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Abstract

Currently, the best way to extract the low-energy predictions of quantum chro-
modynamics (QCD) is by estimating the QCD path integrals using the Monte Carlo
method formulated on a space-time lattice. Determining the hadron mass spectrum
is one of the major applications of such an approach. To study a particular state
of interest, the energies of all states lying below that state must first be extracted,
and many of the levels lying below the masses of the excited resonances are multi-
hadron states. Reliably extracting multi-hadron energies is challenging since quark
propagators that begin and end on the same final time-slice are essential. A novel
method of estimating such quark propagators is proposed. This method, known as
the ‘stochastic Laplacian Heaviside’ algorithm, combines Laplacian-Heaviside quark
smearing with a new stochastic estimator of quark propagators. The method works
well even in large spatial volumes. The implementation of the method is discussed in
detail and its effectiveness is demonstrated in various systems, such as in determining
the isovector and isoscalar meson energies, and calculating the energies of two-pion

states. The inclusion of the scalar glueball is also studied.
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Chapter 1
Introduction

Quantum Chromodynamics (QCD) has been established as the gauge theory of the
strong interactions. Being an important part of the Standard Model of particle
physics, it describes the interactions among quarks and gluons as an SU(3) Yang-
Mills theory with color-charged fermions. There are 6 flavors of quarks known so far,
namely ‘up’ (u), ‘down’ (d), ‘strange’ (s), ‘charm’ (c¢), ‘bottom’ (b) and ‘top’ (¢) in
the order of increasing masses. Together with the gauge boson, gluons (g), they form
composite particles known as hadrons. Only color-singlet hadrons have been observed
experimentally. They are classified into two categories, baryons and mesons. Baryons
have half-integral spins, while mesons have integral spin. Exotic mesons are currently
of great interest. These hadrons have quantum numbers that cannot be obtained from
a quark-antiquark pair with some orbital angular momentum. Hybrid hadrons are
expected to exist. They are composed of constituent quarks and antiquarks bound by
an excited gluon field. Exotic hadrons which are predominantly tetraquarks systems
may also be found in nature, and bound states of gluons known as glueballs may be
possible. There are candidates of the latter two categories but not confirmed yet.
QCD is a very successful theory in the sense that it has accumulated a lot of
experimental support. Perturbative expansions in the gauge coupling at high energy
(¢> & M%) and chiral effective theories at low energy (¢* &~ m?2) have successfully
reproduced numerous experimental data. For example, the running of the QCD cou-
pling as(u) with scale g may be calculated perturbatively as well as measured exper-
imentally for many different processes at different scales. Such comparison is thus a
stringent test of our knowledge of perturbative QCD, as the behaviour of the running

coupling depends specifically on many aspects of the QCD Lagrangian. These results
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Figure 1.1: The value of the QCD coupling constant « at the scale p = M calculated
from various experimental inputs at different scales. The error displayed here is the
combined error from theoretical and experimental uncertainties. [1]
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are shown in Fig. 1.1. Nearly all experimental data predict consistent values for
as(Myz), giving tremendous support to perturbative QCD. However, in the medium
energy regime (¢? =~ A(QQCD ~ 1 GeV?), perturbative techniques are not applicable.
In such a regime, the QCD coupling is too large to admit a perturbative solution,
but the energy is high enough that many different hadrons can be created. The only
first-principles, model-independent, non-perturbative approach to calculation in this
regime is Lattice QCD, which computationally simulates the dynamics of the color

gauge field and quark fields on Euclidean spacetime lattices.

One of the theoretical challenges of QCD in the medium energy regime is the
calculation of the excited hadron spectra. Constituent quark models and chiral sym-
metry considerations can explain the properties of ground state hadrons reasonably
well. However, agreement is less apparent for the description of excited states. Fig.
1.2 shows an isovector meson spectrum from one of our Lattice QCD simulations. It
is presented in terms of lattice symmetry groups. The large shaded regions indicate
multi-hadron thresholds. There are also exotic channels that cannot be explained by
quark models. Information about these low-lying excited states and their properties

may lead to the identification of the relevant degrees of freedom of medium energy
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Figure 1.2: Isovector Meson Spectrum using 170 configurations of {243; 860} ensemble
in Table 2.4 (Refer to Ch. 2 for details of the ensemble). The energy levels shown
are computed using single-hadron operators. The error estimations are statistical.
The shaded regions indicate the multi-hadron thresholds. Within the shaded regions,
the states are expected to be mostly multi-hadron in nature. Therefore single-hadron
operators cannot capture these levels well. Multi-hadron operators will be included
to extract the levels more reliably in future calculations.

QCD. Once these degrees of freedom are identified, perhaps a rigorous, systematically-
improvable effective theory of medium energy QCD can be formulated. Lattice QCD
is therefore in a position to contribute to these discussions by computing the single-
and multi-hadron energies non-perturbatively. To do so, the masses of these excita-
tions need not be determined to high precision, but the general pattern of excited

states and their properties should be the goal of an exploratory calculation.

All Lattice QCD calculations are necessarily performed at finite lattice spacing,
spatial volume, and temporal extent. While improved actions may be used to miti-
gate discretization errors, special attention must be paid to finite volume effects. Ch.
2 of this work discusses this in more detail. In finite volume with periodic boundary
conditions, the spectrum of QCD consists of only discrete stationary states. The
relationship of these finite-box states with infinite-volume scattering states and reso-
nances has been studied in Ref. [2,3]. For a sufficiently large volume, the mass of a
narrow resonance is usually well approximated by its finite-volume mass, away from

thresholds. Scattering states can usually be associated with finite-box stationary



states whose energies vary in inverse proportion to the volume.

Near a decay threshold, a resonance and its decay product states undergo signif-
icant mixing and their energies are somewhat distorted [2]. The resonance position
and decay width may be extracted via a fit to the ‘avoided level-crossing’ behavior [4],

which is demonstrated in Fig. 1.3 .
In Lattice QCD, finite box energies may be extracted from the temporal fall-off

of correlation functions between suitable interpolating fields. In order to reliably
extract resonance energies above decay thresholds, both single- and multi-hadron in-
terpolators must be included. The evaluation of correlation functions containing these
multi-hadron operators necessitates the calculation of the lattice quark propagator
starting from all spatial sites on an initial time-slice ¢y to all spatial sites on a final
time-slice ¢, , as spatial sums over the initial site are required to create single-hadron
states with definite momenta to be combined into multi-hadron operators. More im-
portantly, quark propagators that connect sites within the same time-slice are also
required to evaluate correlation functions involving multi-hadron and isoscalars oper-
ators. Direct calculation of such quark propagators turns out to be computationally
unfeasible, so alternative algorithms must be used. The algorithm developed in this
work is called the Stochastic Laplacian Heaviside (Stochastic LapH) algorithm. It
combines Laplacian Heaviside quark-field smearing [5] with stochastic estimations
using ‘dilution’ variance reduction [6] to give a practical approach to compute all
types of quark propagators, particularly same-time quark lines. Ch. 3 of this work

discusses this algorithm and demonstrates its effectiveness.

In Ch. 4, some basic calculations are performed on realistic lattices as the first
applications of the algorithm. The simulations mainly focus on mesons, p — 77 and
two-pion systems. This is not only because these calculations involve a lot of same-
time quark propagators at which the algorithm aims, but also these systems on their
own play important roles in non-perturbative physical predictions of QCD.

The light isoscalar meson channel is particularly interesting and challenging to
study. The ground state of the isoscalar scalar sector is known as ¢ or fy. It is
suspected to mix largely or entirely with a two-pion bound state. Therefore, multi-
hadron operators are especially important in this channel. Isoscalar mesons can be
constructed from quark-antiquark pairs of any flavor or even from states of pure
gluons (glueballs). In general, the QCD eigenstates will be superpositions of all of

these states. Experimentally, the GlueX collaboration [7,8| aims at the discovery

4
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Figure 1.3: The avoided level-crossing behavior is illustrated. Calculations were per-
form in a ¢* theory with two scalar fields (¢ and p, with mg < m,) which interact
via a three-point coupling, %p¢2. Energies of zero total momentum decay products
and resonances are plotted for varying spatial box size. The horizontal dashed line
is the resonance position (m,), while the lower and upper dotted lines indicate 2m,,
and 4m,, respectively. The boxes indicate the resonance (p) energies while the circles
are the lowest two-¢ states. Other symbols represent higher lying two-¢ states. The
left plot is the g = 0 case while the right is ¢ = 0.008. The left plot shows the
non-interacting case. Here the two-particle states follow the expected free-particle
dispersion relation, while the resonance energy is constant as a function of box size.
In the right plot, the interaction is turned on and free particle energies are distorted
such that the energies of the lowest two-particle state and the resonance never inter-
sect. The avoided level crossing is clearly visible on the right plot. Both resonance as
well as multi-particle energies must be measured to map out the excitation spectrum
in a finite box. [4]



of the spectrum of gluonic excitations, the largely unknown sector of the Standard
Model of Particle Interactions. In order to fully decode such spectra, a good un-
derstanding of QCD predictions in the isoscalar channel spectra has to be obtained
non-perturbatively. The QCD vacuum structure can also be studied via the lowest
energy levels of isoscalar pseudoscalar channel, experimentally known as n and 7/,
the masses of which are associated with the U(1) problem [9] and the anomaly of the
axial current.

The p meson is known to decay into two pions with a broad decay width. In finite
volume, it is therefore expected to be largely mixed with a two-pion state. The p-mm
system is the easiest resonance to study and so, is one of the first applications of the
Stochastic LapH method.

It is important to be able to treat the two-pion system well since it is involved in
many channels. As mentioned above, the ground state of the isoscalar scalar channel
is believed to couple heavily to an I = 0 bound state of two pions. A complete
determination of p meson energy and decay width involves the I = 1 4-point function
of pions. Also the phase shift in the I = 2 channel pion scattering is one of the
observables that can be compared with experimental data.

In Ch. 5, the summary of this work is given and an outlook into the future plans
is presented. Much of the work presented here has already been published in Ref. [10]
and is an extension of previous works in Refs. [5,6,11-21]. The use of interlaced
time dilution to handle sink-to-sink quark lines in multi-hadron and isoscalar meson

correlators is the main new contribution of this work.



Chapter 2

Lattice QCD

Lattice QCD [22] is a computation method in which QCD is regulated in a way that
numerical evaluation is possible. It is done via the introduction of an ultraviolet cut-
off arising from the discretization of spatial and temporal coordinates at lattice sizes
a,. In other words, the maximum magnitude of (discrete) momentum allowed is ~ <.
The discretized Lagrangian is therefore no longer invariant under the full Poincaré
group of rotations, translations and boosts, but is invariant under the subgroup cor-
responding to the allowed rotations, translations and boosts on a hyper-cubic lattice.
The discretization also produces artifacts that have to be fixed by introducing extra
correction terms in the Lagrangian. It turns out that some more desired symmetries
have to be broken explicitly to solve the so-called fermion doubling problem. It will
be discussed in more detail in this section.

Lattice QCD is formulated in terms of imaginary time, which is analytically con-
tinued, or so-called Wick rotated, from Minkowski time. Since the fermion fields
appear quadratically in the action, they can be integrated out exactly. This results in
a path integral with a gauge field only. In imaginary time, the weighting function in
such path integral is real and positive definite, allowing a probability interpretation.
Hence Monte Carlo Integration with importance sampling can then be applied to eval-
uate quantities of interest. In this work the Metropolis-Hastings algorithm [23, 24]
is used, in which an ensemble of gauge field configurations is obtained by updating
along a Markov chain [25]. Since it is expensive to compute the determinant of the
discretized Dirac Matrix coming from the fermion Grassmann integration, one has
to come up with an efficient global updating algorithm. In this work, the RHMC
algorithm [26], which is based on the HMC algorithm [27], is used (see later).

7



2.1 QCD Path Integrals

In the path integral formulation of quantum field theory, the vacuum expectation
value of a functional F' of operators O;,i.e. (F[Og, O1,0q,...,Onaxl), is expressed
as a sum over field configurations, each weighted by an exponential factor with the
exponent being the action obtained from that configuration. In QCD, these fields are
the Ny quark fields v¢, f = u,d,s... and the gluon field A,. Therefore a 2-point
correlation function between operators O; at time ¢ and O; at time ¢y, Cy;(t; o), can
be expressed as
010;(t)0;(t0)|0
0yttt ~L0A0 0
_J DYDYDA Oif, v, A|(4)0;[, v, Al(to) exp(iSqen[¥, ¥, A])
N J DyDUDA exp(iSqcp[th, ¥, A]) ’

(2.1)

in which Sqcp is the QCD action in the continuum. In the continuum, such an integral
is an infinite-dimensional functional integral. Regulating the theory by placing it on
a spacetime lattice reduces it into one with finite number of dimensions. On a lattice,
Sqcp has to be constructed to have terms that differ from Sqcp but diminish with
powers of the lattice spacing a. Before discussing the explicit expression of the lattice
action, Eq. 2.1 has to be transformed into a convenient form suitable for numerical

computations, in addition to the discretization.

Local gauge invariance requires that the gluon field A,, in the discretized version of

Eq.2.1 is expressed by another quantity U, the link variable [22], defined as follows:

[Uu)an(z) = exp] ig/cdx’AZl(w/)T(fg ] (2.2)

. m Ay~ m
~ exp[ Zga’uAu (CE + ?MH’)Tab ]a
in which 7]} are the 8 generators of SU(3) and C is a straight line connecting = and
x+a,fi. U themselves are also SU(3) matrices. To facilitate the Monte Carlo method
that will be discussed in Sec. 2.3, the exponential factor has to be real and positive

definite. This can be achieved by performing a Wick rotation that brings the theory

8



from Minkowski spacetime into Euclidean spacetime:

af =aMi=1,2,3, oy = —iz)! (2.3)
Y =v==%" W =7" = —ivy = in,
{v W} = 26,0, W= 7 =% =N = N

in which ¥ and 2™ are Euclidean and Minkowski spacetime coordinates, and ~*
and -4, are Euclidean and Minkowski Dirac-y matrices, respectively. Now Eq. 2.1

becomes

{0[0:()0;(t0)|0)

(00) . - )
_J DYDYDU Oily, &, UJ)O; [, ¢, Ul(to) exp(=S[¢h, v, U])
J DYDYDU exp(=S[y, ¢, U]) ’

Cij(t; to) = (24>

where S is the Euclidean version of Sgcp expressed in terms of the link variables.
If the Euclidean correlation functions obey reflection positivity, it can be shown [28]
that they can be rotated back to their Minkowski spacetime counterparts. After the
Wick rotation, the exponential factor is real and positive definite. Normalized by
the denominator, it can be interpreted as a probability density. This fact becomes
obvious if one notices the resemblance between the mathematical form of the Wick-
rotated Eq. 2.4 with that of the expectation value of an ‘observable’ O,;0;, expressed
in terms of Boltzmann factor e~ and partition function Z = [e™ in the context of
Statistical Mechanics. This feature is crucial for the application of the Monte Carlo

algorithm.

The anti-commuting Grassmann-valued fermion fields 1 and 1) are integrated out
before applying the Monte Carlo Method. To do this, the action S is split into two
terms. The first one involves only U, while the other one can be expressed as a

bilinear form of Grassmann-valued quark fields:

Sk, v, U] = Sy[U] + Sy, ¢, U] (2.5)
Sf[w,zﬁ, U] = Z&aa(x)Maalbﬁ[U] (l',y)?/Jb/j(y),

in which S, and Sy are the gauge action and fermion action respectively. Integrating

9



the fermion fields, Eq. 2.4 becomes

010:(t)0;(t0)|0)

(0]0)
[ DU FIM~'[U], U] det M[U] exp(—S[U])
B [ DU’ det M[U"] exp(—S[U"]) ’

Ciylt 1) = 2.6)

in which F is the result of the Wick contraction of O;(t) and O;(ty). It is observed
that the cost of getting rid of the fermion fields is the introduction of det M in the
probability density and the occurrence of M~! in the integrand. This determinant
is non-local and computationally expensive. Moreover, one must ensure that the
determinant is real and positive, otherwise the probability interpretation of the factor
will become problematic and, as a result, Monte Carlo simulation will become non-
applicable. It should be noted that although the above discussion was based on a
2-point correlation function, Eq. 2.6 is applicable to any quantities such as 3-point
correlator, 4-point correlator or even the vacuum expectation value(VEV) of O, i.e.
(O) = (0]|0]0), by defining the corresponding F’s that are in terms of M ! after the

Wick contractions of the fermion fields.

2.2 QCD Action Discretization

In the previous section, the discretized version of the Wick-rotated QCD action
Sqcp = [d*aLqep, S = [ d*aL, was not yet defined. In the continuum, the QCD

Lagrangian Lgcp is given by

Ny
1 _
Lacp = L, (2)F, (@) + > @l (@) ([Dulayhis + mp)tis(x), (2.7)
f=1
in which
Fo(x) = 0,A%(x) — 0,A% (@) + gfanc A () A5 (), (2.8)

[D,u]ab = 5aba,u - ZgT(Z;LALn<x)7

Ny is the number of quark flavors and my is the mass of the quark with flavor f. In

the medium energy regime, ¢, b and t are not directly produced because their masses

10



are heavier than typical energy scales. Therefore in this work, only u, d and s are
considered, i.e. Ny = 2+ 1. The masses of u and d are set to be identical so that

isospin symmetry can be exploited.

It is tempting to naively discretize Sqcp into S by replacing partial differentials
with finite differences without any further modifications. However it is known that
such so-called ‘Naive Action’ suffers from the problem of fermion doubling, in which
additional low-lying fermionic degrees of freedom absent in the continuum arise on the
lattice. This can be solved by introducing correction terms in the action that vanish
in the continuum limit. However, according to the Nielson-Ninomiya theorem [29], it
is not possible to remove this degeneracy while keeping Hermiticity, locality, lattice
translational invariance and chiral symmetry at vanishing bare light quark mass.
Therefore one has to choose an action that breaks at least one of those desirable

symmetries on the lattice.

Although adding correction terms into the action cannot solve the doubling prob-
lem while keeping all desired symmetries, it is still possible to make use of this freedom
to reduce the effects of lattice artifacts. Additional terms are added to the action via
the Symanzik improvement procedure [30], stout-smearing [31] of the gauge links in
the quark action and scaling of the gauge links by tadpole improvement factors [32].
During these procedures, the positivity of the lattice transfer matrix has to be main-
tained so that highly excited hadron states can still be extracted. [33] This would
mean that the action should not contain terms that extend more than one time
slice (the clover term is an exception). Therefore the Symanzik improvement proce-
dures [30] are restricted not to produce such terms and only the spatial gauge links

are stout-smeared.

Since the information carried by the correlation function will be extracted by
analysing its temporal evolution, it is important to increase its temporal resolution
and it would be desirable to further reduce the temporal artifacts while maintaining
positivity. This can be achieved by simulating on an anisotropic lattice [33], in which
the temporal lattice spacing a; is smaller than the spatial directions as = £ay, € > 1
being the anisotropy parameter. The temporal lattice artifacts which are of orders
of powers of a; are suppressed because of the reduced a;, while a higher temporal
resolution also allows more accurate extraction of the temporal evolutionary behaviors

of the correlation functions. In this work, as ~ 0.12 fm and £ ~ 3.5.
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2.2.1 The Quark Action

Because of the fermion doubling problem discussed before, there are many ways of
discretizing the quark action. Several popular formulations are clover-Wilson [34],
staggered [35-37], domain-wall [38,39] and overlap [40,41]. Each of them has different
pros and cons. The list is still expanding nowadays. In this work, the clover-Wilson
type is employed. The justification is the following.

The staggered formulation preserves chiral symmetry at finite lattice spacing, at
the expense that the effect of the degeneracy due to fermion doubling remains, causing
each fermion to have four degenerate partners. These extra ‘tastes’ impose difficulties
on the extraction and identification of low-lying excited states. Moreover, the posi-
tivity of the transfer matrix is spoiled by the temporal non-locality in the staggered
fermion action. Such violation causes oscillatory behavior in effective masses (defined
in Sec. 2.5.1) at small temporal intervals, which further complicates the extraction
of higher-lying excited states.

The domain-wall formulation introduces an additional spacetime dimension of
length L;. Although the chiral symmetry violation in this case is suppressed exponen-
tially with L, [38], the computational cost of this extra dimension is very significant.
The positivity of the transfer matrix is also violated. Moreover, chiral symmetry is
never restored exactly since any simulation must use a finite Ly. The overlap for-
mulation tackles this issue by analytically integrating over an infinite Ly instead of
direct simulation in that dimension, so that chirality is restored exactly at finite lat-
tice spacing. The non-locality and the presence of a square root in the overlap Dirac
operator which is computationally expensive in the resultant action is not preferred
here compared with the Wilson one.

The clover-Wilson formulation gives all doubler states masses of an order of the
inverse lattice spacing, so that they do not have any significant effects in the simulation
at small lattice spacings. It is numerically demonstrated that the positivity in transfer
matrix is not violated. Furthermore, recent algorithmic techniques [42] have greatly
reduced the computational cost for this formulation. The main problem of using
the Wilson-type fermion discretization is the broken chiral symmetry at finite lattice
spacing. This, along with other lattice artifacts, can be systematically reduced by
the Symanzik improvement [30] and by the use of stout links [31].

The Wilson formulation with clover improvement satisfies most of the needs of

this work and is thus employed. The Wilson action S}/V is composed of the ‘Naive’
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action and the ‘Wilson’ term that lifts the masses of the doubler states:

1 1
Sy .9, U Zwaa [mOéab‘Saﬁ‘Sxy o ([%]aﬁ [Vilaatoy = 57 [Addainy 5aﬁ)

(2.9)
Vil Z (’Y’f a8 [Vilaclsy ~ ;Tsas [Ak] gy o )] s (y),
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[ aa:|by x+# ¥ [U;H ab (.’,U - ﬂ)‘sx*u?y] )
1
a

(A

Hlaz|by

2 [[U,Jab (00t + [Uf] 1y (2 = 000y — 2oty

o

in which u; is the temporal tadpole factor, u, is the tadpole factor for the smeared spa-
tial links, v is the fermion anisotropy parameter, r; is the temporal Wilson parameter

and 7y is the spatial Wilson parameter.

If r, =r; = 1 is imposed, the action can be shown to have the desirable property
of reflection positivity. The lattice artifacts of order O(as, a;) can be reduced by the
introduction of correction terms via the Symanzik procedures [30]. At O(as), such

procedure produces the ‘clover’ term:

ST, .U Z% [jfzz[am[Fthabaw (2.10)
ot Z[amaﬂ[&l]awx)amy] Ui5(y)
Full®) = —— [[Lywlas(@) = [L, ()]

81a,,a,
[Lywav(2) = [Unlaa(@)[Ub)ae(z + @) [U]es (2 + 2)[Uf] ()
+ (U (x)[UT]de( — o+ )[Uf]es (@ = DUl pola = 1)
+ [Uflaa(z — @)[Uf]ae(x

(

+[U ]adm ),

in which ¢; is the temporal clover coefficient, o, = %[%, vy]. For simplicity, we use
a definition of F),, which is not color traceless. The full fermion action we use is thus
Sel, 0, U] = SY [, ¢, Ul + S, 1, U]. In this work, ¢, = 1 and ¢, = §(1+&71) ac-
cording to tree-level lattice perturbation theory. These values are consistent with the
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non-perturbative tuning of these parameters [43]. Although the reflection positivity
of the clover-Wilson action has not been proven, we have numerically demonstrated

positivity for the lattice spacings and quark masses that we use.

The spatial gauge links in S; have been stout-smeared. A single iteration of

stout-smearing transforms the link in this way:

U (2) = exp (iQ( (2)) UM (x) (2.11)
Qul) = 5O () = Qu(2)) — L TR () — D, (2)
2 (2) = Cul@)U} (2
Cu(w) = 3 oy U@Vl + UL+ )+ Ul = VUl — 2)U (o — 4 )

In this work, two such iterations are employed with p;; = p = 0.14 and p; = 0, i.e.

the temporal links are not smeared to ensure positivity.

After these improvements, the leading discretization errors of S; have become

2 2 2 9
O(g%as, g*ar, a2, ay).

2.2.2 The Gauge Action

We use the gauge action in Ref. [33] given by Sy[U] = S}V [U] + SZ[U], where the

plaquette term is

53 48
WiU| = 0 0 2.12
S, U] Seout + Sl t (2.12)
QS = Z 1-— RJ<JI>
T,1<j

Q=D 11— Py(x)

Po(z) = %Re Tt [U, (2)U, (2 + AUz + 2)US (2)]

B = 2N0/927
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in which g is the gauge coupling and the correction term containing 2 x 1 rectangle is

S5 = LQR B OR 2.13
s Ul 12&us™* * 12udu? ™" (2.13)

Ti#]

1

R (x) 3

Re Tr[U,(2)Uy(x + @)U, (z + 20)U (z + o + D)U (x + 0)UJ (x)).

The leading lattice artifacts of this action are O(a?, g%a?,a?) and the positivity is

CREat

maintained by the temporal locality of S57.

2.3 Monte Carlo Integration Methods

Equipped with the discretized actions, one is able to compute Eq. 2.6 numerically
using Monte Carlo algorithms. Such algorithms exploit the fact that an integral
I = [dxf(z)p(z), in which the integrand can be expressed as a product of a positive
definite function p(z) and another function f(x) of argument x, can be numerically
evaluated by averaging f(x) on a sufficiently large number N, of z’s sampled from
the ‘configuration’ space .7, in which z follows the probability density P(x) defined

as the normalized p(z), i.e.

I [dz f(z)p(x)
Tdz pl) [z pla)
/dxﬂwpw>

Negg—1

> fla)

1=0

(2.14)

1
chg

Q

= E[f]yz‘p,chgu

I C))
"= Tty

As mentioned in Sec. 2.1, Eq. 2.6 can be treated as an ensemble average of the ob-

servable F[M~'[U], U] over configurations U in the same way, replacing the numbers
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x with the links U :

[ DU FIM~[U], U] det M[U] exp(—S[U))
[ DU’ det M[U'] exp(—S[U"])

_ / DU FIM U], UP[U]

(2.15)

Negg—1
1
~ > FIM UL U®
Nep 2 (MU, U]

:E[}—]Ymp,chg?
_ det M[U] exp(—S[U])
[ DU’ det M[U"] exp(—=S[U"])

PlU]

Due to the previous construction requirement that det M [U] must be real and positive
definite, one can always make such a correspondence with well-behaved P[U]. P[U]
can be interpreted as a probability density only if such condition is satisfied. As a
result, any kind of correlation function can be, in principle, numerically evaluated by
sampling in a sufficiently large ensemble of U with probability density P[U]. In this
way, the problem of computing the path integral is transformed into a problem of
generating such an ensemble of U with the desired distribution and evaluation of the
corresponding F[M ' [U],U] on it.

It turns out that this process is a difficult task. In the case of a usual simple
low-dimensional integral I in Eq. 2.14, the x ensemble can be generated by a simple
transformation of uniformly generated random numbers into P(z). However, it is
not possible for an ensemble of complicated many-dimensional gluon field U with
probability density P[U] to be generated in the same way for Eq. 2.15. Thus, a
Markov process [25] is employed instead. A Markov process is a stochastic process
in which the current configuration is obtained from a random change of the previous
one, resulting in a collection of configurations that are linked like a chain, the so-called
Markov chain. If the chain is irreducible, aperiodic and ergodic, it can be shown (see,
for example, Ref. [44]) that, in the limit of a long chain, the configurations approach a
unique stationary distribution. The desired ensemble of U can therefore be generated
by a Markov process that has P[U] as the stationary distribution.

The simplest implementation of a Markov process with stationary distribution p is
the Metropolis-Hasting algorithm [23,24]. In this method, a change from the current

configuration U into a new configuration U’ is proposed according to an arbitrary
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proposal probability density R(U’ <— U), which is not related to P[U] in general. The
proposed new configuration is then accepted according to the acceptance probability
P,.. defined as follows:

— (17 R(U + U’)P[U/]> |

R(U" < U)P[U] (2.16)

The above scheme would have been straightforward, if the computational cost were
not an issue. It is known that det M in P is computationally too expensive to be
evaluated directly for each U because of its huge dimensionality. Therefore one has to
come up with a feasible way to evaluate it. R(U’ <= U) should also be chosen cleverly
so that the correlation between configurations can be minimized, which implies an
efficient way of exploring the configuration space, while keeping an acceptable ac-
ceptance rate so that computational resources are not wasted on proposing changes
that keep being rejected. In this work, the RHMC (Rational Hybrid Monte Carlo)

algorithm [26], which is an improved version of Metropolis algorithm, is employed.

2.3.1 The RHMC Algorithm

Before going into the details of RHMC algorithm, it would be useful to have an
overview of the process first. It is illustrated in Fig. 2.1. The main process is still a
Metropolis updating [23,24], which produces the link U™ at step n. Each new link
is proposed by a process called Molecular Dynamics Evolution. Two additional in-

gredients are introduced. One is a set of scalar fields ngl(l)(a:), g)(x), ¢*)(x) calculated

from corresponding pseudo-fermions nl(l)(x),n,(f) (z),n®)(x) drawn from independent
Gaussian n) distribution, which take care of the det M issue. The other is a fic-
titious ‘momentum’ m conjugate to U™, which is drawn from a 7 distribution as
well. These two fields, together with U™, generates a new proposed link U™’ by
an algorithm called Molecular Dynamic Evolution, in which U™ and 7 evolve into
U™’ and 7’ respectively as if U were a classical field with conjugate momentum ,
which itself evolves according to U™, ¢ and S,lU]. This calculation is sped up by
making use of tricks such as the Hasenbusch Preconditioning [45], Multiple Timescale
Integration [46] and Deflation [47]. The newly proposed link is then dictated by the
(n+1)™ Metropolis step. U’ becomes U1 if it is accepted, otherwise the procedure

goes on without changes. The process is then repeated. It should be noted that only
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Figure 2.1: An overview of RHMC algorithm

18



U is iterated in this process, while 7 and ¢ are not. The details of these steps are

depicted as follows.

Pseudo-Fermions

As mentioned before, it is computationally expensive to calculate the determinant of
M in Eq. 2.15. To overcome this, a pseudo-fermion method is employed. In general,
there are N; factors of det M(/) for N; flavors with degenerate masses m;. Due to
the v>-hermiticity, M = v° M+, (det MU)Nr = det(M DM ENN/2 Moreover, it is

known that

det (MWD MINI/2 / DDAl (2.17)

for some complex non-Grassmann field ¢(¥)(z), with an additional requirement that
det M) > 0 if Ny is odd. Therefore one can trade the determinants with an ad-
ditional term, a Gaussian functional of the ‘pseudo-fermion’ field ¢\, in S. In this
work, v and d quarks are treated as degenerate in ‘bare’ masses m;, while s quark has
a different heavier ‘bare’ mass ms. (More details on the tuning of these parameters
are available in Sec. 2.4 ). Therefore N; = 2 for the light quarks and N; = 1 for s
quark. Since M) is supposed to be better conditioned due to the heavy mass ms,
det M) is believed to be (practically) always positive. Therefore the effective action

Seg becomes

SeatlU, ¢(f)] S[U] + ¢(I)T(M(l)i[U]M(l)[U])—1¢(l) + ¢(s)T(M(s)T[U]M(s) [U])‘1/2¢(S)

(2.18)
S[U) + SO, O] + SE U, ¢*)].

If only S® U, qb(l)] were taken into account in the Monte Carlo process, one only needs
to draw random fields n® from a Gaussian distribution, obtain ¢! = M®ip®  use
S[U]+SU[U, V] as the effective action and update n¥ for each Metropolis step. The
whole U-updating algorithm that deals with such simpler situation is called Hybrid
Monte Carlo (HMC) method. It becomes more complicated when S [U, ¢(*)] is also
considered, due to the fact that ¢ is now ¢ = (M(S)TM(S))in(S). One way to
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approximate (M &) (S))i is to approximate it with a sum of rational functions:

677
SITMs) + B,

S S 1
(MM ool + Zk: i (2.19)

in which oy, and 3, are constants generated by the Remez algorithm [48]. (M) A1(s) 4
Br)~'n can be computed simultaneously for all ¥ by a multiple-shift conjugate gradi-
ent solver, and thus is not too computationally expensive. The HMC algorithm that
includes s quarks in this way is called the RHMC (Rational Hybrid Monte Carlo) al-
gorithm. An alternative is called PHMC(Polynomial Hybrid Monte Carlo) algorithm.
However it is not as suitable for the purpose of this work because it is computationally

more expensive and multiple-shift solvers are not applicable in it.

Molecular Dynamics Evolution

Since the computational cost of each Metropolis step is high, it is crucial to explore
the configuration space efficiently, while keeping the correlation of U’s between steps
acceptably small and the acceptance rate reasonable. This can be achieved by making
a clever choice in the proposal algorithm. Given the non-locality of M~[U], it is
obvious that a trivial local updating proposal algorithm is not feasible. The RHMC
algorithm adopts a proposing method called Molecular Dynamics Evolution.

In this algorithm, a fictitious ‘momentum’ |7, ]q(x) canonically conjugate to U is
introduced, as if U were a classical field. It has to be introduced in a fashion that
does not ruin the desired distribution. In other words, its distribution should be
totally irrelevant to that of U or ¢/), so that any physical quantities of interest do
not depend on the distribution of 7. It turns out that Eq. 2.17 has already provided a
solution for such distribution. By setting Ny = 2 and substituting M with V2 times

the identity, one obtains
2 / Dre 2™'™, (2.20)

Therefore, it is acceptable to introduce a 7 field which follows the Gaussian distribu-

tion. This, again, implies an additional term in Seg, resulting in a ‘Hamiltonian’ H:

H[U, W] = %Hw + See[U, o). (2.21)

It should be noted that such a ‘Hamiltonian’ is not at all a physical quantity. It
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does not include the momenta of (/) and U does not ‘evolve’ physically according
to H nor m. However, H plays the same role as the Hamiltonian in the Boltzmann
factor (at ‘Temperature’ 7' = 1) in the analogy made in Sec. 2.1 between Wick-
rotated Path Integral formulation and Partition Function formulation of Statistical
Mechanics. Since U is not physically ‘evolving’ along any parameter, there is no
physical consequence of claiming 7 to be the canonical conjugate, i.e. canonical
momentum, of U that ‘evolve’ in some artificial time 7. In this sense, H is really the

Hamiltonian that governs such evolution in 7 via classical equations of motion:

dU —={uH}= ai] w (2.22)

OH  0SulU, ()
_{ H}___ ff[aUcb ]

5’;[ ] _ g0t [3 (MO M(l){@—l} SO

_ gz5(8)T { 0

s (MM 60

These equations are solved numerically using a symplectic (area-preserving) and re-
versible integration scheme with a finite step size 7. The scheme used in this work
is the second order Omelyan integrator [49]. As a result, U and 7 ‘evolve’ into U’
and 7" after the amount of ‘time’ 7, but H is only approximately conserved due to
the finiteness of d7. The difference 0 H = H,e — Hoq can be used in the Metropolis
step. The proposed new link U’ is then dictated in the Metropolis accept-reject step
with the acceptance probability

Piec = min (1,e°7) . (2.23)

Effectively this ‘evolution’ plays the role of the proposal probability R(U’ < U) that
provides a U’ that is globally updated from U. This algorithm ensures that 0 H
is such that the acceptance probability is not small. As usual, U’ becomes U™+
if accepted, otherwise the m and ¢ fields are redrawn without updating U™. The
process is repeated and the ensemble of U with desired distribution can then be

obtained.

There are a few improvements in this evolution algorithm. They are discussed

briefly below.
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Hasenbusch Preconditioning [45]

It is noted that in Eq. 2.22, an expensive (M®)~! is required in order to solve it
for each step of size 7. Therefore if one can use a larger 7, the number of such
inversions can be reduced and performance can be improved. The size of 47 required
to solve Eq. 2.22 at a certain level of accuracy and at a certain finite 7 depends
on the size of the ‘force’ term of the equations(%X). The smaller this term is, the
larger d7 can be, and in turn the lower computational cost it requires. It is therefore
desirable to reduce ;2% (MWTU]MV[U])~! in some way. It turns out the Hasenbusch
Preconditioning techniques can improve this situation, at the expense of introducing
yet another independent fictitious pseudo-fermion field gb,(ll), which has a heavier ‘mass’

myp, > my. Since

det MOt 1O
det M, M)
— det <M(Z)TM(I)(M}SI)TMIEI))71> det(M,El)TM,El)),

det(MOT A0y = ( ) det (M) (2.24)

in which M, }El) represents the Dirac matrix of ¢§f), SO can now be split into two parts:

SO, ¢, 6" = SO, 6] + SPU, 6] (2.25)
SO, "] = (oM U)(MOUIMO[U) T (M0
SO, o] = o1 (M UM, [U]) 20}

In this way, the fictitious ‘force’ term arising from the light quark is given by

250U, ¢, 6]
oU

= P OO ) MO ¢ (226)

vl | g oI o
Since the first term now consists of the derivative of a ratio between Dirac matrices
of two similar masses with respect to U, this term tends to be smaller than the
corresponding original ‘force’ term. This achieves the aim that the size of d7 can be
increased. This is done at the cost of computing an additional inversion of M ,El) in
the second term. Therefore there are two competing requirements for the choice of

my,. It must be large enough so that (M,gl))_1 is cheap to obtain, while m;, must also
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be close enough to m; so that the ‘force’ term is small enough.

Multiple Timescale Integration [46]

When there is an anisotropy in the lattice, i.e. & = as/a; # 1, the ‘force’ in the
temporal direction is typically large due to the smallness of a;. Instead of using a
smaller 67 for the whole lattice, one may adopt an integration scheme of smaller o7
in the temporal direction than that in the spatial ones to save some computation of

the spatial ones, resulting in a multiple timescale integration scheme.

Deflation [47]

As the mass of a quark decreases, its corresponding M becomes increasingly ill-
conditioned. This requires more conjugate-gradient iterations to the inversion of M,
resulting in an increased computational cost. The low-eigenmode deflation scheme is
able to improve this scaling behavior. This scheme forms a Krylov subspace of M
using the intermediate vectors generated by the conjugate-gradient algorithm. The
low-lying modes can then be calculated using an Arnoldi-type iteration. Such deflated
inversions do not significantly depend on quark masses, and therefore are considerably

cheaper.

2.4 Scale Setting and Lagrangian Parameters

In order to interpret the lattice results in terms of physical units, it is essential to
assign physical scales to quantities that define the lattice, such as lattice sizes, lattice
spacings and pion masses. It is also necessary to tune the bare anisotropy parameters
in the actions of gauge (& in Eq. 2.12) and that of quarks (v in Eq. 2.9) on the
lattice to obtain the desired renormalized anisotropy £ (which is 3.5 in this work).
This is done as follows [43,50].

The [ and s quark masses, m; and mg respectively, are tuned using ratios of

dimensionless quantities

9 2

lo=—x (2.27)
4 Q
9(my —m3)

S = ————=

2 b
4mg,
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in which mg,m, and mg are the masses of kaon, pion and omega baryon respectively.
lg and sq are proportional to m; and myg in leading order in chiral effective theory.
The bare s quark mass which corresponds to the physical value of sq is found to be
ms = —0.0743. Since at present time, simulation at physical pion mass is still not
reachable, the pion masses are chosen to be m, ~ 390 MeV and m, ~ 240 MeV,
giving m; = —0.0840 and m; = —0.0860 respectively in this work. The spatial
lattice spacing a, is set by relating lattice mg with the physical value, resulting in
as ~ 0.12 fm.

The anisotropy is tuned non-perturbatively by varying bare parameters in the
action to achieve the associated physical results. For the gauge anisotropy, &p,the

following Wilson loop ratios are considered

Wss(a: 3/) —asV.
Ry = 2007 — prasValyes) 2.28
(z,y) Wtz Ly) e (2.28)
Wst(l’ t) —a.V.
Ry(x.t) = —2 ) = g-asVsllay)
(@:?) Wz +1,t) ¢

W (@, 2,) = (0T | U(@)U, (2 + 2, ) U_u(z + 2ft + 2,0) U, (2 + 3,0) | |0).

Imposing the condition Ry (x,y) = Ry (x, y), £ = 3.5 leads to & = 4.3. The fermion
anisotropy v is obtained by requiring the dispersion relations of pseudoscalar and

vector mesons to satisfy:
1
a?E*(p) = aim® + §a§|ﬁ\2, (2.29)

giving v = 3.4 for £ = 3.5. It is observed that the anisotropy parameters weakly

depend on the quark masses.

Table 2.4 shows the relevant lattices that are used in this work. The relevant
parameters to specify them are the spatial lattice spacing a,, spatial lattice size N,
temporal lattice size N; and bare light quark mass m, = mgq = m;. All other param-
eters are common in all the lattices, with values specified in the previous paragraphs.
These lattices are referred to using the labels assigned in the table throughout this

work.
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Label my Lattice Size(N2 x N;)
12743} | —0.0743 12% x 96
{163,840} | —0.0840 163 x 128
[20% 840} | —0.0840 20 x 128
(243,840} | —0.0840 243 % 128
{24%;860} | —0.0860 243 x 128
{323,860} | —0.0860 323 x 256

Table 2.1: Relevant lattices used in this work
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2.5 Data Analysis Methods

There are three main stages in the simulations of Lattice QCD. An ensemble of
gauge configurations has to be first generated. The process used is described in Sec.
2.3.1. The second stage is to obtain the observables from the ensemble, which will be
discussed in Ch. 3. The third stage is to extract the physics of interest. In this work,

the energy levels are the physical quantities to be extracted.

2.5.1 Extraction of Excited-State Energies
Correlator Matrix

The purpose of simulating QCD on a lattice is to compute quantities that can only
be obtained non-perturbatively from the theory. The hadron spectrum is one of such
quantities. The energies of the hadrons can be extracted from the temporal correlators
computed on the lattice. In principle, one can perform a spectral decomposition of
the correlator C(t) of a particular operator O onto normalized energy eigenstates |n)

with energies E,, to fit individual energy levels:

C(t) = (0[O(to + 1)O(t0)|0) = > _(Oln)(n|O)e™ ", (2.30)

n

in which |O) = O|0) and ¢ > 0. However, in practice, the signal is dominated by the
slowest decaying exponential. Therefore it would be too noisy to extract the energy
levels above ground level using a single operator. To solve this, a correlator matrix

C;; is constructed from N, operators {O;} instead:

C45(t) = (0|0i(to + £)0;(t0)]0). (2.31)

Then Cj; is rotated in a way that it is diagonalized at a particular chosen time t = ¢,

into C7;:

Cii(t) = (0 (to + )2 (t0)]0) (2.32)

Ci(te) = 650 (Lo + £.)€25(10)]0),

in which (¥’s are the transformed O’s via the eigenvectors of Cj;. In the limit of

Nop = Ng, Ng being the maximum number of energy states allowed on the lattice,
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Cj; will stay diagonalized for all time after ¢,, since each of the diagonal elements
C!. represents the correlator of a single energy eigenstate [€2;) o |n;). In the usual
scenario, Nop, < Ng. Thus |©Q;) can only be an approximation of |n;) due to the
contamination of other energy eigenstates. As a result, [€;) itself evolves slowly
with time after ¢, destroying the diagonalization of Cj; at later time-slices. It can
indeed be shown that under certain conditions, the leading order correction to the

Bt Nonetheless, the dominance of |n;) for a

dominance of |n;) is given by e~ FNop+17
certain range of ¢ is all one needs to fit it to a single exponential, since the signals will
be overwhelmed by the noises at later time anyways. A useful way to figure out the
range of time that Cj; is diagonal is to define a normalized rotated correlator matrix:
/
CL(t) = G0 (2.33)
CH(C (1)

and deduce the range from its temporal evolution plot.

Effective mass meg

How well a correlator C'(t) of a certain operator O is approximated by a single expo-
nential can be visually estimated by examining its effective mass meg(t), which is a

function of ¢:

_ 1 C(t)
aymeg(t) = p In [m] , (2.34)

in which 0t is some time step which is taken to be 3a; in this work, to reduce the
effects of uncorrelated temporally-local fluctuations resulting from the algorithm that
will be discussed in Ch. 3. It is trivial from the expression that me.g would have
been a constant, the energy of |O), if it were really an energy eigenstate. Since it is
actually not, meg will only decrease from a large value and approach the lowest energy
|O) overlaps with at later time-slices, when the excited states ‘die out’. Therefore by
looking at the size of the range of time where meg plateaus, one can tell how well |O)
approximates the energy state it corresponds to.

Since all simulations are done in periodic finite-sized lattices, C(t) is indeed a
combination of the correlators of the particle that propagates from ¢y to ¢ty + t and
its antiparticle that travels from ty to ty + t, while the latter is equivalent to the

particle that travels backward from tq + ¢ to tg,or forward from tg + ¢ to to + IVy
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due to periodic boundary conditioned lattice. By temporal translational invariance
of the correlator, this extra piece is the same as the particle propagator from ¢y to
to + (Ny —t). Therefore the actual form of C(t) at large ¢ should be

C(t) ~ e~Meit 4 gmmen(Ne=t) (2.35)

in which the definition of m.g is now modified to be the solution of

C(t) cosh (meﬁ(% . (5t)at> — C(t + 6) cosh (meﬁ(% _ t)at> O (2:36)

Since in the limit N; — oo this wrap-around effect diminishes, in most of the cases
this definition yields practically identical result as Eq. 2.34. However, it is necessary
to include this lattice artifact if the lattice is small or the particle under consideration

has a small mass.

tmin Plots

A way to demonstrate how well a fitting value of energy estimates the true energy
is to use tyi, plots. A i plot such as Fig. 4.1(c) shows the fitted mass mg; in a
range of time separation t with fixed maximum value t,,,,. In other words, it is a
function of minimum value t,;,. The hollow symbols represent the fit ranges with
bad quality and the solid ones represent the fit ranges with good quality. A valid
fit value should acquire a stable value with good quality over a range of t;,, i.e.
insensitive to t.,;,. The fit values are expected to be valid if the asserted fit form is
correct. For single hadrons, a cosh form is a valid fit form. In general, the fit form
is different from cosh for multi-hadron correlation functions due to the interaction

between wrapped-around particles and non-wrapped-around particles.

Correlators with Vacuum Expectation Values (VEV)

In general, |O) has a non-zero projection back to the vacuum |0) if |O) attains the
same values of the quantum numbers as vacuum. For single hadron operators, all
isoscalar scalar mesons(o’s) at rest in the lab frame have this property. For multi-
hadron operators, any combinations with isospin I = 0, angular momenta J = 0 and

total momenta P = 0 have such property as well. This mixing with vacuum results
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in a non-zero constant in Eq. 2.30 :

C(t) = (010(to + H)O(to)|0) = 3(Oln) (n|OYe " (2.37)

ye~ "+ (0]0]0){0[O]0)

I
M-
S
S
=
QS

assuming Ey = 0. Since Ey = 0, (O) is identical for all time-slices within statistical
fluctuations. This extra VEV term [(O)|? is undesirable, because C(t) approaches at
late time-slices to the vacuum state with £y = 0, which is usually not of interest in
spectroscopy or other contexts. In other words, only C(t (t) is the part of the correlator

of interest. This part of the correlator is equivalent to a redefinition of O:

C(t) = (0[O(to + 1)O(t0)[0) — [{O) (2.38)
= (0[Ot +1) = (0)] [O(to) — (O} 0)
= (0[Ot + )O(t0)]0),

O
O@t) = O(t) — (0).

Therefore replacing O with O in all the equations derived in the previous section
gives the physically interesting quantities. In this situation, there is an additional
requirement of subtracting the VEV term from C(t) after each calculation. In the
rest of this work, all correlators C(t) refer to the VEV-subtracted correlators unless

otherwise is specified.

2.5.2 FError Estimations

In any stochastic calculations, it is always important to estimate the statistical error.
Given that there are vacuum expectation values involved in the definition of the
correlators in general and that effective masses are functions of the mean of the
correlators, it is impossible to estimate the errors by plugging the data into common
autocorrelation formulas. Moreover, the correlation between successive configurations

along the Markov chain is significant enough to be taken into account. Although
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this can be reduced by only sampling configurations separated by a certain number
of steps, it is still necessary to have a measure to estimate how significant such
correlation is, in order to determine the size of separation and to make claims about
the independence of configurations within the resulting ensemble. On the other hand,
correlation arises between time-slices in the same configuration when averaging source
times tp as well. In order to handle all these appropriately, the error analysis thus
has to be done through resampling techniques, such as the jackknife method and the
bootstrap method [51]. They will be discussed in the following parts, keeping the
VEV subtraction explicit to illustrate the ideas.

Jackknife Method

Given a collection of non-VEV-subtracted correlators C[U](t) and their corresponding

VEV, V[U] = (O[U]), on an ensemble of U of size N, i.e.
¢ = {{CIUM](t),VIU]},r =0,1,- -+, Ny — 1}, (2.39)

a ‘Jackknife ensemble’ €, = {{C(1), V)Y, 1 = 0,1,-++ Ny — 1} can be con-

Jac

structed as follows:

Negg—1
r 1 ,
c () = CIU(t),r = 0,1, Negg — 1 (2.40)
NCfg -1 r’'=0,r"#r
1 Negg—1
VJ(;C) = N1 V[U(r’)]ﬂjz()?l,... 7chg_1'
cfg r'=0,r"#r

For any quantity f in terms of C[U](t) and V[U], such as C(t) or meg(t), it can be eval-
uated on either € or €),., giving respectively collections of f’s # = {f[C,V],{C,V} €
¢} and Zyac = {f[Cracs Viac), {Crac, Viac} € €hact. The variance of f can then be
found by

Negg—1
el = oy 2 UGV = (e 241
1 chgilr:[)
(e =5 2 FE0N@.vIo?)
¢ r=0



Note that the mean of f is the one taken in the original ensemble. It can be shown
that if f does not depend on Vs, o2, [f] coincides with the standard expression of a
usual variance obtained from Central Limit Theorem. Although the jackknife method
is easy to implement and clear in concepts, it has its limitations. It is based on the
assumption that the U’s in the ensemble are independent from one another. If the
U’s are correlated to one another, o3,. underestimates the true variance. This can be
avoided by rebinning %. [52] One can construct a new collection of C’s and Vs, %,

based on the original one:

(r+1)b—1

1 /
7 Z C ) 7‘:0,1,--- 7NCfg/b_1 <242)
r’'=rb

(r+1)b—1

> VUM r =01, Negg/b— 1

r’'=rb

(7”)

@I»—A

in which b is some integer that governs the degree of rebinning (and preferably a
factor of Neg). It can be shown that the mean of f on %, remains the same as the
original ensemble, while its variance would be significantly larger than the original
one if the original ensemble contains correlated elements. Therefore the independence
of U’s (and the corresponding f’s) can be examined by varying b and looking for a
range in which the variance remains unchanged within statistical fluctuations. The

variance found in this range is the uncorrelated estimate of the variance of f.

Bootstrap Method

An alternative method of error estimation is the bootstrap method. This method is

very similar to the jackknife method, but it resamples the ensemble randomly with

replacement:
Cfg
ci) () = Z ClU™*|(t),r = 0,1, , Nggo — 1 (2.43)
cfg s=0
cfgfl
VB(QJE Z VUst :0 “'7NBoo_1
cfg s=0
in which m,.; is a random integer in the range of [0,1,--- , Neg — 1]. Since repeated

use of U’s is allowed, the resampled set can be of any size Np,,. The variance can
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then be computed as follows:

Npoo—1
Thlf] = = D (F1CK Vi) = () (244
oo T,

In this work, Jackknife method is used for most quantities but bootstrap method is

used for fitted values of the particle masses.
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Chapter 3

Methodology

In Ch. 2, the lattice formulation of QCD was presented. The algorithms of nu-
merically generating the link variables and the analysis methods were introduced. In
this chapter, the methodology of obtaining the required N-point correlation functions

from gauge ensembles is discussed.

3.1 Field Smearing Schemes

The use of smeared fields is crucial for successfully extracting the spectrum of QCD
in Monte Carlo computations. Hadron operators constructed out of smeared fields
dramatically reduce the mixing with the highly excited states of the theory that
obscure extraction of the low-lying energy eigenstates of interest. In this work, the
operators are constructed using spatially-smoothed link variables U ;(z) and spatially

smeared quark fields ().

3.1.1 Stout Link Smearing

Stout smearing [31] is employed as the smearing of the links U, (z). It is achieved via

the weighted sum of ‘staple’ terms >, defined as follows:

5,01 =3 V@)U, (2 + YU (a4 ) + Ul & — YUl — )V, — 04 )], (3.1)
VER

in which p,, is some weighting factor. Since the temporal behavior of the correla-

tors is crucial in energy level extractions, only spatial staples are used in the link
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smoothening and temporal link variables are not smeared. For simplicity, the non-
vanishing weighting factors are taken to be identical, with the value p = 0.10. In

other words,
Pij = Ps Pua = pap = 0. (3.2)
The links U,(z) are smeared iteratively by:

(n)
o

n+1 — _iQ T n
U,S D (z) = ¢ ( )U,S (), (3.3)

in which
Wi = L ((Qmy n N n
Q@) =5 (@) () - 9 @) = 5T (@) (@) -9 @), (34)
QM (z) = ZM[U(H)]USL)T(HO sum over ), (3.5)
where (n) indicates the n' iteration. Therefore the smeared link U ., 1s defined as
U, =U, (3.6)

where the maximum number of iteration n, = 10 in this work.

3.1.2 Laplacian Heaviside (LapH) Quark Smearing

The quark field of flavor A is smeared using

Gin (@) = San(z, y)0in (y), (3.7)

in which z,y are lattice sites, a,b are color indices, « is a Dirac spin component, and
the smearing kernel S is defined such that the smeared field behaves in exactly the
same way as the original field under all time-independent symmetry transforms on
a cubic lattice. Like the link smearing, only spatial smearing is adopted. In other
words, Sap(%,y) X 0z.,. In addition, S is independent of spin and flavor. The
smearing scheme used in this work is called Laplacian Heaviside (LapH) quark-field

smearing scheme. In such scheme, S is defined as
SE@Q%+Ay (3.8)
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in which og is the smearing cutoff parameter and A is the three-dimensional gauge-

covariant Laplacian operator given by:

A% (a,y;U 8y, @ + k) + [OL(n)]™8(y, 2 — k) — 20(2, 1)}, (3.9)

M“
,_.
/—"\

in which z, y are lattice sites and a, b are color indices. A is a Hermitian matrix
block-diagonal in time. The stout-smeared gauge links are used since it can drastically
reduce the statistical error in the correlators of the hadron operators that involve
covariantly-displaced quark fields, which will be discussed in Sec. 3.2. A gauge-
covariant Laplacian operator is desired for smearing the quark field since it is one of
the simplest operators that locally averages the field in such a way that preserves all

relevant symmetry transformation properties of the original field.

The eigenvectors of A form a unitary matrix Va that diagonalizes A,
A = VaAAV], (3.10)

in which all eigenvalues in the diagonalized matrix A are real and negative. There-
fore,
S =VaO (0% + Ax) VL. (3.11)

The Heaviside function © eliminates all eigenvalues with magnitudes larger than o%.
Since A is block-diagonal in x4, one can associate each eigenpair with a corresponding
time value. It is observed that among different time-slices, the numbers of eigenpairs
that survive the O filter, N,’s, are approximately the same. It is also found that this
value is not dependent significantly on pion masses. Fig. 3.1 shows the calculation
based on 16® x 128 N; = 2 + 1 lattices. It is observed that the eigenvalues do not
differ significantly between pion masses ~ 0.64 GeV and ~ 0.39 GeV. In other words,
S can be safely approximated by

S~ VsVi, (3.12)

in which Vg is the unitary matrix constructed by the N, eigenvectors for each time-
slice. On a lattice with temporal size Ny, spatial size N, and number of colors N, = 3,
the N, N, eigenvectors, each having N;N?N,. components, span the so-called LapH

subspace.
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Figure 3.1: The small effect of the pion mass on the eigenvalues of the gauge-covariant
Laplacian operator demonstrated on 163 x 128 Ny = 2+ 1 lattices. ); is the i*" lowest
eigenvalue of —A on a given time-slice. The error bars correspond to the variation
over different time-slices. [10]
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Figure 3.2: The meg for three representative nucleon operators against the LapH
smearing cutoff 0% on {163;840} ensemble. The circles show results (shifted down-
ward by 0.04) for a single-site operator. The squares correspond to a singly-displaced
nucleon operator, and the triangles are the results (shifted upward by 0.04) for a
triply-displaced-T operator [10]

The value of g, and hence N,, is chosen by minimizing the effective masses of
some simple hadron operators at some early time separation tg that is picked to be
1. Fig.3.2 shows how it is done. A single-site nucleon operator in which all three-
quark fields are taken at the same site is shown, as well as a singly-displaced nucleon
operator in which one of the quarks is displaced away from the other, and a triply-
displaced-T operator in which all three quarks are displaced from the others in a T
configuration. In this work, 0% ~ 0.33 is used. It is found that the choice is insensitive
of the value of tg as long as the excited states still dominate the correlator at that

time.

3.2 Hadron Operators

The use of good hadron operators is crucial for extracting the mass spectrum. A
‘good operator’ is one that creates the states of interest out of the vacuum while
suppressing the creation of unwanted higher-lying states. The construction of such

operators has been discussed in Refs. [10,12] and is not discussed here.
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In the continuum, local operators which annihilate a hadron with momentum p’

and (anti)quarks of flavors Ay can be written as

for mesons, (3.13)
0NN (1) = Gape™ PEy 000 ()i ()
OAM (5, 1) = Bupe o7 Gl (2 ()
for baryons,
OAAA2 (5. 1) = e T 0 (2)p ()42 ()

OMAA2 (5 1) = anc P O ()il () ()

for some spin tensors vy with spin J and spin Z-component m ;. A two-point function
between operators O; and Oy is then given by (O;05), in which the average is by
Feynman integral. Similarly, it is expected that, on the lattice, O also carries the
flavors and Dirac spin indices of the constituent quarks it contains and has a phase of
a particular momentum. In order to construct extended operators that overlap better
to non-local states, gauge-covariant displacements are also applied to the quarks in

the definition of hadron operators. They are defined as follows:
DUz 7)) = Uy ()0 (& + 1) ... Un(@ + (lg — 1)) 05541,

D(ld)’_n(f, f/) = ﬁ_n(lﬂ)U_n(fl — ﬁ) R U_n(f, — (ld — 1)ﬁ)5£75/_1dﬁ,
(3.14)

in which n runs from 1 to 3 and [ is the length of displacement taken to be 3 in
this work. Such displacement combinations of the quarks for a particular hadron
are denoted as D, with collective index u that specifies the number of displacement
operators applied and the values of [; and n of each quark. Thus a hadron operator
also carries displacement indices that specify how the quarks are displaced. In order to
ensure the Hermiticity of correlation matrices involving baryons, it is more preferable

to consider the antiquark field y = )7, instead of . In the LapH subspace, according
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to Eq. 3.7, the smeared (anti)quark fields are given by

DA (x) = Vi(a; 2) V(b y)eil (y) = Vi(a; 2)d2 (3.15)
Ko (@) = xi (y) Vs (b; ) Vi (a5 ) = X2V (a; 2)

As mentioned in Ch. 2, the discretized Lagrangian is no longer invariant under
the full Poincaré group of rotations, translations and boosts, but is invariant under
the subgroup corresponding to the allowed rotations, translations and boosts on a
hyper-cubic lattice. This means the correlation matrix should be block diagonal if
the operators are constructed in a way that respects the symmetries on a lattice.
It is thus important to exploit this feature to design good operators in order to
efficiently obtain the hadron spectrum. The details of such construction are depicted
in Appendix A. A general expression for a hadron operator O in the LapH subspace is
therefore, introducing a collective index A which specifies the row and the ireducible

representation the operator corresponds to, given by

for mesons, (3.16)
OAA0A1< ) Caﬁu 77,p norzg (p7 I4) Ao,iz/}Al,j
OMO (5,21) = Cg T () 4,
Ly(pixy) = dape™ ””‘DUVS(CL; x)Vs(b; x)
for baryons,
OMOANA (5, 4) = Cogana T (B wa) i 0505
OModiAz (7 4y = O - TR (g )wAQ, wAl,gon,

87

Lu(p;xq) = 5abce’”’“’DuVs(a; x)Vs(b; 2)Vs(c; x),

for some coefficients C. The extra exponential factor in terms of ngy, the midpoint
between the displaced quark and antiquark, is inserted to ensure that the meson
operators acquire G-parity symmetry. The quantities I' are known as ‘Hadron Ele-
mentals’. It is observed that ['’s are independent from the constituent quark flavors.
Thus they can be recycled in the calculations of different operators that only differ by
C'. In this work, only correlation functions that involve two time-slices are considered.
The earlier time is considered as the source time (denoted by ¢y) and the later one is

considered as the sink time (denoted by ¢; = ¢y + 1, t being the time separation). The
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hadrons created at the source time are considered as source hadron operators while
the hadrons annihilated at sink time are considered as sink hadron operators.

Since there are a lot of symmetry channels and displacement types for each hadron
sector, many possible hadron operator coefficients C' can be constructed. Not only
it takes overwhelmingly huge resources to compute all of them, but also there is no
such need. The first reason is that some operators are intrinsically too noisy to give
significant signals, i.e. there is no impact on the computation by throwing them away.
The second one is that not all operators are independent from one another. Actually
many of them are not, indicated by the large condition numbers of the correlator
matrices constructed from them. Moreover, one does not need too many independent
operators to obtain the first few lowest-lying levels of the spectra. As a result, a
‘pruning’ has been performed to crop out optimal sets of quiet independent operators

in each sector. The results are described in Appendix B.

3.2.1 Glueball Operators

Glueballs G are particles believed to be composed mainly of gluons. Pure gauge
simulations [33] show that they are expected to be very heavy in mass and the lightest
state is known to be the ground state of scalar sector Gg. As far as the low-lying
hadron spectra are concerned, Gg is expected to be the only particle that will be
needed. It has the same quantum numbers as the isoscalar scalars so it will mix with
fo, as well as any multi-hadron combinations with the same set of quantum numbers.
Traditionally, G ¢ states are probed by the smeared plaquette operators, which consist
of Wilson loops in different combinations [33]. Within the context of LapH smearing,
a convenient GGg operator can be obtained immediately after the computation of the

eigenpairs of —A. Such an operator is

Ny—1

GE(01) = = Te(PpyS8) = = Tr (Pey@ (o3 + A) A) = D hwe ™ D A
[Niwyl<od i=0
(3.17)
where
P[‘;Z](x’, y';U) = 6%0,, 1 6.0, (n0 sum over @’ or ;) (3.18)

projects out the block of SA at time 24 and Aiz, 18 the i eigenvalue of —A at time z,.

G%(z4) is a valid operator because it is free from constituent quarks, gauge-invariant
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Figure 3.3: Comparison between glueball operators on 584 configurations of
{243;860} ensemble. [53] The first row shows the correlator and effective mass of
a typical smeared plaquette operator, while the second row shows the correlator and
effective mass of the G4 operator defined in Eq. 3.17. It is observed that their
variances are very close to each other.

and has the same quantum numbers of Gg. Such an operator is a bonus from the
LapH algorithm. It turns out that such operator gives signals of the same quality as
traditional smeared plaquettes. Fig. 3.3 compares the signals between the two on the

{243,860} ensemble. It is observed that they give very similar signals.

3.3 LapH Quark Propagators

As discussed in Sec. 2.1 , the Grassmann-valued (anti)quark fields ¢ and v are not
quantities obtainable directly in the Monte Carlo simulation. They are integrated
out in favor of the propagator, M~! = ¢n). Due to the re-definition of 1 into y, the
propagator is now defined as Q! = ¥y, where Q = 4 M. Smearing in the LapH
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subspace, using Eq. 3.7 and Eq. 3.12,
Q7' = SQ7LS = Sy S = ¢y = Vi xVd = Vs KV, (3.19)

in which

K=oy =ViQvs. (3.20)

The evaluation of K is computationally very expensive due to the enormous size of

the matrix. A straightforward way of doing so is as follows. Let
v (@) = Vi(e; 2)0ag, (3.21)

in which z is the lattice site, ¢ is color index and «, § are spin indices. The solution
of Qu = v gives
uf () = Q7! (v, 1) Vi(e ), (3.22)

which can be computed numerically using variants of common Conjugate-Gradient
methods. After performing inversions for all N, i’'s and Np = 4 o’s, K = Vgu
can be obtained. Thus, for each gauge configuration and each quark mass, N,N;Np
such inversions are required. In cases where only non-isoscalar single hadron 2-point
correlators are of interest, only quark lines that start from several source times, Nt(src),
are involved. Therefore the number of inversions can be reduced to Nth(srC)N p. In
principle Nt(src) can be taken to be 1, but statistics can be boosted by increasing it.
Thus the number of inversions can be as low as N,Np. However, if multi-hadron or
isoscalar operators are considered, quark lines that start and end in the same time-
slice are needed. These quark lines may connect between the source hadron operators
or between the sink hadron operators. In particular, if it happens that such quark
lines connect the sink hadron operators, the number of inversion is proportional to

%) " This number can be comparable to

the number of sink time ¢;’s required, Nt(
N, if it happens that a long range of sink time is required for energy extraction.
Therefore the number of inversions needed becomes of the order of N,N,Np again.
In small lattices, this amount of inversions can be handled at ease, so it is not really an
issue. However, N, is actually proportional to the spatial volume. The eigenvalues
of —A go like |k|? for wavevectors k(suppressing other indices). It is known that

|E] ~ n2r N1 for some integer n. For a given cutoff og, the number of eigenstates
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Figure 3.4: The volume dependence of the eigenvalues of the gauge-covariant Lapla-
cian operator. ) is the i*" lowest eigenvalue of —A on a given time-slice. The
error bars correspond to the variation over different time-slices. Within the region
0.3 < \; < 0.4 there are 9 eigenstates for 12® Lattice while there are 22 for the 163
one. [10]

with |F]? < 02 = [nma27 N2, N, is given by:

N, =—n (3.23)

In other words, for a fixed og, N, oc N2. Fig. 3.4 demonstrates this effect on spatial
lattice sizes 122 and 16%. Within the region 0.3 < \; < 0.4 there are 9 eigenstates for
123 Lattice while there are 22 for the 163 one. Therefore, for larger lattices in which
each individual inversion is already more expensive, the number of required inversions
also increases proportionally due to the scaling of the number of eigenvectors with
spatial volume in order to keep the cutoff eigenvalue og unchanged. This makes the
straightforward calculation of the quark lines very costly or even not feasible on larger
lattices. Thus some tricks have to be employed. In this work, noises are introduced
into the calculation to tackle this problem. Such an algorithm is named Stochastic
LapH method [10] and is described in detail in Sec. 3.4.
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3.4 Stochastic LapH Algorithm

In Sec. 3.3, it was found that straightforward calculations of quark lines are too
expensive to be performed in large lattices. In this work, the technique to solve the
problem is to introduce noises in the calculation of the inversions. Such an algorithm
is based on the important observation that an exact calculation of K is actually
unnecessary. The statistical errors in the estimation of the correlators of interest are
indeed limited by the statistical fluctuations of gauge generations from Monte Carlo
method. This means one cannot further improve the signals once the errors in the
estimation of quark lines of each gauge configuration has reached such ‘gauge noise
limit’. Therefore it is wasteful to calculate the inversions at maximum accuracy, i.e. in
an exact manner. This allows the notion of a stochastic estimation of the inversions at
an accuracy comparable to the ‘gauge noise limit’ without significant increases in the
variance in the correlators and consequently extracted energies. In this section, such
technique is discussed and there are some small-lattice results to determine the values
of stochastic parameters such as dilution schemes, to demonstrate the feasibility of

the method and thus to justify its application upon larger lattices.

3.4.1 Stochastic Estimator with Dilution Enhancement

In the LapH subspace and spin space, define an evenly-random vector p, in which
each component p;o(z4) € Z,, where Z,, = e2™/™ for some integer n and integer m

satisfying 0 < m < n. n is taken to be 4 in this work. Consider the linear system
06 = Vs p (3.24)

in which the solution ¢ can be numerically calculated using variants of Conjugate-
Gradient methods. Suppose there are N, such random p’s. Since
Ny—1

1 T T
L=E(pp") ~ 5 > """, (3.25)
" r=0
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it is expected that

K =Vio'vy (3.26)

in which ¢ and p are defined as ‘Quark Sinks’ and ‘Quark Sources’ respectively. In
principle, if NV, is large enough for averaging, K can be approximately obtained in this
way. However, the statistical error can be huge. Therefore, given a target variance,
namely the gauge noise limit in the current case, it is not obvious whether more or
fewer inversions are needed compared with the ‘exact’ approach described in Sec. 3.3.
In fact, according to previous experiences of the same stochastic technique applied on
the lattice sites and color space instead of LapH subspace, such stochastic estimation
introduces a lot of additional noises that overwhelm important signals. It is expected
that this is also true in the LapH subspace. This leads to the notion of applying
the ‘dilution” improvement technique that was previously developed in the former
situation [6].

In the stochastic estimation described above, p is defined on the entire LapH
subspace and spin space and is inverted all at once. Actually it does not need to be
the case. p can be projected onto different sets of indices and then inversions are
performed separately on each of them. The results can then be re-combined to give
an estimation of the full K. The implementation is as follows.

Denote the collection of the index values of time values by T, that of LapH eigen-
vectors by L and that of spin values by S. Divide these collections into disjoint subsets
denoted by T, S% and L% respectively, where d’s are integers specifying the sub-
sets. For each set, there are several ways of splitting. These schemes are known
as the ‘Dilution schemes’ D. In this work, 4 types of dilution schemes are studied.
‘Null’(N) dilution scheme refers to the situation in which one subset contains all ele-
ments. ‘Full’(F) dilution scheme refers to the situation in which there is one element

in each subset. ‘Interlace-¢’(Id) dilution scheme refers to the situation in which each
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of ¢ subsets contains N/q elements separated by ¢ consecutive values, where N is the
total number of elements in the whole set. ‘Block-¢’(Bg) dilution scheme refers to the

situation in which each of ¢ subsets contains N/q consecutive values. In other words,

denoting Pl as the projector that projects out the indices within dilution scheme
D

D,
P = S d =0 (3.27)
[d]{F 6ﬂhn5dﬂna d ::0,1,"' ,fV-—>2,fV —’1
Pmn‘Iq:(Sm,néd,mmodq; dzo,l, ,q—2,q—1
P |5, = OmnOman, d=0,1,--,q4—2,q— 1.

Let Pldrlldslldc] |DTSL denote the projector that projects out indices (x4, @, i) within
the set T @ S ® L4 for dilution scheme Drgy:

sy = Pl ), PR (3.28)
— Z Z Z 0242, Ozays Ocva O Oiit O
Th€TIT o/ €S%s i’ €lL4L Drsi
Then, for a given dilution scheme, the diluted noises can be defined as
pldrstl(r) = plrlids)ldz] () (3.29)

in which drgy, is the collective index for dr , ds and dy. Since Eq. 3.25 is now

1= Z E [dTSL}pdTSL]T Z Z p[dTSL (r) [dTSL]( ) (3_30)

drsL r=0 drsr

Eq. 3.26 becomes

Ny —1
Z Z SD[dTSL] r) ldrsc](r ) (3.31)
r=0 drgsr,
where
SO[dTSL VTQ Ly, pdTSL](T) (3.32)
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With dilution, the variance can be greatly reduced by ensuring exact zeros for many
of the E(pmp!) elements in Eq. 3.30 due to the orthogonality of the projectors. (Illus-
trated in Fig. 3.5) This improvement comes at a price of an increase in the number
of inversions per configuration per noise seed. Since the number of inversions per
noise seed is directly proportional to the number of dilution projectors, the variance
can be systematically reduced by tuning the dilution scheme until the variance is
comparable to the gauge noise limit. Once this is reached, there is no way to improve
further without generating more configurations. Thus it suffices to stay in such di-
lution scheme. The dilution scheme determined in this manner turns out to require
far fewer inversions than that required by the full dilution scheme, i.e. ‘Exact’ calcu-
lation, while the variance is still close to the full dilution scheme. It is discussed in
detail in Sec. 3.6.

Occasionally, the vs-Hermiticity of the Dirac Matrix can be exploited. In Eu-

clidean spacetime,
(M) = M. (3.33)

In terms of K,

KT = (ViM=1y,Vs)t (3.34)
= Vi (M) Vs
= s Ve M Vs
= =572 K V175,

Therefore, according to Eq. 3.31, K can be estimated in a different way:

K = (—v574Ky475)" (3.35)

= —v57a K T yuys
| Nl

_7574F Z Z p[dTSL](T)SO[dTSL](T)Tr)/4r)/5

r=0 drsr,

Q

Np—1

= Ni Z Z pldrscl(r) gldrsel(rt

r r=0 dTSL
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where

ﬁ[dTSL}(T)

@[dTSL}(T)

= _7574p[dTSL}(T) (3‘36)
= 757490[dTSL](T)‘

Effectively, this algorithm is performing a Monte Carlo inside a Monte Carlo. Thus
it is equivalent to a larger Monte Carlo that includes the noises as one of the random
variables. Therefore in practice N, = 1 will do the job most of the time. This

simplification is adopted in this work unless otherwise is specified.

Quarkline End Combinations ®

Equipped with the expressions of the stochastic estimations of K in terms of ¢ and p,
one can finish the construction of O, the building blocks that would be used for the
estimation of the N-point correlation functions, by replacing the fermion fields with
@ and p. It is observed that computing the hadron operators separately is in fact not
possible if K were computed in a straightforward way. The elements of K needed are
diagram-dependent. Wick contraction has to be performed one diagram by another
to obtain the set of K’s to be generated. Unless all elements of K are generated,
it is always possible that new elements of K have to be generated when the study
develops from one correlation function to another. As discussed previously, it is not
practical to exhaust all elements of K using current computational resources. This
imposes an inconvenience of the simulation, especially multi-hadron calculations that
involve a variety of diagrams. Fortunately, in the stochastic estimation, according to

Eq. 3.31, the propagator is factorized back into two parts, ¢ and p:

oy =K (3.37)

Ny.—1

~ NL S Y pldnsiln) plarsult

r=0 drsr

— SOWTSL]pMTSLH) N, =1,

in which the summation over drgy is implicitly implied. Alternatively, exploiting
vs-Hermiticity (Eq. 3.35),
1[))% — ﬁ[dLTS]@[dLTS]T‘ (3.38)
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Figure 3.5: Illustration of Dilution Schemes on a 6-dimensional vector space. The
identity is diluted in different ways. Hollow symbols average to 0. The different
shapes represent three different projectors. It is observed that a lot of the off-diagonal
elements are 0 due to the orthogonality of the projectors once dilution is applied.
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This allows one to compute the ¢ and p separately and attach them separately to
different hadron operators before Wick contractions, accomplishing a factorization in
terms of O like the continuum case. This brings back the flexibility of the computa-
tion. However, it is noted that ¢(or p) and p(or @) do not correspond directly to 1
and y. There exists some residual dependence on the kind of N-point function to be
calculated, if the dilution schemes are different for different quark lines. There is also
a freedom of whether ~s-Hermiticity is employed. Moreover, the seeds of different
quarks within the same hadron operator have to be different in order to avoid bias.
Therefore each hadron operator is associated with a collection of combinations of
‘Quarkline Ends’ 8, which are either ¢, p, p or ¢, with different dilution schemes D;
and noise seeds r; to accommodate the needs of different diagrams and conventions,

resulting in the forms ®, ®:

for meson operators , (3.39)
(PA [0140,'1)0(7‘0)7 0141,'1)1 (Tl)]dodl (]3’7 1'4)

Caﬂu ‘Zmofjj (]7) 4)‘95{2]1407170(ro)egi;}]Al,D1(r1)’
@A [er,'Do(T’o)’ 9A1,'D1(’r‘1)]d0d1 (p’ 1'4)

= (@A] gArDolr0) gArDa)] (5 1))

for baryon operators ,
(I)A [0A0,D0 (7'0) 7 eAl ,Dl (7‘1)’ QAQ,DQ (Tz)]dodl d2 (p7 I4>

Caﬁ& urwk( 24)0 dO]AmDo(To)@[[Bd,;]Ath(Tl)@([;f;]AL%(m)’

é/\ [HA(),'DQ(T()), 9A17D1(7'1)7 0A2,D2(T2)]d0d1d2 (p, 374)

— ((I)A[QAO,DO(TO ’ 0A1,D1(r1)’ 9A27D2(T2)]d0d1d2 (ﬁ, x4))* .

In this work, only the quark lines that connect different time-slices and start from the
sink time-slices adopt the v5-Hermiticity convention. It is natural that the dilution
schemes should be dependent on the type of quark line to be estimated, since the
quark lines starting and ending on the same time-slice (referred to as ‘relative-source-
time’ or ‘same-time’) are typically noisier than those propagating across different
time-slices (referred to as ‘fixed-source-time’). In this work, two different dilution
schemes are applied to these two types of quark lines, namely the ‘Fixed Dilution

Scheme’ (represented by subscripts f) for fixed-source-time quark lines and ‘Relative
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Dilution Scheme’ (represented by subscripts r) for relative-source-time quark lines.
They are chosen to only differ in time dilution, since that is the only aspect that
the type of quark lines really matters. For the Fixed Dilution Scheme, Full Dilution
in time is preferable because the number of inversions required is proportional to
N which does not scale with volume significantly. The only effect of using non-
Full dilution is just to introduce slightly more noise, which is not preferred. The
number of source time-slices are taken to be 4 in this work. In contrast, the number
of inversions required for the Relative Dilution Scheme is either a range of time-slices
if the quark line resides on the sink time-slices, or Nt(src) it it resides on the source
time-slices. Recall that if the inversions were done in an exact manner (Full Dilution),
a lot of extra inversions have to be performed if the quark line resides on the sink
time-slices. Even if the quark lines reside on the source time-slices, N\ has to
be much higher than that used in the fixed-source-time quark lines due to the fact
that relative-source-time quark lines tend to be noisier. After all, this is one of the
motivations to introduce noises into the calculation, especially into the time domain,
in the first place. Therefore a non-Full Dilution in time is preferred in this type of
quark lines. The number of source time-slices of the correlator is chosen to be the
entire temporal extent Ny, since they are all available anyway after the inversions.
It is more preferable to be an interlaced scheme rather than blocked one in order
to minimize the noise contaminations on consecutive time-slices, since the temporal
behavior of the correlator is the most important information in determination of the
energy levels and it should be as clean as possible. However, it should be noted that
in cases where both types of quark lines exist on the source time-slice in the same
diagram, the dilution scheme is taken to be Full Dilution for both, since there are
only Nt(src) source time-slices available for that diagram and there is no benefit of
using non-Full Dilution Scheme, which again only introduces unnecessary noises. For

simplicity, the quark line-ends and the combinations are represented as follows in the
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coming figures.

R R

W =g, ) =p, (3.40)
_(R (R
I(R) E@; ), >(R) _p; )7
OR) = 80£R), *R) = 7{R)7

EEE
Il

EEE
L 1]
555
[ ]

D af
’D , . Isoscalars only, __ . : Sum over Dilution Indices,

Arrow points towards ¢’s

in which R represents the noise seeds that are labeled from 0 to 4 for Fixed Dilution
Scheme(f) and a to b for Relative Dilution Scheme(r) and other indices are sup-
pressed. The numbers of seeds used are chosen such that they satisfy the minimum

requirement of computing the diagrams of interest.
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For example, the single-hadron correlators at rest are computed by:

for mesons, (3.41)
Cant) = (=AM B, 0 (0, 1) 51, 07, (0, 0)
5A1A1(I)A[ Ao(ra)’(pf1(ra)]d0d0<0’t1)(i)]\[p o(rp ),pfl(”’)]dldl(ﬁ, t°>>UT’
for baryons,
Caa(t) = <@A[ AO(TO)W?l(m)a@?Q(TQ)]dodldz(@tl)'

Ao(r Ai(r As(r =
(5?8?;2;@1\@]00( O)7pf1( 1)’pf2( 2)]d0d1d2(07t0)

o0 @A) ) ptolro)] (0, )
+ o el o) "2% P ] (5, 80)
R S et PN (Y
— SN ;‘“’“ Lo otro) 0] (0 )
o o o 0 O.10)))

in which G5 = 6565 and §55E = 686E6E. The diagrams involved are shown in Fig.

3.6.

Similar to Single-Hadron Operators, Multi-Hadron Operators can be constructed
by combining the Single-Hadron Operators according to the lattice symmetries de-
scribed in Appendix A. In this work, the multi-baryon operators and operators with
more than 2 hadrons are ignored, since the energy states they couple to lie above the
energy range of interest. After Wick contractions, the N-point correlators constructed
from the Multi-Hadron operators under consideration are linear combinations of the

diagrams listed in Fig. 3.7 and Fig. 3.8.

The most economical way to compute the hadron operators above is to determine
the minimal set of ®’s required for the diagrams of interest with only 1 noise combi-
nation. Then, if more statistics are required, the number of noise combinations can
be increased by permuting them. This leads to the need of a survey of what kind of
combinations are needed in the entire intended simulation. Summarizing the previous
discussion, all types of diagrams under consideration are those shown in Fig. 3.6 to
Fig. 3.8. According to them, one can construct a minimal set of ®’s required. Since

in the pruning of hadron operators, the list of hadron operators used in diagrams
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Figure 3.7: Diagrams needed in Single-Hadron-Two-Hadron Correlators

involving multi-hadron operators is different from that for diagrams which do not
contain multi-hadron operators, it is useful to keep track of what kind of diagrams
the combinations come from in order not to compute extra operators. The results are
shown in Table 3.1 and Table 3.2.
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Figure 3.8: Diagrams needed in Two-Hadron-Two-Hadron Correlators
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Table 3.1: The Minimal Set of Quarkline End Combinations of Mesons. The com-
binations required by diagrams consisting multi-hadron operators are marked as ‘M’
and those that are required by diagrams consisting of single-hadron operators only

are marked as ‘S’.

# of Time-slices Quarkline Ends
snk _
N @[y, ¢yl

<(1)> <§>
S,M: ( ) , ( )

NS @[5y, py]
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Table 3.2: The Minimal Set of Quarkline End Combinations of Baryons. The com-
binations required by diagrams consisting multi-hadron operators are marked as ‘M’
and those that are required by diagrams consisting of single-hadron operators only

are marked as ‘S’.

# of Time-slices Quarkline Ends
snk
NP ey, o, 5]

(2)
(3
S,M: (4

Qlor, v, o

N

N Dlpy,
(2) (

(< 6 |4
sav: €0 @

3.5 Implementation and Data Structure

The software in this work is written in C++ and links to the USQCD CHROMA
suite based on QDP++ library [54]. Some parts of the computations must be done
using the full four-dimensional lattice, but other parts are best handled time-slice by
time-slice in three dimensions. QDP++ does not handle both three and four dimen-
sional lattices simultaneously, so the different parts of the computations were done in
separate runs using both 3D and 4D versions of the software. Special input/output
routines were written to enable 4D QDP++ to read and write 3D time-slices of the
lattice.

The computations are carried out as a sequence of tasks for each gauge configura-
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tion in the Monte Carlo ensemble. The following quantities are generated and stored

in disk in sequence:

e Smeared Gauge Field U
The spatial links of the gauge configuration are smeared using the stout-link
procedure. This task is done using a four-dimensional version of our software,
but the smeared spatial links are written to disk as individual time-slices suitable

for input into the three-dimensional version of our software.

e LapH Eigenvectors Vi
The computation of the Laplacian eigenvectors is done time-slice by time-slice
in three dimensions. They are evaluated using a Krylov-Spectral Restarted
Lanczos (KSRL) method which is a modification of the thick restarted Lanc-
zos method described in Ref. [55]. Let A denote a Hermitian matrix whose
lowest-lying or highest-lying eigenvectors are sought. Given a starting vector u,
the KSRL method begins by constructing a Krylov space spanned by vectors
u, Au, A%u, ..., A™u. The submatrix of A defined in this basis is then diagonal-
ized, and the eigenvalues and eigenvectors of this submatrix, known as the Ritz
values and Ritz vectors, are approximations to those of the full matrix A. Con-
vergence to the exact eigenpairs occurs as the Krylov space dimension increases,
but a better procedure is to stop the growth of the Krylov space at some point,
typically just above the number of desired eigenpairs, and restart the procedure
using a different starting vector or vectors. The use of a certain number of Ritz
vectors to restart the procedure is known as Krylov-Spectral restarting. Key is-
sues in the method are determining how many Ritz vectors to use in restarting,
determining the size of the Krylov space to use, and maintaining orthogonality

of the Lanczos vectors in finite-precision mathematics.

In this work, either a random vector or the vector whose components are all
equal for the starting vector is used. Full global reorthogonalization is used at
all steps. The decision to reorthogonalize multiple times is based on a simple
criterion [56]: if the norm of the vector decreases by 1/k, where k = v/2, then
further reorthgonalization is done. A maximum of four reorthogonalizations is
enforced. Equation 5 in Ref. [57] is used to choose the number of Ritz vectors
to keep, except that the number must be at least as large as the number of

converged vectors and cannot exceed the dimension of the Krylov space minus

o8



the number of converged and locked vectors minus twelve. For an approximate
eigenvector x (with unit norm) and an estimate A of its corresponding eigen-
value, the residual norm is defined by r = ||Az— Az||. An eigenpair is considered
converged when r < tol||Al|, where tol is the desired tolerance and the matrix
2-norm is defined by ||A|| = max, ||Az||/||z||, and can be estimated by the

largest absolute value of any Ritz value encountered in the computation.

In calculating the eigenvectors of ﬁ, Chebyshev acceleration is used. The eigen-
values of —A are all real and lie between 0 and some maximum value denoted
by Ar. The goal here is to determine the eigenvectors corresponding to the
lowest-lying eigenvalues lying between 0 and some cutoff A¢. The rate of con-
vergence to solution increases with the spacing between the levels. Convergence
is much faster for widely spaced levels. Hence, convergence can be accelerated
by transforming the spectrum so that the desired part of the spectrum is more

widely spaced. The following transformation is applied first:

B=1+ A+ )\c). (3.42)

ernll

The above transformation maps the unwanted spectrum to the range —1---1,

and the desired part lies above 1. Chebyshev polynomials are then applied:
A=T,(B). (3.43)

Eigenvalues lying between —1 and 1 stay between —1---1, and the desired
eigenvalues above 1 get spaced out to large and widely-separated values above
1. The lowest-lying eigenvalue of —A becomes the highest-lying eigenvalue of
A. Transforming the desired levels to the region above 1 is most convenient
since it allows the use of Chebyshev polynomials of any order, both even and
odd. The Chebyshev polynomials are applied using the following recurrence

relation:

To(z) =1,T\(z) = =z, (3.44)
To(z) =2x T, 1 (x) — T,,—o(x).

For calculations done on {243;840} and {243;860} ensembles, the lowest-lying
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N, = 112 eigenvectors are needed on each time-slice. A Krylov space dimension
of 160 was found to work well, and A\, = 15 and A¢ = 0.5 were appropriate.
Chebyshev polynomials of order 8 were used, and the residual tolerance was set

to 107%. Convergence of all N, levels occurred within a dozen or less restarts.

The LapH eigenvectors are uniquely determined only to within an overall phase.
Given the way in which Zy noise is injected in the LapH subspace, one sees that
a given quark line is not invariant under a change of the phase multiplying each
eigenvector (due to the off-diagonal pieces not being exactly zero). It turns out
that changing the phase is equivalent to changing the noise by a U(1) phase.
This is not a problem, but erroneous results can occur if the original eigenvector
files used to determine the quark sinks get deleted and the eigenvectors have
to be reconstructed for making the hadrons. With different run parameters,
the eigensolver could produce a different phase. The introduction of a phase

convention eliminates this potential problem.

The eigenvectors for the different time-slices are then reorganized into four-

dimensional eigenvectors corresponding to the different eigenvalues.

Quark Sinks ¢

Once the needed eigenvectors of the Laplacian are computed and stored, the
next step is to compute the quark sinks. The inversions of the Dirac matrix
must be done using the full four-dimensional lattice, but the results are written
to disk once again as three-dimensional time-slices. Solving Q¢ = VgpldrSH
(diluted version of Eq. 3.24) for ¢ is accomplished using a mixed-precision im-
proved version of the biconjugate gradient method with even-odd precondition-
ing. This was found to be the fastest inverter available in Chroma. Occasionally
convergence is not achieved, and a slower conjugate gradient solver is applied
to the system QfQ¢ = QfVgpl?rSH There are only N, N, terms to store for each
noise r and each dilution projector drsy, so storage of these quark propagation
coefficients is modest. Disk storage is actually dominated by the LapH eigen-

vectors. Another nice feature is the fact that the quark propagation coefficients

are gauge invariant, as long as the eigenvector phases are handled appropriately.

It is observed that the correlator estimates and their variances are insensitive
to the value of N used for the Zy noise, as long as N is not too small. It is

found that N = 4 produced results indistinguishable in quality from those of
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larger N. Hence, we use Z; noise in this work. The Z; noise vector for an
ensemble of gauge configurations is identified by a 16-bit unsigned integer s.
To create a noise vector pt® for a gauge configuration labeled by an RHMC
trajectory number k (assumed to have a value ranging from 0 to 2! — 1), a
32-bit unsigned integer m is first formed in a particular manner using the 16
binary digits of s and the 16 bits of k. Although the procedure of forming
m is arbitrary, the same procedure must be used in every instance. The 32-
bit unsigned integer m is then taken as a seed to the 32-bit Mersenne twister
random number generator which is used to create the Z4 noise p'®(t, i, ) for
each LapH eigenvector, labeled by time ¢ and level ¢, and for each spin index
«. The elements of p(® are generated in a particular order that is always the
same. Each Z; element is chosen using the sequence of bits obtained from the
current state of the Mersenne twister, taking two bits at a time. It was found
that the linear congruential generator in QDP++/Chroma is not adequate for

generating the Z; noise and leads to serious errors in some instances.

There is no need to store the quark sources p, since they are very cheap to
regenerate. It is noted that ¢ and p can be computed from ¢ and p via Eq.

3.36 and therefore it is not necessary to store them.

e Hadron Operators &
Quark Sinks and Sources are combined into hadron operators ® using Eq. 3.39
and stored in disk. All hadron operators have definite three-momenta which
involve summations over all spatial sites of the lattice, so the resulting hadron

sources and sinks are no longer lattice-wide quantities.

e Correlators C'(t)
The hadron sinks and sources are assembled in an appropriate way to form the
hadron correlation functions. At last the correlation matrices are formed and
physical quantities can be extracted using variational method described in Sec.
2.5.1.

Although in principle it is not necessary to keep all the intermediate data before

correlators, they are stored in case file corruptions or change of parameters occur.
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3.6 Dilution Schemes determined by Small Lattice

Simulations [11]

Sec. 2.4 has described the values of the parameters used in the lattices in this work and
how they are obtained, summarized in Table 2.4. To implement the Stochastic LapH
method, the dilution schemes to be used have to be determined. According to the
previous discussion, it is believed that the dependence of the variance on lattice sizes
is small. This assertion can be tested by studying the two-point correlators of simple
hadron operators on two lattices of different sizes. Such a test on the algorithm using
simple nucleon operators was done in previous works. In this work, it is repeated using
a simple pion operator uvysd. Fig. 3.9 shows the relative variance in the correlator
at time separations ¢t = 10a; with respect to the gauge limit for different dilution
schemes, characterized by the number of inversions per noise seed per source time,
Niny, on lattices of sizes 163 x 128 and 20% x 128( {163;840} and {203;840} of Table
2.4) for various dilution schemes. Increasing the spatial lattice volume for a fixed
eigenvalue cutoff and dilution scheme does lead to some increase in the statistical
error. However, it is observed that the scaling behavior of the variance is mild for
the dilution schemes under consideration and the difference in errors between the two
volumes decreases with higher levels of dilution. It is thus reasonable to expect that
the optimal dilution scheme found in a smaller lattice is very likely to be also the
one for a larger one. Therefore, various interesting diagrams on the smaller lattice
are performed to figure out the dilution schemes to be applied to other more realistic
lattices in the next chapter. Since strange quark lines should behave similar to light
quark lines as far as dilution schemes are concerned, the conclusions obtained here

are assumed to also apply for strange quark lines.

3.6.1 Isovector Simulations

From the simulation of the pions, one can also determine an optimal Fixed Dilution
Scheme to be used in the realistic runs. According to Fig. 3.9, the gauge noise limit
is almost reached(o /o, = 1.58) at Ni,, = 32, corresponding to dilution scheme [TF,
SF, LI8] which is thus chosen to be the Fixed Dilution Scheme. Fig. 3.10 shows the
pion correlator at this scheme. It is observed that there is almost no difference in

variance between this scheme and the full dilution scheme. This conclusion coincides
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Figure 3.9: Comparison between lattices of two volumes 16% x 128(solid symbols)
and 20% x 128(hollow symbols) at various dilution schemes. N, = 32 for the former
and N, = 64 for the latter to keep the cutoff eigenvalues the same. It is observed
that the blocked and interlaced dilution schemes with the same Nj,, are comparable.
In order to reduce correlations between consecutive dilution indices, an interlaced

dilution scheme is more preferable to blocked ones. Therefore some blocked dilution
schemes are not shown here.
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Figure 3.10: Pion Correlator at the chosen fixed dilution scheme

with the previous tests done with nucleons [10] and therefore the same Fixed Dilution

Scheme is to be used in both mesons and baryons.

It is remarkable that the Nj,, required in this scheme is only 8.33% of that in an
exact treatment, in which N,,, = N, Xx Np X N, = 32 x 4 x 3 = 384 is needed. The
computational resources required are therefore dramatically reduced while keeping
the variance comparable to the exact treatment. This reduction would become more
dramatic if the lattice size is increased, in which case Nj,, stays the same for the
stochastic estimation due to the insensitivity of suitable dilution scheme to lattice

sizes, while Ny, in the exact treatment scales linearly with lattice sizes.

3.6.2 Isoscalar Simulations

In order to determine an optimal Relative Dilution Scheme, a test on the light quark

contribution of isoscalars is performed. Their 2-point (VEV subtracted) correlators
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Figure 3.11: Diagrams in VEV subtracted Correlators of isoscalars(light quark con-
tribution only). The first row corresponds to the ‘Forward’ Diagram Chyq(t) and the
second row corresponds to the ‘Same-time’ diagram Cigpy(t).

consist of two parts after Wick contractions. Suppressing irrelevant indices,

Crotal(t) = (U (t1)(uu + dd) (to) — VEV (3.45)

iu + dd)
u(ti)au(to) + dd(t,)dd(to) + au(tr)dd(to) + dd(t:)uu(ty) — VEV
soif(”% Mo (0, 1) [, 0o (0, 10

- <<I>A[¢i<m>,soi%odo(ﬁ,tl) (@ N

= wad(t) + Csmt(t)a

in which the first diagram Cly,q without same-time quark lines is referred to as ‘For-
ward’ diagram and the second (VEV-subtracted) diagram Cgp that only involves
same-time quark lines is referred to as ‘Same-Time’ diagram. Fig. 3.11 shows the
diagrams involved. The first row corresponds to the Cyq(t) and the second row cor-
responds to Cgpe(f). Since the focus of this test is on the same-time quark lines but
not the full correlator, Cryq(t) is ignored here. The pseudoscalar(PS) and scalar(S)

channels are investigated.

The ground state of the pseudoscalar channel corresponds to the n meson in
experiments. The operator used in this channel is a simple [y5] operator(l is either
u or d), which couples to the light quark portion of 7 as the lowest energy state.
It is known that the RHMC algorithm suffers from a bias of sampling in topological

sectors, resulting in a finiteness of topological charge [58]. Therefore a VEV is induced
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in this channel, but it is also known to be small and is therefore ignored in this test.
In serious computations, it has to be subtracted.

Fig. 3.12 shows the dilution scheme dependence of the relative variance with
respect to the gauge noise limit in the same-time contribution of the PS correlator
on {123;743} lattice. It is observed that most dilution schemes under consideration
give acceptable results. Therefore the Relative Dilution Scheme can be any of them.
In order to pin down a dilution scheme that also works for most isoscalar operators,
the noisiest channel, the scalar channel, is computed.

In the scalar channel, a vacuum expectation value(VEV) exists in the correlator as
described in Sec. 2.5.1. It is expected to be the noisiest channel because of the VEV
subtraction that extracts relatively small values from large and fluctuating VEVs.
It is thus believed that an applicable dilution scheme for the isoscalar scalars would
work for most hadrons. The simple operator [l is used in this test. This operator
couples to the light quark portion of fy (also called o) meson as the lowest energy
state. Fig. 3.14 shows the dilution scheme dependence of the relative variance with
respect to the gauge limit in the same-time contribution of the VEV-subtracted S
correlator on {123;743} . It is observed that [F112,SF,LI4] is an acceptable scheme.

Although [TT12,SF,LI4] is good enough on {12%; 743} lattice, the temporal size of
larger lattices are not divisible by 12. Moreover, it is expected that the optimal LapH
dilution scheme should be the same for both Fixed and Relative Schemes. After all,
using a higher dilution scheme does more good than harm as long as computational
resources allow. In conclusion, the Relative Dilution Scheme on larger lattices is taken
to be [T116,SF,LI8| in this work.

Fig. 3.13 and 3.15 show the correlators at [T116,SF,LI8] compared with the gauge
noise limit. It is found that the variance is not significantly increased, while the cost
of computation is greatly reduced. For both channels, Ny, = 16 x 4 x 8 = 512 for
the stochastic method, which is only 3.125% of N, = 128 x 4 x 32 = 16384 required

by the exact treatment.

3.6.3 Multi-Hadron Simulations

Since one of the main motivations of computing same-time quark lines is to obtain
correlators that consist of multi-hadron operators, it is essential to check if the dilution

schemes chosen are also applicable to correlators with multihadron operators. Here
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Figure 3.12: Isoscalar PS channel at different relative dilution schemes on {12%; 743}
ensemble with N, = 12. It is observed that the variance decreases with the number
of dilution projectors.
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Figure 3.13: Same-time diagram contribution of PS channel Correlator at the chosen
dilution scheme on {163;840} ensemble, compared with the gauge noise limit (left
plot). There are 52 configurations with separation ng., = 40 trajectories.
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Figure 3.15: Same-time diagram Contribution of S channel Correlator at the chosen
dilution scheme {163;840} ensemble, compared with the gauge noise limit. There
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are 52 configurations with separation ng., = 40 trajectories.
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two useful and interesting cases are considered to demonstrate the quality of the
signals one can obtain from the algorithm using the chosen dilution schemes. The
first case is a p meson correlated with two pions and the other case is a 4-point

correlation function of pions.

These two correlators are interesting because the p meson decay width and two-
pion scattering phase shifts can be obtained from them. Also, the states extracted
from the diagonalization of the correlator matrix composed of these correlators are
the simplest and lowest-lying ones that take into account the contributions of multi-
hadron operators. It is the first step towards a full hadron spectrum with states that

mix with multi-hadrons.

Since the quark masses of the light quarks are taken to be identical, isospin is
conserved on the lattice. Therefore one can classify two-pion scatterings in terms of
the value of the isospins. The channels that acquire the lowest few energies are the
I =0,1,2 channels. In this work only these channels are considered. Since the energy
is the same for different I3’s within the same I, only one I3 is used for each channel.
The two-pion operators are defined as follows(suppressing the spin and displacement

structure within the pions):

7. =ud, 7y = —(dd — uu),7_ = —du, (3.46)

[\

I =
017 = e1o(fo, 1) 74 (Bo)T— (1) — To(o)To(Pr) + T (o) T+ (51)]
I1=1:
Ot = 3y (0o, 1) [T+ (Do) Fo (B1) — 7o (Do) 74 (1))
I1=2:
0127 = )y (o, 1) [74 (Fo) 7 (1))
in which the multi-hadron operator coefficients c?(py, p1) specify how different mo-
menta are combined to give multi-hadron operators corresponding to the collective

index A. In the following tests, these coefficients are taken to be simple S-Waves with

zero relative momenta for I = 0,2 and P-Wave with minimum back-to-back (on-axis)
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momenta for I =1, i.e.

ch_o(Po, 71) = P°(1)0, 50 5 (3.47)

p070 1,
1
A — — _ 1/~ ~
CI:l(p0=p1) = g E P (pU : n)(gﬁo,—ﬁlé\ﬁl\»%/f\fs
n==%1,22,%3

C?:Q(ﬁOaﬁl) = Po(l)(sﬁoﬁéﬁh@’

where P!(z) are the Legendre Polynomials.

In order to study two-pion scatterings, the 4-point correlator of pions(or equiva-
lently, 2-point functions of O ’s) are needed and a lot of diagrams are involved.(Fig.
3.16) These diagrams are classified into three types: without same-time quark lines
(‘Forward’), with both types of quark lines (‘Box’), and with same-time quark lines
only(‘Same-Time’). As far as dilution schemes are concerned, the behavior of the first
type should resemble that of isovectors while the behavior of the third type should
resemble the isoscalars. Therefore the focus of this section is the ‘Box’ diagram. A

more detailed and careful discussion of the full correlator will be discussed in Ch. 4.

Fig. 3.19 shows the contribution of the box diagram in the 4-point correlator of
pions relatively at rest. It is found that o/o, ~ 1.08(at ¢t = 10qa,). It is remarkable
that approximately the gauge noise limit is reached at 15.8% of the cost of exact
inversions. N,y = (16 + 3) x 4 x 8 = 608 is required in the stochastic method while
Niny = 30 x 4 x 32 = 3840 (if Nt(snk) = 30) in the exact treatment.

The diagrams involved in the p-mm system are shown in Fig. 3.17. In this test, a
pr eson is represented by a simple operator —dy,u, in which k = 1,2, 3 is the spatial
direction. Due to the spatial isotropy of the lattice, the behaviors of all these three
directions should be the same. In serious runs, the correlators should be averaged
over these directions to boost statistics. However, since they are the same, it suffices

to compute one of them in this test. The p3 meson is chosen here.

Fig. 3.18 shows the correlator of a p3 meson at t; correlated with a P-Wave [ = 1
combination of two pions at ¢;. Since different rows of an ireducible representation are
orthogonal to one another, only the n = 23 term in the P-Wave actually contributes.
It is observed that the variance is significantly larger than the gauge noise limit, but
still moderate. The ratio o/0, ~ 3.98(at ¢ = 10a;) is still small compared with the
cost reduction of 85% from N, = 30 x 4 x 32 = 3840(say Nt(snk) = 30 sink time-slices
are needed) to Niyy = (16 +2) x 4 x 8 = 576.
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Figure 3.16: Diagrams in 4-point (VEV subtracted) correlators of pions in / =0, 1,2
channels. The combination of the first row corresponds to the ‘Forward’ contribu-
tion C{ 4(¢), that in the second row(if exists) corresponds to the ‘Box’ contribution
Cl_.(t) and that in the third row(if exists) corresponds to the ‘Same-time’ contribu-
tion CZL . ().
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Strictly speaking, the comparison of computational resources above is not com-
pletely fair, since if same-time inversions on ~ 30 time-slices were available in the
exact method, the number of ¢3’s would have gone from 4 to 30 in order to fully
utilize the available data without extra inversions. o(and hence o,) would then de-
crease by a factor of approximately (4/30)'/2 = 36.5%, although the true factor would
be slightly less than that due to the autocorrelation between time-slices within each
configuration. This means one could have achieved a smaller absolute variance if
the exact method could be employed. However, the same boost in statistics can be
performed in the stochastic method as well, by increasing the number of ¢;’s from 4
to 30 in the same way. Even if such boost is performed in the stochastic method,
the number of inversions required only increases by a factor of 30/4 ~ 7.5. Since
permutation of noise seeds can be employed to fully utilize the inversions so that
some number of ty’s can be omitted (assuming the effect of 1 permutation is close
to increasing to by 1), this factor can be reduced by 2 in the p-wm system and 4 in
the two-pion ‘Box’” diagram. It is expected that after these boosts and improvements,
the variance is again close to the new gauge noise limit because they share the same
new reduced o,(36.5% of the original one). In this ‘fair’ comparison, the number of
inversions required by the stochastic method is still much smaller than that in the
exact method by 100% — 15% x 7.5/2 = 43.75% and 100% — 15.8% x 7.5/4 = 70.4%
in these two cases respectively. More importantly, it is actually impractical to employ
the exact method in larger lattices due to the limitation of computational resources.
On those larger lattices, the stochastic estimation is the only plausible way to carry

out such calculations.
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Figure 3.

Figure 3.18: p — mm Correlator on {163;840} ensemble, compared with the gauge
noise limit. There are 52 configurations with separation ng., = 40 trajectories.
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Figure 3.19: ‘Box’ diagram contribution that will be required by the correlator of the
two-pion scattering in I = 0,1 channels on {163;840} ensemble, compared with the
gauge noise limit. There are 52 configurations with separation ng, = 40 trajectories.
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Chapter 4

First Applications
on Realistic Lattices [10]

Equipped with the optimal dilution schemes that are shown to work in small lattices,
one can apply them to more realistic lattices. To prepare for the coming studies,
some basic calculations are done on lattices with size 243 x 128, bare strange quark
mass parameter my; = —0.0743, and bare light quark mass parameters m; = —0.0840
and m; = —0.0860, i.e.  {24%;840} and {24°%/860} in Table 2.4. These include
scale determinations, simulations of simple hadrons and a revisit of isoscalars and

multi-hadron systems.

4.1 Scale Determination

As described in Sec. 2.4, one needs to determine the lattice sizes on the lattice
in order to make claims about physical quantities in physical units. This is done
by investigating the mass of 2. Thus this particle is computed to set such scale.
Fig. 4.1 shows the results of ensembles {243;840} and {24%;860} . There are 551
configurations in {24%; 840} ensemble and 584 configurations in {24%; 860} ensemble.
Consecutive configurations are separated by ng, = 20 RHMC trajectories. Four
widely-separated ty’s are used on each configuration. The first column shows the
correlators C'(t), the second column shows the corresponding effective masses meg
and the third one shows the t,,;, plots. The blue lines and points are the chosen
range of fit. The experimental mass of € is found to be mgo® = 1.67245(29) GeV. By
equating mq = mq?, it is found that a; ' = 5.661(17) GeV and a; * = 6.015(17) GeV
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Figure 4.1: Q Simulation on {24%;840} and {24%;860} ensembles. There are 551
configurations in {24%; 840} ensemble and 584 configurations in {24%; 860} ensemble.
Consecutive configurations are separated by ng, = 20 RHMC trajectories. Four
widely-separated ty’s are used on each configuration. At = 3a; in the meg plots.

for {243,840} and {243;860} respectively. According to Sec. 2.2, the anisotropy
parameter & ~ 3.5. Therefore, using 1 GeV ™ 'fic = 0.197fm, a; ~ 0.12fm and a, ~
0.11fm correspondingly.

4.2 Pions and Nucleons

As the

first step towards more complicated operators, the 2-point correlators of them are

The simplest hadrons that can be obtained are the pions and nucleons.

computed to study the quality of the best signals.

Figs. 4.2 and 4.3 show the results of nucleons and pions respectively. The correla-
tors give accurate signals and the ¢, plots show stable plateaus. Using the a; ' found
in previous section, it is found that my = 1.1781(58) GeV and m, = 0.3911(14) GeV
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on {243;840} ensemble and my = 1.048(14) GeV and m, = 0.2439(20) GeV on
{243;860} ensemble.

The {24°%;840} ensemble was examined in previous works [15,17] using the exact
treatment of inversions. The masses of €2, m and N obtained in this work not only
resembles the results in those works, but also maintains a comparable variance. It is
remarkable that the computational resources used in this work is only a tiny fraction
of the latter. This again verifies that the stochastic estimation is an important trick
in making the calculation much more efficient.

Fig. 4.4 shows the nucleon and 2 masses against (m,/mgq)? together with results
from previous works. It is encouraging that fitting the three leftmost €2 points to a
form linear in (m,/mg)? and fitting the three leftmost nucleon points to an empirical
form linear in m, /mgq yields my/mgq = 0.556 at the physical value of m, /mgq, which

compares well with the observed 0.561 value.

4.3 Isoscalars

In this section, the full correlators of simple isoscalars are calculated to demonstrate
that good signals can be obtained on realistic lattices. Again, the goal here is only
to test the feasibility of the algorithm. Only the simple single-site operators used on
{163; 840} are used and strange quark contributions are ignored. Therefore the masses
from the fits here are only preliminary values and do not necessarily correspond to

the ground state of the specified channels.

Pseudoscalar (PS) Channel

Fig. 4.5 shows the results of the pseudoscalar channel. The operator used here is
I(1 — ~4)7sl, which couples to the light quark portion of 1 as the lowest energy state.
As mentioned before, it is known that the topological sectors may not be properly
sampled in Monte Carlo simulations. This gives rise to a finite VEV in this channel
but it vanishes with increasing lattice sizes [59,60]. This VEV is found to be small
so is ignored in this test. However, in serious computations, it has to be taken into
account to get an accurate estimation.

The ‘Forward’(‘fwd’) diagram Ciyq(t) corresponds to the isovector counterpart,
i.e. pions. Since the mass of pion has already been estimated with higher statistics in

last section, it is not estimated again here. The mass of (light-quark-only) 7 is found
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Figure 4.2: Nucleon on {24%;840} and {24% 860} ensembles. There are 551 con-
figurations in {24%;840} ensemble and 584 configurations in {24%; 860} ensemble.
Consecutive configurations are separated by ng, = 20 RHMC trajectories. Four
widely-separated ty’s are used on each configuration. At = 3a; in the meg plots.
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Figure 4.5: PS channel on {24%:840} and {243;860} ensembles. There are 210 con-
figurations for {24%; 840} ensemble and 198 configurations for {24%;860} ensemble,
both with ng, = 40 trajectories. ‘fwd’ represents the Forward diagram and ‘smt’
represents the Same-Time diagram. At = 3a; in the meg plots.

to be m, = 777(42) MeV and m, = 576(59) MeV on {243,840} and {243;860}
ensembles respectively. Although the operators used here do not contain the strange
quark field, the fact that the value on {243;860} is consistent with the experimental
value of mg*® = 547.853(24) MeV is encouraging.

Scalar (S) Channel

Fig. 4.6 shows the result of the scalar channel. The operator used is a single hadron
operator [, which is experimentally known as fy (or o). However, it is believed
that the lowest-lying level is mixed with an I = 0 channel S-wave two-pion state in
experiments. The lattices under consideration are large enough to allow such mixing
to occur. This means a single-hadron operator can only poorly couple to the ground
state, resulting in a noisy signal with heavy contamination from first excited state

even at large time separation as seen in the figure. Since this test is not intended to
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Figure 4.6: S channel on {24% 840} and {24%;860} ensembles (VEV-subtracted).
There are 135 configurations for {24% 840} ensemble and 198 configurations for
{243;860} ensemble, both with ne, = 40 trajectories. ‘fwd’ represents the Forward
diagram and ‘smt’ represents the Same-Time diagram. At = 3a; in the meg plots.

extract an accurate ground energy level, the energy is not fitted here.

However, it is remarkable that the correlator is obtained after a large VEV sub-
traction but still gives a signal which is acceptably quiet. The Forward(‘fwd’) diagram
Ctwa(t) again corresponds to the isovector counterpart, i.e. ap meson. The masses
are found to be m,, = 1.211(32) GeV and m,, = 1.214(31) GeV on {243;840} and
{243;860} ensembles respectively. Experimentally, m&® = 980(20) MeV.

ao

Vector (V) Channel

Fig. 4.7 shows the result of the vector channel. Experimentally the isovector (p)
and isoscalar (w) vector mesons have very close masses(m;® = 775.49(34) MeV and
my, = 782.65(12) MeV). On the lattice they also show a similar feature. The Same-

time diagram contribution Cy,(¢) is found to be very insignificant. The masses are
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Figure 4.7: V channel on {24% 840} and {24%;860} ensembles. There are 210 con-
figurations for {24%;840} ensemble and 198 configurations for {24%;860} ensemble,
both with ng, = 40 trajectories. ‘fwd’ represents the Forward diagram and ‘smt’
represents the Same-Time diagram. At = 3a; in the meg plots.

found to be m, = 902(5) MeV and m,, = 908(8) MeV on the {24% 840} ensemble,
while m, = 820(13) MeV and m,, = 863(21) MeV on the {24%;860} ensemble.

4.4 Multi-hadrons

As previously discussed, the correlators of p-m7m system and two-pion scattering can
be used as a test for multi-hadron computations. This is a preliminary examination
of them on the realistic lattices. The fitting form of the correlator is different from
cosh because of the interaction between a wrap-around pion and an original pion. If

the pion operator is symmetric under time reversal, the correlator is in the form of

ag cosh(Egt — N /2) + ay (4.1)
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Figure 4.8: I = 0 channel two-pion scattering on {243;840} and {243;860} ensem-
bles. There are 551 and 584 configurations with separation ng, = 20 trajectories
respectively.

with fitted energy Fg and fitting parameters ag and a;. However, the pion operators
used in this section are not symmetric under time reversal, therefore the correct fit
form is

ap exp(—Egt) + ay exp(—FEge (N — t)) + as. (4.2)

Since the wrap-around effect is not very significant and the main goal of this section
is not to precisely calculate the energy shifts, the a; term is omitted. In the case of

I =0, it is found that as term is also consistent with 0, and thus omitted.

4.4.1 [ =0 Channel

Fig. 4.8 shows the (VEV subtracted) correlators of the I = 0 channel two-pion
scattering. It is found that Cyq(t) dominates the correlator, but the other diagrams
also contribute significantly. The energy is found to be lower than the total of free
non-interacting pions in Fig. 4.9, i.e. attractive. This matches the prediction from

chiral perturbation theory [61].
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Figure 4.10: 7w — 7w [ = 1 channel two-pion scattering on {243;840} and {243;860}
ensembles. There are 551 and 584 configurations with separation nge, = 20 trajecto-
ries respectively.

4.4.2 | =1 Channel

Fig. 4.10 shows the results of I = 1 two-pion scattering channel averaged over the
three n’s in Eq. 3.47. Since it is expected that p meson is a lower-lying energy level,
it has to be included in order to extract the ground energy level. Since the test is not
to extract the energy, a fit of the energy of the two-pion scattering is not performed.

In order to mix p with the two-pion operators, the off-diagonal elements of the
correlator matrix are necessary. Fig. 4.11 shows the quality of the corresponding
signals obtained. It is observed that there is significant mixing between the p and
7w operators. After diagonalization on {243;860} ensemble, two clean levels can be
obtained(Fig. 4.12). The ground level is p dominated and the first excited state is
7w dominated. It should be noted that the errors in both levels are smaller than the
energy levels determined by p operator alone or two-pion operator alone. This shows
the importance of having more than one operators to extract the energy levels. In a
more serious calculation, more operators of both types have to be included to give an

acceptably good signal.
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Figure 4.13: I = 2 channel two-pion scattering on {243;840} and {243;860} en-
sembles. There are 551 and 584 configurations with separation ng., = 20 trajectories
respectively.

4.4.3 [ =2 Channel

Fig. 4.13 shows the result of I = 2 channel two-pion scattering. The energy tends
to be higher than the total of free non-interacting pions in Fig. 4.14, i.e. repulsive.
This matches the prediction from chiral perturbation theory [61]. However, if an
accurate energy shift is to be determined, the variance is clearly not small enough.

This indicates that better operators have to be employed to achieve this goal.

4.5 Conclusion

In this section, the results of some first applications of the Stochastic LapH algorithm
were presented. These include the simulation of simple hadrons, isoscalars and multi-
hadron systems. Energies are extracted from the corresponding correlators and the
accuracy is remarkably high compared with previous works. The results obtained are
very promising and demonstrate the fact that the algorithm has allowed a manageable

and feasible way of computing all diagrams one needs for extracting the spectrum.

88



0.12- i

|

EO.l— EE 4

& | PEag _

_________ TP TTTT1 81T, {

T ihiing].

0.068 ; - i
tma?(—35 ql | |

Figure 4.14: Fitted energies of I = 2 channel two-pion scattering on {243;860}
ensemble. There are 584 configurations with separation ng, = 20 trajectories respec-
tively.

89



Chapter 5
Summary and Outlook

Monte Carlo path integration with spacetime (lattice) discretization provides a pow-
erful approach of obtaining non-perturbative predictions from QCD, the theory that
successfully describes the strong interactions among quarks and gluons. Our long-
term goal is to obtain the lowest-lying stationary-state energy levels of QCD in all
symmetry channels. Since most of the excited states are above multi-hadron thresh-
olds, multi-hadron operators have to be included to properly capture these states.
The main problem of computing multi-hadron correlators is the inclusion of same-
time quark lines which begin and end in the same sink time-slice. The evaluation of
such correlator functions is exceedingly difficult with standard point-to-all methods,
especially in lattices with large spatial volumes and light pion masses.

The Stochastic LapH algorithm was developed to facilitate computing excited
state and multi-hadron correlations in lattice QCD. Its development began in Ref. [62]
and additional needed features, mainly the crucial time dilution, were introduced in
this work. It provides a very efficient way of computing quark propagators, especially
the same-time quark lines. It makes use of Laplacian-Heaviside quark-field smearing
and solves the large volume problems by introducing dilution-improved stochastic
techniques. The LapH smearing suppresses the contamination from unwanted high-
lying modes, while the stochastic approach makes use of the fact that exact inversions
are unnecessary due to the dominance of intrinsic noise coming from the link variables.
The dilution technique greatly reduces the variance introduced by putting in stochas-
tic noise. We managed to find a dilution scheme that produces a variance near that of
the gauge noise limit. Dilution in the LapH subspace tames the linear spatial-volume

scaling behavior, while dilution in time allows computation of same-time quark lines
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for many values of time without sacrificing accuracy. Two extra bonuses were ob-
tained from this algorithm. The algorithm provides the scalar glueball operator for
free. Also, it restores factorization of source and sink hadron operators in the corre-
lators. This provides the flexibility and convenience in the computation of correlator
matrices that involve many different hadron operators.

The Stochastic LapH algorithm was shown to work well in both small and large
lattices, at both light and heavy pion masses. Suitable dilution schemes were found by
looking at the correlators of 7, p-mm and two-pion systems (box diagram contribution)
on the {16%;840} ensemble. A new glueball operator was also computed to show that
it is comparable to traditional smeared plaquette operators. The algorithm was then
applied to larger lattices {243;840} and {243;860}. The correlators of the lightest
meson 7 and lightest baryon N were computed and the corresponding ground state
energies were extracted. The energy of the €2 baryon was also extracted in order to
set the scale of the lattice spacing. The correlators of isoscalar mesons, which consist
of same-time diagrams, were computed. The pseudoscalar, scalar and vector channels
were studied. The correlators of the two-pion system in I = 0,2 channels were also
computed. The I = 1 channel was studied together with p-77 system. Energies were
extracted from the above correlators with good accuracy.

Our results to date are very encouraging and suggest that accurate extractions of
excited-state hadrons taking multi-hadron into full account will be possible. In the
future, more operators and better operators will be included to further improve the
results. The algorithm also provides a convenient tool for other related studies such
as the determination of phase shifts in multi-hadron scatterings and decay widths of
unstable hadrons.

In the near future, intensive studies will be carried out on the {243;860} and
{323,860} ensembles. These include the determination of the spectra of all channels
and analysis based on them. The phase shift of two-pion scattering and decay widths
of p will also be investigated. The method is very general and will eventually be used

for 3-point correlators and structure functions.
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Appendix A

Construction of
Hadron Operators [10,12]

As mentioned in Ch. 3, it is very important to use well-constructed hadron operators
in order to extract the hadron spectra. The hadron operators used in this work are
constructed by considering the representations that obey the symmetries on a lattice,
including spatial rotations, reflections, isospins and charge conjugation(G-parity) for
mesons. [10, 12] Besides, one needs to consider the symmetries associated with the
momentum the hadron acquires. Given a momentum p, the transformations that leave
it unchanged define the little groups of p. The gauge-invariant hadron operators that
transform according to the rows of the irreps of the combinations of the little groups
with the groups corresponding to the other lattice symmetries are the operators used
in this work.

For each irrep, there are infinitely many ways to construct the corresponding
operators using the building blocks described in the main text. For simplicity, only
several types of operators are used in this work and the displacement lengths are fixed
to be 3. They are classified in terms of the displacements in the constituent quarks and
defined in Tables A.1 and A.2. Each operator constructed in this way was labeled
by this “spatial type” and an “ID” number. d; = 0,+£1,+£2,+3 correspond to no
displacement and displaced in £+x-(+y-, £2-) directions. For mesons, dy corresponds
to the displacement direction of the anti-quark, while d; and dy correspond to the
directions of the displacements of the quark. For baryons, d; corresponds to the

displacement direction of quark %.
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Visualization Name(Abbreviation) dy | dy | ds
Single-Site(SS) 0100
Singly-Displaced(SD) 00|k

Doubly-Displaced-L(DDL) | ¢ | 0 | &

L0l

Triply-Displaced-U(TDU) | @ | j | 4

0\

Triply-Displaced-O(TDO) | i | 7 | k

Table A.1: Spatial Types of Meson Operators (|i| # [j| # |k|) For mesons with
momenta, the spatial type SD is split into Longitudinal-Singly-Displaced(LSD) and
Transverse-Singly-Displaced(TSD). The former have momenta parallel with the dis-
placement, while the latter are the rest.

Visualization Name(Abbreviation) dy | dy | ds
Single-Site(SS) 000
Singly-Displaced(SD) 00|k

Doubly-Displaced-I(DDI) | 0 | k£ | k

Doubly-Displaced-L(DDL) | ¢ | 0 | &

H
3—o
I Triply-Displaced-T(TDT) | ¢ | j | —i

Triply-Displaced-O(TDO) | i | 7 | k

Table A.2: Spatial Types of Baryon Operators(|i| # |j| # |k|) For baryons with
momenta, the spatial type SD is split into Longitudinal-Singly-Displaced(LSD) and
Transverse-Singly-Displaced(TSD). The former have momenta parallel with the dis-
placement, while the latter are the rest.
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Appendix B

Hadron Operator Selection

Although only several spatial types of operators are considered in this work, one can
still construct a lot of possible operators. However, not all constructed operators are
independent from one another. Moreover, not all operators are intrinsically quiet.
It is a waste of resources to compute dependent or noisy operators. Therefore it is
impractical, and also not necessary, to take all possible operators into account as long
as the lowest lying energy levels in the spectra are concerned. This results in the need
of constructing an optimal set of operators, or ‘pruning’.

The objective of the pruning is to construct two sets of operators for each channel
of each sector. The first one is used for the computation of the basic spectrum that
comes from single-hadron operators. Since all rows of each irrep give statistically
identical mass, only one row of each irrep is used. The second set is used to construct
the multi-hadron operators to be mixed with the single-hadron ones. All rows of each
irrep are used in this set. The single-hadron set is obtained before the multi-hadron
one. The following sections describe the details of this process. All simulations
mentioned are done in {16%;840} and {20%;840} ensembles in 2.4.

B.1 Operator Sets for Single-Hadron computations
The optimal set of operators to be used must satisfy the following conditions:

e The operators have to be as independent as possible. This is reflected in the
condition number of the correlator matrix formed. The closer to 1 this quantity

is, the more independent the operators are.
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e The intrinsic noise in the operators have to be small in order to obtain a clear

signal.

The actual procedures of the pruning process in each channel of each sector can
be summarized as follows.

For Mesons, the procedures are straightforward:

1. Compute the correlator matrix with all available operators for all spatial types.

2. Construct the largest set of operators with acceptably small variances. This can

be determined from the effective masses obtained from individual operators.

3. Construct the largest subset of operators from the previous one, keeping a good

condition number.

The results are shown in Tables B.4 to B.5.
For Baryons, there are too many operators to be considered all together at the

same time. Therefore the procedure is slightly more complicated:

1. Compute the correlator matrix with all available operators for each spatial type.

2. Construct the largest set of operators with acceptably small variances for each

spatial type.

3. Construct the largest set of operators from the previous pre-pruned one, keeping

a good condition number.

The results are shown in Tables B.6 to B.10.

B.2 Operator Sets for Multi-Hadron computations

After the pruning of operators used for single-hadron computations, one can con-
struct the basic spectrum by diagonalizing the correlator matrices and fit the effec-
tive masses. By subduction of O, into the little groups(Tables B.1 to B.3 ), one can
estimate how energy levels will emerge from the O), channels when momenta are in-
troduced into those states. Therefore one is only interested in the energy levels below
a certain energy F.«(in this work, Ep.x &~ 2.5GeV is chosen), one can estimate how

many energy levels will be relevant in each channel using the naive spectra obtained
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A(On) | AOn) | Cy,y

Ay A
Alu AZ
Agg BQ
A2u Bl
E, A, @ By
Eu A2 © Bl

Ty, | Ay @ B ® By
Ty, | A1 @ Bi @ By
ng Al &) AQ ) Bl
Ty, | A1@ Ay ® By

Cig/u G
Chg/u G
H,, 2G

Table B.1: Subduction of Cy,

from the single-hadron operators. Note that the maximum interested energy here
refers to the total energy that ends up in the spectra. Therefore, to construct the
operator sets used for multi-hadron computations, the energy cutoff for a hadron
operator with momentum p has to be F,,. subtracted by the lightest hadron with
opposite momentum, i.e. 7 with momentum —p. Therefore the operator sets for
multi-hadron computations only need to have a size large enough for extracting the
amount of energy levels below such energy.

Another complication comes into play for these operator sets. Baryon operators
are significantly more costly to be displaced than mesons. Since there are a lot of rows
and directions of momenta to be computed, the difference between the computation
costs of displaced operators and those of Single-Site(SS) ones is huge. Therefore
SS operators are much more preferred for these sets of baryons. To compensate for
the possible adverse effect of this bias in choices, many(if not all) SS operators are
generated as long as the numbers of independent operators are at least the required
ones.

To conclude, there are two additional conditions for these operator sets to satisfy:

e The size has to be at least the number of required levels deduced by subduction
so that the desired levels can be obtained after diagonalization of the correlator

matrix.
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A(On) | A(On) 1 Cs,
Alg Al
Aty Ay
AQg A2
A2u Al
E, E
E, E
Tlg A2 ©F
Ty AIOFE
T, A FE
T2u A2 ©® E
Gig/u G
Gig/u G
Hyp &R &G

Table B.2: Subduction of Cj,

A(O1) | A(OW) | Cu
Alg Al
Alu A2
Agg Bl
AQu BZ
Eg Al D Bl
Eu A2 S BZ
T, Ay FE
Tlu Al ¥ E
Tog By & FE
T Bi@ E

Glg/u Gl
Glg/u GZ
Hg/u G1 @ Gy

Table B.3: Subduction of CY4,
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e For Baryons, the Single-Site(SS) operators are more desirable for the multi-

hadron sets due to the computational constraints described above.

The results are shown in Tables B.11 to B.17.
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Table B.4: Isovector, du, Operators used in Single-Hadron computations

Group | Irrep | Spatial Type | Operator IDs
Oy, Afg SS 0
DDL 3
TDU 1,2
TDO
A, SD
DDL
TDO 2,3,6
A, SD
TDU 0,1
TDO 0,3
Al DDL 2
TDO 0,1,5,9
A;“g TDO 0,1,5,7,8,9
A, DDL 3
TDU 0,2
TDO 1,2
A3 DDL 2,3,5
TDO 2,3,4
A5, DDL 1
TDU 1,5
TDO 0,2
Er DDL 6,7
TDU 7
TDO 6,7
E; SD 0
DDL 2
TDU 1,4,5
TDO 9,15
continued in the next page
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Group | Irrep | Spatial Type | Operator IDs
E} DDL 3,4,5
TDU 0
TDO 5
E; SD 0,1
DDL 5
TDU 10
TDO
Tlg SS
DDL 5,7
TDU 0
TDO
1, SS 0
TDU 8,9
TDO 6,13
T SS 0,1
DDL 2,8
TDO 3
17, SD 1
DDL 0,3
TDU 2,4
TQZ DDL 6,7
TDU 5,9
TDO 0,7,9
Ty, DDL 2,7
TDU 3,5,6,7,10
TDO 5,21,24
T, SD 1,2
TDU 5,7
TDO 4,5
15, DDL 0,2,11
continued in the next page
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Group

Irrep

Spatial Type

Operator IDs

TDU
TDO

2,4,8
14,25
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Table B.5: Kaon K , ss, Operators used in Single-Hadron computations

Group | Irrep | Spatial Type | Operator IDs
Oy, Ay SS 1
SD 0
TDU 5
TDO 3,8
Ay SS 1
SD 2,3
TDU 0
TDO 12
Ay DDL 7
TDU 5,6
TDO 4,6,14
Agy DDL 3,6
TDO 8,10,11,12
E, SD 3
DDL 4,15
TDU 10
TDO 13
E, SD 2
DDL 12
TDU 5,12
TDO 30
Ty, SS
SD
DDL
TDU 18,21
TDO 29
Ty SS 1
DDL 1,5,13

continued in the next page
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Group | Irrep | Spatial Type | Operator IDs

TDO 42

Ty DDL 0,22
TDU 18
TDO 1,36,41

s, SD 0,1
DDL 13
TDU 20
TDO 47
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Table B.6: Nucleon N, uud, Operators used in Single-Hadron computations

Group

On

Irrep | Spatial Type | Operator IDs
Gy SS 0,2
SD 12
DDI 9,5
DDL 47,54
TDT 29,42, 45
G SS 1
SD 1,18
DDI 5,16
DDL 24,33,63
TDT 10, 23,27, 37
Gy SD 7
DDI 1,2,6
DDL 14,17,54
TDT 16, 23, 29, 30, 31
Gou SD 2,3
DDI 5,6
DDL 35,56, 33
TDT 35,21,19
H, SS 0
SD 29,18
DDI 10
DDL 88,90, 100, 104
TDT 94,99,113,127
H, SS 0
SD 30
DDI 1,21,26
DDL 58,68, 70
TDT 58,70
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Table B.7: Delta A, uud, Operators used in Single-Hadron computations. The same
Operator set is used in the Single-Hadron computation for Omega, sss,since the mass
of uud is the same as that of uuu, which is the same set of operators for sss except
that a heavier quark mass is used. However it should be noted that this argument
does not apply to Multi-Hadron computations due to the difference in symmetrization

of the uuu(thus sss) and uud operators.

Group | Irrep | Spatial Type | Operator IDs
Oy, Gig SD 4,8,9
DDI 0,1,7
DDL 8,28, 31
TDT 1,12
Gy SD 4,8,13
DDI 6,7
DDL 10,28, 31
TDT 26
Gag SD 0,2,3,4
DDL 7,8,21,28
TDT 10,13,18
Goy SD 2,3
DDL 8,11,19,29
DT 3,13,30
H, SS 0
SD 17
DDI 3
DDL 19,44
TDT 24, 25,34
H, SS 0,1
DDI 9,13
DDL 30,62
TDT 29, 30,48, 52
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Table B.8: Lambda A, uds, Operators used in Single-Hadron computations

Group | Irrep | Spatial Type | Operator IDs
Oy, Gy DDL 3
TDT 5,8, 28,38
SD 21
DDI 6,21,22
G1u DDL 82
TDT 16, 20
SD 21,31
DDI 10,16
Gou DDL 91
TDT 33,94, 95
DDI 4,7
Gag DDL 7
TDT 22,23,24,59
H, DDL 46,120
TDT 134,158
DDI 9,17,29,45
H, DDL 166
TDT 5,66
SD 23
DDI 16,27
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Table B.9: Sigma X, uds, Operators used in Single-Hadron computations

Group | Irrep | Spatial Type Operator IDs
On Gy DDL 55,89
TDT 77,65,72,12,19
SD 9
DDI 0,34,22,12
G1u DDL 34,78
TDT 4,91
SD 5
DDI 13
Gag DDL 36, 24,91, 54
TDT 28,43,29,79
DDI 11,8,2
Goy, DDL 35
TDT 32,33,78
DDI 10
H, DDL 3,156
TDT 41,5, 65,184,190
DDI 15, 3,10
H, DDL 54,108, 94
TDT 3,156,135
SD 47
DDI 1,31,42,29

107



Table B.10: Cascade =, ssu, Operators used in Single-Hadron computations

Group | Irrep | Spatial Type Operator IDs
Oy, Gy SS 0,2
SD 6
DDI 0,6,7,9
DDL 88
TDT 20,65
Gy SS 3
SD 3,30
DDI 1,20
DDL 34
TDT 9,23,17,31
Gag SD 0,1,2,4,5
DDI 0
DDL 26,32,46,47,55,89
TDT 4266, 67
Gou SD 1,2,4,6
DDI 4,7,8
DDL 69, 74
TDT 32,33,44,51,86,95
H, SS 1,2
DDI 4,6,7,15,16,18,28,29,41,44
DDL 108,174
TDT 2
H, SS 0
SD 3
DDI 3,5,10,15,16,17,18,19
TDT 8,19
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Table B.11: Isovector , du, Operators used in Multi-Hadron computations

Group | Irrep | Spatial Type | Operator IDs
Oy, Afg TDO 0
AL, SD 2
TDO 2
AT i i
Al TDO 0,1,9
A5, : :
A, TDO 2
A3 - -
A5, TDO 2
E; - -
E; TDU 4
TDO 9
E} TDU 0
E; DDL 5
Tf; SS 0
TDO 7
17, SS 0
TDO 13
T SS 0,1
DDL 8
TDO 3
1. DDL 0
Ty, - -
Ty, DDL 7
TDO 5,24
T, SD 1,2
T, DDL 11
Coy Af SS 1
continued in the next page
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Group | Irrep | Spatial Type | Operator IDs
LSD 0,1
TSD 1
AT LSD 6,7
TSD 1,2
AS LSD 5,6
TSD 1
AS SS 0
LSD 5,7
TSD 3,4,5
Bf LSD 0,1
TSD 1
By LSD 4,5
TSD 2
B LSD 1,2,3,7
TSD 4,5
By LSD 6,7
TSD 1
Csyp Af SS 1
SD 0,2
AT SS 0
SD
A SD
AS SS 0,2
ET* SS 0
SD 6,8,12
E~ SS 0
SD 7,11,13
Co Af LSD 1,3
TSD 1,2
AT LSD 0,3
continued in the next page
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Group | Irrep | Spatial Type | Operator IDs

TSD 1

AS LSD 0,1

AS SS 0
TSD 0,2,3,4,5

Bf TSD 3

By TSD 1,2,3

By TSD 0,1

B5 TSD 1,2

E* SS 0,2
TSD 3,6,7

E- LSD 0,1,3
TSD 1
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Table B.12: Kaon K, ss, Operators used in Multi-Hadron computations

Group | Irrep | Spatial Type | Operator IDs
Oy, Ay SS 1
SD 0
TDO 3
Aty SS 1
TDU 0
Ay DDL 7
Asy, TDO 10
E, SD 3
E, SD 2
TDU 5
Tig SS 0
SD 5
DDL 6
TDO 29
Ty, SS 1
DDL 5,13
TDO 42
Ty, TDO 36,41
T DDL 13
TDU 20
TDO 47
Coy Ay SS 1,2,3
LSD 0,9
TSD 6
As SS 0,1,2
LSD 6,13
TSD 6
By LSD 6,9,11,14,15
continued in the next page
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Group | Irrep | Spatial Type | Operator IDs
LSD 4
By SS 0,1,2,3
TSD 6,7
Cs, Ay SS 0,1,2,3
Ag SS 0,1
SD 8,14
E SS 0,1
SD 3,10,15,18,24
Caw | A SS 0,3
TSD 1,2
As SS 1,2
LSD 1,7
TSD 0,3
B, TSD 4,6,7
By TSD 2,4,6,7
E SS 0,3
LSD 2,4,5
TSD 7,8
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Table B.13: Nucleon N, uud, Operators used in Multi-Hadron computations

Group | Irrep | Spatial Type Operator IDs
Oy, Gy SS 0,1,2
Gy SS 0,1,2
Gag SD 7
Gay SD 3
H, SS 0
SD 18,29
H, SS 0
SD 30, 31
Coy G 5SS 0,1,2,3,4,5,6,7,8,9
Cs, F SS 0,1
Fy SS 0,1
G SS 0,1,2,3,4,5,6,7
Cyy G, SS 0,1,2,3,4,5,6,7
Go SS 0,1
LSD 3,7
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Table B.14: Delta A, uud, Operators used in Multi-Hadron computations

Group | Irrep | Spatial Type Operator IDs
Oy, Gy SS 0
SD 8
G1u SS 0
SD 13
Gau SD 2
Gag SD 0,3,4
H, SS 0,1
SD 11,13,15,17
H, SS 0,1
Chyy G4 SS 0,1,2,3,4,5
Go SS 0,1,2,3
Cs, G SS 0,1,2,3,4,5,6,7,8,9
Cs, F SS 0,1,2,3
Fy SS 0,1,2,3
G SS 0,1,2,3,4,5
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Table B.15: Lambda A, uds, Operators used in Multi-Hadron computations

Group | Irrep | Spatial Type Operator IDs
Oy, Gy SS 0,1,2,3
Gy SS 0,1,2,3
Gag SD 3,8
Gy SD 9
H, SS 0
SD 29, 30,42
H, SS 0
SD 37,38,43
Cy G SS 0,1,2,3,4,5,6,7,8,9,10,11
Csy F SS 0,1
Fy SS 0,1
G SS 0,1,2,3,4,5,6,7,8,9
Co G, SS 0,1,2,3,4,5,6,7,8,9
Gy SS 0,1
LSD 1,3,7,9
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Table B.16: Sigma 3, uds, Operators used in Multi-Hadron computations

Group | Irrep | Spatial Type Operator 1Ds
Oy, Gy SS 0,1,2,3
Gy SS 0,1,2,3
Gag SD 12
G SD 8
H, SS 0,1,2
SD 35
H, SS 0,1,2
SD 44
Cay G SS 0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19
Csy F SS 0,1,2,3,4,5
Fy SS 0,1,2,3,4,5
G SS 0,1,2,3,4,5,6,7,8,9,10,11,12,13
Co G, SS 0,1,2,3,4,5,6,7,8,9,10,11,12,13
Go SS 0,1,2,3,4,5
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Table B.17: Cascade =, ssu, Operators used in Multi-Hadron computations

Group | Irrep | Spatial Type Operator 1Ds
Oy, Gy SS 0,1,2,3
H, SS 0,1,2
Gy SS 0,1,2,3
H, SS 0,1,2
Goy SD 2
Cay G SS 0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19
Csy F SS 0,1,2,3,4,5
Fy SS 0,1,2,3,4,5
G SS 0,1,2,3,4,5,6,7,8,9,10,11,12,13
Co G, SS 0,1,2,3,4,5,6,7,8,9,10,11,12,13
Go SS 0,1,2,3,4,5
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