e m m a  2 .1 3 : T h e z-transform  of N M X̂ŝ M^k 1 )^)/1 (T) is given by [69, 

Theorem  4]:

=  (2 .35)
(3z -  ((k -  l)fis -  Asz ) ( l  -  z)

where,

f t
Po = (k — l)/ is( l  — 0

and £ is the root of the polynom ial in the denom inator of A
in the interval (0,1).  Let rj be the other root (lying in ( l , oo)) .  Therefore, we can 

w rite (2.35) as,

jyM(As)/M((fc-l)M5)/l(y)(2) =  — __ — __ _______ "^(fe-l)^(l-O
—As(2: — £)(z — 77)

P
- A s( l  - S ) ( z - T j )
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1 — 77 ,
----------- 2.36)Z ~ T]

T h e last step follows since N M X̂ŝ M^k~l^ s^ l {T)(z)\z=i — 1. B y  differentiating the 
transform  in (2.36) and evaluating the derivatives at 2  =  1, we have

( 7/ - l ) 2 77 —  I

Factoring the denom inator of (2.35), we can w rite 77 as the larger root of the quadratic 
equation:

z2 Xs — z( Xs +  ß  +  {k — 1 )//s) +  (/c — l)//s

T h a t is,

As +  ß  +  {k — l)//s +  J  (As +  ß  +  {k — l)/is)2 — 4À s{k — 1 )/if

^ ----------------------------------------- 2ä i----------------------------------------

As +  ß  4- (A: — l)//s +  y  (As +  ß — (k — 1)Hs)2 +  4 ß{k — l)//£

2ÄI

As + ß  + (k — 1  )hs + (As +  ß -  (k -  l )ß s) y  1 +  ^ {Xa+ß-^-i)^)2

2XS
As +  ß  +  (k -  l )ßS + (X8 + ß — ( k — 1  )fJ,g) ( l  +  2  (Aa+/̂ *(fc1 ^ ) |Us)2 +  0(/?2))

2ÄT

ß (1 , (^ ~  ^

=  1 + A : ' l 1 + (As + / 3 - ( f c - i w J + e ( / 5 )

=  1 +  As -  ( f -  ! ) „ .  +  9(/32)

w hich results in the expressions in the lem m a. ■

P r o o f  o f  L e m m a  2 .1 4 : R ecall th at A 6// is the random  variable denoting the

num ber of sm all jobs th a t arrive during tim e T V , where TV  is the random  variable 
for the length of the bad" phase of a bad period. U sing A\(T)  to denote the number 
of Poisson (w ith  rate A) arrivals in a random  tim e interval T , we have A y  is equal 
in d istribution to  A \p(Tb»). T h e  following equalities are easy to prove:

E [A a(T)] =  AE[T] (2.37)
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e [(A a(T ))2] =  A2e [t 2] +  AE[T] (2.38)

Thus we need the first two m om ents of T y  to  obtain  the first two moments of A y .  
T h e L aplace transform  of Ty ,  Ty(s),  is given by:

S " ( s ) = ---------rk ------ T +  ~ ^ 7 7 7 ^ T ® 2(S) (2.39)He +  A(1 — p) /ip + A(1 — p)

where B(s)  is the Laplace transform  for the length of busy periods of an M /M / 1 
w ith  arrival rate A(1 —p) and service rate /ig. To see this, note th at w ith probability 

? the large job  startin g  the bad phase leaves before another large job  arrives

and thus bad" phase has length 0. W ith  probability  a large job  arrives and

starts the bad" phase. In this case, the length of the bad" phase is the tim e for an 
M / M / 1  w ith  arrival rate A(1 —p) and service rate f±i to becom e em pty startin g  w ith
2 jobs in the system . T h is is ju st the sum  of two independent M / M / 1  busy periods.

B y  differentiating the transform  in (2.39) and evaluating at s = 0, we obtain:

E Pi,"] =  y ~ P) f -------- rrz------ r)  =  9 ( 1 )  (2.40)
//¿ +  A(1 - p )  \/j,i -  X{1 -  p) J

E f e l =  X{1~ P) J ~,--------^  =  © ( '- 'I  (2-41)fie + \ ( l - p )  — A(1 — p))3 )  Ve

O b t a in in g  E[Ay/] a n d  E [ A 2//]: S u bstitu tin g  A =  \ p  and T  =  Ty> in (2.37)-(2.38) 
and using (2.40)-(2.41), we get the following asym ptotics which w ill be sufficient for 

our purposes:

E[A&«] -  \pE[Tb"] = 0 ( 1 )  (2.42)

e [a 2„] =  A2p 2e [t 2,] +  ApEpf,»] =  0  ( i )  (2.43)

O b t a in in g  E [Ax (Tb"e)\: A \ ( T b"e) denotes the num ber of Poisson (with rate A) 
arrivals in a random  tim e interval given by Tb»e -  the stationary age (equivalently 
excess) of a renewal process where renewals intervals are i.i.d. according to Tb«. 
N ote th a t A (T ye) is not equal in distribution to A y  since Tb» is not an exponential 

random  variable. From (2.37),

E [AX (T ye)} = XE[Tye}

From the form ula for statio n ary  age (equivalently excess) of a renewal process [131],
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Com bining, we get the following asym ptotics for E [A a (Tye)] which will be sufficient 
for our purposes:

E[Aa ( T v .) }  =  © Q ) (2.44)

( r „ . ) ]  =  r -E [y t" 1 E [Ax (T„„e)} =  6 ( 1 )  (2.45)

1 J V w - A ( l  - P ) J

■

P r o o f  o f  L e m m a  2 .1 5 : R ecall th at N^Int>) denotes the num ber of jobs in the

interrupted M / M / k  system . Let N^Int\ z )  be the z-transform  of N^Int>> and let A(z)  
be the ^-transform  of A . Since the interruptions happen according to  a Poisson 
process, N(/nt) also denotes the random  variable for the num ber of jobs just before 
the interruptions. Let /  m ap the ^-transform  of the distribution of num ber of jobs
in an M / M / k  at tim e t = 0 to the ^-transform of the distribution of num ber of
jobs after the M / M / k  system  has run (uninterrupted) for T  ~  E xp  (a) tim e. T h e

solution for N^Int\ z )  is given by the following fixed point equation:

NVri)(z) =  f  ( n V ^ ) ( z)A(z)

O ur next goal is to derive the function /(•). Let piit) denote the probability  th at there 
are i jobs in the M / M / k  system  at tim e t. W e can w rite the following differential 

equations for Pi(t):

=  -A p o M  +  m  W  (2-46)

= \pi- i( t)  -  (A +  i/i)piit) +  (i +  l)fj,pi+i(t) . . .  1 <  i < k -  1 (2.47)

j t Pi(t) = A p i- i( i)  -  (A +  kn)pi(t) +  kfipi+i(t) . . . i > k  (2.48)

Let f l (z,t) = E S o P i W 2*- M ultip lyin g (2.46) by z° and the set of equations (2.47)
and (2.48) by zl and sum m ing, we have:

(z,t)  =  ft (z,t) kji ^-----1^ +  A (z — 1) (2.49)

L et Ua(z) = f™ fl ( z , t )ae -atdt and piiCl = f0°° pi(t)ae~atdt. Integrating by parts, we 

get:

Ua(z) =  J™ U(z , t )ae-atdt =  j H ( n ( s , f ) )  ( ¿ ( - e ~ Qi) )
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-  1 /‘°° 
=  n ( z , o )  +  -  /

OL Jt=0
r ae  at ( f t (z, t) [/c/i — 1) +  A (z — 1)

+fi ( 1 ----- + (k -  l ) z p i ( i )  + . . .  +  z k lpk_i

=  n ( z , o )  +
n«(^)

Q!
kjj, ( -  -  1 ) + A (2 -  1) +  ~  — \kpô a +  • • • +  Zk lpk- 1

(2.50)

To obtain  iV(/ni)(z), we substitute  f l Q(z) =  N^Int\ z ) ,  fl(^, 0) =  N^IntS>(z)A(z) and 

Pi,a — Pi =  Pr|^/V(/ni) =  ¿]. T his gives:

¡i [fcpo +  (k ~ l)zpi  +  • • • +  zk lpk- 1 

(kfi — Az)  — a z  ( 1~l^zz^
N( Int)(z )

Since iV(/ni)( l)  — 1, and l im ^ i  1 =  E [A ], we get

(2.51)

A -t- a E [A ]

ft
(2.52)

T h e sum  on the left is precisely the expected number of idle servers at T  ~  E xp  (a). 
Let

C  = 0 • k • po + (k — 1 ) • 1 • pi + (k — 2) • 2 • p2 + .. • + 1 • (A; — 1) • pk- i

Then,

E[jV<ini>] = N(Int1{z)
Z=1

ftTz [kPo +  (k ~  1)2^ 1 +  • • • +  zk lrpk~ l 

(A',¡1 -  Az) — a z  f
Z=1

H \kp0 +  ( k -  l ) zpi  +  . . .  +  z k V fc-il d (  . _  /  I -  A (z)
7 ~ \ \ 2 7T~ I \ ft ~~ > GiZ 1 1

. Xz) _  az  1 1



*525(1) (  1 — A(z) ( l  -  A(z) -  (1 -  z ) ^
— A — Ol— :--------- — OiZ I ---------------------- ------ —-

kfi -  A -  aE[A] y 1 - z  [ (1 -  z)‘

and ap plyin g  L ’H ospital’s rule to the last term ,

_ flC 
kfji — A — a:E[A]

1 (  , „ T7T A 1 .  / - ¿ A W - ( l - ^  +  ^ W

Z=1

—A — a E [A ] — a
kfi — A — aE[A] I I —2(1 — 2:)

vC  1 /  > „ c i r  a i  „E[A2]-E[A]^|
k f i -  A -  aE[A] kfi -  A -  aE[A] \  2 J

fiC +  A +  f  (E[A2] +  E[A])
kfi — X — a E [A ] kfi — X — a E [A ]

To calcu late  C  we need the following relations obtained by m atching the coefficients 

of z \  i =  0 , . . . ,  k — 1, from (2.50):

- A p 0,a +  m , a  =  a  [Po,a “  Po(0)]

Xpi-I,a -  (A +  ifi)piia +  (i +  l)fiPi+l,a = OL \pi3a -  Pi{0)] . . . 1 <  i < k ~  1

which yields pi>a = Po,aji_ (^)* +  0 (a )-  Let 7T* be the stationary  probabilities of an 

M / M / k  system  w ith  arrival rate A and m ean job  size -k W e can use (2.52) to write:

k7To +  (k — 1 ) 7 T i  +  . . . +  7 T f c _ i  — k
ft

or equivalently,

Wo^ . i  +  ( f c - i ) . -  +  . . .  +  i - ^ — j - k  ^  

R ew ritin g  (2.52) and using the facts Pi = Po\  Q )  +  0 ( a )  and a E [A ] =  o(l):

* ( * . !  +  ( * - ! ) .  V . .  +  1 - p V " V e ( a )  =  f c - A +  0(1)
H (k -  1)! \fJLj j  H
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which gives po — ttq +  o( l ) ,  and hence Pi = Tti + o( l )  for i < k — 1. Using this, we 
have:

fiC +  A (E fco1 i(k ~ i)Pi) +  A

k/i — A — a E [A ]  kfi — A +  a E [A ]

_ H (£i=0 ~  *)7r») +  A +  ° ( ! )

k/JL — A +  o (l)

_ ^ ( E t o 1 i(/c -  +  A

k/i — A 

=  e [ t v m/m//c] +  o( l )

+  o (l)

where E  is the m ean num ber of jobs in a stationary M / M / k  queue w ith

arrival rate A and service rate ¡i. To see th at E^iVM/M//fcj can be w ritten  in the

above form , note th at when A  =  0, E ^ ^ ^ J  =  f~ r x  =  E^ATM/M/fcj.

Finally,

E j jv (/ni)] =  e [n m/m/Ic] +  +

since a E [A ]  =  o ( l) .  ■
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Chapter 3

Towards a New T heory  of 
M om ents-based  B ounds II: 
M arkov-K rein  C harac teriza tion  of 
M ean  Sojourn T im e in Queueing 
System s

In C h ap ter 2, we obtained an inapproxim ability gap for the m ean w aiting tim e in the 
M / G / k  m odel and further conjectured th at the bounds we had obtained are sharp. 
Im plicit in our sharpness conjecture was another stronger conjecture: given the first 
two m om ents o f the service distribution, the m ean w aiting tim e is m inim ized and 
m axim ized by special tw o-point distributions. T his conjecture echoes the results of 
the S tieltjes m om ent problem[90]: which probability  distributions m inim ize or m ax
im ize the exp ectation  of a function g given constraints (called m oment constraints) 
on the d istribution  as expectations of a system  {/0, . . .  , / n} of functions. A  classi
cal theorem  o f M arkov and K rein establishes sufficient conditions for the extrem ality  
properties of certain  special point-m ass distributions for the m oment problem  -  these 
distributions are called the principal representations of the moment sequence. In this 
chapter we take a sm all step towards extending the classical literature on m oment 
problem  to three queueing system s which have so far defied exact analysis: (i) the 
M / G / k  m ulti-server system , (ii) queueing system s w ith fluctuating arrival and ser
vice rates, and (iii) the M / G / l  round-robin queue. W e argue th at rather than 
looking for exact expressions for the m ean response tim e as a function of the entire 
service d istribution, or approxim ations based on h eavy traffic/diffusion asym ptotics, 
a  m ore fruitfu l approach is to identify distributions which m inim ize or m axim ize the
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B y  analyzin g the queueing system s in appropriate “ light-traffic” asym ptotics, we 
prove th a t analogous to  the classical M arkov-K rein Theorem , these ‘extrem al’ dis
tributions are given by the principal representations of the moment sequence. W e 
conjecture th at (under some conditions) the property of extremality should be invari
ant to the system  load, and thus our light traffic results should hold for general load 
as well, and propose p otential strategies for a unified approach to finding moments- 
based bounds for queueing system s. B y  identifying the extrem al distributions, our 
results allow  one to num erically obtain  s h a r p  b o u n d s  on the perform ance of these 
queueing system s.

mean response tim e given the first n mom ents of the job size distribution.

3.1 Introduction

M ost results in queueing theory are concerned w ith obtaining explicit expressions 
for the perform ance m etric of interest (e.g., m ean response tim e) as a function of 
the d istribution  of some system  param eter (e.g., job  size distribution) under suitable 
assum ptions to m ake the analysis tractable. However, there are m any fundam ental 
queueing system s for w hich such explicit results are not possible. W e have already 
seen one exam ple of this in C h ap ter 2: the M / G / k  F irst-Com e-First-Serve m ulti
server m odel. W e consider two more exam ples of such queueing system s in this 
chapter: the M / G / l  round-robin scheduling m odel, and system s w ith tim e-varying 
load, and present a fresh approach towards their analysis: via  obtaining sharp bounds 
on the m ean sojourn tim e, given a partial characterization of the system  param eter 
in term s o f the first n  m oments.

Motivation

D ue to  the abundance o f work surrounding the M / G / k  m ulti-server m odel, we use it 
as an exam ple to m otivate our approach. W e reviewed the prior work th at studies the 
M / G / k  in C h ap ter 2, but for self-containm ent, we overview  the literature relevant 
to this chapter again. For the M / G / k  system , our focus will be on the mean w aiting 

tim e, denoted as E  ^ V M/G/k , and defined to be the expected tim e from the arrival 

of a custom er to the tim e it begins service.

W hile  the first approxim ation for E  dates back to 1959 [108], and only
involves the first two m om ents of the service distribution, alm ost all m odern closed- 
form approxim ations are m otivated by diffusion analyses or other approxim ating 
assum ptions and still involve only the first two m om ents of the service distribution.
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B urm an and Sm ith  [37] proved a light-traffic approxim ation for W M/G/k which in
volves the entire job  size distribution, and B oxm a et al. [34] used it to obtain tighter 

approxim ations for E  W M/G/kj for service distributions w ith low variance (S C V  < 

1). T h is was achieved by interpolating the mean w aiting tim e under determ inistic 
jobs sizes, and under exponentially  distributed job  sizes, w ith the B urm an-Sm ith ap
proxim ation as the w eighting function. However, extrapolatin g the B urm an-Sm ith 
approxim ation yields inaccuracies when the job  size distribution has high variance 
as is com m on in applications in com puter science.

Bounds on the m ean w aiting tim e for M / G / k  queues (and more generally, for 
G I / G / k  queues) have m ainly been obtained via  two approaches (e.g., see Sec
tion 11-7  from W olff [158]). T h e first approach is by assum ing various orderings 
(stochastic ordering, increasing convex ordering) on the service distributions (see 
[43, 116,  141, 150, 151]), but these tend to be very loose as approxim ations. M ore
over, one does not alw ays have the required strong orderings on the service distri
bution. T h e  second, and more practical, approach th at started  w ith  the work of 
K ingm an [99] is obtain ing bounds on m ean w aiting tim e in term s of the first two 
m om ents of the inter-arrival and service distributions. T h e  best known bounds of 
this typ e  for E ^ G//G///i;j are presented by D aley [44]. Scheller-W olf and Sigm an

[132] derive bounds on for the case p < |̂ |J by reducing the G I /G /k  w aiting tim e 
recursion into an equivalent single-server recursion w ith dependent service times. 
Foss and K orshunov [60] and Scheller-W olf and Vesilo [133] use dependent D / G I /1 
queues to  bound a G I /G /k  system , and obtain  necessary and sufficient conditions 
under which higher (even fractional) m oments of delay are finite.

A noth er approach used in the literature to establish bounds is by form ulating a 
sem idefinite program  (SD P ) w ith joint m oments of service and inter-arrival tim e 
distribution  form ing the constraint set, and moments of w aiting tim e as the objective 
function. W ith  this approach, Bertsim as and Popescu [25] prove th at the M arkov 
inequality  (using only the first m oment) is tight, improve the Tchebycheff inequality 
(using the first two moments) to rediscover the corresponding tight inequality, and 
establish  the analogous tight inequality th at involves the first three moments. SD P s 
have also been used to obtain  bounds on perform ance m etrics for several queueing 
m odels. Recently, Bertsim as and N atarajan  [24] have obtained num erical bounds on 
the m om ents of W G1IGIK given the inform ation of m oments of the service and the 
inter-arrival tim e distributions. A lth ou gh  m ost of the prior work obtains num erical 
bounds, O sogam i and R aym ond [123] use SD P s to  establish closed-form  bounds 
on the w aiting tim e in a transient GI/G/1  queue. However, there are insufficient 
experim ental results on the tightness of the resulting bounds.
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O u r  A p p r o a c h

R ath er than try  to obtain  an explicit expression for the perform ance m etric as a 
function of the job  size distribution, or obtain  approxim ations/bounds as functions 
of some m om ents of the job  size distribution for which no tightness guarantees can 
be proved, we argue th at a more fruitful approach is the following: W e first obtain 
a partia l characterization  of the job  size distribution, say, in term s of the first n 
m om ents. W e then look at the set of all distributions which satisfy  this partial char
acterization, and identify those distributions in this set that m axim ize or m inim ize 
the perform ance m etric of interest. O nce these extrem al distributions are identified, 
num erical algorithm s can be used to obtain  provably tight bounds on perform ance. 
T h a t is, t h e  b o u n d s  so  o b t a in e d  a r e  t h e  t ig h t e s t  a c h ie v a b le  b o u n d s  g iv e n  
th e  p a r t ia l  c h a r a c t e r iz a t io n  o f  t h e  jo b  s iz e  d is tr ib u t io n ,  not ju st arb itrary  
approxim ations or bounds. O ur approach has the added benefit th at m any tim es the 
entire job  size d istribution is not available, w hile estim ating the first few m oments 
via  sam pling is a m uch easier task. B y  quantifying the gap betw een the upper and 
lower bounds given these first few m om ents, it can be determ ined if a more refined 
characterization, say, in term s of higher order m oments, is necessary.

In this chapter, we take the first step towards obtaining tight bounds on the mean 
response tim e of the three queueing system s by an alytica lly  investigating suitable 
asym ptotic regim es (to be m ade precise la ter). T h e  asym ptotic regim es are chosen so 
th at the effect of the entire distribution of the system  param eter of interest is evident 
(unlike heavy-traffic asym ptotes where, usually, at most the first two m om ents are 
involved). N ext, rather than using the asym ptotic approxim ations to obtain  quanti
ta tive  behavior (by extrap olatin g  to non-asym ptotic regim e), we extract q u a li t a t iv e  
p r o p e r t ie s  by identifying distributions which m inim ize or m axim ize the perform ance 
m etric in the asym ptotic  regime. W e conjecture th at the extrem ality  property of the 
service distributions should be invariant to the arrival rate, and thus extrem al distri
bution in the asym ptotic  regim e should rem ain extrem al in non-asym ptotic regim e as 
well (this is a non-trivial conjecture because there exist exam ples where the relative 
performance of two job  size distributions is sensitive to the arrival rate for M / G / k ).

T h e idea of obtain ing tight bounds on the perform ance of a queueing system  based on 
a partia l characterization  of the system  param eters was first advocated by E ckberg 
[50] (and extended by W h itt [152]) for the G I / M / k  model. However, the explicit ex
pressions for the w aiting tim e distribution in the G I / M / k  m odel as a function of the 
L aplace transform  of the inter-arrival tim e distribution greatly  facilitates obtaining 
sharp bounds. T h e  queueing system s we consider in this chapter do not have any 

such analyses available.
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S u m m a r y  o f  R e s u l t s

W e now briefly describe the three queueing system s, the “ light traffic” asym ptote we 
look at, and our results.

1 .  T h e  M / G / k  m u lt i- s e r v e r  s y s t e m  ( S e c t io n  3 .3)

M o d e l:  R ecall th a t an M / G / k  system  consists of k identical servers and a F C F S  
queue. T h e  arrival process is Poisson w ith  rate A, and the job  sizes are assum ed to 
be i.i.cL random  variables. W e w ill use S  to denote such a generic random  variable. 
W e are interested in obtain ing bounds on the mean w aiting tim e, E  [ w M/G/fej , as a 
function of the job  size distribution S.
A s y m p t o t i c  R e g im e :  W e let the arrival rate A —► 0, and look at E jV 7 M//G/fc] of a 
random  arrival conditioned on the event th at the arrival finds all servers busy. This 
can be seen as the first term  in the Taylor series expansion of E [ w M/G/fcj around 

A =  0.
R e s u lt s :  W e start w ith  the B urm an-Sm ith  light-traffic approxim ation (Theorem  3.3), 
and prove the following:
1. G iven the first n — 2 or 3 m om ents of the job  size distribution, the extrem al 
distributions are given by the principal representations of the m oment sequence (de
fined in Section 3.2).
2. If we restrict the job  size distribution to lie in the class of com pletely m onotone 
(C M ) distributions, then given the first n  moments, the extrem al distributions are 
given by the principal representations of the m oment sequence w ithin the hyperexpo
nential class o f distributions (m ixtures of approxim ately |  exponential distributions; 
to be m ade form al in Section 3.2).
Finally, we illustrate the u tility  of our results by presenting num erical results th at 
dem onstrate th at w hile two m oments of the job  size distribution are insufficient for

approxim ating E
usually suffice, especially  i

\Y M/G/k for real world heavy-tailed distributions, three moments 
we add the knowledge of com plete m onotonicity.

2. T h e  M / G / l  r o u n d - r o b in  q u e u e  ( S e c t io n  3 .4)
M o d e l:  T h e M / G / l  round-robin queue consists of a single server and an infinite 
buffer. T h e arrival process is Poisson w ith rate A, and new arrivals join  the back of 
the buffer. Job sizes are assum ed to be i.i.d., w ith  S  used to denote a generic job 
size. Jobs are given q units of service at a tim e (called the quantum  size), and if the 
job  does not finish service, it joins the back of the buffer. For analytical sim plicity 
we assum e th a t service quanta are exponentially distributed random  variables w ith 
m ean q = T h a t is, each tim e a job  gets to  the server, its service quantum  is an
i.i.d. sam ple from  an exponential distribution w ith  rate v. W e will be interested in 
obtain ing bounds on the mean response tim e, E  [ t m/g/1/jR/?] , in term s of m oments 

of S.

65



et the arrival rate A —> 0, and look at the coefficient of
\rpM/G/\/RR\

rpM/G/l/RR]  ̂ w hen the 

: phases.

A s y m p t o t i c  R e g im e :  W e
0( A)  in the expression for E

R e s u lt s :  1. W e derive the light-traffic approxim ation for E  
job  size d istribution is hyperexponential w ith  finite number o
2. W e use our light-traffic result to prove th at if the job size distribution is re
stricted  to  lie in the class of C M  distributions, then given the first n m oments, 
the extrem al distributions are given by the principal representations of the moment 
sequence w ithin  the hyperexponential class of distributions.

3. S y s t e m s  w it h  f lu c t u a t in g  a r r iv a l  a n d  s e r v ic e  r a t e s  ( S e c t io n  3 .5 )
M o d e l:  W e analyze an M / M / 1 system  whose arrival and service rates are controlled 
by an exogenous environm ent process w ith  two states: L and H. T h e job  sizes are 
exponentially  d istributed. W hile in the H state, the arrival process is Poisson w ith 
rate A#, and server serves jobs at rate ¡jlh- D uring the L states, the arrival process 
is Poisson w ith  rate A¿, and the server’s service rate is T h e durations of stay  
in the L state  during each visit are i.i.d. random  variables w ith general distribution; 
we use t l  to denote such a generic random  variable. Sim ilarly, we use r#  to denote 
a generic random  variable for the duration of stay  in the H states during each visit. 
W e will be interested in obtain ing bounds on the mean number of jobs, E[7V], in 
term s of m om ents of t l  and th -  (As m entioned later, we expect our results to hold 
for system s where evolution during L and H states is governed by arb itrary  M arkov 
processes satisfying m ild conditions.)
A s y m p t o t i c  R e g im e :  W e consider the “ fast-sw itching” asym ptote. In particular, 
we index our tim e-varying load system  w ith  a param eter a , where in the a th  sys
tem  the durations o f stay  in L and H states are i.i.d. and given by ar^  and qlth, 
respectively. W e then analyze E[iV] in the lim it a —> 0. N ote th at as a  —» 0 and our 
system s switches very  fast, the zeroth order behavior is given by an M /M /1  w ith the 
average arrival and service rates. W e w ill be interested in the coefficients of higher 
order term s in the expansion of E  [N] around a = 0.
R e s u lt s :  1. W e derive the first fast-sw itching asym ptote approxim ation for the 
tim e-varying load system  when the distributions of T£ and th are hyperexponential 
w ith  finite num ber o f phases. In particular, we prove the following interesting result: 
T h e  coefficient of a 1 is a function of only the first (i +  1) moments of and th- 
Further, this coefficient is linear in E  r^+1 j and E jr # " 1 .
2. T h e  above result im m ediately implies th at if tl and th are restricted to lie in 
the C M  class, then given the first n  m om ents, the number of jobs in the system  
(equivalently, the m ean response tim e) in the fast-sw itching asym ptote is extrem ized 
by C M  distributions w ith extrem al (n +  l)s t  moment. These are again given by 
principal representations o f the m om ent sequence in the class of hyperexponential 

distributions.
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3. O ur light-traffic result, and hence the result on extrem al distributions, easily 
extend to  general distributions, but we choose not to present them  here since the 
analysis is alm ost identical but proof ideas are easy to illustrate for C M  distributions. 
Finally, we illustrate the u tility  of our results in obtaining provable bounds on the 
perform ance of the N m odel for w ork-stealing (or the N-sharing system ). W hile the 
N -sharing system  can be m odeled by a M arkov chain, there are no exact numerical 
algorithm s for solving it since the M arkov chain is infinite in two dimensions.

A note on com p lete ly  m onotone class o f d istributions

A  p robability  density function f x ( ’) is said to belong to the class of com pletely 

m onotone (CM ) distributions if all derivatives of f x  exist and (— l ) n/j^ (:c) >  0 for 
all x  >  0 and n  >  1. It is well known th at m ixture of exponential distributions are 
dense in the C M  class. T h a t is, for any distribution function F  in the C M  class, 
there exist hyperexponential distributions F ^  w ith n phases such th at F ^  => F  as 
n —■» oc [56, Theorem  3.2]. In fact, F x (-) is a C M  probability distribution function 
if and only if

where G is a proper probability  distribution function, and com m only called the 
spectral d istribution of F.  C om p letely  M onotone distributions are a subset of the 
D ecreasing Failure R ate  (D F R ) class of distributions. It can be shown that this 
denseness is sufficient to approxim ate arb itrarily  m any m oments of a C M  distribution 
v ia  m ixture of exponential distributions. It has been established th at m any heavy
tailed  distributions used to m odel com puter system s workloads fall in the C M  class, 
e.g., P areto  distributions, W eibull distributions w ith shape param eter less than 1 
(heavier than exponential), and G am m a distributions w ith shape param eter less than 
1 [56]. Further, there are several results on conditions under which the convergence 
o f the inter-arrival and service-tim e distributions im ply convergence in distribution 
o f w aiting tim e (see e.g. Borovkov [30, page 118], Stoyan [141]), although care must 
be exercised since convergence in distribution does not necessarily im ply convergence 
of m om ents. To prove results about C M  distributions, we will therefore restrict to 
looking for extrem al distributions w ithin hyperexponential distributions.

W e introduce the concepts of Principal R epresentations and Tchebycheff system s of 
functions in Section 3.2. Section 3.2 also states the classical M arkov-Krein Theorem  
which we use as a tool to prove our results for C M  distributions. In Sections 3.3, 3.4

O utline
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and 3.5, we present our results on tight m om ent-based bounds for (i) the M /G /k  
m ulti-server m odel, (ii) M / G / l  round-robin scheduling, and (in) system s w ith time- 
varying load, respectively, under “ light-traffic” asym ptote. We present conjectures 
on bounds under non-asym ptotic regim es for these three queueing system s in Sec
tion 3.6. In Section 3.7, we present some approaches for proving our conjectures, and 
introduce a novel m om ent problem  as a unified fram ework for analyzing the question 
of m om ent-based bounds for general queueing system s.

3 .2  P r i n c i p a l  R e p r e s e n t a t i o n s ,  T c h e b y c h e f f  s y s t e m s ,  
a n d  t h e  M a r k o v - K r e i n  T h e o r e m

T h e classic Tchebycheff inequality concerns bounds on the tail probability of a ran
dom variable X ,  given E [X ] and E [ X 2]. In other words, given the expectations 
of functions f i (x)  = x  and f 2(x) =  x2, one asks for bounds on the exp ectation  of 
g(x) = l | x-E[x]|>a- T h e theory of Tchebycheff system s [90] generalizes this question 
by asking for bounds on the exp ectation  of some given function g(-) of a random  
variable, given a p artia l characterization of the random  variable in term s of general
ized m om ent constraints expressed as expectations of some functions /i 
In this chapter, we will be concerned w ith  the case fi(x) = x \  Below  we present a 
special case of the results from this area. We w ill begin w ith the case where random  
variables are restricted to bounded support [0, B } and where the results are easy to 
state. W e then present results for the case where the support is [0, oo) and details 
are a little  delicate. For a detailed treatm ent, we refer the reader to [90].

3.2.1 R andom  variables w ith  sup p o rt on [0, B ]

W e first introduce the notion of upper and lower principal representations as pre
sented in [50]. Define the function f 0(x) =  1 ,0  <  x < B,  and denote the m oment 

space associated w ith  { / 0, / i , . . . ,  /n} as

M 7̂ 1 = jm  G Kn+1| 3/i e V,rrii =  J  fi(u)d/i(u), 0 < i <  n j

where V  is the set of all non-decreasing right continuous functions for which the 
indicated integrals exist. For a point m ° in the interior of M  J+1, we define the lower 
and upper principal representation (pr) to be distributions w ith a particular number 
of m ass probabilities, some of which are restricted to be at 0 or B,  in such a w ay 
th at the first n m om ents of these distributions agree w ith m °. In particular the 
constraints on the support of principal representations are:



U pper pr (p) Lower pr (/¿)

n  even |  mass points in (0, B),  one at B |  mass points in (0, B),  one at 0

n odd m ass points in (0, B),  one at 0, one mass points in (0, B)
at B

T h e upper and lower principal representations are uniquely determined when the 
functions { / 0, . . . ,  / „ }  satisfy  certain linear independence constraints m entioned later. 
To see why, consider the case of upper pr for n  even. W e have n +  1 constraints, one 
each for m*, 0 <  i < n. If we are allowed f  +  1 probability  masses, then we have 
n +  2 degrees of freedom: |  +  1 for the locations of the probability  masses, and f  + 1  
for the actual p robability  values. Since one probability  mass is constrained to be at 
B , we lose one degree of freedom. Thus the degrees of freedom m atch the num ber 
of constraints, where these constraints are “ linearly independent” in a sense m ade 
precise next.

D e f in it io n  3 .1  Functions {ho, h i , , hn} form a Tchebycheff system over [a, b] pro
vided the determinants

U 0, 1,  • • • , n
Xo ? Xi , , XT

h0{x o) hQ(xi) ■ ■ ■ h0(xn) 
hi(x0) hi(xi)  ••• hi(xn)

hn{xo) hn(Xi) * ' ' hn{Xn)

are strictly positive whenever a < Xq < x\ < • • • <  xn < b.

In other words, any non-trivial linear com bination of ho, . . . ,  hn m ust have at m ost n
zeros in the interval [0, B] (and then the signs of {hi} should be chosen appropriately
to ensure th at the determ inant is positive). System s of polynom ials: hi(x) = xai 
{0 < a0 < ai < . . .  < an) indeed form Tchebycheff system s.

T h e proof of the following theorem  can be found in [90, C hpt. V , Sec. 5]:

T h e o r e m  3 .1  ( M a r k o v - K r e in )  If  { / o , . . . ,  f n} and { / o , . . . ,  /n, g} are Tchebycheff 
systems on [0,B], then

rB
A  =  in f {E [p (X )] | Pr[X  G [0, B ]] -  1; E [ £ ( * ) ]  =  tth, 0 <  i < n} =  / g(u)d^u) ,

pu = sup { E [s(X )]  I P r [ X  6 [0,S1] =  1 ;E [/ ;(X )]  =  m u 0 <  i < n}  =  f  g(u)djl(u) ,

where /i and jl are the unique lower and upper p r ’s, respectively, of m  =  {1, m i , . . . ,  m n}, 
and fix denotes the measure induced by X  on 9ft.
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3 . 2 . 2  R a n d o m  v a r i a b l e s  w i t h  s u p p o r t  o n  [ 0 ,  o o )

A s before, denote the m om ent space associated w ith  {/ 0, / i , . . . ,  / „}  as 

=  | m  G Mn+1| 3/ i  G V, rrii =  J  fi(u)d/i(u),0 < i <  n j

where P  is the set o f non-negative regular m easures of bounded variation for which 
the indicated integrals exist.

T h e  definition of lower pr rem ains unchanged when we extend the support to  [0, oo) 
as there are no atom s placed at the upper bound of the support. Hence, for a large 
enough B , the lower pr of m ° on [0, B] w ill coincide w ith  the lower pr on [0, oo). In 
particular, for n even, the lower pr will con stitute of |  mass points in (0 , oo) and 
one m ass point at 0 ; for n odd, there w ill be mass points in (0 , oo).

To define the upper pr, jl,we first need another definition.

D e f in it io n  3 .2  Functions {h0, h i , . . . ,  hn} form a Tchebycheff system of Type II 
over [0 , oo) provided:
(i) {ho, . . . ,  /in_ i}  and { h0, . . . ,  hn} are Tchebycheff systems on [0, oo); and
(ii) there exists A  >  0 such that hn(x) >  0 for x > A, and

hi(X) A  f ■ /lim -— 7 - 7  — 0  for 1 < n.
*-*°° hn(x)

If { f o , . . . , f n} is a Tchebycheff system  of T y p e  II, then for m ° in the interior of 

M 2 +1, the upper pr puts one m ass at 0 0 , J mass points in (0 , B ), and additionally 
one at 0 if n is odd. T h e following exam ple m ight help readers uncom fortable w ith 
the idea of mass at infinity: Consider the case fi[x) = x l and n = 2. In this case,
the upper pr can be seen as the lim it as e —> 0  of a sequence of distributions w ith
support [0 , j]  (indeed, the upper pr w ith  support [0 , ^J) which put 0 (e2) mass on K 
Thus, this m ass at 0 0  is needed to satisfy  the constraint corresponding to f n, but 
does not contribute to constraints for /0, . . . ,  /„_ 1 when { /0, . . . ,  f n} is a Tchebycheff 

system  of T y p e  II.

T h e o r e m  3 .2  (M a r k o v - K r e in )  [90, Theorem V5.1] If {fo, • • •, f n} an& {/o> • • •»fn,g}  
are Tchebycheff systems on [0, 0 0 ), and m ° lies in the interior of , then there 
exists

¡3, =  in f {E[ff(A-)] | P r p i  e  [0, B]] =  1; E [/i(X )] =  m it 0 <  i < n)
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which is achieved uniquely for f ix  =  the lower p r of m°. 
The upper bound

(3U =  sup {E[t/(X)] | Pr[X e  [0, B]\ =  1; E [/¿(X)] = ra*, 0 < i  <  n }

in general may not be attained, or may be infinite. However, if  is &
Tchebycheff system of Type II, and

then /3U exists and is “achieved” by the upper p r of m°.

In the last sentence of the theorem , we say “ achieved” to em phasize the fact th at 
the upper pr has a mass point at oo and thus it is not a finite measure. However, (3U 
exists and is achieved as a lim it.

T h e M arkov-K rein Theorem  has been successfully applied in the context of queueing 
system s [50, 152]. In particular, for a G I / M / 1 system , Theorem  3.1 proves th at 
given the first n m om ents of the inter-arrival tim e distribution, the m ean num ber of 
jobs in the system  is extrem ized by inter-arrival tim e distributions w hich correspond 
to the upper and lower p r ’s. T h e  proof follows by noting th at the m ean num ber of 
jobs in a G I / M / 1 queue w ith  i.i.d. inter-arrival tim es given by a random  variable A  
is an increasing function of the Laplace-Stieltjes transform  of the inter-arrival tim e 
distribution  (A (s) =  E [e -sA ]), and the functions ga(x) =  e~sx form Tchebycheff 

system  w ith  f i(x )  — x l .

Principal representations within Hyper exponential distributions Consider 
the following random  variable w ith an n-phase hyperexponential distribution:

W e can now define another random  variable Y  w ith  distribution given by the inverse 
spectrum of X:

X\ w ith  probability  q\

x n with probability qn
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W e have the following straightforw ard relationship between moments of X  and Y :

E [ y z] =  k, ■. W e define the upper and lower principal representation for a m oment 
sequence m i, m2, . . . ,  mn w ithin the class o f hyperexponential distributions as the dis
tributions whose inverse spectrum  are the upper and lower principal representations, 
respectively, for the m om ent sequence mi, ^ , . . . ,

3.3 B ounds for the M / G / k  M ulti-server M odel

In this section we present our results on sharp m om ent-based bounds for the M /G /k  
m odel in light traffic. R ecall th at the arrival process is Poisson w ith  rate A, and the 
job  sizes are i.i.d. according to a random  variable S. T h e load of the system  is defined 
as p = A EfS1] and denotes the tim e average num ber of busy servers. T h e w aiting 
tim e of a job  is defined to be the tim e between when a job  arrives to the system  and 
when it begins service, and is denoted by W M^Ĝ k. W e will analyze E  j in
the light traffic asym ptote p —> 0 w hile holding S and k unchanged.

In Section 3.3.1, we present our results on bounds for general service distributions 
given the first 2 or 3 m om ents, and in Section 3.3.2 for com pletely m onotone distri
butions given any num ber of moments. In Section 3.3.3, we present num erical results 
on bounds obtained using principal representations for com m on heavy-tailed  service 
distributions.

3.3.1 B ounds for general d is tribu tion

W e begin w ith  a well-known result on the light traffic approxim ation for W M Ĝ/k.

Theorem 3.3 (Burman Smith [37]) Under the assumption that the service dis
tribution is phase-type, as p ^  07 the probability that an arrival finds all servers

busy is asymptotically given by , and conditioning on this event, W M Ĝ k̂ is
distributed as the minimum of k independent copies of the stationary excess of S , 
denoted by Se. The survival function of Se is given by F s e{x) = PrfS'g > x] =
f Z r Pr[5 > u\du
U X EpJ •

Theorem 3 .4  Given the first n (n =  2 or ?>) moments of the service distribution 
S, E  |̂ VFM/G/fcj under light traffic is extremized by service distributions given by the 
lower and upper principal representations of the moment sequence.
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P r o o f:  W e present the proof for the case n — 3, where the lower pr m inim izes, and 
upper pr m axim izes E  . D enote F se — h for succinctness. Since 1 — h(x) =

P V}<dU is the integral of a bounded, non-negative, decreasing function, (1 -  

h(x)) is a continuous, non-decreasing, concave function. T h e problem  of extrem izing 

E^VKA//G/A:J in the light-traffic asym ptote can thus be equivalently form ulated as:

f°° h m in /m ax / h(u)'du
Jo

subject to  h(-) continuous, non-negative, non-increasing, convex ;

MO) =  i  ;
l

I W I I  -  <

L ’ ^ W r

E[S]

”  u  w  EI53] 
o "  ' k[u)du =  I 2 E M '

(N ote th a t a solution to the above problem  exists because 0 <  h(u)k < /i(Ti), and 
/  h(u)du is finite.) Let h represent the survival functions of Se corresponding to the 
lower pr of S  for the given m om ent sequence. Now, suppose that h is not the solution 
to the m inim ization problem  above, and the solution is instead given by hmin. For 
n =  3, we have th at the lower pr has 2 point masses, say at 0 <  X\ < <  oo, as

shown below.

T h e absolute value of the slope of hmin at 0+ m ust be at m ost th at of h since the 
lower pr has no m ass at 0 for n = 3, and because hmin is convex, it follows that 

& =  hmin ~  h  satisfies (i) f0°° S(u)du =  0 (i.e., areas under h and hmin are equal), (i i ) 
/0°° u-6(u)du  =  0 (from m oment conditions), and (H i) 5(-) changes sign ex a ctly  twice, 
and the sequence of signs is H----- b (see the figure above). W e obtain a contradiction:

J  hmin(u)kdu — J  h(u)kdu
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=  J  5(u) [hmin(u)k 1 +  hmin(u)k 2h{u) +  . . .  +  h(u)k du 

> 0

To see the last inequality, denote the function in the square brackets by £(•), and 
note th a t i  is convex. Now /0°° 5{u)l(u)du =  [^(ii)^(ii)]g° — J ^ 0£'(u) Jy=05(v)dvdu. 
T h e first term  is zero because (5(0) =  5(oo) = 0. Now assum ing derivatives exist (by 
approxim ating by sm oothed versions), we find th at £'{u) is an increasing function, 
and f  5(v)dv is a function th at changes sign only once, from +  to — and integrates 

to 0. T hus JZo ^ i u) fv=o 5(v)dvdu <  0.

T h e proof for upper pr is identical except th at the sequence of signs of 5 in this case 
is — I— . For n  =  2, 5 changes sign once. ■

3.3.2 Bounds for CM service distributions

T h e o r e m  3 .5  If  the service distribution is constrained to lie in the CM class, then 
given the first n moments of the service distribution S,  E  under light traffic
is extremized by the lower and upper principal representations of the moment sequence 
within the hyperexponential class of distributions.

P r o o f :  T h e  first step of the proof is to restrict our attention to hyperexponential
distributions w ith  finite num ber of phases as th ey are dense in the C M  class. W e will 
now use the M arkov-K rein  Theorem  to prove the result. However, Theorem  3.1 does 
not ap ply  d irectly  to our problem  because as Theorem  3.3 shows, the m ean w aiting 
tim e in light traffic can not be w ritten  as E[/(S')] for any function /(•). Instead, we 

prove a stronger result.

Consider a tagged arrival th at finds all the servers busy. W e fix the distribution of 
the jo b  sizes at the first k — 1 servers to be exponential w ith arb itrary  param eters (say 
i/i, v2, . . . ,  z/fc-i). W e w ill now show th at given the m oments of the service distribution 
for the jo b  at the kth  server, the hyperexponential distributions th at m inim ize or 
m axim ize the tim e until first departure, and hence the w aiting tim e of the arrival, are 
given b y the p r ’s irrespective of the choice o fv i , . . . ,  Vk-1 - Let the service distribution 

of the jo b  at the kth  server be:

I  E xp  w ith  probability  qi,

:

Exp w ith probability qn.
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A s defined in Section 3.2, let Y  denote a random  variable whose distribution is given 
by the inverse spectrum  of S,  and let M  =  J2jZi Vj- T h e  mean w aiting tim e of the 
tagged arrival, E[W*], is then given by:

Eftv*] = y  ___ -__
^=l L 1 Xi

1 “ (M x i  -  1 1
2^ ft +

E [ 5 ] £ i  V M2 M*(Mxi + 1) 
1 1 1 1

M  M 2E[Y] M 2E[Y] ~  [ M Y  +  1 J

From Theorem  31 of [8 6 ], ■̂/xI+ 1  forms a Tchebycheff system  w ith  the functions i\xl , 
and hence by Theorem  3.1, the result follows. ■

R e m a r k  1: T h e  reader m ight wonder if we could use a sim ilar proof outline as 
Theorem  3.5 to  prove the result for general distributions. To be more precise, we can 
arb itrarily  fix the residual sizes of jobs at the first k — 1  servers as u\ < . . .  < uk~\. 
W e m ay then ask the question: for given first n m oments, w hat service distribution 
for S  extrem izes E [m in {5 e, Ui}]. T h e latter expectation  can indeed be w ritten  as 
E f/ iS 1)], w here /(•) is a piecewise polynom ial function. However, even for n = 3, 
f (x )  d o e s  n o t  form a Tchebycheff system  w ith  the m oment functions x ° , x l , x 2 and 
x 3. T hus, Theorem  3.4 can in some sense be seen as breaking the Tchebycheff system 
barrier.

3.3.3 S im ulation and num erical evaluation

W e conjecture th a t Theorem  3.4 extends to any number, n , of m oments and to general 
traffic, and Theorem  3.5 extends to arb itrary  loads. See Section 3.6 for the specific 
properties th at we conjecture to  hold generally for m om ent-based tight bounds on 
E \ w M/° /k . In this section, we provide support for the conjectures and num erically 
stu d y  the q uality  of bounds obtained w ith  principal representations.

F igure 3.1 provides num erical evidence in support of the valid ity  of Theorem  3.5 for 
general loads. T h e  solid curves in Figure 3 .1(a) and Figure 3.1(c) show E j i V  

when the job  size has a two-phase hyperexponential ( # 2 ) distribution which allows 
us to  vary  E[S'3] w hile holding the first two m om ents fixed. T h e solid curves in 

F igure 3 .1(b) and Figure 3 . 1 (d) show E[w^M/G/fc] when the job size has a degenerate 

three-phase hyperexponential ( # 3 ) distribution, w hich has two non-zero mean expo
nential phases and a phase w ith  zero mean. W ith in  distributions, we can vary 

E ^ S 4  , w hile holding the first three m om ents fixed. W e set the number of servers, k , 

as indicated below  each figure.
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upper p.r.

M/M/4

upper p.r.

upper p.r.= M/M/5

upper p.r.

1 2 3 4 5
E[S4] x107

(b) n = 3, k = 4

1 2 3 4 5
E[S4l x 107

(d) n = 3, k =  5

F ig u r e  3 .1 :  M ean w aiting tim e in an M / G / k  system  when the job  sizes obey a 
hyperexponential distribution. In (a) and (c), we vary E [S 3], w hile keeping { E [S] =  
1, E lS 2] =  20}. In (b) and (d), we vary E | S 4], while keeping {E [S] =  1, E [S 2] =  

20, E [S 2] =  8000}.

O bserve th a t the solid curves lie between the m ean w aiting tim es attained when 
the service distributions are given by principal representations w ithin hyperexpo
nential d istributions (dashed line and dotted line). T h e principal representations are 
determ ined by the first two m om ents of the H2 distribution in Figure 3 .1(a) and 
F igure 3 .1(c) and the first three m om ents of the distribution in Figure 3.1(b) and 
F igure 3 .1(d). A lso, observe th at the solid curve is decreasing in E[S'3] and increasing
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fines the lower bound obtained from  an exponential job-size distribution (line labeled 
w ith  M / M / 4). However, in F igure 3 .1(c), the lower bound obtained w ith  a principal 
representation coincides w ith  the lower bound obtained from an exponential job-size

in  A  d e t a i l  i s  t h a t ,  in  F ig u r e  3 . 1 ( a ) ,  t h e  u p p e r  p r in c ip a l  r e p r e s e n t a t i o n  r e 

distribution. See C onjecture 3.1 in Section 3.6 
to hold generally  for the bounds on E \ w M̂ Ĝ k

or the properties th at we conjecture

F igure 3.2 shows E anc[ its bounds obtained w ith principal representa
tions, w hen the service distribution is a W eibull distribution. W e fix the param e
ters of the W eibull d istribution such th at its probability density function is f (x )  =  

exp £ 1//2) for x  >  0. W e also fix the number of servers, k — 4, and vary 

the load, p =  AE[>S], as indicated below each figure. T h e  dashed line shows the 

exact value o f E  , and the crosses and the dots show bounds on E  ^WM Ĝ k̂j
obtained w ith  principal representations. Specifically, a bound shown w ith  a cross 
is the m ean w aiting tim e in the M / G / k  system  whose service distribution has a 
principal representation th at is determ ined by the m oments of the W eibull distri
bution (see Theorem  3.4). A  bound shown w ith a dot is obtained analogously w ith 
a principal representation w ithin hyperexponential distributions (see Theorem  3.5). 
N otice th a t the W eibull distribution under consideration is com pletely m onotonic 
(see [56]), so th at principal representations w ithin hyperexponential distributions 
give valid bounds. T h e  horizontal axis indicates the num ber of moments used to 
determ ine the principal representations. T h e  m oments of the W eibull distribution 
under consideration are E [Sn] = (2n)! for n =  1 , 2 , . . . .

In all cases, E [ j y M/G/fc] and the bounds shown w ith a cross are obtained via  sim 
ulations; the bounds shown w ith  a dot are calculated via  m atrix  analytic  m ethods. 
For each d a ta  point, the sim ulation is run 10 tim es and the average value of the 
10 sim ulated m ean w aiting tim es is plotted. Each run of sim ulation is continued 
for 10,000,000 events, where an event is either an arrival or a departure of a job, 
and w aiting tim es of the departed jobs are recorded (we ignore the first 100,000 
departures). Confidence intervals are sufficiently sm all and not shown.

In F igure 3.2, notice th at, except for n =  2, either lower bounds or upper bounds are 
shown for each n, where n is the num ber of m oments used to determ ine the principal 
representation. T h is is because the lower (respectively, upper) bound obtained w ith 
an even (respectively, odd) num ber n of m om ents in general does not improve the 
corresponding lower (respectively, upper) bound obtained w ith  n — 1 moments. A n 
exception is th a t the lower bound obtained w ith  n =  2 m oments improves upon 
th at w ith  n = 1 for p — 3.6 (but not for p = 2.4, as predicted by our analysis in 
C h ap ter 2). T h e  lower bound w ith n  =  2 m oments is given by a lim iting distribution 
where one of the mass points, B , approaches infinity. T h is lower bound corresponds
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iM
/G

/k
-

LU

number of moments
(a) p =  2.4

number of moments
(b) p — 3.6

F ig u r e  3 .2: B ounding m ean w aiting tim e in an M / G / 4 queue when the job  sizes 
o b ey  a W eibull distribution.

to the principal representation w ith  B  =  106. It appears th at the m ean w aiting tim e 
under the principal representation hard ly changes in the interval between B = 104 
and B — 106. For a B > 106, the analysis of the m ean w aiting tim e suffers from 

num erical errors.

O bserve in F igure 3.2 th at the principal representations w ithin hyperexponential dis
tributions (dot) can give bounds th at are significantly b etter than the corresponding 
bounds obtained w ith the standard principal representations (cross). T h e  princi
pal representations w ithin hyperexponential distributions provide bounds th at are 
valid only for (service) distributions th at are com pletely m onotonic. T h e  difference 
betw een a dot and a cross shows the refinement of the bound th at we gain from 
the know ledge o f com plete m onotonicity. A lso observe th at, as the num ber of mo
m ents used to  determ ine principal representations grows, the upper and lower bounds 
approach each other quickly p articularly  at high load (Figure 3.2(b)). T his makes 

intu itive sense, because E |V F M/G/fc] becom es insensitive to third and higher m oments 

in heavy-traffic.

3.3.4 A departure from Markov-Krein

T h e  classical M arkov-K rein theorem  only enforces the condition th at the m oment 
constraint functions { /0, . . . ,  f n}  be linearly independent (m odulo signs of functions). 
A s m entioned earlier, this condition holds for the power functions fi(x) = x a i,

78



0 <  « 0  <  • • • <  Oin. In particular, note th at need not be integral. However, 
here we see a departure in the behavior of M / G / k  from the classical M arkov-K rein 
characterization  -  If the m om ent constraints involve fractional m om ents, the relative 
perform ance of upper and lower principal representations m ay flip as the arrival rate 
increases from light traffic to  heavy traffic. Further, the upper and lower p r ’s m ay 
no longer provide bounds.

W e w ill illustrate this point w ith an exam ple. Consider the m om ent constraints 
m 0 =  E [S°] = 1, m i =  E ls '1] =  1, and m± = E ^ S i]  =  5, and let us restrict 

ourselves to  the class of hyperexponential distributions (since we do have the light 
traffic extrem ality  results w ithin the Hn class). T h e upper pr places alm ost the entire 
p robab ility  mass on the m ean, and behaves as an exponential distribution in light 
traffic (this is true as long as the highest m om ent constraint is sm aller than 1 +  |
for k > 1 suffices). Therefore in light traffic, the m ean sojourn tim e of the upper pr 
is sm aller than the m ean sojourn tim e of the lower pr. However, due to  the mass at
oo in upper pr, the second m om ent is oo whereas the lower pr has all finite moments. 
Since the m ean sojourn tim e in heavy traffic lim it is com pletely determ ined b y the 
first two m om ents, the m ean sojourn tim e of the upper pr in heavy traffic is higher 
than the m ean sojourn tim e of the lower pr. Further, the m ean sojourn tim es of the 
upper and lower pr w ill cross at some arrival rate A*, where the m ean sojourn tim e 
is T*. C learly, there are distributions w ith the given m oment constraints w ith mean 
sojourn tim e different than T* at A*. Thus the p r ’s do not provide bounds in this 
case. T h e sam e behavior is observed whenever the card in ality  of m om ent constraints 
in the interval (0, 2) is even.

T h e above discussion, w hile discom fiting, should be taken as an instructive caution. 
W hile we strive to prove a M arkov-Krein characterization for M / G / k  m ean sojourn 
tim e, conditions m ore than those in Theorem s 3.1 and 3.2 would be needed. We 
conjecture th at the knowledge of the integral m oments suffices. However, fractional 
m om ents, in general, m ay not be adm issible.

3.4 B ounds for M / G / l  R ound-R obin

In this section we prove sharp m om ents-based bounds for the mean sojourn tim e, 
E j j ’M/G/i/flflj  ̂ Qf an M / G / l  round-robin queue w ith  exponentially distributed quan

tum  sizes and C M  service distribution in the lim it when the arrival rate A —► 0. For
m ally, we consider round-robin scheduling where every tim e a job  gets to the server, 
the server picks a quantum  size i.i.d. from an Exp(^) distribution..
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L e m m a  3 .1  Consider an M / G / l  Round-Robin system with i.i.d. Exp(i/) quanta, 
arrival rate X and the following Hn service distribution:

E xp ( 7 !) with probability q\

E xp ( 7 n) with probability qn

As the arrival rate X —» 0;

E (T " ' “ ' ™ ]  -  E|S1 + + 1  g g

P r o o f :  A s the arrival rate approaches 0, the coefficient of the 0(A)  term  will be
dom inated by events where (i) a job  arrives to an em pty system  and is interrupted at 
m ost once during its stay, or (ii) a job  arrives to a system  w ith  a yet uninterrupted 
job  already in service, and there are no more arrivals during its sojourn.

Let us consider the case where an Exp(£) job  is interrupted by an E x p (x ) job. In 
this case, the m ean residual sojourn tim e of the interrupted Exp(£) job  satisfies

, 1 v (  1 v x  1
A&x -  t I + £■ I ” TTT: + 77TT7 +i + v  £ + v \ X + v  X + v  ' X + " Z  

- I I  I t ..........J " . . ,  (3.1)
£ V K  +  ^ )(x  +  ^ ) - ^ 2

Sim ilarly, the m ean sojourn tim e of the interrupting E x p (x ) job  is given by:

B x,( = - (  1 + „  , + , ^  - )  (3-2)
X V  (t + v)(x + v) -  v2

R eturnin g to  our original round-robin system , a tagged class i job  arrives to an em pty 
system  w ith  probability  (1 — A E[5]), and stays there for E xp ( 7 j +  A) time. W ith  
probab ility  the tagged class i job  gets interrupted by another arrival which is 
o f class j  w ith  probability  qj and spends additional tim e Alin . W ith  probability  
A E[5], the class i job  arrives to a busy system  and interrupts a class j  job  w ith 

probab ility  ~ r f ^ , in which case the sojourn tim e of the tagged class i job  is 

Thus, the overall sojourn tim e of a class i job  is given by:

E p i ]  =  (1 -  AE[S]) f ^  ^  £  U K « ,  J  +  AE[S] £  +  ° ( A2)
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=  1 +  A E [ S ] + 1 " ______ 7 , - 7 ,

7 i 7 i j S  J 7 ,(7 i7 j +  (7* +  7 j > )

C alcu latin g  E [ r M/G/1/-Rfl] =  E i? iE [ T 4], we get the expression in the theorem  state
m ent. ■

Theorem 3.6 Given the first n moments of the service distribution S in the C M  
class, E^TA//G/1/'R/?j under light traffic is extremized by the lower and upper p rin 
cipal representations of the moment sequence within the class of hyperexponential 
distributions.

Proof: W e w ill follow sim ilar steps as in the proof of Theorem  3.5. T h e  first
is to restrict our attention  to hyperexponential distributions w ith  finite num ber of 
phases as th ey  are dense in the C M  class. W e will then use the M arkov-Krein T h eo
rem  to show th a t E ^ T A//G//1//'RfiJ given in Lem m a 3.1 is extrem ized by the principal 
representations w ithin the hyperexponential class of distributions. Let Y  denote a 
random  variable w ith  the sam e distribution as the inverse spectrum  of the service 
d istribution S, and let Xi =  — . From Lem m a 3.1 (ignoring o(A) terms):

E  ^M/G/l/RRj

= E [ y ] ( i  +  A E [y])  +  ^ £ £  w ( x i - xj )2
2 (1 + (xi + xj)v)

em  (. * a e m ) + i  t « £  s  -  ■+i g ; : ; ; ; )

= E [ y ] ( i  +  A E [r])  +  ^ £ 9i 
z  i = 1

where fk(x)  — From Theorem  31 of [86], each fk(%) forms a Tchebycheff

system  w ith  the functions i\x l (and the sam e pr, either upper or lower, m inim izes 
each E [/fc(y)], and sim ilarly the other pr m axim izes each E[/fc(Y")]), and hence by 

Theorem  3.1, the result follows. ■

R e m a r k  2: G iven E[S] and E [£ 2], the lower bound w ithin the C M  distributions is 
a tta in ed  by the upper pr, and is equal to  the m ean sojourn tim e under Exponential 
service distribution, E  ? which also equals the mean sojourn tim e under
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ideal Processor Sharing discipline, e [t P5]. T h e  upper bound is attain ed b y the 

lower pr, and can be shown to  be [66]:

E  T,iM/G/l/RR
h — £  \rpM/M/l/RR^ 1 +

c g  +  i  ___

C% +  1 v +
(3.4)

A s C\ oo, this upper bound converges to E j r ^ ^ J i l  +  £l.  T h e M / G / l / R R  
system  therefore exhibits b o u n d e d - s e n s it iv it y  -  the effect of higher order charac
teristics beyond the m ean is bounded if v is bounded away from 0 (when v —> 0, the 
R ound-R obin p olicy  becom es F C F S ).

3 .5  B o u n d s  fo r  s y s t e m s  w i t h  t i m e - v a r y i n g  lo a d

In this section we prove tight m om ent-based bounds for an M /M /1  queue w ith  
arrival and service rates controlled by a 2-state environm ent process. However, we 
believe the results extend to much more general tim e-varying system s (see the rem ark 
after Theorem  3.8). T h e  asym ptotic regim e we consider is w hat we call the “ fast- 
sw itching asym p to te” : we let the duration of stay  in the environm ent states on 
each visit approach 0. In Theorem  3.7, we prove the result when the distributions 
for the durations of environm ent states are C M , but our proof extends to generally 
distributed  durations. In Section 3.5.2 we show an application of our results to the 
developm ent of (conjectured) tight bounds on the perform ance of w ork-stealing, an 
exact analysis of which is im possible since the M arkov chain for the w ork-stealing 
m odel is infinite in 2 dimensions.

Form ally, we consider a system  w ith an exogenous environm ent process w ith states 
L and H. T h e durations of the H states are i.i.d. according to  a random  variable r# , 
and those of L states are i.i.d. according to tl- T h e  job  sizes are i.i.d. exponential 
w ith  m ean 1. However, during the L state, the arrival process is Poisson w ith rate 
Al and the server’s service rate is ¡i l - Sim ilarly, during the H states, the arrival 
process is Poisson w ith  rate AH and the server’s service rate is ¡iH- W e define ¡iavg =

- Le$ V e \ S \ h]’ =  A tE K l iE M T" 1' and P =  ¡ w  W e wil1 consider a  sequence of 
system s indexed by a param eter a , where the durations of L and H states in the a th  
system  are i.i.d. as olt̂  and a r # , respectively. W e will analyze the mean num ber of 
jobs in this sequence of system s, E [A fJ , as a  —» 0.
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3 .5 .1  F a st-sw itc h in g  a sy m p to te  and  b o u n d s

Theorem 3.7 Consider a time-varying load system with residence time in L and H  
states given by cxtl and olth, respectively. Further, assume that the distributions of 
tl and th are hyperexponential with finite number of phases. Then the mean number 
of jobs in the system as a  —* 0 is given by:

o 00
E[iVQ] = ——----b ŷ2/ (f)ial (3-5)

1 — P i=1

where 4>i are functions of the first i -f 1 moments of tl and th (and \iL, ////, Al, Xh ), 
and are linear in and Ê r2+1j.

Proof: W e defer the proof to A p pen d ix  3.A . W e do not provide the full details
but instead illustrate the m ain ideas behind the proof by looking at a finite buffer 
system  w ith  a buffer size of 1 (i.e., there can only be either 0 or 1 jobs in the system ) 
w ith  tim e-varying arrival and service rates. T h e  proof easily extends to the infinite 
buffer case as well. ■

Theorem 3.8 I f  tl and th are constrained to lie in the C M  class, then given the 
first n moments of t l  and t h ,  the mean number of jobs, E[7V], under the fast switch
ing asymptote is extremized by the lower and upper principal representations of the 
moment sequence within the hyperexponential distribution.

Proof: G iven the first n m om ents o f t l  and r # , the coefficients of a 1 for 0 <  i  < n — 1 
are a lready fixed. T h e  distributions which extrem ize the m ean num ber of jobs will 
be those th a t extrem ize the coefficient of a n. Since this is linear in the (n + l)s t  
m om ents, and m om ent functions f i(x )  — x l form a Tchebycheff system , the theorem  
follows from Theorem  3.1. ■

Remark 3: T h e result of this section easily extends to the case of general distri
butions for t l  and t h . T h e only fact th at is needed is th at for any finite x , the 
p robab ility  o f i arrivals or departures in duration a x  is C i(ax)1 — d i(a x )l+1 +  o(al) 
for some constants q  and di -  a sim ple consequence of the Poisson process.

Remark 4: T h e results of this section should also extend to more general tim e- 
varyin g  system s. For exam ple, during the L  and iJ , the system  could evolve according 
to  arb itrary  fin ite-state M arkov processes w ith  generators Q l and Q h , respectively, 
as long as the characteristic polynom ials of Q l and Q h  = d et(sl — Q l ),
&h (s) =  d et(sl — Qh )) do not have repeated roots.

Remark 5: U nlike M /G /k  and M / G / l  round-robin m odels where the heavy-traffic 
lim its tend to  be insensitive to the job  size d istribution beyond the first or second
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F ig u r e  3 .3 : D ependency of 4>i (Theorem  3.7) on E i r ] / ' 1

m om ents, for the tim e-varying load m odel, we actually  do have an interesting result 
in the “slow sw itching asym p to te” (a  —> oo): in the special case when th E xp (7 )
and Xh > Hh - Under transient overload during H states, as the m ean durations of H 
and L states becom e long, the tim e-varying load system  converges to a fluid system . 
For the special case m entioned, it is not hard to see th at the m ean response tim e 
of this fluid system  can be derived from a G I/M /1  system  w ith inter-arrival tim e 
distribution  given by r A s stated  earlier, characterization of bounds for GI/M /1  
v ia  principal representations is known from the work of E ckberg [50]. W e have proved 
th at this characterization  also holds under the fast sw itching asym ptote, irrespective 
of the choice of arrival and service rates, and when both L and H state  durations 
m ay be generally distributed.

W e valid ate Theorem  3.7 num erically w ith Figure 3.3. Consider a tim e-varying 

load system  w ith  Al =  4, Ah = 8 , hl — Hh — 10. We let tl have an exponential 
d istribution  w ith  rate 10 and vary th as is specified in the following. In Figure 3.3(a), 
th has a tw o-phase hyperexponential (H£) distribution having a non-zero exponential 
phase and a phase of zero mean. T h e H% allows us to hold the m ean at 0.1 and 
vary the second m oment E [7 #], which is indicated along the horizontal axis. T h e 
vertical axis shows A* =  (E[Afa] — E[N'a])/al for i = 1, where N'a indicates Na 
w ith  E [rfj] — 0.02 (the lowest value studied in Figure 3.3(a)). Throughout we set 
a = 10~3, so th at o(al+l) term s are negligible relative to ©(a:*) term. B ecause E[t//] 
is fixed, Ax shows (approxim ately) how (j>\ depends on E  [ r l l  Indeed, we find th at
0i grows linearly w ith  E [t# ]. In Figure 3.3(b), 7 7 / has a two-phase hyperexponential 
(H2) d istribution, which allows us to hold E[th ] =  0.1 and E [rjj] =  0.2, and vary 
E [Tjj], which is indicated along the horizontal axis. T h e  vertical axis in Figure 3.3(b) 
shows A 2 (here, N'a represents Na w ith E[t#] =  0.601 (the lowest value studied in 
F igure 3 .3(b))), which indicates (approxim ately) how 02 depends on E [r^ j. A lth ou gh
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Md

F ig u r e  3 .4 : T h e N -sh aring m odel -  Service rate at the beneficiary queue is Hb +Hd 
when the donor queue is em pty and ¡jlb otherwise.

the line in F igure 3.3(b) is not as straight as Figure 3.3(a) due to num erical errors, 
we find th at does decrease linearly w ith E  [rfj].

3.5.2 A pplication to  analysis of N -sharing m odel

In this section, we apply the analysis of the tim e-varying load system  to a work- 
stealing system  w ith  two M /M /1  queues, beneficiary and donor (see Figure 3.4). 
T h e  two queues are independent except th at the service rate at the beneficiary queue 
becom es larger when the donor queue is em pty (thus the donor server can help the 
benefeciary queue, but not the other w ay round). Let Ab (respectively, A^) be the 
arrival rate at the beneficiary (respectively, donor) queue. Let hb (respectively, ¡i d ) 
be the service rate at the beneficiary (respectively, donor) queue when the donor 
queue is nonem pty. W hen the donor queue is em pty, the service rate at the benefi
ciary  queue becom es + Hd - W e assum e th at the jobs are preem ptive, so th at the 
service rate at the beneficiary queue changes from Hb + Hd to ¡jlb im m ediately after 
a jo b  arrives at the em pty donor queue. T h e jobs arriving at the donor queue see a 
standard  M /M /1  system  w ith  arrival rate \ q and service rate po-

O bserve th a t the jobs arriving at the beneficiary queue, which we refer to as benefi
ciary  jobs, see a tim e varyin g system , where A// =  Xl = A5 , fin = Mb, Hl =  Hb+Hd, 
t l  has an E xpon ential distribution w ith rate A a n d  th  is the busy period of the 
M /M /1  system  w ith arrival rate Ad and service rate hq.  T o analyze the response 
tim e of beneficiary jobs, we need to consider a M arkov chain th at is infinite in two 
dim ensions, where one dimension represents the num ber of beneficiary jobs and the 
other dim ension represents the number of donor jobs. Such a M arkov chain cannot be 
solved exactly, so th at the prior work has investigated various approxim ations (e.g., 
trun cation  in [65] and approxim ating the donor busy period w ith m om ent m atching
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number of moments number of moments
(a) p -- 0.6 (b) p =  0.9

F ig u r e  3 .5 : B ounding m ean response tim e of beneficiary jobs in the N-sharing 
m odel. T h e  system  param eters are pB = Pd =  1 and XB = XD = p.

in [122]). However, such approxim ations do not guarantee their accuracy and can be 
com p u tation ally  expensive.

Now, because the busy period of an M /M /1  system  has a hyperexponential distri
bution w ith  a continuous spectrum  [4], our results in Section 3.5.1 suggest th at the 
sta tio n ary  m ean response tim e of beneficiary jobs, E [TB\, is likely to be extrem ized 
by lower and upper principal representations, given the first n m oments of the busy 
period for n = 1 , 2 , __  Figure 3.5 shows E [TB] and the bounds obtained w ith prin
cipal representations. W e fix p B = po = 1.0 and vary p — Xp = XB as indicated 
below  each figure. T h e  dashed line shows the exact value of E  [TB], which is obtained 
by num erically analyzing a M arkov chain. Here the state space of the M arkov chain 
is trun cated  so th at the num ber of jobs at the donor queue is at m ost a threshold, 
200, and we verify th at increasing the threshold does not change the results of the 
analysis. T h e  resulting M arkov chain is a quasi-birth-and-death (Q B D ) process th at 
can be analyzed w ith  a m atrix  analytic  m ethod.

A  dot in F igure 3.5 shows a bound on E [TB] obtained by replacing the busy period 
w ith  a principal representation, where the num ber of m om ents used to determ ine 
the principal representation is shown on the horizontal axis. Here again, the bound 
is num erically com puted by analyzing a Q B D  process v ia  m atrix  analytic  m ethods 
(but due to  a sm all num ber of levels, the com putational cost is much lower than 
trun cation). O bserve th at the principal representations obtained by including an 
additional odd m om ent ( 1 , 3 ,  and 5 are shown in the figure) refine the lower bound 
on E [T g], w hile the upper bound is refined by principal representation obtained 
v ia  an additional even moment (2, 4, and 6 are shown in the figure). W hen five 
or six  m om ents are used, the upper bound and the lower bound give nearly exact 
value (specifically, the two bounds differ by 0.62% in F igure 3.5(a) and 2.2% in
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Figure 3.5(b)).
T h e results in F igure 3.5 ju stify  the approxim ation in [122], where the donor busy 
period is approxim ated b y m atching its first three moments. T h e lower bound ob
tained w ith  the first three m om ents gives a nearly perfect approxim ation, and using 
the fourth and higher m om ents do not significantly improve the bound. In determ in
ing the principal representations for the busy period, B , we have used the following 
expression obtained b y m anipulating the Laplace-Stieltjes transform  of B  (we om it 

the details): E [ £ fc] -  where pD =  XD/p,D, f i  =  6  =  1, 6  =  1 +  P d ,

£ 4  =  1  +  3pD +  p*D, £ 5  =  1  +  6pD +  +  f y ,  and £ 6  =  1  +  1 0 pD +  2 0 p2D +  1 0 p% +  p%.

3.6 C onjectures on tight bounds for general traffic

Let m  =  (m 0 =  1, m i, m 2, . . . ,  m n) G M+ be such that there exists a positive random  
variable X  w ith  E  [Â 2] =771», i =  0 , . . .  ,n.  For n odd, let £>(m ) denote the unique 
lower pr w ith  m om ents m  and support [0 , 0 0 ) (and therefore has mass at 0 0 ), and
let UB(m)  denote the unique upper pr w ith m oments m  and support [0, B}. For n
even, let V*(m)  denote the unique lower principal representation w ith m om ents m  
and support (0 , 0 0 ], and let UB(m)  denote the unique upper pr w ith m om ents m  
and support [0, B). (T h e star in the superscript is to em phasize a point mass at 0, 
and the B  in the subscript em phasizes the point mass at the upper bound, B , o f the 
support.)

Let

Th(m ) =  sup { E f T 5 m l l E p r l  = m u ¿ =  0 , . . . , « } ,
 ̂ L j  i l  j  j

T ,(m ) =  infp { e [ t s('y)] |E [X f] = m u i = 0 ......... n )  .

w here S( X)  represents either the M / G / k  (k >  2) m ulti-server system , the M / G / l  
round-robin system , or the tim e-varying load system , w ith X  as the random  variable 
for the service distribution for the M / G / k  and the M / G / l  round-robin models, or 
the duration of the L or H states for the tim e-varying load m odel, and T  denotes the 

response tim e.

C o n je c t u r e  3 .1  Let m  =  (m 0 =  1, m x, . . . ,  m n), n >  1, be a valid moment sequence 
for positive distributions. Let m ' =  (m 0, m i , . . . , m n_i).  Then,
Case 1: n odd
(i) Th{m ) =  U m ^ o o E f T ^ B M ) ] .
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(in) T / ( m i , . . . ,  m n_i,  x) is strictly decreasing in x.
Case 2: n even
(i) Th(m )  =  e [ t s (®'(">»].

(it) Ti(m ) =  lim B^ 00E [ T s <I,B<m>>].

(Hi) Th(rrii, . . . ,  m n- i , x )  is strictly increasing in x.
Further, for the M / G / k  system: for n odd, Th(m ) =  Th(to!); and for n even (and 
additionally for p < (k — 1) if n = 2), T/(m) =  T/(m '). 1

To sta te  in sim ple language, the conjectures would im ply the following for the M / G / k  
m ulti-server model: If we are given only the m ean of the service distribution, we only 
have enough inform ation to  fix a lower bound on E  M/G/fcj. T his lower bound is

given by E [ w M/D/fcj. If we are additionally given the second m oment of the ser

vice d istribution, we can fix an upper bound on E  |VFM//G/fcj (The conjectured upper 

bound is presented in C onjecture 2.1). B y  determ ining the third m oment of ser
vice d istribution, we can refine (tighten) our lower bound but this lower bound is 
a decreasing function of the third moment. T h e upper bound remains unchanged. 
Sim ilarly, know ledge of the fourth m oment will refine the upper bound on the mean 
w aiting tim e (bring it down), and so forth for alternating higher even and odd m o
ments. Further, these bounds are achieved by m ixtures of point masses as d ictated 
by the upper and lower p r ’s.

3 .7  T o w a r d s  a  u n i f i e d  a p p r o a c h  fo r  m o m e n t s - b a s e d  
b o u n d s

W hile  our results offer an intuitive justification  for tight m om ents-based bounds via  
principal representations for the three queueing system s considered for general (i.e.,

intuitively, as we said before, this is true because the mass at oo is only present to satisfy 
the largest moment constraint. Karlin and Studden write ([90], page 152), “Whenever mass 
at oo is present, this mass may be ignored to obtain a measure representing only the moments 

, mn_ i ” In the classical Markov-Krein framework, this treatment suffices under some 
conditions on the function g(-) whose expectation we are extremizing. However for queueing sys
tems, whenever the sup/inf as defined above exist and involve the upper principal representation, 
we need to be slightly more careful. For example, for the case of M/G/k with n = 2 and p > (k — 1) 
we can not ignore the mass at infinity and must define the sup/inf via the limit of a sequence of 
systems involving upper pr on finite support. This fact is highlighted via M/G/l  where given n = 2, 
the mean sojourn time is completely determined. However, if we ignore the mass at oo in the upper 
pr, we incorrectly obtain E ^TM/D/l \̂

(ii) T,(m) = E[T's<D<m»].



non-asym ptotic) traffic conditions, we are still quite far from proving the desired 
result. Further, we believe th at sim ilar results are likely to hold for other queueing 
system s as well. W e now discuss some possible lines of a ttack  for proving m oments- 
based bounds for general queueing system s.

O ne line of approach to proving such results m ight be along w hat we have tried to 
do in the present chapter. O ne would first prove the desired result in an “ appro
p ria te” asym ptotic  regim e, th at is, where the effect of the entire distribution of the 
param eter of interest (e.g., the service distribution) is apparent. T his is expected 
to be the easier step, and should offer insights into w hat distributions are extrem al. 
T h e  rem aining open question would then be to prove th at the extrem ality  of the con
jectu red  distributions is preserved when we are in non-asym ptotic regime. T his last 
step seems very  challenging because there exist service distributions whose relative 
perform ance flip w hile going from light to heavy traffic.2

W hile the above approach sounds prom ising in th at obtaining extrem al distributions 
in asym ptotic  regim es w ould be tractable, proving such results for every new queueing 
system  ab initio w ould be far from elegant.

A  second line of approach could be th at of E ckberg [50] for obtaining bounds on 
the m ean response tim e of the G I / M / k  model. A s we m entioned earlier, the mean 
response tim e of a G I / M f k  queue can be w ritten  as an increasing function of an im 
plicit qu an tity  a th at is itself an increasing function of the Laplace-Stieltjes transform  

A(s) = E [ e _sAj of the inter-arrival tim e duration A:

a =  A{fi(l -  a)).

T h e functions e~sx form a Tchebycheff system  w ith moment functions x l. There
fore from Theorem  3.1, the principal representations of the m oment sequence would 
extrem ize the L aplace-Stieltjes transform  point-wise, and hence the m ean response 
tim e o f the G I / M / k  queue. E m ploying a sim ilar approach for the m ean response 
tim e of queueing system s considered in this chapter by expressing these quantities 
as increasing functions of E[/(X)] for some function /  which forms a Tchebycheff 
system  w ith  fi(x) = x \  and then directly  applying Theorem  3.1, eludes us (and in 
light of the discussion in Section 3.3.4, seems not possible).

To overcom e the above shortcom ings, we propose a unified fram ework by posing the 
following moment problem: O bserve th at the solution to any queueing system  can be

2Indeed, consider moment sequences m = (m i,m2 ) and in' = (m'^m^) with mi = m\ and 
(mi)2 < m2 < m'2. The lower pr of m yields a higher mean sojourn time than the upper pr of m' 
in light traffic. However, the mean sojourn time in heavy traffic is completely determined by the 
first two moments, and hence the lower pr of m yields a lower mean sojourn time than the upper 
pr of m' in heavy traffic. Also see the discussion in Section 3.3.4.
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represented at some level by the fixed point of a stochastic recursive sequence (SR S).
T h a t is, there exists such th at

W  = $ ( W , S),  (3.6)

where W  is the unknown random  vector capturing the perform ance of the system ,

and =  denotes equality  in distribution. For exam ple, for the GI/G/1  F C F S  m odel, 
the d istribution of the custom er average w aiting tim e W  is given by the Lindley 
recursion:

w  = (W + S -  A )+

w here S  is the service distribution, and A  is the inter-arrival tim e distribution. A s an
other exam ple, for the G I / G / k / F C F S  queueing system , let W  =  (W\, W2, . . . ,  Wit) 
where W\ < W2 < . . .  < denote the Kiefer-W olfow itz workload vector seen by 
arriving custom er (equivalently, the ordered vector of tim es at which the k servers 
will idle, assum ing the custom er arriving at tim e t = 0 has size 0 and and there are 
no further arrivals). T h e distribution of W  is then given by:

W  =  M  ( ( W  +  X  ■ e !  -  A ■ e)+ )

where e i  is a k —vector whose first element is 1 and the rest are 0, e is a k-vector
all of whose elem ents are 1, and &  is a function that reorders the elem ents of its 
argum ent in ascending order.

T h e  final perform ance m etric of interest would be E[g(W)] for some function g. O ur
goal is to seek bounds on E[g(W)], given the first n m oments of X.  For what class
of probability flows <£(•) and functions g(-) can these bounds be characterized along 
the Markov-Krein Theorem?
Even partial progress on the above m oment problem  promises to yield bounds on 
m any interesting queueing system s in a single shot -  one only needs to  check w hether 
the SR S for the queueing system  satisfies certain conditions. Further, an understand
ing of this problem  should give insights into the com m on thread am ong queueing 
system s which share the M arkov-Krein characterization property, but are otherwise 
seem ingly very  different. For exam ple, w hat is the fundam ental difference betw een 
the queueing system s described above and the following queueing system  for which 
the principal representations achieve identical m ean sojourn tim e (when n, the num
ber o f m om ent constraints, is even), yet the m ean sojourn tim e is sensitive to  the 

service distribution?

A  q u e u e in g  s y s t e m  w h e r e  p r in c ip a l  r e p r e s e n t a t io n s  a r e  n o n - e x t r e m a l  C on
sider a 2-server JS Q -P S  system  w ith Poisson arrival process : each server follows the

90



ideal Processor Sharing (PS) scheduling discipline, and new arrivals join  the shorter 
queue (ties broken random ly, no jockeying between queues). It is easy to see th at 
given any first n m om ents with n even, the service distributions corresponding to 
the upper and lower p r ’s yield identical m ean sojourn tim e. Consider the case n — 2
-  the m ass at oo in the upper pr does not influence the m ean sojourn time; jobs of 
size 0 in the lower pr depart the PS servers instantaneously on arrival. Thus both  
the upper and lower pr system s effectively behave as if the service distribution is 
determ inistic (albeit, w ith  different means; the arrival process is still Poisson but 
w ith  different rates). T h is in turn implies th at the distribution for the num ber of 
jobs in the upper and lower pr system s are identical, and thus by L ittle ’s law, so are 
the m ean sojourn tim e. A  form al proof is given after Theorem  5.1.

W hile  the upper and lower pr yield the sam e m ean sojourn tim e, this system  is 
sensitive to the service distribution. B onald and Proutiere [28] have proved th at 
local balance is a necessary and sufficient condition for insensitivity, whereas shortest 
queue routing w ith  static  node capacities violates the local balance condition.

3.8 Sum m ary and Open Q uestions

In this chapter we have taken a sm all but fundam ental step towards solving three 
queueing system s which have not yielded exact analysis so far, one of them  being 
the classical M / G / k  m ulti-server system  whose analysis has rem ained open for more 
than 50 years. O ur approach is different from prior attem pts in the literature in 
th at instead of tryin g  to obtain  an explicit expression for the m ean response tim e as 
a function of the service distribution, we strive to identify the service distributions 
w ith  given first n m om ents which m inim ize or m axim ize the m ean response tim e, 
thus obtain ing sharp lower and upper bounds on the m ean response tim e given a 
partia l characterization  of the service distribution in term s of its moments.

W e were in itially  m otivated by experim ental observations m ade in C hapter 2, and 
further em boldened by existence of results sim ilar in spirit in the seem ingly discon
nected area of m om ent problem s. To bridge this disconnect, our approach relied 
on looking at appropriate tractable  asym ptotic regimes where the effect of the en
tire service distribution is apparent (unlike heavy traffic regimes, for exam ple), and 
extractin g  the extrem al distributions. A s our m ajor contribution, we utilized the 
M arkov-K rein  theorem  to prove th at if the service distribution is restricted to lie in 
the com pletely  m onotone (C M ) class of distributions, then given any first n moments, 
the extrem al distributions are the principal representations w ithin the hyperexpo
nential class of distributions. For the M / G / k  m ulti-server system , we additionally 
proved th at w ithout the restriction of com plete m onotononicity, and given the first
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n = 2 or n — 3 m om ents, these extrem al distributions are given by the principal rep
resentations of the m om ent sequence. However, we found the M arkov-Krein Theorem  
lacking for the latter purpose.

Finally, analogous to  the classical M arkov-Krein theorem  for scalar functions, we 
propose exploration of M arkov-K rein characterization of solutions of Stochastic re
cursive equations as a unified approach to identify and stud y queueing system s per
m ittin g  m om ent-based characterization of extrem a via  principal representations of 
the m om ent sequence of the random  variables driving them.

I m p a c t :  W e have given strong analytical evidence for tight m om ents-based bounds 
for the m ean sojourn tim e in three, as yet unsolved, queueing system s. However, 
the contributions of this chapter go beyond the queueing system s th at have been the 
subject of analysis. W e have proposed an analytical tool which would open a new 
area in the century old field of queueing theory. B y  view ing queueing system s as a 
special case o f solutions of stochastic recursive sequences, we can utilize the rich set 
of tools from  algebraic geom etry, functional analysis and approxim ation theory and 
approach the problem  of obtain ing tight m om ents-bounds for more general queueing 
system s.

O p e n  P r o b le m s :  T h e  m ost tractable  question seems to be extending Theorem  3.4 
(light-traffic extrem ality  for E  [VKM/G///c] w ithout C M  restriction) to  higher moments. 
A  deeper question of interest is, when can the ordering of m ean sojourn tim e under 
light traffic extend to  general arrival rates? Is ordering in both the light and heavy 
traffic asym ptotes sufficient? M otivated by observations in C hap ter 2, another ques
tion of practical relevance is to identify characteristics of the service distribution 
w hich would yield  sharper bounds than achievable by m oments. C an principal rep
resentations be identified when the constraints include these more representative 
characterization  of the service distribution? W h at are the sim plest non-trivial solu
tions to the m om ent problem  proposed in Section 3.7?

3.A P roof of Theorem  3.7

A s stated  previously, to illustrate the m ain ideas behind the proof, we will instead 
consider an M /M /1 /1  system  in the 2-state environm ent process defined in Sec
tion 3.5. For this case, we only need to analyze the tim e average idle probability. Let 
pL and pH denote the idle probabilities at the end of L and H states, respectively, and 
let pZ and pfi  be the tim e average idle probabilities during L and H states, respec
tively. O ur focus is not on deriving the precise coefficients of a1 for all i because our 
goal is not to propose an approxim ation by extrap olatin g  the fast-sw itching asym p
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tote (even though we can do so). Instead, we want to  identify sufficient functional 
dependence of these coefficient on the moments of 77, and t#  to be able to conclude 
tha t principal representations extremize the performance metric of interest.

Let the d istributions of tl be given by:

Exp (71) w ith  probab ility  qi 

Exp(7n) w ith  probab ility  q n

We begin w ith  a simple lemma.

L e m m a  3 . 2  C o n s i d e r  a n  M / M / 1 / 1  s y s t e m  w i t h  a r r i v a l  r a t e  A a n d  s e r v i c e  r a t e  p .  

L e t  t  ~  Exp(7 ) ; a n d  l e t  p i t )  d e n o t e  t h e  i d l e  p r o b a b i l i t y  a t  t i m e  t .  T h e n :

p (  0 )  +  *

P ( r )  =  ( 3 . 7 )

7

P r o o f :  The Chapman-Kolmogorov equation is given by:

d p ( t )

d t

In tegrating by parts:

=  - A p ( i )  + / i ( l  ~ p ( t ) )

r o o  \

p(r) =  / ^ e ~ y u p ( u ) d u  =  p ( 0) +  -  (/i -  (A +  i i ) p { r ) ) . 
Jo  7

By conditioning on the which of the n  phases of the L state duration occurs and 
using the above lemma, we can obtain pl in terms of pn  for the a th  system as:

71 P h  +  oc1̂
F  l j  ( 3 . 8 )

VL S 9jl + a i i i ± A i ‘
J - 1 7 j

/  i + 1

=  p H l l  — a ( ¡ i L  +  A ¿ ) E [ t ¿ ]  +  Q í fcE  j  77/c +  0 ( a î + 2 )

V k = 2
¿+1

+  a ^ E l  t l \ +  £  a fc E [ r ¿ ] a  +  0 ( « i + 2 )  ( 3 . 9 )
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/ i+1
P H  =  P L  1 -  a ( f l H  +  X h ) E [ t h ] +  Y l  a l*E  [TH ] ° k +  @ (a i+2)

V k—2
i + 1

+  « m h E I t h ]  +  £  < * * E  t £  k *  +  0 ( a i + 2 )  ( 3 . 1 0 )

k=2

where, again, 0k and n k are constants (functions of ¡ iH  and A h  only).

E lim ina ting  p#,

P l  =  P l  ( 1  — ol \(p l  +  \ l ) E [ t l ] +  (h h  +  A / / ) E [ r / / ] ]

+  £  a ka k +  a * + 1  [ e [ t £ ] %  +  e [ t £ ] 0 * ]  +  0 ( a i + 2 )

where 7]k and (k are constants (functions of fiL and \ L only). Similarly,

k = 2
i

+  a  \/i lE[tl \ +  / if /E jr t f] ]  +  ^
k = 2

+  a * + 1  [ E f r ^ ' J a  +  E [ r * , + I ] « t ]  +  0 ( a i + 2 )  ( 3 . 1 1 )

where ak and ^  for 2 < k < i involve ¡i l , / i# , A A / /  and E[t™] and for 1 <  m  < i 
(im portantly , not E^r2+1j ,  E i r # -1], or s till higher moments). This gives

E f r ^ j a  +  E f r ^ 1 ] ^

p a v g  “ f”  A avg  y  E [ t " £ , ]  4 -  E [ t / / ]  

E [ r f 1 | r ? t  +  E [ r » + 1 | ^

+  ■

P a v g

+  ¿ £ * * 0 * )  + 0 ( a i+1) (3.12)
k=1Pavg “t” A avg

where again (pk for 1 < k < i only involve fi, A, and the first i moments of tl and 
th - A  s im ilar expression holds for pn- Note tha t as a  —> 0, the idle probab ility  of 
the fin ite  buffer system is indeed given by ^ lga+\avg •

F inally, the expression for the tim e avergae idle p robab ility  during L states is obtained 
as:

1 n  ^  ( P h  +  a l iJ L ')
P I = - L - y ^ ^ H (3.13)
p  E  [ r L ] ^ l  l  +  a ^  K J

The contributions to the a 1 term  in p l  are made by 0 ( a l) terms in pH, and also from
a ^ r -  term  in the numerator above. I t  is straightforward to see tha t the coefficient

'j
of the a 1 term  w ill again depend on only the first (i +  1) moments, and w ill be linear 
in the [i +  l)s t  moments of tl and th -
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C h a p t e r  4

Scheduling Policies for Database 
Concurrency Control: The 
G/G/PS-MPL Model

I n  t h i s  p a r t  o f  t h e  t h e s i s ,  w e  f o c u s  o n  d e s i g n i n g  s c h e d u l i n g  p o l i c i e s  f o r  t h e  s m a l l 

e s t  b u i l d i n g  b l o c k  o f  a  s e r v e r  f a r m :  a n  i n d i v i d u a l  b a c k - e n d  s e r v e r .  T w o  o f  t h e  

m o s t  c o m m o n  r o l e s  o f  t h e s e  s e r v e r s  a r e  t o  a c t  a s  d a t a b a s e  s e r v e r s ,  o r  a s  w e b / f i l e  

s e r v e r s .  T h e  a r c h i t e c t u r e  o f  s u c h  s e r v e r s  i s  b a s e d  o n  m u l t i - t h r e a d e d  t i m e - s h a r i n g .  A  

t i m e - s h a r i n g  s e r v e r  i s  c o m m o n l y  m o d e l e d  u s i n g  t h e  i d e a l  P r o c e s s o r  S h a r i n g  s e r v i c e  

d i s c i p l i n e  w h e r e  t h e  s e r v e r ’ s  a g g r e g a t e  s e r v i c e  r a t e  i s  i n v a r i a n t  t o  t h e  n u m b e r  o f  r e 

q u e s t s  i n  s e r v i c e .  H o w e v e r ,  d a t a b a s e  s e r v e r s  e x h i b i t  l o a d - d e p e n d e n t  s e r v i c e  r a t e :  A s  

t h e  n u m b e r  o f  r e q u e s t s  a t  t h e  s e r v e r  i n c r e a s e s ,  i n i t i a l l y  t h e  s e r v i c e  r a t e  i n c r e a s e s  d u e  

t o  m o r e  e f f i c i e n t  u s e  o f  t h e  r e s o u r c e s ,  b u t  e v e n t u a l l y  d r o p s  d u e  t o  c o n t e x t  s w i t c h i n g  

o v e r h e a d s  a n d  t h r a s h i n g  a r i s i n g  f r o m  r e s o u r c e  c o n t e n t i o n .  T o  a v o i d  t h r a s h i n g ,  s e r v e r s  

m a i n t a i n  a  c o n s t a n t  p o p u l a t i o n  o f  t h r e a d s  t h u s  i m p o s i n g  a  l i m i t  ( c a l l e d  t h e  M u l t i -  

P r o g r a m m i n g - L i m i t  ( M P L ) )  o n  t h e  m a x i m u m  n u m b e r  o f  a c t i v e  t h r e a d s .  W h e n e v e r  

a  r e q u e s t  a r r i v e s  a n d  f i n d s  a n  i d l e  t h r e a d ,  t h e  t h r e a d  i s  a s s i g n e d  t o  p r o c e s s i n g  t h e  

n e w  r e q u e s t .  R e q u e s t s  a r r i v i n g  t o  f i n d  a l l  t h r e a d s  a c t i v e  a n d  b u s y  w a i t  i n  a  b u f f e r .  

I n  p r a c t i c e ,  t h e  M P L  i s  a l w a y s  c h o s e n  t o  m a x i m i z e  t h e  s e r v e r ’ s  c a p a c i t y .  H o w e v e r ,  

t h e r e  a r e  n o  a n a l y t i c a l  r e s u l t s  t o  u n d e r s t a n d  t h e  f o l l o w i n g  q u e s t i o n s :  D o e s  c h o o s i n g  

t h e  p e a k  e f f i c i e n c y  p o i n t  a s  t h e  M P L  m i n i m i z e  t h e  m e a n  r e s p o n s e  t i m e ?  I f  n o t ,  w h a t  

s h o u l d  t h e  M P L  b e  s e t  t o ?
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1.5

0.25'—'----------------------------------------------------- 1---1---------- 1---------- 1----------1 5  10 15 20 25
Number of jobs at the server (n)

F i g u r e  4 . 1 :  A  p r o t o t y p i c a l  s e r v i c e  r a t e  c u r v e .  T h e  p e a k  e f f i c i e n c y  p o i n t  f o r  t h e  

c u r v e  s h o w n  i s  K *  —  5 .

4 . 1  I n t r o d u c t i o n

T h e  n o t i o n  o f  t i m e - s h a r i n g  h a s  b e e n  a r o u n d  s i n c e  t h e  e a r l i e s t  d a y s  o f  o p e r a t i n g  

s y s t e m s ,  a s  d e s c r i b e d  i n  t h e  f i r s t  p a p e r  o n  U n i x  [ 1 3 0 ] .  T i m e - s h a r i n g  h a s  s e v e r a l  

b e n e f i t s .  F i r s t ,  g i v e n  t h a t  j o b s  o f t e n  n e e d  d i f f e r e n t  r e s o u r c e s  ( C P U ,  I / O )  a t  d i f f e r e n t  

t i m e s ,  t i m e - s h a r i n g  a l l o w s  f o r  i n c r e a s e d  t h r o u g h p u t ,  t y p i c a l l y  a l l o w i n g  t w o  j o b s  t o  

c o m p l e t e  i n  t h e  s a m e  t i m e  a s  o n e ,  s i n c e  t h e y  a r e n ’ t  l i k e l y  t o  n e e d  t h e  s a m e  r e s o u r c e s  

a t  t h e  s a m e  t i m e .  A n o t h e r  m a j o r  b e n e f i t  o f  t i m e - s h a r i n g  i s  t h a t  i t  a l l o w s  s m a l l  j o b s  

t o  g e t  o u t  q u i c k l y ;  t h e  s m a l l  j o b s  a r e  n o t  s t u c k  q u e u e i n g  b e h i n d  b i g  j o b s  a s  t h e y  

w o u l d  b e  i n  a  f i r s t - c o m e - f i r s t - s e r v e d  ( F C F S )  s y s t e m ,  a n d  t h e r e f o r e  t h e y  d o n ’ t  h a v e  

t o  s u f f e r  t h e  d e l a y s  o f  w a i t i n g  f o r  b i g  j o b s  t o  c o m p l e t e .

H o w e v e r ,  t i m e - s h a r i n g  i s  m o s t  e f f e c t i v e  w h e n  t h e r e  i s  a  f i x e d  M u l t i - P r o g r a m m i n g -  

L i m i t  ( M P L )  i m p o s e d ,  s o  t h a t  n o t  t o o  m a n y  j o b s  t i m e - s h a r e  a t  o n c e .  A l l o w i n g  t o o  

m a n y  j o b s  t o  t i m e - s h a r e  c a n  l e a d  t o  t h r a s h i n g  ( d u e  t o  t h e  c o n t e x t - s w i t c h i n g  o v e r 

h e a d ) ,  a n d  r e d u c e  o v e r a l l  p e r f o r m a n c e .  T h i s  p o i n t  h a s  b e e n  o b s e r v e d  r e p e a t e d l y ,  

s t a r t i n g  w i t h  o p e r a t i n g  s y s t e m s  r e s e a r c h  i n  t h e  1 9 7 0 ’ s  [ 4 8 ]  a n d  1 9 8 0 ’ s  [ 1 2 ,  2 6 ] ,  a n d  

c o n t i n u i n g  t o  m o r e  r e c e n t  r e s e a r c h  i n  W e b  s e r v e r  d e s i g n  [ 5 3 ,  8 8 ] ,  a n d  d a t a b a s e  i m 

p l e m e n t a t i o n  [ 7 7 ,  1 3 4 ] .  S p e c i f i c a l l y ,  a  s y s t e m  h a s  a  s e r v i c e  r a t e  c u r v e  w h i c h  s h o w s  

t h a t  t h e  “ s p e e d ”  o f  t h e  s y s t e m  i n c r e a s e s  w h e n  t h e  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  

i n c r e a s e s  f r o m  1  t o  2 ,  a n d  i n c r e a s e s  a g a i n  a s  t h e  n u m b e r  i n c r e a s e s  f r o m  2  t o  3 ,  b u t  

t h e  s y s t e m  s p e e d  s t a r t s  t o  d r o p  a s  t h e  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  i n c r e a s e s  b e y o n d  

s o m e  p o i n t .  F i g u r e  4 . 1  s h o w s  a  t y p i c a l  s e r v i c e  r a t e  c u r v e  ( s e e ,  e . g .  [ 1 4 9 ,  F i g u r e  2 ] ) .
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M odel

T o  m o d e l  a  t i m e - s h a r i n g  s y s t e m ,  w e  s t a r t  w i t h  a  G / G / l / P S  q u e u e  w h e r e  P S  d e n o t e s  

“ p r o c e s s o r  s h a r i n g , ”  m e a n i n g  t h a t  i f  t h e r e  a r e  n  j o b s  i n  t h e  s y s t e m ,  t h e y  e a c h  r e c e i v e  

^ t h  o f  t h e  s y s t e m ’ s  p r o c e s s i n g  c a p a c i t y .  J o b  s i z e s  ( o r  s e r v i c e  r e q u i r e m e n t s )  a r e  i . i . d . ,  

w i t h  S  d e n o t i n g  s u c h  a  g e n e r i c  s e r v i c e  r e q u i r e m e n t ,  a n d  C §  i t s  s q u a r e d  c o e f f i c i e n t  o f  

v a r i a t i o n  ( S C V ) .  T h r o u g h o u t ,  w e  a s s u m e  t h a t  E [ X ]  =  1  w i t h o u t  l o s s  o f  g e n e r a l i t y .

I n  o r d e r  t o  c a p t u r e  t h e  f a c t  t h a t  t h e  s p e e d  o f  t h e  s y s t e m  d e p e n d s  o n  t h e  n u m b e r  

o f  j o b s  a t  t h e  s e r v e r ,  w e  a s s u m e  t h a t  o u r  G / G / l / P S  s e r v e r  h a s  s t a t e - d e p e n d e n t  

s e r v i c e  r a t e s  p ( n ) .  T h a t  i s ,  w h e n  t h e  n u m b e r  o f  j o b s  a t  t h e  s e r v e r  i s  n ,  t h e  s p e e d  

o f  t h e  s e r v e r  i s  / ¿ ( n ) ,  w h e r e  ¡ i { n )  i s  c h o s e n  t o  m a t c h  t h e  s y s t e m ’ s  s e r v i c e  r a t e  c u r v e  

( F i g u r e  4 . 1 ) .  A s  a n  e x a m p l e ,  a  j o b  o f  s i z e  x  s e c o n d s  w h i c h  i s  s h a r i n g  t h e  s e r v e r  w i t h  

n  j o b s  ( i n c l u d i n g  i t s e l f )  f o r  i t s  e n t i r e  d u r a t i o n  w o u l d  r e q u i r e  - n  t i m e  t o  c o m p l e t e .  

W e  a s s u m e  t h a t  t h e  f i { n )  c u r v e  i s  u n i m o d a l ,  t h a t  i s ,  i n i t i a l l y  i t  i s  n o n - d e c r e a s i n g  a n d  

t h e n  a f t e r  s o m e  p o i n t  t h e  c u r v e  s w i t c h e s  t o  b e i n g  n o n - i n c r e a s i n g .  W e  d e f i n e  K '  t o  

b e  t h e  s m a l l e s t  M P L  w h i c h  a c h i e v e s  t h e  m a x i m u m  s p e e d ,  a n d  K *  t o  b e  t h e  l a r g e s t  

M P L  w h i c h  a c h i e v e s  t h e  m a x i m u m  s p e e d .  F o r  t h e  ¡ i ( n )  c u r v e  i n  F i g u r e  4 . 1 ,  K '  =  4  

a n d  K *  =  5 .

T o  c o m p l e t e  o u r  m o d e l ,  w e  n o w  a d d  a n  M P L  p a r a m e t e r  w h i c h  l i m i t s  t h e  n u m b e r  o f  

j o b s  t h a t  a r e  a l l o w e d  t o  c o n c u r r e n t l y  s h a r e  t h e  s e r v e r  t o  s o m e  n u m b e r  M P L = X ,  a n d  

f o r c e s  a l l  r e m a i n i n g  j o b s  t o  w a i t  i n  a  F i r s t - C o m e - F i r s t - S e r v e d  ( F C F S )  b u f f e r .  W e  

a s s u m e  t h a t  t h e  j o b  s i z e s  o f  t h e  j o b s  i n  t h e  s y s t e m  a r e  n o t  k n o w n ,  a n d  s i z e - b a s e d  

p r i o r i t i z a t i o n  i s  n o t  p o s s i b l e .  W e  d e n o t e  o u r  m o d e l  b y  t h e  n o t a t i o n  G / G / P S - M P L .  

F i g u r e  4 . 2  d e p i c t s  a  G / G / P S - M P L  s y s t e m  w i t h  M P L = 4 .  W h e n  w e  a d d i t i o n a l l y  

a s s u m e  t h e  a r r i v a l  p r o c e s s  t o  b e  P o i s s o n ,  w e  w i l l  d e n o t e  t h e  s y s t e m  b y  M / G / P S -  

M P L .  T h r o u g h o u t ,  w e  a s s u m e  l o a d - d e p e n d e n t  s e r v i c e  r a t e s  / ¿ ( n ) .  S o ,  f o r  e x a m p l e ,  i f  

t h e r e  a r e  n  =  1 0  j o b s  i n  t h e  G / G / P S - 4  s y s t e m ,  t h e  s e r v e r  s p e e d  w i l l  b e  f i ( 4 ) ,  s i n c e  

o n l y  4  j o b s  t i m e - s h a r e  t h e  s e r v e r ,  w h i l e  i f  t h e r e  a r e  n < 4  j o b s  i n  t h e  s y s t e m ,  t h e  s p e e d  

w i l l  b e  n ( n ) .  T h u s  t h e  r e s p o n s e  t i m e  f o r  a  j o b  o f  s i z e  x  w i l l  b e  i t s  q u e u e i n g  t i m e  p l u s  

i t s  s e r v i c e  t i m e ,  w h e r e  t h e  s e r v i c e  t i m e  w i l l  t y p i c a l l y  b e  • 4 ,  a s s u m i n g  t h a t  t h e r e  

a r e  a t  l e a s t  4  j o b s  i n  t h e  s y s t e m  d u r i n g  t h e  j o b ’ s  t i m e  i n  s y s t e m .

T h e  g o a l  o f  t h i s  c h a p t e r  i s ,  o f  c o u r s e ,  t o  a n s w e r  t h e  q u e s t i o n :

W h a t  i s  t h e  o p t i m a l  M P L  f o r  t h e  G / G / P S - M P L  m o d e l ,  s o  a s  t o  m i n i m i z e

m e a n  r e s p o n s e  t i m e ?

O b v i o u s l y ,  t h e  s e r v i c e  r a t e  c u r v e  p l a y s  a  l a r g e  r o l e  i n  t h e  a n s w e r ,  a n d  i n  f a c t ,  a l m o s t  

e x c l u s i v e l y  t h e  M P L  i s  c h o s e n  t o  m a x i m i z e  e f f i c i e n c y ,  e . g . ,  [ 5 ,  2 6 ,  5 3 ] .  F o r  t h e  c u r v e  

s h o w n  i n  F i g u r e  4 . 1 ,  t h i s  w o u l d  m e a n  c h o o s i n g  t h e  M P L  t o  b e  K '  =  4  o r  K *  =  5 .

97



MPL = 4

F i g u r e  4 . 2 :  A  G / G / P S - M P L  q u e u e  w i t h  M P L  =  4 .  O n l y  4  j o b s  c a n  s i m u l t a n e o u s l y  

s h a r e  t h e  s e r v e r .  T h e  r e s t  m u s t  w a i t  o u t s i d e  i n  F C F S  o r d e r .

I n d e e d ,  w h e n  t h e  s e r v i c e  d i s t r i b u t i o n  i s  e x p o n e n t i a l ,  m a x i m i z i n g  e f f i c i e n c y  i s  i n d e e d  

t h e  r i g h t  a n s w e r  r e g a r d l e s s  o f  t h e  a r r i v a l  p r o c e s s .  T h e  q u e s t i o n  o f  c h o o s i n g  t h e  o p t i 

m a l  M P L  b e c o m e s  n o n - t r i v i a l  w h e n  t h e  s e r v i c e  d i s t r i b u t i o n  e x h i b i t s  h i g h  v a r i a b i l i t y ,  

s i n c e  w i t h  h i g h  v a r i a b i l i t y  s e r v i c e  d i s t r i b u t i o n s ,  i t  i s  k n o w n  t h a t  P S  y i e l d s  l o w e r  m e a n  

r e s p o n s e  t i m e  t h a n  F C F S  b y  p r e v e n t i n g  s m a l l  j o b s  f r o m  g e t t i n g  b l o c k e d  b e h i n d  b i g  

j o b s .  T h u s ,  t h e  o p t i m a l  M P L  m u s t  s t r i k e  t h e  r i g h t  t r a d e o f f  b e t w e e n  p a r a l l e l i s m  

a n d  e f f i c i e n c y .  T o w a r d s  t h i s  g o a l ,  w e  d e v e l o p  t h e  f i r s t  a p p r o x i m a t i o n  f o r  t h e  m e a n  

r e s p o n s e  t i m e  o f  t h e  G I / G / P S - M P L  w i t h  g e n e r a l  s e r v i c e  r a t e  c u r v e .  A d d i t i o n a l l y ,  

w e  p r o p o s e  a  n o v e l  h e a v y - t r a f f i c  d i f f u s i o n  s c a l i n g  f o r  t h e  G I / G / P S - M P L  m o d e l ,  a n d  

m o r e  g e n e r a l l y  f o r  n o n - w o r k - c o n s e r v i n g  s y s t e m s ,  a n d  p e r f o r m  a p p r o x i m a t e  a n a l y s i s  

f o r  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  n u m b e r  o f  j o b s  u n d e r  t h e  p r o p o s e d  s c a l i n g .  W e  

w i l l  a l s o  a n s w e r  t h e  e v e n  h a r d e r  q u e s t i o n  o f  h o w  t o  d y n a m i c a l l y  v a r y  t h e  M P L  w h e n  

t h e  a r r i v a l  r a t e  i s  n o t  k n o w n  a n d  a s  l o a d  c o n d i t i o n s  c h a n g e .

Prior Work

T h e  n o n - t r i v i a l i t y  o f  c h o o s i n g  t h e  o p t i m a l  M P L  f o r  h i g h  v a r i a b i l i t y  s e r v i c e  d i s t r i b u 

t i o n s  a r i s e s  b e c a u s e  t h e r e  i s  n o  k n o w n  a n a l y s i s  e v e n  f o r  t h e  M / G / P S - M P L  m o d e l .  

T h i s  i s  n o t  s u r p r i s i n g  b e c a u s e  t h e  M / G / P S - M P L  m o d e l  i s  a  g e n e r a l i z a t i o n  o f  t h e  

M / G / k  m o d e l  t h e  p e r f o r m a n c e  a n a l y s i s  o f  w h i c h ,  a s  w e  h a v e  s e e n  i n  C h a p t e r s  2  

a n d  3 ,  i s  s t i l l  l a r g e l y  a n  o p e n  p r o b l e m .  T h e  M / G / k  s y s t e m  c a n  b e  m o d e l e d  b y  

a n  M / G / P S - M P L  s y s t e m  w i t h  M P L  =  k, a n d  / / ( n )  =  ¡ i  • n ,  w h e r e  ¡ i  i s  t h e  s p e e d  

o f  t h e  i n d i v i d u a l  s e r v e r s .  W h i l e  t h e  p e r f o r m a n c e  a n a l y s i s  o f  t h e  P r o c e s s o r - S h a r i n g  

q u e u e  h a s  b e e n  w e l l  u n d e r s t o o d  f o r  y e a r s ,  a n d  r e s e a r c h  o n  t h e  M / G / l / P S  q u e u e  

h a s  b e e n  a b u n d a n t  [ 3 2 ,  3 8 ,  1 0 1 ,  1 0 2 ,  1 0 4 ,  1 6 1 ,  1 6 3 ] ,  v e r y  l i t t l e  i s  k n o w n  a b o u t  t h e  

M / G / P S - M P L  q u e u e .  M o s t  a n a l y s e s  o f  t h e  M / G / P S - M P L  q u e u e  d o  n o t  a l l o w  f o r  

l o a d - d e p e n d e n t  s e r v i c e  r a t e s .  F o r  e x a m p l e ,  I t z h a k  a n d  H a l f i n  [ 1 6 ]  d e r i v e  a  2 - m o m e n t  

a p p r o x i m a t i o n  f o r  t h e  m e a n  r e s p o n s e  t i m e  f o r  t h e  M / G / P S - M P L  q u e u e  w h e r e  t h e  

s e r v i c e  r a t e  i s  f i x e d ,  a n d  Z h a n g  a n d  Z w a r t  [ 1 6 2 ]  h a v e  r e c e n t l y  d e r i v e d  a  h e a v y - t r a f f i c
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d i f f u s i o n  a p p r o x i m a t i o n  f o r  G I / G / P S - M P L  ( r e f e r r e d  t o  a s  t h e  L i m i t e d  P r o c e s s o r  

S h a r i n g  q u e u e  i n  [ 1 6 2 ] )  w i t h  a  c o n s t a n t  s e r v i c e  r a t e  c u r v e .  T h e r e  i s  o n e  a n a l y s i s  

o f  t h e  M / G / P S - M P L  t h a t  d o e s  i n v o l v e  s t a t e - d e p e n d e n t  s e r v i c e  r a t e s ,  s e e  R e g e  a n d  

S e n g u p t a  [ 1 2 7 ] ,  w h i c h  h o w e v e r  a s s u m e s  t h a t  j o b  s i z e s  a r e  e x p o n e n t i a l l y - d i s t r i b u t e d  

w h i l e  o u r  f o c u s  i s  o n  h i g h - v a r i a b i l i t y  s e r v i c e  d i s t r i b u t i o n s  w h i c h  a r e  m o r e  r e p r e s e n t a 

t i v e  o f  c o m p u t e r  w o r k l o a d s .  W h i l e  F r e d e r i c k s  [ 6 1 ]  w a r n s  t h a t  t h e  e x p o n e n t i a l  s e r v i c e  

d i s t r i b u t i o n  i s  n o t  a  g o o d  i n d i c a t o r  o f  p e r f o r m a n c e  u n d e r  h i g h  v a r i a b i l i t y ,  h e  d o e s  

n o t  d e r i v e  a n  a p p r o x i m a t i o n  t h a t  a l l o w s  f o r  h i g h e r  v a r i a b i l i t y .  F i n a l l y  n o n e  o f  t h e  

a b o v e  t h e o r e t i c a l  p a p e r s  h a v e  t r i e d  t o  a n s w e r  t h e  q u e s t i o n  o f  h o w  t o  s e t  t h e  M P L  s o  

a s  t o  m i n i m i z e  t h e  m e a n  r e s p o n s e  t i m e .

W h i l e  t h e r e  i s  a  l a r g e  b o d y  o f  w o r k  o n  a d a p t i v e  l o a d  c o n t r o l  a n d  a d m i s s i o n  c o n t r o l  i n  

r e s o u r c e - s h a r i n g  s y s t e m s ,  a l l  o f  t h e  e x i s t i n g  w o r k  e i t h e r  i g n o r e s  t h e  c r u c i a l  p o i n t  o f  

l o a d - d e p e n d e n t  s e r v i c e  r a t e s  a t  t h e  s e r v e r ,  o r  t h e  e f f e c t  o f  j o b  s i z e  v a r i a b i l i t y .  E l n i k e t y  

e t  a l .  [ 5 3 ]  p r o p o s e  m o n i t o r i n g  t h e  l o a d  o f  t h e  s e r v e r  a n d  a d m i t t i n g  t a s k s  a s  l o n g  a s  

t h e  r e s u l t i n g  l o a d  d o e s  n o t  e x c e e d  t h e  p e a k  e f f i c i e n c y  p o i n t .  B l a k e  [ 2 6 ]  a l s o  p r o p o s e s  

o p e r a t i n g  a t  t h e  p e a k  e f f i c i e n c y  p o i n t ,  b u t  u s e s  t h e  f r a c t i o n  o f  j o b s  w a i t i n g  i n  t h e  

v i r t u a l  m e m o r y  q u e u e  a s  a n  i n d i c a t o r  o f  t h r a s h i n g  t o  c o n t r o l  t h e  M P L .  K a m r a  e t  

a l .  [ 8 8 ]  m o d e l  t h e  s e r v e r  a s  a n  i d e a l  M / G / l / P S  s y s t e m  t h e r e b y  i g n o r i n g  t h e  s t a t e -  

d e p e n d e n c e  o f  t h e  s e r v i c e  r a t e .  T h e y  m o n i t o r  t h e  r e s p o n s e  t i m e  o f  t h e  d e p a r t i n g  

j o b s ,  a n d  a d j u s t  t h e  d r o p p i n g  p r o b a b i l i t y  o f  t h e  a r r i v i n g  r e q u e s t s  t o  a c h i e v e  t a r g e t  

r e s p o n s e  t i m e  f o r  t h e  a d m i t t e d  t a s k s .  O u r  s o l u t i o n s  d i f f e r  f r o m  [ 8 8 ]  i n  t h a t  w e  d o  n o t  

d r o p  r e q u e s t s .  H e i s s  a n d  W a g n e r  [ 7 7 ]  p r o p o s e  a  f e e d b a c k  m e c h a n i s m  t o  m o n i t o r  t h e  

e f f e c t  t h a t  c h a n g i n g  t h e  M P L  h a s  o n  t h e  p e r f o r m a n c e  m e t r i c  o f  i n t e r e s t .  H o w e v e r ,  a s  

t h e  a u t h o r s  o b s e r v e ,  t h i s  r e q u i r e s  m o n i t o r i n g  a t  l e a s t  h u n d r e d s  o f  d e p a r t u r e s  b e f o r e  

a  c o n t r o l  d e c i s i o n  c a n  b e  t a k e n .  A n o t h e r  d r a w b a c k  o f  t h e  s o l u t i o n  p r o p o s e d  i n  [ 7 7 ]  i s  

t h a t  t h e  a u t h o r s  a s s u m e  t h e  s y s t e m  r e a c h e s  s t a t i o n a r i t y  a f t e r  t h e  c o n t r o l  d e c i s i o n  h a s  

b e e n  t a k e n .  T h i s  a s s u m p t i o n  i s  h a r d l y  j u s t i f i e d ,  a n d  c a n  c a u s e  i n c o r r e c t  d e c i s i o n s  

d u e  t o  a  d e l a y  b e t w e e n  t h e  t i m e  t h e  c o n t r o l  a c t i o n  i s  t a k e n ,  a n d  t h e  t i m e  i t s  e f f e c t  i s  

o b s e r v e d .  S c h r o e d e r  e t  a l .  [ 1 3 4 ]  c o n s i d e r  t h e  p r o b l e m  o f  s e t t i n g  a  s t a t i c  M P L  i n  t h e  

p r e s e n c e  o f  v a r i a b l e  j o b  s i z e s ,  b u t  t h e  e m p h a s i s  o f  [ 1 3 4 ]  i s  t o  f i n d  a  s u f f i c i e n t l y  s m a l l  

M P L  s o  t h a t  j o b s  w a i t i n g  i n  t h e  F C F S  b u f f e r  c a n  b e  p r i o r i t y - o r d e r e d .  S c h r o e d e r  

e t  a l .  a l s o  d e v e l o p  a  f e e d b a c k  b a s e d  c o n t r o l l e r  b a s e d  o n  m e a s u r i n g  t h e  t h r o u g h p u t  

a n d  r e s p o n s e  t i m e s ,  b u t  i g n o r e  t h e  s t a t e - d e p e n d e n c e  o f  s e r v i c e  r a t e .  V a n  d e r  W e i j ,  

B h u l a i  a n d  v a n  d e r  M e i  [ 1 4 7 ]  a l s o  l o o k  a t  a d m i s s i o n  c o n t r o l  i n  a  P S  q u e u e  u n d e r  t h e  

a s s u m p t i o n  t h a t  t h e  s e r v i c e  d i s t r i b u t i o n  i s  o f  p h a s e  t y p e  a n d  t h e  p h a s e s  o f  a l l  t h e  

j o b s  i n  t h e  s y s t e m  a r e  k n o w n .  T h e  a u t h o r s  a s s u m e  a  c o n s t a n t  n ( n ) ,  a n d  c h a r a c t e r i z e  

t h e  o p t i m a l  a d m i s s i o n  c o n t r o l  p o l i c y .  I n  c o n t r a s t ,  w e  a s s u m e  t h a t  n o  i n f o r m a t i o n  

a b o u t  t h e  j o b  s i z e s  i s  a v a i l a b l e  a n d  h e n c e  s i z e - b a s e d  p r i o r i t i z a t i o n  i s  n o t  p o s s i b l e .
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1 .  O p t i m a l  t r a f f i c - a w a r e  s t a t i c  p o l i c i e s

W e  d e r i v e  t h e  f i r s t  2 - m o m e n t  a p p r o x i m a t i o n  f o r  m e a n  r e s p o n s e  t i m e  f o r  t h e  M / G / P S -  

M P L  q u e u e  w i t h  s t a t e - d e p e n d e n t  s e r v i c e  r a t e s ,  a n d  e x t e n d  t h i s  a p p r o x i m a t i o n  t o  t h e  

G / / G / P S - M P L  m o d e l .  W e  h a d  a r g u e d  i n  C h a p t e r  2  t h a t  n o  2 - m o m e n t  a p p r o x i m a 

t i o n  c a n  b e  a c c u r a t e  f o r  t h e  M / G / k  m o d e l ,  a n d  h e n c e  b y  e x t e n s i o n  f o r  t h e  M / G / P S -  

M P L  m o d e l .  I n d e e d ,  o u r  a p p r o x i m a t i o n  i s  n o t  a i m e d  a t  a c c u r a t e l y  p r e d i c t i n g  t h e  

e x a c t  m e a n  r e s p o n s e  t i m e .  R a t h e r ,  o u r  g o a l  i s  t o  w e l l - c h a r a c t e r i z e  t h e  b e h a v i o r  o f  

m e a n  r e s p o n s e  t i m e  a s  a  f u n c t i o n  o f  t h e  M P L  t o  e n a b l e  u s  t o  c h o o s e  t h e  M P L  t h a t  

a c h i e v e s  n e a r  o p t i m a l  m e a n  r e s p o n s e  t i m e ,  a n d  w e  d o  f i n d  t h i s  t o  b e  t h e  c a s e .  V i a  

e x t e n s i v e  s i m u l a t i o n  e x p e r i m e n t s ,  w e  d e m o n s t r a t e  t h a t  t h e  o p t i m a l  M P L  s e t t i n g  c a n  

b e  m u c h  h i g h e r  t h a n  t h e  p e a k  e f f i c i e n c y  p o i n t  u n d e r  j o b  s i z e  v a r i a b i l i t y  c h a r a c t e r i s t i c  

o f  c o m p u t e r  w o r k l o a d s .  I n  f a c t ,  w e  s h o w  e x a m p l e s  w h e r e  t h e  o p t i m a l  M P L  o p e r a t e s  

t h e  s y s t e m  a t  8 5 %  o f  t h e  p e a k  e f f i c i e n c y ,  w h i l e  r e d u c i n g  t h e  m e a n  r e s p o n s e  t i m e  b y  

m o r e  t h a n  6 5 %  c o m p a r e d  t o  s e t t i n g  t h e  M P L  t o  m a x i m i z e  t h e  s e r v i c e  r a t e .  O u r  

r e s u l t s  a r e  v e r i f i e d  a c r o s s  a  v a r i e t y  o f  s e r v i c e  d i s t r i b u t i o n s  i n c l u d i n g  W e i b u l l ,  P a r e t o  

a n d  H y p e r e x p o n e n t i a l  d i s t r i b u t i o n s .  W e  r e f e r  t o  t h e  s t a t i c  p o l i c y  w h i c h  u s e s  t h e  

o p t i m a l  s t a t i c  M P L  a s  t h e  O p t - S t a t i c  p o l i c y .

2 .  N e a r - o p t i m a l  t r a f f i c - o b l i v i o u s  d y n a m i c  p o l i c i e s

T h e  a b o v e  r e s u l t s  a s s u m e  j o b s  a r r i v e  a c c o r d i n g  t o  a  P o i s s o n  p r o c e s s  w i t h  a  k n o w n  

a r r i v a l  r a t e  a n d  p r o p o s e  t h e  b e s t  s t a t i c  M P L .  H o w e v e r ,  w e  a r e  i n t e r e s t e d  i n  s c e n a r i o s  

w h e r e  t h e  m e a n  a r r i v a l  r a t e  m a y  n o t  b e  k n o w n ,  o r  t h e  a r r i v a l  p r o c e s s  m a y  n o t  e v e n  

b e  P o i s s o n ,  e x h i b i t i n g  b u r s t i n e s s  o r  t e m p o r a l  c o r r e l a t i o n s .  O u r  g o a l  i s  t o  d e s i g n  l i g h t 

w e i g h t  M P L  c o n t r o l  p o l i c i e s  t h a t  a d a p t  t o  t h e  t r a f f i c  c h a r a c t e r i s t i c s .  B y  l i g h t - w e i g h t  

p o l i c i e s ,  w e  m e a n  p o l i c i e s  w h i c h  t a k e  d e c i s i o n s  b a s e d  o n l y  o n  t h e  i n s t a n t a n e o u s  

n u m b e r  o f  j o b s  i n  t h e  b u f f e r ,  Q ( t ) ,  a n d  t h e  i n s t a n t a n e o u s  n u m b e r  o f  j o b s  a t  t h e  

s e r v e r ,  K { t ) .

W e  f i r s t  c o n s i d e r  t h e  s e t t i n g  w h e r e  t h e  a r r i v a l  p r o c e s s  i s  k n o w n  t o  b e  P o i s s o n ,  b u t  

w i t h  a n  u n k n o w n  m e a n  a r r i v a l  r a t e .  W e  f i n d  t h a t ,  u n s u r p r i s i n g l y ,  s t a t i c  M P L s  a r e  

v e r y  p o o r  i n  h a n d l i n g  u n c e r t a i n t y  i n  t h e  m e a n  a r r i v a l  r a t e .  W e  t h e n  p r o p o s e  t w o  

l i g h t - w e i g h t  M P L  c o n t r o l  p o l i c i e s ,  L i g h t - A p p r o x  a n d  P o i s s o n - A p p r o x  t h a t  r o 

b u s t l y  h a n d l e  u n c e r t a i n t y  i n  t h e  m e a n  a r r i v a l  r a t e .  T h e  k e y  i d e a  i n  o u r  a p p r o a c h  

i s  t h a t  b y  a p p r o x i m a t i n g  t h e  o r i g i n a l  s e r v i c e  d i s t r i b u t i o n  v i a  a  2 - p h a s e  d e g e n e r a t e  

h y p e r e x p o n e n t i a l  d i s t r i b u t i o n ,  w e  a r e  a b l e  t o  i n c o r p o r a t e  t h e  e f f e c t  o f  j o b  s i z e  v a r i 

a b i l i t y  i n  o u r  o p t i m i z a t i o n  p r o b l e m ,  w h i l e  ( Q ( t ) , K ( t ) )  r e m a i n s  a  M a r k o v  p r o c e s s .  

T h u s ,  t h e  c o n t r o l  p o l i c i e s  w e  o b t a i n  a r e  a  f u n c t i o n  o n l y  o f  ( Q ( t ) , K { t ) ) .  V i a  s i m 

u l a t i o n s  w e  s h o w  t h a t  b o t h  L i g h t - A p p r o x  a n d  P o i s s o n - A p p r o x  a r e  r o b u s t  a t

Summary of Results

The work presented in this chapter makes a t least three contributions:
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a d a p t i n g  t o  u n k n o w n  m e a n  a r r i v a l  r a t e ,  r e s u l t i n g  i n  n e a r - o p t i m a l  m e a n  r e s p o n s e  

t i m e  ( u n d e r  1 9 % )  f o r  a  w i d e  r a n g e  o f  a r r i v a l  r a t e s  w h e n  c o m p a r e d  t o  t h e  o p t i m a l  

s t a t i c  M P L s  f o r  e a c h  a r r i v a l  r a t e .  T h e  c o m p u t a t i o n  o f  t h e  P o i s s o n - A p p r o x  p o l i c y  

i s  e n a b l e d  b y  a  n o v e l  c o m b i n a t i o n  o f  M a t r i x  g e o m e t r i c  m e t h o d s  w i t h  t h e  p o l i c y  i t e r a 

t i o n  a l g o r i t h m  w h i c h  a l l o w s  u s  t o  o b t a i n  e x a c t  s o l u t i o n s  o f  M a r k o v  d e c i s i o n  p r o c e s s e s  

w i t h  i n f i n i t e  s t a t e  s p a c e ,  a n d  t h i s  t e c h n i q u e  i s  l i k e l y  t o  b e  o f  i n d e p e n d e n t  i n t e r e s t .

N e x t ,  w e  c o n s i d e r  t h e  s e t t i n g  w h e r e  n o t  o n l y  i s  t h e  m e a n  a r r i v a l  r a t e  n o t  k n o w n ,  

b u t  t h e  a r r i v a l  p r o c e s s  i s  a l s o  b u r s t y .  W e  d e m o n s t r a t e  t h a t  b o t h  L i g h t - A p p r o x  

a n d  P o i s s o n - A p p r o x  a r e  s i m u l t a n e o u s l y  r o b u s t  t o  u n k n o w n  m e a n  a r r i v a l  r a t e  a n d  

b u r s t i n e s s  o f  t h e  a r r i v a l  p r o c e s s ,  r e s u l t i n g  i n  l e s s  t h a n  2 5 %  h i g h e r  m e a n  r e s p o n s e  

t i m e  t h a n  t h e  m e a n  r e s p o n s e  t i m e  f o r  t h e  o p t i m a l  t r a f f i c - a w a r e  s t a t i c  M P L  i n  t h e  

w o r s t  c a s e .  S u r p r i s i n g l y ,  w e  f i n d  t h a t  i f  t h e  m e a n  a r r i v a l  r a t e  i s  k n o w n ,  a  s t a t i c  M P L  

o p t i m i z e d  f o r  a  P o i s s o n  a r r i v a l  p r o c e s s  w i t h  t h e  g i v e n  m e a n  a r r i v a l  r a t e  i s  a l s o  n e a r -  

o p t i m a l  w h e n  t h e  a r r i v a l  p r o c e s s  i s  b u r s t y  w i t h  t h a t  m e a n  a r r i v a l  r a t e  ( t h a t  i s ,  t h e  

i n t e r a r r i v a l  t i m e s  a r e  i . i . d .  b u t  n o t  e x p o n e n t i a l l y  d i s t r i b u t e d ) .  H o w e v e r ,  b u r s t i n e s s  

c a n  g r e a t l y  w o r s e n  t h e  p e r f o r m a n c e  o f  s t a t i c  p o l i c i e s  w h e n  t h e  m e a n  a r r i v a l  r a t e  i s  

u n k n o w n .

3 .  T h e  f i r s t  d i f f u s i o n  s c a l i n g  a n d  a p p r o x i m a t i o n  f o r  n o n - w o r k  c o n s e r v i n g  

s y s t e m s

D i f f u s i o n  a n a l y s i s  i s  a  p o w e r f u l  t o o l  t o  a p p r o x i m a t e  t h e  b e h a v i o r  o f  a  p h y s i c a l  s y s t e m  

a s  a  s t o c h a s t i c  p r o c e s s ,  a n d  i t s  a p p l i c a t i o n  t o  q u e u e i n g  t h e o r y  s t a r t e d  w i t h  t h e  

w o r k  o f  K i n g m a n  [ 9 8 ]  f o r  s i n g l e - s e r v e r  s y s t e m s ,  a n d  r e c e n t l y ,  r e l e v a n t  t o  o u r  w o r k ,  

a  d i f f u s i o n  s c a l i n g  a n d  a n a l y s i s  w a s  p r o p o s e d  f o r  t h e  G I / G / P S - M P L  m o d e l  w i t h  

f i { n )  r e s t r i c t e d  t o  b e  a  c o n s t a n t  f u n c t i o n  [ 1 6 2 ] .  B o t h  o f  t h e s e  s y s t e m s  a r e  “ w o r k -  

c o n s e r v i n g ” . T h e  P S - M P L  m o d e l  w e  a r e  c o n s i d e r i n g  i s  n o n - w o r k - c o n s e r v i n g  i n  t h e  

s e n s e  t h a t  d e p e n d i n g  o n  t h e  s t a t e  o f  t h e  s y s t e m ,  t h e  c a p a c i t y  o r  s e r v i c e  r a t e  a v a i l a b l e  

c a n  b e  l e s s  t h a n  t h e  m a x i m u m  c a p a c i t y .  W h i l e  d i f f u s i o n  s c a l i n g s  a n d  a p p r o x i m a t i o n  

e x i s t  f o r  s p e c i f i c  e x a m p l e s  o f  n o n - w o r k - c o n s e r v i n g  s y s t e m s  ( e . g . ,  t h e  G I / G / k  m o d e l ,  

n e t w o r k s  o f  q u e u e s ) ,  w e  p r o p o s e  t h e  f i r s t  a p p r o a c h  t o  s y s t e m a t i c a l l y  o b t a i n  h e a v y  

t r a f f i c  d i f f u s i o n  s c a l i n g  f o r  g e n e r a l  n o n - w o r k - c o n s e r v i n g  s y s t e m s .  O u r  k e y  i d e a  i s  t o  

r e v e r s e - e n g i n e e r  t h e  p a r a m e t e r s  ( s e r v i c e  r a t e s )  o f  t h e  s y s t e m s  w e  a i m  t o  a p p r o x i m a t e  

s o  t h a t  t h e  l i m i t i n g  d i s t r i b u t i o n  o f  t h e  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  u n d e r  t h e  s c a l i n g  

c o n v e r g e s  t o  t h e  d i s t r i b u t i o n  o f  t h e  n u m b e r  o f  j o b s  i n  t h e  o r i g i n a l  u n s e a l e d  s y s t e m  

u n d e r  t h e  t r a c t a b l e  M / M /  a r r i v a l  a n d  s e r v i c e  p r o c e s s e s .  T h u s  t h e  a p p r o x i m a t i o n  

o b t a i n e d  v i a  o u r  p r o p o s e d  s c a l i n g  i s  r e p r e s e n t a t i v e  o f  t h e  o r i g i n a l  s y s t e m ,  a n d  w e  

b e l i e v e  t h a t  e v e n  f o r  t h e  G I / G / k  m o d e l  i t  w o u l d  y i e l d  a  s h a r p e r  a p p r o x i m a t i o n  t h a n  

e x i s t i n g  s c a l i n g s .  A s  m e n t i o n e d ,  t h e  r e a l  s t r e n g t h  o f  a  d i f f u s i o n  s c a l i n g  i s  d e v e l o p i n g  

a  p r o c e s s  l e v e l  a p p r o x i m a t i o n  f o r  t h e  q u e u e i n g  s y s t e m  o f  i n t e r e s t ,  b u t  a  r i g o r o u s  

t r e a t m e n t  i s  b e y o n d  t h e  s c o p e  o f  t h e  p r e s e n t  t h e s i s .  I n  t h i s  t h e s i s ,  w e  w i l l  r e s t r i c t
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o u r s e l v e s  t o  a n  a p p r o x i m a t e  a n a l y s i s  f o r  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  n u m b e r  

o f  j o b s  u n d e r  o u r  p r o p o s e d  d i f f u s i o n  s c a l i n g .

O u t l i n e

I n  S e c t i o n  4 . 2 ,  w e  p r o p o s e  a n  a p p r o x i m a t i o n  t o  t h e  M / G / P S - M P L  m o d e l  a n d  s o l v e  

t h e  p r o b l e m  o f  c h o o s i n g  t h e  o p t i m a l  s t a t i c  M P L  f o r  a  g e n e r a l  s e r v i c e  d i s t r i b u t i o n  

u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  a r r i v a l  p r o c e s s  i s  P o i s s o n  w i t h  a  k n o w n  a r r i v a l  r a t e .  

I n  S e c t i o n  4 . 3 ,  w e  b e g i n  b y  d e m o n s t r a t i n g  t h a t  t h e  a p p r o a c h  o f  c h o o s i n g  a  s i n g l e  

s t a t i c  M P L  i s  f u n d a m e n t a l l y  l i m i t e d  i n  i t s  a b i l i t y  t o  h a n d l e  v a r i a b i l i t y  i n  t r a f f i c  

a r r i v a l  p a t t e r n s .  I n  S e c t i o n s  4 . 3 . 2  a n d  4 . 3 . 3 ,  w e  c o n s t r u c t  o u r  d y n a m i c  M P L  c o n t r o l  

p o l i c i e s  L i g h t - A p p r o x  a n d  P o i s s o n - A p p r o x ,  r e s p e c t i v e l y .  I n  S e c t i o n  4 . 3 . 4 ,  w e  

e v a l u a t e  t h e s e  d y n a m i c  p o l i c i e s  w i t h  r e s p e c t  t o  ( i )  r o b u s t n e s s  t o  u n k n o w n  a r r i v a l  

r a t e ,  a n d  ( i i )  r o b u s t n e s s  t o  b u r s t i n e s s  o f  t h e  a r r i v a l  p r o c e s s  a g a i n s t  o p t i m a l  t r a f f i c -  

a w a r e  s t a t i c  M P L  p o l i c i e s .  I n  S e c t i o n  4 . 4 ,  w e  p r e s e n t  o u r  h e a v y - t r a f f i c  s c a l i n g  f o r  n o n -  

w o r k - c o n s e r v i n g  s y s t e m s  a n d  p r e s e n t  p r e l i m i n a r y  a p p r o x i m a t i o n s  f o r  t h e  s t a t i o n a r y  

b e h a v i o r .

4 . 2  C h o o s i n g  t h e  b e s t  s t a t i c  M P L

O u r  f i r s t  g o a l  i n  t h i s  c h a p t e r  i s  t o  a d d r e s s  t h e  q u e s t i o n  o f  h o w  t o  o p t i m a l l y  s e t  a  

m u l t i - p r o g r a m m i n g  l i m i t  i n  a  r e s o u r c e - s h a r i n g  s y s t e m  s o  a s  t o  m i n i m i z e  t h e  m e a n  

r e s p o n s e  t i m e  ( e q u i v a l e n t l y ,  m i n i m i z e  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m ) .  W e  

a s s u m e  t h a t  t h e  a r r i v a l  p r o c e s s  i s  P o i s s o n  w i t h  a  k n o w n  m e a n  a r r i v a l  r a t e ,  a n d  t h a t  

t h e  s e r v i c e  d i s t r i b u t i o n  i s  k n o w n .  I n  S e c t i o n  4 . 2 . 1 ,  w e  p r e s e n t  s o m e  s t o c h a s t i c  m o n o 

t o n i c i t y  r e s u l t s  f o r  t h e  p e r f o r m a n c e  o f  P S - M P L  s y s t e m s  u n d e r  f a i r l y  g e n e r a l  s e r v i c e  

d i s t r i b u t i o n s  w h i c h  m o t i v a t e  t h e  n e e d  t o  a p p r o p r i a t e l y  c h o o s e  t h e  M P L  b a s e d  o n  

t h e  s e r v i c e  d i s t r i b u t i o n .  I n  S e c t i o n  4 . 2 . 2 ,  w e  p r o v i d e  a  s i m p l e  a p p r o x i m a t i o n  f o r  t h e  

m e a n  n u m b e r  o f  j o b s  i n  a n  M / G / P S - M P L  s y s t e m  w i t h  s t a t e - d e p e n d e n t  s e r v i c e  r a t e  

i n v o l v i n g  o n l y  t h e  f i r s t  t w o  m o m e n t s  o f  t h e  s e r v i c e  d i s t r i b u t i o n ,  a n d  d e m o n s t r a t e  a  

s e r v i c e  d i s t r i b u t i o n  f o r  w h i c h  t h e  a p p r o x i m a t i o n  i s ,  i n  f a c t ,  e x a c t .  I n  S e c t i o n  4 . 2 . 3 ,  

w e  p r e s e n t  t h e  O p t - S t a t i c  p o l i c y ,  w h i c h  u s e s  o u r  a p p r o x i m a t i o n  t o  c h o o s e  a  s t a t i c  

M P L  b a s e d  o n  t h e  m e a n  a r r i v a l  r a t e  a n d  t h e  f i r s t  t w o  m o m e n t s  o f  t h e  s e r v i c e  d i s t r i 

b u t i o n .  E v e n  t h o u g h  o u r  a p p r o x i m a t i o n  i n v o l v e s  o n l y  t h e  f i r s t  t w o  m o m e n t s  o f  t h e  

s e r v i c e  d i s t r i b u t i o n ,  w e  s h o w  v i a  e x p e r i m e n t s  t h a t  i t  l e a d s  t o  o p t i m a l  o r  n e a r - o p t i m a l  

M P L  s e l e c t i o n  f o r  a  r a n g e  o f  d i s t r i b u t i o n s  u s e d  t o  m o d e l  c o m p u t e r  w o r k l o a d s .
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4.2.1 Stochastic monotonicity results

L e t  F  b e  a  d i s t r i b u t i o n  f u n c t i o n  f o r  a  n o n - n e g a t i v e  r a n d o m  v a r i a b l e  X ,  a n d  /  b e  t h e  

c o r r e s p o n d i n g  d e n s i t y  f u n c t i o n .

D e f i n i t i o n  4 . 1  D i s t r i b u t i o n  F  i s  s a i d  t o  b e l o n g  t o  t h e  c l a s s  D F R  ( I F R )  i f  t h e  f u n c 

t i o n  h ( x )  =  i s  d e c r e a s i n g  ( i n c r e a s i n g ) .

D e f i n i t i o n  4 . 2  D i s t r i b u t i o n  F  i s  s a i d  t o  b e l o n g  t o  t h e  c l a s s  D M R L  ( I M R L )  i f  t h e  

f u n c t i o n  R ( a )  =  E [ X  —  a \ X  >  a]  i s  d e c r e a s i n g  ( i n c r e a s i n g ) .

T h e  c l a s s e s  I M R L  ( I n c r e a s i n g  M e a n  R e s i d u a l  L i f e ,  a l s o  r e f e r r e d  t o  a s  N W U E  f o r  

N e w  W o r s e  t h a n  U s e d  i n  E x p e c t a t i o n )  a n d  D F R  ( D e c r e a s i n g  F a i l u r e  R a t e )  b o t h  

c a p t u r e  t h e  n o t i o n  t h a t  y o u n g  j o b s  ( t h o s e  w h o  h a v e  r e c e i v e d  l e s s  s e r v i c e )  a r e  m o r e  

l i k e l y  t o  f i n i s h  e a r l i e r  t h a n  o l d  j o b s .  T h e  c o n d i t i o n  D F R  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  

t h e  r e s i d u a l  l i f e  o f  y o u n g  j o b s  i s  s t o c h a s t i c a l l y  s m a l l e r  t h a n  t h e  r e s i d u a l  l i f e  o f  o l d  

j o b s ,  w h i l e  I M R L  i s  e q u i v a l e n t  t o  s a y i n g  t h a t  t h e  m e a n  r e s i d u a l  l i f e  o f  y o u n g  j o b s  i s  

s m a l l e r  t h a n  t h e  m e a n  r e s i d u a l  l i f e  o f  o l d  j o b s .

T h e  f o l l o w i n g  i s  a  c o r o l l a r y  o f  [ 1 2 1 ,  T h e o r e m  1 ] .

P r o p o s i t i o n  4 . 1  I n  a  G / G / P S - M P L  s y s t e m  w i t h  a  D F R  s e r v i c e  d i s t r i b u t i o n ,  t h e  

n u m b e r  o f  j o b s  i n  t h e  s y s t e m  a t  a n y  t i m e  i s  a  s t o c h a s t i c a l l y  d e c r e a s i n g  f u n c t i o n  o f  

t h e  M P L  I \ , f o r  K  <  K * . F o r  a n  I F R  d i s t r i b u t i o n ,  t h e  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  

i s  a  s t o c h a s t i c a l l y  i n c r e a s i n g  f u n c t i o n  o f  t h e  M P L  K , f o r  K  >  K ' .

A  s i m i l a r  p r o p o s i t i o n  c a n  b e  p r o v e d  f o r  t h e  m e a n  n u m b e r  o f  j o b s  ( e q u i v a l e n t l y  m e a n  

r e s p o n s e  t i m e )  b y  r e l a x i n g  t h e  a s s u m p t i o n s  o n  t h e  a r r i v a l  p r o c e s s  a n d  t h e  s e r v i c e  

d i s t r i b u t i o n .

P r o p o s i t i o n  4 . 2  I n  a n  M / G / P S - M P L  s y s t e m  w i t h  a n  I M R L  s e r v i c e  d i s t r i b u t i o n ,  

t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  i s  a  d e c r e a s i n g  f u n c t i o n  o f  t h e  M P L  K ,  f o r  

K  <  K * .  F o r  a  D M R L  d i s t r i b u t i o n ,  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  i s  a n  

i n c r e a s i n g  f u n c t i o n  o f  t h e  M P L  K , f o r  K  >  K ' .

P r o o f :  F r o m  [ 1 2 8 ,  T h e o r e m  3 . 1 4 ] ,  f o r  I M R L  d i s t r i b u t i o n s ,  i t  s u f f i c e s  t o  p r o v e  t h a t

f o r  a l l  x , t h e  q u a n t i t y  V Xi  w h i c h  d e n o t e s  t h e  m e a n  w o r k l o a d  i n  t h e  s y s t e m  d u e  t o  

j o b s  w i t h  a t t a i n e d  s e r v i c e  l e s s  t h a n  x ,  i s  d e c r e a s i n g  i n  t h e  M P L  K  f o r  K  <  K * .  

F r o m  t h e  p r o o f  o f  [ 1 2 1 ,  T h e o r e m  1 ] ,  t h i s  i s  e a s i l y  s e e n  t o  h o l d .  T h e  p r o o f  f o r  D M R L  

d i s t r i b u t i o n s  i s  a n a l o g o u s .  ■
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I n t u i t i v e l y ,  w h e n  t h e  s e r v i c e  d i s t r i b u t i o n  i s  D F R  o r  I M R L ,  w e  p r e f e r  t o  s e r v e  y o u n g  

j o b s  a s  t h e y  a r e  m o r e  l i k e l y  t o  f i n i s h  e a r l i e r .  B y  c h o o s i n g  a n  M P L  s m a l l e r  t h a n  K * , 

w e  d o  n o t  g a i n  s e r v i n g  c a p a c i t y ,  s i n c e  K *  a c h i e v e s  t h e  m a x i m u m  s p e e d ,  a n d  s i m u l 

t a n e o u s l y  l i m i t  t h e  a b i l i t y  o f  n e w  j o b s  ( w h i c h  a r e  l i k e l y  t o  b e  s m a l l )  t o  e n t e r  s e r v i c e .  

S i m i l a r l y ,  f o r  I F R  o r  D M R L  s e r v i c e  d i s t r i b u t i o n s ,  w e  p r e f e r  t o  s e r v e  o l d  j o b s  a s  t h e y  

a r e  m o r e  l i k e l y  t o  f i n i s h  e a r l i e r .  B y  c h o o s i n g  a n  M P L  l a r g e r  t h a n  K ' ,  w e  d o  n o t  

g a i n  a g g r e g a t e  s e r v i n g  c a p a c i t y ,  a n d  w e  s i m u l t a n e o u s l y  r e d u c e  t h e  c a p a c i t y  a v a i l a b l e  

t o  o l d  j o b s ,  a s  y o u n g  j o b s  a r e  a l l o w e d  i n t o  s e r v i c e .  J o b  s i z e  d i s t r i b u t i o n s  b e l o n g i n g  

t o  c l a s s  D F R  a n d  I M R L  c o r r e s p o n d  t o  d i s t r i b u t i o n s  w h i c h  a r e  m o r e  v a r i a b l e  t h a n  

t h e  e x p o n e n t i a l  d i s t r i b u t i o n ,  a n d  t h e  a b o v e  r e s u l t s  s h o w  t h a t  t h e r e  i s  n o  b e n e f i t  i n  

r u n n i n g  a t  a n  M P L  s m a l l e r  t h a n  K *  i n  t h i s  c a s e .  H o w e v e r ,  t h e r e  m i g h t  b e  b e n e f i t  i n  

o p e r a t i n g  a t  a n  M P L  h i g h e r  t h a n  K * ,  i n c r e a s i n g  t h e  c h a n c e  f o r  s m a l l  j o b s  t o  e n t e r  

s e r v i c e  a n d  f i n i s h  q u i c k l y  e v e n  w h i l e  l o s i n g  a g g r e g a t e  s e r v i c e  c a p a c i t y  i n  t h e  p r o c e s s ,  

a s  w e  s h o w  n e x t .

4.2.2 2-moment approximation for M /G /P S -M P L

A s  m e n t i o n e d  e a r l i e r ,  t h e r e  a r e  n o  k n o w n  a n a l y t i c a l  e x p r e s s i o n s  o r  a p p r o x i m a t i o n s  

f o r  t h e  m e a n  n u m b e r  o f  j o b s  i n  a n  M / G / P S - M P L  s y s t e m  w i t h  s t a t e - d e p e n d e n t  s e r 

v i c e  r a t e .  W e  n o w  p r o p o s e  a  s i m p l e  a p p r o x i m a t i o n  f o r  t h e  m e a n  n u m b e r  o f  j o b s  

i n  a n  M / G / P S - M P L  s y s t e m  i n v o l v i n g  o n l y  t h e  f i r s t  t w o  m o m e n t s  o f  t h e  s e r v i c e  

d i s t r i b u t i o n .

P r o p o s i t i o n  4 . 3  L e t  E [ A T ]  d e n o t e  t h e  m e a n  n u m b e r  o f  j o b s  i n  a n  M / G / P S - M P L  

s y s t e m  w i t h  a r r i v a l  r a t e  X ,  s t a t e - d e p e n d e n t  s e r v i c e  r a t e  f i ( n )  w h e n  t h e r e  a r e  n  j o b s  

a t  t h e  P S  s e r v e r ,  w i t h  M P L = K , a n d  a  g e n e r a l  s e r v i c e  d i s t r i b u t i o n  w i t h  m e a n  1 a n d  

S C V C 2s . T h e n ,

E [ i V ]  «  E [ j V i i p ( i O ]  +  ^ ± i E [ j V g , ( A - ) ]  ( 4 . 1 )

w h e r e  E ^ N ^ x p ( K ) ^  a n d  E  [ - / V | X p ( ^ ) ] ,  r e s p e c t i v e l y ,  d e n o t e  t h e  m e a n  n u m b e r  o f  j o b s  

i n  t h e  F C F S  Q u e u e  a n d  a t  t h e  P S  S e r v e r  i n  a n  M / M / P S - M P L  w i t h  t h e  s a m e  s t a t e -  

d e p e n d e n t  s e r v i c e  r a t e s  a s  t h e  o r i g i n a l  M / G / P S - M P L  s y s t e m ,  w i t h  M P L = K  a n d  

e x p o n e n t i a l  s e r v i c e  d i s t r i b u t i o n  w i t h  m e a n  1 .  T h e  e x p r e s s i o n s  f o r  E ^ i V ^ ^ - f t f ) !  a n d

E [ i V l x p ( / f ) ]  a r e  g i v e n  b y :

E ^ ip W ] = 1 + E S l^
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E p V f ( K ) ]  =  s £ i  i -< t> i  +  K -  T .T = k + 1 A

[  E x p \  ) \  l  +  E £ i  0 i

w h e r e  < p i’s  a r e  t h e  r a t i o  o f  t h e  s t a t i o n a r y  p r o b a b i l i t i e s  a n d  t h e  i d l e  p r o b a b i l i t y  f o r  a n  

M / M / P S - M P L ,  a n d  a r e  g i v e n  b y :

1  <  t  <  K ,

i > K

P r o p o s i t i o n  4 . 3  c a n  b e  s e e n  a s  a  g e n e r a l i z a t i o n  o f  t h e  L e e  a n d  L o n g t o n  [ 1 0 8 ]  a p 

p r o x i m a t i o n  f o r  t h e  m e a n  n u m b e r  o f  j o b s  i n  a n  M / G / K  s y s t e m ,  a n d  a g r e e s  w i t h  t h e  

a p p r o x i m a t i o n  g i v e n  b y  A v i - I t z k a h  a n d  H a l f i n  w h e n  t h e  s e r v i c e  r a t e  i s  i n d e p e n d e n t  

o f  t h e  s t a t e  [ 1 6 ] .  I n  P r o p o s i t i o n  4 . 4 ,  w e  s h o w  t h a t  a p p r o x i m a t i o n  ( 4 . 1 )  i s  i n  f a c t  

e x a c t  f o r  a  d e g e n e r a t e  h y p e r e x p o n e n t i a l  d i s t r i b u t i o n ,  H * ,  w i t h  m e a n  1  a n d  s q u a r e d  

o f  c o e f f i c i e n t  o f  v a r i a t i o n  C | .

R e c a l l  t h a t  a  d e g e n e r a t e  h y p e r e x p o n e n t i a l  d i s t r i b u t i o n  w i t h  m e a n  1  a n d  S C V  C 2 i s  

d e f i n e d  b y :

0  w i t h  p r o b a b i l i t y  1  —  q  =

E x p  ( C 22+ 1 )  w i t h  p r o b a b i l i t y  q  =  q t + i

w h e r e  E x p ( ^ )  d e n o t e s  a n  e x p o n e n t i a l  r a n d o m  v a r i a b l e  w i t h  m e a n  \ / v .

P ro p o sitio n  4.4 T h e  m e a n  n u m b e r  o f  j o b s  i n  a n  M /  H * ( C g ) / P S - M P L  s y s t e m  w i t h  

a r r i v a l  r a t e  X ,  s t a t e - d e p e n d e n t  s e r v i c e  r a t e  f j , ( n )  w h e n  t h e r e  a r e  n  j o b s  a t  t h e  P S  

s e r v e r ,  a n d  M P L = K  i s  g i v e n  b y :

e [jv*.(c|)(jo] =  E [ i V | x p ( / 0 ]  +  [ n qE x p { K ) \

w h e r e  E ^ N ^ x p ( K ) ^  a n d  E ^ N § x p ( K ) ]  a r e  a s  d e f i n e d  i n  P r o p o s i t i o n  4 - 3 .

Proof: W e  f i r s t  o b s e r v e  t h a t  t h e  # * ( C f )  d i s t r i b u t i o n  c o n s i s t s  o f  t w o  c l a s s e s  o f  j o b s ,  

t h o s e  o f  s i z e  0  a n d  t h o s e  b e l o n g i n g  t o  t h e  e x p o n e n t i a l  b r a n c h .  T h e  r e s p o n s e  t i m e  a n d  

h e n c e  t h e  n u m b e r  o f  j o b s  b e l o n g i n g  t o  t h e  e x p o n e n t i a l  c l a s s  i n  t h e  M / H * ( C | ) / P S -  

M P L  s y s t e m  i s  n o t  a f f e c t e d  b y  t h e  p r e s e n c e  o f  z e r o - s i z e d  j o b s .  T h e r e f o r e ,  t h e  c o n t r i 

b u t i o n  t o  t h e  m e a n  n u m b e r  o  

c l a s s  i s  p r e c i s e l y  E  

n u m b e r  i n  q u e u e .

j o b s  i n  t h e  s y s t e m  c o n s i s t i n g  o f  j o b s  i n  t h e  e x p o n e n t i a l  

N ® x p \ . T h e  z e r o - s i z e d  j o b s  o n l y  c o n t r i b u t e  t o  t h e  m e a n  

i o w e v e r ,  s i n c e  t h e  s c h e d u l i n g  p o l i c y  i s  s i z e - i n d e p e n d e n t ,  t h e  w a i t -

N Exp]  + E

i n g  t i m e  d i s t r i b u t i o n  o f  a  z e r o - s i z e d  j o b  i s  t h e  s a m e  a s  t h e  w a i t i n g  t i m e  d i s t r i b u t i o n
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o f  a  j o b  b e l o n g i n g  t o  t h e  e x p o n e n t i a l  c l a s s ,  b u t  t h e  a r r i v a l  r a t e  o f  z e r o - s i z e d  j o b s

c 2 —i
i s  - 4 ; —  t i m e s  t h e  a r r i v a l  r a t e  o f  t h e  e x p o n e n t i a l  c l a s s .  T h e r e f o r e ,  t h e  c o n t r i b u t i o n

o f  t h e  z e r o - s i z e d  j o b s  t o  t h e  m e a n  n u m b e r  i n  s y s t e m  i s  , p r o v i n g  t h e

p r o p o s i t i o n .  ■

I n  S e c t i o n  4 . 2 . 4  w e  e x t e n d  P r o p o s i t i o n  4 . 3  t o  o b t a i n  a n  a p p r o x i m a t i o n  f o r  a  G I / G / P S -  

M P L  s y s t e m  i n v o l v i n g  t h e  f i r s t  t w o  m o m e n t s  o f  t h e  i n t e r a r r i v a l  t i m e  a n d  s e r v i c e  

d i s t r i b u t i o n s .

4.2.3 The Opt-Static policy

W e  n o w  i n t r o d u c e  t h e  O p t - S t a t i c  p o l i c y  t o  c h o o s e  a  n e a r - o p t i m a l  s t a t i c  M P L .  T h e  

O p t - S t a t i c  p o l i c y  s i m p l y  s e t s  M P L  =  k  w h e r e  k  d e n o t e s  t h e  M P L  t h a t  m i n i m i z e s  

t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 1 ) :

k  =  a r g  m i n K  | e  / C ) ]  +  J  ( 4 . 2 )

W e  n o w  s h o w  t h a t  t h e  O p t - S t a t i c  p o l i c y  i s  a  g o o d  h e u r i s t i c  f o r  m i n i m i z i n g  t h e  

m e a n  r e s p o n s e  t i m e  i n  a n  M / G / P S - M P L  s y s t e m  w i t h  k n o w n  m e a n  a r r i v a l  r a t e .  I n  

F i g u r e  4 . 3 ,  w e  p r e s e n t  s i m u l a t i o n  r e s u l t s  f o r  t h e  f o l l o w i n g  t h r e e  s e r v i c e  d i s t r i b u t i o n s  

a l l  w i t h  m e a n  1 a n d  C \ = 1 9 \

•  W e i b u l l  d i s t r i b u t i o n  w i t h  s c a l e  p a r a m e t e r  |  a n d  s h a p e  p a r a m e t e r

•  B o u n d e d  P a r e t o  d i s t r i b u t i o n  w i t h  s h a p e  p a r a m e t e r  a  =  1 . 1  a n d  s u p p o r t  [ 0 . 1 8 2 , 1 7 8 . 7 5 9 ] .

•  A  t w o - p h a s e  h y p e r e x p o n e n t i a l  ( H 2 ) d i s t r i b u t i o n  w h o s e  p a r a m e t e r s  a r e  c h o s e n  

s o  t h a t ,  r ,  t h e  f r a c t i o n  o f  t h e  t o t a l  l o a d  c o n s t i t u t e d  b y  t h e  p h a s e  w i t h  t h e  

s m a l l e r  m e a n ,  i s  0 . 2 5 .

T h e  r e s u l t s  i n  F i g u r e  4 . 3  a s s u m e  t h a t  t h e  s t a t e - d e p e n d e n t  s e r v i c e  r a t e s  o f  t h e  P S  

s e r v e r  a r e  g i v e n  b y  t h e  / - i ( n )  c u r v e  s h o w n  i n  F i g u r e  4 . 1 .  W e  w i l l  u s e  t h e  s e r v i c e  r a t e  

c u r v e  s h o w n  i n  F i g u r e  4 . 1  i n  a l l  t h e  n u m e r i c a l  a n d  s i m u l a t i o n  e v a l u a t i o n s  i n  t h i s  

p a p e r .  D e t a i l e d  s i m u l a t i o n  r e s u l t s  f o r  m o r e  s c e n a r i o s  a p p e a r  i n  [ 6 8 ] .

T h e  m a i n  m e s s a g e  o f  F i g u r e  4 . 3  i s  t h a t  t h e  o p t i m a l  M P L  c a n  b e  m u c h  l a r g e r  t h a n  

t h e  p e a k  e f f i c i e n c y  M P L  o f  K *  =  5 .  F o r  e x a m p l e ,  w h e n  A  =  0 . 8 ,  t h e  o p t i m a l  

s t a t i c  M P L  f o r  t h e  b o u n d e d  P a r e t o  d i s t r i b u t i o n  i s  1 1  w i t h  a  r e s u l t i n g  m e a n  n u m b e r  

o f  j o b s  a r o u n d  3 . 4 ,  w h i l e  K *  =  5  r e s u l t s  i n  3 5 %  l a r g e r  m e a n  n u m b e r  o f  j o b s  a t  

a p p r o x i m a t e l y  4 . 6 .  S e c o n d ,  a s  c a n  b e  s e e n ,  e v e n  t h o u g h  a p p r o x i m a t i o n  ( 4 . 1 )  i s  n o t
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e x t r e m e l y  a c c u r a t e  a t  p r e d i c t i n g  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  f o r  g e n e r a l  

d i s t r i b u t i o n s  ( a n d ,  a s  w e  h a v e  m e n t i o n e d  r e p e a t e d l y ,  n o  a p p r o x i m a t i o n  b a s e d  o n  o n l y  

t h e  f i r s t  t w o  m o m e n t s  c a n  b e ) ,  i t  i s  r o b u s t  i n  p r e d i c t i n g  t h e  o p t i m a l  o r  n e a r - o p t i m a l  

M P L .  O u r  a p p r o x i m a t i o n  r e c o m m e n d s  M P L  =  1 4  a n d  t h e  m e a n  n u m b e r  o f  j o b s  i n  

t h e  s y s t e m  u s i n g  o u r  r e c o m m e n d e d  M P L  i s  a r o u n d  3 . 4 5 .

(a) A =  0.7 (b) A =  0.8 (c) A =  0.9

F i g u r e  4 . 3 :  T h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  v s .  M P L  f o r  t h e  f o l l o w i n g  d i s t r i b u 

t i o n s ,  a l l  w i t h  m e a n  1  a n d  S C V  1 9 :  ( i )  B o u n d e d  P a r e t o  d i s t r i b u t i o n  w i t h  s h a p e  p a r a m e t e r  

1 . 1  ( i i )  W e i b u l l  d i s t r i b u t i o n  ( i i i )  T w o - p h a s e  h y p e r e x p o n e n t i a l  d i s t r i b u t i o n  w i t h  2 5 %  o f  l o a d  

c o n s t i t u t e d  b y  t h e  b r a n c h  w i t h  t h e  s m a l l e r  m e a n .  T h e  a r r i v a l  p r o c e s s  c o n s i d e r e d  i s  P o i s s o n  

w i t h  t h e  i n d i c a t e d  m e a n  a r r i v a l  r a t e ,  A .  F o r  r e f e r e n c e ,  w e  h a v e  a l s o  s h o w n  o u r  2 - m o m e n t  

a p p r o x i m a t i o n  f o r  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m .  T h e  o p t i m a l  M P L  f o r  e a c h  

c u r v e  i s  s h o w n  w i t h  a  c i r c l e .

U s i n g  a p p r o x i m a t i o n  ( 4 . 1 ) ,  i t  i s  e a s y  t o  s e e  w h y  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  

s y s t e m  i s  m i n i m i z e d  a t  a  l a r g e r  M P L  t h a n  t h e  p e a k  e f f i c i e n c y  M P L  o f  K *  w h e n  

j o b  s i z e s  h a v e  h i g h  v a r i a b i l i t y .  T o  s e e  t h i s ,  s t a r t  b y  c o n s i d e r i n g  t h e  c a s e  o f  l o w  

v a r i a b i l i t y :  C \  =  1 .  F o r  t h i s  c a s e ,  a p p r o x i m a t i o n  ( 4 . 1 )  s u g g e s t s  t h a t  t h e  o p t i m a l  

M P L  i s  i n  f a c t  K * .  A s  w e  i n c r e a s e  t h e  M P L  b e y o n d  K * ,  i f  t h e  t r a f f i c  i n t e n s i t y  i s  

n o t  v e r y  h i g h ,  E  [ a ^ J  f a l l s  w h i l e  E  i V f J  i n c r e a s e s .  F o r  a  l a r g e  e n o u g h  C | ,  t h e

f a l l  i n  a n d  h e n c e  i n  t h e  m e a n  w a i t i n g  t i m e  i n  t h e  F C F S  b u f f e r ,  w i l l

b e  l a r g e r  t h a n  t h e  r i s e  i n  E  [ i V |  J , w h i c h  i s  t h e  c o m p o n e n t  r e p r e s e n t i n g  t h e  m e a n  

t i m e  t o  p r o c e s s  a  j o b  a t  t h e  P S  s e r v e r .  T h e r e f o r e ,  s e t t i n g  a n  M P L  l a r g e r  t h a n  K * ,  

a n d  a l l o w i n g  s m a l l  j o b s  t o  o v e r t a k e  t h e  b i g  j o b s ,  l e a d s  t o  a n  o v e r a l l  r e d u c t i o n  i n  t h e  

m e a n  r e s p o n s e  t i m e .

W e  w o u l d  l i k e  t o  p o i n t  o u t  t h a t  t h e  q u e s t i o n  o f  c h o o s i n g  t h e  o p t i m a l  m u l t i - p r o g r a m m i n g  

l i m i t  i s  c l o s e l y  r e l a t e d  t o  t h e  q u e s t i o n  o f  c h o o s i n g  t h e  o p t i m a l  n u m b e r  o f  s e r v e r s  i n  

a  m u l t i s e r v e r  s y s t e m  ( t h a t  i s ,  o n e  f a s t  v s .  K  s l o w  s e r v e r s ) ,  s u c h  a s  t h e  M/G/K , 
b u t  w i t h  a  f u n d a m e n t a l l y  d i f f e r e n t  t r a d e - o f f .  I n  t h e  p r e s e n c e  o f  h i g h l y  v a r i a b l e  j o b
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s i z e s ,  o n e  w a n t s  t o  c h o o s e  a  l a r g e  n u m b e r  o f  s e r v e r s  i n  a  m u l t i s e r v e r  s y s t e m  t o  p r e 

v e n t  s m a l l  j o b s  f r o m  g e t t i n g  b l o c k e d  b e h i n d  l a r g e  j o b s .  S i m i l a r l y ,  i n  t h e  P S - M P L  

s y s t e m ,  w e  w a n t  t o  c h o o s e  a  h i g h  M P L  t o  a l l o w  s m a l l  j o b s  t o  o v e r t a k e  l a r g e  j o b s .  I n  

b o t h  c a s e s ,  w e  a r e  l i m i t e d  i n  o u r  a b i l i t y  t o  i n c r e a s e  t h e  p a r a l l e l i s m  d u e  t o  c a p a c i t y  

w a s t a g e .  W h i l e  i n  a  m u l t i s e r v e r  s y s t e m ,  c a p a c i t y  i s  w a s t e d  w h e n  t h e r e  a r e  l e s s  t h a n  

K  j o b s  i n  t h e  s y s t e m ,  i n  t h e  P S - M P L  s y s t e m ,  c a p a c i t y  i s  w a s t e d  w h e n  t h e  m u l t i 

p r o g r a m m i n g  l i m i t  K  i s  s e t  l a r g e r  t h a n  t h e  p e a k  e f f i c i e n c y  p o i n t  K * ,  a n d  t h e r e  a r e  

m o r e  t h a n  K *  j o b s  i n  t h e  s y s t e m .  T h e r e f o r e ,  i n  a  m u l t i s e r v e r  s y s t e m ,  h i g h  p a r a l 

l e l i s m  ( l a r g e  n u m b e r  o f  s e r v e r s )  i s  p r e f e r r e d  w h e n  t h e  t r a f f i c  i n t e n s i t y  i s  h i g h ,  w h i l e  

i n  a  P S - M P L  s y s t e m  a  h i g h  d e g r e e  o f  p a r a l l e l i s m  ( l a r g e  M P L )  i s  p r e f e r r e d  w h e n  t h e  

t r a f f i c  i n t e n s i t y  i s  l o w .

4.2.4 Approximation for G I/G /P S -M P L

P r o p o s i t i o n  4 . 5  L e t  E [ i V ]  d e n o t e  t h e  m e a n  n u m b e r  o f  j o b s  i n  a  G I / G / P S - M P L  

s y s t e m ,  w i t h  s t a t e - d e p e n d e n t  s e r v i c e  r a t e  ¡ i { n )  w h e n  t h e r e  a r e  n  j o b s  a t  t h e  P S  s e r v e r ,  

M P L = K , a  g e n e r a l  s e r v i c e  d i s t r i b u t i o n  w i t h  m e a n  1 a n d  S C V  C g  >  1 ,  a n d  a  g e n e r a l  

i n t e r a r r i v a l  t i m e  d i s t r i b u t i o n  w i t h  m e a n  j  a n d  S C V  C \ >  1 .  T h e n ,

E[JV] «  e [ n Seip} + — — E[iV(jEa.p]
w h e r e  E  [ i V s E x p  j  a n d  E | A f g B i p J d e n o t e ,  r e s p e c t i v e l y ,  t h e  m e a n  n u m b e r  o f  j o b s  a t  t h e  

P S  S e r v e r  a n d  i n  t h e  F C F S  Q u e u e  i n  a  B P P / M / P S - M P L  s y s t e m  w i t h  t h e  s a m e  

s t a t e - d e p e n d e n t  s e r v i c e  r a t e s  a s  t h e  o r i g i n a l  G I / G / P S - M P L  s y s t e m ,  M P L —K ,  e x 

p o n e n t i a l  s e r v i c e  d i s t r i b u t i o n  w i t h  m e a n  1 ,  m e a n  a r r i v a l  r a t e  A  a n d  i . i . d .  g e o m e t r i c  

b a t c h  s i z e s  w i t h  m e a n  ■ T h e  e x p r e s s i o n s  f o r  E  [ A ^ 5B x p j  a n d  E  a r e  g i v e n

b y

E [ i V S E l

E  j i i  i  ■ <p, +  K  ■ E Z k +1  
l  +  4>i

( 4 . 3 )

w h e r e

E j  +  E S i  i ( C 2  +  1 ) ( 1  _  p )  I ( 4 -4 )

i > k

a n d p  =  J k )
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I n  t h e  s p e c i a l  c a s e  o f  s t a t e - i n d e p e n d e n t  s e r v i c e  r a t e ,  i . e .  ¡ i { n )  =  ¡1  f o r  a l l  n ,  o u r  

a p p r o x i m a t i o n  f o r  t h e  m e a n  n u m b e r  i n  s y s t e m  s i m p l i f i e s  t o :

m  -  ( 1  -
G |  +  1  1  — p  2  1  — p

(  / c 2 + 1
w h e r e  p b =  ( 1  —  ( 1  —  p )  C ^+ C 'i J d e n o t e s  t h e  p r o b a b i l i t y  ( a p p r o x i m a t i o n  t h e r e o f )

t h a t  a  j o b  s e e s  a t  l e a s t  K  j o b s  i n  t h e  s y s t e m  o n  a r r i v a l .  T h e  a b o v e  a p p r o x i m a 

t i o n  i s  s i m i l a r  t o  t h e  h e a v y - t r a f f i c  a p p r o x i m a t i o n  f o r  G I / G / P S - M P L  s y s t e m s  w i t h  

s t a t e - i n d e p e n d e n t  s e r v i c e  r a t e s  p r o p o s e d  b y  Z h a n g  a n d  Z w a r t  [ 1 6 2 ] ,  e x c e p t  t h a t

Pb  ~  p c s + c A i n  [ 1 6 2 ] .  I n d e e d ,  i n  h e a v y - t r a f f i c  ( p  — > 1 ,  K  — ■> 00  a s  p K  — »  9  f o r  

s o m e  c o n s t a n t  ( 9 ) ,  t h e  t w o  a p p r o x i m a t i o n s  c o n v e r g e .

S i m i l a r  t o  P r o p o s i t i o n  4 . 4 ,  w e  c a n  s h o w  t h e  e x i s t e n c e  o f  a  G I  a r r i v a l  p r o c e s s  w i t h  a n  

i n t e r a r r i v a l  t i m e  S C V  o f  C \ ,  a n d  a  s e r v i c e  d i s t r i b u t i o n  w i t h  S C V  C f  ( t h e  H * ( C g )  

d i s t r i b u t i o n )  f o r  w h i c h  t h e  a p p r o x i m a t i o n  p r o p o s e d  i n  P r o p o s i t i o n  4 . 5  i s  e x a c t .

P r o p o s i t i o n  4 . 6  T h e  m e a n  n u m b e r  o f  j o b s  i n  a n  B P P / H * ( C g ) / P S - M P L  s y s t e m  

w i t h  m e a n  a r r i v a l  r a t e  X ,  i . i . d .  b a t c h  s i z e s  d i s t r i b u t e d  a c c o r d i n g  t o  a  G e o m e t r i c  

d i s t r i b u t i o n  w i t h  m e a n  ,  s t a t e - d e p e n d e n t  s e r v i c e  r a t e  ¡ i { n )  w h e n  t h e r e  a r e  n  j o b s  

a t  t h e  P S  s e r v e r ,  a n d  M P L = K  i s  g i v e n  b y :

E  [ N c y f i A ( K ) \  =  E [ i W * 0 ]  +  ^ ± ^ e [ n Q e J K ) }  

w h e r e  e [ N q Ex p ( K ) ]  a n d  e [ n S e x p ( K ) ]  a r e  a s  d e f i n e d  i n  P r o p o s i t i o n  4 - 5 .

4 . 3  S e l f - A d a p t i v e  M P L  c o n t r o l  p o l i c i e s

I n  t h e  p r e v i o u s  s e c t i o n ,  w e  c o n s i d e r e d  t h e  q u e s t i o n  o f  c h o o s i n g  t h e  o p t i m a l  s t a t i c  

M P L  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  a r r i v a l  p r o c e s s  i s  P o i s s o n ,  a n d  t h a t  t h e  a r r i v a l  

r a t e ,  A ,  w a s  k n o w n  a c c u r a t e l y .  W e  b e g i n  t h i s  s e c t i o n  b y  s h o w i n g  t h a t  t h e  m e t h o d 

o l o g y  o f  c h o o s i n g  a  s t a t i c  M P L  b a s e d  o n  a s s u m i n g  a  m e a n  i n t e n s i t y  f o r  t h e  P o i s s o n  

a r r i v a l  p r o c e s s  i s  v e r y  f r a g i l e .  I 11 T a b l e  4 . 1  w e  c o n s i d e r  a  W e i b u l l  s e r v i c e  d i s t r i b u t i o n  

w i t h  m e a n  1  a n d  C \  —  1 9 ,  a n d  s h o w  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  f o r  

v a r i o u s  s e t t i n g s  o f  M P L  a n d  t h e  m e a n  a r r i v a l  r a t e  A .  W e  a s s u m e  t h e  s e r v i c e  r a t e  

c u r v e  s h o w n  i n  F i g u r e  4 . 1  w i t h  K *  =  5 .  T h e  o p t i m a l  M P L  i n  T a b l e  4 . 1  v a r i e s  f r o m  

1 5 ,  w h e n  A  =  0 . 6 5 ,  t o  5 ,  w h e n  A  =  1 . 1 5 .  I n  f a c t ,  c h o o s i n g  t h e  o p t i m a l  s t a t i c  M P L  

a s s u m i n g  A  <  0 . 8 5  r e s u l t s  i n  a n  u n s t a b l e  s y s t e m  w h e n  A  —  1 . 1 5 .
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M P L 4 5 6 7 8 9 10 11 12 13 14 15 95% c.i.

A =  0.65 2.96 2.47 2.25 2.14 2.09 2.05 2.04 2.02 2.02 2.02 2.01 2 .0 1 ±  0.007
A =  0.75 4.84 3.88 3.44 3.17 3.00 2.89 2.84 2.79 2.77 2.76 2 .7 5 2.76 ±  0.020
A =  0.85 8.49 6.79 6.02 5.54 5.22 4.98 4.90 4.8 5 4.92 5.01 5.21 5.58 ±  0.294
A =  0.95 15.96 13.19 12.52 1 2 .1 6 12.17 12.63 13.49 15.03 18.05 23.13 32.88 60.79 ±  2.483
A =  1.05 33.92 2 9 .5 1 31.08 34.98 40.70 52.55 72.72 126.90 ±  4.273
A =  1.15 92.84 8 7 .1 8 114.99 183.61 ±  5.606

T a b l e  4 . 1 :  N u m e r i c a l  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s  i n  s y s t e m  f o r  d i f f e r e n t  v a l u e s  

o f  M P L  a n d  a r r i v a l  r a t e s .  T h e  a r r i v a l  p r o c e s s  w a s  P o i s s o n ,  a n d  t h e  s e r v i c e  d i s t r i b u 

t i o n  w a s  W e i b u l l  w i t h  m e a n  1 ,  S C V  1 9 .  T h e  o p t i m a l  v a l u e  f o r  e a c h  s e t t i n g  o f  t h e  

m e a n  a r r i v a l  r a t e  h a s  b e e n  b o l d e n e d .

T h e r e  a r e  a t  l e a s t  t w o  w a y s  a r o u n d  t h i s  p r o b l e m :  T h e  f i r s t  i s  t o  r o b u s t l y  c h o o s e  

a  s i n g l e  s t a t i c  M P L  t h a t  w o r k s  w e l l  f o r  a l l  A .  T h i s  n e c e s s a r i l y  i m p l i e s  o p e r a t i n g  

t h e  s y s t e m  a t  p e a k  e f f i c i e n c y  K * , w h i c h  w e  h a v e  a l r e a d y  s e e n  c a n  b e  f a r  f r o m  t h e  

o p t i m a l .  T h e  s e c o n d  a p p r o a c h  i s  t o  l e a r n  t h e  p a r a m e t e r s  o f  t h e  a r r i v a l  p r o c e s s  a n d  

t h e n  c h o o s e  t h e  o p t i m a l  s t a t i c  M P L  f o r  t h a t  p a r t i c u l a r  a r r i v a l  p r o c e s s .  H o w e v e r ,  

t h i s  a p p r o a c h  w i l l  f a i l  t o  a d a p t  t o  v a r i a t i o n s  i n  t r a f f i c  o n  t i m e  s c a l e s  s m a l l e r  t h a n  

n e e d e d  f o r  t h e  l e a r n i n g  a l g o r i t h m  t o  c o n v e r g e .

I n  t h i s  s e c t i o n ,  w e  a r e  m o t i v a t e d  b y  t h e  q u e s t i o n :

A r e  t h e r e  l i g h t - w e i g h t ,  t r a f f i c - o b l i v i o u s  M P L  c o n t r o l  p o l i c i e s  w h i c h  p e r 

f o r m  a s  w e l l  a s  t h e  t r a f f i c - a w a r e  o p t i m a l  s t a t i c  M P L  p o l i c i e s ?

B y  a  t r a f f i c - o b l i v i o u s  c o n t r o l  p o l i c y ,  w e  m e a n  a  p o l i c y  t h a t  d o e s  n o t  d e p e n d  o n  

k n o w i n g  t h e  a r r i v a l  r a t e  o r  t h e  h i g h e r  o r d e r  c h a r a c t e r i s t i c s  o f  t h e  a r r i v a l  p r o c e s s .

I n  t h i s  s e c t i o n ,  w e  d e v e l o p  t w o  d y n a m i c  M P L  c o n t r o l  p o l i c i e s  -  L i g h t - A p p r o x  a n d  

P o i s s o n - A p p r o x . S e c t i o n  4 . 3 . 1  h i g h l i g h t s  t h e  k e y  i d e a s  i n  o u r  a p p r o a c h .  S e c 

t i o n  4 . 3 . 2  a n d  S e c t i o n  4 . 3 . 3 ,  r e s p e c t i v e l y ,  p r e s e n t  t h e  n u m e r i c a l  a l g o r i t h m s  i n v o l v e d  

i n  t h e  c o n s t r u c t i o n  o f  o u r  t r a f f i c - o b l i v i o u s  d y n a m i c  M P L  c o n t r o l  p o l i c i e s  L i g h t -  

A p p r o x  a n d  P o i s s o n - A p p r o x . I n  S e c t i o n  4 . 3 . 4  w e  e v a l u a t e  o u r  d y n a m i c  M P L  

c o n t r o l  p o l i c i e s  v i a  s i m u l a t i o n s  a n d  d e m o n s t r a t e  t h a t  o u r  p r o p o s e d  M P L  c o n t r o l  

p o l i c i e s  e x h i b i t  r o b u s t n e s s  t o  b o t h  t h e  t r a f f i c  i n t e n s i t y  a n d  t h e  b u r s t i n e s s  o f  t h e  

a r r i v a l  p r o c e s s .

4.3.1 Key Steps in Our Approach

R e c a l l  t h a t ,  g i v e n  a  s e r v i c e  d i s t r i b u t i o n ,  o u r  g o a l  i s  t o  o b t a i n  M P L  c o n t r o l  p o l i c i e s  

w h i c h  a r e  ( i )  l i g h t - w e i g h t :  a d j u s t  t h e  M P L  b a s e d  o n l y  o n  t h e  i n s t a n t a n e o u s  q u e u e
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l e n g t h ,  Q ( t ) ,  a n d  t h e  i n s t a n t a n e o u s  M P L ,  K(t),  a n d  (■i i )  t r a f f i c - o b l i v i o u s :  r o b u s t  t o  

v a r i a t i o n s  i n  t h e  a r r i v a l  p r o c e s s .

T o  a c h i e v e  o u r  f i r s t  g o a l ,  w e  c o n s i d e r  a  s p e c i a l  c l a s s  o f  s e r v i c e  d i s t r i b u t i o n s ,  t h e  

d e g e n e r a t e  h y p e r e x p o n e n t i a l  d i s t r i b u t i o n  ( H * ) ,  w h i c h  i s  a  m i x t u r e  o f  a n  e x p o n e n t i a l  

d i s t r i b u t i o n ,  a n d  a  p o i n t  m a s s  a t  0 .  J o b s  o f  s i z e  0  d o  n o t  s p e n d  a n y  t i m e  a t  t h e  

s e r v e r .  T h i s  c o u p l e d  w i t h  t h e  m e m o r y l e s s  p r o p e r t y  o f  t h e  e x p o n e n t i a l  d i s t r i b u t i o n ,  

e n s u r e s  t h a t  (Q(t), K(t))  i s  a  M a r k o v  p r o c e s s .  T h i s  e n s u r e s  t h a t  w e  c a n  o b t a i n  a  

l i g h t - w e i g h t  d y n a m i c  M P L  c o n t r o l  p o l i c y ,  s i n c e  a n y  o p t i m a l  M P L  c o n t r o l  p o l i c y  f o r  

t h e  H *  s e r v i c e  d i s t r i b u t i o n  w i l l  o n l y  t a k e  d e c i s i o n s  b a s e d  o n  (Q(t), K(t)).

T h e  n e x t  s t e p  i n  o u r  a p p r o a c h  i s  s o l v i n g  a  s t o c h a s t i c  d y n a m i c  p r o g r a m m i n g  p r o b 

l e m  t o  c o n s t r u c t  f a m i l i e s  o f  c a n d i d a t e  d y n a m i c  M P L  c o n t r o l  p o l i c i e s .  T h e  L i g h t -  

A p p r o x  a n d  P o i s s o n - A p p r o x  p o l i c i e s  c o r r e s p o n d  t o  t w o  f a m i l i e s  o f  c a n d i d a t e  

p o l i c i e s .  U n d e r  L i g h t - A p p r o x ,  t h e  f a m i l y  o f  c a n d i d a t e  p o l i c i e s  i s  a  s e t ,  { 7 r p } ,  

w h e r e  a  p a r t i c u l a r  p o l i c y  7rp  i s  c o n s t r u c t e d  b y  s o l v i n g  a n  o p t i m a l  M P L  c o n t r o l  p r o b 

l e m  f o r  a n  H *  s e r v i c e  d i s t r i b u t i o n  w i t h  p a r a m e t e r  p  ( E q n .  ( 4 . 7 ) ) .  T h u s ,  w h i l e  t h e r e  

i s  s o m e  u n i q u e  H * ( C g )  s e r v i c e  d i s t r i b u t i o n  t h a t  m a t c h e s  t h e  f i r s t  t w o  m o m e n t s  o f  

t h e  t r u e  s e r v i c e  d i s t r i b u t i o n ,  t h e  f a m i l y  i s  c o n s t r u c t e d  b y  l o o k i n g  a t  a  r a n g e  o f  H *  

d i s t r i b u t i o n s .  T o  s o l v e  t h e  o p t i m a l  c o n t r o l  p r o b l e m ,  w e  a s s u m e  t h a t  w e  s t a r t  i n  s o m e  

i n i t i a l  s t a t e  ( Q 0 > ^ o ) ,  a n d  f i n d  t h e  p o l i c y  t h a t  m i n i m i z e s  t h e  s u m  o f  r e s p o n s e  t i m e  o f  

j o b s  i n  t h e  s y s t e m  g i v e n  t h a t  t h e r e  a r e  n o  f u r t h e r  a r r i v a l s .  I n  t h e  c a s e  o f  P O I S S O N -  

A p p r o x ,  t h e  f a m i l y  o f  c a n d i d a t e  p o l i c i e s  i s  t h e  s e t ,  { ^ a p } ,  w h e r e  a  p a r t i c u l a r  p o l i c y  

7T \p i s  o b t a i n e d  b y  s o l v i n g  a n  o p t i m a l  c o n t r o l  p r o b l e m  f o r  a  P o i s s o n  a r r i v a l  p r o c e s s  

w i t h  i n t e n s i t y  \ p  a n d  t h e  H * ( C g )  s e r v i c e  d i s t r i b u t i o n  t o  m i n i m i z e  t h e  t i m e - a v e r a g e  

m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m .

T h e  f i n a l  s t e p  i n  o u r  a p p r o a c h  i s  t o  c h o o s e  o n e  m e m b e r  o f  t h e  f a m i l y  o f  c a n d i d a t e  

d y n a m i c  p o l i c i e s ,  s o  t h a t  t h e  c h o s e n  p o l i c y  i s  r o b u s t  t o  t h e  a r r i v a l  p r o c e s s .  T o  

a c h i e v e  t h i s  g o a l ,  w e  e v a l u a t e  t h e  c a n d i d a t e  p o l i c i e s  i n  t h e  f a m i l y  f o r  a  P o i s s o n  

a r r i v a l  p r o c e s s  w i t h  r a t e s  l y i n g  i n  a n  i n t e r v a l  [ A ,  A ]  a n d  H * ( C g )  s e r v i c e  d i s t r i b u t i o n .  

L e t  E [ i V * ( A ) ]  d e n o t e  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  f o r  a  P o i s s o n  a r r i v a l  

p r o c e s s  w i t h  i n t e n s i t y  A ,  a n d  H * ( C g )  s e r v i c e  d i s t r i b u t i o n ,  u n d e r  t h e  O p t - S t a t ic  
p o l i c y .  T h e  q u a n t i t y  E [ i V * ( A ) ]  i s  g i v e n  b y  P r o p o s i t i o n  4 . 4 .  L e t  E [ A ^ 7r( A ) ]  d e n o t e  t h e  

m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  f o r  t h e  H * ( C 2S )  s e r v i c e  d i s t r i b u t i o n  a n d  P o i s s o n  

a r r i v a l  p r o c e s s  w i t h  i n t e n s i t y  A  u n d e r  a  d y n a m i c  M P L  c o n t r o l  p o l i c y  7r .  W e  d e f i n e

t h e  w o r s t - c a s e  r e l a t i v e  e r r o r  f o r  a  p o l i c y  7 r  a s :

E [ N * ( \ ) ]  -  E [ i V * ( A ) ]  _ s

=  E [ j V * ( A ) ]  ( 4 ' 5 )

G i v e n  a  f a m i l y  o f  c a n d i d a t e  p o l i c i e s  { 7 r a }  w i t h  p a r a m e t e r  a  t a k i n g  i t s  v a l u e s  f r o m
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s o m e  s e t  A , w e  c h o o s e  t h e  p o l i c y  t h a t  m i n i m i z e s  t h e  w o r s t  c a s e  r e l a t i v e  e r r o r :

a *  =  a r g  m i n a e A e ( 7 r a )  ( 4 . 6 )

T h u s ,  i n  o u r  c a s e ,  ttp * d e n o t e s  t h e  L i g h t - A p p r o x  p o l i c y ,  a n d  n x * d e n o t e s  t h e  

P o i s s o n - A p p r o x  p o l i c y .

4.3.2 The Light-Approx policy

A s  a  f i r s t  s t e p  t o w a r d s  d e r i v i n g  t h e  L i g h t - A p p r o x  p o l i c y ,  w e  b e g i n  i n  S e c t i o n  4 . 3 . 2  

b y  f o r m u l a t i n g  a n d  s o l v i n g  a  l i g h t - t r a f f i c  o p t i m a l  M P L  c o n t r o l  p r o b l e m .  W e  f i n d  t h a t  

t h e  s o l u t i o n  t o  t h i s  p r o b l e m  e x h i b i t s  b o t h  a  f l u i d  c o m p o n e n t ,  t o  g u a r a n t e e  s t a b i l i t y ,  

a n d  a  s t o c h a s t i c  c o m p o n e n t ,  t o  h a n d l e  v a r i a b i l i t y  i n  j o b  s i z e s .  I n  S e c t i o n  4 . 3 . 2 ,  w e  

u s e  t h e  s o l u t i o n  o f  t h e  l i g h t - t r a f f i c  o p t i m a l  c o n t r o l  p r o b l e m  t o  c o n s t r u c t  a  f a m i l y ,  

{ 7r p } ,  o f  s i m p l e ,  l i g h t - w e i g h t  M P L  c o n t r o l  p o l i c i e s ,  a n d  i n  S e c t i o n  4 . 3 . 2  w e  s k e t c h  

t h e  u s e  o f  M a t r i x - G e o m e t r i c  m e t h o d s  t o  e v a l u a t e  t h i s  f a m i l y  o f  c a n d i d a t e  p o l i c i e s  t o  

e n a b l e  s e l e c t i o n  o f  t h e  a p p r o p r i a t e  p o l i c y ,  L i g h t - A p p r o x .

A  l i g h t - t r a f f i c  o p t i m a l  c o n t r o l  p r o b l e m

I n  t h i s  s e c t i o n  w e  s o l v e  a n  o p t i m a l  l i g h t - t r a f f i c  M P L  c o n t r o l  p r o b l e m  p a r a m e t r i z e d  

b y  p ,  b y  c o n s i d e r i n g  t h e  f o l l o w i n g  d e g e n e r a t e  h y p e r e x p o n e n t i a l  s e r v i c e  d i s t r i b u t i o n  :

/ P ( p ) ~ i °  w i t h  p r o b a b i l i t y  p

|  E x p  ( 1 )  w i t h  p r o b a b i l i t y  1  —  p

W e  a s s u m e  t h a t  w e  s t a r t  o u r  P S - M P L  s y s t e m  i n  s o m e  s t a t e  ( Q q ,  K 0 ) a t  t i m e  t  =  0 ,  

w h e r e  a  d e p a r t u r e  h a s  t a k e n  p l a c e  a t  t i m e  t  =  0 - . T h e  s t a t e  v a r i a b l e  Q o  d e n o t e s  t h e  

q u e u e  l e n g t h  a t  t  =  0 ~  a n d  K 0 i s  o n e  m o r e  t h a n  t h e  n u m b e r  o f  j o b s  a t  t h e  P S  s e r v e r  

l e f t  b e h i n d  b y  t h e  l a s t  d e p a r t u r e .  W e  a s s u m e  t h a t  m u l t i p l e  z e r o - s i z e d  j o b s  a d m i t t e d  

a t  t h e  s a m e  t i m e  l e a v e  t o g e t h e r .  T h u s  K q  d o e s  n o t  n e c e s s a r i l y  d e n o t e  t h e  M P L  a t  

t i m e  t  =  0 “ . H o w e v e r ,  b y  o u r  a s s u m p t i o n  o f  a n  H * ( p )  s e r v i c e  d i s t r i b u t i o n ,  e a c h  o f  

t h e  (K q —  1 )  j o b s  a t  t h e  s e r v e r  h a s  r e m a i n i n g  s e r v i c e  r e q u i r e m e n t  i n d e p e n d e n t  a n d  

i d e n t i c a l l y  d i s t r i b u t e d  a s  E x p ( l ) .  N o t e  t h a t  w h i l e  t h e  z e r o - s i z e d  j o b s  d o  n o t  s p e n d  

a n y  t i m e  a t  t h e  s e r v e r ,  t h e y  s t i l l  e x p e r i e n c e  d e l a y s  w h i l e  w a i t i n g  i n  t h e  F C F S  b u f f e r .  

W e  a s s u m e  t h a t  t h e r e  a r e  n o  m o r e  a r r i v a l s  ( h e n c e  t h e  l i g h t - t r a f f i c ) .  W e  c a n  n o w  t a k e  

o n e  o f  t h e  f o l l o w i n g  a c t i o n s  a t  t i m e  t  —  0 :

1 .  D e c r e a s e  M P L :  W e  d o  n o t  a d m i t  a n o t h e r  j o b  f r o m  t h e  q u e u e  i n t o  t h e  P S  

s e r v e r ,  d e c r e a s i n g  t h e  M P L  t o  K 0 —  1 .
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2 .  K e e p  M P L  s a m e :  W e  a d m i t  o n l y  o n e  j o b  f r o m  t h e  q u e u e  i n t o  t h e  P S  s e r v e r  

t o  r e p l a c e  t h e  d e p a r t i n g  j o b ,  m a i n t a i n i n g  t h e  M P L  a t  K 0 .

3 .  I n c r e a s e  M P L  b y  k :  W e  a d m i t  k  +  1  j o b s  f r o m  t h e  q u e u e  i n t o  t h e  P S  s e r v e r ,  

i n c r e a s i n g  t h e  M P L  t o  K 0 +  k .

O u r  a i m  i s  t o  t a k e  t h e  o p t i m a l  a c t i o n  i n  e a c h  s t a t e  s o  a s  t o  a c h i e v e  t h e  f o l l o w i n g  

g o a l :

M i n i m i z e  t h e  e x p e c t e d  s u m  o f  r e s p o n s e  t i m e s  o f  j o b s  p r e s e n t  i n  t h e  s y s t e m  a t  t i m e  

t  =  0 , g i v e n  t h a t  t h e r e  a r e  n o  f u r t h e r  a r r i v a l s .

I f  o u r  g o a l  w a s  t o  m i n i m i z e  t h e  t i m e  u n t i l  t h e  s y s t e m  e m p t i e s ,  t h e  o p t i m a l  c o n t r o l  

w o u l d  b e  t o  o p e r a t e  a t  M P L  o f  K * .  H o w e v e r  o u r  p e r f o r m a n c e  m e t r i c  i s  t h e  m e a n  

r e s p o n s e  t i m e .  N o t e  t h a t  w e  d o  n o t  a l l o w  t h e  p r e e m p t i o n  o f  a n  e x e c u t i n g  j o b  t o  

d e c r e a s e  t h e  M P L .  T h i s  i s  i m p o r t a n t  b e c a u s e  i n  a  t r a n s a c t i o n  p r o c e s s i n g  s y s t e m ,  f o r  

i n s t a n c e ,  k i l l i n g  a n  e x e c u t i n g  t a s k  i n v o l v e s  u n r o l l i n g  t h e  e x e c u t i o n  t r a c e  f o r  t h e  t a s k  

a n d  i s  s i g n i f i c a n t l y  e x p e n s i v e .  I n  o u r  f r a m e w o r k ,  w e  c a n  o n l y  a l t e r  t h e  M P L  w h e n  a  

j o b  d e p a r t s ,  a n d  h e n c e  w e  a s s u m e  t h a t  t h e r e  a r e  n o  c o s t s  a s s o c i a t e d  w i t h  c h a n g i n g  

t h e  M P L .

T h e  s o l u t i o n  o f  t h e  a b o v e  o p t i m a l - c o n t r o l  p r o b l e m  c a n  b e  o b t a i n e d  i n  a  s t r a i g h t f o r 

w a r d  f a s h i o n  v i a  s t o c h a s t i c  d y n a m i c  p r o g r a m m i n g .  T o  d o  s o ,  w e  a s s o c i a t e  a  c o s t  

f u n c t i o n  c ( Q , K )  w i t h  e a c h  s t a t e  ( Q ,  K ) ,  w h i c h  r e p r e s e n t s  t h e  o p t i m a l  e x p e c t e d  s u m  

o f  r e s p o n s e  t i m e s ,  g i v e n  t h a t  w e  s t a r t  i n  s t a t e  ( Q , K )  a t  t i m e  t  =  0 ,  a n d  a n  a c t i o n  

f u n c t i o n  tt( Q , K ) ,  r e p r e s e n t i n g  t h e  o p t i m a l  a c t i o n  i n  s t a t e  ( Q , K ) .  T h e  f u n c t i o n  

7t ( Q , K )  t a k e s  v a l u e s  i n  t h e  r a n g e  { - 1 , 0 , 1 , 2 , . . . }  w i t h  — 1  r e p r e s e n t i n g  t h e  a c t i o n  

‘ d e c r e a s e  M P L ’ , 0  r e p r e s e n t i n g  t h e  a c t i o n  ‘ k e e p  M P L  s a m e ’ a n d  k  >  0  r e p r e s e n t i n g  

t h e  a c t i o n  ‘ i n c r e a s e  M P L  b y  k \

T h e  c o s t  o f  s t a t e s  w i t h  z e r o  q u e u e  l e n g t h  i s  s i m p l y :

T o  s e e  w h y  t h e  a b o v e  i s  t r u e ,  n o t e  t h a t  s i n c e  t h e  q u e u e  i s  e m p t y  a n d  w e  d o  n o t  a l l o w  

p r e e m p t i o n  o f  e x e c u t i n g  j o b s ,  t h e  c o s t  o f  s t a t e  ( 0 ,  K )  i s  t h e  e x p e c t e d  s u m  o f  r e s p o n s e  

t i m e s  o f  t h e  A T  -  1  j o b s  e x e c u t i n g  a t  t h e  s e r v e r .  T h e  m e a n  t i m e  u n t i l  t h e  d e p a r t u r e  

o f  t h e  f i r s t  j o b  i s  g i v e n  b y  j r j f Z r j  s i n c e  s e r v e r  i s  p r o c e s s i n g  a t  r a t e  / i ( K  -  1 ) .  T h e  

t i m e  u n t i l  t h e  f i r s t  d e p a r t u r e  g e t s  a d d e d  t o  t h e  r e s p o n s e  t i m e  o f  a l l  t h e  j o b s  i n  t h e  

s y s t e m ,  a n d  c o n t r i b u t e s  ^ - T ) t o  c ( 0 ’ ^ ) ’  a n d  s o  o n  f o r  s u b s e q u e n t  d e p a r t u r e s .

W e  r e p r e s e n t  b y  c _ i ( Q ,  A T )  t h e  c o s t  o f  s t a t e  ( Q ,  A T )  g i v e n  t h a t  w e  t a k e  a c t i o n  ‘ d e c r e a s e  

M P L ’ i n  s t a t e  ( Q ,  A T ) .  S i m i l a r l y ,  ck(Q, A T )  ( h e  { 0 , . . . ,  Q  -  1 } )  d e n o t e s  t h e  c o s t  o f
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s t a t e  ( Q :K ) g i v e n  t h a t  w e  t a k e  a c t i o n  ‘ i n c r e a s e  M P L  b y  k ’ i n  s t a t e  (Q,K).  G i v e n  

C-i(Q,K)  a n d  C k { Q , K ) ,  t h e  o p t i m a l  a c t i o n  tt(Q,K)  a n d  t h e  c o s t  f u n c t i o n  c (Q ,K ) 
a r e :

7r ( Q ,  K )  =  a r g  m i n 5 cs(Q, K)  
c( Q , K ) = cAQiK)(Q,K)

T h e  f u n c t i o n  C - i (Q ,K )  i s  g i v e n  b y :

S G {—1,..., Q — 1}

c_!(Q,K)  = Q J  + c (Q,K -  1)

a n d  C f c ( Q ,  K)  i s  g i v e n  b y :

Q + h  — 1
ck(Q,K)  = + c(Q — k — 1, K  +  k)

( 4 . 9 )

( 4 . 1 0 )

( 4 . 1 1 )

f j t { K  + k) 
k + 1

+  c ( Q  —  k — 1, K  +  k +  1 — z )

i = 1

( 1  “ P )

k +  1
i

f c + i

( i  - p ) f c + 1 - V ( 4 . 1 2 )

I n  d e r i v i n g  t h e  l a s t  e q u a t i o n ,  w e  h a v e  m a d e  u s e  o f  t h e  a s s u m p t i o n  t h a t  i f  m u l t i 

p l e  z e r o - s i z e d  j o b s  a r e  a d m i t t e d  s i m u l t a n e o u s l y ,  t h e n  t h e y  a l l  l e a v e  t o g e t h e r .  T h i s  

m a i n t a i n s  t h e  i n v a r i a n t  t h a t  t h e  K  i n  s t a t e  d e s c r i p t o r  ( Q ,  K )  i s  o n e  l a r g e r  t h a n  t h e  

n u m b e r  o f  j o b s  a t  t h e  s e r v e r  b e l o n g i n g  t o  t h e  e x p o n e n t i a l  c l a s s ,  a n d  w e  d o  n o t  h a v e  

t o  k e e p  t r a c k  o r  e s t i m a t e  t h e  n u m b e r  o f  z e r o - s i z e d  j o b s .

W h i l e  i n  t h e  p r o b l e m  f o r m u l a t i o n  a b o v e ,  w e  h a v e  n o t  i m p o s e d  a n  u p p e r  b o u n d  o n  

k , i n  p r a c t i c e  w e  r e s t r i c t  k  <  A m a x  t o  p r e v e n t  s u d d e n  j u m p s  i n  M P L .  F o r  a l l  t h e  

s i m u l a t i o n  r e s u l t s  i n  t h i s  p a p e r ,  w e  s e t  A m a x  =  1 .

A  f a m i l y  o f  t r a f f i c - o b l i v i o u s  M P L  c o n t r o l  p o l i c i e s

I n  S e c t i o n  4 . 3 . 2  w e  f o r m u l a t e d  a n  o p t i m a l  c o n t r o l  p r o b l e m  p a r a m e t r i z e d  b y  p ,  t h e  

f r a c t i o n  o f  z e r o - s i z e d  j o b s  i n  t h e  H * ( p )  s e r v i c e  d i s t r i b u t i o n .  B y  v a r y i n g  t h e  p a r a m e t e r  

p ,  w e  o b t a i n  a  f a m i l y  o f  M P L  c o n t r o l  p o l i c i e s .  L e t  7rp  d e n o t e  t h e  a c t i o n  f u n c t i o n  f o r  

t h e  c o n t r o l  p r o b l e m  w i t h  p a r a m e t e r  p .  F i g u r e  4 . 4  s h o w s  t h e  s t r u c t u r e  o f  n p  f o r  

p  =  0 . 3  a n d  p  =  0 . 5  a n d  t h e  s e r v i c e  r a t e  c u r v e  s h o w n  i n  F i g u r e  4 . 1 .  F o r  e x a m p l e ,  

i f  t h e  c u r r e n t  s t a t e  i s  (Q = 2l , K  =  1 0 ) ,  u n d e r  t h e  p  —  0 . 3  p o l i c y ,  t h e  c o n t r o l  i s  t o  

d e c r e a s e  t h e  M P L  t o  9  b y  n o t  a d m i t t i n g  a  n e w  j o b ,  w h i l e  u n d e r  p  =  0 . 5  p o l i c y ,  t h e  

o p t i m a l  c o n t r o l  i s  t o  i n c r e a s e  t h e  M P L  t o  1 1  b y  a d m i t t i n g  t w o  j o b s .  T h e  s t r u c t u r e  

o f  t h e  o p t i m a l  s o l u t i o n  h a s  s o m e  i n t e r e s t i n g  f e a t u r e s :
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F i g u r e  4 . 4 :  T h e  s t r u c t u r e  o f  t h e  L i g h t - A p p r o x  c o n t r o l  p o l i c y  f o r  t w o  v a l u e s  o f  

t h e  p a r a m e t e r  p  a n d  A m a x  =  1 . T h e  d a r k  s h a d e d  a r e a  r e p r e s e n t s  t h e  r e g i o n  w h e r e  

t h e  c o n t r o l  d e c i s i o n  i s  t o  ‘ i n c r e a s e  M P L ’ , a n d  t h e  l i g h t  s h a d e d  r e g i o n  r e p r e s e n t s  t h e  

d e c i s i o n  ‘ k e e p  M P L  s a m e ’. D e c i s i o n  i n  t h e  u n s h a d e d  a r e a  i s  t o  d e c r e a s e  M P L .

1 . F o r  a  g i v e n  p ,  t h e r e  i s  s o m e  m i n i m u m  q u e u e  l e n g t h  Q ( p )  s u c h  t h a t  t h e  o p t i m a l  

a c t i o n  f o r  Q  >  Q ( p )  i s  t o  o p e r a t e  a t  t h e  p e a k  e f f i c i e n c y  p o i n t .  I n  F i g u r e  4 . 4 ( a ) ,  

Q ( p )  =  20  a n d  t h e  o p t i m a l  c o n t r o l  f o r  Q  >  Q ( p )  i s  t o  a t t a i n  t h e  p e a k  e f f i c i e n c y  

M P L  o f  K *  —  5 .  W e  c a l l  t h i s  t h e  f l u i d  c o m p o n e n t  o f  t h e  c o n t r o l  p o l i c y .  T h i s  

f l u i d  c o m p o n e n t  p r o v i d e s  r o b u s t n e s s  t o  t h e  d y n a m i c  M P L  p o l i c y  a g a i n s t  h i g h  

a r r i v a l  r a t e s .  F u r t h e r m o r e ,  a s  p  i n c r e a s e s ,  t h e  t h r e s h o l d  Q ( p )  i n c r e a s e s .

2 .  A s  t h e  q u e u e  l e n g t h  d e c r e a s e s ,  t h e  s t o c h a s t i c  c o m p o n e n t  o f  t h e  c o n t r o l  t a k e s  

o v e r ,  g r a d u a l l y  i n c r e a s i n g  t h e  M P L  t o  a  p o i n t  w i t h  l o w e r  s e r v i c e  r a t e  t h a n  t h e  

m o s t  e f f i c i e n t  p o i n t .  T h i s  s t o c h a s t i c  c o m p o n e n t  g i v e s  o u r  M P L  c o n t r o l  p o l i c y  

t h e  a b i l i t y  t o  c o m b a t  t h e  j o b - s i z e - v a r i a b i l i t y  w h e n  t h e  t r a f f i c  i n t e n s i t y  i s  l o w .

T h e  s t r u c t u r e  o f  t h e  o p t i m a l  c o n t r o l  i s  q u i t e  i n t u i t i v e .  W h e n e v e r  a  d e c i s i o n  t o  

i n c r e a s e  t h e  M P L  h a s  t o  b e  t a k e n ,  t h e r e  a r e  t w o  s c e n a r i o s :  ( i )  w i t h  p r o b a b i l i t y  p  t h e  

a d m i t t e d  j o b  i s  o f  s i z e  z e r o  i n  w h i c h  c a s e  t h e  d e c r e a s e  i n  s e r v e r  s p e e d  d o e s  n o t  h u r t  

a n y  o n e ,  a n d  ( i i )  w i t h  p r o b a b i l i t y  1 - p ,  t h e  a d m i t t e d  j o b  b e l o n g s  t o  t h e  e x p o n e n t i a l  

c l a s s  a n d  i n  t h i s  c a s e  a d d s  t o  t h e  w a i t i n g  t i m e  o f  e v e r y o n e  i n  t h e  q u e u e .  I f  w e  d e f i n e  

t h e  ‘ t h r e s h o l d  q u e u e  l e n g t h ’ t o  b e  t h e  p o i n t  w h e n  w e  s h o u l d  i n c r e a s e  t h e  M P L  a n d  

m o v e  t o  a  l e s s  e f f i c i e n t  s e r v i c e  r a t e ,  t h e n  w e  s e e  t h a t  t h i s  t h r e s h o l d  q u e u e  l e n g t h  i s  

a n  i n c r e a s i n g  f u n c t i o n  o f  p .

G i v e n  a n y  a c t i o n  f u n c t i o n  7r ,  w e  c a n  t r a n s l a t e  i t  i n t o  a  d y n a m i c  M P L  c o n t r o l  p o l i c y  

v i a  t h e  p r o c e d u r e  i n  F i g u r e  4 . 5 .

0 10 20 30 40 50 60
Queue Length
(b) p —  0.5
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A l g o r i t h m  M P L ____c o n t r o l ( 7r )

C a s e :  N e w  a r r i v a l

•  L e t  Q  b e  t h e  q u e u e  l e n g t h  a n d  K  b e  t h e  M P L  i m m e d i a t e l y  a f t e r  t h e  a r r i v a l .

•  L e t  7r ( Q ,  K  +  1 )  =  k

—  i f  k  >  0 :  a d m i t  k  +  1  j o b s  f r o m  t h e  h e a d  o f  t h e  F C F S  b u f f e r  i n t o  t h e  

s e r v e r  a n d  i n c r e a s e  M P L  t o  K  +  k  +  1

—  i f  k  <  0 : d o  n o t h i n g  

C a s e :  D e p a r t u r e

•  L e t  Q  b e  t h e  q u e u e  l e n g t h  a n d  K  b e  t h e  M P L  i m m e d i a t e l y  b e f o r e  t h e  

d e p a r t u r e .

•  L e t  7r ( Q ,  K )  =  k

—  i f  k  >  0 :  a d m i t  k  +  1  j o b s  f r o m  t h e  h e a d  o f  t h e  F C F S  b u f f e r  i n t o  t h e

s e r v e r  a n d  s e t  M P L  t o  K  - I -  k

—  i f  k  <  0 :  r e d u c e  M P L  t o  K  —  1  b y  n o t  a d m i t t i n g  a n y  j o b  f r o m  t h e

________________________ F C F S  b u f f e r __________________________________________________________________________________________________________________________

F i g u r e  4 . 5 :  T h e  d y n a m i c  M P L  c o n t r o l  p o l i c y  o b t a i n e d  f r o m  t h e  a c t i o n  f u n c t i o n  n .

T h e  L i g h t - A p p r o x  c o n t r o l  p o l i c y  f o r  a  d i s t r i b u t i o n  w i t h  S C V  i s  n o w  c h o s e n  t o  

b e  7tp * s u c h  t h a t :

p *  =  a r g  m i n p e ( 7 r p )  ( 4 - 1 3 )

w h e r e  e ( - )  i s  g i v e n  b y  ( 4 . 5 ) .  E x p e r i m e n t a l l y ,  i t  s u f f i c e s  t o  c a r r y  o u t  t h e  o p t i m i z a t i o n  

o v e r  a  s m a l l  s e t  o f  p a r a m e t e r s  p  ( a t  a  c o a r s e  g r a n u l a r i t y ) .

E v a l u a t i o n  o f  d y n a m i c  M P L  c o n t r o l  p o l i c i e s  v i a  M a t r i x - g e o m e t r i c  a n a l y s i s

I n  t h i s  s e c t i o n ,  w e  o u t l i n e  a  m e t h o d  t o  n u m e r i c a l l y  e v a l u a t e  t h e  m e a n  n u m b e r  o f  

j o b s ,  E [ A / ' 7 r( A ) ] ,  f o r  a  d y n a m i c  M P L  c o n t r o l  p o l i c y  7 r  u n d e r  t h e  a s s u m p t i o n  o f  t h e  

H * ( C g )  s e r v i c e  d i s t r i b u t i o n  a n d  a  P o i s s o n  a r r i v a l  p r o c e s s  o f  i n t e n s i t y  A .  N o t e  t h a t  i n  

P r o p o s i t i o n  4 . 4  w i t h  s t a t i c  M P L ,  w e  w e r e  a b l e  t o  s i m p l i f y  t h e  a n a l y s i s  o f  t h e  H * ( C g )  

s e r v i c e  d i s t r i b u t i o n  b y  i g n o r i n g  t h e  z e r o - s i z e d  j o b s  a n d  f o c u s i n g  o n  t h e  e x p o n e n t i a l  

c l a s s .  T h i s  w a s  b e c a u s e  t h e  a d m i s s i o n  c o n t r o l  p o l i c y  w a s  i n d e p e n d e n t  o f  t h e  q u e u e -  

l e n g t h .  H o w e v e r ,  w i t h  a  d y n a m i c  p o l i c y  t h a t  l o o k s  a t  t h e  q u e u e - l e n g t h ,  w e  n e e d
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Q =  0 1 2 Q* Q* + 1

F i g u r e  4 . 6 :  The embedded Markov chain for evaluation of dynamic MPL control policies. We 
use an to denote x+qX̂ )  anc  ̂ ^n =  1 ~  an- For decision states with multiple alternatives (e.g., 
(1, K +  — 1, ?) and (2, K *  — 1, ?)), the dash-dotted arcs correspond to the decision to not admit any 
jobs, dashed arcs correspond to the decision to admit one job, and dotted arcs correspond to the 
decision to admit two jobs.
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t o  k e e p  t r a c k  o f  h o w  m a n y  z e r o - s i z e d  j o b s  a r e  i n  t h e  s y s t e m .  F o r  s u c c i n c t n e s s ,  l e tn =
c | + i '

A s s u m i n g  t h a t  u n d e r  t h e  d y n a m i c  p o l i c y  t t ,  t h e r e  i s  s o m e  q u e u e - l e n g t h  Q *  s u c h  

t h a t  t h e  o p t i m a l  c o n t r o l  f o r  a n y  q u e u e  l e n g t h  Q  >  Q *  i s  t o  o p e r a t e  a t  t h e  h i g h e s t  

e f f i c i e n c y  p o i n t  K * ,  w e  c a n  m o d e l  t h e  s y s t e m  b y  a  M a r k o v  c h a i n  w i t h  a  r e p e a t i n g  

s t r u c t u r e .  T h e  s t a t e s  o f  t h e  M a r k o v  c h a i n  a r e  p a i r s  ( Q , K )  w i t h  Q  d e n o t i n g  t h e  

q u e u e  l e n g t h ,  a n d  K  d e n o t i n g  t h e  n u m b e r  o f  j o b s  o f  t h e  e x p o n e n t i a l  c l a s s  a t  t h e  

s e r v e r .  H o w e v e r ,  d u e  t o  t h e  z e r o - s i z e d  j o b s ,  w e  c a n  h a v e  a r b i t r a r i l y  l a r g e  d r o p s  i n  

Q .  F o r  e x a m p l e ,  i f  w e  a r e  i n  s t a t e  ( Q  =  1 0 ,  K  =  5 )  a n d  a  d e p a r t u r e  t a k e s  p l a c e ,  

a n d  i f  a l l  t h e  j o b s  i n  t h e  q u e u e  h a v e  s i z e  0 , w h i c h  h a p p e n s  w i t h  n o n - z e r o  p r o b a b i l i t y ,  

w e  j u m p  t o  s t a t e  ( Q  =  0 , K  —  4 ) .  T o  t a k e  c a r e  o f  t h i s  p r o b l e m ,  w e  i n t r o d u c e  

d e c i s i o n  s t a t e s  r e p r e s e n t e d  a s  ( Q ,  K ,  ? ) .  W e  t r a n s i t i o n  t o  t h e  d e c i s i o n  s t a t e  ( Q ,  K , ? )  

i m m e d i a t e l y  a f t e r  a  d e p a r t u r e  t a k e s  p l a c e  f r o m  t h e  s t a t e  ( Q ,  K  +  1 ) ,  o r  i f  a n  a r r i v a l  

t a k e s  p l a c e  w h i l e  i n  s t a t e  ( Q  -  1 , K )  a n d  Q  <  Q * .  T h e  s t a t e  ( Q , K , ? )  i m p l e m e n t s  

t h e  a d m i s s i o n  c o n t r o l  p o l i c y  7r, a s  w e l l  a s  h a n d l i n g  z e r o - s i z e d  j o b s ,  b e c a u s e  n o w  t h e  

j u m p s  a r e  b o u n d e d .  F o r  e x a m p l e ,  i f  t h e  c o n t r o l  i n  s t a t e  ( Q ,  K ,  ? )  i s  t o  a d m i t  1  j o b ,  

t h e n  w i t h  p r o b a b i l i t y  (1  —  q )  t h e  j o b  i s  o f  s i z e  0 ,  a n d  w e  t r a n s i t i o n  t o  ( Q  —  1 , K ,  ? ) ;  

o t h e r w i s e ,  w i t h  p r o b a b i l i t y  q  w e  t r a n s i t i o n  t o  ( Q  —  l , K  +  1 ) .  H o w e v e r ,  t h e  r a t e  o f  

t r a n s i t i o n i n g  f r o m  t h e  d e c i s i o n  s t a t e s  i s  i n f i n i t e .  T h u s  w e  w i l l  f i n d  i t  s u i t a b l e  i n s t e a d  

t o  w o r k  i n  t h e  f r a m e w o r k  o f  S e m i - M a r k o v  p r o c e s s e s .  W e  w i l l  c o n s i d e r  t h e  e m b e d d e d  

d i s c r e t e  t i m e  M a r k o v  c h a i n  w h e r e  t h e  t r a n s i t i o n s  c o r r e s p o n d  t o  a r r i v a l s ,  d e p a r t u r e  

a n d  d e c i s i o n s  t a k e n  i n  d e c i s i o n  s t a t e s  i n  t h e  o r i g i n a l  c o n t i n u o u s  t i m e  s y s t e m .  T h e  

e m b e d d e d  M a r k o v  c h a i n  i s  s h o w n  i n  F i g u r e  4 . 6 .  W e  t h e n  s o l v e  f o r  t h e  s t a t i o n a r y  

d i s t r i b u t i o n  o f  t h i s  e m b e d d e d  M a r k o v  c h a i n  v i a  M a t r i x - G e o m e t r i c  m e t h o d .  W e  

w o u l d  l i k e  t o  p o i n t  o u t  t h a t  d u e  t o  t h e  s p e c i a l  s t r u c t u r e  o f  t h e  M a r k o v  c h a i n  i n  

F i g u r e  4 . 6  ( t h e  b a c k w a r d  t r a n s i t i o n  m a t r i x  i s  o f  r a n k  1 ) ,  t h e  r a t e  m a t r i x  i n v o l v e d  i n  

t h e  M a t r i x - g e o m e t r i c  s o l u t i o n  h a s  a n  e x p l i c i t  s o l u t i o n  i n  o u r  c a s e  [ 1 2 5 ] .  F i n a l l y ,  w e  

o b t a i n  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  b y  m u l t i p l y i n g  

t h e  p r o b a b i l i t y  o f  b e i n g  i n  a  s t a t e  i n  t h e  e m b e d d e d  c h a i n  w i t h  t h e  m e a n  r e s i d e n c e  

t i m e  i n  t h a t  s t a t e ,  a n d  n o r m a l i z i n g .

4.3.3 The Poisson-Approx policy

T h e  P o i s s o n - A p p r o x  p o l i c y  i s  d e f i n e d  b y  c o n s t r u c t i n g  a  f a m i l y  { 7 T a p } ,  w h e r e  t h e  

c a n d i d a t e  p o l i c y  n \ p i s  o b t a i n e d  a s  f o l l o w s :  W e  c o n s i d e r  a  P o i s s o n  a r r i v a l  p r o c e s s  o f  

i n t e n s i t y  X p  a n d  t h e  H * ( C g )  s e r v i c e  d i s t r i b u t i o n ,  a n d  s o l v e  t h e  o p t i m a l  d y n a m i c  M P L  

c o n t r o l  p r o b l e m  t o  m i n i m i z e  t h e  m e a n  n u m b e r  o f  j o b s .  T h e  p o l i c y  7T\p i s  c o m p u t e d  

v i a  t h e  m e t h o d  o f  p o l i c y  i t e r a t i o n ,  e x p l a i n e d  i n  A p p e n d i x  4 . A .  F i g u r e  4 . 7  s h o w s  t h e  

s t r u c t u r e  o f  i rXp f o r  X p =  0 . 9 5  a n d  X p =  1 . 0 5 .  T h e  P o i s s o n - A p p r o x  M P L  c o n t r o l
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F i g u r e  4 . 7 :  T h e  s t r u c t u r e  o f  t h e  P o i s s o n - A p p r o x  c o n t r o l  p o l i c y  f o r  t w o  v a l u e s  o f  

t h e  p a r a m e t e r  X p  a n d  A m a x  —  1 .  T h e  d a r k  s h a d e d  a r e a  r e p r e s e n t s  t h e  r e g i o n  w h e r e  

t h e  c o n t r o l  d e c i s i o n  i s  t o  ‘ i n c r e a s e  M P L ’ , a n d  t h e  l i g h t  s h a d e d  r e g i o n  r e p r e s e n t s  t h e  

d e c i s i o n  ‘ k e e p  M P L  s a m e ’. D e c i s i o n  i n  t h e  u n s h a d e d  a r e a  i s  t o  d e c r e a s e  M P L .

p o l i c y  i s  n o w  c h o s e n  t o  b e  it\ *  w h e r e :

A*  =  a r g  m i n A p e ( 7r A p )  ( 4 . 1 4 )

w h e r e  e ( - )  i s  d e f i n e d  i n  ( 4 . 5 ) .  A s  i n  t h e  c a s e  o f  L i g h t - A p p r o x , i t  s u f f i c e s  t o  c a r r y  

o u t  t h e  a b o v e  o p t i m i z a t i o n  a t  a  c o a r s e  g r a n u l a r i t y .

4.3.4 Performance Evaluation

I n  t h i s  s e c t i o n  w e  s h o w  v i a  s i m u l a t i o n s  t h a t  o u r  d y n a m i c  M P L  c o n t r o l  p o l i c i e s  p r o 

p o s e d  i n  S e c t i o n s  4 . 3 . 2  a n d  4 . 3 . 3  g u a r a n t e e  r o b u s t n e s s  a g a i n s t  b o t h  m i s e s t i m a t i o n  o f  

t r a f f i c  i n t e n s i t y ,  a n d  a g a i n s t  h i g h e r  o r d e r  c h a r a c t e r i s t i c s  o f  t h e  a r r i v a l  p r o c e s s ,  s u c h  

a s  t h e  b u r s t i n e s s .

R o b u s t n e s s  a g a i n s t  t r a f f i c  i n t e n s i t y  e s t i m a t i o n

W e  w i l l  n o w  e v a l u a t e  t h e  L i g h t - A p p r o x  a n d  P o i s s o n - A p p r o x  p o l i c i e s  f o r  a  P o i s 

s o n  a r r i v a l  p r o c e s s  w i t h  u n k n o w n  a r r i v a l  r a t e ,  A ,  a n d  c o m p a r e  t h e m  a g a i n s t  t h e  

O p t - S t a t i c  p o l i c y  t h a t  i s  g i v e n  t h e  e x a c t  m e a n  a r r i v a l  r a t e .  T o  d o  t h i s ,  w e  s h o w  

t h e  m e a n  n u m b e r  o f  j o b s ,  E [ i V ] , u n d e r  d i f f e r e n t  a r r i v a l  r a t e s ,  o b t a i n e d  v i a  s i m u l a 

t i o n s .  R e c a l l  t h a t  T a b l e  4 . 1  s h o w s  t h e s e  r e s u l t s  f o r  t h e  W e i b u l l  s e r v i c e  d i s t r i b u t i o n
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V 0 . 2 0.25 0 . 3 0 . 3 5 0 . 4 0 . 4 5 0 . 5 9 5 %  c . i n t .

A  -  0 . 6 5 2 . 1 4 2.06 2 . 0 3 2 . 0 2 2 . 0 2 2 . 0 1 2 . 0 1 ±  0 . 0 0 4

A  =  0 . 7 5 3 . 2 6 3.03 2 . 8 9 2 . 8 4 2 . 8 0 2 . 8 0 2 . 8 0 ±  0 . 0 1 5

A  =  0 . 8 5 5 . 9 3 5.50 5 . 2 2 5 . 1 3 5 . 1 8 5 . 3 3 5 . 4 9 ±  0 . 0 4 9

A  -  0 . 9 5 1 2 . 4 7 12.31 1 2 . 3 1 1 2 . 8 3 1 3 . 8 3 1 5 . 4 8 1 7 . 0 3 ±  0 . 2 0 1

A  =  1 . 0 5 2 9 . 8 0 30.73 3 2 . 4 4 3 5 . 9 8 4 0 . 7 4 4 6 . 8 3 5 3 . 3 4 ±  0 . 3 8 1

A  =  1 . 1 5 8 9 . 0 7 93.37 9 9 . 8 7 1 0 8 . 3 0 1 2 0 . 1 2 1 3 2 . 3 5 1 4 3 . 6 7 ±  1 . 7 2 4

T a b l e  4 . 2 :  S i m u l a t i o n  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s ,  E [ i V ] ,  f o r  d i f f e r e n t  p a r a m 

e t e r s  p  o f  t h e  L i g h t - A p p r o x  p o l i c y  a n d  a r r i v a l  r a t e s ,  A .  T h e  a r r i v a l  p r o c e s s  i s  

P o i s s o n ( A ) ,  a n d  t h e  s e r v i c e  d i s t r i b u t i o n  i s  W e i b u l l  w i t h  m e a n  1 ,  S C V  1 9 .

A  p 0 . 6 5 0 . 7 5 0 . 8 5 0.95 1 . 0 5 1 . 1 5 9 5 %  c . i n t .

A  =  0 . 6 5 2 . 0 1 2 . 0 1 2 . 0 2 2.03 2 . 1 3 2 . 4 7 ±  0 . 0 0 5

A  =  0 . 7 5 2 . 7 9 2 . 7 6 2 . 7 7 2.84 3 . 1 9 3 . 8 9 ±  0 . 0 1 5

A  =  0 . 8 5 5 . 8 2 5 . 2 4 4 . 8 9 4.98 5 . 6 5 6 . 7 7 ±  0 . 0 6 8

A  =  0 . 9 5 2 0 . 9 9 1 6 . 7 3 1 3 . 2 6 11.87 1 2 . 1 0 1 3 . 2 1 ±  0 . 1 8 3

A  =  1 . 0 5 6 6 . 0 4 5 3 . 7 6 4 0 . 9 5 33.48 2 9 . 6 7 2 9 . 4 6 ±  0 . 5 3 6

A  =  1 . 1 5 1 6 6 . 7 2 1 4 9 . 0 5 1 2 4 . 8 6 104.40 9 1 . 0 1 8 6 . 4 7 ±  1 . 9 6 7

T a b l e  4 . 3 :  S i m u l a t i o n  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s ,  E [ i V ] ,  f o r  d i f f e r e n t  p a r a m 

e t e r s  A p  o f  t h e  P o i s s o n - A p p r o x  p o l i c y  a n d  a r r i v a l  r a t e s  A .  T h e  a r r i v a l  p r o c e s s  i s  

P o i s s o n ( A ) ,  a n d  t h e  s e r v i c e  d i s t r i b u t i o n  i s  W e i b u l l  w i t h  m e a n  1 ,  S C V  1 9 .

a n d  v a r i o u s  v a l u e s  o f  s t a t i c  M P L s .  I n  T a b l e  4 . 2  w e  s h o w  t h e  r e s u l t s  f o r  t h e  m e a n  

n u m b e r  o f  j o b s  f o r  t h e  s a m e  W e i b u l l  s e r v i c e  d i s t r i b u t i o n  u n d e r  t h e  L i g h t - A p p r o x  

p o l i c y ,  a s  a  f u n c t i o n  o f  A  a n d  t h e  p a r a m e t e r  p  o f  t h e  f a m i l y  { 7r p }  o f  c a n d i d a t e  p o l i c i e s .  

T h e  o p t i m i z a t i o n  p r o c e d u r e  ( 4 . 1 3 )  s e t s  p *  — 0 . 2 5  f r o m  a m o n g  t h e  v a l u e s  s h o w n  i n  

t h e  t a b l e  ( c o l u m n  h i g h l i g h t e d ) .  O b s e r v e  t h a t  t h e  L i g h t - A p p r o x  p o l i c y  g i v e s  n e a r  

o p t i m a l  p e r f o r m a n c e  f o r  e a c h  a r r i v a l  r a t e  a s  c o m p a r e d  t o  T a b l e  4 . 1  f o r  A  u p  t o  1 . 0 5  

w i t h  a p p r o x i m a t e l y  1 3 %  l a r g e r  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  t h a n  t h e  o p t i m a l  

t r a f f i c - a w a r e  s t a t i c  p o l i c y  w h e n  A  =  0 . 8 5 .  O n  t h e  o t h e r  h a n d ,  a  s i n g l e  r o b u s t l y  c h o s e n  

s t a t i c  M P L  n e c e s s a r i l y  h a s  t o  o p e r a t e  a t  t h e  p e a k  e f f i c i e n c y  p o i n t  a n d ,  a s  T a b l e  4 . 1  

s h o w s ,  e x h i b i t s  4 1 %  l a r g e r  m e a n  r e s p o n s e  t i m e  t h a n  t h e  o p t i m a l  t r a f f i c - a w a r e  s t a t i c  

p o l i c y  w h e n  A  =  0 . 7 5 .

T a b l e  4 . 3  s h o w s  s i m u l a t i o n  r e s u l t s  f o r  t h e  m e a n  n u m b e r  o f  j o b s  w i t h  t h e  P O I S S O N -  

A p p r o x  M P L  c o n t r o l  p o l i c y  f o r  v a r i o u s  v a l u e s  o f  t h e  p a r a m e t e r  X p  f o r  t h e  f a m i l y  

{ t t a p }  o f  c a n d i d a t e  p o l i c i e s .  T h e  o p t i m i z a t i o n  p r o c e d u r e  ( 4 . 1 4 )  s e t s  A *  =  0 . 9 5  f r o m
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a m o n g  t h e  v a l u e s  s h o w n  i n  t h e  t a b l e  ( c o l u m n  h i g h l i g h t e d ) .  T h e  P o i s s o n - A p p r o x  

p o l i c y  a l s o  a c h i e v e s  n e a r - o p t i m a l  p e r f o r m a n c e  f o r  e a c h  a r r i v a l  r a t e  a s  c o m p a r e d  t o  

T a b l e  4 . 1  w i t h  a p p r o x i m a t e l y  1 9 . 5 %  l a r g e r  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  t h a n  

t h e  o p t i m a l  t r a f f i c - a w a r e  s t a t i c  p o l i c y  w h e n  A  =  1 . 1 5 .  N o t e  t h a t  f o r  t h e s e  r e s u l t s ,  

w e  h a v e  n o t  c o m p l e t e l y  o p t i m i z e d  t h e  A p  p a r a m e t e r ,  a n d  t h e  p e r f o r m a n c e  o f  t h e  

P o i s s o n - A p p r o x  p o l i c y  i s  l i k e l y  t o  i m p r o v e  f u r t h e r .

W h i l e  w e  h a v e  s e e n  t h a t  b o t h  d y n a m i c  p o l i c i e s  a r e  f a r  s u p e r i o r  t h a n  a n y  s t a t i c  p o l i c y  

w h e n  t h e  m e a n  a r r i v a l  r a t e  i s  n o t  k n o w n ,  l o o k i n g  b o t h  a t  T a b l e s  4 . 2  a n d  4 . 3 ,  o n e  

c a n  o b s e r v e  t h a t  n e i t h e r  d y n a m i c  p o l i c y  s i g n i f i c a n t l y  o u t p e r f o r m s  t h e  O p t - S t a t i c  

p o l i c y  i f  t h e  m e a n  a r r i v a l  r a t e  i s  k n o w n .

R o b u s t n e s s  a g a i n s t  b u r s t i n e s s  i n  a r r i v a l  p r o c e s s  w i t h  u n k n o w n  a r r i v a l  r a t e

W e  n o w  e v a l u a t e  t h e  r o b u s t n e s s  o f  o u r  M P L  c o n t r o l  p o l i c i e s  t o  u n k n o w n  a r r i v a l  r a t e  

f o r  b u r s t y  a r r i v a l  p r o c e s s e s .  T o  d o  s o ,  w e  c h o o s e  a  b a t c h  P o i s s o n  a r r i v a l  p r o c e s s  

( B P P ) .  T h e  b a t c h  s i z e s  a r e  i . i . d .  g e o m e t r i c  w i t h  m e a n  5 .  T a b l e  4 . 4  s h o w s  t h e  

r e s u l t s  f o r  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  w i t h  W e i b u l l  s e r v i c e  d i s t r i b u t i o n  

f o r  v a r i o u s  s e t t i n g s  o f  s t a t i c  M P L  a n d  m e a n  a r r i v a l  r a t e  A  o f  t h e  a r r i v a l  p r o c e s s .  

F r o m  T a b l e  4 . 4 ,  w e  s e e  t h a t  w h e n  t h e  a r r i v a l  r a t e  i s  n o t  k n o w n ,  a  r o b u s t l y  c h o s e n  

s t a t i c  p o l i c y  h a s  t o  o p e r a t e  a t  I i *  —  5 ,  w h i c h  r e s u l t s  i n  5 0 %  h i g h e r  m e a n  n u m b e r  

o f  j o b s  t h a n  t h e  o p t i m a l  t r a f f i c - a w a r e  s t a t i c  p o l i c y  w h e n  t h e  m e a n  a r r i v a l  r a t e  i s  

A  =  0 . 6 5 .  T h e r e f o r e  a  b u r s t y  a r r i v a l  p r o c e s s  c a n  e x a c e r b a t e  t h e  i n a d e q u a c y  o f  s t a t i c  

M P L  p o l i c i e s  w h e n  t h e  m e a n  a r r i v a l  r a t e  i s  n o t  k n o w n .

M P L 4 5 6 7 8 9 10 11 12 13 14 15 95%  c.i.

A =  0.65 5.80 4.85 4.35 3.99 3.75 3.58 3.46 3.37 3.31 3.26 3.25 3 .2 3 ±  0.015
A =  0.75 9.28 7.79 7.09 6.53 6.17 5.87 5.69 5.56 5.49 5 .4 7 5.47 5.58 ±  0.083
A - 0.85 15.43 13.20 12.29 11.67 11.38 1 1 .2 0 11.22 11.43 11.86 12.75 13.90 15.85 ±  0.905
A - 0.95 27.24 24.04 2 3.8 6 24.36 25.17 26.84 29.45 34.28 41.08 54.11 78.13 14 1.17 ±  3.495
A =  1.05 53.044 4 9 .1 8 53.3(5 60.67 71.38 90.52 130.34 210.05 ±  4.932
A =  1.15 136.64 1 3 1 .3 5 176.23 274.39 ±  7.308

T a b l e  4 . 4 :  S i m u l a t i o n  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s ,  E [ i V ] ,  f o r  d i f f e r e n t  v a l u e s  o f  

M P L  a n d  m e a n  a r r i v a l  r a t e s  A .  T h e  a r r i v a l  p r o c e s s  i s  a  b a t c h  P o i s s o n  p r o c e s s  w h e r e  

t h e  a r r i v i n g  b a t c h  s i z e s  a r e  g e o m e t r i c a l l y  d i s t r i b u t e d  w i t h  m e a n  5 ,  a n d  t h e  s e r v i c e  

d i s t r i b u t i o n  i s  W e i b u l l  w i t h  m e a n  1  a n d  S C V  1 9 .  T h e  o p t i m a l  v a l u e  f o r  e a c h  s e t t i n g  

o f  t h e  m e a n  a r r i v a l  r a t e  i s  b o l d e n e d .

T a b l e  4 . 5  s h o w s  t h e  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  f o r  t h e  s a m e  

s e t t i n g  a s  T a b l e  4 . 4  f o r  t h e  L i g h t - A p p r o x  M P L  c o n t r o l  p o l i c y  a s  a  f u n c t i o n  o f  t h e  

p a r a m e t e r  p  o f  t h e  f a m i l y  { 7r p }  o f  c a n d i d a t e  p o l i c i e s  f o r  v a r i o u s  v a l u e s  o f  t h e  m e a n
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a r r i v a l  r a t e  A .  T h e  c o l u m n  f o r  t h e  p a r a m e t e r  c h o s e n  b y  t h e  L i g h t - A p p r o x  p o l i c y  

h a s  b e e n  h i g h l i g h t e d .  F r o m  T a b l e  4 . 5 ,  w e  f i n d  t h a t  L i g h t - A p p r o x  p o l i c y  i s  a l s o  

r o b u s t  t o  b u r s t i n e s s ,  w h i l e  y i e l d i n g  a t  w o r s t  2 5 %  h i g h e r  m e a n  r e s p o n s e  t i m e  t h a n  

t h e  o p t i m a l  t r a f f i c - a w a r e  s t a t i c  M P L  p o l i c y .  T h e r e f o r e ,  t h e  L i g h t - A p p r o x  p o l i c y  

i s  r o b u s t  t o  t h e  m e a n  a r r i v a l  r a t e ,  b o t h  f o r  P o i s s o n  a n d  f o r  b u r s t y  a r r i v a l  p r o c e s s e s .  

T h e  L i g h t - A p p r o x  p o l i c y  w i t h  p a r a m e t e r  p  =  0 . 3  o u t p e r f o r m s  t h e  p o l i c y  w i t h  

L i g h t - A p p r o x  p o l i c y  p  =  0 . 2 5  f o r  t h e  c h o s e n  s e t t i n g ,  b u t  a s  n o t e d  e a r l i e r ,  t h i s  i s  

d u e  t o  t h e  f a c t  t h a t  w e  h a v e  n o t  o p t i m i z e d  t h e  p a r a m e t e r  c o m p l e t e l y .

p 0.2 0.25 0 . 3 0 . 3 5 0 . 4 0 . 4 5 0 . 5 9 5 %  c . i n t .

A  =  0 . 6 5 4 . 3 9 4.03 3 . 7 5 3 . 5 3 3 . 4 1 3 . 3 4 3 . 3 2 ±  0 . 0 1 7

A  -  0 . 7 5 7 . 3 0 6.80 6 . 3 9 6.10 5 . 9 1 5 . 9 0 6.00 ±  0 . 0 4 0

A  =  0 . 8 5 12.66 12.26 11.88 1 1 . 7 7 12.02 1 2 . 6 7 1 3 . 4 5 ±  0 . 1 0 4

A  =  0 . 9 5 2 3 . 8 3 23.71 2 4 . 0 5 2 4 . 9 7 2 6 . 6 1 2 9 . 4 2 3 2 . 5 9 ±  0 . 3 1 2

A  =  1 . 0 5 4 9 . 5 4 50.41 5 2 . 1 1 5 5 . 5 8 6 0 . 6 6 6 7 . 0 7 7 4 . 5 7 ±  0 . 5 6 9

A  =  1 . 1 5 1 3 3 . 7 7 137.34 1 4 1 . 7 0 1 4 9 . 0 5 1 5 8 . 2 2 1 7 1 . 7 3 1 8 2 . 8 1 ±  2 . 4 5 8

T a b l e  4 . 5 :  S i m u l a t i o n  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s ,  E [ A f ] ,  f o r  d i f f e r e n t  p a r a m e 

t e r s  p  o f  t h e  L i g h t - A p p r o x  p o l i c y  a n d  m e a n  a r r i v a l  r a t e s  A .  T h e  a r r i v a l  p r o c e s s  i s  

a  b a t c h  P o i s s o n  p r o c e s s  w h e r e  t h e  a r r i v i n g  b a t c h  s i z e s  a r e  g e o m e t r i c a l l y  d i s t r i b u t e d  

w i t h  m e a n  5 ,  a n d  t h e  s e r v i c e  d i s t r i b u t i o n  i s  W e i b u l l  w i t h  m e a n  1 a n d  S C V  1 9 .

A  p 0 . 6 5 0 . 7 5 0 . 8 5 0.95 1 . 0 5 1 . 1 5 9 5 %  c . i n t .

A  =  0 . 6 5 3 . 2 7 3 . 2 6 3 . 3 0 3.48 4 . 0 7 4 . 8 5 ±  0 . 0 1 7

A  =  0 . 7 5 5 . 9 2 5 . 6 4 5 . 6 3 5.84 6 . 8 0 7 . 8 2 ±  0 . 0 3 5

A  =  0 . 8 5 1 4 . 0 3 1 2 . 4 2 1 1 . 4 2 11.17 1 2 . 1 7 1 3 . 1 7 ±  0 . 1 2 5

A  =  0 . 9 5 3 6 . 0 5 3 0 . 4 0 2 6 . 0 7 23.89 2 3 . 2 9 2 3 . 9 3 ±  0 . 2 4 4

A  -  1 . 0 5 8 4 . 0 1 7 1 . 6 7 6 0 . 7 5 54.10 4 9 . 3 7 4 8 . 8 3 ±  0 . 5 1 0

A  =  1 . 1 5 1 9 9 . 3 8 1 8 0 . 8 1 1 6 2 . 2 1 148.86 1 3 5 . 1 7 1 3 1 . 7 2 ±  2 . 2 3 9

T a b l e  4 . 6 :  S i m u l a t i o n  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s ,  E [ i V ] ,  f o r  d i f f e r e n t  p a r a m 

e t e r s  A p  o f  t h e  P o i s s o n - A p p r o x  p o l i c y  a n d  a r r i v a l  r a t e s  A .  T h e  a r r i v a l  p r o c e s s  i s  

a  b a t c h  P o i s s o n  p r o c e s s  w h e r e  t h e  a r r i v i n g  b a t c h  s i z e s  a r e  g e o m e t r i c a l l y  d i s t r i b u t e d  

w i t h  m e a n  5 ,  a n d  t h e  s e r v i c e  d i s t r i b u t i o n  i s  W e i b u l l  w i t h  m e a n  1 a n d  S C V  1 9 .

T a b l e  4 . 6  s h o w s  t h e  r e s u l t s  f o r  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  u n d e r  t h e  s a m e  

s e t t i n g  f o r  t h e  P o i s s o n - A p p r o x  M P L  c o n t r o l  p o l i c y  a s  a  f u n c t i o n  o f  t h e  p a r a m e t e r  

A p  o f  t h e  f a m i l y  { 7T a p }  o f  c a n d i d a t e  p o l i c i e s .  T h e  c o l u m n  f o r  t h e  p a r a m e t e r  c h o s e n
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b y  t h e  P o i s s o n - A p p r o x  p o l i c y  h a s  b e e n  h i g h l i g h t e d .  F r o m  T a b l e  4 . 6 ,  w e  f i n d  

t h a t  t h e  P o i s s o n - A p p r o x  p o l i c y  y i e l d s  a t  w o r s t  1 3 %  h i g h e r  m e a n  r e s p o n s e  t i m e  

t h a n  t h e  o p t i m a l  t r a f f i c  a w a r e  s t a t i c  M P L  p o l i c y .  T h u s  w h i l e  b o t h  o u r  p o l i c i e s  a r e  

r o b u s t  t o  b u r s t y  a r r i v a l  p r o c e s s e s ,  t h e  P o i s s o n - A p p r o x  p o l i c y  s e e m s  t o  m a r g i n a l l y  

o u t p e r f o r m  t h e  L i g h t - A p p r o x  p o l i c y .  T h e s e  o b s e r v a t i o n s  a l s o  h o l d  t r u e  f o r  o t h e r  

s i m u l a t i o n  e x p e r i m e n t s  n o t  s h o w n  h e r e .

W h i l e  w e  h a v e  d e m o n s t r a t e d  t h a t  o u r  d y n a m i c  p o l i c i e s  a r e  m u c h  m o r e  r o b u s t  t h a n  

a n y  s t a t i c  p o l i c y  i n  h a n d l i n g  b u r s t i n e s s  w h e n  t h e  m e a n  a r r i v a l  r a t e  i s  n o t  k n o w n ,  

c o m p a r i n g  T a b l e s  4 . 1  a n d  4 . 4 ,  w e  s e e  t h a t ,  s u r p r i s i n g l y ,  i f  t h e  m e a n  a r r i v a l  r a t e  o f  

t h e  a r r i v a l  p r o c e s s  i s  k n o w n ,  t h e  O p t - S t a t i c  p o l i c y  w h i c h  o p t i m i z e s  f o r  a  P o i s s o n  

a r r i v a l  p r o c e s s  w i t h  t h e  g i v e n  m e a n  a r r i v a l  r a t e  r e m a i n s  n e a r - o p t i m a l  f o r  a  b u r s t y  

a r r i v a l  p r o c e s s .

4 . 4  A  H e a v y - T r a f f i c  D i f f u s i o n  S c a l i n g  a n d  A p p r o x 

i m a t i o n  f o r  N o n - W o r k - C o n s e r v i n g  S y s t e m s

D i f f u s i o n  a p p r o x i m a t i o n s  a r e  v e r y  p o w e r f u l  t o o l s  f o r  s t u d y i n g  t h e  d y n a m i c s  o f  q u e u e 

i n g  s y s t e m s  a n d  t o  o b s e r v e  t h e  f i r s t  o r d e r  e f f e c t s  o f  s y s t e m  p a r a m e t e r s  o n  t h e  p e r f o r 

m a n c e  o f  t h e  q u e u e i n g  s y s t e m .  T h e y  a r e  a l s o  a n  i m p o r t a n t  f i r s t  s t e p  i n  d e v e l o p i n g  

a l g o r i t h m s  f o r  s t o c h a s t i c  c o n t r o l  o f  q u e u e i n g  s y s t e m s .  W h i l e  f o r  c e r t a i n  s p e c i a l  t y p e s  

o f  q u e u e i n g  s y s t e m s ,  t h e  d i f f u s i o n  a p p r o x i m a t i o n s  a r e  v e r y  m a t u r e ,  t h e r e  a r e  n o  t o o l s  

t o  s t u d y  t h e  v e r y  i m p o r t a n t  c l a s s  o f  q u e u e i n g  s y s t e m s  w h i c h  a r e  n o t  w o r k  c o n s e r v 

i n g ,  i . e . ,  q u e u e i n g  s y s t e m s  w h e r e  t h e  s e r v i c e  c a p a c i t y  v a r i e s  a s  a  f u n c t i o n  o f  t h e  

s y s t e m  s t a t e .  I n  t h i s  s e c t i o n  w e  p r o p o s e  a  n o v e l  a p p r o a c h  t o  d e r i v e  h e a v y - t r a f f i c  

d i f f u s i o n  s c a l i n g  f o r  n o n - w o r k  c o n s e r v i n g  s y s t e m s ,  a n d  p e r f o r m  a p p r o x i m a t e  a n a l y s i s  

o f  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  n u m b e r  o f  j o b s  i n  t h e  s y s t e m .  W e  i l l u s t r a t e  

o u r  a p p r o a c h  v i a  t h e  G I / G / P S - M P L  m o d e l  w i t h  s t a t e - d e p e n d e n t  s e r v i c e  r a t e s .  T h e  

p r o p o s e d  s c a l i n g  i s  q u i t e  g e n e r a l ,  a n d  w e  h o p e  t h a t  i t  w i l l  b e  a p p l i c a b l e  t o  o t h e r  

s y s t e m s  a s  w e l l .

A t  a  h i g h  l e v e l ,  t h e  d i f f u s i o n  s c a l i n g  i s  o b t a i n e d  b y  f i x i n g  a  s m o o t h  d i s t r i b u t i o n  

f u n c t i o n  F ( - )  o n  [ 0 ,  o o )  f o r  t h e  n u m b e r  o f  j o b s  i n  t h e  s y s t e m ,  a n d  e n g i n e e r i n g  a  

s e q u e n c e  o f  s y s t e m s  ( t h e  s t a t e - d e p e n d e n t  s e r v i c e  r a t e s ,  t o  b e  p r e c i s e )  i n d e x e d  b y  

p a r a m e t e r  r ,  s o  t h a t  u n d e r  P o i s s o n  a r r i v a l s  ( t h e  i n t e n s i t y  o f  t h e  a r r i v a l  p r o c e s s  i s  

i n v a r i a n t  i n  t h e  s c a l i n g )  a n d  E x p o n e n t i a l  s e r v i c e  d i s t r i b u t i o n  ( t h e  m e a n  o f  t h e  j o b  

s i z e  d i s t r i b u t i o n  i s  a l s o  f i x e d  a n d  w e  a s s u m e  i t  t o  b e  1 w i t h o u t  l o s s  o f  g e n e r a l i t y ) ,  

t h e  s e q u e n c e  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  n u m b e r  o f  j o b s  s c a l e d  b y  r  c o n v e r g e s  t o

123



F(-) as

w h e r e  F ^ r \ - )  d e n o t e s  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  n u m b e r  o f  j o b s  i n  t h e  r t h

s y s t e m  u n d e r  a  P o i s s o n  a r r i v a l  p r o c e s s  a n d  E x p o n e n t i a l  j o b  s i z e  d i s t r i b u t i o n .  A d d i 

t i o n a l l y ,  f o r  t h e  G I / G / P S - M P L  s y s t e m ,  w e  w i l l  i m p o s e  t h e  c o n d i t i o n  t h a t  t h e  M P L  

f o r  t h e  r t h  s y s t e m  s c a l e s  a s  6  ■ r ,  f o r  a  c o n s t a n t  6 .

T h e  m o t i v a t i o n  b e h i n d  o u r  ‘ r e v e r s e - e n g i n e e r e d ’ h e a v y - t r a f f i c  s c a l i n g  s h o u l d  b e  o b v i 

o u s :  O u r  g o a l  i s  t o  a p p r o x i m a t e  t h e  b e h a v i o r  o f  a  ‘ d i s c r e t e ’  s y s t e m  w i t h  a  b o u n d e d  

M P L ,  a n d  h e n c e  w e  w a n t  o u r  l i m i t i n g  c o n t i n u o u s  s y s t e m  t o  ‘ r e s e m b l e ’ t h e  o r i g i n a l  

d i s c r e t e  s y s t e m .  A  n a t u r a l  c o n s t r a i n t  t o  i m p o s e  t h e n  i s  t h a t  u n d e r  a  M a r k o v i a n  w o r k 

l o a d ,  t h e  l i m i t i n g  s c a l e d  s y s t e m  b e h a v e  ‘ i d e n t i c a l l y ’  t o  t h e  o r i g i n a l  d i s c r e t e  s y s t e m ,  

a n d  h e n c e  b y  d e s i g n  a l s o  g u a r a n t e e i n g  u s  a  n o n - d e g e n e r a t e  l i m i t .

I n  S e c t i o n  4 . 4 . 1  w e  d e r i v e  t h e  h e a v y - t r a f f i c  s c a l i n g  f o r  a  G I / G / P S - M P L  s y s t e m .  I n

S e c t i o n  4 . 4 . 2  w e  p r e s e n t  a p p r o x i m a t e  a n a l y s i s  o f  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  

n u m b e r  o f  j o b s  i n  t h e  s y s t e m  u n d e r  o u r  s c a l i n g  b y  c o n s i d e r i n g  d e g e n e r a t e  h y p e r e x p o 

n e n t i a l  i n t e r a r r i v a l  a n d  s e r v i c e  d i s t r i b u t i o n s .  S i n c e  t h e  d e g e n e r a t e  h y p e r  e x p o n e n t i a l  

d i s t r i b u t i o n s  a l l o w  u s  t o  v a r y  t h e  f i r s t  t w o  m o m e n t s ,  o u r  a p p r o x i m a t e  a n a l y s i s  p r o 

v i d e s  s t r o n g  i n d i c a t i o n s  a s  t o  w h a t  t h e  t r u e  d i f f u s i o n  l i m i t  l o o k s  l i k e .  A  r i g o r o u s  

d i f f u s i o n  a n a l y s i s  i s  a  t o p i c  o f  o n g o i n g  r e s e a r c h .

4.4.1 Heavy-traffic scaling for G I / G / PS-M PL

C o n s i d e r  a  s y s t e m  w i t h  M P L  K , a n d  s e r v i c e  r a t e  c u r v e  f i ( - )  w h e r e  ¡ i ( n )  i s  t h e  s e r v i c e  

r a t e  o f  t h e  s e r v e r  w h e n  t i m e  s h a r i n g  a m o n g  n  j o b s .  L e t  t h e  a r r i v a l  p r o c e s s  h a v e  m e a n  

i n t e n s i t y  A ,  a n d  t h e  m e a n  j o b  s i z e  b e  1 w i t h o u t  l o s s  o f  g e n e r a l i t y .  A l s o ,  a s s u m e  

p  =  < 1 . T o  a r r i v e  a t  t h e  h e a v y - t r a f f i c  s c a l i n g ,  w e  b e g i n  b y  c o n s i d e r i n g  t h e

c a s e  w n e r e  t h e  a r r i v a l  p r o c e s s  i s  P o i s s o n  a n d  t h e  s e r v i c e  d i s t r i b u t i o n  i s  E x p o n e n t i a l ,  

w h i c h  w e  a b b r e v i a t e  a s  M / M /  i n  t h e  r e m a i n d e r  o f  t h e  s e c t i o n .

L e t  7r M / M /  ( i )  d e n o t e  t h e  s t a t i o n a r y  p r o b a b i l i t y  t h a t  t h e  s y s t e m  u n d e r  M / M /  a r r i v a l  

p r o c e s s  h a s  i  j o b s  i n  t h e  s y s t e m .  L e t  F ( - )  : [ 0 , o o )  — > ( 0 , 1 ]  b e  a  t w i c e - d i f f e r e n t i a b l e  

n o n - d e c r e a s i n g  c d f  o b t a i n e d  f r o m  n M 'M ' a s  f o l l o w s :

1  -  F ( j )  =  X > M / M / ( i )  ¿  =  0 , 1 ...............K
i = 0

Jim  F <r)( M )  ^  F(x)  V x G [0 ,o o ), (4.15)

1 -  F(x)  =  (1 -  F(K))px- K x > K
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T h u s ,  F  i s  a  t w i c e - d i f f e r e n t i a b l e  i n t e r p o l a t i o n  o f  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  

n u m b e r  o f  j o b s  i n  t h e  M / M / P S - M P L  s y s t e m .  L e t  f ( x )  — F ( x ) .  A s  b r i e f l y  m e n 

t i o n e d  i n  t h e  i n t r o d u c t i o n ,  t h e  d i f f u s i o n  s c a l i n g  i s  o b t a i n e d  b y  c r e a t i n g  a  s e q u e n c e  o f  

M / M / P S - M P L  s y s t e m s ,  i n d e x e d  b y  a  d i s c r e t e  p a r a m e t e r  r  £  N ,  w h e r e  t h e  s e r v i c e  

r a t e s  o f  t h e  r t h  s y s t e m  j/i(r)(n) j a r e  e n g i n e e r e d  t o  s a t i s f y :

1 .  t h e  M P L  o f  t h e  r t h  s y s t e m  i s  r  • K ,

2 .  t h e  a r r i v a l  r a t e  o f  t h e  r t h  s y s t e m  i s  A ,

3 .  l i m r_ t.00 F ^ r \ \ r  • a f | )  — ► F ( x )  f o r  x  G  [ 0 ,  o o ) ,

w h e r e  F ^ ( - )  d e n o t e s  t h e  s t a t i o n a r y  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  n u m b e r  o f  

j o b s  i n  t h e  r t h  s y s t e m .

O b t a i n i n g  t h e  s e r v i c e  r a t e s :  T o  a c h i e v e  o u r  g o a l ,  c o n s i d e r  t h e  r t h  s y s t e m .  L e t  

x  =  W e  c r e a t e  t h e  s e r v i c e  r a t e s  s o  t h a t  t h e  p r o b a b i l i t y  t h a t  t h e  s y s t e m  i s  i n  s t a t e  

i  =  r  • x  i s  a p p r o x i m a t e l y  ^ f { x ) .  I f  t h e  s e r v i c e  r a t e  i n  s t a t e  i  +  1  =  ( x  4 -  1 / r )  • r  i s  

l i^r \ x  +  - ) ,  t h e n  w e  m u s t  h a v e :

w h i c h  g i v e s :

A  f { x + l / r )  ^  1 +  1  f ' { x )

o r ,

/ i ^ ( ( x  +  1 / r )  • r )  f ( x )  r  f ( x )

=  1 +  +  0 ( 1 / r )

^ ¿ ( r ) ( r  • x )  r  d x

T h e r e f o r e  t h e  s t a t e - d e p e n d e n t  s e r v i c e  r a t e s  o f  t h e  r t h  s y s t e m  u n d e r  t h e  h e a v y  t r a f f i c  

s c a l i n g  a r e  g i v e n  b y :

M w ( i )  =  A  I 1 —  —  d l 0 g { f { x ) )
r  d x

( 4 . 1 7 )

R e m a r k  1 :  C o n s i d e r  t h e  c a s e  w i t h  a  c o n s t a n t  s e r v i c e  r a t e  ¡ i  a n d  a r r i v a l  r a t e  A .  

I n  t h i s  c a s e  F ( x )  =  1  -  Q ) *  =  1  -  p x , s o  t h a t  / ¿ ( r ) ( r  • x )  «  A  ( l  -  } :dlos^ x ) )  =  

A  ( l  —  w h i c h  i s  e x a c t l y  t h e  d i f f u s i o n  s c a l i n g  u s e d  i n  Z h a n g  a n d  Z w a r t  [ 1 6 2 ] .
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R e m a r k  2 :  A s  r  —> o o ,  t h e  s e r v i c e  r a t e  c u r v e  u n i f o r m l y  c o n v e r g e s  t o  A .  T h u s  w h i l e  

t h e  l i m i t i n g  s y s t e m  w o u l d  b e  w o r k - c o n s e r v i n g  o n  a n y  c o m p a c t  i n t e r v a l  o f  t i m e ,  n o n e  

o f  t h e  p r e - l i m i t  s y s t e m s  a r e  w o r k  c o n s e r v i n g .  W o r k  c o n s e r v a t i o n  w a s  o n e  o f  t h e  

c r i t i c a l  t o o l s  u s e d  i n  [ 1 6 2 ]  f o r  d i f f u s i o n  a n a l y s i s  o f  G I / G / P S - M P L  s y s t e m s  w i t h  

c o n s t a n t  f i { n )  c u r v e ,  a n d  i t s  a b s e n c e  m a k e s  t h e  d i f f u s i o n  a n a l y s i s  n o n - t r i v i a l .  W e  

w i l l  h o w e v e r  b e  a b l e  t o  p r o v i d e  a n  a p p r o x i m a t i o n  f o r  t h e  s t a t i o n a r y  d i s t r i b u t i o n  v i a  

s p e c i a l  a r r i v a l  a n d  s e r v i c e  p r o c e s s e s .

4.4.2 Analysis of the Heavy-traffic Diffusion scaling

A  s i m p l e  a p p r o x i m a t i o n  f o r  a  G I / G I /  a r r i v a l  p r o c e s s ,  b u t  i n v o l v i n g  o n l y  t h e  f i r s t  

t w o  m o m e n t s  o f  t h e  i n t e r a r r i v a l  t i m e  a n d  s e r v i c e  d i s t r i b u t i o n s ,  c a n  b e  o b t a i n e d  b y  

c o n s i d e r i n g  H |  i n t e r a r r i v a l  t i m e s  a n d  H |  j o b  s i z e s .  L e t  C \  d e n o t e  t h e  s q u a r e d  

c o e f f i c i e n t  o f  v a r i a t i o n  o f  t h e  i n t e r a r r i v a l  t i m e  d i s t r i b u t i o n  a n d  C g  d e n o t e  t h e  S C V  

o f  t h e  s e r v i c e  d i s t r i b u t i o n .  T h e  m a i n  r e s u l t  o f  t h i s  s e c t i o n  i s  t h a t  t h e  m e a n  n u m b e r  

o f  j o b s  i n  t h e  s t a t i o n a r y  s y s t e m  i s  a p p r o x i m a t e l y  g i v e n  b y :

c | + 1 c|+i
/  m i n  { u , K } f ( u ) c s + c A d u  r 2 , f  ( u  -  K ) + f ( u ) ° s + c A d u

xr>r 7\rl ^  0 i S u=0
~ ---------------- ~ -----------------------+  — 2 ------------------------------» ---------------- -----------------------------------

f  f  ( u ) c s + c a  d u  f  f  ( u ) c s + c a d u
u = 0 u —0

w h e r e  / ( • )  i s  t h e  p d f  c o r r e s p o n d i n g  t o  t h e  d i s t r i b u t i o n  f u n c t i o n  F ( - )  -  t h e  s m o o t h  

i n t e r p o l a t i o n  o f  t h e  d i s t r i b u t i o n  o f  n u m b e r  o f  j o b s  i n  t h e  M / M / P S - M P L  s y s t e m .

W e  w i l l  b e g i n  w i t h  t h e  a n a l y s i s  o f  a  d i s c r e t e  H ^ / H ^ / P S - M P L  s y s t e m ,  a n d  t h e n  

s p e c i a l i z e  t h e  r e s u l t s  t o  t h e  h e a v y - t r a f f i c  d i f f u s i o n  l i m i t .

A n a l y s i s  o f  # 2 / # 2 / P S - M P L  m o d e l :  L e t  d e n o t e  t h e  s t a t i o n a r y

p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h e  n u m b e r  o f  j o b s  b e l o n g i n g  t o  t h e  E x p o n e n t i a l  b r a n c h  i n  

t h e  s y s t e m .  T h a t  i s ,  t h e  p r o b a b i l i t y  t h a t  u n d e r  t h e  H ^ / H ^ /  a r r i v a l  p r o c e s s  d e s c r i b e d  

a b o v e ,  t h e  s y s t e m  h a s  i  E x p o n e n t i a l  j o b s  i n  t h e  s y s t e m .  T h e n  a s  w e  e s t a b l i s h e d  i n  

P r o p o s i t i o n s  4 . 5  a n d  4 . 6 :

126



where,

m { i  _  1 } . !  <  ; <  K i

i— K

4>»i/n;/(K) • ( '>'(c| | 1+ c ^ ~ 1) ‘ * > A'.

G i v e n  t h e  a b o v e ,  w e  c a n  o b t a i n  t h e  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  a s :

E [ j V » . V » i / l  =  E  [ i V ™ j  +  ( 4 . 1 8 )

r h */h * / i  r h */h *~\
w h e r e  E  \ N SExp  2 I a n d  E l  A / q J  2 j ,  d e n o t e ,  r e s p e c t i v e l y ,  t h e  m e a n  n u m b e r  o f  j o b s

f r o m  t h e  E x p o n e n t i a l  b r a n c h  a t  t h e  P S  S e r v e r  a n d  i n  t h e  F C F S  Q u e u e ,  a n d  a r e  g i v e n

b y

F  r  „ H U H i n  Z i i  i  ■ <t>H i l H H ( i )  +  K  ■ E Z k +1  .

W s E ir  j  -  i  +  E g ,  4>, ( 4 - 1 9 )

r H i / H i i  + 1 )  /  C j  +  C j  \ 2

[ Q e xP \ l  +  E “ , ^ / ^ / «  V ( C s +  ! ) ( ! - p ) /  '

M e a n  n u m b e r  o f  j o b s  u n d e r  t h e  d i f f u s i o n  s c a l i n g  a n d  H ^ / H ^ /  a r r i v a l  p r o 

c e s s :  W e  n o w  c o n s i d e r  t h e  s e q u e n c e  o f  P S - M P L  s y s t e m s  d e s c r i b e d  b y  t h e  s e r v i c e

r a t e  c u r v e s  d e f i n e d  i n  ( 4 . 1 7 )  a n d  u s e  t h e  e x p r e s s i o n s  i n  ( 4 . 1 8 ) - ( 4 . 2 0 )  t o  f i n d

t h e  m e a n  n u m b e r  o f  j o b s  u n d e r  s t a t i o n a r i t y  f o r  a n  H ^ / H ^  a r r i v a l  p r o c e s s .

L e t  (^Ex p { i )  d e n o t e  t h e  p r o b a b i l i t y  t h a t  t h e r e  a r e  i  j o b s  o f  t h e  E x p o n e n t i a l  b r a n c h  i n  

t h e  r t h  s y s t e m .  F r o m  o u r  e x a c t  e q u a t i o n s :

■ x  +  1 )  _  A  • ( C f  +  1 )  +  / i ( r , ( r  • x )  ■ { C \  -  1 )

< , ( r - x )  ( C l  +  C l ) - ^ ) ( r - x )  -  > U  ^  >

Q C g  +  1 )  +  • { C l  -  1)

(CJ + C l)  ■
( 4 . 2 2 )

A

( c l  +  i j  +  i i - i ^ f W c j - i )

■ r , { x ) >  -----------------+  o ( l / r )  ( 4 . 2 3 )

+  C l )  ■ — V m
r  f ( x )

1 C l  + 1  f ' { x )

~ 1 + r ' C \  + C l '  f ( x )  + ° (1 /r )  (4'24)
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W hich gives:

Cl  + 1
l o S <t>Exp((x  +  ! / r )  • r )  -  l o 8 4 * P ( r  ■ x )  ~  c / +  c 2  • [ l o g / ( a ;  +  1 / r )  -  l o g / ( a ; ) ]

( 4 . 2 5 )

T h e r e f o r e :

c i + i

d r )
<t>E]x p ( r ' x )  ~  4 4 > ( ° )  •

■2 _ 

^ 1 %

N o r m a l i z i n g  t o  o b t a i n  < t$ x p ( 0 ) :

i  =  4 4 . ( 0 )

4 x p ( 0 )

■T=0

w h i c h  y i e l d s :

c %+1

< : 4 1 p ( r  ■

7
a;— 0

c £ + l

f i x )
2

C i + c i

C| + l
2 4_r?2

+  o ( l / r )

-  +  o ( l / r )

f  f  ( x )  c s + c a  d x
x = 0

D e n o t e  b y  N ^ r \  N ^ x p , N g ^ x , N q ^ xp t h e  s t a t i o n a r y  n u m b e r  o f  j o b s  i n  t h e  s y s t e m ,  a n d  

t h e  s t a t i o n a r y  n u m b e r  o f  j o b s  b e l o n g i n g  t o  t h e  E x p o n e n t i a l  b r a n c h  i n  t h e  s y s t e m ,  a t  

t h e  s e r v e r ,  a n d  i n  t h e  q u e u e ,  r e s p e c t i v e l y ,  f o r  t h e  r t h  s y s t e m .  L e t  N *  =  l i m ^ o o  

a n d  s i m i l a r l y  d e f i n e  N ^ xp) N g Ex a n d  N q Exj j. L e t  F B x p  b e  t h e  d i s t r i b u t i o n  f u n c t i o n  

o f  N*E x p . W e  t h e n  h a v e :

( 4 . 2 6 )

( 4 . 2 7 )

( 4 . 2 8 )

( 4 . 2 9 )

F exP(x ) =
I  f ( u )u = 0

° S +CA d u

I  f ( u )u = 0

C i  + i

Ci +CA d u

(4.30)
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E [ A T ]  =  E [ A S  J  +  E [ i V £  J  ( 4 . 3 1 )

Therefore the approxim ation for N* (including all jobs) is given by:

C|+l C %+1
o oo ■7 1 + C 2. .7 r / r/-\_i_ /»/ \ rr2 i r*2

/  m i n { u , i ^ } / ( u ) c 5 + c A ^  / ^ 2 , i \  I  { u - K ) + f { u ) c s + c A d u
_  m = 0________________________________________________________|_ / ^ 5  ' 1  1 t t = 0

/  f ( u ) Cl +C A d u  i  ¡ ( u Y ^ A d u
U = 0  U = 0

( 4 . 3 2 )

R e m a r k  3 :  O u r  g o a l  i s  t o  a p p r o x i m a t e  a  d i s c r e t e  s y s t e m  b y  i t s  c o r r e s p o n d i n g  d i f 

f u s i o n  a p p r o x i m a t i o n .  H o w e v e r ,  f o r  t h e  o r i g i n a l  s y s t e m ,  w e  h a v e  a  d i s c o n t i n u o u s  

d i s t r i b u t i o n  f u n c t i o n ,  a n d  h e n c e  t h e  c h o i c e  o f  t h e  i n t e r p o l a t i n g  F  ( e q u i v a l e n t l y  / )  

i s  s o m e w h a t  a r b i t r a r y  a n d  i n  o u r  c o n t r o l .  F u r t h e r ,  w h i l e  w e  n e e d e d  /  t o  b e  d i f f e r 

e n t i a b l e  t o  d e f i n e  t h e  s c a l i n g ,  t h e  a p p r o x i m a t i o n  ( 4 . 3 2 )  i s  d e f i n e d  e v e n  w h e n  /  i s  

c o n t i n u o u s .

4 . 5  S u m m a r y  a n d  O p e n  Q u e s t i o n s

I n  t h i s  c h a p t e r  w e  a d d r e s s e d  t h e  p r o b l e m  o f  c o n c u r r e n c y  c o n t r o l  f o r  r e s o u r c e - s h a r i n g  

s y s t e m  s u c h  a s  d a t a b a s e  s e r v e r s  b y  l i m i t i n g  t h e  m a x i m u m  n u m b e r  o f  a c t i v e  t h r e a d s  

t o  a v o i d  t h r a s h i n g .  W e  m o d e l e d  s u c h  s y s t e m s  a s  P r o c e s s o r  S h a r i n g  s e r v e r s  w i t h  l o a d -  

d e p e n d e n t  s e r v i c e  r a t e s .  W e  p r o v e d  t h a t ,  c o n t r a r y  t o  c o m m o n  p r a c t i c e ,  i m p o s i n g  a  

s t a t i c  m u l t i - p r o g r a m m i n g  l i m i t  ( M P L )  t o  m a x i m i z e  t h e  s y s t e m  e f f i c i e n c y  ( s e r v i c e  

r a t e )  i s  n o t  a l w a y s  o p t i m a l  f o r  m i n i m i z i n g  t h e  m e a n  r e s p o n s e  t i m e  w h e n  t h e  j o b  

s i z e s  e x h i b i t  h i g h  v a r i a n c e ,  a n d  u s e d  a n a l y s i s  t o  p r o p o s e  a  s i m p l e  h e u r i s t i c  r u l e  t o  

c h o o s e  t h e  o p t i m a l  s t a t i c  M P L  u n d e r  t h e  a s s u m p t i o n  t h a t  t r a f f i c  i s  P o i s s o n  w i t h  a  

k n o w n  a r r i v a l  r a t e .

N e x t ,  w e  s h o w e d  t h a t  a  s t a t i c  M P L  p o l i c y  c a n n o t  b e  r o b u s t  t o  v a r y i n g  t r a f f i c  p a t 

t e r n s ,  s u c h  a s  v a r i a b i l i t y  i n  t h e  m e a n  a r r i v a l  r a t e .  W e  p r o p o s e d  t w o  s i m p l e  M P L  

c o n t r o l  p o l i c i e s ,  L i g h t - A p p r o x  a n d  P o i s s o n - A p p r o x , t h a t  a d j u s t  t h e  M P L  b a s e d  

o n  k n o w l e d g e  o f  o n l y  t h e  i n s t a n t a n e o u s  q u e u e  l e n g t h .  W e  s h o w e d  t h a t  o u r  d y n a m i c  

M P L  c o n t r o l  p o l i c i e s  e x h i b i t  r o b u s t n e s s  t o  b o t h  a n  u n k n o w n  m e a n  a r r i v a l  r a t e  a n d  

t o  b u r s t i n e s s  i n  t h e  a r r i v a l  p r o c e s s .

A s  a  t h i r d  c o n t r i b u t i o n ,  w e  p r o p o s e d  a  n o v e l  h e a v y - t r a f f i c  d i f f u s i o n  s c a l i n g  t o  s t u d y  

n o n - w o r k - c o n s e r v i n g  s y s t e m s ,  s u c h  a s  t h e  o n e  w h i c h  w a s  t h e  f o c u s  o f  s t u d y  o f  t h i s  

c h a p t e r .  O u r  s c a l i n g  w a s  a r r i v e d  a t  v i a  r e v e r s e  e n g i n e e r i n g  t h e  s y s t e m  p a r a m e t e r s
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s o  a s  t o  b e  m o r e  r e p r e s e n t a t i v e  o f  t h e  o r i g i n a l  s y s t e m  t h a t  i s  b e i n g  a p p r o x i m a t e d .

W e  p r e s e n t e d  a n  a p p r o x i m a t e  a n a l y s i s  o f  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  n u m b e r  

o f  j o b s  u n d e r  t h e  p r o p o s e d  s c a l i n g .

I m p a c t :  T h e  w o r k  i n  t h i s  c h a p t e r  h i g h l i g h t s  a n  i m p o r t a n t  s y s t e m  d e s i g n  p r i n c i p l e :  

m a x i m i z i n g  e f f i c i e n c y  i s  n o t  a l w a y s  o p t i m a l  f o r  m i n i m i z i n g  t h e  m e a n  r e s p o n s e  t i m e ,  

a n d  t h e  o p t i m a l  o p e r a t i n g  p o i n t  c r i t i c a l l y  d e p e n d s  o n  t h e  w o r k l o a d .  T h e  e x i s t i n g  

w o r k  o n  c o n c u r r e n c y  c o n t r o l  h a s  i g n o r e d  t h e  e f f e c t s  o f  t h e  w o r k l o a d .  W e  a l s o  d e m o n 

s t r a t e d  e x i s t e n c e  o f  s i m p l e  c o n c u r r e n c y  c o n t r o l  p o l i c i e s  w h i c h  a d a p t  t o  f l u c t u a t i o n s  

i n  t h e  d e m a n d  w i t h o u t  n e e d i n g  t o  l e a r n  t h e  d e m a n d .  W e  b e l i e v e  t h a t  t h e  t e c h n i q u e s  

p r e s e n t e d  t o  d e v e l o p  t h e s e  t r a f f i c - o b l i v i o u s  c o n t r o l  p o l i c i e s  w i l l  b e  a p p l i c a b l e  t o  m o r e  

g e n e r a l  s t o c h a s t i c  s e t t i n g s .  W h i l e  t h e  m a j o r i t y  o f  l i t e r a t u r e  o n  r o b u s t  d y n a m i c  c o n 

t r o l  f o c u s e s  o n  s o l v i n g  t h e  c o r r e s p o n d i n g  o p t i m a l  c o n t r o l  p r o b l e m  i n  t h e  f l u i d  r e g i m e  

( i . e . ,  w h e n  t h e  b a c k l o g  i s  l a r g e ) ,  o u r  t e c h n i q u e s  a l l o w  o n e  t o  o b t a i n  o p t i m a l  c o n t r o l  

p o l i c i e s  w h i c h  e x h i b i t  c o m p o n e n t s  o f  b o t h  s t o c h a s t i c  a n d  f l u i d  c o n t r o l  ( i . e . ,  f r o m  

c l o s e  t o  e m p t y  t o  w h e n  t h e  b a c k l o g  i s  l a r g e ) .  F i n a l l y ,  w e  h o p e  t h a t  o u r  h e a v y - t r a f f i c  

s c a l i n g  f o r  n o n - w o r k - c o n s e r v i n g  s y s t e m s  w i l l  a l l o w  r e s e a r c h e r s  t o  r e v i s i t  t h e  e x i s t i n g  

w o r k  o n  d i f f u s i o n  a n a l y s i s  o f  m u l t i - s e r v e r  q u e u e i n g  s y s t e m s  a n d  q u e u e i n g  n e t w o r k s  

a n d  o b t a i n  r e f i n e d  a p p r o x i m a t i o n s .

O p e n  P r o b l e m s :  A r e  t h e  t r a f f i c - o b l i v i o u s  d y n a m i c  M P L  c o n t r o l  s c h e m e s  p r o p o s e d  

i n  t h i s  c h a p t e r  r o b u s t  t o  t h e  t r a f f i c  d e m a n d  i n  a  f o r m a l  s e n s e ,  a n d  a r e  t h e r e  p r o v a b l y  

b e t t e r  t r a f f i c - o b l i v i o u s  c o n c u r r e n c y  c o n t r o l  m e c h a n i s m s ?  P e r f o r m i n g  a  r i g o r o u s  d i f 

f u s i o n  a n a l y s i s  o f  t h e  p r o p o s e d  h e a v y - t r a f f i c  s c a l i n g  i s  s u b j e c t  o f  o n g o i n g  r e s e a r c h  b y  

t h e  a u t h o r ,  a n d  w e  b e l i e v e  t h a t  t h e  a p p r o x i m a t e  r e s u l t s  p r e s e n t e d  f o r  t h e  s t a t i o n a r y  

b e h a v i o r  u n d e r  t h e  p r o p o s e d  s c a l i n g  w o u l d  m a t c h  t h e  d i f f u s i o n  a n a l y s i s .

4 .  A  P o l i c y  I t e r a t i o n  t o  C o n s t r u c t  C a n d i d a t e  P o i s s o n -  

A p p r o x  P o l i c i e s

T h e  g o a l  o f  t h i s  s e c t i o n  i s  t o  e x p l a i n  t h e  p o l i c y  i t e r a t i o n  a l g o r i t h m  t o  f i n d  t h e  o p t i m a l  

M P L  c o n t r o l  p o l i c y  7T a p , f o r  a  P o i s s o n  a r r i v a l  p r o c e s s  w i t h  i n t e n s i t y  X p  a n d  t h e  

H * ( C % )  s e r v i c e  d i s t r i b u t i o n  m a t c h i n g  t h e  t r u e  s e r v i c e  d i s t r i b u t i o n  .

L e t  u s  f i r s t  r e c a l l  h o w  p o l i c y  i t e r a t i o n  w o r k s  [ 2 3 ] .  W e  b e g i n  w i t h  s o m e  M P L  c o n t r o l  

p o l i c y  7T °  ( i n  o u r  c a s e ,  a  g o o d  i n i t i a l  p o l i c y  i s  t h e  t h r e s h o l d  M P L  p o l i c y  w h i c h  

o p e r a t e s  a t  t h e  p e a k  e f f i c i e n c y  p o i n t  K * ) .  L e t  7 0 b e  t h e  a v e r a g e  c o s t  ( i n  o u r  c a s e  t h e  

m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m )  o f  t h i s  p o l i c y .  W e  t h e n  d e f i n e  t h e  d i f f e r e n t i a l  

c o s t  f u n c t i o n  h ° ( - )  a s s o c i a t e d  w i t h  e a c h  s t a t e ,  w h e r e  h ° ( s i )  d e n o t e s  t h e  d i f f e r e n t i a l  

c o s t  t o  r e a c h  s o m e  s t a t e  s 0 s t a r t i n g  i n  s t a t e  s *  u n d e r  7r ° .  T h a t  i s ,  h ° ( s i )  d e n o t e s
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t h e  d i f f e r e n c e  b e t w e e n  t h e  m e a n  t o t a l  c o s t  t o  r e a c h  s t a t e  S o ,  a n d  t h e  p r o d u c t  o f  

7 °  a n d  t h e  m e a n  t o t a l  t i m e  t o  r e a c h  s t a t e  S o ,  g i v e n  t h a t  w e  s t a r t  i n  s t a t e  s * .  T h e  

v e c t o r  o f  d i f f e r e n t i a l  c o s t s ,  / i ° ( - ) ,  a n d  t h e  a v e r a g e  c o s t ,  7 0 , a r e  o b t a i n e d  b y  s o l v i n g  

t h e  f o l l o w i n g  l i n e a r  s y s t e m  o f  e q u a t i o n s :

h ° ( s 0 ) =  0

h ° ( s i )  =  c { s i ) r { s i )  -  7 0 r ( s i )  +  Y ^ p ij ( 7 r 0 ( s i ) ) h ( s j )

3

w h e r e  t ( s * )  i s  t h e  m e a n  r e s i d e n c e  t i m e  i n  s t a t e  s * ,  c ( s » )  i s  t h e  c o s t  p e r  u n i t  o f  t i m e  

i n  s t a t e  s * ,  a n d  p i j ( n ° ( s i ) )  r e p r e s e n t s  t h e  p r o b a b i l i t y  t h a t  w e  t r a n s i t i o n  f r o m  s t a t e  s *  

t o  S j  w h e n  c o n t r o l  7r ° ( s j )  i s  a p p l i e d  i n  s t a t e  s * .  T h i s  i s  c a l l e d  t h e  p o l i c y  e v a l u a t i o n  

s t e p .  W e  t h e n  p e r f o r m  t h e  p o l i c y  i m p r o v e m e n t  s t e p  t o  o b t a i n  t h e  p o l i c y  tv1 . T o  d o  

t h i s ,  f o r  e a c h  s t a t e  s » ,  w e  c h o o s e  7 r 1 ( s » )  a s  t h e  c o n t r o l  w h i c h  s a t i s f i e s :

c ( s i ) T ( s i )  -  7 ° r ( s i )  +  y 2 p i j ( 7 T 1 ( s i ) ) h ( s j ) =  m i n
aGAi

j

c { s i ) r ( s i )  -  7 ° r ( s ^ )  +  Y p i j { a ) h ( s j )

w h e r e  A . t i s  t h e  s e t  o f  p o s s i b l e  a c t i o n s  i n  s t a t e  i .  W e  t h e n  k e e p  p e r f o r m i n g  p o l i c y  

e v a l u a t i o n  a n d  i m p r o v e m e n t  u n t i l  t w o  c o n s e c u t i v e  p o l i c i e s  a r e  t h e  s a m e ,  o r  h a v e  t h e  

s a m e  a v e r a g e  c o s t .

T h e  p o l i c y  i t e r a t i o n  s t e p  c a n  b e  e a s i l y  p e r f o r m e d  o n c e  t h e  p o l i c y  e v a l u a t i o n  s t e p  

i s  p e r f o r m e d .  T h e  p o l i c y  e v a l u a t i o n  s t e p  i s  c l e a r l y  t r a c t a b l e  w h e n  t h e  s t a t e  s p a c e  

i s  f i n i t e .  W e  n o w  s h o w  i t  i s  a l s o  t r a c t a b l e  w h e n  t h e  s t a t e  s p a c e  i s  i n f i n i t e  b u t  

r e p e a t i n g ,  o b e y i n g  t h e  c o n d i t i o n s  f o r  M a t r i x - G e o m e t r i c  a n a l y s i s .  I n  t h e  r e m a i n i n g  

s e c t i o n ,  w e  f o c u s  o n  t h e  p r o c e d u r e  f o r  p e r f o r m i n g  t h e  p o l i c y  e v a l u a t i o n  s t e p  f o r  s u c h  

i n f i n i t e  s t a t e  s p a c e  s y s t e m s ,  a n d  s p e c i a l i z i n g  i t  t o  t h e  p r o b l e m  o f  s o l v i n g  t h e  o p t i m a l  

d y n a m i c  M P L  c o n t r o l  p r o b l e m .

C o n s i d e r  a  f i x e d  p o l i c y  7r ,  a n d  l e t  P n  d e n o t e  t h e  p r o b a b i l i t y  t r a n s i t i o n  m a t r i x :

F 0  0  0  0  • •

L  F  0  0  • •

B  L  F  0  • •

p iT  _

L 0

B o

0

L e t  h 0  b e  t h e  v e c t o r  o f  d i f f e r e n t i a l  c o s t s  f o r  t h e  O t h  ( n o n - r e p e a t i n g )  l e v e l ,  h j  ( i  >  1 )  

b e  t h e  d i f f e r e n t i a l  c o s t  v e c t o r  f o r  t h e  z t h  ( r e p e a t i n g )  l e v e l  o f  t h e  s t a t e  s p a c e ,  a n d  7  
b e  t h e  a v e r a g e  c o s t  u n d e r  p o l i c y  1r .  D e n o t e  b y  R  t h e  r a t e  m a t r i x  ( f o r  t h e  e m b e d d e d  

c h a i n )  w h i c h  i s  t h e  l e a s t  n o n - n e g a t i v e  s o l u t i o n  t o :

R = F  +  RL + R 2B
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G = B  + LG + FG 2

W e  n o w  n o t e  t h a t  G a n d  R  h a v e  t h e  f o l l o w i n g  p r o b a b i l i s t i c  i n t e r p r e t a t i o n s  [ 1 1 9 ] :  

b y  c o n d i t i o n i n g  o n  t h e  f i r s t  t r a n s i t i o n ,  i t  i s  e a s y  t o  s e e  t h a t  G( j , k ) d e n o t e s  t h e  

c o n d i t i o n a l  p r o b a b i l i t y  t h a t  t h e  c h a i n  e v e n t u a l l y  r e a c h e s  l e v e l  i  —  1  a n d  t h e  s t a t e  i t  

e n t e r s  i s  ( z  —  1 , k ) ,  g i v e n  t h e  c h a i n  s t a r t s  i n  s t a t e  ( z ,  j ) .  S i m i l a r l y ,  c o n d i t i o n i n g  o n  t h e  

l a s t  t r a n s i t i o n  b e f o r e  v i s i t i n g  ( z  +  1 ,  f c ) ,  o n e  c a n  s e e  t h a t  t h e  e n t r y  R ( j ,  k )  r e p r e s e n t s  

t h e  m e a n  n u m b e r  o f  v i s i t s  t o  s t a t e  ( z  +  1 ,  k )  u n t i l  i t  f i r s t  e n t e r s  l e v e l  z  a g a i n ,  g i v e n  

t h a t  t h e  c h a i n  s t a r t s  i n  s t a t e  ( i ,  j ) .  L e t  J  b e  g i v e n  b y :

J  =  L +  FG

T h e n  J ( j ,  k )  r e p r e s e n t s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  t h e  c h a i n  e n t e r s  l e v e l  z  a g a i n  

b e f o r e  e n t e r i n g  l e v e l  z  —  1 ,  a n d  t h a t  t h e  s t a t e  i t  e n t e r s  i s  ( z ,  k ) ,  g i v e n  t h e  c h a i n  s t a r t s  

i n  s t a t e  ( z ,  j ) .  W e  c a n  n o w  w r i t e  t h e  d i f f e r e n t i a l  c o s t  o f  s o m e  s t a t e  ( z ,  j )  f o r  z  >  2  a s

h ( i , j )  =  c ( z ,  j ) r ( z ,  j )  - 7 r ( z , j )  +  ] T # ( j ,  k ) h ( i  -  1 , k )  +  J ]  J ( j ,  k ) h ( i ,  k )
k k

OO
+  E E  R m { j ,  k )  [ c ( z  +  m ,  k ) r ( i  +  m , k )  —  7 t ( z  +  m ,  k ) ]

m =  1 k

o r ,

OO
h ;  —  d i a g ( T i ) c i  7 •T'i “ I-  B l c i i —i  -I-  < / h ?; -1- 'y ]  R  ( d i c i g ( T i ^ . rn) c i ^ rri 7 . . .  z  ^  2

m = l

( 4 . 3 3 )

w h e r e  c ^  i s  t h e  c o l u m n  v e c t o r  o f  c o s t  p e r  u n i t  o f  t i m e  f o r  s t a t e s  i n  l e v e l  z ,  a n d  i s  

t h e  c o l u m n  v e c t o r  o f  m e a n  r e s i d e n c e  t i m e  f o r  s t a t e s  i n  l e v e l  z .  T h u s ,

00 \

d i a g ( T i ) c i  -  7 r *  +  B h {- i  +  ^  R m ( d i a g ( r i + m ) C i + m

m — 1 J

T h u s ,  w e  c a n  e x p r e s s  h 2  i n  t e r m s  o f  h i  a n d  s o l v e  f o r  h 0  a n d  h i .  W e  c a n  t h e n  o b t a i n  

s u b s e q u e n t  c o s t  v e c t o r s  a s  n e e d e d  w h i l e  p e r f o r m i n g  t h e  p o l i c y  i m p r o v e m e n t  s t e p .

W e  n o w  a d d r e s s  t h e  p r o b l e m  o f  e v a l u a t i n g  a  d y n a m i c  M P L  c o n t r o l  p o l i c y ,  7r .  L e t  

K +  d e n o t e  t h e  m a x i m u m  M P L  u s e d  b y  p o l i c y  n  a n d  l e t  Q *  d e n o t e  t h e  q u e u e  l e n g t h  

b e y o n d  w h i c h  p o l i c y  n u s e s  t h e  M P L  K* ( s e e  F i g u r e  4 . 6 ) .  F o r  c o m p u t a t i o n a l  r e a s o n s  

w e  r e s t r i c t  Q *  t o  b e  a t  m o s t  5 0 .  A s  s t a t e d  e a r l i e r ,  i n  o u r  c a s e ,  t h e  m a t r i x  B  i s  o f  

r a n k  1 .  S p e c i f i c a l l y ,  w e  c a n  w r i t e  B  =  v  ■ a ,  w h e r e  v  — e x ( t h e  c o l u m n  v e c t o r  w i t h

Let G be the  solution to  the  following equation:

h i  =  ( /  -  J ) - 1 (
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f i r s t  e n t r y  1 ,  a n d  r e s t  0 ) ,  a n d  a  =  [(1 —  q )  q  0  . . .  0 ] .  T h e r e f o r e ,  i n  o u r  c a s e  t h e  

m a t r i c e s  G  a n d  R  h a v e  a n  e x p l i c i t  s o l u t i o n  [ 1 2 5 ] :

G  =  e ■ a

R  =  F(I — L  — Fea)~l

w h e r e  e i s  t h e  c o l u m n  v e c t o r  o f  a l l  I s .

D e n o t e  b y  S i  t h e  s t a t e  v e c t o r  f o r  l e v e l  i ,  i  >  1  :

( Q *  +  i - 1 , ^ - 1 , ? )

( Q *  +  z  —  1 ,  K * )
Si —

w i t h  t h e  c o s t  a n d  m e a n  r e s i d e n c e  t i m e  v e c t o r s  g i v e n  b y  c *  =  ( Q *  +  i  — 1 )  • e +  K  a n d

0 '  K *  -  1  '

1

A + q -n (K * )
=  r , K

K *

1
L  A + q - v ( K + )  J

K +

W e  c a n  t h u s  s i m p l i f y  ( 4 . 3 3 )  t o :

oo

h . ;  =  d i a g ( r ) c i  - 7 r  +  B h * _ i  +  J h ?: +  J ]  R m ( d i a g { r ) c i + m  -  7 r )

m =  1

( /  -  R ) - 1 ( ( Q *  +  i  -  2  -  7 ) . r  +  d i a g ( T )  • K )  +  ( ( /  -  i ? ) “ 1 ) '

or,

h j  =  ( /  —  J )  1 j - B h i - i  +  ( I  -  R )  1 { { Q * +  i - 2  -  y ) . T  +  d i a g ( r ) K )  +  ( ( I  -  R )  r

(4.34)

T h u s ,  t h e  s o l u t i o n  o f  o u r  s y s t e m  i s  g i v e n  b y  t h e  f o l l o w i n g  s y s t e m  o f  l i n e a r  e q u a t i o n s  

f o r  h 0 , h i ,  7 :

h 0  =  d i a g ( r 0 ) c 0 -  77*0 +  L o h o  +  F 0 h i  

h i  =  d i a g ( r ) c i  — 7  r  +  i ? o h o  +  L h i  4 -  F  h .2

=  d i a g { r ) c \  — 7 ( I  +  F ( I  — J )  l ( I  — R )  l ) r  +  - B 0h 0

(4.35)
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+ (L +  F( I  -  J r 'B J h !  +  F( I  -  J ) - 1 { [(/ -  R ) - 1 (Q \ t  

+ d i a g ( T ) K )  +  ( { I  —  i i ) - 1 )  r  |  ( 4 . 3 6 )

a n d  t h e  a d d i t i o n a l  c o n s t r a i n t  h ( 0 ,  0 )  =  0 .

I n  t h e  m e t h o d  o f  p o l i c y  i t e r a t i o n ,  t h e  p o l i c y  e v a l u a t i o n  a n d  p o l i c y  i m p r o v e m e n t  s t e p s  

a r e  r e p e a t e d  u n t i l  t w o  p o l i c i e s  w i t h  t h e  s a m e  c o s t  a r e  o b t a i n e d .  I n  t h e  e x p e r i m e n t s  

p r e s e n t e d  i n  t h i s  p a p e r ,  w e  s t o p p e d  w h e n  t h e  r e l a t i v e  i m p r o v e m e n t  b e t w e e n  c o n s e c 

u t i v e  p o l i c i e s  w a s  b e l o w  0 . 0 1 % ,  w h i c h  t o o k  a t  m o s t  7  i t e r a t i o n s  i n  e a c h  c a s e  ( l e s s  

t h a n  3 0  s e c o n d s  o n  a  3 . 2  G H z  P e n t i u m  4  C P U  w i t h  1  G B  o f  m e m o r y ) .
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C h a p t e r  5

Load Balancing for Webserver 
Farms: Analysis of 
Join-the-Shortest-Queue Policy for 
PS servers

L o a d  b a l a n c e r s  a r e  t h e  m o s t  c r i t i c a l  c o m p o n e n t  o f  m u l t i - s e r v e r  s y s t e m s :  W h i c h  s e r v e r  

f r o m  a m o n g  t h e  h u n d r e d s  i n  a  d a t a  c e n t e r  s h o u l d  b e  a s s i g n e d  a  p a r t i c u l a r  t a s k ?  H o w  

m u c h  i n f o r m a t i o n  a b o u t  t h e  s t a t e  o f  e a c h  s e r v e r  n e e d s  t o  b e  c o l l e c t e d  b e f o r e  s u c h  

d e c i s i o n s  c a n  b e  t a k e n  w i t h  c o n f i d e n c e ?  J o i n - t h e - S h o r t e s t - Q u e u e  ( J S Q )  i s  o n e  o f  t h e  

m o s t  p o p u l a r  l o a d  b a l a n c i n g  h e u r i s t i c s ,  b u t  u n t i l  n o w  a l l  a n a l y s i s  a n d  o p t i m a l i t y  

r e s u l t s  o f  J S Q  h a v e  b e e n  l i m i t e d  t o  F i r s t - C o m e - F i r s t - S e r v e  ( F C F S )  s e r v e r  f a r m s ,  

w h e r e a s  i t  i s  k n o w n  t h a t  w e b  s e r v e r s  a r e  b e t t e r  m o d e l e d  b y  t h e  P r o c e s s o r  S h a r i n g  

( P S )  s c h e d u l i n g  d i s c i p l i n e .  W e  p r o v i d e  t h e  f i r s t  a p p r o x i m a t e  a n a l y s i s  o f  J S Q  i n  t h e  

P S  s e r v e r  f a r m  m o d e l  f o r  g e n e r a l  j o b  s i z e  d i s t r i b u t i o n s ,  o b t a i n i n g  t h e  d i s t r i b u t i o n  o f  

q u e u e  l e n g t h  a t  e a c h  q u e u e .  W e  a l s o  d i s c o v e r  i n t e r e s t i n g  i n s e n s i t i v i t y  p r o p e r t i e s  f o r  

P S  s e r v e r  f a r m s  w i t h  J S Q  l o a d  b a l a n c i n g ,  a n d  d i s c u s s  t h e  n e a r - o p t i m a l i t y  o f  J S Q .  

F i n a l l y ,  w e  p r o p o s e  a  n o v e l  m a n y - s e r v e r  h e a v y - t r a f f i c  r e g i m e  t o  s t u d y  l o a d  b a l a n c i n g  

p o l i c i e s .  W e  u s e  t h e  p r o p o s e d  m a n y - s e r v e r s  s c a l i n g  t o  p r e s e n t  a  n e w  c l o s e d - f o r m  

a p p r o x i m a t i o n  f o r  t h e  j o i n t  d i s t r i b u t i o n  o f  q u e u e  l e n g t h s  u n d e r  E x p o n e n t i a l  s e r v i c e  

d i s t r i b u t i o n .  T h e  a n a l y s i s  o f  t h e  m a n y - s e r v e r s  s c a l i n g  l e a d s  t o  m a n y  u s e f u l  i n s i g h t s  

i n t o  t h e  b e h a v i o r  o f  J S Q ,  i n c l u d i n g  t h e  f i r s t  a p p r o x i m a t i o n  f o r  t h e  d i s t r i b u t i o n  o f  r e 

s p o n s e  t i m e .  F i n a l l y ,  w e  u s e  t h e  p r o p o s e d  s c a l i n g  t o  a n a l y t i c a l l y  s t u d y  l o a d  b a l a n c i n g  

p o l i c i e s  f o r  t h e  c a s e  w h e r e  s e r v e r  s p e e d s  a r e  h e t e r o g e n e o u s .
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5.1 Introduction
I n  t h i s  c h a p t e r ,  w e  a r e  m o t i v a t e d  b y  w e b  s e r v e r  f a r m  a r c h i t e c t u r e s  s e r v i n g  s t a t i c  

r e q u e s t s .  R e q u e s t s  f o r  f i l e s  ( o r  H T T P  p a g e s )  a r r i v e  a t  a  f r o n t - e n d  d i s p a t c h e r ,  w h i c h  

i m m e d i a t e l y  r o u t e s  t h e  r e q u e s t  t o  o n e  o f  t h e  s e r v e r s  i n  t h e  f a r m  f o r  p r o c e s s i n g  u s i n g  a  

l o a d  b a l a n c i n g  o r  t a s k  a s s i g n m e n t  p o l i c y .  I t  i s  i m p o r t a n t  t h a t  t h e  d i s p a t c h e r  n o t  h o l d  

b a c k  t h e  a r r i v i n g  c o n n e c t i o n  r e q u e s t ,  o r  t h e  c l i e n t  w i l l  t i m e  o u t  a n d  p o s s i b l y  s u b m i t  

m o r e  r e q u e s t s .  T h e  b o t t l e n e c k  r e s o u r c e  a t  a  w e b  s e r v e r  i s  o f t e n  t h e  u p l i n k  b a n d w i d t h .  

T h i s  b a n d w i d t h  i s  s h a r e d  b y  a l l  f i l e s  r e q u e s t e d  i n  a  r o u n d - r o b i n  m a n n e r  w i t h  a  s m a l l  

g r a n u l a r i t y ,  w h i c h  i s  w e l l - m o d e l e d  b y  t h e  i d e a l i z e d  p r o c e s s o r  s h a r i n g  ( P S )  s c h e d u l i n g  

p o l i c y  [ 7 5 ] .  W e  a r e  t h u s  i n t e r e s t e d  i n  a  P S  s e r v e r  f a r m  w i t h  i m m e d i a t e  d i s p a t c h .  

T i m e  s h a r i n g  s e r v e r s  a r e  b e n e f i c i a l  i n  t h a t  t h e y  a l l o w  “ s h o r t  j o b s ”  t o  g e t  p r o c e s s e d  

q u i c k l y  w i t h o u t  b e i n g  s t u c k  w a i t i n g  b e h i n d  l o n g  j o b s ,  a n d  a r e  t h u s  ‘ f a i r ’ . T h i s  i s  

p a r t i c u l a r l y  i m p o r t a n t ,  s i n c e  m e a s u r e m e n t s  h a v e  s h o w n  t h a t  r e q u e s t e d  f i l e s  s i z e s ,  a n d  

t h e  a s s o c i a t e d  s e r v i c e  r e q u i r e m e n t s ,  a r e  h i g h l y  v a r i a b l e ,  ( e . g . ,  h e a v y - t a i l e d  [ 2 1 ,  4 2 ] )

Poisson arrivals 

(rate À, )

JSQ
Dispatcher

Front-end servers 
(Processor sharing)

F i g u r e  5 . 1 :  S e r v e r  f a r m  w i t h  f r o n t - e n d  d i s p a t c h e r  a n d  K  i d e n t i c a l  p r o c e s s o r  s h a r i n g  

b a c k - e n d  s e r v e r s .

J o i n - t h e - S h o r t e s t - Q u e u e  ( J S Q )  p o l i c y  i s  t h e  m o s t  p o p u l a r  l o a d  b a l a n c i n g  h e u r i s t i c  

u s e d  i n  P S  s e r v e r  f a r m s  t o d a y ;  e . g . ,  i t  i s  u s e d  i n  C i s c o  L o c a l  D i r e c t o r ,  I B M  N e t w o r k  

D i s p a t c h e r ,  M i c r o s o f t  S h a r e p o i n t  a n d  F 5  L a b s  B I G / I P .  U n d e r  J S Q ,  a n  i n c o m i n g
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r e q u e s t  i s  r o u t e d  t o  t h e  s e r v e r  w i t h  t h e  l e a s t  n u m b e r  o f  u n f i n i s h e d  r e q u e s t s .  T h u s ,  

J S Q  s t r i v e s  t o  b a l a n c e  l o a d  a c r o s s  t h e  s e r v e r s ,  r e d u c i n g  t h e  p r o b a b i l i t y  o f  o n e  s e r v e r  

h a v i n g  s e v e r a l  j o b s  w h i l e  a n o t h e r  s e r v e r  s i t s  i d l e .  F r o m  t h e  p o i n t  o f  v i e w  o f  a  n e w  

a r r i v a l ,  i t  i s  a  g r e e d y  p o l i c y  f o r  t h e  c a s e  o f  P S  s e r v e r s ,  b e c a u s e  t h e  a r r i v a l  w o u l d  p r e f e r  

s h a r i n g  a  s e r v e r  w i t h  a s  f e w  j o b s  a s  p o s s i b l e .  W e  r e f e r  t o  a  P S  s e r v e r  f a r m  w i t h  J S Q  

r o u t i n g  a s  a  J S Q / P S  s e r v e r  f a r m .

M odel and Notation

W e  m o d e l  t h e  a r r i v a l  p r o c e s s  o f  j o b s  a s  a  s t a t i o n a r y  P o i s s o n  p r o c e s s .  W e  a s s u m e  t h a t  

t h e r e  i s  a  s i n g l e  d i s p a t c h e r  ( r o u t e r )  a n d  K  i d e n t i c a l  P S  s e r v e r s ,  e a c h  w i t h  u n l i m i t e d  

w a i t i n g  s p a c e ,  a s  d e p i c t e d  i n  F i g u r e  5 . 1 .  W e  a s s u m e  t h a t  d i s p a t c h i n g  i s  i m m e d i a t e  

u s i n g  t h e  J S Q  p o l i c y .  T i e s  a r e  b r o k e n  b y  r a n d o m l y  c h o o s i n g  ( w i t h  e q u a l  p r o b a b i l 

i t i e s )  a m o n g  t h e  s e r v e r s  w i t h  t h e  f e w e s t  j o b s .  N o  j o c k e y i n g  i s  a l l o w e d  b e t w e e n  t h e  

s e r v e r s  ( o n c e  a  j o b  i s  d i s p a t c h e d  t o  a  s e r v e r ,  i t  s t a y s  t h e r e  u n t i l  c o m p l e t i o n ) .

C o n s e q u e n t l y ,  t h e  J S Q / P S  s e r v e r  f a r m  a c t s  a s  a n  M / G / K / J S Q / P S  q u e u e i n g  m o d e l ,  

w i t h  J S Q  d e n o t i n g  t h e  p o l i c y  u s e d  t o  a s s i g n  a r r i v a l s  t o  t h e  s e r v e r s  a n d  P S  d e n o t i n g  

t h e  s c h e d u l i n g  r u l e  ( s e r v i c e  d i s c i p l i n e )  u s e d  b y  e a c h  s e r v e r .  J o b s  a r r i v e  a s  a  P o i s s o n  

s t r e a m  w i t h  r a t e  A  a n d  a r e  d i s p a t c h e d  i m m e d i a t e l y  t o  o n e  o f  t h e  K  s e r v e r s  w i t h  t h e  

f e w e s t  j o b s .  F o r  m o s t  o f  t h e  c h a p t e r ,  w e  w i l l  a s s u m e  t h a t  t h e  s e r v e r s  a r e  i d e n t i c a l  

w i t h  s p e e d  ¡ i .  T h e  s e r v i c e  r e q u i r e m e n t s  a r e  d r a w n  i n d e p e n d e n t l y  f r o m  a  g e n e r a l  

d i s t r i b u t i o n  w i t h  m e a n  1 ( t h e  G) a n d  s e r v i c e  i s  p e r f o r m e d  a t  e a c h  s e r v e r  a c c o r d i n g  

t o  P S .  W e  d e f i n e  t h e  l o a d  o f  t h i s  s y s t e m ,  p ,  a s  t h e  p e r - s e r v e r  l o a d  p =  A / (Kp)  ( u n l i k e  

p r e v i o u s  c h a p t e r s ) .  W e  s o m e t i m e s  u s e  t h e  e x t r a  n o t a t i o n  M(X)/G(p) /  K  / J S Q / P S  

t o  d e n o t e  t h a t  t h e  a r r i v a l  r a t e  i s  A  a n d  t h e  s e r v e r ’ s  s p e e d  i s  ¡ i .  W e  w i l l  u s e  N  t o  

d e n o t e  t h e  r a n d o m  v a r i a b l e  f o r  t h e  n u m b e r  o f  j o b s  a t  a  s i n g l e  P S  q u e u e  i n  t h e  s e r v e r  

f a r m .

Summary of Results

D e s p i t e  t h e  u b i q u i t y  o f  J S Q / P S  s e r v e r  f a r m s ,  a n a l y t i c a l  r e s u l t s  o n  t h e  p e r f o r m a n c e  

o f  J S Q  i n  t h i s  s e t t i n g  a r e  v e r y  l i m i t e d .  T h e  e x i s t i n g  a n a l y s i s  o n  J S Q  i n v o l v e s  F i r s t -  

C o m e - F i r s t - S e r v e  ( F C F S )  s e r v e r  f a r m s ,  w h e r e  t h e  s e r v e r s  e m p l o y  F C F S  s c h e d u l i n g .  

W i t h i n  t h e  J S Q / F C F S  s e t t i n g ,  a l m o s t  a l l  a n a l y s i s  i s  r e s t r i c t e d  t o  2  s e r v e r s ,  o f t e n  

w i t h  e x p o n e n t i a l l y - d i s t r i b u t e d  j o b  s i z e s .  F o r  m o r e  t h a n  2  s e r v e r s ,  w h i l e  s o m e  v e r y  

a p p e a l i n g  a p p r o x i m a t i o n s  e x i s t ,  t h e  a c c u r a c y  o f  t h o s e  a p p r o x i m a t i o n s  d e c r e a s e s  a s  

t h e  n u m b e r  o f  s e r v e r s  i s  i n c r e a s e d  o r  a s  t h e  j o b - s i z e  d i s t r i b u t i o n  b e c o m e s  m o r e  v a r i 

a b l e .  P r i o r  w o r k  i s  d e t a i l e d  i n  S e c t i o n  5 . 2 .
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I n  t h i s  c h a p t e r  w e  p r o v i d e  t h e  f i r s t  a n a l y s i s  o f  t h e  J S Q / P S  m o d e l .  I n  p a r t i c u l a r ,  w e  

p r o v i d e  a  w a y  t o  a p p r o x i m a t e  t h e  s t e a d y - s t a t e  d i s t r i b u t i o n  o f  q u e u e - l e n g t h  ( n u m b e r  

o f  j o b s  i n  t h e  s y s t e m )  a t  a  s e r v e r ,  w h i c h  a l s o  y i e l d s  t h e  m e a n  r e s p o n s e  t i m e  v i a  

L i t t l e ’ s  L a w .  W h i l e  o u r  a n a l y s i s  i s  a p p r o x i m a t e ,  t h e  a c c u r a c y  o f  o u r  a p p r o x i m a t i o n  

i s  e x t r e m e l y  g o o d :  <  3 %  e r r o r  f o r  m e a n  r e s p o n s e  t i m e  a n d  o n l y  s l i g h t l y  m o r e  f o r  

t h e  s e c o n d  m o m e n t  o f  q u e u e  l e n g t h .  M o r e  i m p o r t a n t l y ,  t h e  e r r o r  d o e s  n o t  s e e m  

t o  i n c r e a s e  b e y o n d  3 %  w i t h  i n c r e a s e d  n u m b e r s  o f  s e r v e r s ,  o r  w i t h  a n  i n c r e a s e  i n  

j o b - s i z e  v a r i a b i l i t y .  W e  c o m p l i m e n t  t h i s  a p p r o x i m a t i o n  w i t h  a s y m p t o t i c  a n a l y s i s  o f  

t h e  s t a t i o n a r y  j o i n t  d i s t r i b u t i o n  o f  q u e u e  l e n g t h s  a t  t h e  s e r v e r s ,  a n d  t h e  s t a t i o n a r y  

d i s t r i b u t i o n  o f  r e s p o n s e  t i m e  f o r  E x p o n e n t i a l  s e r v i c e  d i s t r i b u t i o n  u n d e r  a  n o v e l  m a n y -  

s e r v e r s  h e a v y - t r a f f i c  l i m i t .

1 .  B o u n d e d - S e n s i t i v i t y

W e  b e g i n  b y  i n v e s t i g a t i n g  t h e  s e n s i t i v i t y  o f  t h e  M / G / K /  J S Q / P S  m o d e l  t o  t h e  v a r i 

a b i l i t y  o f  t h e  s e r v i c e  d i s t r i b u t i o n  i n  S e c t i o n  5 . 3 .  I n  T h e o r e m  5 . 1  w e  p r o v e  t h a t  f o r  

t h e  d e g e n e r a t e  h y p e r e x p o n e n t i a l  ( H s e r v i c e  d i s t r i b u t i o n ,  t h e  j o i n t  d i s t r i b u t i o n  o f  

t h e  n u m b e r  o f  j o b s  a t  t h e  s e r v e r s  ( a n d  h e n c e  t h e  m e a n  r e s p o n s e  t i m e )  d e p e n d s  o n  

t h e  s e r v i c e  d i s t r i b u t i o n  o n l y  t h r o u g h  i t s  m e a n .  W e  t h e n  p e r f o r m  n u m e r i c a l  e x p e r 

i m e n t s  i n  t h e  l i g h t - t r a f f i c  r e g i m e  w i t h  t h e  m o r e  b r o a d  c l a s s  o f  H 2 s e r v i c e  d i s t r i 

b u t i o n ,  a n d  o b s e r v e  a n  i n t e r e s t i n g  b o u n d e d - s e n s i t i v i t y  p h e n o m e n o n .  T o  e x a m i n e  

o t h e r  j o b - s i z e  d i s t r i b u t i o n s ,  w e  r e s o r t  t o  e x t e n s i v e  s i m u l a t i o n s  o f  a  w i d e  c l a s s  o f  d i s 

t r i b u t i o n s ,  i n c l u d i n g  h y p e r e x p o n e n t i a l  d i s t r i b u t i o n s ,  E r l a n g  d i s t r i b u t i o n s ,  W e i b u l l  

d i s t r i b u t i o n s ,  t h e  d e t e r m i n i s t i c  d i s t r i b u t i o n  a n d  b i m o d a l  d i s t r i b u t i o n s  ( m i x t u r e  o f  

t w o  p o i n t  m a s s e s ) ,  w h i c h  f u r t h e r  l e n d  s u p p o r t  t o  t h e  b o u n d e d - s e n s i t i v i t y  h y p o t h e s i s .  

T h u s  w e  h a v e :

M / G / K /  J S Q / P S  «  M / M / K /  J S Q / P S

w h e r e  t h e  a p p r o x i m a t i o n  i s  q u i t e  c l o s e  f o r  a t  l e a s t  t h e  f i r s t  t w o  m o m e n t s  o f  q u e u e  

l e n g t h .

2 . S i n g l e  Q u e u e  A p p r o x i m a t i o n  f o r  M / M / K / J S Q / P S

B a s e d  o n  t h e  r e s u l t s  a n d  o b s e r v a t i o n s  o f  S e c t i o n  5 . 3 ,  w e  t u r n  f o c u s  o n  a n a l y z i n g  t h e  

M / M / K / J S Q / P S  m o d e l .  W e  a c c o m p l i s h  t h i s  g o a l  i n  w h a t  w e  b e l i e v e  i s  a n  i n t e r 

e s t i n g  i n n o v a t i v e  w a y .  I n  S e c t i o n  5 . 4  w e  i n t r o d u c e  a  n e w  a p p r o x i m a t i o n  t e c h n i q u e  

f o r  s e r v e r  f a r m s ,  w h i c h  w e  c a l l  t h e  s i n g l e - q u e u e  a p p r o x i m a t i o n  ( S Q A ) .  T h e  k e y  i d e a  

b e h i n d  S Q A  i s  t h e  f o l l o w i n g :  I n s t e a d  o f  a n a l y z i n g  t h e  e n t i r e  m u l t i - s e r v e r  m o d e l ,  w e  

j u s t  c o n c e n t r a t e  o n  a  s i n g l e  q u e u e  i n  t h e  s e r v e r  f a r m ,  s a y  q u e u e  Q ,  a n d  m o d e l  i t s  

b e h a v i o r  i n d e p e n d e n t l y  o f  a l l  t h e  o t h e r  q u e u e s .  T o  c a p t u r e  t h e  e f f e c t  o f  t h e  o t h e r  

q u e u e s ,  w i t h o u t  d i r e c t l y  c o n s i d e r i n g  t h e m ,  w e  m o d e l  t h e  a r r i v a l  p r o c e s s  i n t o  q u e u e  

Q  b y  a  s t o c h a s t i c  p o i n t  p r o c e s s  w i t h  s t a t e  d e p e n d e n t  r a t e s .  I n  p a r t i c u l a r ,  w e  a s s u m e  

t h a t  t h e  a r r i v a l  p r o c e s s  i n t o  q u e u e  Q  h a s  s t o c h a s t i c  i n t e n s i t y  A ( N q ( £ ) ) ,  w h e r e  N q ( £ )  

i s  t h e  q u e u e  l e n g t h  o f  Q  a t  t i m e  t  a n d  A ( n )  i s  t h e  l o n g - r u n  a r r i v a l  r a t e  w h e n  Q  h a s
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F i g u r e  5 . 2 :  A  p i c t o r i a l  v i e w  o f  s o m e  r e s u l t s  i n  t h e  c h a p t e r .

n  c u s t o m e r s  i n  t h e  o r i g i n a l  m u l t i - s e r v e r  m o d e l .

T o  d e t e r m i n e  t h e  A ( n ) ’ s ,  w e  b e g i n  w i t h  e x t e n s i v e  s i m u l a t i o n  e x p e r i m e n t s ,  a n d  f i n d  

s t u n n i n g  r e g u l a r i t y  i n  t h e  r e s u l t s :  A ( n )  «  ¡ i p K  f o r  a l l  n  >  3 .  W e  s u p p o r t  t h e  

o b s e r v a t i o n  b y  T h e o r e m  5 . 3  w h i c h  p r o v e s  t h a t

A  ( n )

f t
P
K

a s  n OO

i n  t h e  c a s e  w h e r e  K  =  2 ,  a n d  p r o v i d e  f u r t h e r  s u p p o r t  i n  S e c t i o n  5 . 6  w h e r e  w e  

p r o v e  t h a t  u n d e r  a  s u i t a b l e  ( i n  f a c t  t h e  o n l y  n o n - d e g e n e r a t e )  m a n y - s e r v e r s  s c a l i n g ,  

A ( n )  —  ¡ i p K  f o r  n  >  3 .  I t  i s  t h i s  c r i t i c a l  o b s e r v a t i o n  t h a t  l e n d s  S Q A  i t s  t r a c t a b i l i t y  f o r  

t h e  J S Q - P S  m o d e l ,  l e a v i n g  o n l y  t h r e e  p a r a m e t e r s  t o  b e  d e t e r m i n e d :  A ( 0 ) ,  A ( l )  a n d  

A ( 2 ) ,  w h i c h  w e  d e t e r m i n e  u s i n g  a  c o m b i n a t i o n  o f  a n a l y s i s  a n d  s i m u l a t i o n ,  o b t a i n i n g  

c l o s e d - f o r m  e x p r e s s i o n s  f o r  a l l  t h e  c o n d i t i o n a l  a r r i v a l  r a t e s  a s  f u n c t i o n s  o f  A ,  f i  a n d  

K .

F i g u r e  5 . 2  p i c t o r i a l l y  s u m m a r i z e s  s o m e  o f  t h e  r e s u l t s  i n  t h i s  c h a p t e r .  I t  i s  i m p o r 

t a n t  t o  n o t e  t h a t  o n c e  w e  k n o w  t h a t :  M / G / K / J S Q / P S  ~  M / M / K / J S Q / P S  =  

M / M / K f  J S Q / F C F S , w e  c a n  a p p l y  o t h e r  m e t h o d s  i n  t h e  l i t e r a t u r e  t o  s o l v e  t h e  

M / M / K / J S Q / F C F S  a s  w e l l ,  e . g .  B l a n c  [ 2 7 ] ,  N e l s o n  a n d  P h i l i p s  [ 1 1 7 ] ,  L i n  a n d  

R a g h a v e n d r a  [ 1 1 0 ] .

3 .  N e a r - o p t i m a l i t y  o f  J S Q  f o r  M / G / K /  • / P S  

I n  S e c t i o n  5 . 5 ,  w e  a d d r e s s  t h e  q u e s t i o n :

A r e  t h e r e  s m a r t  l o a d  b a l a n c i n g  p o l i c i e s  t h a t  s u b s t a n t i a l l y  o u t p e r f o r m  J S Q ?
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T h e r e  c e r t a i n l y  e x i s t  s a m p l e  p a t h s  w h e r e  J S Q  c a n  y i e l d  m e a n  r e s p o n s e  t i m e  t w i c e  a s  

m u c h  a s  t h e  o p t i m a l  e v e n  f o r  d e t e r m i n i s t i c  j o b  s i z e s .  H o w e v e r ,  f o r  t h e  M / G / K /  • / P S  

m o d e l ,  w e  f i n d  v i a  s i m u l a t i o n s  t h a t  J S Q  i s  i m p r e s s i v e l y  c l o s e  t o  o p t i m a l ,  d e s p i t e  u s i n g  

f a r  l e s s  i n f o r m a t i o n  a b o u t  s y s t e m  s t a t e  t h a n  t h e  o t h e r  r o u t i n g  p o l i c i e s  a g a i n s t  w h i c h  

i t  i s  c o m p a r e d .

4 .  M a n y - s e r v e r  a s y m p t o t i c s ,  a n d  l o a d  b a l a n c i n g  w i t h  h e t e r o g e n e o u s  s e r v e r s

I n  S e c t i o n  5 . 6 ,  w e  f i l l  t h e  g a p  l e f t  b y  l a c k  o f  e x a c t  a n a l y s i s  f o r  t h e  M / M / K / J S Q / P S  

m o d e l  b y  i n t r o d u c i n g  a  m a n y - s e r v e r  “ h e a v y - t r a f f i c ”  s c a l i n g ,  a n d  p r e s e n t i n g  t h e  s t a 

t i o n a r y  a n a l y s i s  u n d e r  t h e  p r o p o s e d  s c a l i n g .  T h e  s c a l i n g  i s  o b t a i n e d  b y  l e t t i n g  t h e  

n u m b e r  o f  s e r v e r s  K  — *  o o ,  w h i l e  s i m u l t a n e o u s l y  i n c r e a s i n g  t h e  a r r i v a l  r a t e  s o  t h a t  

p K  c o n v e r g e s  t o  a  p o s i t i v e  c o n s t a n t  0  <  6  <  1 . E q u i v a l e n t l y  K / i  — A  c o n v e r g e s  t o  a  

c o n s t a n t .  T h e  i n t u i t i o n  i s  t h a t  u n d e r  t h e  p r o p o s e d  s c a l i n g ,  t h e  m a r g i n a l  q u e u e  l e n g t h  

d i s t r i b u t i o n  a t  a  s i n g l e  s e r v e r  c o n v e r g e s  t o  a  l i m i t ,  a n d  i s  t h e  o n l y  s c a l i n g  w h e r e  t h e  

r e s p o n s e  t i m e  c o n v e r g e s  t o  a  n o n - d e g e n e r a t e  l i m i t  i n  d i s t r i b u t i o n .

T h e  m a n y - s e r v e r  a n a l y s i s  c a n  b e  s e e n  a s  a  c o m p l e m e n t  t o  t h e  a p p r o x i m a t i o n  o f  

N e l s o n  a n d  P h i l i p s  [ 1 1 7 ]  a n d  B l a n c  [ 2 7 ]  w h i c h  a r e  t i g h t  w h e n  t r a f f i c  i s  l i g h t ,  a n d  a l s o  

t o  t h e  e x a c t  a n a l y s i s  o f  K  =  2  c a s e  b y  A d a n ,  W e s s e l s  a n d  Z i j m  [8 , 9 ] .  I n  a d d i t i o n ,  t h e  

a n a l y s i s  p r o v i d e s  u s e f u l  i n s i g h t s  i n t o  t h e  b e h a v i o r  o f  t h e  J S Q  l o a d  b a l a n c i n g  p o l i c y .  

W e  u s e  o u r  s c a l i n g  t o  p r o p o s e  t h e  f i r s t  a p p r o x i m a t i o n  f o r  t h e  d i s t r i b u t i o n  o f  

r e s p o n s e  t i m e  f o r  M / M / K / J S Q / P S  m o d e l .  T h e  a u t h o r  i s  c u r r e n t l y  w o r k i n g  

o n  a n  a n a l y s i s  f o r  g e n e r a l  s e r v i c e  d i s t r i b u t i o n  u n d e r  t h e  p r o p o s e d  s c a l i n g  t o  o b t a i n  

c l o s e d - f o r m  b o u n d e d - s e n s i t i v i t y  r e s u l t s .

F i n a l l y ,  w e  u t i l i z e  o u r  m a n y - s e r v e r  h e a v y - t r a f f i c  s c a l i n g  t o  a n a l y z e  o p t i m a l  r o u t i n g  

p o l i c i e s  f o r  t h e  M / M / K /  • / P S  m o d e l ,  a n d  p r o v e  t h a t ,  c o u n t e r  t o  i n t u i t i o n ,  J S Q  

r e m a i n s  o p t i m a l ,  w h i l e  t h e  g r e e d y  p o l i c y  w h i c h  s e n d s  t o  t h e  s e r v e r  w h e r e  t h e  a r r i v a l  

g e t s  s e r v e d  a t  t h e  m a x i m u m  r a t e  i s  f a r  f r o m  o p t i m a l .

5 . 2  P r i o r  W o r k

T h e r e  h a s  b e e n  n o  p r e v i o u s  m a t h e m a t i c a l  a n a l y s i s  o f  t h e  M / G / K / J S Q / P S  m o d e l .  

H o w e v e r ,  B o n o m i  [ 2 9 ]  c o n d u c t e d  a  s i m u l a t i o n  s t u d y  f o r  t h e  s p e c i a l  c a s e  o f  t w o  

s e r v e r s .  H e  s h o w e d  t h a t ,  a m o n g  a l l  p o l i c i e s  t h a t  b a s e  t h e i r  d e c i s i o n s  o n l y  o n  t h e  

q u e u e  l e n g t h s  a t  t h e  s e r v e r s ,  J S Q  m i n i m i z e s  t h e  m e a n  r e s p o n s e  t i m e  f o r  t h e  P S  

s c h e d u l i n g  r u l e  a n d  e x p o n e n t i a l  s e r v i c e  r e q u i r e m e n t s .  B o n o m i  a l s o  p r o p o s e d  p o l i c i e s  

t h a t  i m p r o v e  s l i g h t l y  u p o n  J S Q  ( 5 %  i m p r o v e m e n t ) ,  f o r  s o m e  g e n e r a l  j o b - s i z e  d i s t r i 

b u t i o n s ,  b y  e x p l o i t i n g  t h e  r e m a i n i n g  s e r v i c e  t i m e s  o f  j o b s .  H e  s h o w e d  v i a  s i m u l a t i o n  

t h a t  c o m m o n  l o a d - b a l a n c i n g  s c h e m e s  t h a t  p e r f o r m  w e l l  f o r  J S Q / F C F S  d o  n o t  p e r -
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f o r m  w e l l  f o r  J S Q / P S .  B o n o m i  o b s e r v e d  t h a t ,  w h i l e  L e a s t - W o r k - L e f t  ( L W L )  i s  g o o d  

f o r  F C F S ,  i t  i s  n o t  g o o d  f o r  P S .  H o w e v e r ,  w e  f i n d  t h a t  L W L  i s  n o t  a l w a y s  b a d ;  s e e  

F i g u r e  5 . 8 .

B y  c o n t r a s t ,  t h e r e  i s  a  l o t  o f  w o r k  o n  t h e  J S Q / F C F S  m o d e l  ( r e c a l l  t h a t  u n d e r  e x p o 

n e n t i a l  w o r k l o a d s ,  J S Q / F C F S  i s  e q u i v a l e n t  t o  J S Q / P S  w i t h  r e s p e c t  t o  t h e  s t a t i o n a r y  

q u e u e  l e n g t h  d i s t r i b u t i o n ) .  H o w e v e r ,  e v e n  t h e  M / M / K / J S Q / F C F S  m o d e l  r e m a i n s  

q u i t e  i n t r a c t a b l e .  S e v e r a l  a u t h o r s ,  i n c l u d i n g  K o o l e ,  S p a r a g g i s  a n d  T o w s l e y  [ 1 0 7 ] ,  

W i n s t o n  [ 1 5 7 ] ,  a n d  E p h r e m i d e s  e t  a l .  [ 5 4 ] ,  c o n s i d e r  t h e  o p t i m a l i t y  o f  J S Q  f o r  F C F S  

s e r v e r s  i n  c e r t a i n  c o n s t r a i n e d  s e t t i n g s  i n v o l v i n g  a  j o b - s i z e  d i s t r i b u t i o n  w i t h  n o n 

d e c r e a s i n g  l i k e l i h o o d  r a t i o  a n d  v a r i o u s  a s s u m p t i o n s  o n  n o t  k n o w i n g  j o b  s i z e s  a  p r i o r i .  

N o t e ,  h o w e v e r ,  t h a t  J S Q  i s  f a r  f r o m  o p t i m a l  f o r  F C F S  s e r v e r s  w i t h  h i g h l y - v a r i a b l e  

j o b  s i z e s  [ 4 1 ,  7 3 ] .

A l m o s t  a l l  p a p e r s  a n a l y z i n g  J S Q / F C F S  p e r f o r m a n c e  a r e  l i m i t e d  t o  2 s e r v e r s ,  a n  

e x p o n e n t i a l  j o b - s i z e  d i s t r i b u t i o n  a n d  t h e  m e a n  r e s p o n s e  t i m e  m e t r i c .  A m o n g  t h e  

c l a s s i c  p a p e r s  a r e  K i n g m a n  [ 9 7 ]  a n d  F l a t t o  a n d  M c K e a n  [ 5 8 ] .  T h e y  u s e  g e n e r a t i n g  

f u n c t i o n s  t o  d e r i v e  t h e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  q u e u e  l e n g t h s  a n d  e x p r e s s  

t h e  m e a n  r e s p o n s e  t i m e  a s  a n  i n f i n i t e  s u m ,  w h i c h  i n  p r a c t i c e  r e q u i r e s  t r u n c a t i o n  

t o  c o m p u t e .  W e s s e l s ,  A d a n ,  a n d  Z i j m  [ 8 ]  s h o w  t h a t  K i n g m a n ’ s  r e s u l t  c a n  b e  d e 

r i v e d  m o r e  i n t u i t i v e l y  v i a  t h e  c o m p e n s a t i o n  a p p r o a c h .  A p p r o x i m a t i o n s  f o r  t h e  m e a n  

r e s p o n s e  t i m e  h a v e  b e e n  o b t a i n e d  b y  s t a t e  s p a c e  t r u n c a t i o n  o f  t h e  M a r k o v  c h a i n  

[ 3 9 ,  6 4 ,  1 2 6 ] ,  a n d  L u i ,  M u n t z  a n d  T o w s l e y  o b t a i n  b o u n d s  f o r  J S Q  ( a n d  i t s  h e t e r o 

g e n e o u s  c o u n t e r p a r t ,  t h e  M i n i m u m  E x p e c t e d  R e s p o n s e  t i m e  p o l i c y )  b y  c o n s t r u c t i n g  

m o d e l s  w h i c h  u p p e r  o r  l o w e r  b o u n d  t h e  m e a n  r e s p o n s e  t i m e  u n d e r  J S Q  a n d  c a n  b e  

a n a l y z e d  n u m e r i c a l l y  [ 1 1 2 ] .  H e a v y  t r a f f i c  a p p r o x i m a t i o n s  f o r  J S Q / F C F S  a l s o  e x i s t  

a n d  a r e  e v a l u a t e d  i n  [ 5 9 ,  1 0 5 ] .  L a s t l y ,  B o x m a  a n d  C o h e n  [ 3 3 ]  o b t a i n  a  f u n c t i o n a l  

r e p r e s e n t a t i o n  f o r  t h e  m e a n  r e s p o n s e  t i m e  u s i n g  b o u n d a r y  v a l u e  a p p r o a c h .  T h e s e  

m e t h o d s  a r e  e x a c t .  H o w e v e r  t h e y  a r e  n o t  a l w a y s  c o m p u t a t i o n a l l y  e f f i c i e n t  a n d  d o  

n o t  g e n e r a l i z e  t o  h i g h e r  v a l u e s  o f  K .

F o r  a n a l y z i n g  t h e  m e a n  r e s p o n s e  t i m e  f o r  M / M / K / J S Q / F C F S  w i t h  K  >  2  s e r v e r s ,  

o n l y  a p p r o x i m a t i o n s  e x i s t .  N e l s o n  a n d  P h i l i p s  [ 1 1 7 ]  u s e  t h e  f o l l o w i n g  i d e a :  T h e y  

l o o k  a t  t h e  s t e a d y - s t a t e  p r o b a b i l i t y  o f  t h e  M / M / K / F C F S  q u e u e  ( w i t h  a  c e n t r a l  

q u e u e )  a s  a n  e s t i m a t e  f o r  t h e  t o t a l  n u m b e r  o f  j o b s  i n  t h e  J S Q / F C F S  s y s t e m ,  a n d  

t h e n  a s s u m e  t h a t  t h e  j o b s  i n  t h e  s y s t e m  a r e  d i v i d e d  e q u a l l y  ( w i t h i n  1 )  a m o n g  e a c h  

o f  t h e  q u e u e s .  L i n  a n d  R a g h a v e n d r a  [ 1 1 0 ]  f o l l o w  t h e  a p p r o a c h  o f  a p p r o x i m a t i n g  t h e  

n u m b e r  o f  b u s y  s e r v e r s  b y  a  b i n o m i a l  d i s t r i b u t i o n  a n d  t h e n  a l s o  a s s u m e  t h a t  t h e  j o b s  

a r e  e q u a l l y  d i v i d e d  a m o n g  e a c h  o f  t h e  q u e u e s  ( w i t h i n  1 ) .  T h e  N e l s o n  a n d  P h i l i p s  

d e m o n s t r a t e s  e r r o r  l e s s  t h a n  8 %  f o r  K  u p  t o  1 6  w i t h  e x p o n e n t i a l l y  d i s t r i b u t e d  j o b  

s i z e s  f o r  t h e  c a s e s  p r e s e n t e d  i n  t h e  p a p e r .  T h e y  a l s o  p r o v i d e  a n  e m p i r i c a l l y  o b t a i n e d  

c o r r e c t i o n  f a c t o r  w h i c h  d r o p s  t h e  e r r o r  t o  2 % .  H o w e v e r ,  w e  s h o w  t h a t  t h e  N e l s o n -
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P h i l i p s  a p p r o x i m a t i o n  c a n  o v e r e s t i m a t e  t h e  m e a n  r e s p o n s e  t i m e  b y  a s  m u c h  a s  a  

f a c t o r  o f  2 . L i n  a n d  R a g h a v e n d r a  m e t h o d  y i e l d s  l e s s  t h a n  3 . 5 %  e r r o r  f o r  K  u p  t o  

6 4  f o r  t h e  c a s e s  p r e s e n t e d .  B l a n c  [ 2 7 ]  p r e s e n t s  a  n u m e r i c a l  a p p r o x i m a t i o n  b a s e d  o n  

a  p o w e r - s e r i e s  e x p a n s i o n  o f  t h e  s t a t e  p r o b a b i l i t i e s  a s  f u n c t i o n s  o f  t h e  l o a d  o f  t h e  

s y s t e m .  B l a n c ’ s  a p p r o x i m a t i o n  p e r f o r m s  w e l l  w h e n  t h e  l o a d  o r  n u m b e r  o f  s e r v e r s  i s  

s m a l l .  T h e r e  a r e  a l s o  s o m e  n u m e r i c a l  m e t h o d s  p a p e r s  t h a t  d o n ’ t  l e a d  t o  a  c l o s e d -  

f o r m  s o l u t i o n ,  b u t  a r e  a c c u r a t e  a n d  c o m p u t a t i o n a l l y  e f f i c i e n t  f o r  n o t - t o o - l a r g e  K ,  

s e e  f o r  e x a m p l e  [ 6 , 1 0 , 112 ] .

R e c e n t l y  B r a m s o n  e t  a l .  [ 3 5 ]  h a v e  p r e s e n t e d  a s y m p t o t i c  a n a l y s i s  o f  ‘ J S Q - t y p e ’  d i s 

p a t c h i n g  s c h e m e s .  T h e y  c o n s i d e r  d i s p a t c h i n g  p o l i c i e s  o f  t h e  f o l l o w i n g  k i n d :  a n  a r r i v a l  

p i c k s  d  r a n d o m  s e r v e r s  o u t  o f  K , a n d  j o i n s  t h e  m o s t  f a v o r a b l e  ( s h o r t e s t  q u e u e ,  l e a s t  

w o r k )  a m o n g  t h e m .  T h e  a u t h o r s  c o n s i d e r  t h e  l i m i t  w h e r e  K  —> o o ,  a n d  t h e  a r r i v a l  

r a t e  i n c r e a s e s  a s  A  =  9  ■ K  ( 0  <  9  <  1 ) .  F o r  P S  s e r v e r s  w i t h  s h o r t e s t  q u e u e  c r i t e 

r i o n ,  t h e  a u t h o r s  a r e  a b l e  t o  s h o w  a n  i n s e n s i t i v i t y  r e s u l t : t h e  m e a n  r e s p o n s e  t i m e  

d e p e n d s  o n l y  o n  t h e  m e a n  o f  t h e  s e r v i c e  d i s t r i b u t i o n  a n d  n o t  o n  t h e  h i g h e r  o r d e r  

c h a r a c t e r i s t i c s .  I n t u i t i v e l y  o n e  e x p e c t s  s u c h  a  r e s u l t  t o  h o l d  b e c a u s e ,  a s  K  — > o o ,  t h e  

q u e u e s  b e c o m e  a s y m p t o t i c a l l y  i n d e p e n d e n t  o f  e a c h  o t h e r .  T h u s  t h e  a r r i v a l  p r o c e s s  

i n t o  a  p a r t i c u l a r  q u e u e  i s  a  s t a t e - d e p e n d e n t  P o i s s o n  p r o c e s s , a n d  i n s e n s i t i v i t y  o f  m e a n  

r e s p o n s e  t i m e  t o  h i g h e r  m o m e n t s  o f  t h e  s e r v i c e  d i s t r i b u t i o n  u n d e r  s u c h  a n  a r r i v a l  

p r o c e s s  i s  a  w e l l - k n o w n  r e s u l t .  P r e v i o u s l y ,  M i t z e n m a c h e r  [ 1 1 4 ]  h a d  c h a r a c t e r i z e d  t h e  

s t e a d y - s t a t e  j o i n t  q u e u e  l e n g t h  d i s t r i b u t i o n  u n d e r  t h e  s a m e  a s y m p t o t i c  s c a l i n g  a n d  

d i s p a t c h i n g  p o l i c y  f o r  e x p o n e n t i a l  s e r v i c e  d i s t r i b u t i o n s .  A t  t h e  o u t s e t ,  i t  i s  n o t  c l e a r  

i f  a n d  w h e n  s u c h  a n  i n s e n s i t i v i t y  r e s u l t  h o l d s  f o r  t h e  J S Q - P S  m o d e l  w e  c o n s i d e r .

T h e r e  h a s  a l s o  b e e n  a  l o t  o f  w o r k  i n v e s t i g a t i n g  t h e  o p t i m a l i t y  o f  r o u t i n g  p o l i c i e s  f o r  

h e t e r o g e n e o u s  s e r v e r s  u n d e r  E x p o n e n t i a l  s e r v i c e  d i s t r i b u t i o n .  N e l s o n  a n d  T o w s l e y  

[ 1 1 8 ]  p r o p o s e  a  p o l i c y ,  G r e e d y - T h r o u g h p u t ,  w h i c h  r o u t e s  j o b s  t o  s e r v e r s  s o  a s  t o  m a x 

i m i z e  t h e  n u m b e r  o f  d e p a r t u r e s  b e f o r e  t h e  n e x t  a r r i v a l ,  a n d  t h u s  d e p e n d  o n  k n o w i n g  

t h e  a r r i v a l  r a t e .  S h e n k e r  a n d  W e i n r i b  [ 1 3 5 ,  1 3 6 ]  p r o p o s e  p o l i c i e s  t h a t  e s t i m a t e  t h e  

v a l u e  f u n c t i o n s  o f  t h e  s o l u t i o n  o f  a  c e r t a i n  s t o c h a s t i c  d y n a m i c  p r o g r a m m i n g  p r o b l e m  

b y  o b s e r v i n g  t h e  s t a t e ,  a n d  t h u s  a r e  a b l e  t o  a d a p t  t o  c h a n g e s  i n  t h e  a r r i v a l  r a t e .

5 . 3  B o u n d e d - s e n s i t i v i t y  o f  J S Q / P S  M o d e l

T h e  f i r s t  q u e s t i o n  t h a t  m u s t  b e  r a i s e d  w h e n  p e r f o r m i n g  a n a l y s i s  o f  a  q u e u e i n g  m o d e l  

i s :  D o e s  t h e  s e r v i c e  d i s t r i b u t i o n  i n f l u e n c e  t h e  p e r f o r m a n c e  a t  a l l ?  T h i s  q u e s t i o n  

a c q u i r e s  f u r t h e r  p r o m i n e n c e  f o r  t h e  J S Q / P S  m o d e l  b e c a u s e  i t  i s  w e l l  e s t a b l i s h e d  t h a t  

f o r  a  P o i s s o n  a r r i v a l  p r o c e s s ,  t h e  m e a n  r e s p o n s e  t i m e  o f  a  s i n g l e  P S  q u e u e  d e p e n d s  

o n  t h e  s e r v i c e  d i s t r i b u t i o n  o n l y  t h r o u g h  t h e  m e a n  [ 9 1 ] .  F u r t h e r ,  B r a m s o n  e t  a l .  [ 3 5 ]
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h a v e  r e c e n t l y  p r o v e d  t h a t  a  s i m i l a r  i n s e n s i t i v i t y  a l s o  h o l d s  a s y m p t o t i c a l l y  w h e n  j o b s  

a r e  r o u t e d  t o  s h o r t e s t  o f  a  s m a l l  s e t  o f  r a n d o m l y  c h o s e n  s e r v e r s ,  a n d  t h e  t o t a l  n u m b e r  

o f  s e r v e r s  g r o w s  t o  i n f i n i t y .  I n  t h i s  S e c t i o n ,  w e  s h o w  t h a t  w h i l e  t h e  J S Q / P S  m o d e l  

d o e s  n o t  e x h i b i t  c o m p l e t e  i n s e n s i t i v i t y ,  t h e r e  i s  e v i d e n c e  o f  b o u n d e d - s e n s i t i v i t y  -  t h e  

e f f e c t  o f  h i g h e r  o r d e r  c h a r a c t e r i s t i c s  o f  t h e  s e r v i c e  d i s t r i b u t i o n  b e y o n d  t h e  m e a n  i s  

b o u n d e d .

Insensitivity with the Degenerate Hyperexponential Distri
bution

W e  b e g i n  b y  p r o v i n g  t h a t  f o r  t h e  s p e c i a l  d e g e n e r a t e  h y p e r e x p o n e n t i a l  c l a s s  o f  s e r v i c e  

d i s t r i b u t i o n ,  t h e  M / G / K / J S Q / P S  m o d e l  e x h i b i t s  p e r f e c t  i n s e n s i t i v i t y .  R e c a l l  t h e  

d e f i n i t i o n  o f  t h e  d e g e n e r a t e  h y p e r e x p o n e n t i a l  d i s t r i b u t i o n  ( d e n o t e  b y

A  r a n d o m  v a r i a b l e  X  d i s t r i b u t e d  a c c o r d i n g  t o  t h e  H £  d i s t r i b u t i o n  w i t h  m e a n  1 /  ¡ i  

a n d  S C V  C 2 , i s  g i v e n  b y

w h e r e  p  =  ( C 2 —  1  ) / ( C 2 +  1 )  a n d  / i *  =  f i ( l — p ) .  W e  w i l l  u s e  t h e  s h o r t h a n d  H Z ( [ i * , p )  

t o  d e n o t e  t h e  a b o v e .

A s  m e n t i o n e d  b e f o r e ,  t h e  d e g e n e r a t e  h y p e r e x p o n e n t i a l  d i s t r i b u t i o n  i s  a  r e l a t i v e l y  

m i n o r  m o d i f i c a t i o n  o f  t h e  E x p o n e n t i a l  d i s t r i b u t i o n ,  b u t  p r o v i d e s  a n  a d d i t i o n a l  p a 

r a m e t e r  t o  r e p r e s e n t  t h e  f u l l  r a n g e  o f  S C V  C 2 f r o m  1  t o  o o .  T h e  n e x t  r e s u l t  s h o w s  

t h a t  i f  t h e  j o b  s i z e s  a r e  d r a w n  f r o m  a n  d i s t r i b u t i o n ,  t h e n  t h e  s t e a d y - s t a t e  q u e u e -  

l e n g t h  d i s t r i b u t i o n  a n d  t h e  m e a n  r e s p o n s e  t i m e  i n  t h e  r e s u l t i n g  M / H ^ / K / J S Q / P S  

m o d e l  d e p e n d  o n l y  o n  t h e  m e a n  j o b  s i z e ,  a n d  n o t  o n  t h e  r e m a i n i n g  f r e e  p a r a m e t e r ;

i . e . ,  w e  h a v e  i n s e n s i t i v i t y  w i t h i n  t h i s  H 2 c l a s s .

T h e o r e m  5 . 1  T h e  q u e u e i n g  s y s t e m s  M ( A ) / i i | ( l  —  p , p ) / K / J S Q / P S  a n d  

M ( A ) / M ( 1 ) / K / J S Q / P S  h a v e  i d e n t i c a l  s t e a d y - s t a t e  q u e u e - l e n g t h  d i s t r i b u t i o n s  a n d  

m e a n  s t e a d y - s t a t e  r e s p o n s e  t i m e s .  M o r e o v e r ,  t h e  r e s p o n s e - t i m e  d i s t r i b u t i o n  o f  t h e  

M ( X ) / H % ( 1  — p , p )  /  K  /  J S Q / P S  s y s t e m  i s  a  m i x t u r e  o f  a  u n i t  p o i n t  m a s s  a t  0 ,  w i t h  

p r o b a b i l i t y  p ,  a n d  t h e  r e s p o n s e - t i m e  d i s t r i b u t i o n  o f  t h e  M ( A ) / M ( 1 ) / K /  J S Q / P S  s y s 

t e m  m u l t i p l i e d  b y  1 / ( 1  —  p ) ,  w i t h  p r o b a b i l i t y  1 —  p .

1We have already seen in the previous chapters that the distribution is extremely useful 
approximately capture the variability of job sizes in multi-server systems. See also, [151, 155].

U  w . p .  p

E x p ( / z * )  w . p .  1  —  p
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P r o o f :  T h e  j o b s  w i t h  s i z e  0  d o  n o t  h a v e  t o  w a i t ,  s i n c e  t h e  s e r v e r s  a r e  d o i n g

p r o c e s s o r  s h a r i n g .  T h e r e f o r e ,  o n l y  a c c o u n t i n g  f o r  t h e  n o n - z e r o - s i z e d  j o b s ,  t h e  j o i n t  

d i s t r i b u t i o n  o f  t h e  o r i g i n a l  M ( A ) / i f | ( l  — p , p ) / K / J S Q / P S  s y s t e m  i s  i d e n t i c a l  t o  a n  

M ( A (1  — p ) ) / M (  1 — p ) / K / J S Q / P S .  H o w e v e r ,  t h e  l a t t e r  s y s t e m  c a n  b e  t h o u g h t  o f  a s  

a n  M ( A ) / M ( l ) / A r/ J S Q / P S  s y s t e m  s e e n  o n  a  s l o w e r  t i m e  s c a l e ,  a n d  t h u s  h a v e  t h e  

s a m e  s t a t i o n a r y  j o i n t  q u e u e  l e n g t h  d i s t r i b u t i o n ,  p r o v i n g  t h e  f i r s t  p a r t  o f  t h e  t h e o r e m .  

F r o m  t h e  p e r s p e c t i v e  o f  r e s p o n s e  t i m e ,  t h e  r e s p o n s e  t i m e  o f  t h e  p - p r o p o r t i o n  o f  z e r o 

s i z e d  j o b s  i s  t h e  d e t e r m i n i s t i c  d i s t r i b u t i o n  w i t h  m e a n  0 , w h i l e  t h e  r e m a i n i n g  (1  — p ) -  

p r o p o r t i o n  o f  n o n - z e r o - s i z e d  j o b s  e x p e r i e n c e  a n  M ( A (1  -  p ) ) / M (  1  -  p ) / K / J S Q / P S  

s y s t e m .  B y  e m p l o y i n g  t h e  t i m e  s c a l i n g  a r g u m e n t  a g a i n ,  t h e  ( 1  —  p ) - p r o p o r t i o n  o f  

n o n - z e r o - s i z e d  j o b s  e x p e r i e n c e  a  r e s p o n s e  t i m e  1 / ( 1  —  p )  t i m e s  h i g h e r  t h a n  t h a t  i n  

a n  M ( X ) / M ( 1 ) / K / J S Q / P S  s y s t e m .  ■

Bounded-Sensitivity for H 2 service distribution in light traffic

T h e  p r o v a b l e  i n s e n s i t i v i t y  o f  T h e o r e m  5 . 1  i s  f o r  a  v e r y  s p e c i a l  c l a s s  o f  s e r v i c e  d i s 

t r i b u t i o n s .  W e  w i l l  s h o w  t h a t  t h i s  i n s e n s i t i v i t y  p r o p e r t y  d o e s  n o t  e x t e n d  e x a c t l y  

t o  o t h e r  j o b - s i z e  d i s t r i b u t i o n s ,  b u t  a n  a p p r o x i m a t e  f o r m  o f  i t  d o e s ;  i . e . ,  w e  h a v e  

n e a r - i n s e n s i t i v i t y  o r  b o u n d e d  s e n s i t i v i t y .

F i g u r e  5 . 3 :  L i g h t - t r a f f i c  n u m e r i c a l  r e s u l t s  i l l u s t r a t i n g  b o u n d e d - s e n s i t i v i t y  u n d e r  H 2 

s e r v i c e  d i s t r i b u t i o n  w i t h  m e a n  1 .  F o r  e a c h  v a l u e  o f  S C V  C 2S  s h o w n ,  t h e  l a r g e s t  v a l u e s  

o f  m e a n  n u m b e r  o f  j o b s  w i t h i n  t h e  H 2 c l a s s  o f  s e r v i c e  d i s t r i b u t i o n  w a s  e v a l u a t e d  

n u m e r i c a l l y  f o r  a  2 - s e r v e r  J S Q / P S  s y s t e m  w i t h  a  f i n i t e  b u f f e r  o f  5  a t  e a c h  s e r v e r .  

T h e  F - a x i s  s h o w s  A  =  2 E \n } ~ ^ p + 4 p

I n  F i g u r e  5 . 3 ,  w e  s h o w  r e s u l t s  f r o m  e x p e r i m e n t s  w i t h  t h e  t w o - p h a s e  h y p e r e x p o n e n t i a l  

s e r v i c e  d i s t r i b u t i o n  i n  l i g h t  t r a f f i c .  W e  c o n s i d e r e d  a  2 - s e r v e r  J S Q / P S  s y s t e m  w h e r e
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e a c h  s e r v e r  h a s  a  f i n i t e  b u f f e r  s p a c e  o f  5  j o b s ,  a n d  n u m e r i c a l l y  s o l v e  f o r  t h e  s t a t i o n a r y  

d i s t r i b u t i o n  f o r  j o b  s i z e  d i s t r i b u t i o n s  w i t h  S C V  r a n g i n g  f r o m  1 t o  1 0 0 0 .  S i n c e  t h e  

b u f f e r  i s  f i n i t e ,  t o  r e m o v e  t h e  e f f e c t  o f  l o s t  j o b s ,  w e  c h o s e  a r r i v a l  r a t e s  s m a l l  e n o u g h  

s o  a s  t o  m a k e  t h e  l o s s  p r o b a b i l i t y  n e g l i g i b l e .  F o r  e a c h  v a l u e  o f  S C V ,  w e  f i n d  t h a t  H 2 

d i s t r i b u t i o n  t h a t  r e s u l t s  i n  t h e  l a r g e s t  m e a n  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  a n d  s h o w  

t h a t  r e s u l t  i n  F i g u r e  5 . 3 .  W e  o b s e r v e  t h a t  i n  l i g h t  t r a f f i c ,  t h e  m e a n  n u m b e r  o f  j o b s  

f o r  a  2 - s e r v e r  s y s t e m  h a s  t h e  e x p a n s i o n :  E [ N ]  ~  p  - f  2 p 3 +  y  • p 4 +  o ( p 4 ) ,  w h e r e  t h e  

e f f e c t  o f  t h e  j o b  s i z e  v a r i a b i l i t y  s h o w s  u p  i n  t h e  c o e f f i c i e n t  A .  I t  i s  t h i s  q u a n t i t y  t h a t  

i s  p l o t t e d  i n  F i g u r e  5 . 3 .

T h e r e  a r e  a  c o u p l e  o f  i m p o r t a n t  o b s e r v a t i o n s :  A s  p  — > 0 ,  t h e  c o e f f i c i e n t  o f  t h e  p 4 
t e r m ,  A ,  d o e s  c o n v e r g e  t o  a  n o n - d e g e n e r a t e  f u n c t i o n  o f  t h e  s e r v i c e  d i s t r i b u t i o n .  

F u r t h e r ,  a s  t h e  j o b  s i z e  v a r i a b i l i t y  C f  —> o o ,  A  r e m a i n s  b o u n d e d  ( r e m i n i s c e n t  w i t h  

( 3 . 4 ) ,  i t  a p p e a r s  t o  g r o w  a s  a  +  ) •  T h e r e f o r e ,  t h e r e  i s  s t r o n g  e v i d e n c e  o f  b o u n d e d

s e n s i t i v i t y  t o  t h e  s e r v i c e  d i s t r i b u t i o n  i n  t h e  J S Q / P S  m o d e l .

Near-Insensitivity for General Job-Size Distributions

A s  f u r t h e r  e v i d e n c e  o f  n e a r - i n s e n s i t i v i t y ,  w e  s i m u l a t e  a n  M / G / K / J S Q / P S  s y s t e m  

w i t h  t h e  f o l l o w i n g  j o b - s i z e  d i s t r i b u t i o n s  ( a l l  w i t h  m e a n  2 , i n  i n c r e a s i n g  o r d e r  o f  C l ) :

1 .  D e t e r m i n i s t i c :  p o i n t  m a s s  a t  2  ( v a r i a n c e  =  0 )

2 .  E r l a n g 2 :  s u m  o f  t w o  e x p o n e n t i a l  r a n d o m  v a r i a b l e s  w i t h  m e a n  1  ( v a r i a n c e  =  2 )

3 .  E x p o n e n t i a l :  e x p o n e n t i a l  d i s t r i b u t i o n  w i t h  m e a n  2  ( v a r i a n c e  =  4 )

4 .  B i m o d a l - 1 :  ( m e a n  =  2 ,  v a r i a n c e  =  9 )

X  =
I  w . p .  0 . 9

I I  w . p .  0.1

5 .  Weibull-1: W e i b u l l  w i t h  s h a p e  p a r a m e t e r  =  0 . 5  a n d  s c a l e  p a r a m e t e r  =  1 
( h e a v y - t a i l e d ,  m e a n  =  2 , v a r i a n c e  =  2 0 )

6 . W e i b u l l - 2 :  W e i b u l l  w i t h  s h a p e  p a r a m e t e r  =  |  a n d  s c a l e  p a r a m e t e r  =  |  

( h e a v y - t a i l e d ,  m e a n  =  2 ,  v a r i a n c e  =  7 6 )

7 .  Bimodal-2: ( m e a n  =  2 ,  v a r i a n c e  =  9 9 )

1  w . p .  0 . 9 9
X  =

101 w.p. 0.01
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T h e  l o a d  w a s  s e t  a t  p  =  0 . 9  a n d  s i m u l a t i o n s  w e r e  r u n  f o r  K  =  2 , 4 , 8  a n d  1 6  s e r v e r s .

F o r  e a c h  v a l u e  o f  K  a n d  e a c h  d i s t r i b u t i o n ,  t h e  s i m u l a t i o n  w a s  r u n  5 0  t i m e s ,  e a c h  r u n  

c o n s i s t i n g  o f  K  x  1 0 7 d e p a r t u r e s .  S t a t i s t i c s  f o r  c o m p l e t e d  r e q u e s t s  w e r e  c o n s i d e r e d .

F i g u r e  5 . 4  s h o w s  t h e  9 5 %  c o n f i d e n c e  i n t e r v a l s  f o r  t h e  m e a n  r e s p o n s e  t i m e  a n d  s e c o n d  

m o m e n t  o f  q u e u e  l e n g t h ,  f o r  e a c h  s e r v i c e  d i s t r i b u t i o n  a n d  K  —  2 , 8  ( c o m p l e t e  s i m u 

l a t i o n  r e s u l t s  a p p e a r  i n  [ 7 0 ] ) .  T h e  m e a n  r e s p o n s e  t i m e  i n  F i g u r e  5 . 4  n e v e r  d e v i a t e s  

b y  m o r e  t h a n  2 %  f r o m  t h e  e x p o n e n t i a l  c a s e ,  r e g a r d l e s s  o f  t h e  j o b - s i z e  d i s t r i b u t i o n ,  

a n d  t h e  d e v i a t i o n  f o r  t h e  s e c o n d  m o m e n t  o f  q u e u e  l e n g t h  i s  b a r e l y  o v e r  3 % .

T h i s  s e c t i o n  h a s  a i m e d  t o  p r o v i d e  a m p l e  j u s t i f i c a t i o n  f o r  a p p r o x i m a t i n g  t h e  m e a n  

r e s p o n s e  t i m e  o f  a n  M / G / K / J S Q / P S  s y s t e m  b y  a n  M / M / K / J S Q / P S  s y s t e m .  W e  

a d d r e s s  t h i s  l a t t e r  g o a l  i n  t h e  n e x t  s e c t i o n .

5 . 4  S i n g l e - Q u e u e - A p p r o x i m a t i o n  f o r  M / M / K / 3 S Q / P S

T o  u n d e r s t a n d  S Q A ,  i t  h e l p s  t o  r e c a l l  t h a t  t h e  m a i n  o b s t a c l e  i n  a n a l y z i n g  r o u t i n g  

p o l i c i e s  s u c h  a s  J S Q  i s  t h a t  t h e  s t a t e s  o f  a l l  t h e  q u e u e s  a r e  c o r r e l a t e d ,  n e c e s s i t a t i n g  

a  m u l t i d i m e n s i o n a l  s t a t e  s p a c e  f o r  t h e  s y s t e m .  T h u s  e x a c t  a n a l y s i s  r e q u i r e s  t h a t  

w e  w o r k  w i t h  t h e  v e c t o r  o f  q u e u e  l e n g t h s  a n d  p o s s i b l y  a l s o  t h e  r e m a i n i n g  s e r v i c e  

r e q u i r e m e n t s  o f  a l l  j o b s  a t  e a c h  s e r v e r .  T h e  S Q A  m e t h o d  a l l o w s  o n e  t o  a p p r o x i m a t e  

t h e  m a r g i n a l  q u e u e  l e n g t h  d i s t r i b u t i o n  o f  e a c h  q u e u e  i n  t h e  s e r v e r  f a r m  b y  m o d e l i n g  

e a c h  q u e u e  i n d e p e n d e n t l y  o f  t h e  o t h e r ,  t h e r e b y  a v o i d i n g  t h e  a b o v e  d i f f i c u l t i e s .

C o n s i d e r  a  q u e u e  Q  i n  t h e  s e r v e r  f a r m .  U n d e r  S Q A ,  w e  m o d e l  Q  b y  a  q u e u e  Q \  

w h e r e  t h e  a r r i v a l  r a t e  o f  j o b s  i n t o  Q '  d e p e n d s  o n l y  o n  t h e  q u e u e  l e n g t h  o f  Q ' ,  a n d  

n o t  o n  t h e  s t a t e  o f  a n y  o t h e r  q u e u e s .  T h u s  S Q A  a p p r o x i m a t e s  e a c h  q u e u e  o f  t h e  

M / G / K / J S Q / P S  m o d e l  b y  a n  a s s o c i a t e d  M n / G / \ / P S  m o d e l ,  w h e r e  M n  d e n o t e s  a  

s t a t e - d e p e n d e n t  M a r k o v i a n  a r r i v a l  p r o c e s s .  S p e c i f i c a l l y ,  a t  t i m e  t ,  t h e  a r r i v a l  p r o c e s s  

a c t s  a s  a  P o i s s o n  p r o c e s s  w i t h  r a t e  \ ( N Q i ( t ) ) ,  w h e r e  N Q > ( t )  i s  t h e  q u e u e  l e n g t h  o f  Q '  

a t  t i m e  t  a n d  { A ( n )  : n  >  0 }  i s  a  d e t e r m i n i s t i c  s e q u e n c e  w i t h  A ( n )  b e i n g  t h e  a c t u a l  

l o n g - r u n  a r r i v a l  r a t e  i n t o  q u e u e  Q  ( o f  t h e  o r i g i n a l  s e r v e r  f a r m )  c o n d i t i o n e d  o n  t h e  

q u e u e  l e n g t h  o f  Q  b e i n g  n .  W e  d e f i n e  A ( n )  i n  D e f i n i t i o n  5 . 1 .

D e f i n i t i o n  5 . 1  G i v e n  a  g e n e r a l  M / G / K / 1 Z / S  m o d e l ,  t h e  c o n d i t i o n a l  a r r i v a l  r a t e  

i n t o  o n e  d e s i g n a t e d  q u e u e  Q  g i v e n  t h a t  i t  h a s  n  j o b s ,  A  i n ) ,  i s  d e f i n e d  a s

(5-1)

w h e r e  A n ( t )  i s  t h e  n u m b e r  o f  a r r i v a l s  i n t o  Q  d u r i n g  t h e  t i m e  i n t e r v a l  [ 0 ,  t ]  t h a t  s e e
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F igu re  5.4: 9 5 %  C o n f i d e n c e  i n t e r v a l s  f o r  m e a n  r e s p o n s e  t i m e  ( l e f t  c o l u m n )  a n d  

s e c o n d  m o m e n t  o f  q u e u e  l e n g t h  ( r i g h t  c o l u m n )  i n  t h e  M / G / K / J S Q / P S  m o d e l  w i t h  

p  =  0 .9  a n d  m e a n  j o b  s i z e  2  f o r  d i f f e r e n t  j o b - s i z e  d i s t r i b u t i o n s  b a s e d  o n  s i m u l a t i o n s .  

T h e  s e r v i c e  d i s t r i b u t i o n s  a r e  a r r a n g e d  o n  t h e  x - a x i s  i n  o r d e r  o f  i n c r e a s i n g  ( t h e  

C |  v a l u e s  a r e  { 0 , 1 , 2 . 2 5 , 5 , 1 9 , 2 4 . 7 5 } ,  r e s p e c t i v e l y ) .

n  j o b s  a t  Q  o n  a r r i v a l  ( e x c l u d i n g  t h e m s e l v e s ) ,  w h i l e  T n ( t )  i s  t h e  t o t a l  t i m e  s p e n t  b y  

Q  w i t h  n  j o b s  d u r i n g  t h e  t i m e  i n t e r v a l  [ 0 ,  i ] .

F o r m a l l y ,  t h e  a r r i v a l s  f o r m  a  s t o c h a s t i c  p o i n t  p r o c e s s  w i t h  s t o c h a s t i c  i n t e n s i t y  A ( N Q ’ ( t ) ) ,  

a s  d e f i n e d  i n  § 1 1 . 3 , 5  i n  B r e m a u d  [ 3 6 ] .

T h e  s t a t e - d e p e n d e n c e  i n  t h e  a r r i v a l  r a t e  A ( n )  i s  i n t e n d e d  t o  c a p t u r e  s o m e  o f  t h e  d e 

p e n d e n c e  i n h e r e n t  i n  t h e  f u l l  M / G / K /  J S Q / P S  m o d e l .  C o n s i d e r  a n  M / G / K /  J S Q / P S  

m o d e l  w i t h  o u t s i d e  a r r i v a l  r a t e  A .  T h e  a v e r a g e  a r r i v a l  r a t e  i n t o  e a c h  q u e u e  i s  X / K .  

H o w e v e r ,  i f  w e  c o n d i t i o n  o n  t h e  f a c t  t h a t  s o m e  d e s i g n a t e d  q u e u e  h a s  n  j o b s ,  t h e n  t h e  

a r r i v a l  r a t e  i n t o  t h a t  d e s i g n a t e d  q u e u e  i s  n o  l o n g e r  X / K .  I n  f a c t ,  w i t h  J S Q  r o u t i n g ,
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w e  e x p e c t  t h a t  t h e  l o n g - t e r m  a r r i v a l  r a t e s  i n t o  t h a t  d e s i g n a t e d  q u e u e ,  A ( n ) ,  s h o u l d  

d e c r e a s e  a s  n  i n c r e a s e s ,  b e c a u s e  i t  i s  l i k e l y  t h a t  a t  l e a s t  o n e  o t h e r  q u e u e  i s  s h o r t e r  

t h a n  t h e  d e s i g n a t e d  q u e u e .  T h i s  i s  p r e c i s e l y  w h a t  h a p p e n s :  A ( 0 )  i s  l a r g e r  t h a n  X / K , 

b u t  A ( n )  d e c r e a s e s  a s  n  i n c r e a s e s .  I n  t h i s  w a y ,  h a v i n g  s t a t e - d e p e n d e n t  a r r i v a l  r a t e s  

c a p t u r e s  s o m e  o f  t h e  i n f l u e n c e  o f  t h e  o t h e r  q u e u e s  o n  t h e  d e s i g n a t e d  q u e u e .

T h e  S Q A  m e t h o d  i s  n o t  l i m i t e d  t o  t h e  M / G / K / J S Q / P S  m o d e l .  W e  c a n  c o n s i d e r  

o t h e r  r o u t i n g  p o l i c i e s  7 Z  ( s e e  e . g . ,  D e f i n i t i o n  5 . 2 )  f o r  t h e  i i f - s e r v e r  m o d e l  a n d  o t h e r  

s c h e d u l i n g  r u l e s  S  a t  t h i s  s i n g l e  q u e u e .  W e  c a n  a l s o  a c c o m m o d a t e  h e t e r o g e n e o u s  

s e r v e r s .  W e  n o w  s p e c i f y  a  c l a s s  o f  r o u t i n g  p o l i c i e s  f o r  w h i c h  S Q A  w o r k s  w e l l .

D e f i n i t i o n  5 . 2  A  s t a t i o n a r y  q u e u e - l e n g t h - d e p e n d e n t  r o u t i n g  p o l i c y  i s  a  t i m e - s t a t i o n a r y  

r o u t i n g  p o l i c y  t h a t  u s e s  o n l y  i n f o r m a t i o n  a b o u t  q u e u e  l e n g t h s  a t  t h e  s e r v e r s  a t  t h e  

i n s t a n t  o f  a n  a r r i v a l .  T h e  d e c i s i o n s  m a y  b e  m a d e  p r o b a b i l i s t i c a l l y ,  a n d  m a y  b e  b i a s e d  

i n  f a v o r  o f  c e r t a i n  s e r v e r s  ( a l l o w i n g  t h e  m o d e l i n g  o f  h e t e r o g e n e o u s  s e r v e r s ) .

I n  f a c t ,  S Q A  i n  s o m e  s e n s e s  i s  a  m i s n o m e r .  I f  i n  a d d i t i o n  t o  a c c u r a t e l y  c o m p u t i n g  

t h e  c o n d i t i o n a l  a r r i v a l  r a t e s ,  w e  c o u l d  a l s o  c o m p u t e  t h e  c o n d i t i o n a l  d e p a r t u r e  r a t e s  

¿ ¿ ( n ) ,  t h e n  S Q A  y i e l d s  t h e  e x a c t  m a r g i n a l  d i s t r i b u t i o n  f o r  t h e  n u m b e r  o f  j o b s  a t  

a  d e s i g n a t e d  q u e u e  a n d  n o t  j u s t  a n  a p p r o x i m a t i o n  ( i n t u i t i v e l y ,  s i n c e  t h e  n u m b e r  

o f  a r r i v a l s  w h i l e  i n  s t a t e  n ,  a n d  d e p a r t u r e s  w h i l e  i n  s t a t e  n  +  1 a r e  w i t h i n  ± 1 , 

^ + i )  — +  l i m ^ o o  )  • H o w e v e r ,  w h e n  t h e  s e r v i c e  d i s t r i b u t i o n  i s  M a r k o v i a n ,

f i n d i n g  t h e  a r r i v a l  r a t e s  i s  s u f f i c i e n t  t o  p r o d u c e  t h e  e x a c t  s t a t i o n a r y  q u e u e - l e n g t h  

d i s t r i b u t i o n :

T h e o r e m  5 . 2  C o n s i d e r  a n  M / M / K / 7 Z / S  m o d e l ,  w h e r e  7Z i s  a n y  s t a t i o n a r y  q u e u e -  

l e n g t h - d e p e n d e n t  r o u t i n g  p o l i c y ,  e . g . ,  J S Q ,  a n d S  i s  a n y  s t a t i o n a r y ,  s i z e - i n d e p e n d e n t ,  

w o r k - c o n s e r v i n g  s c h e d u l i n g  p o l i c y ,  e . g . ,  P S .  A s s u m e  t h a t  t h i s  m o d e l  h a s  a  u n i q u e  

p r o p e r  s t e a d y - s t a t e  d i s t r i b u t i o n .  L e t  Q  b e  a n y  p a r t i c u l a r  s e r v e r  i n  t h e  M / M / K / 1 Z / S  

m o d e l .  T h e n  S Q A  w i t h  t h e  e x a c t  c o n d i t i o n a l  a r r i v a l  r a t e s  X ( n )  y i e l d s  t h e  s a m e  s t e a d y -  

s t a t e  q u e u e - l e n g t h  d i s t r i b u t i o n  a s  i n  t h e  o r i g i n a l  M / M / K / I Z / S  m o d e l .

P r o o f :  T h e  r e s u l t  e a s i l y  f o l l o w s  v i a  s a m p l e  p a t h  a r g u m e n t s  e m p l o y i n g  c o n d i t i o n a l

a r r i v a l  a n d  d e p a r t u r e  r a t e s ,  s e e  [ 5 2 ]  ( T h e o r e m  1 . 9 ,  S e c t i o n  1 . 4 . 2 ,  p a g e  2 1 ) .  ■

W h a t  m a k e s  S Q A  e s p e c i a l l y  a p p e a l i n g  f o r  a p p r o x i m a t i n g  t h e  M / M / K / J S Q / P S  

m o d e l  i s  t h a t  d u e  t o  a  s u r p r i s i n g  r e g u l a r i t y  i n  t h e  c o n d i t i o n a l  a r r i v a l  r a t e s ,  t h e  

n u m b e r  o f  p a r a m e t e r s  t o  b e  a p p r o x i m a t e d  e s s e n t i a l l y  r e d u c e s  t o  t w o .  W e  e l a b o r a t e  

o n  t h i s  n e x t .
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(a) p =  0.3 (b) p —  0.6 (c) p =  0.9

F igure  5.5: I l l u s t r a t i n g  t h e  c o n v e r g e n c e  o f  c o n d i t i o n a l  a r r i v a l  r a t e s ,  A ( n ) ,  f o r  a  

g i v e n  q u e u e  o f  a n  M / M / K / J S Q / P S ,  w i t h  m e a n  j o b  s i z e  1 , w h e r e  K  =  2 .

5.4.1 The Conditional Arrival Rates

T h e  f e a s i b i l i t y  o f  t h e  S Q A  m e t h o d  h i n g e s  o n  o b t a i n i n g  t h e  c o n d i t i o n a l  a r r i v a l  r a t e s  

A ( n ) ,  n  >  0 ,  d e f i n e d  i n  ( 5 . 1 ) .  I n  t h i s  s e c t i o n  w e  w i l l  d e r i v e  c l o s e d - f o r m  a p p r o x 

i m a t i o n s  f o r  t h e s e  c o n d i t i o n a l  a r r i v a l  r a t e s .  O u r  r e s u l t s  h e r e  d r a w  o n  e x t e n s i v e  

s i m u l a t i o n  e x p e r i m e n t s  i n  w h i c h  w e  e s t i m a t e d  t h e s e  c o n d i t i o n a l  a r r i v a l  r a t e s  f o r  a  

r a n g e  o f  j o b - s i z e  d i s t r i b u t i o n s  a n d  o t h e r  m o d e l  p a r a m e t e r s .

F i r s t ,  w e  o b s e r v e d  t h a t  t h e  c o n d i t i o n a l  a r r i v a l  r a t e s  r a p i d l y  c o n v e r g e  t o  a  l i m i t i n g  

v a l u e  a s  n  ( t h e  n u m b e r  o f  j o b s  a t  t h e  q u e u e )  i n c r e a s e s .  I n d e e d ,  w e  f o u n d  t h a t

^  71 ■ ~  p K  f o r  a l l  n  >  3  , ( 5 . 2 )

f t

f o r  p  <  0 . 9 5 .  S i m u l a t i o n s  o f  t h e  M / M / K /  J S Q / F C F S  m o d e l  s h o w e d  t h i s  a p p r o x 

i m a t i o n  t o  b e  c o n s i s t e n t l y  w i t h i n  2 %  o f  t h e  a c t u a l  v a l u e s  ( p r o v i d e d  t h a t  p  i s  n o t  

t o o  e x t r e m e ,  i . e . ,  f o r  0 . 3  <  p  <  0 . 9 5 ) .  W e  w i l l  p r o v i d e  f u r t h e r  a n a l y t i c a l  a r g u m e n t s  

j u s t i f y i n g  t h i s  o b s e r v a t i o n  i n  S e c t i o n  5 . 6 . 1 .  T h i s  f a c t  i s  i l l u s t r a t e d  i n  F i g u r e  5 . 5  f o r  

t h e  c a s e  o f  K  — 2 .  W e  a l s o  p r o v e  t h i s  c o n v e r g e n c e  i n  t h e  l i m i t  f o r  t h e  c a s e  K  —  2  i n  

T h e o r e m  5 . 3  b e l o w ,  b u t  i t  i s  e a s y  t o  s e e  t h e  i n t u i t i o n  b e h i n d  t h e  r e s u l t .  S i n c e  J S Q  

t r i e s  t o  e q u a l i z e  q u e u e  l e n g t h s ,  i f  a  p a r t i c u l a r  d e s i g n a t e d  q u e u e s  h a s  m a n y  j o b s ,  t h e n  

t h e r e  i s  a  h i g h  p r o b a b i l i t y  t h a t  a l l  s e r v e r s  a r e  b u s y .  I n  t h i s  c a s e ,  t h e  t o t a l  n u m b e r  

o f  j o b s  i n  t h e  s y s t e m s  s t a r t s  b e h a v i n g  a s  a  c e n t r a l  q u e u e  M / M / K .  F o r  t h e  n u m b e r  

o f  j o b s  t o  i n c r e a s e  b y  1 a t  a  q u e u e ,  t h e  t o t a l  n u m b e r  o f  j o b s  i n  t h e  s y s t e m  s h o u l d  

i n c r e a s e  b y  A ” , w h i c h  g i v e s  t h e  t a i l  d e c a y  r a t e  a s  p K .
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l i m  =  p 2  ( 5 . 3 )
n —+00 p

T h e  p r o o f  f o l l o w s  d i r e c t l y  f r o m  t h e  w o r k  o f  A d a n  e t  a l .  [ 8 ]  o n  u s i n g  t h e  c o m p e n s a t i o n  

a p p r o a c h  t o  a n a l y z e  t h e  M / M / 2 /  J S Q / F C F S  q u e u e  a n d  w i l l  u s e  L e m m a s  5 . 1  a n d  

5 . 2  m e n t i o n e d  b e l o w .  W e  b e g i n  b y  r e v i e w i n g  t h e  n o t a t i o n .  L e t  7r m ) n  b e  t h e  s t a t i o n a r y  

p r o b a b i l i t y  t h a t  l e n g t h  o f  q u e u e  1  i s  m  a n d  l e n g t h  o f  q u e u e  2  i s  n .  F o r  m  >  0  a n d  

r  >  0 , d e f i n e  q m j  a s :

Qm,r —

T h a t  i s ,  q m r̂  i s  t h e  p r o b a b i l i t y  t h a t  q u e u e  1  i s  t h e  s h o r t e r  q u e u e  a n d  h a s  m  j o b s  a n d  

q u e u e  2 h a s  nn  +  r  j o b s .

L e m m a  5 . 1  [ A d a n  e t  a l .  [ 8 ] ]  T h e  s t a t i o n a r y  p r o b a b i l i t i e s  q m )r f o r  m  >  0  a n d  r  >  1 

a r e  g i v e n  b y :

Qm,r C x m r

T h e  n o r m a l i z a t i o n  c o n s t a n t  C  i s  g i v e n  b y

2 ( l - p 2 ) ( 2 - p )  

p( 2 +  P)

a n d

OO

X m ,r  =  Y , d M ?  +  Ci<xr+ 1 ) %  ( 5 - 5 )

¿=0
w h e r e  o t i , ( 3 i , C i  a n d  d i ’s  a r e  g i v e n  b y  t h e  f o l l o w i n g  r e c u r s i o n  s c h e m e :

do = l
Oí 0 — p2

A ) =  p 2

T heo rem  5.3 F o r  th e  M ( X ) / M ( p ) / 2 /  J S Q / P S  s y s t e m ,

2  +  p  

o^iC^i-  ̂i  2  p(3^

A A + i =  1 /(2 P +  <*»+i)
Oii-\-1

Ci =  -
Oi{ p i

, (< * *+ 1  +  p ) / P i + 1 ~  ( p  +  1 )  „ ,
di+1~ (ai+i + p)/(3i -(p+1) * *
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We will use the  following lem ma to bound the infinite sum of (5.5) by a finite sum.

L e m m a  5 . 2  T h e  i n f i n i t e  s u m  f o r  x m r̂ ( m  >  0 , r  >  1 )  i n  ( 5 . 5 )  c a n  b e  b o u n d e d  b y  

t h e  f o l l o w i n g  f i n i t e  s u m s :

( o f f  +  c 0 a T ) P r0 +  ¿ 1«  +  c l 0 ^ ) ( 3 [  =  x m ,r  <  x m ,r  <  ^  =  «  +  0 ) 0 / ?  ( 5 . 6 )

P r o o f :  L e t  s *  =  \ d i ( a ™  +  C j Q ; ^ j i 1 ) / ? [ | .  I n  [ 8 ]  ( L e m m a  8 ) ,  a u t h o r s  p r o v e  t h a t :

Sj-)_i < c  R s {

w h e r e  R  =  4 / ( 4  +  2 p  +  p 2 ) <  1 . A l s o  a s  a  c o n s e q u e n c e  o f  L e m m a  1  o f  [ 8 ] ,  d i + i / d i  <  0 .  

T h a t  i s  d i  a l t e r n a t e  s i g n s ,  d 0 b e i n g  d e f i n e d  t o  e q u a l  1 .  H e n c e ,

x m , r =  50 —  51 +  s2 —  53 +  S4 —  . . .
<  Sq Si +  R s \  —  S3 +  R s %  —  . . .

=  s o  —  ( 1  —  R ) ( s \  +  S 3 +  . . . )

<  So

a n d ,

=  x 7

x m , r —  so —  Si +  S2 —  S3 +  S4 —  S5 +  . . .
>  S o  —  S i  +  S 2 —  R s 2 +  S 4 —  R S 4  +  . . .

=  S q  —  S i  +  ( 1  —  R ) ( S 2 +  S 4 +  • • • )

>  S0 -  Si
def
—  % m ,r

P r o o f  o f  T h e o r e m  5.3: L e t  n n b e  t h e  s t a t i o n a r y  p r o b a b i l i t y  t h a t  t h e r e  a r e  n

j o b s  i n  q u e u e  1 .  S i n c e  w e  k n o w  S Q A  i s  e x a c t ,  w e  c a n  e x p r e s s  t h e  c o n d i t i o n a l  a r r i v a l  

r a t e s ,  A ( n ) ,  a s

\ / \ n n + i  0 ^ n + l , iX (n j =  —  = / i -
n n  E Z o  TTn , 

L e t  x m>0 =  S i n c e  f o r  m  >  0 ,

Qm,0  —  { ‘̂ P Q m —1 ,1  “ t-  Qm, l )  ( 5 * 7 )
1  + p
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i  | 1 ,1  x m , \ )  * £ m ,0  ^  x m,0  ^  x m  Q —  — ; ( 2 p X m —i j  -|- X m i )
L + p  -----------------  -----------  -----------  1  +  p

E x p r e s s i n g  7r ’ s  i n  t e r m s  o f  t h e  x ' s  g i v e s  u s  t h e  f o l l o w i n g  b o u n d s  o n  A ( n ) :

we also have the following bounds on 07m)0:

w h e r e ,

A ( n )  <  A ( n )  <  A ( n )

• ^ n + 1 ,0  ~t~ X y ^ l  %n + \ , i  “ i”  ^ 2 j = 0 x j , n + \ —j
A  i j l )  =  f l -

X  ( n )  =  f i

x n ,0 X/i=l x n , i  ^ 2 j = 0  x j , n —j  

*£n+l,0 “1“ X^=l x n + l , i “t~ Y l j =  0 ̂ jjra+l—j 
^ n ,0 “t“ X/i=l x n , i  Y l j = o  x j , n —j

( 5 . 8 )

( 5 . 9 )  

( 5 . 1 0 )

T h e  e x p r e s s i o n  f o r  A ( n )  i n  ( 5 . 1 0 )  i s  o b t a i n e d  b y  u p p e r  b o u n d i n g  t h e  n u m e r a t o r ,  I I n + 1 , 

a n d  l o w e r  b o u n d i n g  t h e  d e n o m i n a t o r ,  I I n . D o i n g  t h e  o p p o s i t e  g i v e s  A ( n )  ( 5 . 9 ) .

T o  p r o v e  t h e  c o n v e r g e n c e  o f  A ( r a ) ,  w e  w i l l  p r o v e

l i m  X ( n )  =  l i m  A ( n )  =  p p 2

W e  w i l l  f i r s t  s h o w  t h e  c o n v e r g e n c e  o f  A  i n ) .  P r o o f  f o r  X ( n )  i s  s i m i l a r .  N o w ,

S n + i- r j — r  ^ n + 1 ,0  x n + \ , i  ̂ 7 = 0  3' j , n + l —j
=  f t --------- ------------, v ^ o o  _ --------- , V ^ n - l  ----------------------  =  f t

% n ,0 5Zi=l x n , i +  X]i= o x j , n —j Sri  +  T n
( 5 . 1 1 )

w h e r e ,

S i  — —^ — [ 2 p ( a l0 1 4 -  C o a \  * )  -|- ( a j  +  C o a \ ) \  +  ( a j  +  c 0 a \ )  ■ —  

l  +  p  1 —  P o

T i  = d i

P  

+  P o

P i

a 0 -  P o  , „  $  -  «1■+■ Co
« 0 ~  A )  

. i—  1

P o  — OL1

P i

l + p

+ P l

[ 2 p ( a \  1 +  c i Q ! ^  x )  +  ( q ? i  +  C \ a l2 )\  +  ( ol\  +  c i a ^ y —

P i

« [  - P i  [

c ^ i  —  A  A  ~  <^2

D i v i d i n g  t h e  n u m e r a t o r  a n d  d e n o m i n a t o r  o f  ( 5 . 1 1 )  b y  a #  \  t a k i n g  l i m r 

n o t i n g  t h a t  <  1 , 52  <  1 , 77- <  1 a n d  ^  <  1 :0  a o  ’ f i n  1 a. n a na o

lim A (n) =  //Qio
^ [ 2 p  +  a 0 ]  +  « o +  P o

J o _

l + p [ 2 p  +  a 0 ]  +  a o i z ^  +  P o  

1 5 2

a n d

(5.12)



— pOi 0

S i m i l a r l y ,

w 2 (5.13)

* S n + 1 “ t-  ^ n + 1  2
l i m  A ( n )  =  l i m  p , -------------- — - —  =  u p

n —+oo — -— -  n —>oo r  r

a n d  h e n c e  c o n v e r g e n c e  o f  A ( n )  f o l l o w s  b y  c o n v e r g e n c e  o f  i t s  u p p e r  a n d  l o w e r  b o u n d s .

W e  b e l i e v e  t h a t  w e  c a n  g e n e r a l i z e  t h e  p r o o f  t o  a n y  f i n i t e  K , h o w e v e r  w e  s t a t e  i t  o n l y  

f o r  K  =  2 .  ■

O b s e r v e  t h a t  i t  m a k e s  i n t u i t i v e  s e n s e  t h a t  A ( n ) ,  t h e  a v e r a g e  a r r i v a l  r a t e  i n t o  a  d e s 

i g n a t e d  q u e u e  c o n d i t i o n e d  o n  t h a t  q u e u e  h a v i n g  n  j o b s ,  s h o u l d  d e c r e a s e  a s  n  i s  

i n c r e a s e d ,  b e c a u s e ,  i f  t h e  d e s i g n a t e d  q u e u e  h a s  m a n y  j o b s  t h e n  i t  i s  l i k e l y  t h a t  o t h e r  

q u e u e s  h a v e  f e w e r  j o b s  t h a n  i t s e l f .

N e x t ,  c o n s i s t e n t  w i t h  t h e  o t h e r  n e a r - i n s e n s i t i v i t y  r e s u l t s ,  w e  h a v e  o b s e r v e d  t h a t  

t h e s e  c o n d i t i o n a l  a r r i v a l  r a t e s  a l s o  e x h i b i t  n e a r - i n s e n s i t i v i t y ;  t h e r e  i s  a l m o s t  n o  d e 

p e n d e n c e  o n  t h e  v a r i a b i l i t y  o f  t h e  j o b - s i z e  d i s t r i b u t i o n .  T h i s  f a c t  i s  i l l u s t r a t e d  i n  

T a b l e  5 . 1  f o r  t h e  c a s e  o f  K  =  4 ,  w i t h  h y p e r e x p o n e n t i a l  j o b - s i z e  d i s t r i b u t i o n s  h a v i n g  

s q u a r e d  c o e f f i c i e n t  o f  v a r i a t i o n  r a n g i n g  f r o m  1  t o  6 4 ,  w h e r e  r  d e n o t e s  t h e  f r a c t i o n  

o f  l o a d  m a d e  u p  b y  o n e  b r a n c h  o f  t h e  h y p e r e x p o n e n t i a l  ( h e n c e  r  —  0 . 5  d e n o t e s  a  

h y p e r e x p o n e n t i a l  w i t h  b a l a n c e d  l o a d  o n  i t s  b r a n c h e s ) .  T h e  n e a r - i n s e n s i t i v i t y  o f  t h e  

A ( n ) ’ s  p r o v i d e s  f u r t h e r  j u s t i f i c a t i o n  f o r  f o c u s i n g  o n  t h e  s p e c i a l  c a s e  o f  a n  e x p o n e n t i a l  

j o b - s i z e  d i s t r i b u t i o n .

B a s e d  o n  t h e  k e y  o b s e r v a t i o n  i n  ( 5 . 2 ) ,  o u r  t a s k  h a s  b e e n  r e d u c e d  t o  o b t a i n i n g  a p p r o x 

i m a t i o n s  f o r  t h e  f i r s t  3  c o n d i t i o n a l  a r r i v a l  r a t e s :  A ( 0 ) , A ( 1 )  a n d  A ( 2 ) .  T h e  f o l l o w i n g  

l e m m a ,  a l l o w s  u s  t o  r e d u c e  o u r  t a s k  f u r t h e r  t o  j u s t  d e r i v i n g  t w o  c o n d i t i o n a l  a r r i v a l  

r a t e s ,  A ( 0 )  a n d  A ( 2 ) ,  s i n c e  A ( l )  c a n  b e  e s t i m a t e d  f r o m  t h e s e ,  a s s u m i n g  t h e  r e l a t i o n  

i n  ( 5 . 2 ) .

L e m m a  5 . 3  U n d e r  t h e  a p p r o x i m a t i n g  a p p r o x i m a t i o n  o f  ( 5 . 2 )  f o r  t h e  M / M / K /  J S Q / P S  

m o d e l ,  w e  o b t a i n
\_h_p-pk + \ _|_ p K  _  

w n _ .  | a (q ) ( 1 - p )  + P  L \ ,  u )
1 +  A ( 2 V P - P *  ' (5-14)

P r o o f :  S i n c e  a l l  t h e  s e r v e r s  a r e  h o m o g e n e o u s ,  t h e  t i m e - a v e r a g e  a r r i v a l  r a t e  i n t o

a n y  o n e  q u e u e  i s  X / K  =  p p .  B y  T h e o r e m  5 . 2 ,  S Q A  i s  e x a c t  g i v e n  t h e  c o n d i t i o n a l  

a r r i v a l  r a t e s .  T h e r e f o r e ,  w e  c a n  w r i t e  t h e  t i m e  a v e r a g e  a r r i v a l  r a t e  i n t o  a n y  s e r v e r  a s

oo
p p = J 2  n n A ( n )  .

71=0
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A ( 0 ) A ( l ) A ( 2 ) A ( 3 ) A ( 4 ) A ( 5 ) A ( 6 )

Q
to II o 2 . 2 3 7 9 0 . 9 8 6 5 0 . 6 9 3 1 0 . 6 5 7 5 0 . 6 6 0 5 0 . 6 6 4 5 0 . 6 6 7 8

C l  =  1 2 . 2 1 2 5 0 . 9 9 6 2 0 . 7 0 9 8 0 . 6 6 3 1 0 . 6 5 7 3 0 . 6 5 5 0 0 . 6 5 4 3

C l  =  2

r  =  0.1  
r  =  0 . 5  

r  =  0 . 9

2 . 2 0 8 0

2 . 2 0 7 4

2 . 2 0 7 7

1 . 0 0 0 0

0 . 9 9 7 5

0 . 9 9 4 7

0 . 7 1 2 3

0 . 7 1 1 9

0 . 7 1 1 4

0 . 6 6 2 9

0 . 6 6 0 9

0 . 6 6 4 9

0 . 6 5 4 1

0 . 6 5 2 0

0 . 6 5 6 0

0 . 6 5 1 6

0 . 6 5 2 2

0 . 6 5 5 4

0 . 6 5 4 2

0 . 6 5 2 5

0 . 6 5 5 7

C l  =  4

r  =  0.1  
r  =  0 . 5  

r  =  0 . 9

2 . 2 0 6 8

2 . 2 0 1 8

2 . 2 0 7 5

1 . 0 0 4 1

0 . 9 9 9 2

0 . 9 9 7 1

0 . 7 1 4 4

0 . 7 1 5 0

0 . 7 1 1 0

0 . 6 6 1 1

0 . 6 6 5 3

0 . 6 6 3 0

0 . 6 5 1 3

0 . 6 5 8 5

0 . 6 5 7 2

0 . 6 5 3 1

0 . 6 5 5 3

0 . 6 5 6 0

0 . 6 5 2 2

0 . 6 5 2 0

0 . 6 5 4 9

C |  =  1 6

r  =  0.1  
r  =  0 . 5  

r  =  0 . 9

2 . 2 0 3 2

2 . 1 9 5 7

2 . 2 0 9 1

1 . 0 0 9 2

0 . 9 9 8 2

0 . 9 9 6 5

0 . 7 2 0 1

0 . 7 1 8 1

0 . 7 1 4 6

0 . 6 6 4 1

0 . 6 6 4 9

0 . 6 6 7 2

0 . 6 5 4 4

0 . 6 5 3 4

0 . 6 5 9 8

0 . 6 5 2 1

0 . 6 5 1 0

0 . 6 5 6 7

0 . 6 5 3 6

0 . 6 5 5 9

0 . 6 5 7 2

C |  =  6 4

r  =  0.1  
r  =  0 . 5  

r  —  0 . 9

2 . 2 0 6 1

2 . 1 8 9 3

2 . 2 0 7 2

1 . 0 1 0 4

0 . 9 9 5 9

0 . 9 9 6 4

0 . 7 1 5 7

0 . 7 2 3 3

0 . 7 1 3 6

0 . 6 5 7 2

0 . 6 7 0 2

0 .6 6 6 8

0 . 6 5 1 5

0 . 6 5 6 9

0 . 6 5 8 3

0 . 6 4 9 7

0 . 6 5 2 6

0 . 6 5 7 3

0 . 6 5 9 7

0 . 6 5 2 9

0 . 6 5 5 4

T a b l e  5 . 1 :  C o n d i t i o n a l  a r r i v a l  r a t e s  f o r  M / H 2 / K / J S Q / P S  w i t h  K  =  4  a n d  

p  =  0 . 9 ,  w h e r e  t h e  h y p e r e x p o n e n t i a l  ( H 2 )  d i s t r i b u t i o n  h a s  p a r a m e t e r s  C |  a n d  r  

w i t h  m e a n  1 ,  a n d  t h e  v a r i a b i l i t y  o f  H 2 r a n g e s  f r o m  =  1  t o  C g  =  6 4 .  R e s u l t s  

f r o m  s i m u l a t i o n .  ( C o n d i t i o n a l  a r r i v a l  r a t e s  f o r  M / D / K /  J S Q / P S  a r e  a l s o  s h o w n  f o r  

r e f e r e n c e  i n  t h e  t o p  l i n e . )

B y  L i t t l e ’ s  l a w  ( f o c u s i n g  o n  t h e  s e r v e r s ) ,  1  —  n 0  =  p .  U s i n g  t h a t  w i t h  ( 5 . 2 ) ,  w e  

o b t a i n

w  -  ( 1  -  n m  +  < 1  -  O ) ^ A ( l )  H -  ( 1  - g ) A | y  ̂ ( 2 )

,5..51
V  f t  f t  J

T h i s  g i v e s  t h e  d e s i r e d  a p p r o x i m a t i o n  f o r  A ( l ) .  ■

T h e  a p p r o x i m a t i o n s  f o r  A ( 2 )  a n d  A ( 0 )  w e r e  o b t a i n e d  e m p i r i c a l l y  u s i n g  M A T L A B ’ s  

c u r v e  f i t t i n g  t o o l b o x  ( v e r s i o n  1 . 1 . 5 ) ,  w h i c h  u s e s  a  t r u s t - r e g i o n  m e t h o d  f o r  a  n o n l i n e a r  

l e a s t - s q u a r e s  f i t .  F o r  e a c h  v a l u e  o f  l o a d ,  p , w e  a p p r o x i m a t e  A ( 2 )  a s  a  f u n c t i o n  o f  K  

b y  a  s i m p l e  e x p o n e n t i a l  f u n c t i o n  o f  t h e  f o r m

A ( 2 )  t t n f u p v * )  ( 5 . 1 6 )

E m p i r i c a l  f i t  y i e l d s  t h e  f o l l o w i n g  f u n c t i o n s  o f  p :

Up =  c 3 p 3  +  c 2 p 2 +  d p  +  c 0  a n d  v p =  c 2 p 2 +  c [ p  +  c'0 ,
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where C3  — —0.29, c2 — 0.8822, c\ = —0.5349, and c$ =  1.0112, while c'2 — —0.1864, 
c\ =  1.195, and c'0 = —0.016.

For A(0), we used a function with two exponential terms, namely,

A(0) «  // (ap -  bpc f  -  dpe (5.17)

where cp,ep <  1. The constant ap in (5.17) is clearly the limit as K  —» 0 0 . The 
following lemma gives the value of this limit.

L em m a 5.4

1 . A(°) Plim 5.18
K ^ o o  / j i 1 —  p

P ro o f: For any value of p < 1, as the number of servers becomes large enough, any
arrival will find at least one server idle with high probability. Therefore, A(z) «  0 for
i >  1. Equating the expressions for time average arrival rates into any queue,

(l-p )A (O ) = /*p  or
ft 1 ~ P

The remaining functions 6 P, cp, dp, and ep were determined empirically for 0.3 < 
p < 0.95; we did not have accurate enough simulations outside this range. The final 
functions are

-0.0263/92 +  0.0054p +  0.1155
p -  1.939/9 +  0.9534 

cp =  -6.2973/94 +  14.3382p3 -  12.3532/92 +  6.2557/9 -  1.005 
—226.1839/92 +  342.3814/9 +  10.2851

dp
p3 -  146.2751/92 -  481.1256/9 +  599.9166
0.4462p3 -  1.8317p2 +  2.4376p -  0.0512

5 . 4 . 2  E v a l u a t i n g  t h e  A p p r o x i m a t i o n

In this section we evaluate our SQA approximation for the M / G / K / JSQ /PS model, 
where the conditional arrival rates used in the SQA are the approximate ones derived 
in Section 5 .4 .1 . Our approach is not exact even for the case of an exponential service 
distribution, because the conditional arrival rates are approximate. Therefore, we 
first evaluate our method for exponential distributions, and afterwards, we consider 
general service distributions.
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E[
N]

E x p o n e n tia l Jo b  Sizes

(a) p  =  0.4 (b) p  =  0.7 (c) p  — 0.9

Figure 5.6: The top row shows the effectiveness of SQA in predicting mean
queue length, and the bottom row shows the effectiveness of SQA in predicting 
the second moment of queue length. Results are shown for three values of load: 
p — {0.4, 0.7, 0.9}, K  up to 64 servers.

Theorem 5.2 implies tha t SQA is exact if the conditional arrival rates are correct. In 
this section, we apply SQA with our approximate conditional arrival rates to deter
mine the first two moments of queue lengths for exponential service requirements. 
The results are shown in Figure 5.6, where N  represents the queue length of a single 
queue in the server farm.

From Figure 5.6, it is difficult to see tha t the SQA method with our derived ap
proximate conditional arrival rates exhibits any error at all, when compared with 
simulations. However, the error is actually < 2% for mean queue length and < 2.4% 
for the second moment of queue length, when the number of servers is up to I\ = 64 
and p =  0.9. Given tha t we have exponential job sizes, this error is solely due to 
error in the approximation of the conditional arrival rates.
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lim E[N] =  p .K—>00

This is expected because, when p < 1  and the number of servers increases, arrivals 
find idle servers with probability 1 . Thus the system resembles an infinite server 
system.

G e n e ra l J o b  Sizes

We now move on to the case of general job-size distributions. Figure 5.7 shows the 
95% confidence intervals for the first and second moment of queue length obtained 
from simulations of the original M /G /K /JS Q /P S  server farm for the distributions 
mentioned in Section 5.3. Each plot also shows the results of the SQA approximation: 
the analysis of the Mn/ G / \ / P S  system with the conditional arrival rates derived in 
Section 5.4.1. The results are also summarized in Tables 5.2 and 5.3.

Looking at Figure 5.6, we see

K  = 2 K  = 8

E[N]'fbQ E [ N ] ^ A % error E[N]JtiQ E [ N ] ^ a % error
D e te rm in is tic 4.8999 4.8426 1.1676 1.8946 1.9295 1.8449

Erlang2 4.9216 4.8426 1.6055 1.9142 1.9295 0.8015
E xp o n en tia l 4.9298 4.8426 1.7678 1.9213 1.9295 0.4260

Bimodal-1 4.9445 4.8426 2.0592 1.9308 1.9295 0.0668
W eibull-1 4.9495 4.8426 2.1589 1.9384 1.9295 0.4573
W eibull-2 4.9640 4.8426 2.4456 1.9490 1.9295 1 . 0 0 1 0

Bimodal-2 4.9700 4.8426 2.5618 1.9431 1.9295 0.7004

T ab le  5.2: Evaluation of SQA: First moment of queue length, obtained via simula
tion versus SQA, evaluated on distributions mentioned in Section 5.3.

The error is at most 2.6% for mean queue length, and at most 3.3% for the second 
moment of queue length when p = 0.9.

5.5 O ptim al Load Balancing for PS Servers

So far, we have only considered the commonly used JSQ routing policy. However, 
it is natural to wonder how good a routing policy JSQ is for PS server farms. In 
this section we show, via simulation, tha t it is unlikely tha t there is a routing policy
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(a) K  =  2 (b) K  =  8

F ig u re  5.7: Comparison of the first and second moments of queue length at a single 
queue in the JSQ /PS server farm with those obtained using SQA for various service 
distributions with load p =  0.9 and number of servers K  — 2 and 8 . The top row 
shows E [N] and the bottom  row shows EjiV2].

which outperforms JSQ by more than about 10%. We also pose many interesting 
open problems regarding the optimality of JSQ.

Figure 5.8 compares the performance of JSQ for a PS server farm with tha t of 
several other policies, via simulation, on a range of job size distributions, defined in 
Section 5.3. The policies shown are:

R a n d o m  -  We flip a fair coin in deciding to which queue an incoming job should be 
assigned. Note tha t in this case, each queue looks like an M / G / l / P S  queue 
with arrival rate X/K.

R o u n d -R o b in  (R R ) -  Assign jobs in Round-Robin order, where if the previous 
job was assigned to queue i mod K , then the next job will be assigned to 
queue [i +  1 ) mod K.

L east-W o rk -L eft (LW L) -  Each job is assigned to the queue with the least total
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K  = 2 K  = 8

E[N ] ^ e[N 2y qa % error E[N2)JSQ E[N'2' % error
D e te rm in is tic 46.9934 46.4050 1.2523 5.4210 5.5982 3.2690

Erlang2 47.3844 46.4050 2.0669 5.5354 5.5982 1.1352
E xpo n en tia l 47.4411 46.4050 2.1840 5.5738 5.5982 0.4375

Bimodal-1 47.6244 46.4050 2.5606 5.6217 5.5982 0.4187
W eibull-1 47.6847 46.4050 2.6837 5.6688 5.5982 1.2464
W eibull - 2 47.9491 46.4050 3.2203 5.7277 5.5982 2.2616
Bimodal-2 47.9787 46.4050 3.2801 5.6912 5.5982 1.6343

T ab le  5.3: Evaluation of SQA: Second moment of queue length, obtained via sim
ulation versus SQA, evaluated for distributions mentioned in Section 5.3.

remaining work.

J o in -S h o r te s t-Q u e u e  (JS Q ) -  Each job is assigned to the queue with the fewest 
number of jobs. Ties are broken by flipping a fair coin.

O PT-O  -  Each incoming job is assigned so as to minimize the mean response time 
for all jobs currently in the system, assuming that there are 0  future arrivals. 
Note tha t we are not being greedy from the perspective of the incoming job, 
but rather trying to minimize across all the jobs in the system. This policy is 
followed for each successive incoming arrival. The OPT-O policy was introduced 
Bonomi [29].

Observe tha t policies OPT-O and Least-Work-Left are both less practical than the 
other policies because they require knowledge of the job sizes.

There are many interesting things to see in Figure 5.8. First, we note tha t OPT-
0  is in fact the best routing policy across all job-size distributions of those policies 
shown. Also JSQ is very close to OPT-O, within no more than 10%. This is surprising 
because JSQ utilizes only the number of jobs at each queue, whereas OPT-O uses the 
remaining sizes of all jobs and the size of the incoming job.

From an insensitivity perspective, we see tha t tha t there are some policies, e.g., OPT-
0 and JSQ, that are nearly insensitive to the job-size distribution, whereas other 
policies, e.g., LWL and RR, are highly sensitive to the job-size distribution. It is an 
interesting question whether there is some detectable common characteristic among 
those routing policies that are nearly insensitive to the job-size distribution under 
PS server farms. This is an im portant question in light of the fact th a t empirical 
workloads in Web server farms are very variable.

159



1 ---- 1— ----- 1------- ,------------
1 ... ..... * RANDOM

0.9 '""•R-R 0.9 "O'*
*******"‘"-R-R

Iz ^0.8
m 0.8

/
1X1 0.7 

0.6
0.7 #‘s** ......OPT-O ‘ 0.5 = = = = = S= =EB8IIlf:=- “ •JSft-n ■

\ \
✓ ✓

\ \
✓

>
✓

9

8

» .... • RANDOM
......R-R 8

-—RANDOM 
.... -R-R

W.7HI tr' LWL Z 6
HI /  LWL

6 4 /
5 x'ziiz .... - -a_ ..... . ...... .... .... .JSQ

.....* OPT-O 2
..... ^

=====. jsq . •Ur 1 -U
\  \  

f  &  
(a) K =

>
✓
2

> <<?
\  \  

(b ) K  =

>
✓
8

>

F ig u re  5.8: Comparison of the first moment of queue length for JSQ, Least Work 
Left (LWL), Round Robin (R-R) and Random routing policies for K  = 2 and K  = 8  

servers for a PS server farm with a range of job-size distributions. The service 
distributions are arranged on the a;-axis in order of increasing C \  (the values are 
{0,1,2.25,5,19,24.75}, respectively), 
blah blah

Turning to the question of optimality, note tha t the case of deterministic job sizes 
yields the lowest mean response times, as compared with other job-size distributions, 
and tha t all three policies: RR, LWL, and OPT-O, yield the same performance for the 
case of deterministic job sizes -  in fact, they behave identically on every sample path 
when the job-size distribution is deterministic, and Theorem 5.7 (Appendix 5.A) 
shows th a t they are optimal in a strong sense. Conjecture 5.1 below hypothesizes 
th a t this value is the minimum response time possible across all policies and job-size 
distributions for PS farms.

C o n je c tu re  5.1 For an M /G /K /7Z /P S  system, where the job-size distribution has 
mean 1, we conjecture that setting G =  D e te rm in is tic ( l)  and 7Z =  RR results in 
the lowest possible mean response time, over all other pairs (G, 1Z).
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Conjecture 5.1 gives us a handle on evaluating the optimality of JSQ. Making use 
of the fact tha t JSQ is one of the policies tha t is nearly insensitive to the job-size 
distribution, by the above conjecture, it would suffice to compare the performance 
of JSQ under deterministic job sizes with RR under deterministic job sizes. Even 
under the narrowed scope of deterministic job sizes, the comparison between JSQ 
and RR is not obvious, however, because JSQ can differ from RR both in tie-breaks 
and non-tie-break situations. If we do not impose the restriction of Poisson arrival 
process, then the following theorem shows tha t there exist arrival sequences where 
JSQ can yield response times up to twice as much as RR for deterministic service 
distribution, even without any tie breaks. We conjecture this factor of two to be 
tight.

T h e o re m  5.4 For the JSQ/PS task assignment policy, with any arbitrary tie-breaking 
rule,

E ̂ pa/D/K/ JSQ/PS^

Ŝ P E  a/D/K/RR/PSj ~  2

The supremum is taken over all finite arrival sequences a.

P ro o f: Let the number of servers K  be even, and consider the following arrival
sequence a*: At time t — 0, a batch of —  j°b s arrive. Thus servers 1  to |  get 2 
jobs each and will serve these until time t = 2. Servers y  +  1 to K  get one job 
each and idle at time t — 1. At time 2 — e, a batch of K  jobs arrives, and since 
servers 1  to |  are still busy with 2 jobs (each of which has remaining size | ) ,  JSQ 
will send 2 jobs each to servers y  +  1 to K. However RR (LWL) will send a job each 
to servers 1 to K.  The arrival sequence continues as follows: at times t =  2i — e, 
i — 2 ,3 , . . . ,  batches of K  jobs arrive. Under RR (LWL), the subsequent batches 
of K  jobs are distributed evenly among the K  servers. Under JSQ, the y  servers 
which are idle at the arrival instant of the batch get two jobs each. As the number 
of arrivals increases, and for e small enough:

E\T<T*/D/K/JSQ/PSj
E \T a*/D/K/RR/PS1 “  2
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5.6 M any-Servers Heavy-Traffic Analysis of Load 
Balancing Policies

As we have mentioned before, there are very few results on the exact analysis of 
JSQ /PS, and even the proposed approximations (including the one in Section 5 .4 ) 
only give results for the distribution of number of jobs in the system. There are 
no results on the sojourn time distribution. In this section, we propose a novel 
heavy-traffic scaling to enable study of load balancing policies, and as a first step, 
we perform the analysis of the stationary joint distribution of queue lengths, and the 
sojourn time distribution. As the name suggests, our scaling is obtained by letting 
the number of servers K  grow to oo, while the arrival rate also grows to match the 
capacity. However unlike the popular square root rule where K/jl — X — Q(y/K), in 
our scaling the arrival rate grows so as to ensure Kfi — A =  0(1)- While we call 
this scaling heavy traffic, under our scaling the marginal queue length of each server 
converges to a limit, and thus is very useful as a tool to obtain approximations, 
analyze routing policies for heterogeneous servers, and to study the effect of service 
distribution. Our scaling is similar to the recent work on Non-Degenerate Slowdown 
scaling for the central queue M /M /K  model by Atar [15].

We employ this scaling to present a new approximation for the M / M / K / JSQ /PS 
model in Section 5.6.1. Our closed-form approximation is accurate when the num
ber of servers is large and the average load per server is close to one, and thus 
should be seen as a complement to the existing approximations [27, 117]. In addi
tion, we present the first approximation for the distribution of response time for the 
M / M / K / JSQ /PS model. In Section 5.6.2 we discuss some further insights gained 
via our many-server analysis. In Section 5.6.3, we analyze load balancing policies for 
heterogeneous servers under the many-servers regime and prove that, rather coun
terintuitively, joining the shorter queue remains optimal.

5 . 6 . 1  A  n e w  a p p r o x i m a t i o n  f o r  t h e  M / M / K / J S Q / P S  m o d e l

We begin with a formal definition of the many-server heavy-traffic limit, followed by 
the analysis of the stationary joint distribution of the number of jobs at the servers 
in Theorem 5.5, and the stationary distribution of response time in Theorem 5.6.

D efin itio n  5 . 3  The many-servers heavy-traffic limiting system with parameter 6  
(0 < 6  < 1) is obtained via a sequence of M /M /r /J S Q /P S  systems indexed by a 
discrete parameter r, such that:

1. The speed of the servers in the rth system is fi,
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2. The number of servers in the rth system is r,

3. The arrival rate of the rth system, A(r) is chosen to satisfy (p(r)) r =  ( 7 ^ ^  =  9. 
Equivalently, p ^  = 1  +

S ta t io n a ry  jo in t d is tr ib u tio n  o f n u m b e r o f jo b s

T h e o re m  5.5 Let N ^  denote the number of job in the rth system. Then:

lim PriiV^r—*00 L
r) > ar  = 1  . _ J _  +  1C | log6>| ^  C 

1 O' * - 2

(log0-l)(l-(a-l)(f)“ V ( l - ( f )“ 2)
(log0-l)s

C |log(9|

where C , the normalizing constant, is given by

a  <  1 ,

1 < a  < 2,

2  < a.

C =
9 Jo

ueu{ log 6»-
roc

l)du+  /  eu s du 
Jo

1
+

(log 9 — 1) ( lo g # — l ) 2  9 [log 9 — l ) 2  log#

Further, the system exhibits the following state-space collapse: Conditioning on N ^  — 
ar (i < a < i +  I, i G N) , the number of servers with (i +  1) jobs is (a — i)r +  0(1), 
the number of servers with i jobs is ((z +  1 ) — a)r  +  0 (1 ), and the distribution of 
the number of servers with (i — 1 ) jobs is Geom{a — i) — 1 , where Geom(p) is the 
geometric distribution with success probability p (equivalently, as the number of jobs 
in an M /M /1  with load (i +  1 — a)). The number of servers with less than (i — 1 ) 
or more than [i +  1 ) jobs is o (l).

P ro o f: We begin by showing how the first part of the theorem follows from the
second. The proof involves an idea similar to SQA. We look at the whole system 
as a single queue and consider the Markov chain for the total number of jobs in the 
system. The problem of finding conditional arrival rates now becomes trivial -  they 
are simply A ^. The interesting question is finding the conditional departure rates, 
and since our servers are homogeneous and job size distribution is Exponential, this 
would be given by M^r\ j )  = fr  — I^r\ j ) ^  ¡i, where I^r\ j )  is the expected number 
of idle queues in the r th  system conditioning on the total number of jobs being j.

Consider a  < 1: That is, the number of jobs is less than the number of servers. In 
this case, the system is unstable on a transient scale and hence there is no probability 
mass for a  <  1 .
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Now consider a > 2: then according to the second statem ent in the theorem, the 
number of idle queues is o(l). Thus the departure rate is 7 7 2  — 0 ( 1 ), while under our 
scaling, the arrival rate is r/i — 0(1). Therefore, for a  >  ¡3 > 2, for the r th  system:

Pr

Pr

= \ar1

N <r> =  \j3r]
_  r r [ < * r ]  I

j=[flr]+l \ ^ (r _ /(r )(j))

=  n j-[/3r]+l _  /( r)(j)

In the above, we use [x] to denote the integer part of x. Taking logarithm of both 
sides:

logPr[iV<r> =  [or]] -logP r[iV <r> =  [/?r]] =  £  ( l  +  ^  +  o ( l) )
i=\3r\+l V  ̂ /

Therefore, for a > ¡3 >  2,

Pr

Pr

=  [arl

-  [Pr]

j=[/3r}+1
=  (a  -  p) log# +  o(l)

Finally, consider 1  < a < 2: This is the regime where difference between JSQ and 
central queue M /M /K  really emerges. While there would be no idleness in M / M / K , 
under JSQ, the expected number of idle queues P r\[ar]) = Therefore, for
1  <  a  < P < 2:

lo g P r [ iV (r) =  [/3r]] -  lo g P r [ /V (r) =  [or]]

\M (  \(r) \
=  I ]  loS --------l o g ( r - / (r)(j) +  o (l)) 1

j=[ar\+1 \  ft /

= (p — a ) r lo g r( l +  i^ -? )  — r f  log r ( l -----   ----- du +  o(l)
r Ja \  r u — 1 /

r@ 2  -  u
= (P — a)r  log r +  (/? — a) log 0 — {p — a)r  log r +  / - ---- -du + o( 1 )Ja U — 1

rj3 rft du
= (P — Oi)r log r +  (P -  a ) log 9 -  (p -  a)r  log r  — / du 4- /  ------- +  o( 1 )

Ja Va U —  1

=  (P -  a)(log 9 -  1 ) +  l o g +  o(l)

164



or,
/3—aPr =  [ar] ( 3 - 1

Pr JVM = [/3r] a  — 1
(5.19)

By integrating, the expression for the distribution of lim,-,«, in the Theorem 
statem ent follows.

We do not provide a rigorous proof of the second part of the theorem as it can be 
verified by setting up the balance equations and plugging in the stationary distri
bution from the theorem statement. Instead, we provide an intuitive argument for 
why the expression for the distribution is so. Suppose there are more than ar  jobs 
in the system with 2 < i < a < i  + l. Since JSQ tries to equalize queue lengths, we 
expect servers to have only have either i or i +  1 jobs. However, servers with i jobs 
can have departures creating servers with i — 1  jobs. Since i > 2 , these servers are 
not idle, and thus do not cause loss in departure rate. Further, these servers with 
i — 1  jobs are being created at an average rate of approximately ((i +  1 ) — a)fir, 
and destroyed (that is, getting an zth job) at rate of ¡ir +  0(1). Thus the number 
of these servers ‘behaves’ similar to the number of jobs in an M /M /1  with arrival 
rate ((z +  1 ) — a)/j,r and service rate //r, and we expect the number of these servers 
to be 0 (1). Since conditional departure rate is ¡ir, and the arrival rate is [ir — 0(1), 
it would take 0 ( r )  time for the number of jobs to change by 0 ( r )  (If we view the 
system as a random walk where the up/down probabilities are \  ±  0  ( r -1); it takes 
0 ( r 2) steps for a displacement of 0 (r)) . However, if we look at the number of servers 
with ¿ — 1 jobs, it achieves stationarity in 0(1) time (the M /M /1  queue mimicing 
the evolution of these servers has mean busy period of 0 (£)) during which period 
the rate of their creation does not change.

However, if the number of jobs is ar  with l = i < a < i  + l = 2, then the the servers 
with i — 1 jobs are, in fact, idle causing a drop in the departure rate. However, 
this drop is 0 ( 1 ), and we still have tha t the total number of jobs changes by 0 (r) 
a t a time scale of 0 ( 1 ), while the number of idle servers achieves the stationary 
distribution at a time scale of 0  (£). ■

C orollary 5.1 Under the many-servers heavy-traffic limit with parameter 9, the 
mean number of jobs per server is given by:

E lim ------r—►oo j*
1 1 1 1 1 -  (?)=  1 + ^7T,— ^  +  7 -̂;— xr + ^r ,— ^— r z -2 ^ -7 ,— t — - t t  +  2- wC(logtf) 2  C |logfl| C ( lo g f l - l )  C( Iog 0 - 1 ) 2  C (log 0 -

(5.20)

where C  is the normalization constant from Theorem 5.5.
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F ig u re  5.9: Simulation results showing convergence of the stationary distribution 
of the number of jobs in the system to the many-servers heavy-traffic limit for two 
values of 9. 9 = 0.0059 corresponds to p — 0.95 for K  =  100, and 9 — 0.3660 
corresponds to p = 0.99 for K  — 100.

Figure 5.9 shows the speed of convergence of the stationary distribution of the number 
of jobs in the system to the many-servers limit as the number of servers is increased 
while holding pK = 9 fixed. The approximation is tight under very heavy traffic, but 
we believe tha t the ideas in the proof of Theorem 5.5 can be combined with existing 
approximations which perform well in light-traffic to obtain sharper approximations 
for all param eter settings.

S ta t io n a ry  d is tr ib u tio n  o f re sp o n se  tim e

T h e o re m  5.6 Let T^r\ a )  denote the response time of an arrival that sees [a-r] jobs 
in the rth system on arrival with l < z < a < z  +  l. Let T(a) =  lim ^oo T 'r’ (a;). 
Then, T(a) has a phase-type (PH) distribution with parameters (/?, B)

(3 =

where 7 a =  -rg

i +  1  — a 
a  — i

B =  ( -  (f + 7a) ( f  +  7a)
v dr (5.21)

i+1—a '
In other words, T (a ) is given by the time until absorption into state 0 in a Markov
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chain with states {0,z,z +  1 }; initial state vector q  and generator Q ; where:

° ^
- f t  )

(5.22)

P ro o f: According to Theorem 5.5, the arrival will either join a server with queue
length i — 1 or i with overwhelmig probability. Let T{(a )  be the response time given 
the arrival joins a server with queue size (i — 1 ) (and thus begins its sojourn in a 
server with i jobs in total), and let Ti+i ( a )  be the response time given the arrival 
joins a server with queue size i (and thus begins its sojourn in a server with z + 1  jobs 
in total). The distribution of T i( a )  is the time until absorption in state 0 starting 
from state i in the Markov chain with generator Q above, and similarly, Ti+1 (a) is 
the time until absorption in state 0 starting from state i +  1 in the Markov chain 
with generator Q.

According to Theorem 5.5, the arrival joins a server with queue length i — 1  with
probability (i +  1 — a), and a server with queue length i with probability (a  — i),
and these correspond to the initial state vector q  (or, ¡3) in the theorem statement.

C ase  1 : a rr iv a l s ta r t s  so jo u rn  in  a  q u eu e  w ith  i +  1  jo b s  in  to ta l  : Note 
tha t it takes 0 (r) time for the number jobs in the system to change by 0 (r), while 
the sojourn time of the arrival is 0 ( 1 ), and thus we can assume tha t the state of 
the system is tightly concentrated around the stationary distribution conditioned on 
a • r +  o(r) jobs. Given this knowledge, the only event tha t can affect the tagged 
arrival is a departure from its queue, as no arrivals will happen into a queue with 
i +  1 jobs. Thus, with rate /i, the server with the tagged job loses a job to become 
a server with i jobs, and with probability the departing job is not the tagged 
job. The ensuing sojourn time of the tagged job in this case is equal in distribution 
to T i (a ) .  This explains the last rwo of Q.

C ase  2 : a rr iv a l s ta r t s  so jo u rn  in  a  q u eu e  w ith  i jo b s  in  to ta l  : The events 
tha t can affect the server with the tagged job in this case are a departure as well as 
an arrival. Note tha t as we mentioned before, the number of queues of size (z — 1) 
behaves as the number of jobs in an M /M /1  with departure rate r and load (z+1 — a), 
and hence busy period of © (-). On the other hand, the events at the tagged server 
happen at rate 0 ( 1 ), and hence we can assume tha t the probability tha t an external 
arrival finds no queue of size i — 1  and hence is assigned to a queue of size i is (a  — i). 
External arrivals happen at a rate of r, and conditioning on the arrival joining a 
queue of size i, it joins the tagged queue with probability ^ +  o Thus,
the arrival process into the tagged queue is (asymptotically, as r —> oo) a Poisson

\ / 0 0
; Q  = ( f  +  7a) m̂ 7q “ ( f + 7 a )

/ ftiTi fti+i
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process with rate r(a  — i) • =  7 Q. We are now ready to explain the
middle row of Q. An arrival or a departure happens at aggregate rate of ¡i +  7 a . 
However, a departure tha t is not the tagged departure causes the queue length to 
drop to i — 1, where it only spends 9 time before being assigned a job and pushed 
back to queue length of i. Thus, we only need to worry about the departure of the 
tagged job, which happens at rate of or an arrival from outside, which happens 
at rate 7 a . The arrival causes the Markov chain to transition to state (i +  1), from 
where the ensuing sojourn time of the tagged job is equal in distribution to Ti+i ( a ) .

5 . 6 . 2  F u r t h e r  C o n s e q u e n c e s

A couple of interesting observations immediately follow from Theorem 5.5.

A ccu racy  o f ex is tin g  ap p ro x im a tio n s : The popularity of JSQ stems from the
fact tha t it is believed to be a good approximation to the M /M /K  system. Switching 
the statem ent around, M /M /K  is a good approximation for the performance of JSQ. 
How far off can the performance of M /M /K  be from JSQ? Under the many-servers 
heavy-traffic limit, the probability distribution for the total number of jobs in an 
M /M /K  is

rl h n p r « M/r >  o r

which gives an approximation for the mean number of jobs in the system as:

E lim
r — K X )

N (r)
M /M /r

r
=  1 +

1
log# |

(5.23)

Numerically comparing (5.20) against (5.23) in the many-servers limit, the perfor
mance of JSQ is at most 14% off (9 = 0.124). We have found tha t the figure of 14% is 
approximately the maximum performance gap between central queue M /M /K  and 
JSQ even under non-asymptotic regime.

We now tu rn  to the question: How well do popular approximations in the literature 
for JSQ compare in the many-servers heavy-traffic limit? We choose the Nelson 
Philips [117] approximation, according to which the mean number of jobs under JSQ 
is approximated by:

N,M / M / K

K

168



which under the many-servers heavy-traffic scaling becomes

1E
N ^  

lim " ¿ M m
r—i-oo r = 1 +

1 -
(5.24)

By letting 9 —> 0, the Nelson Philips approximation can be made arbitrarily close to a 
factor of 2 times the JSQ limit. Thus, in the worst case, Nelson Philips approximation 
for JSQ can be off by 100%. This error stems from the approximation assumption 
employed in [117] tha t an arrival seeing n jobs in the system on arrival will join a 
server with |^ J  jobs. However, as our analysis reveals, if K  < n < 2K,  then it is 
very likely tha t at least one server is idle.

A n a ly tic  ju s tif ic a tio n  for (5.2): The derivation of conditional arrival rates in
Section 5.4 relied on a crucial approximation assumption based on empirical evidence: 

~  pK for n > 3. We now formally justify the assumption, using Theorem 5.5. 
Let us fix a designated queue Q. For i > 3, the probability tha t Q has i jobs is given 
by:

nty) =  J 2  P r lQ =  =  j \  • F r lN  =  j \
j

which in the many servers limit is given by,

ra = i+ 1
«  / 9a~ [ la<i{a -  (i -  1)} +  l a>i{i +  1 -  Qf}] da

T herefore, th e  cond itional arrival ra te  A(i) for i > 3 in th e  m any  server lim it is:

m

f L - 1 -  (i -  1 )} ' 0 da +  ea~2(i +  1 -  ■ (1  -  (i +  1 -  a ) )d a
___________________________ +  J22+ 1 &a~2(i +  2  -  a)-£da________________________

I S - i  ffa~2 [!<»<*{“  -  (* -  !)}  +  !«>.{* +  1 -  «}] da

A £ ■  <>a- 2(a -  i)da + ¡L2 +i Sa~2(i +  2 - a )
K  Qoc- 2  ( a - ( i -  1 )) da +  ¡ ¿ I  (i + \ - a ) d a

=  1 » 
k 9 = Pk
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The optimality of JSQ for homogeneous servers for Exponential service distribution 
(and when job sizes can not be observed) was established long ago [29]. However, 
if the servers speeds are heterogeneous, finding the optimal policy quickly becomes 
intractable due to the explosion of state space. Heuristic policies have been proposed 
(see, e.g., [136]) motivated by policies for central queue M /M /K  models with het
erogeneous servers. W hat makes the problem non-trivial is tha t there is no single 
load-balancing policy tha t is optimal across all arrival intensities, and thus thus the 
optimal policy must learn the arrival rate. One popular traffic-oblivious heuristic is 
to send a new arrival to the server where the arrival gets served at the largest rate. 
T hat is, if the ¿th server has speed pi and n* jobs in the buffer, then the job is sent 
to the server with the largest value of Alternately, this policy can be seen as
sending the job to the server where its expected response time is minimized if the 
servers were FCFS, and hence we will refer to it as the Minimum Expected Response 
time (MER) policy.

In this section we prove that, rather counterintuitively, the MER policy is suboptimal 
in the many-servers regime. Instead, sending the job to the server with fewer number 
of jobs (irrespective of the speeds) and only using the server speeds for tie breaking 
is optimal while being traffic-oblivious.

We will compare the following load balancing heuristics:

1. M in im u m -E x p e c te d -R e sp o n se  tim e  (M E R ): The job is sent to server 
with the smallest value of Equivalently, where the job’s expected response 
time is minimized under FCFS scheduling.

2. J o in -S h o r te s t-Q u e u e  w ith  sm a r t tie -b re a k in g  (JS Q ): The job is sent to 
the server with the fewest number of jobs, if this server is unique. Otherwise 
ties are broken in favor of faster servers.

3. H Y B R ID : A combination of MER and JSQ -  JSQ is followed if some server 
is idle, otherwise if all servers are busy then the job is sent to the server with 
smallest value of H'

We first generalize the many-servers limit to heterogeneous servers, and for ease of 
exposition, consider the case where servers can have two possible speeds pi or p 2.

D efin itio n  5.4 In the many-servers limit with parameters P\, p2, (3\, (32 with +  
(32 =  I, the total number of servers K  grows to oo, while the number of servers of 
speed pi grows as K\ = /3\K , and that of speed p 2 grows as K 2 = /32 K . Without loss 
of generality we will assume p\ > p2.

5 .6 .3  O p t i m a l  l o a d  b a l a n c i n g  f o r  h e t e r o g e n e o u s  s e r v e r s
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The many-servers regime defined above is very natural in large data centers where 
servers are bought in volume once or twice a year, and are phased out over a period 
of 3-5 years, leading to heterogeneous equipment.

In the next section, we will compare the load balancing schemes in light traffic regime, 
and prove tha t while MER is suboptimal, both JSQ and H ybrid  are optimal in 
many-servers light-traffic. To resolve between JSQ and H y b r id , we will look at 
many-servers heavy-traffic. Finally we will present simulation results comparing the 
policies.

C o m p a riso n  o f P o lic ies in  M an y -se rv e rs  L igh t-T raffic

As mentioned previously, in the many-servers limit, the system capacity grows to 
infinity, and thus the arrival rate A must also grow to infinity for a non-degenerate 
limit. In the light traffic regime, the arrival rate grows so tha t =  7  (a constant), 
where 7  <  (flifii -f- ^ 2^ 2 )- Therefore the offered load is a constant fraction of the 
capacity. We now proceed to analyze our load balancing policies in the light-traffic 
limit.

A n a ly sis  o f M E R : The analysis splits in two cases:
C ase  1: ( 7  <  In this case, the capacity of the the fast servers is sufficient
to handle the offered load. Thus, arrivals find idle fast servers with overwhelming 
probability and hence the expected response time converges to 
C ase  2: ( 7  >  (3\Hi) In this case, the slower servers must be used to handle load. 
However, the MER policy does not route any jobs to a slower server until all fast 
servers have at least — 1  jobs (depending on tie breaking rule when ^  is an

integer). Thus, under stationarity, all fast servers have at least |”̂ j  — 1 jobs, while

-j_ o(K) slow servers have 1 job. Moreover, all jobs find at least some server 
idle with overwhelming probability.

A naly sis  o f JS Q : The analysis again splits in two cases:
C ase  1: ( 7  < This case is identical to MER since ties are broken in favor of
faster servers, and hence the expected response time converges to 
C ase  2: ( 7  > /?i//i) In this case again, the slower servers must be used to handle 
load. Unlike MER, JSQ starts routing jobs to slower servers as soon as all fast servers 
have 1 job. Moreover, all jobs find at least some server idle with overwhelming proba
bility. Thus, JSQ gives strictly smaller mean response time than MER. Moreover, as 
can be seen, JSQ minimizes the mean response time in light traffic. This is because 
the number of jobs in the system is lower bounded by the number of servers needed 
for stability ( (3\K\ +  ), and JSQ keeps these many servers occupied with
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A n aly s is  o f H Y B R ID : The H ybrid  policy mimics JSQ as long as there are idle 
servers, which in the light-traffic regime happens with overwhelming probability. 
Thus JSQ and H ybrid  yield identical mean response time.

We thus already see tha t MER, while greedy, is not a sm art policy in the many- 
servers regime. Instead, JSQ and H ybrid  yield better performance. Intuitively, by 
trying to keep all servers busy, JSQ and H ybrid  use the full system capacity. To 
compare JSQ and H y b r id , we next look at heavy-traffic regime.

C o m p a riso n  o f P o lic ies in  M an y -se rv e rs  H eavy-T raffic

Similar to Definition 5.3, the many-servers heavy-traffic limit is achieved by scaling 
the arrival rate so tha t (pifii +  -  A =  0(1). We will only compare JSQ and
H y b rid  under this regime. As illustrated in the proof of Theorem 5.5, to compare 
JSQ and H y b rid , we have to compare the inefficiencies induced by idle servers. The 
greater the number of idle servers, and the greater their speed, the worse the load 
balancing policy is. We will therefore look at the distribution of idle queues as a 
function of N , the number of jobs in the system.

A n aly sis  o f JS Q : The analysis splits into three cases:
C ase  N  > 2K : There are no idle queues in this case, because almost all servers have 
at least 2  jobs, and thus even after having a departure and before getting an arrival, 
these servers are busy.
C ase  (1 +(3\)K < N  < 2K:  In this case almost all fast servers have 2 jobs, and even 
after departures, do not become idle. However, a constant fraction of slow servers 
have one job, and they will give rise to 0 ( 1 ) idle queues.
C ase  K  < N  < (1 +  (3i)K: Both fast and slow servers will give rise to idle queues. 
The total number of idle queues is distributed according to an M /M /1  with arrival 
rate ((1 +  (3\)K — N)fii +  (the total service rate of servers with 1 job), and
departure rate A =  7 K.  However, since JSQ gives priority to fast idle servers over 
slow idle servers, the idle servers evolve according to a 2 -class preemptive priority 
queueing system -  the number of fast idle servers is distributed according to an 
M /M /1  with arrival rate ((1 +  /3\)K — N)/i 1 and departure rate A =  7 K ,  and the 
remaining idle servers are slow.

A n aly sis  o f H Y B R ID : To compare the H y b r id  policy with JSQ, it will now suffice 
to look at whether under H y b rid , there are more or less queues of size 1, as these 
are instrum ental in giving birth to idle queues and hence loss in efficiency. For N  up 
to (1 +  H y b r id  again behaves exactly like JSQ because fast servers will get
the second job before slow servers get the second job. However, for > (1 +  /3)K ,

exactly one job.
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under H y b rid , the fast servers will get a third job before slow servers get a second 
job. Therefore, the number of idle slow server under H y b r id  will be larger than 
the number of idle slow servers under JSQ. Only after N  > (3i +  2/?2) K
will there be no idleness in the system. Therefore, for every value o f  N  > K ,  the 
conditional departure rate under JSQ will be at least the conditional departure rate 
under H y b rid , and hence JSQ stochastically minimizes the number of jobs in the 
system in the many-servers limit. However, note tha t until N  = (1 + (3\)K, H y b r id  
mimics JSQ, which is optimal. Hence, unless traffic is very high, H y b r id  and JSQ 
will have similar performance.

In the next section we will compare MER, JSQ, and H ybrid  in the many-servers 
regime, and also compare them to an elegant traffic-aware policy Greedy-Throughput 
[118] when not in the many-servers regime.

S im u la tio n  R e su lts

Figure 5.10 presents the simulation results for the many-server regime. We simulate 
a queueing system with K\ — 1 0 0  servers of speed ¡ii =  4, and K 2 — 400 servers of 
speed ¿ ¿ 2  =  1- The total capacity is 600, and the capacity of the fast servers alone is 
400. We vary the arrival rate and plot the mean response time as a function of the 
arrival rate. In Figure 5.6.3, we present the simulation results for the light-traffic 
case, tha t is where the system is far from critical load. We see tha t simulations verify 
our analysis. While the arrival rate is less than the capacity of fast servers, arrivals 
find an idle fast server with high probability and hence the mean response time is 

=  0.25. As A increases beyond 400, under MER, all the fast servers are occupied 
by 3 jobs before slow servers are utilized. Thus the mean response time jumps to
0.75, and then increases linearly as more and more slow servers are used. However, 
under JSQ and H y b r id , the slow servers are utilized immediately, and the response 
time increases linearly without the jump. We further see that JSQ and H ybrid  yield 
identical mean response time in light traffic.

Figure 5.6.3, we show the same results, but when arrival rate is close to the capacity 
of the server farm. We now see tha t JSQ starts outperforming H y b r id , as analysis 
predicts. However, this behavior emerges at a very high arrival rate.

In Figure 5.11, we compare the policies analyzed in this section when the num
ber of servers is not very large. All the policies we have analyzed are very simple 
traffic-oblivious policies in tha t they do not require knowing the arrival rate A (and 
indeed are optimal in the many-servers across all values of A). However, when the 
numbers of servers is not large, the optimal load balancing critically depends on 
the arrival rate. We will compare the proposed traffic-oblivious policies against an
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F ig u re  5.10: Simulation results comparing mean response time under JSQ, MER, 
and H y b r id  load balancing policies in the many servers regime. The speeds of fast 
and slow servers were 4 and 1, respectively, and their numbers were 100 and 200 for 
a to tal service rate of 600.

elegant traffic-aware policy proposed in the literature -  Greedy Throughput [118]. 
The Greedy Throughput heuristic sends an arriving job to the queue so as to maxi
mize the number of departures before the next arrival. This amounts to maximizing
/ \nj+l
[jT+xJ • We note tha t this policy takes the right decision at extrema of arrival 
rate. When A —> 0, Greedy Throughput routes the job to the queue maximizing 
1 — Ân,+1- , and thus is the same as MER. When A —> oo, Greedy Throughput routes

( \ni + l
A , and thus aims to equalize queue lengths, 

and among queues of equal size, routes to the faster server -  identical to JSQ. Shenker 
and Weinrib [136] have performed extensive comparisons of central queue variants of 
JSQ (called Never Queue (NQ) in [136]), MER (called to Shortest Expected Delay 
(SED) in [136]), and Greedy Throughput policies.

The experiments in Figure 5.11 are split in two groups: the figures on the left are
8 ), and

4). For each server farm 
scenario, we fix different values of ‘average load’, i.e., the ratio of the arrival rate 
to the server farm capacity, and plot the mean response time as a function of the 
number of servers. We have chosen three values of ‘average load’ for each scenario: 
the arrival rate is larger than the capacity of the fast servers in the top figure, in the 
middle figure they are equal, and the arrival rate is smaller than the capacity of the

for a server farm where the heterogeneity in server speeds is high ( ^  
on the right are when the heterogeneity is lower ( ^
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F ig u re  5.11: Simulation results comparing mean response time under JSQ, MER, H y
b r id , and Greedy-Throughput policies in the non-many-servers regime. The x-axis shows 
the to ta l num ber of servers and the y-axis shows the mean response time. The figures 
on the left represent high server speed heterogeneity (8 : 1), and the figures on the right 
represent low heterogeneity ( 4 : 1 ) .  In each figure, the ratio  of the arrival ra te  to server 
farm capacity is constant, and this ratio decreases from top to bottom  as indicated.
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• Among the traffic-oblivious policies, H ybrid  provides the best compromise. 
It consistently outperforms JSQ in the non-many-servers regime, and this per
formance gap increases when the degree of heterogeneity is higher. H ybrid  
is only outperformed by MER when the server heterogeneity is very high and 
arrival rate is smaller than the capacity of fast servers.

• When the arrival rate is smaller than the capacity of fast servers, MER performs 
the best among traffic oblivious policies, and even outperforms traffic aware 
Greedy Throughput. However, when the arrival rate is close or above the 
capacity of fast servers, MER becomes suboptimal even at relatively small 
number of servers.

5.7 Sum m ary and Open Questions

We present the first analysis of JSQ load balancing for server farms with Processor 
Sharing servers, which are more representative of computing applications than First- 
Come-First-Served servers. We have introduced several new ideas which we believe 
will be applicable in much more general settings. The first is the idea of Single Queue 
Approximation (SQA), whereby one designated queue in the farm can be analyzed 
in isolation of all the other queues, where a state-dependent arrival rate is used to, in 
some sense, capture the effect of the other queues. Understanding what these state- 
dependent arrival rates look like is also a very interesting topic tha t we introduce 
and study via analysis and simulation.

Second, and perhaps most interesting, is the notion of bounded-sensitivity, and the 
discovery tha t the M / G / K / JSQ /PS  farm exhibits bounded-sensitivity to the service 
distribution, apart from the mean job size. This is particularly intriguing in light of 
the fact tha t so many other routing policies for PS server farms, like Least-Work-Left 
or Round-Robin, do not exhibit this insensitivity property. Via simulations, we con
jecture tha t despite being simple and oblivious to the sizes of jobs, the performance 
of JSQ is comparable to load balancing policies which know the sizes of all the jobs 
in the system.

Finally, we proposed a novel many-servers heavy-traffic scaling to study load bal
ancing polices for server farms. Based on this scaling, we proposed a new closed- 
form approximation for the stationary joint distribution of queue length in the 
M / M / K /  JSQ /PS model, which we believe can be combined with existing light traf
fic approximations to provide a uniformly sharp approximation. We also presented

fast servers in the bottom  figure. The following observations are immediate:
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the first approximation for the distribution of response time. Finally, we utilized 
our many server scaling to analyze load balancing policies for heterogeneous server 
farms, and proposed the traffic-oblivious H ybrid  policy -  a cross between Join- 
Shortest-Queue (JSQ) and Minimum-Expected-Response Time (MER) heuristics, 
which performs favorably compared to traffic-aware policies.

Im p a c t: Join-the-Shortest-Queue has been the subject of numerous papers -  both 
from the point of view of analyzing its performance, and for finding optimal load 
balancing policies for heterogeneous server farms. However, most of the existing 
work has been limited to numerical studies. Our many-servers scaling for the first 
time allows us to analytically address these questions. For example, we proved 
th a t popular approximations for the mean response time of the M / M / K / JSQ /PS 
queueing system can be off by 100% in the many-servers regime. We also proved that, 
counter to intuition, JSQ load balancing while ignoring the server speeds is optimal 
for heterogeneous server farms in the many-servers regime. Finally, we propose 
investigating the bounded-sensitivity phenomenon of the M / G / K / JSQ /PS  queueing 
system in the many-servers regime, which should lead to useful intuition into this 
behavior. Our results are not meant to invalidate the existing work, but instead to 
complement them to develop better approximations for the performance of JSQ, and 
to develop better load balancing algorithms (for example, the H y b rid  policy).

O p e n  P ro b le m s: The present chapter perhaps opens many more areas of explo
ration than it closes. The first question of interest is to combine the many-server 
heavy-traffic approximation (Theorem 5.5) with existing light-traffic approximations 
in a principled manner to arrive at an approximation tha t is sharp across all param 
eter settings (number of servers and arrival rate).

The second question is to further investigate the notion of bounded-insensitivity: Are 
there closed-form bounds on the effect of job-size distribution on the mean response 
time of M /G /K /  JSQ /PS model? We believe tha t our proposed many-server regime 
is the right tool to approach this problem, and the author has made preliminary 
progress as of writing of this thesis. However, a deeper question is to investigate 
the cause of this phenomenon (we have already observed a similar behavior in Sec
tion 3.4 for the quantum-based Round-Robin problem). When can insensitivity un
der tractable service distributions, such as the degenerate hyperexponential {H2) be 
employed to conclude near- or bounded-insensitivity? Is size-independent schedul
ing a sufficient condition? E.g., M / G / K / LWL/PS is insensitive under H2, yet its 
performance is very sensitive to the service distribution.

Finally, algorithmically, is it possible to find policies tha t can significantly outperform 
JSQ for PS servers? We have seen evidence tha t even size-aware policies do not 
perform significantly better. However, for heterogeneous servers, JSQ is likely to be
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quite inferior to size-aware load balancing policies.

5. A O ptim ality of Least-W ork-Left R outing for De
term inistic Job Sizes

T h e o re m  5.7 In the G /D /K /  • /P S  system, Least-Work-Left routing policy mini
mizes the mean sojourn time.

P ro o f: We will use backward induction technique as outlined in [1 1 1 ] to prove tha t 
Least Work Left minimizes the sum of response time in the G /D /K /P S  model.

Consider an arrival sequence of n jobs. Let n be any routing policy and let tt̂  be 
the routing policy tha t routes the first k arrivals according to 7r, and the remaining 
jobs using Least-Work-Left. Let Tp be the sum of response times of the jobs under 
the routing policy P. We will show,

Tn(k-i) < Tn(fc) (5.25)

We will use backward induction to prove the above. First we make the following 
observation: W ith deterministic job sizes (of size 1), a job arriving into a queue with 
workload w increases the sum of response times of jobs in system (including itself) 
by 1  +  2  w.

Basis step: £ = n Straight forward using the above observation.

Inductive step: Assume tha t for a given k, 1 <  k < n, (5.25) holds for all k < £ < n. 
We will prove tha t (5.25) holds for £ = k — 1.

We will prove this by creating another policy, 7 ^ ,  tha t behaves like n for the first 
k — 1 arrivals and does LWL at the kth  arrival. Further, we will show tha t

T^k) < Tn(k) (5.26)

Now, is a policy tha t behaves like 7 ^  for the first k arrivals and then does
LWL (since 7 ^  does LWL at the £;th arrival). Applying induction step to 7 ^ ,

Tn(k-1) <  T7(fc> <  Tn(k)

The policy 7 ^  is constructed as follows: Let 7 route the A;th job to queue r,
whereas the queue with the least work left is s. The policy 7 ^  routes the £;th job
to s. For subsequent arrivals, if 7 routes the job to 5 , 7 ^  routes to r, and if
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routes the job to r, 7 ^  routes it to s. The routing of other jobs under 7 ^  and tt̂  
is identical.

It is easy to see tha t (5.26) holds under the above construction, thus completing the 
proof of optimality of LWL with deterministic job sizes. ■

In fact, as a consequence of Theorem 5.1 of Liu, Nain and Towsley [111], the following 
strong theorem holds.

T h e o re m  5.8 In the G /D /K /  • /P S  system, Least-Work-Left routing policy mini
mizes the vector of workloads at the queues in the increasing Schur convex ordering.
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C h a p t e r  6

Energy-Efficient Dynamic Capacity 
Provisioning in Server Farms

In this chapter we turn  to an im portant algorithmic problem: efficiently provisioning 
the number of servers in a server farm so as to optimize energy/response-time trade
offs. Traffic demand experienced by data centers and cloud computing infrastructures 
is highly non-stationary, exhibiting not only seasonal and diurnal variations, but also 
unpredictable surges. Therefore, server farms which are provisioned to handle the 
peak demand usually have many servers idle. While one would like to turn servers 
off when they become idle to save energy, the large setup cost (both, in terms of 
setup time and energy penalty) needed to switch the server back on can adversely 
affect performance. The problem is made more complex by the fact tha t today’s 
servers provide multiple sleep or standby states which trade off the setup cost with 
the power consumed while the server is ‘sleeping’.

We employ the metric of Energy-Response time Product (ERP) to capture the 
energy-performance tradeoff, and present theoretical results on the optimality of 
server farm management policies. For a stationary demand pattern, we prove tha t 
there exists a very small, natural class of policies tha t always contains the opti
mal policy for a single server, and conjecture it to contain a near-optimal policy 
for multi-server systems. For time-varying demand patterns, we propose a simple, 
traffic-oblivious policy and provide empirical evidence for its near-optimality.
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6 . 1  I n t r o d u c t i o n

M o tiv a tio n

Server farm power consumption accounts for more than 1.5% of the total electricity 
usage in the U.S., at a cost of nearly $4.5 billion [146]. The rising cost of energy 
and the tremendous growth of data centers will result in even more expenditures 
on power consumption. Unfortunately, due to over-provisioning, only 20-30% of the 
total server capacity is used on average [2 2 ]. This over-provisioning results in idle 
servers which can consume as much as 60% of their peak power.

While a lot of energy can be saved by turning idle servers o f f turning on an off 
server incurs a significant cost. The setup cost takes the form of both a time delay, 
which we refer to as the setup time, and an energy penalty. Another option is to put 
idle servers into some sleep state. While a server in sleep mode consumes more power 
than an off server, the setup cost for a sleeping server is lower than tha t for an off 
server. Today’s state-of-the-art servers come with an array of sleep states, leaving it 
up to the server farm manager to determine which of these is best.

G oal a n d  m e tr ic

There is a clear tradeoff between leaving idle servers on, and thus minimizing mean 
response time, versus turning idle servers off (or putting them to sleep), which hurts 
response time but may save power. Optimizing this tradeoff is a difficult problem, 
since there are an infinite number of possible server farm management policies. Our 
goal in this chapter is to find a simple class of server farm management policies, 
which optimize (or nearly optimize) the above tradeoff. We also seek simple rules 
of thumb tha t allow designers to choose from this class of near-optimal policies. In 
doing so, we greatly simplify the job of the server farm manager by reducing the 
search space of policies tha t he/she needs to choose from.

To capture the tradeoff involved in energy and performance, and to compare different 
policies, we use the Energy-Response time Product (ERP) metric, also known as the 
Energy-Delay Product (EDP) [63, 87, 89, 96, 137]. For a control policy 7r, the ERP 
is given by:

E R P n = E  [Pn] • E  [Tn]

where E fP 71-] is the long-run average power consumed under the control policy 7r, and 
E[T7r] is mean customer response time under policy 7r. Minimizing ERP can be seen 
as maximizing the “performance-per-watt”, with performance being defined as the
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inverse of mean response time. While ERP is widely accepted as a suitable metric 
to capture energy-performance tradeoffs, we believe we are the first to analytically 
address optimizing the metric of ERP in server farms.

Note tha t there are other performance metrics tha t also capture the tradeoff between 
response time and energy, for example, a weighted sum of the mean response time 
and mean power (ERWS) [13, 17, 156]. However, the ERWS metric implies tha t 
a reduction in mean response time from 1 0 0 1  sec to 1 0 0 0  sec is of the same value 
as a reduction from 2 sec to 1 sec. By contrast, the ERP metric implies tha t a 
reduction in mean response time from 2  sec to 1  sec is better than a reduction from 
1001 sec to 1000 sec. One reason for the popularity of ERWS is tha t it is a nicer 
metric to handle analytically, being a single expectation, and hence additive over 
time. Therefore, one can optimize the ERWS metric via Markov Decision Processes, 
for example. From the point of view of worst case sample path based analysis, this 
metric allows one to compare arbitrary policies to the optimal policy via potential 
function arguments [84]. However, ERP, being a product of two expectations, does 
not allow a similar analysis. Other realistic metrics of interest include minimizing 
to tal energy given bounds on, say, the 95%tile of response times.

S u m m a ry  o f C o n tr ib u tio n s

We consider a specific set of server farm management policies (defined in Table 6.1) 
and prove tha t it contains the optimal policy for the case of a single server, and 
also contains a near-optimal policy for the case of multi-server systems, assuming 
a stationary demand pattern. For the case of time-varying demand patterns, we 
develop a traffic-oblivious policy tha t can auto-scale the server farm capacity to 
adapt to the incoming load. Via simulations, we show tha t our traffic-oblivious 
policy performs well when the server farm is offered a general time-varying arrival 
process. Throughout this chapter, for analytical tractability, we make the assumption 
of exponentially distributed job sizes and a Poisson arrival process. Setup times are 
assumed to be Deterministic. We formally define the traffic model and the model for 
servers’ sleep state dynamics in Section 6.3.

• We begin with the question of designing the optimal power management policy 
for an M /M /1  queue in Section 6.4. While the range of possible policies is 
large, for example, immediately put a server to sleep when it goes idle and then 
delay turning on the server until a certain number of jobs have accumulated 
in the queue (to amortize setup cost) transitioning to shallower sleep states 
on arrivals, we prove tha t one of the policies, N e v e r O f f , I n s t a n t O f f  or 
S l e e p , is always optimal. Refer to Table 6.1 for the exact definitions of these
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P olicy Single-Server M ulti-Server
NeverOff Whenever the 

server goes idle, it 
remains idle until a 
job arrives.

A fixed optimally chosen number n* (with respect to 
ERP) of servers are maintained in the on or idle states. 
If an arrival finds a server idle, it starts serving on the 
idle server. Arrivals that find all n* servers on (busy) 
join a central queue from which servers pick jobs when 
they become idle.

InstantOff Whenever the 
server goes idle, 
it turns off. The 
server then remains 
off until there is 
no work to process, 
and begins to turn 
on as soon as work 
arrives.

Whenever a server goes idle, and there are no jobs in 
the queue, the server turns off. Otherwise it picks a job 
from the queue to serve. At any moment in time, there 
are some number of servers that are on (busy), and 
some number of servers that are in setup (transitioning 
from off to on). Every arrival puts a server into setup 
mode, unless the number of servers in setup already 
exceeds the number of jobs in the queue. A job does 
not necessarily wait for the full setup time since it can 
be run on a different server that becomes free before the 
setup time is complete, leaving its initially designated 
server in setup.

Sleep(S) Whenever a server 
goes idle, it goes 
into the sleep state 
S. It remains in 
sleep state S until 
there is no work to 
process, and begins 
to wake up as soon 
as work arrives.

A fixed optimally chosen number n* of servers are main
tained in the on, off or sleep states. Whenever a server 
goes idle, and there are no jobs in the queue, it goes 
into the sleep state S. Otherwise it picks a job from the 
queue to serve. Every arrival wakes a sleeping server 
and puts it into setup, unless the number of servers in 
setup already exceeds the number of jobs in the queue.

T ab le  6.1: A summary of the different policies considered in this chapter, and their 
description in the single-server and multi-server cases.

policies.

•  In Section 6.5, we consider the case of managing servers in an M /M /oo multi
server systems. The arrival process is Poisson with a known mean arrival rate. 
We assume tha t there are enough servers so tha t we are not constrained by 
the available capacity. Again, the range of policies to choose from is vast. For 
example, some servers could be turned off when idle, some could be moved 
to a specific sleep state, and the rest may be kept idle. One could also delay 
turning on an off server until a certain number of jobs have accumulated in 
the queue, or delay turning off an idle server until some time has elapsed. Via 
a combination of analysis and numerical experiments, we conjecture tha t one
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of N e v e r O f f , I n s t a n t O f f  or S l e e p  (defined in Table 6.1 for a multi-server 
system) is near-optimal.

•  In Section 6 . 6  we consider a time-varying arrival pattern  with the aim of finding 
policies which can auto-scale the capacity while being oblivious to the traffic 
intensity. This situation is even more complicated than in Section 6.5, since a 
server farm management policy might now also take into account the history 
of arrivals or some predictions about the future arrivals. For the time-varying 
case, we introduce a new policy D e l a y e d O f f .  Under the D e l a y e d O f f  pol
icy, a server is only turned off if it does not receive any jobs to serve within an 
interval of length twait . If an arrival finds more than one server idle on arrival, 
it is routed to the server which was most recently busy (MRB) (alternately, 
the server which is the farthest from turning off). Otherwise, the arriving job 
turns on an off server.
The MRB routing policy proposed above turns out to be crucial for the near
optimality of D e l a y e d O f f . Intuitively, MRB routing increases the variance 
of the idle periods of the servers when compared to random or round-robin 
routing, and yields the property tha t the longer a server has been idle, the 
longer it is likely to stay idle.Policies similar to D e l a y e d O f f  have been pro
posed in the literature but applied to individual devices [51, 84, 129], whereas 
in our case we propose to apply it to a pool of homogeneous interchangeable 
servers under MRB routing. We provide simulation evidence in favor of the 
auto-scaling capabilities of D e l a y e d O f f  and show tha t it compares favorably 
to an offline, traffic-aware capacity provisioning policy.

6.2 P rio r work

Prior analytical work in server farm management to optimize energy-performance 
tradeoff can be divided into stochastic analysis, which deals with minimizing average 
power/delay or the tail of power/delay under some probabilistic assumptions on the 
arrival sequence, and worst-case analysis, which deals with minimizing the cost of 
worst-case arrival sequences.

S to c h a s tic  A nalysis

The problem of server farm management is very similar in flavor to two well studied 
problems in the stochastic analysis community: operator staffing in call centers and 
inventory management. In call center staffing, the servers are operators, who require
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a salary (power) when they are working. Similarly to our problem, these operators 
require a setup cost to bring an employee into work, however, importantly, all analysis 
in call center staffing has ignored this setup cost.

The operator staffing problem involves finding the number of operators (servers) 
which minimize a weighted sum of delay costs experienced by users and the monetary 
cost of staffing operators. While this problem has received significant attention under 
the assumption of stationary (non-time-varying) demand (see [31] for recent results), 
there is significantly less work for the time-varying case, one exception being [85]. 
In [85], the authors consider the problem of dynamic staffing based on knowing the 
demand pattern  so as to maintain a target probability of a user finding all servers 
busy on arrival.

W ithin inventory management, the problem of capacity provisioning takes the form: 
how much inventory should one maintain so as to minimize the total cost of unused 
inventory (holding cost, in our case idle power) and waiting cost experienced by 
orders when there is no inventory in stock (queueing delay of users). Conceptually 
this problem is remarkably similar to the problem we consider, and the two com
mon solution strategies employed, known as Make to Order and Make to Stock, are 
similar in flavor to what we call I n s t a n t O f f  and N e v e r O f f , respectively (see [7], 
for example). However, in our case servers can be turned on in parallel, while in 
inventory management it is assumed tha t inventory is produced sequentially (this is 
similar to allowing at most one server to be in setup at any time).

W o rs t-ca se  A nalysis

There has been significant amount of work done in power management from the point 
of view of minimizing worst case sample path cost, for example ERWS (See [83] for a 
recent survey). Again, none of the prior work encompasses a setup time and is more 
applicable to a single device than a server farm. The performance metrics used are 
also very different from ERP.

The work can primarily be split in terms of results on speed scaling algorithms, and 
results on algorithms for powering down devices. In the realm of speed scaling, the 
problem flavors considered have been minimizing energy or maximum tem perature 
while meeting job deadlines [18, 19, 160], minimizing mean response time subject to 
a bound on total energy [124], and minimizing the ERWS [17, 156]. However, again 
all these papers assume tha t the speed level can be switched without any setup costs, 
and hence are mainly applicable to single stand-alone devices, since in multi-server 
systems setup costs are required to increase capacity.

The work on powering down devices is more relevant to the problem we consider,
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and due to sample path guarantees, these results naturally lead to traffic-oblivious 
powering down schemes. In [84] the authors consider the problem of minimizing total 
energy consumed under the constraint tha t a device must instantly turn on when 
a job arrives. Further, [84] assumes tha t there is no setup time while turning on a 
device, only an energy penalty.

6.3 M odel

F ig u re  6.1: Illustration of server farm model for studying power management al
gorithms

Figure 6.1 illustrates our server farm model. We assume n homogeneous servers 
of capacity one, where each server can process any job, and thus the servers are 
interchangeable. Jobs arrive from outside the system, to a central queue, according 
to a Poisson process. In Sections 6.4 and 6.5, we consider a fixed arrival rate, A. 
However, in Section 6 .6 , we consider a time-varying arrival rate, A(t). We assume 
the job sizes are i.i.d. Exponentially distributed random variable with mean E [S]. 
The quantity p{t) — A(t)E[Sf] is used to denote the instantaneous load, or the rate 
at which work is entering the system at time ¿.Therefore, p represents the minimum 
number of servers needed to maintain a stable system (same as in Chapter 2).

Each server can be in one of the following states: on (busy), idle, off, or any one 
of N  — 1 sleep states: Si, S2 , . . . ,  5 ^ - 1 - For convenience, we sometimes refer to 
the idle state as So and the off state as S^.  The associated power values are Pon, 
P id le  =  -Ps0 1 Psi, • • •> p sN = P o f f • We shall assume the ordering PON > P id le  > 
Ps1 > . . .  > PsN-i > P o f f  = 0 . The server can only serve jobs in the on state. 
Pon need not necessarily denote the peak power at which a job is served, but is
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used as a proxy for the average power consumed during the service of a job. Indeed, 
while applying our model, we would first profile the workload to measure the average 
power consumed during a job’s execution, and use it as Po n • The time to transition 
from initial state, Si , to final state, S'/, is denoted by T s ^ S t  and is deterministic. 
Rather obviously, we assume Ton^ idle — Tidle~*on — 0. Further, the average 
power consumed while transitioning from state Si to S f  is given by Pst-^sr

M o d el A ssu m p tio n s : For analytical tractability, we will introduce some additional 
assumptions. We will assume tha t the time to transition from a state to any state 
with lower power is zero. Therefore, T0 n-+off = TSi->oFF = 0, for all i. This 
assumption is justified because the time to transition back to a higher power state 
is generally considerably larger than the time to transition to the lower power state, 
and hence dominates the performance penalties. Further, we will assume tha t the 
time to transition from a state Si to any higher power state is only dependent on 
the low power state, and we will denote this simply as Tsi. Therefore, T o f f ^ i d l e  =  
ToFF—*Si = T o f f ,  for all i. Note tha t 0 =  T jd le  < Ts1 < . . .  < TsN_t < T o ff-  
This assumption is justified because in current implementations there is no way 
to go between two sleep states without first transitioning through the ID L E  state. 
Regarding power usage, we assume tha t when transitioning from a lower power state, 
Si, to a higher power state S'/, we consume power P s^S f  = Pon-
The results of this chapter are derived under the Model Assumptions which were 
validated experimentally.

S im u la tio n  P a ra m e te rs :  All the simulation results presented in this chapter are 
based on the following server characteristics: Toff — 200s, Tsieep — 60s, Poff — 
0W, Psieep — 10W, Pidle = 150W and Pon = 240W. These param eter values are 
based on measurements for the Intel Xeon E5320 server, running the CPU-bound 
LINPACK [82] workload.

6.4 O ptim al Single Server policies

As the first step towards our goal of finding policies for efficiently managing server 
pools, we analyze the case of a single server system. Recall tha t our aim is to find 
the policy tha t minimizes ERP under a Poisson arrival process of known intensity. 
Theorem 6.1 below states tha t for a single server, remarkably, the optimal policy is 
included in the set {N e v e r O f f , I n s t a n t O f f , S l e e p } (defined in Table 6.1).

T h e o re m  6.1 For the single server model with a Poisson(X) arrival process and
i.i.d. Exponentially distributed job sizes, the optimal policy for minimizing ERP is
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either N e v e r O f f , I n s t a n t O f f  or S l e e p (S ) , where S  is the optimally chosen 
sleep state among the existing sleep states.

R e m a rk  1 : Theorem 6.1 is quite non-intuitive, and in general we do not expect such 
a result to hold for other metrics such as ERWS. The theorem rules out a large class 
of policies, for example those which may randomize between transitioning to different 
sleep states, or policies which move from one sleep state to another, or those which 
may wait for a few jobs to accumulate before transitioning to the on state. While 
E R P , being a product of expectations, is a difficult metric to address analytically, 
for the single-server case we are able to obtain tight optimality results by deriving 
explicit expressions for ERP.

P ro o f  o f T h e o re m  6.1: We give a high-level sketch of the proof in terms of
four lemmas, whose proofs are deferred to Appendix 6.A. These lemmas successively 
narrow down the class of optimal policies, until we are left with only N e v e r O f f , 
I n s t a n t O f f  and S l e e p .

D efin itio n  6.1 Let IImixed denote the class of randomized policies whereby a server 
immediately transitions to power state Si (i G { 0 ,. . . ,  N } ) with probability pi on 
becoming idle. Given that the server went into power state Si, with probability qij 
it stays in Si and waits until j  jobs accumulate in the queue, where q%j —
1 . Once the target number of jobs have accumulated, the server immediately begins 
transitioning to the on state, and stays there until going idle.

L em m a 6.1 Under a Poisson arrival process and general i.i.d. job sizes, the optimal 
policy lies in the set IImixed-

L em m a 6.2 Consider a policy n G IImixed with parameters as in Definition 6.1. 
The mean response time for policy 7r under a Poisson(X) arrival process with i.i.d. 
Exp(¿¿) job sizes is given by:

E[T] =  (6-1)

where,

J +  A TSi
rij =  --------7— +

¡ i — A
' T  . JU -  i) . XTI[
jTSi + ^ > r  + —

(6.2)

and the average power for policy n is given by:

^  r n1 E Í o  Pi ££L i Qij Ü {ppON +  (1 -  p)Psi ) +  XTSiP o n ) , a oN

2^i=oPi ¿-'7=1 Qij \J I- XI Si)
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L em m a 6.3 The optimal strategy for a single server must be pure. That is, Pi = 1 
for some i E { 0 , . . . ,  N } ,  and qini = 1 for some integer n* >  I.

L em m a 6.4 The optimal pure strategy dictates that rii = 1, if the optimal sleep 
state is Si.

Lemma 6.1 is proved using a sample path argument and crucially depends on the 
assumption of a Poisson arrival process and the Model Assumptions for the sleep 
states of the server, and in fact holds for any metric tha t is increasing in mean 
response time and mean power. Lemma 6.3 relies on the structure of ERP metric. 
While Lemma 6.3 also holds for the ERWS metric (with a much simpler proof), it 
does not necessarily hold for general metrics such as the product of the mean power 
and the square of the mean response time. Lemma 6.4 also relies on the structure of 
the ERP metric and does not hold for other metrics such as ERWS. ■

C o ro lla ry  6 . 1

^  = ^ A  + rS,l + Ag‘/2) ^
E [P ] =  pP 0 N  +  ^  ~  p }Psi  +  XTsiP ° N (g 5)

1 +  A TSi

where Si = ID L E  for N e v e r O f f , S{ = O FF for I n s t a n t O f f , and Si is the sleep 
state that we transition to in S l e e p .

P ro o f: Follows by substituting Pi = I and qn — 1 in Lemma 6.2. ■

The expressions in Corollary 6.1 allow us to determine regimes of load and mean 
job sizes for which each of N e v e r O f f , I n s t a n t O f f  and S l e e p  policy is best with 
respect to ERP. Numerically, we have found tha t N e v e r O f f  is typically superior to 
the other policies, unless the load is low and the mean job size is high, resulting in 
very long idle periods. In the latter case, I n s t a n t O f f  or one of the S l e e p  policies 
is superior, depending on the parameters of the sleep and off states. Eqs. (6.4) 
and (6 .5 ) are also helpful for guiding a server architect towards designing useful sleep 
states by enabling the evaluation of ERP for each candidate sleep state.

6.5 N ear-O ptim al M ulti-server policies

In this section, we extend our results for single server systems to the multi-server 
systems with a fixed known arrival rate, with the goal of minimizing ERP. Inspired
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by th e  re su lts  in Section 6.4, w here we found th e  b es t of N e v e r O f f , I n s t a n t O f f  
an d  S l e e p  to  be th e  o p tim al policy, we in tu it th a t  one of N e v e r O f f , I n s t a n t O f f  
an d  S l e e p  will be close to  o p tim a l in th e  m ulti-server case as well. W e m ake th is  
in tu itio n  precise in Section 6.5.1, an d  provide sim ple guidelines for choosing th e  righ t 
po licy  from  am ong th is  set in Section 6.5.2.

6 . 5 . 1  A  N e a r - o p t i m a l i t y  c o n j e c t u r e

C o n je c tu re  6.1 Let II5 . denote the class of policies which only involve the states 
on, idle and the Si sleep state. For arbitrary Si (that is Psi and TsJ, the ERP of the 
best of N e v e r O f f  and S l e e p  with sleep state Si is within 30% of the ERP of the 
optimal policy in IIs^ when p >  10. When p >  20, the performance gap is smaller 
than 2 0 %.

The main idea behind Conjecture 6 . 1  is obtaining reasonably good lower bounds on 
the ERP for the optimal policy, and then numerically optimizing the performance 
gap with respect to the lower bound. We justify Conjecture 6.1 in Appendix 6 .B.

We believe tha t in reality, the simple N e v e r O f f , I n s t a n t O f f , and S l e e p  policies 
are better than our Conjecture suggests. To justify this claim, we perform the 
following simulation experiment. We focus on the class of policies involving on, 
idle and off states. Note tha t as we mentioned earlier, due to the metric of ERP, 
we cannot utilize the framework of Markov Decision Processes/Stochastic Dynamic 
Programming to numerically obtain the optimal policy. Instead we limit ourselves 
to the following class of threshold policies:
T H R E S H O L D (7 1 1 , n 2): At least n\ servers are always maintained in either the on 
or idle states, but no more than n 2  servers are ever turned on. If an arrival finds 
a server idle, it begins service. If the arrival finds all servers on (busy) or turning 
on, but this number is less than n 2 >  n\,  then the arrival turns on an off server. 
Otherwise the arrival waits in a queue. If a server becomes idle and the queue is 
empty, the server turns off if there are at least n\ other servers which are on.

The T h r e s h o l d  policy can be seen as a mixture of N e v e r O f f  with n\ servers, 
and I n s t a n t O f f  with (n 2 — n\) servers. Thus, T h r e s h o l d  represents a broad 
class of policies (since n\ and n 2  can be set arbitrarily), which includes N e v e r O f f  
and I n s t a n t O f f . In Figure 6.2, we show the gain in ERP afforded by the optimal 
T h r e s h o l d  policy over the best among optimal N e v e r O f f  and I n s t a n t O f f  for 
various values of p, T o f f  and Pp^LNK • We see tha t if T o f f  is small (Figure 6 . 2  

(a)), the ERP gain of the T h r e s h o l d  policy over the best of N e v e r O f f  and 
I n s t a n t O f f  is marginal (<  7%). This is because in this case, I n s t a n t O f f  is
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F ig u re  6.2: Comparison of the performance of T h r e s h o l d  policy against the best 
of optimal N e v e r O f f  and I n s t a n t O f f  policies. The y-axis shows the percentage 
improvement in ERP afforded by the T h r e s h o l d  policy.

close to optimal. At the other end, when T o f f  is large (Figure 6.2 (c)), the ERP 
gain of the T h r e s h o l d  policy over the best of N e v e r O f f  and I n s t a n t O f f  are 
again marginal (< 6 %), because now N e v e r O f f  is close to optimal. We expect the 
optimal T h r e s h o l d  policy to outperform the best of N e v e r O f f  and I n s t a n t O f f  
when T o f f  is moderate (comparable to PlDp^ ^ ) • In Figure 6 . 2  (b), we see tha t 
this is indeed the case. However, the gains are still moderate (an improvement of 
1 0 % when p >  1 0  and at most 7% when p > 2 0  when P id le  is high).

6 . 5 . 2  C h o o s i n g  t h e  r i g h t  p o l i c y

Based on the results of Section 6.5.1, to provision a multi-server system with a fixed 
known arrival rate, it suffices to only consider the policies N e v e r O f f , I n s t a n t O f f  
and S l e e p . The goal of this section is to develop a series of simple rules of thumb 
tha t will help a practitioner choose between these policies. The specific questions we 
answer in this section are:
Q u e s tio n  1: W hat is the optimal number of servers, n*, for the N e v e r O f f  policy? 
Q u e s tio n  2: W hat is the optimal number of servers, n*, for the S l e e p  policy? 
Q u e s tio n  3: Which of I n s t a n t O f f , N e v e r O f f , and the various S l e e p  policies 
should be chosen?
Before presenting the rules of thumb to answer the above questions, we present a 
well-known result regarding the M /M /K  queueing system which forms the basis of 
further analysis.

L em m a 6.5 (H alfin  a n d  W h it t  [72]) Consider a sequence of M / M / s n systems
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with load pn in the nth system. Let an denote the probability that an average customer 
finds all servers busy in the nth system. Then,

lim  ocn — a(/3) if and only if lim  —— — =  3. (6.6)
P n - o o  P n - > O Q  ^

The function a(/3) is given by

a ( { 3 )  = 1 +  \/27r/3i>(/?)e/2
- l

(6.7)

where <£>(•) is the c.d.f. of a standard Normal variate. Under the above conditions,
the mean number of jobs in the nth system, E^iVM/M/Snj , satisfies:

lim ----- -=J------ =  J ^ L- (6.8)

R u le  o f T h u m b  ff-1 : C h o o sin g  n* for N everO ff
For th e  p a ram e te r regim e w here N e v e r O f f  is th e  chosen policy,

n* — P +  P* {Pidle  /  Po n )\/~P +  °{y/p) (6.9)

where /3*(-) is the following function:

(3*{x) = arg min^Q + (3 • x  \ . (6.10)

A very good approximation ¡3*(x) ~  °'4̂ 2 +q25 3 7 6 X+0 0̂ 1 4 1 3 95 obtained via the MAT-
LAB curve fitting toolbox, with a maximum absolute relative error of < 0.75%.

Ju s tif ic a tio n : Consider a sequence of M /M /s n systems with load pn in the n th  
system. Let sn ~  p +  g(pn) +  °{d(Pn))- From [72], we have tha t E[yVM/M/Srij ~  
pn -t- where a n denotes the stationary probability tha t all sn servers are busy

in the n th  system. Also, E [ P A//M/Sn] ~  pPoN +  g(pn)PiDLE, which gives

. E [pM/M/s„] =  p2 poN ^  +  +  9_(p«) P id le  +  o() t ( \  _

W hen g(pn) = u(y/Pn)i a n —*■ 0? and the expression in the parenthesis is 1 +  

u  ( l/y /f fa ) .  When g(pn) — o(-y/Pn)> a n —> 1, and the expression in the parenthe

sis is again 1 +  u  Thus, the optimal choice is g(pn) — ¡3yfp~n +  o(y/p„) f° r
some constant ¡3. This yields:

( a(j3) . o PiqLE \
e r p neveroff  „  PnE[S }PON 1 +  ------i _ PoN (6.11)

\J~Pn J
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For the ERWS metric, the rule n* = p+(3^fp is known to be near-optimal in practice. 
It is popularly known as the “square-root staffing rule”, or the Quality and Efficiency 
Driven regime because it balances the sub-optimality in the performance (Quality) 
and resource utilization (Efficiency), both being O and hence optimizing the
ERWS metric. Here we have shown tha t the square-root staffing rule also optimizes 
the ERP metric, albeit with a different ¡3.

Optimizing the above yields the expression for ¡3*. ■

R u le  o f T h u m b  # 2 :  C h o o sin g  n* for S leep
For the param eter regime where S l e e p  with sleep state Si is the chosen policy,

n* — p' +  t r (P s J  Po n )\[p' +  o(\[p') (6.12)

where pf = p ( l  + ^ j ) a n d  /?*(•) is given by (6 .1 0 ).

Ju s tif ic a tio n : The justification for Rule of Thumb # 2  is along the same lines. We 
expect the S l e e p (Sj) policy to outperform N e v e r O f f  when Tst is small enough so 
tha t almost all jobs turn  on a sleeping server and get served there. This is equivalent 
to an M /G /oo  system with G ~  S  +  T5 .. However, since Ps{ > 0, we optimize the 
number of servers by following Rule of Thumb # 1 , but with mean job size replaced 
by E[S] +  TSi, or equivalently p' <— p ( l  + ^ j ) ,  and P id le  <— Psi- This gives us:

/  0 (0 ) \  
r ' ^  1E  R P sleeP(si) pE[s]{l + Wi) P<ON 1 + PON

\

(6.13)

R u le  o f T h u m b  # 3 :  W h ic h  po licy  to  use?
We associate each policy with an index, and choose the policy with the smallest index.
T h e  index  for I n s t a n t O f f  is given by ( l  +  * r^ îe hrdex for N e v e r O f f  is

o /  \
given by ( l  +  1 f̂>idl̂ Pon^  ? an d  for S le e p  w ith  s ta te  Si by 1 + 7 (PsJPon)

The function 7 (-) is given by
V P\ 1+i

7 (2 ;) =  min 
v ' p>o

a{P)
(3

+ /3 • x (6.14)

5.444a;2+2.136a:+0.006325with a((3) given by (6.7). A very good approximation 7 (2 ) «  1S
obtained via the MATLAB curve fitting toolbox, with a maximum relative error of 
<  0.6% for x > 0.025.

/
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Ju s tif ic a tio n : We justify the heuristic rule of thumb by proposing approximations 
for the ERP metric under I n s t a n t O f f ,  N e v e r O f f ,  and the S le e p  policies. We 
expect the I n s t a n t O f f  policy to outperform N e v e r O f f  and S le e p  when T0 ff  is 
small enough compared to E [S], so tha t the penalty to turn on an off server is neg
ligible compared to the necessary cost of serving the job. In this regime, we can ap
proximate the ERP of I n s t a n t O f f  by E R P INSTANTOFF «  AP0n  (E[S] +  T0 f f )2, 
which is an upper bound obtained by forcing every job to run on the server tha t 
it chooses to turn on on arrival. The ERP of N e v e r O f f  with optimal number 
of servers is approximated by Eq. (6 .1 1 ), with pn — p and [3 = (3*(PIDLe /P o n )- 
For S le e p ,  we again expect S le ep (S * ) policy to outperform N e v e r O f f  when TSi 
is small enough so tha t almost all jobs turn on a sleeping server and get served 
there. In this regime, we can approximate the ERP of S le e p  by Eq. (6.13), with 
¡3 = (3*(Psi!Po n )- Using the above approximations for ERP, we can choose between 
the I n s t a n t O f f ,  N e v e r O f f  and S le e p  policies. ■
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F ig u re  6.3: Verifying the accuracy of Rule of Thumb #3. The relative performance 
of N e v e r O f f , Insta n tO ff  and Sleep  policies for a multi-server system are shown as 
functions of load (p) and mean job size (E[5]) based on simulations. Figure (a) shows 
N e v e r O ff  vs. Insta n tO f f . The crosses indicate the region of superiority of In
sta n tO ff  over N e v e r O f f . Figure (b) shows N e v e r O f f  vs. Sl e e p . The crosses indicate 
the region of superiority of Sleep  over N e v e r O f f . The numbers associated with each 
point denote the % improvement of the superior algorithm over the inferior. The dashed 
lines indicate the theoretically predicted split based on Rule of Thumb #3.

If we compare I n s t a n t O f f  and N e v e r O f f , Rule of Thumb #3  says th a t if T o f f  
is sufficiently small compared to E [S] and -±=, then one should choose I n s t a n t O f f .
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Figure 6.3(a) verifies the accuracy of the above rule of thumb. Observe tha t in the 
region where our rule of thumb mispredicts the better policy, the gains of choosing 
either policy over the other are minimal. Similarly, the dashed line in Figure 6.3(b) 
indicates tha t the theoretically predicted split between the N e v e r O f f  and S l e e p  
policies is in excellent agreement with simulations.

6.6 Traffic-oblivious dynam ic capacity provision
ing and A pplications

Thus far we have considered a stationary demand pattern. In this section we propose 
a policy, D e l a y e d O f f , and provide empirical evidence towards favorable perfor
mance of our proposed policy when the arrival process is Poisson with an unknown 
non-stationary arrival rate A(£), with p(t) =  A(i)E[5]. In Section 6.6.2, we propose a 
slight modification of the D e l a y e d O f f  policy, called the D e l a y e d O f f - I n d e x  pol
icy, which is easier to implement and is flexible enough to adapt to diverse application 
scenarios.

6 . 6 . 1  T h e  D e l a y e d O f f  p o l i c y

The previous policies tha t we have considered, N e v e r O f f ,  S le e p  and I n s t a n t O f f ,  
do not satisfy our goal. N e v e r O f f  and S le e p  are based on a fixed number of servers 
7 7 *, and thus do not auto-scale to time-varying demand patterns. I n s t a n t O f f  is 
actually able to scale capacity in the time-varying case, since it can turn on servers 
when the load increases, and it can turn off servers when there isn’t much work in 
the system. However, when Toff is high, we will see tha t I n s t a n t O f f  performs 
poorly with respect to ERP.

We now define our proposed traffic-oblivious auto-scaling policy, D e l a y e d O f f . 
D E L A Y E D O F F : D e l a y e d O f f  is a capacity provisioning policy similar to I n 
s t a n t O f f , but with two major changes. First, under D e l a y e d O f f , we wait for 
a server to idle for some predetermined amount of time, twait, before turning it off. 
If the server gets a job to service in this period, its idle time is reset to 0. The 
param eter twait is a constant chosen independent of load, and thus D e l a y e d O f f  is 
a truly traffic-oblivious policy. Second, if an arrival finds more than one servers idle 
on arrival, instead of joining a random idle server, it joins the server tha t was most 
recently busy (MRB). Equivalently, and perhaps more precisely, the arrival is sent 
to the server which will turn off farthest in the future. We will later see tha t MRB 
routing is crucial to the near-optimality of D e l a y e d O f f .
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We will demonstrate the superiority of D e l a y e d  O f f  by comparing it against two 
other policies, the first being I n s t a n t O f f , and the second being an offline, traffic- 
aware hypothetical policy, L o o k A h e a d . L o o k A h e a d  runs the N e v e r O f f  policy, 
with n* changing as a function of time. L o o k A h e a d  smartly calculates n*(t) for 
each time t, given the p(t) forecast. To do this, we use an idea proposed in [85], 
which is to compute what we will call the “effective load” at time t (referred to as 
the “offered load” in [85]), peff(t), as:

PeffW ~  [  e-Ai(i-u)A(u)du.J — OO

The quantity peff(i) denotes the mean number of jobs in the system at time t under 
the assumption tha t every job in the system can have its own server. The number of 
servers to have on at time t, n*(t), is then chosen to be n*(t) — peff(£) +  /3* J , 
where (3* is given by (6.10).

Figure 6.4 illustrates the performance of I n s t a n t O f f ,  L o o k A h e a d  and D e la y e d -  
O f f  in the case of a time-varying arrival pattern tha t resembles a sine curve with a 
period of 6  hours. In all the simulations, we set E [S] — 1  sec, and Toff  =  2 0 0 secs 
(hence Toff  is high). Figure 6.4(a) shows tha t I n s t a n t O f f  auto-scales poorly as 
compared to the other policies, in particular E R P Instant° ^  6 . 8  x 105W atts • sec,
with E[T] ~  13.17sec and E[P] ~  5.19 x 104 Watts. By contrast, L o o k A h e a d ,  
shown in Figure 6.4(b), scales very well with the demand pattern. The ERP of 
L o o k A h e a d  is E R P LookAhead ~  1.64 x 104 W atts ■ sec, with E [T] ~  1.036sec and 
E[P] »  1.58 x 104 Watts. Unfortunately, as pointed out above, L o o k A h e a d  re
quires knowledge of the future arrival pattern to be able to have n*(t) servers on 
at time t (in particular, it needs knowledge of the demand curve Toff  units in ad
vance). Thus, while L o o k A h e a d  performs very well in a time-varying situation, 
it is not an online strategy, and is thus, not practical. Figure 6.4(c) illustrates the 
excellent auto-scaling capability of D e l a y e d O f f  for the sinusoidal arrival pattern. 
Here, twau = 320s is chosen according to Rule of Thumb # 4  presented later in this 
section. For the case in Figure 6.4(c), E R P Delayed° ^  ~  1.89 x 104 W atts  • sec with 
E[T] ~  1.002sec and E [P] ~  1.89 x 104 Watts. The ERP for D e l a y e d O f f  is only 
slightly higher than tha t of L o o k A h e a d ,  and far lower than th a t of I n s t a n t O f f .  
D e l a y e d O f f  slightly over-provisions capacity compared to L o o k A h e a d  due to its 
traffic-oblivious nature. We verify this last observation analytically.

While analyzing D e l a y e d O f f  even under stationary traffic is a formidable chal
lenge, we justify its excellent auto-capacity-scaling capabilities via the following mod
est proposition which suggests tha t under a Poisson arrival process with unknown 
intensity, D e l a y e d O f f  achieves near-optimal ERP. Thus, if the rate of change of 
the arrival rate is less than Toff  (as was the case in Figure 6.4(c)), we expect D e -
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îme (hrs) 4  

(a) Instan tO ff

Time (hrs)

(b) LookAhead

Time (hrs) ->

(c) DelayedOff

F ig u re  6.4: Dynamic capacity provisioning capabilities of I n s t a n t O f f , L o o k A 
h e a d  and D e l a y e d O f f . The dashed line denotes the load at time t , p(t), the dots 
denotes the number of servers tha t are busy or idle at time t, and the
crosses represent the number of jobs in the system at time t, N(t).

l a y e d O f f  to still achieve near-optimal ERP. This is because we are able to turn  
servers on before the queue builds up.

P ro p o s itio n  6 . 1  Consider a server farm with Poisson arrival process and Exponen
tial service distribution. Let p denote the average load. Under D e l a y e d O f f  with 
MRB routing, the number of servers on is given by p + O (y/p), as p —> oo.

P ro o f: We first provide an alternate way of viewing the MRB routing. Consider
a server farm with infinitely many servers, where we assign a unique rank to each 
server. Whenever there are n jobs in the server farm, they instantaneously move to 
servers ranked 1 to n. We now claim tha t there are m  servers on at time t under 
MRB routing and D e l a y e d O f f  if and only if there are m  servers on at time t in 
the alternate model under D e l a y e d O f f . T o see this, let the rank of servers at time 
t under MRB be defined by the last time they were idle (rank 1 server has been idle 
the shortest and so on). Once a server goes idle and gets rank n  (thus the number 
of jobs in the system drops to n — 1 ), its rank remains n until the number of jobs in 
the system increases to n.

Define the idle period for server n +  1, /(n ) , to be the time th a t elapses between the 
instant tha t the number of jobs in the system transitions from n +  1 to n until it 
next reaches n +  1. It is easy to see tha t the setup delay, T o f f  does not affect the 
distribution of I(n). A rank n +  1 server turns off when I(n) > twait. Analyzing 
D e l a y e d O f f  now reduces to analyzing the idle periods of servers in an M / M / oo. 
Let N(t) denote the number of jobs in an M / M / oo at time t. Iglehart [81] proved
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th a t as p —■> oo, the process X (t)  = p converges to the solution Y(t)  of the 
following mean reverting Ornstein-Uhlenbeck process:

dY{t) = -m Y ( t )d t  + odW(t); m  =  g L - , <r2 =  (6-15)

where W(t)  is the standard Brownian motion. The process Y[t) mixes on a 0(1) 
time scale, and the first passage time distributions for Y { t ), defined as TU}V = inf{£ >
0 : Y(t) = v |y (0 ) — u} are only known via their Laplace transforms [57]. Thus while 
any exact analysis of D e la y e d O f f  seems intractable, we can make the following 
conclusion: if we observe the system at a random point in time T, and find N (T) = 
p + Uy/p, the probability tha t the server ranked p +  Vyfp will be on, is exactly the 
probability tha t t* = sup{t >  0 : N (T  — t) > p + Vyfp} < twait. However, t* has the 
same distribution as TU)V, and thus for any v, there is a constant probability tha t 
server with p +  Vyfp is on. 1 ■

We now address the question of choosing the optimal value of twau , which we denote
aS  ^wait•
R u le  o f T h u m b  # 4 :  C h o o sin g  t*wait.
As mentioned above, an exact analysis of D e la y e d O f f  seems intractable since it 
involves first passage time distributions of the Ornstein-Uhlenbeck process, and thus 
analytically obtaining the optimal value of twait is equally intractable. However, 
empirically we have found tha t a good choice for the twait param eter is t*wait «  
Toff ' ■ The rule of thumb is along similar lines as the power down strategy
proposed in [84] and is based on an amortization argument. Once the server has 
wasted Pidle  * twait units of power in idle, it amortizes the cost of turning the server 
on later and paying the penalty of Pon - To f f - While a reader familiar with work on 
powering down scheme might find our D e la y e d O f f  policy not novel, we would like 
to point out a conceptual difference between the use of D e la y e d O f f  in our work 
and in the prior literature. The prior literature uses D e la y e d O f f  type schemes 
for stand-alone devices, obtaining constant factor sub-optimality. However, we are 
applying D e la y e d O f f  to each device in a server farm, and are artificially creating 
an arrival process via MRB so as to make the idle periods of the servers highly 
variable. It is not surprising tha t the optimal value t*wait should be independent of 
p. As we mentioned above, by mapping the D e la y e d O f f  policy to an Ornstein- 
Uhlenbeck process, for a fixed ElS], as we increase the arrival rate and hence p, the 
limit Y(t)  does not change, and thus the behavior of a server with rank p  +  Cyfp  
would remain invariant to p for a fixed twait. However, what is interesting is tha t 
even as E[5] varies, our rule of thumb for t*wait holds as shown in Figure 6.5(a).

the published version of this work [67], there is an error in Theorem 2 and Corollary 1. While 
Lemma 7 on mean idle periods is indeed correct, it does not imply Theorem 2.
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F ig u re  6.5: (a) Verifying the accuracy of Rule of Thumb #4. The graph shows the effect 
of twait on ERP for the D e la y e d O f f  policy, in the case of a sinusoidal demand curve, 
with average p — 60 and E[5] =  0 .1 ,1 ,10s. Different values of twait result in different ERP 
values. However, t*uait =  T o f f  ■ ~  320s does well for all values of E[5]. (b) The
graph shows the difference in ERP of the D elayedO ff  and L o o k A head  policies. The 
ERP values are normalized by the theoretical lower bound, (c) The graph shows the effect 
of decreasing the period of the sinusoidal demand curve on the ERP. Results suggest that 
decreasing the period of the demand curve does not effect the ERP significantly.

F ig u re  6.5(b) com pares th e  ERP of D e l a y e d O f f  ag a in st th e  ERP of L o o k A h e a d  
for d ifferent Toff  values. We norm alize th e  ERP values w ith  th e  th eo re tic a l lower 
b o u n d  of pPoN • ^ [5 ] .  T h ro u g h o u t th e  range of Toff  values, we see th a t  D e l a y e d 
O f f ,  w ith  twait chosen based  on R ule of T h u m b  # 4 ,  perform s w ith in  10% of L o o k A 
h e a d ,  based  on th e  ERP. T h e  ERP of b o th , D e l a y e d O f f  an d  L o o k A h e a d  are  
w ith in  70-80% of th e  ERP values of th e  th eo re tic a l lower bound . F igu re  6.5(c) shows 
th e  effect of decreasing  th e  p erio d  of th e  sinuso idal d em an d  curve on th e  ERP. We see 
th a t  th e  ERP of D elayedO ff increases as th e  perio d  decreases, b u t th is  change is n o t 
very  significant. T hus, we can expect D e l a y e d O f f  to  perfo rm  well for tim e-vary ing  
d em an d  p a tte rn s , as long as th e  ra te  of change of d em an d  is n o t to o  high.

T rac e -b ased  s im u la tio n  re su lts : Thus far we have only looked at simulation
results for arrival patterns tha t look like a sinusoidal curve. However, not all de
mand patterns are sinusoidal. We now consider a real-life demand pattern  based on 
traces from the 1998 World Cup Soccer website, obtained from the Internet Traffic 
Archives [3]. The trace contains approximately 90 days worth of arrival data, with 
more than 1.3 billion arrivals. The data contains very bursty arrivals, with the ar
rival rate varying by almost a factor of 1 0 , between periods of peak demand and low 
demand. In particular, the rate of change of arrival rate is sometimes much higher
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F ig u r e  6 .6 : D e l a y e d O f f  simulation results based on a subset of arrival traces 
collected from the Internet Traffic Archives, representing 15 hours of bursty traffic 
during the 1998 Soccer world cup finals. Observe tha t D e l a y e d O f f  scales very well 
even in the case of bursty traffic.

than Toff = 200s. We run D e l a y e d O f f  on this trace, and compare our results 
against L o o k A h e a d .  Throughout, we assume Exponentially distributed job sizes, 
with mean 1  second.

Figure 6 . 6  shows our simulation results for a subset of the arrival traces, correspond
ing to the most bursty traffic. We see tha t D e l a y e d O f f  (with optimally chosen 
twait = 320s) adapts extremely well to the time-varying traffic. In fact, over the 
entire duration of 90 days, the ERP of D e l a y e d O f f  was within 15% of the ERP 
of L o o k A h e a d .  Thus, we conclude tha t D e l a y e d O f f  performs very well even in 
the case of unpredictable and bursty traffic.

6 . 6 . 2  A n  I n d e x - b a s e d  p r o x y  f o r  D e l a y e d O f f  a n d  a p p l i c a t i o n s

In this section we discuss a proxy policy for D e l a y e d O f f  tha t is easier is to imple
ment, and can be easily modified for several application scenarios.

D E L A Y E D O F F -IN D E X : In D e l a y e d O f f - I n d e x ,  we apriori assign static dis
tinct ranks to all the servers in the server farm. Like D e l a y e d O f f ,  under D e l a y e d O f f -  
I n d e x  as well, we wait for a server to idle for some predetermined amount of time, 
twait> before turning it off. If the server gets a job to service in this period, its idle 
time is reset to 0. However, unlike MRB routing, if an arrival finds more than one 
servers idle on arrival, then it joins the highest ranked idle server (this server may 
not be the one tha t is farthest from turning off).

The intuition behind D e l a y e d O f f - I n d e x  is the same as behind D e l a y e d O f f  -  by
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repeatedly sending the jobs to a preferred set of servers, we are creating variability in 
the idle periods. Empirically we have found th a t the performance of D e l a y e d O f f  
and D e l a y e d O f f - I n d e x  to be indistinguishable. However, the D e l a y e d O f f - 
I n d e x  policy is practically appealing because it can be easily modified to adapt to 
many application scenarios, a couple of which we mention below:

E x a m p le  1: D y n am ic  cap a c ity  p ro v is io n in g  for h e te ro g e n e o u s  se rv e r  fa rm s
Our description and analysis of the D e l a y e d O f f  policy depended on the fact tha t 
the servers were homogeneous, while this is almost never true for data  centers. How
ever, by assigning static ranks to the servers, giving preference to faster and more 
energy efficient servers, and employing the D e l a y e d O f f - I n d e x  policy, we can per
form dynamic capacity scaling in heterogeneous compute environments.
E x a m p le  2: D y n am ic  cap a c ity  p ro v is io n in g  in  c lo u d  in f r a s tru c tu re s  An as
sumption tha t we have made throughout this chapter is tha t servers do not timeshare 
their capacity, and tha t further, a single job can exhaust the server’s resources. As 
virtualization and cloud computing becomes ubiquitous, this assumption is broken. 
A typical virtual machine (VM) request might ask for 1GB of RAM and 2 GHz of 
processing capacity, while the physical servers are provisioned with several GBs of 
memory, and several cores. While it is hard to imagine how the D e l a y e d O f f  policy 
would extend to this application scenario, D e l a y e d O f f - I n d e x  does the trick. A 
public cloud service like Amazon EC2 [2] allows users to choose from a small set 
of instance types. Based on the popularity of these instance types, physical servers 
could be partitioned into virtual servers, and these virtual servers can be assigned 
static ranks (ensuring tha t virtual servers in the same physical server get contiguous 
ranks). Now D e l a y e d O f f - I n d e x  policy can be used to schedule VMs on these 
virtual servers. A physical server will be turned off once all its virtual servers have 
idled for twait units of time.

6.7 Sum m ary and Open Questions

In this chapter we address the algorithmic question of energy-performance tradeoff 
in server farms, and utilized the metric of Energy-Response Time Product (ERP) to 
capture the aforementioned tradeoff. Via the first analysis of the ERP metric, we 
proves tha t a very small natural class of server farm management policies suffices to 
find the optimal or near-optimal policy. We furthermore develop rules of thumb for 
choosing the best among these policies given the workload and server farm specifica
tions. The impact of our results is two-fold: (i) Our results eliminate the complexity 
of finding the optimal server farm management policy in a high-dimensional search
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space, and (ii) Our analytical evaluation of the policies advocated in this chapter 
with respect to ERP can guide server designers towards developing a smaller set of 
sleep states with the most impact.

We first proved tha t for a single server under a Poisson arrival process, the opti
mal policy with respect to ERP is either (a) to always keep the server on or idle 
(N e v e r O f f ), or (6 ) to always turn a server off when idle and to turn it back on when 
work arrives ( I n s t a n t O f f ), or (c) to always put the server in some sleep state when 
idle (S l e e p ). Next, based on analysis and numerical experiments, we conjecture tha t 
for a multi-server system under a Poisson arrival process, the multi-server generaliza
tions of N e v e r O f f , I n s t a n t O f f  and S l e e p  suffice to find a near-optimal policy. 
Finally we consider the case of a time-varying demand pattern  and propose a simple 
traffic oblivious policy, D e l a y e d O f f , which turns servers on when jobs arrive, but 
waits for a specific amount of time, twait, before turning them off. Through a clever 
routing policy, D e l a y e d O f f  achieves asymptotically near-optimal performance in 
simulations for a stationary Poisson arrival process with an unknown arrival rate, as 
the load becomes large. We also proposed a variant, D e l a y e d O f f - I n d e x , which 
allows extending D e l a y e d O f f  to dynamic capacity provisioning in heterogeneous 
server farms and in cloud computing infrastructure.

O p e n  P ro b le m s: In order to prove the optimality results in this chapter, we have 
made some assumptions: (i) The servers are interchangeable (any job can serve on 
any server), (ii) The server farm is homogeneous, (iii) The job-sizes are Exponen
tially distributed. If some or all of these assumptions were to be relaxed, then our 
optimality results might look different. Proving optimality results without the above 
assumptions constitutes ongoing work. Perhaps most im portant extension would 
be energy-management policies under I/O  bound workloads, which severely limit 
the load balancing flexibility. Proving guarantees on performance of traffic-oblivious 
policies under some smoothness conditions on the demand pattern  is also a theoret
ically challenging goal.

6.A P roof of Theorem  6.1

P ro o f  o f L em m a 6.1: We first note tha t if the server is in the on state and there 
is work in the system, then the optimal policy never transitions into a sleep state. 
Suppose, by contradiction, an optimal policy ir transitioned into a sleep state at time 
t0 with work in the queue and then later transitioned through some sleep state until 
finally transitioning to the on state at time t\. We could transform this into a policy 
7r' with equivalent power consumption, but lower mean response time by deferring 
the powering down until all the work present in the system at to has finished (say at
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t2), and then transitioning through the same sleep states as 7r, finally transitioning 
to the on (or idle) state at time ¿ 2  +  ( ¿ 1  — to).

Next, we prove tha t the only instants at which an optimal policy takes actions will 
be job completions, job arrivals, or when the server finishes transition from a low 
power state to a higher power state. Here we assume th a t once a transition to a 
sleep, idle or on state has been initiated from a lower power state, it can not be 
interrupted. We have already argued tha t no actions happen during a busy period 
when the server is in the on state. Therefore to prove tha t control actions only 
happen at the claimed events, it remains to show tha t actions do not occur while 
the server is in idle or sleep states (and not in transition or on) and an arrival has 
not occurred. To achieve this, it suffices to show tha t there exists a Markovian 
optimal control for the ERP metric. Note tha t E [T] — limT-K» ^^\ft==o N(t)dt\
and E [P] — limT^oo ^ e [ / ^ 0 P ( i) ] , where N(t)  and P{t) denote the number of jobs 
and power consumption, respectively, at time t. Thus the optimal decision at time 
t depends only on the future evolution of the system, and not on the finite history 
in [0,t\. (Note tha t these statem ents are not true if we replace E [T] and E[P] by 
their discounted versions, e.g. E[P7] =  / t=o l lP{t)dt for some 0 < 7  <  1.) By the 
memoryless property of the Poisson arrival process, the claim follows.

Finally, we will show tha t once a policy goes into a sleep state when the server 
goes idle, the only other state it will transition to next is on. To see this, suppose 
the server went into sleep state Si. Now, the server will not go into sleep state Sj  
for j  > i (and hence to a state with lower power) on a job arrival, otherwise it 
would have been better to transition to Sj  when the server first went idle. If the 
server transitions to a sleep state Sk for k < i (thus a state with higher power) but 
not the on state, and later transitions to the on state, it would instead have been 
better to transition directly to the on (since the transition times are the same by 
the Model Assumptions), finish processing the work and then transition to state Sk 
instantaneously.

So far, we have argued tha t the optimal policy must (i) immediately transition to idle 
or a sleep state when the work empties (recall th a t we have assumed these transitions 
to be instantaneous), (ii) immediately transition to the on state on some subsequent 
arrival, and (iii) is Markovian. However, the optimal control need not necessarily be 
a deterministic function of the current state. We therefore use pi and ^  to denote 
the class of possible optimal control policies n mixed- ■

P ro o f  o f L em m a 6.2: The proof proceeds via renewal reward theory. We define a 
renewal cycle for the server as the time from when a server goes idle (has zero work),
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until it next goes idle again. Thus we can express:

r , E  [total response time per cycle] xprpi E  [total energy per cycle]
E[number of jobs per cycle] ’ E[duration per cycle]

Now consider a specific case, where the server goes into sleep state Si on becoming 
idle, and starts transitioning to the on state when jobs accumulate. There can 
be more arrivals while the server is turning on. We denote the number of arrivals 
during transition from Si by Xi, and note tha t Xi is distributed as a Poisson random 
variable with mean AT^. Thus, after the server turns on, it has n* +  Xi jobs in the 
queue, and thus the time until the server goes idle is distributed as a sum of n* +  Xi 
busy periods of an M / M / 1  system. The sum of the response times of jobs tha t are 
server during this renewal cycle has two components:
1. Sum of waiting times of all jobs before the server turns on (term 1  below): The 
waiting time of the j th  of the first jobs is Y/k=j+ 1 T\(k) +  Tst , where {T\(-)} are
i.i.d. Exp(A) random variables, and T\(k) denotes the time between the (k — l)s t 
and kth  arrival of the cycle. By the properties of the Poisson arrival process, the 
(unordered) waiting time of each of the Xi jobs is an independent i/([0 , T5 J)  random 
variable. Adding an taking expectation, we get the term 1 as shown below in (6.16).
2. Sum of the response times from when the server turns on until it goes idle (term 2 
below): Since the sum of response time of the jobs tha t are served during the renewal 
cycle is the same for any non-preemptive size-independent scheduling policy, we will 
find it convenient to schedule the jobs as follows: We first schedule the first of n* +  Xi 
arrivals and do not schedule any of the n* +  Xi — 1  remaining jobs until the busy 
period started  by the first job completes. Then we schedule the second of the rii + Xi 
jobs, holding the remaining jobs until the busy period started by this job ends, and 
so on. The sum of the response times is thus given by the sum of response times in 
Ui +  Xi i.i.d. M / M / 1  busy periods, and the additional waiting time experienced by 
the initial Ui + Xi arrivals. By renewal theory, the expectation of the sum of response 
times of the jobs served in an M / M / 1  busy period with arrival rate A and service 
rate /i is given by the product of the mean number of jobs served in a busy period

an<̂  mean response time per job This gives the first component of
term  2. The additional waiting time of the j tli of the Hi +  Xi initial arrivals due to 
our scheduling policy is given by the sum of durations of j  — 1 M /M /1  busy periods, 
each of expected length . Adding this up for all the +  X { jobs and taking 
expectation, we get the second component of term  2 .
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I Ui 1 | rp \  | P  r Y ■] TSi 1 77j +  E  [Xj\
ni\ - v r +Ts<) + E[Xi]^ + — p -  +E

(rii +  Xi)(rii -f- X{ — 1)
20* - A )

term 1 term  2
(6.16)

«¿(^i - 1 )  , a t j .+  EpQ]
1  — p V p  — A niTs‘ +  2A + 1 -  P

The final expression in (6.1) is obtained by combining the above with the renewal 
reward equation, and noting tha t the mean number of jobs served in this renewal 
cycle is given by !H±M^il-

r , E  [total response time per cycle] _  SiLo Pi X J= i
E[TJ = ' -

E[number of jobs per cycle] £ £ 0  Pi £ ~ =]
1 -/ 9

E 'L o P i£ “ 1'to (i +  ATSi)

The proof for E [P] is analogous. The duration of a cycle is composed of three dif
ferent times:
1 . Time spent waiting for n* jobs to queue up: The expected duration is with 
expected total energy consumed given by ^Psi-
2. Time to wake up the server: This is Tst , with total energy consumed by the server 
during this time as Ts^ o n -
3. (rii +  Xi) busy periods: The expected time it takes for the server to go idle again 
is the expected duration of rii +  Xi  busy periods, given by n;^ p -L with total energy

consumed being Pon •

Thus, we have:

E  [P} =
[{ ■ Ps, + TSt ■PON + ^  • Pon)

T.ioPiT.jLiQij |[ i  +  Ts, +E [duration per cycle]

EtoPi Hj L i  Qij (■i(pPpN  +  (1 -  P)PSj) +  XTSjPpN) 
E " 0P iE “ i % ( i  +  ATSi)

P ro o f o f Lem m a 6.3: To prove tha t the optimal strategy is pure, we only need
to note th a t the expressions for both the mean response time and average power are
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of the form
E[T] q\t\ +  . . .  +  qntn E[P] =

where n is the number of pure strategies th a t the optimal strategy is randomizing
over, for some discrete probability distribution {q\___, qn}. We will show tha t when
n = 2 , the optimal strategy is pure, and the proof will follow by induction on n. 
For n = 2, we consider E [T] and E[P] as a function of q\ over the extended domain 
qi G (—0 0 , + 0 0 ), and show tha t there is no local minima of E [T] • E[P] in qi G (0,1). 
Further, note tha t both E[T] and E[P] are of the form a +  f°r some constants 
a,b, c, d. While the lemma would trivially follow if the product of E [T] and E[P] 
were a concave function of q, this is not true in our case because one/both  of E[T] 
and E[P] may be convex, and hence we proceed through a case analysis:
C ase  1 : Both E[T] and E[P] are increasing or decreasing in qi, except for a 
shared discontinuity at q\ =  • In this case, trivially, E[T]E[P] is also in
creasing/decreasing in the interval q\ G [0,1] as both the functions are positive in 
this interval, and thus the minimum of E[T] • E[P] is either at q\ = 0 or at q\ =  1. 
C ase  2 : One of E[T] and E[P] is an increasing function and the other is a decreasing 
function of q\ (except for the shared discontinuity at q\ — —^ —). In this case, as 
9 1 - s ^ . E p W ] -  —0 0 . Second, due to the form of e | t ]  and E[P], it is easy 
to see th a t their product has at most one local optimum. Finally, we can see tha t as 
qi —■> ± 0 0 , E[T]E[P] —> 2m2' ; which is finite. Combining the previous three
observations, we conclude th a t there is no local minima in the interval q\ G (0,1). 
In other words, in the interval q\ G [0,1], the minimum is achieved at either qi = 0, 
or q\ = 1. The inductive case for n follows by considering only two variables, qn 
and q', where q' is a linear combination oi qi,q2, . . . ,  qn-i ,  and applying the inductive 
assumption. ■

P r o o f  o f  L e m m a  6 .4 : We now know th a t the optimal power down strategy is of
the following form: the server goes into a fixed sleep state, Si, on becoming idle. It 
then waits for some deterministic rii arrivals before transitioning into the on state. 
We will show tha t under optimality, n* =  1. The basic idea is to minimize the 
product of Eqs. (6.1) and (6.3). We first show th a t if m  = ATsf > 1, then the policy 
where the server goes to idle state (recall Tjdle = 0) has a lower E[T]E[P] than 
going into sleep state Si with any Hi. Thus ATs{ <  1 is a necessary condition for 
optimality of sleep state S

L e m m a  6 .6  When XTsi > 1, N e v e r O f f  has a lower ERP than a policy involving 
sleep state Si with any n* > 0 .

P r o o f :  We will prove the above fact by upper bounding Pidle  by Po n , which only 
makes the ERP of N e v e r O f f  worse. Under the above assumption, the ERP values
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for NeverOff and n* = n are given by:

E[T] • E[P] |NeverOff ~

E [T ]-E [P ]U =n =

PON
¡1  — A

$  + Hn+m 
M" nra + + i - )

(n +  m ) 2

Cross-multiplying the terms, we can say tha t

(pn + m)PoNi where m = ATs{

E[T] • Ei[P]\NeverOff <  E[T] • E [P ]|ni=n

p(n + m f -  p(n + m) + { l -  p) ^  ~

(m +  n )2 n 
2 2

(pn +  m) < 0

—m

n(m + n) + n 

(m +  n ) 2 n

+ P n(m  +  n) +  (m — n)
(m +  n )2 n

< 0

It is easy to check tha t the LHS of Eq. (6.17) is negative at p = 0, and is zero at 
p = 1. Since this expression is quadratic, it suffices to show tha t the derivative of 
the above at p =  1 is positive. This would imply tha t the curve lies below X-axis in 
the interval p £ [0,1) for m, n > 1. The derivative at p — 1 is given by:

n(m  +  n) +  (m +  n)
(m  +  n ) 2 n

(m +  n ) 2 3 n
=  (m +  n)

For m, n > 1, it is easy to see tha t (m +  n ) 2  >  3n, and hence the derivative at p = 1 
is indeed positive. ■

Next, we show tha t when ATsi < 1, the optimal value of n* is in fact n* =  1. We 
already know tha t AT^ is a necessary condition for the optimality of the pure policy 
involving Si, and we thus show tha t in this case the optimal value of 77* =  1. Thus, 
the optimal policy involving Si must be SLEEP(S'j).

L em m a 6.7 When ATst < 1, tt̂  =  1 is the optimal policy involving sleep state Si.

P ro o f: Since we know from Lemma 6.3 th a t the optimal n* will be at positive
integral values, we can create alternate functions for E[P] and E [T] th a t agree at 
integral points and have continuous derivatives. If optimal value obtained from these

2

(6.17)
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continuous functions is indeed uon = 1 then we are done. Let m  = XTsr  Further, 
we assume Psi = 0 as a higher Psi only favors a lower n*. These smooth functions 
are given by:

E [T]
x  +  nn

1 x  4- m x
+

fj, —  A 2A 2X(x +  m )
1 1 X  +  777 777

-  +¡i — X 2A 2A 2X(x 4- 777)
t-( r 7-)'] 7-) 1/1 \ P ( D NE  P  =  p ■ PON + 1 -  P ‘x +  A TSi

_ (px +  m)PON
x  +  777

772- (1 p)P0N
~  p ■ Pqn +

X  +  777

The product E [T] -E[P] can be written as ax + b + - 4- (x + ^ ) 2  • Therefore, there are 
3 local optima, and the second derivative changes sign only once. Further, the curve 
approaches — 0 0  when x —> —0 0 , + 0 0  when x —» + 0 0 , and again + 0 0  when x  —> —m. 
Further, as x —> —0 0 , the sign of the second derivative is —sgn(c), and as x  —> + 0 0 , 
the sign of the derivative is sgn(c). In either case, since the curve is convex for some 
interval in (—0 0 ,0], + 0 0  at x  — — and the second derivative changes sign only 
once, proving tha t the derivative of E[T] • E[_P] is positive at x = 1 suffices to show 
tha t there is no local minima for x > 1. (This is because in [0,+ 0 0 ), the curve is 
either convex decreasing at x  =  0 and then switches to concave, or is convex in the 
entire interval.)

Taking derivative of the log of the product we get:

Q l  +  ^ U + ^ p |  o 1
log(E[T]E[P]) =  --- ------  rL J j  +

1 +  (1- rt 
p

[ m +  2i2 ‘ ]

X  +  777 4- [777- X  4- +  f ]dx x  4- 777 4- -— — m,x 4- 4 - ^ -  px + m x + m

^ lo g (E [T ]E [P ])
X=1

1 + V ’ [m+1]
1 +  777 4- [m + f ]

+ p n 1
p +  777 1 4- 777
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Now,

d
—  lo g (E [T ]E [P ]) > 0

x = l

P + (1 -  p)(m + - )  • [(p + m ) ( l  + m)\

m
p( 1 +  m) +  (1 -  p)(m  H-------)

m
[p( 1 — m) + 2m] > 0

The last inequality involves a quadratic in p on LHS. It is easy to check th a t when 
p — 0 and m < 1, the quadratic is positive. Further, when p — 1, the value of 
the quadratic polynomial is 0. Thus it suffices to show th a t the slope of the above 
quadratic at p =  1 is negative (when m < 1). This would imply th a t the above 
inequality is satisfied in the interval p G [0,1). Indeed, it can be checked th a t the 
derivative at p =  1 is given by — ̂ —  -  < 0 .  Thus, we have proved th a t n* > 1 is 
not optimal for m < 1. Thus, n* — 1 is optimal. ■ ■

6.B Justification for C onjecture 6.1

The core problem is in coming up with a tight lower bound for E[T]E[P] for the 
optimal policy. We have a trivial lower bound of E[T] >  E [S], and E[P] > pPoN- 
However, this is very loose when p is small and Toff  is large.

To illustrate the key ideas in our approach to obtaining the lower bound, we begin 
by considering the case where there are no sleep states. The first idea we use is 
to give the optimal policy additional capability. We do so by allowing the optimal 
policy to turn  a server on from off instantaneously (zero setup time). Consequently, 
each server is either on (busy), idle, or off. However there is still an energy penalty 
of Po n To f f■ Secondly, we use an accounting method where we charge the energy 
costs to the jobs, rather than to the server. Thus, each job contributes towards the 
total response time cost and to the to tal energy cost. Thirdly, we obtain a lower 
bound by allowing the optimal policy to choose the state it wants an arrival to see 
independently for each arrival. This allows us to decouple the decisions taken by the 
optimal policy in different states. We make this last point clearer next.

An arrival th a t finds the n jobs in the system (excluding itself) could find the system 
in one of the following states:

1 . At least one server is idle: Here, the optimal policy would schedule the arrival 
on the idle server. In this case, we charge the job E [S] units for mean response
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time. Further, the server would have been idle for some period before the 
arrival, and we charge the energy spent during this idle period, as well as the 
energy to serve the arrival, to the energy cost for the job. However, if under 
the optimal policy, there is an idle server when the number of jobs increases 
from n t o n + 1 , there must have been a server idle when the number of servers 
last went down from n +  1 to n. Furthermore, some server must have remained 
idle from then until the new arrival which caused the number of jobs to go to 
n +  1 (and hence there were no jobs in the queue during this period). Thus, 
this idle period is exactly the idle period of an M /M /n  + l with load /?, denoted 
by / (77.), where the idle period is defined as the time for the number of jobs to 
increase from n to n  +  1 .

2. No server is idle, arrival turns on an off server: Here, we charge the arrival 
E [S] units for mean response time, and Pa/vEfS'] +  ToffPon for energy.

3. No server is idle, arrival waits for a server to become idle: This case is slightly 
non-trivial to handle. However, we will lower bound the response time of the job 
by assuming tha t the arrival found n servers busy with the 7 7 jobs. Further, until 
a departure, every arrival turns on a new server and thus increases the capacity 
of the system. Thus, this lower bound on queueing time can be expressed as 
the mean time until first departure in an M / M / 0 0  system starting with 7 7 jobs. 
We denote this by D(n). The energy cost for the job will simply be PewE[S].

We will give the optimal strategy the capability to choose which of the above 3 
scenarios it wants for an arrival tha t occurs with 7 7 jobs in the system. Since 
the response time cost of scenario 1  and 2  are the same, only one of them is 
used, depending on whether P /d ls E [ /( t 7.)] >  P o n T o f f  or n°t- Let Pwaste{n ) — 
mm{PIDLEE[I{n)], P onT o ff}-  Let qn denote the probability tha t the optimal pol
icy chooses the best of scenarios 1  and 2  for an arrival finding 7 7 jobs in the system, 
and with probability 1 — qn it chooses scenario 3. Since we are interested in obtaining 
a lower bound, we will further assume th a t the probability of an arrival finding 7 7  

jobs in the system, pn, is given by the pdf of a Poisson random variable with mean 
p, which is indeed a stochastic lower bound on the stationary number of jobs in the 
system. We thus obtain the following optimization problem:

e [t opt]e [p o p t ] > Amin ( E[S] +  $ > „ ( 1  -  qn)E[D(n)}\ i PowE[Sj + & , ? / » * ( » )

>  Amin ( Pn\./('E E'5] + (I -  qri)V[0(n)\)(PoN'E{S\ +
M  V n
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(By Cauchy-Schwarz inequality)

=  A I ^ p n ^ m i n  {P0jvE[S] +  Pwaste(n), P0 jv(e [S] +  D(n))}
\  n

The last equality was obtained by observing th a t the minimum occurs at qn — 0 or 
qn =  1. The rest of the argument is numerical. We have written a program tha t 
computes the above lower bound for a given p, To f f , Pidle  and Pon values. We 
then compare it against the cost of the N e v e r O f f  with optimal n*, and against 
the following upper bound on the cost of I n s t a n t O f f :  A Pon  (E[S] +  To f f )2- This 
upper bound is obtained by forcing every job to run on the server tha t it chooses 
to setup on arrival. For each value of p, we then search for the Toff  value tha t 
maximizes the ratio of the cost of the best of N e v e r O f f  and I n s t a n t O f f  to the 
above lower bound, and bound the relative performance of the best of N e v e r O f f
an d  I n s t a n t O f f  ag a in st th e  th eo re tic a l o p tim a l as a  func tion  of p an d  th e  ra tio
Pidle
Pon

The proof for Theorem 6.1 with sleep states now proceeds along the same lines as 
we have described above. For Theorem 6.1, we have P$i >  0, so the optimal policy 
does not have infinite servers to work with. Let us say the optimal policy works with 
N  servers. We first add a cost of to the energy cost of all jobs, and get back 
a system with PON <— Pon ~  Psi and Pidle Pidle — Pst- We now have the 
following three scenarios an arrival tha t sees n jobs in the system could encounter:

1 . At least one server is idle: In this case we must have n < N,  and the response 
time is E[S'] and the energy penalty is (Pon — PsjE[iS] +  (Pidle ~ Psi)I(n).

2. Arrival finds no idle servers and there is a sleeping server: In this case we may 
turn  on a sleeping server and the energy penalty is (Pon — Psi)E[S] +  PonTsr  
However, the new arrival may be jumping ahead of jobs in the queue. There 
are at least (n — (N  — 1))+ of them.

3. Arrival finds no idle server and the job waits: In this case the response time is 
given by E  [S'] +  D(n) where D(n) denotes the time until first departure in an 
M /M /N  starting with n jobs. The energy cost is just (Pon ~  P s jE [S ].

As before, only one of scenarios 1  or 2  is used, and we define

Pwaste =  m in{PonTsu (Pidle — Pst) I (n ) l  n<N}•

Our optimization problem then is:
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( °° \  /  AT P  00 \
E[5] +  J > ( 1  -  ®)E[i>(n)] — ^  +  (.PON -  P s M S ]  + E p ^ a s t e ( i )

i=0 /  \  *  i—0 )
{Pn},{qn} 

{pn}>stPoisson(p)
The problem with using the above approach is the following: consider a sleep state 
with Psi very close to Pidle and Ts{ <C 1 . In this case, the above problem is 
optimized for N  = p +  1  (that too because we have a lower bound on N)  as follows: 
for every job, we assume there is a sleeping server which we can wake up for negligible 
power penalty and negligible response time penalty. Thus we have the following gap 
in the current accounting method: once there are at least N  jobs in the system, a 
new arrival is allowed to jum p ahead of someone in the queue - so either we have jobs 
in queue, or we have an idle server which we are not taking into account. We may 
try  to get around this by not charging jobs for response time when they queue up, 
but instead charge them for the number of jobs they see. However, we need to argue 
th a t the job either pays the penalty of turning on a server, or of waiting. However, 
we can’t charge the job for waiting if we are also charging jobs for queue lengths they 
see.

To get around this problem, we will charge every job E [S] units for their service 
time, a  <  1  times the cost of the queue lengths they see, and 1  — a  times the cost 
of their waiting time. We can then optimize over a  to get a good lower bound. We 
now show the steps in detail:

1. At least one server is idle: In this case we must have n < N,  and the response
time is E [S] and the energy penalty is (Pon ~  +  (Pidle ~  Ps4 )/(n ).

2. Arrival finds no idle servers and there is a sleeping server: In this case we may 
turn  on a sleeping server and the energy penalty is (Pon — Psi)E[«S] +  PonTs 
The response time penalty is E [S] +  ^t*(max{0,n — N  +  1}).

3. Arrival finds no idle server and the job waits: In this case the response time is 
given by E [S] +  ( 1  — a)D(n). The energy cost is just (Pon ~  P s jE ^ ] .

Let qni 1 be the probability tha t scenario 1 is used when there are n jobs, and so on.

Our optimization problem then is:

(  0 0  (i — N  4-1')+ \
max min A E[S] +  -------- 7 --------+  ft>3(l -  a)E[£>(i)] I

01 {qn,l,qn,2,qn,3}\{Pn}>atPotSSOTl(p) ^ ¿=Q A J

N  P  0 0
— -^  +  ( Pon -  P s ,)E [S ] +  -  P s J E [ / ( i ) ]  +  ?i,2P OJVTSi)

^  i=0
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We note tha t the optimal values for the q^k £ {0,1}. Applying Cauchy-Schwarz, we 
reduce this to a term-by-term minimization, and then we maximize over a.
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C h a p t e r  7

Summary

Queueing theory has traditionally been used for performance evaluation and opti
mization in application areas such as telecommunications systems, bandwidth sharing 
systems, inventory and production managament, and call centers. In this thesis, we 
have argued tha t queueing theory can also provide answers to the questions faced 
by designers of today’s computing server farms. However, since the workloads and 
architectures of modern computing server farms are very different from telecom
munications and manufacturing systems, new analytical tools and models must be 
developed for queueing theory to be relevant to computing applications.

The work presented in this thesis should be appealing to theoreticians, as well as sys
tem designers. From the theoretical perspective, we have addressed many challenging 
open problems, and raised questions which would lead to a deeper understanding of 
queueing systems. From the practical perspective, we have proposed new algorithms 
for resource management, and provided insights into the behavior of the queueing 
models considered. While not complete solutions in themselves, we hope tha t the 
policies proposed in this thesis will be combined with profiling and control theory 
techniques to solve the problems faced by systems designers. We briefly recapitulate 
the major contributions and open problems from the thesis below.

7.1 Theoretical C ontributions

M o m e n ts -b a se d  b o u n d s  for so lu tio n s  o f S to c h a s tic  recu rs iv e  seq u en ces

In Chapter 2, we dem onstrated the insufficiency of existing analyses of the classical 
M /G /k  queue by proving tha t no approximation for the mean waiting time tha t
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only uses the first two moments of the service distribution can be accurate when the 
variance of the service distribution is large. Thus, in Chapter 3, we began with the 
goal of obtaining bounds on the mean sojourn time of M /G /k  via higher moments 
of the service distribution. We presented two more examples of queueing systems for 
which we could prove, in appropriate light-traffic asymptotic regimes, tha t the mean 
sojourn time was extremized by certain principal representations of these moment 
constraints, and achieved this via a link to the Markov-Krein Theorem and theory 
of Tchebycheff systems. These links have been established for the G I / M / k  model, 
but are not transparent for queueing systems such as the M/ G/ k .  As a new research 
area, we propose to formally investigate these connections by considering a more 
general problem: Given a stochastic fixed point equation

W  = $(W, S)

when can sharp bounds on ~E[W] be achieved by principal representations of moment 
constraints on S?

We have provided evidence tha t we expect more conditions than the classical Markov- 
Krein theorem to be needed, and hence new theory may indeed be required. However, 
we believe this is a promising approach to tackle the classical unsolved M / G / k  model, 
and to provide a tem plate for solving new queueing systems.

Q u eu e in g  M o d els  w ith  B o u n d e d -S e n s itiv ity

The M / G / l / P S  model is one of the foremost examples of queueing systems where 
the mean sojourn time and the distribution of number of jobs in system exhibits 
perfect insensitivity to higher order characteristics of the service distribution beyond 
the mean [91]. In Chapter 5 and Section 3.4, we saw examples of queueing systems 
which, unlike the M / G / l / P S , do not exhibit perfect insensitivity but show evidence 
of bounded-sensitivity -  as the variance of the service distribution increases, the mean 
sojourn time initially increases and then asymptotes to an upper bound. For the 
M /G /l/R ound-R ob in  model, we were able to prove this phenomenon in light traffic 
under restrictions of completely monotone service distribution and Exponentially 
distributed quantum sizes. For the M / G / k / JSQ /PS, we provided numerical and 
simulation evidence. While both systems are in some senses a modification of the 
M / G / l / P S  queue, we saw tha t the bounded-sensitivity does not carry over to other 
load balancing policies for the M / G / k /  • /P S  model.

It is a very fascinating question to explore under what conditions would a queueing 
system exhibit such bounded-sensitivity? We were able to intuit this phenomenon 
for the M / G /  1 /Round-Robin and M / G / k / JSQ /PS  models via the example of the
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degenerate hyperexponential H2 service distribution (while in the former it provides 
an upper bound, in the latter it yields identical performance as M / M / k / JSQ /PS). 
W hen can this be a sufficient criterion, at least for size-independent scheduling dis
ciplines?

N ew  h eav y -tra ffic  scalings

In this thesis we have presented two new heavy-traffic scalings to study questions 
which have not yet been addressed via this tool.

1. H eav y -tra ffic  sca ling  for n o n -w o rk -co n se rv in g  sy stem s: A non-work- 
conserving system is defined as one where the system capacity can be less than 
the maximum depending on the system state. A part from the G / G / k  queue
ing model and Jackson type queueing networks, non-work-conserving queueing 
systems have not been subjected to study via the powerful tool of diffusion 
analysis which can provide approximations for the behavior not just in station- 
arity, but also as a stochastic process. We were motivated by the application 
of Database servers (Section 4.4) where depending on the number of jobs at 
the server, the aggregate server capacity can vary. None of the known scal
ings in the literature were sufficient for our purposes, and we thus proposed 
a general and principled approach to deriving heavy-traffic diffusion scaling 
for non-work-conserving systems -  start with the original discrete system tha t 
is to be approximated, and then reverse engineer the system param eters such 
tha t the stationary distribution of the limiting system under Poisson arrivals 
and Exponential service approaches tha t of the original system under the same 
workload. We presented a preliminary approximation for the stationary dis
tribution under our scaling, and a complete rigorous analysis is left as future 
work. We believe tha t our scaling will yield sharper approximations even for 
the G / G / k  model as the limiting system is more representative of the original 
finite-server system.

2. M an y -se rv e rs  h eav y -tra ffic  sca ling  for load  b a la n c in g  po licies: In Sec
tion 5.6, we proposed a many-servers heavy-traffic scaling to study Joint-the- 
Shortest-Queue (JSQ) load balancer. Under the proposed scaling, the server 
farm capacity (K ) and arrival rate (A) grow simultaneously while maintaining 
constant slack capacity (K  — A =  €>(1))- Here we were walking on a razor’s 
edge: a higher slack capacity causes the mean sojourn time to converge to the 
mean job size, and any smaller slack capacity causes the multi-server system to 
collapse to a single server system. We presented a very simple analysis of JSQ
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p o l i c y  u n d e r  t h e  p r o p o s e d  s c a l i n g  l e a d i n g  t o  n e w  i n s i g h t s  i n t o  i t s  b e h a v i o r ,  i n 

c l u d i n g  a n  a p p r o x i m a t i o n  f o r  t h e  s o j o u r n  t i m e  d i s t r i b u t i o n .  S i m i l a r  s c a l i n g  w a s  

r e c e n t l y  i n d e p e n d e n t l y  p r o p o s e d  f o r  a n a l y z i n g  c e n t r a l  q u e u e  s y s t e m s  [ 1 5 ] ,  a n d  

w e  b e l i e v e  t h i s  t o  b e  a  v e r y  e x c i t i n g  r e g i m e  f o r  d i s c o v e r i n g  q u a l i t a t i v e  b e h a v i o r  

o f  l o a d  b a l a n c i n g  p o l i c i e s .

7.2 System Design Insights
M axim izing  efficiency is not alw ays op tim al

S y s t e m  d e s i g n e r s  a r e  o f t e n  f a c e d  w i t h  t h e  p r o b l e m  o f  c h o o s i n g  a n  o p e r a t i n g  p o i n t  f o r  

t h e i r  s y s t e m .  F o r  e x a m p l e ,  i n  C h a p t e r  4 ,  w e  e n c o u n t e r e d  t h e  p r o b l e m  o f  c o n c u r r e n c y  

c o n t r o l  v i a  i m p o s i n g  a  M u l t i - P r o g r a m m i n g  L i m i t  ( M P L )  -  t o o  l i t t l e  c o n c u r r e n c y  c a n  

l e a d  t o  i n e f f i c i e n t  r e s o u r c e  u t i l i z a t i o n ,  w h i l e  t o o  m u c h  c o n c u r r e n c y  c a n  a g a i n  l e a d  t o  

l o s s  o f  t h r o u g h p u t  d u e  t o  c o n t e x t  s w i t c h  o v e r h e a d .  A n o t h e r  d e s i g n  q u e s t i o n  o f  s i m i l a r  

f l a v o r  i s  c h o o s i n g  t h e  q u a n t u m  s i z e  f o r  C P U  s c h e d u l i n g :  t o o  s m a l l  a  q u a n t u m  s i z e  

c a n  l e a d  t o  w a s t e d  c a p a c i t y ,  w h i l e  a  l a r g e  q u a n t u m  s i z e  c a n  h u r t  t h e  p e r f o r m a n c e  o f  

i n t e r a c t i v e  j o b s  ( j o b s  w i t h  s h o r t  C P U  b u r s t s ) .  A  p o p u l a r  r u l e  o f  t h u m b  i s  t o  c h o o s e  

t h e  M P L  o r  q u a n t u m  s i z e  t h a t  m a x i m i z e s  t h e  e f f i c i e n c y  o f  t h e  s y s t e m  b e c a u s e  a  

s y s t e m  c l o s e  t o  i n s t a b i l i t y  i s  u n d e s i r a b l e .  A s  w e  s h o w  i n  t h i s  t h e s i s ,  t h e  m e t r i c s  

o f  m a x i m i z i n g  e f f i c i e n c y  a n d  m i n i m i z i n g  r e s p o n s e  t i m e  a r e  n o t  e q u i v a l e n t ,  a n d  t h e  

r i g h t  d e c i s i o n  d e p e n d s  o n  t h e  w o r k l o a d  a n d  t h e  d e m a n d .  W e  a l s o  p r e s e n t e d  a  t r a f f i c -  

o b l i v i o u s  c o n c u r r e n c y  m e c h a n i s m  t h a t  c a n  a d a p t  t o  t h e  c h a n g e s  i n  d e m a n d  -  w h e n  

t h e  d e m a n d  i s  l o w ,  t h e  c o n c u r r e n c y  l e v e l  i s  i n c r e a s e d  d r i v e n  b y  t h e  v a r i a n c e  i n  j o b  

s i z e s ;  w h e n  t h e  d e m a n d  i s  h i g h ,  t h e  c o n c u r r e n c y  l e v e l  i s  a d j u s t e d  t o  a t t a i n  m a x i m u m  

e f f i c i e n c y .

Sim ple load balancing heuristics can be good

M o d e r n  d a y  l o a d  b a l a n c e r s  u s e  n u m e r o u s  p a r a m e t e r s  t o  m e a s u r e  t h e  ‘ h e a l t h ’ o f  t h e  

s e r v e r s  i n  t h e  s y s t e m  b e f o r e  t a k i n g  l o a d  b a l a n c i n g  o r  t a s k  a s s i g n m e n t  d e c i s i o n s .  I n  

C h a p t e r  5  w e  s a w  t h a t  t h e  v e r y  s i m p l e  l o a d  b a l a n c i n g  r u l e  o f  j u s t  s e n d i n g  a  n e w  

j o b  t o  t h e  s e r v e r  w i t h  t h e  f e w e s t  j o b s  c a n  b e  n e a r  o p t i m a l  w h i l e  b e i n g  o b l i v i o u s  t o  

r e m a i n i n g  w o r k  a t  t h e  s e r v e r s .  W e  f o u n d  t h i s  r u l e  t o  b e  a s y m p t o t i c a l l y  o p t i m a l  e v e n  

w h e n  s e r v e r  s p e e d s  a r e  h e t e r o g e n e o u s .
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S ee  th e  fo re s t  fo r th e  t r e e s

D r i v e n  b y  t h e  g o a l  o f  e n e r g y - e f f i c i e n c y ,  a  l o t  o f  e f f o r t  i s  g o i n g  i n t o  d e s i g n i n g  s t a t e -  

o f - t h e - a r t  s e r v e r s  w i t h  l o w  p o w e r  s l e e p  s t a t e s .  W h i l e  i n n o v a t i o n s  i n  h a r d w a r e  a r e  

i n d e e d  t h e  f u t u r e  o f  l o w - p o w e r  c o m p u t i n g ,  i n  C h a p t e r  6  w e  s a w  t h a t  b y  l o o k i n g  a t  

t h e  e n t i r e  d a t a  c e n t e r  a s  a  s i n g l e  e n t i t y ,  s i g n i f i c a n t  e n e r g y  s a v i n g s  c a n  b e  a c h i e v e d  

j u s t  v i a  s m a r t  s o f t w a r e .  F o r  e x a m p l e ,  o u r  p r o p o s e d  p o l i c y  D e l a y e d O f f  t u r n s  o f f  

s e r v e r s  a f t e r  t h e y  h a v e  i d l e d  f o r  s o m e  t h r e s h o l d  t i m e .  S u c h  t i m e - o u t  p o l i c i e s  a r e  

c o m m o n p l a c e ,  b u t  a p p l i e d  a t  d e v i c e  l e v e l  a l o n e  t h e y  a r e  i n s u f f i c i e n t .  B y  a d d i n g  

a  s m a r t  d i s p a t c h e r  ( M R B  o r  D e l a y e d O f f - I n d e x )  a n d  k e e p i n g  t h e  s a m e  s e t  o f  

s e r v e r s  b u s y ,  w e  c a n  i n d u c e  t h e  n e c e s s a r y  v a r i a n c e  i n  i d l e  p e r i o d s  o f  t h e  s e r v e r s  f o r  

s u c h  t i m e - o u t  b a s e d  r u l e s  t o  w o r k .  S i m i l a r l y ,  w e  s u g g e s t  t h a t  t h e  d e v e l o p m e n t  o f  

a l g o r i t h m s  f o r  s e r v e r  s i d e  s p e e d - s c a l i n g ,  d a t a  l a y o u t  i n  d a t a  c e n t e r s ,  g e o g r a p h i c  l o a d  

b a l a n c i n g ,  a n d  i n c e n t i v e  m e c h a n i s m s  f o r  t r a f f i c  s h a p i n g  s h o u l d  b e  d e v e l o p e d  i n  a  

h o l i s t i c  r a t h e r  t h a n  p i e c e m e a l  m a n n e r .
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2 5 ]  D .  B e r t s i m a s  a n d  I .  P o p e s c u .  O p t i m a l  i n e q u a l i t i e s  i n  p r o b a b i l i t y  t h e o r y :  A  

c o n v e x  o p t i m i z a t i o n  a p p r o a c h .  S I A M  J o u r n a l  o n  O p t i m i z a t i o n ,  1 5 : 7 8 0 - 8 0 4 ,  

2 0 0 5 .

2 6 ]  R .  B l a k e .  O p t i m a l  c o n t r o l  o f  t h r a s h i n g .  I n  P r o c e e d i n g s  o f  A C M  S I G M E T -
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[ 2 7 ]  J .  P .  C .  B l a n c .  T h e  p o w e r - s e r i e s  a l g o r i t h m  a p p l i e d  t o  t h e  s h o r t e s t - q u e u e  m o d e l .  

O p e r a t i o n s  R e s e a r c h , 4 0 ( 1 ) :  1 5 7 - 1 6 7 ,  1 9 9 2 .

[ 2 8 ]  T .  B o n a l d  a n d  A .  P r o u t i è r e .  I n s e n s i t i v e  b a n d w i d t h  s h a r i n g  i n  d a t a  n e t w o r k s .  

Q u e u e i n g  S y s t .  T h e o r y  A p p i . , 4 4 : 6 9 - 1 0 0 ,  M a y  2 0 0 3 .

[ 2 9 ]  F .  B o n o m i .  O n  j o b  a s s i g n m e n t  f o r  a  p a r a l l e l  s y s t e m  o f  p r o c e s s o r  s h a r i n g  q u e u e s .  

I E E E  T r a n s a c t i o n s  o n  C o m p u t e r s , 3 9 ( 7 ) : 8 5 8 - 8 6 9 ,  1 9 9 0 .

[ 3 0 ]  A .  B o r o v k o v .  S t o c h a s t i c  P r o c e s s e s  i n  Q u e u e i n g  T h e o r y .  N a u k a ,  M o s c o w ,  1 9 7 2 .

[ 3 1 ]  S .  B o r s t ,  A .  M a n d e l b a u m ,  M .  I .  R e i m a n ,  a n d  M .  C e n t r u m .  D i m e n s i o n i n g  l a r g e  

c a l l  c e n t e r s .  O p e r a t i o n s  R e s e a r c h , 5 2 : 1 7 - 3 4 ,  2 0 0 0 .

[ 3 2 ]  S .  B o r s t  a n d  R .  N i i n e z - Q u e i j a .  I n t r o d u c t i o n  t o  s p e c i a l  i s s u e  o n  q u e u e i n g  m o d e l s  

f o r  f a i r  r e s o u r c e  s h a r i n g .  Q u e u e i n g  S y s t . ,  5 3 ( 1 - 2 ) : 5 - 6 ,  2 0 0 6 .

[ 3 3 ]  O .  B o x m a  a n d  J .  C o h e n .  B o u n d a r y  v a l u e  p r o b l e m s  i n  q u e u e i n g  s y s t e m  a n a l y s i s .  

N o r t h  H o l l a n d ,  1 9 8 3 .

[ 3 4 ]  O .  B o x m a ,  J .  C o h e n ,  a n d  N .  H u f f e l s .  A p p r o x i m a t i o n s  i n  t h e  m e a n  w a i t i n g  

t i m e  i n  a n  M / G / s  q u e u e i n g  s y s t e m .  O p e r a t i o n s  R e s e a r c h ,  2 7 : 1 1 1 5 - 1 1 2 7 ,  1 9 7 9 .

[ 3 5 ]  M .  B r a m s o n ,  Y .  L u ,  a n d  B .  P r a b h a k a r .  R a n d o m i z e d  l o a d  b a l a n c i n g  w i t h  

g e n e r a l  s e r v i c e  t i m e  d i s t r i b u t i o n s .  I n  P r o c e e d i n g s  o f  A C M  S I G M E T R I C S ’1 0 , 

p a g e s  2 7 5 - 2 8 6 ,  N e w  Y o r k ,  N Y ,  U S A ,  2 0 1 0 .

[ 3 6 ]  P .  B r é m a u d .  P o i n t  P r o c e s s e s  a n d  Q u e u e s .  S p r i n g e r ,  N e w  Y o r k ,  1 9 8 1 .

[ 3 7 ]  D .  B u r m a n  a n d  D .  S m i t h .  A  l i g h t - t r a f f i c  t h e o r e m  f o r  m u l t i - s e r v e r  q u e u e s .  

M a t h .  O p e r .  R e s . ,  8 : 1 5 - 2 5 ,  1 9 8 3 .

[ 3 8 ]  E .  G .  C o f f m a n ,  J r . ,  R .  R .  M u n t z ,  a n d  H .  T r o t t e r .  W a i t i n g  t i m e  d i s t r i b u t i o n s  

f o r  p r o c e s s o r - s h a r i n g  s y s t e m s .  J .  A s s o c .  C o m p u t .  M a c h . ,  1 7 : 1 2 3 - 1 3 0 ,  1 9 7 0 .

[ 3 9 ]  B .  C o n o l l y .  T h e  a u t o s t r a d a  q u e u e i n g  p r o b l e m .  J .  A p p i  P r o b . ,  2 1 : 3 9 4 - 4 0 3 .

[ 4 0 ]  G .  C o s m e t a t o s .  S o m e  a p p r o x i m a t e  e q u i l i b r i u m  r e s u l t s  f o r  t h e  m u l t i s e r v e r  q u e u e  

( M / G / r ) .  O p e r a t i o n a l  R e s e a r c h  Q u a r t e r l y , 2 7 : 6 1 5 - 6 2 0 ,  1 9 7 6 .

[ 4 1 ]  M .  C r o v e l l a ,  M .  H a r c h o l - B a l t e r ,  a n d  C .  M u r t a .  O n  c h o o s i n g  a  t a s k  a s s i g n m e n t  

p o l i c y  f o r  a  d i s t r i b u t e d  s e r v e r  s y s t e m .  J .  P a r a l l e l  a n d  D i s t r i b u t e d  C o m p u t i n g ,  

5 9 ( 2 ) : 2 0 4 - 2 2 8 ,  1 9 9 9 .

[ 4 2 ]  M .  E .  C r o v e l l a  a n d  A .  B e s t a v r o s .  S e l f - s i m i l a r i t y  i n  W o r l d  W i d e  W e b  t r a f f i c :  

E v i d e n c e  a n d  p o s s i b l e  c a u s e s .  I n  P r o c e e d i n g  o f  A C M  S I G M E T R I C S ’9 6 ,  p a g e s  

1 6 0 - 1 6 9 ,  M a y  1 9 9 6 .

[ 4 3 ]  D .  D a l e y  a n d  T .  R o l s k i .  S o m e  c o m p a r i b i l i t y  r e s u l t s  f o r  w a i t i n g  t i m e s  i n  s i n g l e -  

a n d  m a n y - s e r v e r  q u e u e s .  J .  A p p i  P r o b . ,  2 1 : 8 8 7 - 9 0 0 ,  1 9 8 4 .

[ 4 4 ]  D .  J .  D a l e y .  S o m e  r e s u l t s  f o r  t h e  m e a n  w a i t i n g - t i m e  a n d  w o r k l o a d  i n  G l / G I / k
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q u e u e s .  I n  J .  H .  D s h a l a l o w ,  e d i t o r ,  F r o n t i e r s  i n  q u e u e i n g :  m o d e l s  a n d  a p p l i c a 

t i o n s  i n  s c i e n c e  a n d  e n g i n e e r i n g , p a g e s  3 5 - 5 9 .  B o c a  R a t o n ,  F L ,  U S A ,  1 9 9 7 .

[ 4 5 ]  J .  H .  A .  d e  S m i t .  A  n u m e r i c a l  s o l u t i o n  f o r  t h e  m u l t i s e r v e r  q u e u e  w i t h  h y p e r 

e x p o n e n t i a l  s e r v i c e  t i m e s .  O p e r .  R e s .  L e t t . ,  2 ( 5 ) : 2 1 7 - 2 2 4 ,  1 9 8 3 .

[ 4 6 ]  J .  H .  A .  d e  S m i t .  T h e  q u e u e  G I / M / s  w i t h  c u s t o m e r s  o f  d i f f e r e n t  t y p e s  o r  t h e  

q u e u e  G I / H m / s .  A d v .  i n  A p p l .  P r o b a b . ,  1 5 ( 2 ) : 3 9 2 — 4 1 9 ,  1 9 8 3 .

[ 4 7 ]  J .  H .  A .  d e  S m i t .  T h e  q u e u e  G I / H m / s  i n  c o n t i n u o u s  t i m e .  J .  A p p l .  P r o b a b ., 

2 2 (  1 ) : 2 1 4 — 2 2 2 ,  1 9 8 5 .

[ 4 8 ]  P .  J .  D e n n i n g ,  K .  C .  K a h n ,  J .  L e r o u d i e r ,  D .  P o t i e r ,  a n d  R .  S u r i .  O p t i m a l  

m u l t i p r o g r a m m i n g .  A c t a  I n f o r m a t r i c a , 7 : 1 9 7 - 2 1 6 ,  1 9 7 6 .

[ 4 9 ]  A .  D o w n y  a n d  M .  H a r c h o l - B a l t e r .  E x p l o i t i n g  p r o c e s s  l i f e t i m e  d i s t r i b u t i o n s  f o r  

d y n a m i c  l o a d  b a l a n c i n g .  A C M  T r a n s a c t i o n s  o n  C o m p u t e r  S y s t e m s , 1 5 ( 3 ) : 2 5 3 -  

2 8 5 ,  A u g u s t  1 9 9 7 .

[ 5 0 ]  A .  E c k b e r g  J r .  S h a r p  b o u n d s  o n  L a p l a c e - S t i e l t j e s  t r a n s f o r m s ,  w i t h  a p p l i c a t i o n s  

t o  v a r i o u s  q u e u e i n g  p r o b l e m s .  M a t h .  O p e r .  R e s . ,  2 ( 2 ) :  1 3 2 - 1 4 2 ,  1 9 7 7 .

[ 5 1 ]  L .  E g g e r t  a n d  J .  D .  T o u c h .  I d l e t i m e  s c h e d u l i n g  w i t h  p r e e m p t i o n  i n t e r v a l s .  

S I G O P S  O p e r .  S y s t .  R e v . ,  3 9 ( 5 ) : 2 4 9 - 2 6 2 ,  2 0 0 5 .

[ 5 2 ]  M .  E l - T a h a  a n d  S .  S t i d h a m .  S a m p l e - P a t h  A n a l y s i s  o f  Q u e u e i n g  S y s t e m .  

K l u w e r ,  B o s t o n ,  1 9 9 9 .

[ 5 3 ]  S .  E l n i k e t y ,  E .  N a h u m ,  J .  T r a c y ,  a n d  W .  Z w a e n e p o e l .  A  m e t h o d  f o r  t r a s p a r e n t  

a d m i s s i o n  c o n t r o l  a n d  r e q u e s t  s c h e d u l i n  i n  e - c o m m e r c e  w e b  s i t e s .  I n  W o r l d -  

W i d e - W e b  C o n f e r e n c e ,  2 0 0 4 .

[ 5 4 ]  A .  E p h r e m i d e s ,  P .  V a r a i y a ,  a n d  J .  W a l r a n d .  A  s i m p l e  d y n a m i c  r o u t i n g  p r o b 

l e m .  I E E E  T r a n s a c .  o n  A u t o .  C o n t .,  A C - 2 5 ( 4 ) : 6 9 0 - 6 9 3 ,  1 9 8 0 .

[ 5 5 ]  A .  K .  E r l a n g .  S a n d s y n l i g h e t s r e g n i n g  o g  t e l e f o n s a m t a l e r  ( i n  D a n i s h ) .  N y t t  

t i d s s k r i f t  f o r  M a t e m a t i k  B  2 0 ,  1 9 0 9 .  L a t e r  i n  F r e n c h :  C a l c u l  d e s  p r o b a b i l i t é s  

e t  c o n v e r s a t i o n s  t é l é p h o n i q u e s .  R e v u e  g é n é r a l  D e  l ’E l e c t r i c i t é ,  1 8 ,  1 9 2 5 .

[ 5 6 ]  A .  F e l d m a n n  a n d  W .  W h i t t .  F i t t i n g  m i x t u r e s  o f  e x p o n e n t i a l s  t o  l o n g - t a i l  

d i s t r i b u t i o n s  t o  a n a l y z e  n e t w o r k  p e r f o r m a n c e  m o d e l s .  P e r f o r m a n c e  E v a l u a t i o n ,  

3 1 : 2 4 5 - 2 7 9 ,  1 9 9 8 .

[ 5 7 ]  S .  F i n c h .  O r n s t e i n - U h l e n b e c k  p r o c e s s ,  h t t p : / / a l g o . i n r i a . f r / c s o l v e / o u . 

p d f ,  A c c e s s e d :  2 6  A p r i l ,  2 0 1 1 .

[ 5 8 ]  L .  F l a t t o  a n d  H .  M c K e a n .  T w o  q u e u e s  i n  p a r a l l e l .  C o m m u n i c a t i o n  o n  P u r e  

a n d  A p p l i e d  M a t h e m a t i c s ,  3 0 : 2 5 5 - 2 6 3 ,  1 9 7 7 .

[ 5 9 ]  G .  F o s c h i n i  a n d  J .  S a l z .  A  b a s i c  d y n a m i c  r o u t i n g  p r o b l e m  a n d  d i f f u s i o n .  I E E E  

T r a n s .  C o m m . ,  2 6 ( 3 ) : 3 2 0 - 3 2 8 ,  1 9 7 8 .
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[ 6 0 ]  S .  F o s s  a n d  D .  K o r s h u n o v .  H e a v y  t a i l s  i n  m u l t i - s e r v e r  q u e u e .  Q u e u e i n g  S y s t . ,  

5 2 ( 1 ) : 3 1 — 4 8 ,  2 0 0 6 .

[ 6 1 ]  A .  F r e d e r i c k s .  A p p r o x i m a t i o n s  f o r  c u s t o m e r  v i e w e d  d e l a y s  i n  m u l t i p r o 

g r a m m e d ,  t r a n s a c t i o n  o r i e n t e d  c o m p u t e r  s y s t e m s .  B e l l  S y s t e m  T e c h n i c a l  J o u r 

n a l , 5 9 ( 9 ) :  1 5 5 9 — 1 5 7 4 ,  1 9 8 0 .

[ 6 2 ]  N .  G a n s ,  G .  K o o l e ,  a n d  A .  M a n d e l b a u m .  T e l e p h o n e  c a l l  c e n t e r s :  t u t o r i a l ,  

r e v i e w ,  a n d  r e s e a r c h  p r o s p e c t s .  M a n u f a c t u r i n g  a n d  S e r v i c e  o p e r a t i o n s  M a n 

a g e m e n t ,  5 : 7 9 - 1 4 1 ,  2 0 0 3 .

[ 6 3 ]  R .  G o n z a l e z  a n d  M .  H o r o w i t z .  E n e r g y  d i s s i p a t i o n  i n  g e n e r a l  p u r p o s e  m i c r o 

p r o c e s s o r s .  I E E E  J o u r n a l  o f  S o l i d - S t a t e  C i r c u i t s , 3 1  ( 9 ) :  1 2 7 7 — 1 2 8 4 ,  1 9 9 6 .

[ 6 4 ]  W .  G r a s s m a n n .  T r a n s i e n t  a n d  s t e a d y  s t a t e  r e s u l t s  f o r  t w o  p a r a l l e l  q u e u e s .  

O m e g a , 8 : 1 0 5 - 1 1 2 ,  1 9 8 0 .

[ 6 5 ]  L .  G r e e n .  A  q u e u e i n g  s y s t e m  w i t h  g e n e r a l  u s e  a n d  l i m i t e d  u s e  s e r v e r s .  O p e r a 

t i o n s  R e s e a r c h , 3 3 ( 1 ) :  1 6 8 - 1 8 2 ,  1 9 8 5 .

[ 6 6 ]  V .  G u p t a .  F i n d i n g  t h e  o p t i m a l  q u a n t u m  s i z e :  S e n s i t i v i t y  a n a l y s i s  o f  t h e  

M / G / l  r o u n d - r o b i n  q u e u e .  S I G M E T R I C S  P e r f o r m .  E v a l .  R e v . ,  3 6 ( 2 ) : 1 0 4 -  

1 0 6 ,  2 0 0 8 .

[ 6 7 ]  V .  G u p t a ,  A .  G a n d h i ,  M .  H a r c h o l - B a l t e r ,  a n d  M .  K o z u c h .  O p t i m a l i t y  a n a l y s i s  

o f  e n e r g y - p e r f o r m a n c e  t r a d e - o f f  f o r  s e r v e r  f a r m  m a n a g e m e n t .  I n  P E R F O R 

M A N C E  2 0 1 0 ,  N a m u r ,  B e l g i u m ,  N o v .  2 0 1 0 .

[ 6 8 ]  V .  G u p t a  a n d  M .  H a r c h o l - B a l t e r .  S e l f - a d a p t i v e  a d m i s s i o n  c o n t r o l  p o l i c i e s  f o r  

r e s o u r c e - s h a r i n g  s y s t e m s .  T e c h n i c a l  R e p o r t  C M U - C S - 0 9 - 1 1 5 ,  S c h o o l  o f  C o m 

p u t e r  S c i e n c e ,  C a r n e g i e  M e l l o n  U n i v e r s i t y ,  2 0 0 9 .

[ 6 9 ]  V .  G u p t a ,  M .  H a r c h o l - B a l t e r ,  A .  S c h e l l e r - W o l f ,  a n d  U .  Y e c h i a l i .  F u n d a m e n 

t a l  c h a r a c t e r i s t i c s  o f  q u e u e s  w i t h  f l u c t u a t i n g  l o a d .  I n  P r o c e e d i n g s  o f  A C M  

S I G M E T R I C S  ’0 6 ,  p a g e s  2 0 3 - 2 1 5 ,  2 0 0 6 .

[ 7 0 ]  V .  G u p t a ,  M .  H a r c h o l - B a l t e r ,  K .  S i g m a n ,  a n d  W .  W h i t t .  S i m u l a t i o n  r e s u l t s  

f o r  J S Q  s e r v e r  f a r m s  w i t h  p r o c e s s o r  s h a r i n g  s e r v e r s .  T e c h n i c a l  R e p o r t  C M U -  

C S - 0 7 - 1 5 1 ,  S c h o o l  o f  C o m p u t e r  S c i e n c e ,  C a r n e g i e  M e l l o n  U n i v e r s i t y ,  2 0 0 7 .

[ 7 1 ]  B .  H a l a c h m i  a n d  W .  F r a n t a .  A  d i f f u s i o n  a p p r o x i m a t i o n  t o  t h e  m u l t i - s e r v e r  

q u e u e .  M a n a g e m e n t  S c i e n c e ,  2 4 ( 5 ) : 5 2 2 - 5 2 9 ,  1 9 7 8 .

[ 7 2 ]  S .  H a l f i n  a n d  W .  W h i t t .  H e a v y - t r a f f i c  l i m i t s  f o r  q u e u e s  w i t h  m a n y  e x p o n e n t i a l  

s e r v e r s .  O p e r a t i o n s  R e s e a r c h , 2 9 ( 3 ) : 5 6 7 - 5 8 8 ,  1 9 8 1 .

[ 7 3 ]  M .  H a r c h o l - B a l t e r .  T a s k  a s s i g n m e n t  w i t h  u n k n o w n  d u r a t i o n .  J A C M ,  

4 9 ( 2 ) : 2 6 0 - 2 8 8 ,  2 0 0 2 .

[ 7 4 ]  M .  H a r c h o l - B a l t e r  a n d  B .  S c h r o e d e r .  E v a l u a t i o n  o f  t a s k  a s s i g n m e n t  p o l i c i e s  

f o r  s u p e r c o m p u t i n g  s e r v e r s .  I n  P r o c e e d i n g s  o f  9 t h  I E E E  S y m p o s i u m  o n  H i g h
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[ 7 5 ]  M .  H a r c h o l - B a l t e r ,  B .  S c h r o e d e r ,  N .  B a n s a l ,  a n d  M .  A g r a w a l .  S i z e - b a s e d  

s c h e d u l i n g  t o  i m p r o v e  w e b  p e r f o r m a n c e .  A C M  T r a n s a c t i o n s  o n  C o m p u t e r  S y s 

t e m s , 2 1 ( 2 ) : 2 0 7 — 2 3 3 ,  2 0 0 3 .

[ 7 6 ]  M .  v .  H .  H . C .  T i j m s  a n d  A .  F e d e r g r u e n .  A p p r o x i m a t i o n s  f o r  t h e  s t e a d y - s t a t e  

p r o b a b i l i t i e s  i n  t h e  M / G / c  q u e u e .  A d v .  A p p i .  P r o b . ,  1 3 : 1 8 6 - 2 0 6 ,  1 9 8 1 .

[ 7 7 ]  H . - U .  H e i s s  a n d  R. W a g n e r .  A d a p t i v e  l o a d  c o n t r o l  i n  t r a n s a c t i o n  p r o c e s s i n g  

s y s t e m s .  I n  P r o c e e d i n g s  o f  t h e  1 7 t h  I n t e r n a t i o n a l  C o n f e r e n c e  o n  L a r g e  D a t a  

B a s e s  ( V L D B ) ,  1 9 9 1 .

[ 7 8 ]  J .  L .  H e l l e r s t e i n ,  V .  M o r r i s o n ,  a n d  E .  E i l e b r e c h t .  A p p l y i n g  c o n t r o l  t h e o r y  i n  

t h e  r e a l  w o r l d :  e x p e r i e n c e  w i t h  b u i l d i n g  a  c o n t r o l l e r  f o r  t h e  . n e t  t h r e a d  p o o l .  

S I G M E T R I C S  P e r f o r m .  E v a l .  R e v . ,  3 7 ( 3 ) : 3 8 - 4 2 ,  2 0 0 9 .

[ 7 9 ]  P .  H o k s t a d .  A p p r o x i m a t i o n s  f o r  t h e  M / G / m  q u e u e .  O p e r a t i o n s  R e s e a r c h , 

2 6 ( 3 )  : 5 1 0 — 5 2 3 ,  1 9 7 8 .

[ 8 0 ]  P .  H o k s t a d .  T h e  s t e a d y  s t a t e  s o l u t i o n  o f  t h e  q u e u e .  A d v .  A p p i .

P r o b . ,  1 2 ( 3 ) : 7 9 9 - 8 2 3 ,  1 9 8 0 .

[ 8 1 ]  D .  L .  I g l e h a r t .  L i m i t i n g  d i f f u s i o n  a p p r o x i m a t i o n s  f o r  t h e  m a n y  s e r v e r  q u e u e  

a n d  t h e  r e p a i r m a n  p r o b l e m .  J .  A p p i .  P r o b a b . ,  2 ( 2 ) : 4 2 9 - 4 4 1 ,  1 9 6 5 .

[ 8 2 ]  I n t e l  C o r p .  I n t e l  M a t h  K e r n e l  L i b r a r y  1 0 . 0  -  L I N P A C K .

h t t p : / / w w w . i n t e l . c o m / c d / s o f t w a r e / p r o d u c t s / a s m o - n a / e n g / 2 6 6 8 5 7 . h t m ,

2 0 0 7 .

[ 8 3 ]  S .  I r a n i  a n d  K .  R. P r u h s .  A l g o r i t h m i c  p r o b l e m s  i n  p o w e r  m a n a g e m e n t .  

S I G A C T  N e w s ,  3 6 ( 2 ) : 6 3 - 7 6 ,  2 0 0 5 .

[ 8 4 ]  S .  I r a n i ,  S .  S h u k l a ,  a n d  R. G u p t a .  A l g o r i t h m s  f o r  p o w e r  s a v i n g s .  A C M  T r a n s .  

A l g o r i t h m s , 3 ( 4 ) : 4 1 ,  2 0 0 7 .

[ 8 5 ]  O .  B .  J e n n i n g s ,  A .  M ,  W .  A .  M a s s e y ,  a n d  W .  W h i t t .  S e r v e r  s t a f f i n g  t o  m e e t  

t i m e - v a r y i n g  d e m a n d .  M a n a g e m e n t  S c i e n c e ,  4 2 : 1 3 8 3 - 1 3 9 4 ,  1 9 9 6 .

[ 8 6 ]  M .  A .  J o h n s o n  a n d  M .  T .  T a a f f e .  T c h e b y c h e f f  s y s t e m s  f o r  p r o b a b i l i s t i c  a n a l y s i s .  

A m e r i c a n  J o u r n a l  o f  M a t h e m a t i c a l  a n d  M a n a g e m e n t  S c i e n c e s ,  1 3 ( 1 - 2 )  : 8 3 — 1 1 1 ,  

1 9 9 3 .

[ 8 7 ]  P .  J u a n g ,  Q .  W u ,  L . - S .  P e h ,  M .  M a r t o n o s i ,  a n d  D .  W .  C l a r k .  C o o r d i n a t e d ,  

d i s t r i b u t e d ,  f o r m a l  e n e r g y  m a n a g e m e n t  o f  c h i p  m u l t i p r o c e s s o r s .  I n  I S L P E D  

’0 5 :  P r o c e e d i n g s  o f  t h e  2 0 0 5  i n t e r n a t i o n a l  s y m p o s i u m  o n  L o w  p o w e r  e l e c t r o n i c s  

a n d  d e s i g n ,  p a g e s  1 2 7 - 1 3 0 ,  N e w  Y o r k ,  N Y ,  U S A ,  2 0 0 5 .  A C M .

[ 8 8 ]  A .  K a m r a ,  V .  M i s r a ,  a n d  E .  M .  N a h u m .  Y a k s h a :  A  s e l f - t u n i n g  c o n t r o l l e r  f o r  

m a n a g i n g  t h e  p e r f o r m a n c e  o f  3 - t i e r e d  w e b  s i t e s .  I n  T w e l f t h  I E E E  I n t e r n a t i o n a l  

W o r k s h o p  o n  Q u a l i t y  o f  S e r v i c e  ( I W Q O S ) ,  2 0 0 4 .
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[ 8 9 ]  C .  W .  K a n g ,  S .  A b b a s p o u r ,  a n d  M .  P e d r a m .  B u f f e r  s i z i n g  f o r  m i n i m u m  e n e r g y -  

d e l a y  p r o d u c t  b y  u s i n g  a n  a p p r o x i m a t i n g  p o l y n o m i a l .  I n  G L S V L S I  ’0 3 :  P r o 

c e e d i n g s  o f  t h e  1 3 t h  A C M  G r e a t  L a k e s  s y m p o s i u m  o n  V L S I , p a g e s  1 1 2 - 1 1 5 ,  

N e w  Y o r k ,  N Y ,  U S A ,  2 0 0 3 .  A C M .

[ 9 0 ]  S .  K a r l i n  a n d  W .  J .  S t u d d e n .  T c h e b y c h e f f  s y s t e m s :  W i t h  a p p l i c a t i o n s  i n  a n a l 

y s i s  a n d  s t a t i s t i c s .  J o h n  W i l e y  &  S o n s  I n t e r s c i e n c e  P u b l i s h e r s ,  N e w  Y o r k ,  

1 9 6 6 .

[ 9 1 ]  F .  P .  K e l l y .  R e v e r s i b i l i t y  a n d  S t o c h a s t i c  N e t w o r k s .  C h i c h e s t e r ,  1 9 7 9 .

[ 9 2 ]  J .  K i e f e r  a n d  J .  W o l f o w i t z .  O n  t h e  t h e o r y  o f  q u e u e s  w i t h  m a n y  s e r v e r s .  T r a n s .  

A m e r .  M a t h .  S o c . ,  7 8 : 1 - 1 8 ,  1 9 5 5 .

[ 9 3 ]  J .  K i e f e r  a n d  J .  W o l f o w i t z .  O n  t h e  c h a r a c t e r i s t i c s  o f  t h e  g e n e r a l  q u e u e i n g  

p r o c e s s  w i t h  a p p l i c a t i o n s  t o  r a n d o m  w a l k .  A n n .  M a t h .  S t a t i s t . ,  2 7 : 1 4 7 - 1 6 1 ,  

1 9 5 6 .

[ 9 4 ]  T .  K i m u r a .  D i f f u s i o n  a p p r o x i m a t i o n  f o r  a n  M / G / m  q u e u e .  O p e r a t i o n s  R e 

s e a r c h , 3 1 : 3 0 4 - 3 2 1 ,  1 9 8 3 .

[ 9 5 ]  T .  K i m u r a .  A p p r o x i m a t i o n s  f o r  m u l t i - s e r v e r  q u e u e s :  s y s t e m  i n t e r p o l a t i o n s .  

Q u e u e i n g  S y s t e m s , 1 7 ( 3 - 4 )  : 3 4 7 — 3 8 2 ,  1 9 9 4 .

[ 9 6 ]  J .  K i n ,  M .  G u p t a ,  a n d  W .  M a n g i o n e - S m i t h .  T h e  f i l t e r  c a c h e :  a n  e n e r g y  e f f i c i e n t  

m e m o r y  s t r u c t u r e .  M i c r o a r c h i t e c t u r e ,  I E E E / A C M  I n t e r n a t i o n a l  S y m p o s i u m  

o n , 0 : 1 8 4 ,  1 9 9 7 .

[ 9 7 ]  J .  K i n g m a n .  T w o  s i m i l a r  q u e u e s  i n  p a r a l l e l .  B i o m e t r i k a , 4 8 : 1 3 1 6 - 1 3 2 3 ,  1 9 6 1 .

[ 9 8 ]  J .  K i n g m a n .  O n  q u e u e s  i n  h e a v y  t r a f f i c .  J .  R .  S t a t i s t .  S o c . ,  2 4 ( 2 ) : 3 8 3 - 3 9 2 ,  

1 9 6 2 .

[ 9 9 ]  J .  K i n g m a n .  I n e q u a l i t i e s  i n  t h e  t h e o r y  o f  q u e u e s .  J . R .  S t a t i s t .  S o c . ,  3 2 (  1 ) :  1 0 2 —  

1 1 0 ,  1 9 7 0 .

1 0 0 ]  J .  F .  K i n g m a n .  T h e  f i r s t  E r l a n g  c e n t u r y - a n d  t h e  n e x t .  Q u e u e i n g  S y s t .  T h e o r y  

A p p i ,  6 3 : 3 - 1 2 ,  D e c e m b e r  2 0 0 9 .

1 0 1 ]  L .  K l e i n r o c k .  A n a l y s i s  o f  a  t i m e - s h a r e d  p r o c e s s o r .  N a v a l  r e s e a r c h  l o g i s t i c s  

q u a r t e r l y ,  p a g e s  5 9 - 7 3 ,  1 9 6 4 .

1 0 2 ]  L .  K l e i n r o c k .  T i m e - s h a r e d  s y s t e m s :  A  t h e o r e t i c a l  t r e a t m e n t .  J .  A s s o c .  C o m p u t .  

M a c h . ,  1 4 : 2 4 2 - 2 6 1 ,  1 9 6 7 .

1 0 3 ]  L .  K l e i n r o c k .  Q u e u e i n g  S y s t e m s ,  V o l u m e  I :  T h e o r y .  W i l e y - I n t e r s c i e n c e ,  1 9 7 5 .

1 0 4 ]  L .  K l e i n r o c k .  Q u e u e i n g  S y s t e m s ;  V o l u m e  2 :  C o m p u t e r  A p p l i c a t i o n s .  W i l e y ,  

N e w  Y o r k ,  1 9 7 6 .

[ 1 0 5 ]  C .  K n e s s l ,  B .  M a t k o w s k y ,  Z .  S c h u s s ,  a n d  C .  T i e r .  T w o  p a r a l l e l  M / G / l  q u e u e s  

w h e r e  a r r i v a l s  j o i n  t h e  s y s t e m  w i t h  t h e  s m a l l e r  b u f f e r  c o n t e n t .  I E E E  T r a n s .
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1 0 6 ]  J .  K o l l e r s t r o m .  H e a v y  t r a f f i c  t h e o r y  f o r  q u e u e s  w i t h  s e v e r a l  s e r v e r s .  I .  J .  A p p l .  

P r o b . ,  1 1 : 5 4 4 - 5 5 2 ,  1 9 7 4 .

1 0 7 ]  G .  K o o l e ,  P .  D .  S p a r a g g i s ,  a n d  D .  T o w s l e y .  M i n i m i z i n g  r e s p o n s e  t i m e s  a n d  

q u e u e  l e n g t h s  i n  s y s t e m s  o f  p a r a l l e l  q u e u e s .  J . A p p l .  P r o b . ,  3 6 : 1 1 8 5 - 1 1 9 3 ,  

1 9 9 9 .

1 0 8 ]  A .  L e e  a n d  P .  L o n g t o n .  Q u e u e i n g  p r o c e s s  a s s o c i a t e d  w i t h  a i r l i n e  p a s s e n g e r  

c h e c k - i n .  O p e r a t i o n s  R e s e a r c h  Q u a r t e r l y , 1 0 : 5 6 - 7 1 ,  1 9 5 9 .

1 0 9 ]  H .  L .  L e e  a n d  M .  A .  C o h e n .  A  n o t e  o n  t h e  c o n v e x i t y  o f  p e r f o r m a n c e  m e a s u r e s  

o f  M / M / c  q u e u e i n g  s y s t e m s .  J .  A p p l .  P r o b a b . ,  2 0 ( 4 ) : 9 2 0 - 9 2 3 ,  1 9 8 3 .

1 1 0 ]  H .  L i n  a n d  C .  R a g h a v e n d r a .  A n  a n a l y s i s  o f  t h e  j o i n  t h e  s h o r t e s t  q u e u e  ( J S Q )  

p o l i c y .  I n  P r o c .  1 2 t h  I n t ’l C o n f .  D i s t r i b u t e d  C o m p u t i n g  S y s t e m s ,  p a g e s  3 6 2 -  

3 6 6 ,  1 9 9 2 .

1 1 1 ]  Z .  L i u ,  P .  N a i n ,  a n d  D .  T o w s l e y .  S a m p l e  p a t h  m e t h o d s  i n  t h e  c o n t r o l  o f  q u e u e s .  

Q u e u e i n g  S y s t e m s ,  2 1  ( 3 - 4 ) : 2 9 3 - 3 3 5 ,  S e p t .  1 9 9 5 .

1 1 2 ]  J .  L u i ,  R .  M u n t z ,  a n d  D .  T o w s l e y .  B o u n d i n g  t h e  m e a n  r e s p o n s e  t i m e  o f  t h e  

m i n i m u m  e x p e c t e d  d e l a y  r o u t i n g  p o l i c y :  a n  a l g o r i t h m i c  a p p r o a c h .  I E E E  T r a n s .  

C o m p . ,  4 4 ( 1 2 ) : 1 3 7 1 - 1 3 8 2 ,  1 9 9 5 .

1 1 3 ]  B .  M a  a n d  J .  M a r k .  A p p r o x i m a t i o n  o f  t h e  m e a n  q u e u e  l e n g t h  o f  a n  M / G / c  

q u e u e i n g  s y s t e m .  O p e r a t i o n s  R e s e a r c h ,  4 3 (  1 ) :  1 5 8 — 1 6 5 ,  1 9 9 5 .

1 1 4 ]  M .  M i t z e n m a c h e r .  T h e  p o w e r  o f  t w o  c h o i c e s  i n  r a n d o m i z e d  l o a d  b a l a n c i n g .  

I E E E  T r a n s .  P a r a l l e l  D i s t r i b .  S y s t . ,  1 2 (  1 0 ) :  1 0 9 4 - 1 1 0 4 ,  2 0 0 1 .

1 1 5 ]  M .  M i y a z a w a .  A p p r o x i m a t i o n  o f  t h e  q u e u e - l e n g t h  d i s t r i b u t i o n  o f  a n  M / G I / s  

q u e u e  b y  t h e  b a s i c  e q u a t i o n s .  J .  A p p l .  P r o b . ,  2 3 : 4 4 3 - 4 5 8 ,  1 9 8 6 .

1 1 6 ]  A .  M u l l e r  a n d  D .  S t o y a n .  C o m p a r i s o n  m e t h o d s  f o r  s t o c h a s t i c  m o d e l s  a n d  r i s k s .  

W i l e y  S e r i e s  i n  P r o b a b i l i t y  a n d  S t a t i s t i c s .  J o h n  W i l e y  &  S o n s  L t d . ,  C h i c h e s t e r ,  

2 0 0 2 .

1 1 7 ]  R .  N e l s o n  a n d  T .  P h i l i p s .  A n  a p p r o x i m a t i o n  t o  t h e  r e s p o n s e  t i m e  f o r  s h o r t e s t  

q u e u e  r o u t i n g .  A C M  P e r f .  E v a l .  R e v i e w ,  1 7 : 1 8 1 - 1 8 9 ,  1 9 8 9 .

1 1 8 ]  R .  N e l s o n  a n d  D .  T o w s l e y .  O n  m a x i m i z i n g  t h e  n u m b e r  o f  d e p a r t u r e s  b e f o r e  a  

d e a d l i n e  o n  m u l t i p l e  p r o c e s s o r s .  T e c h n i c a l  r e p o r t ,  A m h e r s t ,  M A ,  U S A ,  1 9 8 7 .

1 1 9 ]  M .  N e u t s .  M a t r i x - g e o m e t r i c  s o l u t i o n s  -  A n  a l g o r i t h m i c  a p p r o a c h .  T h e  J o h n s  

H o p k i n s  U n i v e r s i t y  P r e s s ,  B a l t i m o r e ,  M D ,  1 9 8 1 .

1 2 0 ]  S .  N o z a k i  a n d  S .  R o s s .  A p p r o x i m a t i o n s  i n  f i n i t e - c a p a c i t y  m u l t i - s e r v e r  q u e u e s  

w i t h  P o i s s o n  a r r i v a l s .  J .  A p p l .  P r o b . ,  1 5 ( 4 ) : 8 2 6 - 8 3 4 ,  1 9 7 8 .

1 2 1 ]  M .  N u y e n s  a n d  W .  v a n  d e r  W e i j .  M o n o t o n i c i t y  i n  t h e  l i m i t e d  p r o c e s s o r  s h a r i n g

Comm., 35( 11): 1153—1158, 1987.
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1 2 2 ]  T .  O s o g a m i ,  M .  H a r c h o l - B a l t e r ,  a n d  A .  S c h e l l e r - W o l f .  A n a l y s i s  o f  c y c l e  s t e a l i n g  

w i t h  s w i t c h i n g  c o s t s  a n d  t h r e s h o l d s .  P e r f o r m a n c e  E v a l u a t i o n , 6 1 ( 4 ) : 3 4 7 - 3 6 9 ,  

2 0 0 5 .

1 2 3 ]  T .  O s o g a m i  a n d  R .  R a y m o n d .  S e m i d e f i n i t e  o p t i m i z a t i o n  f o r  t r a n s i e n t  a n a l y s i s  

o f  q u e u e s .  A  C M  S I G M E T R I C S  P e r f o r m a n c e  E v a l u a t i o n  R e v i e w , 3 8 ( 1 ) : 3 6 3 -  

3 6 4 ,  2 0 1 0 .

1 2 4 ]  K .  P r u h s ,  P .  U t h a i s o m b u t ,  a n d  G .  W o e g i n g e r .  G e t t i n g  t h e  b e s t  r e s p o n s e  f o r  

y o u r  e r g .  A C M  T r a n s .  A l g o r i t h m s , 4 ( 3 ) :  1 - 1 7 ,  2 0 0 8 .

1 2 5 ]  V .  R a m a s w a m i  a n d  G .  L a t o u c h e .  A  g e n e r a l  c l a s s  o f  M a r k o v  p r o c e s s e s  w i t h  

e x p l i c i t  m a t r i x - g e o m e t r i c  s o l u t i o n s .  O R  S p e k t r u m , 8 : 2 0 9 - 2 1 8 ,  1 9 8 6 .

1 2 6 ]  B .  R a o  a n d  M .  P o s n e r .  A l g o r i t h m i c  a n d  a p p r o x i m a t i o n  a n a l y s e s  o f  t h e  s h o r t e r  

q u e u e  m o d e l .  N a v a l  R e s e a r c h  L o g i s t i c s , 3 4 : 3 8 1 - 3 9 8 ,  1 9 8 7 .

1 2 7 ]  K .  R e g e  a n d  M .  S e n g u p t a .  S o j o u r n  t i m e  d i s t r i b u t i o n  i n  a  m u l t i p r o g r a m m e d  

c o m p u t e r  s y s t e m .  A T & T  T e c h .  J . ,  6 4 : 1 0 7 7 - 1 0 9 0 ,  1 9 8 5 .

1 2 8 ]  R .  R i g h t e r ,  J .  G .  S h a n t h i k u m a r ,  a n d  G .  Y a m a z a k i .  O n  e x t r e m a l  s e r v i c e  d i s c i 

p l i n e s  i n  s i n g l e - s t a g e  q u e u e i n g  s y s t e m s .  J .  A p p l .  P r o b a b . ,  2 7 ( 2 ) : 4 0 9 - 4 1 6 ,  1 9 9 0 .

1 2 9 ]  A .  R i s k a ,  N .  M i ,  E .  S m i r n i ,  a n d  G .  C a s a l e .  F e a s i b i l i t y  r e g i o n s :  e x p l o i t i n g  t r a d e 

o f f s  b e t w e e n  p o w e r  a n d  p e r f o r m a n c e  i n  d i s k  d r i v e s .  S I G M E T R I C S  P e r f o r m .  

E v a l .  R e v . ,  3 7 ( 3 ) : 4 3 - 4 8 ,  2 0 0 9 .

1 3 0 ]  D .  M .  R i t c h i e  a n d  K .  T h o m p s o n .  T h e  U n i x  t i m e - s h a r i n g  s y s t e m .  C . A C M , 

1 7 ( 7 ) : 3 6 5 - 3 7 5 ,  1 9 7 4 .

1 3 1 ]  S .  M .  R o s s .  S t o c h a s t i c  P r o c e s s e s ,  2 n d  E d i t i o n .  W i l e y ,  1 9 9 6 .

1 3 2 ]  A .  S c h e l l e r - W o l f  a n d  K .  S i g m a n .  N e w  b o u n d s  f o r  e x p e c t e d  d e l a y  i n  F I F O  

G I / G I / c  q u e u e s .  Q u e u e i n g  S y s t e m s , 2 6 (  1 - 2 ) :  1 6 9 — 1 8 6 ,  1 9 9 7 .

1 3 3 ]  A .  S c h e l l e r - W o l f  a n d  R .  V e s i l o .  S t r u c t u r a l  i n t e r p r e t a t i o n  a n d  d e r i v a t i o n  o f  n e c 

e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  d e l a y  m o m e n t s  i n  F I F O  m u l t i s e r v e r  q u e u e s .  

Q u e u e i n g  S y s t . ,  5 4 ( 3 ) : 2 2 1 — 2 3 2 ,  2 0 0 6 .

1 3 4 ]  B .  S c h r o e d e r ,  M .  H a r c h o l - B a l t e r ,  A .  I y e n g a r ,  E .  N a h u m ,  a n d  A .  W i e r m a n .  H o w  
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