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Abstract

The main goal of this thesis is to develop tools that enable us to study the convergence of
minimizers of functionals defined on point clouds towards minimizers of equivalent function-
als in the continuum; the point clouds we consider are samples of a ground-truth distribution.
In particular, we investigate approaches to clustering based on minimizing objective function-
als defined on proximity graphs of the given sample. Our focus is on functionals based on
graph cuts like the Cheeger and ratio cuts. We show that minimizers of these cuts converge as
the sample size increases to a minimizer of a corresponding continuum cut (which partitions
the ground-truth distribution). Moreover, we obtain sharp conditions on how the connectivity
radius can be scaled with respect to the number of sample points for the consistency to hold.
We provide results for two-way and for multi-way cuts. The results are obtained by using
the notion of I'-convergence and an appropriate choice of metric which allows us to compare
functions defined on point clouds with functions defined on continuous domains.
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Chapter 1

Introduction

With the boom of machine learning and data analysis during the last decades, new opportu-
nities for research in fields like statistics, computer science and mathematics have emerged.
Strong theoretical results in these areas are important as they support the development of new
and better procedures aiming to extract information from data. Many important applications
such us automated cancer detection or interpretation of economic data rely on such procedures.

The topic of this thesis lies at the intersection of calculus of variations, geometric mea-
sure theory, optimal transportation and the applications of these areas to problems that arise
from data analysis, machine learning, and statistics. In particular, this work focuses on the
study of the convergence of solutions of minimization problems in random geometric graphs
towards solutions of analogous minimization problems in the continuum. The minimization
problems of interest in this thesis are those connected to important tasks in machine learning
like clustering and specifically graph-based clustering procedures.

In the context of data analysis, the goal of understanding the behavior of graph-based min-
imization problems in the large sample limit, can be interpreted as studying consistency of
the procedures obtained by solving the minimization problems at the discrete level: such pro-
cedures should converge as the number of samples goes to infinity to a ground-truth limiting
procedure. In my opinion, the most important contribution of this work is that of creating a
framework where different tools from mathematical analysis can be combined, thus making
it possible to study in a rigorous setting problems arising from statistics and machine learn-
ing. This work shows that modern analytical techniques can be used to obtain strong results
on classic questions in those fields. The specific results that are presented in this thesis on
consistency of graph cuts are one example of the application of such mathematical tools.

Graph cuts

In general, when given a data cloud, the goal is to extract information from it. Mathematically
speaking, a data cloud is a point cloud in some high-dimensional Euclidean space, which
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is obtained by sampling some underlying ground-truth probability distribution. One way to
extract information from the data is to study different geometrical and topological structures
of the cloud; these structures are thought of as best approximations to those of the ground-truth
which one is trying to recognize. For example, one may want to identify meaningful groups
among the data points in order to get an idea of the global organization of the ground-truth
distribution; this is the goal of one of the fundamental tasks in data analysis and machine
learning known as clustering.

Regardless of the approach used to clustering, a partition of a point cloud into clusters
should capture the idea that points in each of the groups in the partition are more similar
among themselves than with points in other groups. Some of the popular clustering algorithms
include those based on graph cuts [59,45163,9]], of centroid type like k-means [44], relaxations
of normalized cuts like spectral clustering [[72f], and of agglomeration type (or hierarchical
type) [[75].

In this work we consider graph-based procedures to clustering. These procedures rely
on creating a graph out of the data cloud by connecting nearby points. This allows one to
leverage the geometry of the data set and obtain high quality clustering. So, given a data cloud
V :={xy,...,X,} we construct a similarity graph induced by the distance between the points.
Typically, the graphs constructed are an instance of geometric graphs, where a length scale €
is chosen so that points within distance € are connected by an edge which is given significant
weight. With the graph structure at hand, the basic desire to obtain clusters which are well
separated leads to the introduction of objective functionals which penalize the size of cuts
between clusters.

Definition 1.0.1. Let G = (V,W) be a weighted undirected graph. For a given subsetY C 'V,
the graph cut between Y and its complement Y is given by

Cu(y,y):= Y Y Wy

X €Y x;eV\Y

The cut between Y and its complement measures the level of interaction between both sets.
From that point of view, if the task at hand was to partition the point cloud V into two clusters,
then one possible approach to obtain such partition could be to consider the minimization
problem

Minimize  Cut(Y,Y“) over all nonempty Y C V. (1.1)

This approach is natural, simple and computationally efficient (due to its connection to the
max-flow problem). Nevertheless it has important disadvantages, the principal being its sen-
sitivity to outliers. The desire to have clusters of meaningful size and for approaches to be
robust to outliers leads to the introduction of ”balance” terms. The generic balanced graph cut
minimization problem takes the form

CUt<Y7 YC) L ZX,-EY ijeYC W/l]

N _
HMZE Bal(y, o) Bal(Y,Y°)

over all nonempty Y C V, 1.2)



where Bal(Y,Y¢) is a balanced term which penalizes the asymmetry in size of Y and its com-
plement. Well-known balance terms include

Balg (Y,Y¢) =2|Y||Y¢| and Balc(Y,Y¢) = min(|Y|,|Y€]), (1.3)

where for Y C V, |Y| represents the ratio between the number of points in ¥ and the number
of points in V. The balance terms in correspond to Ratio Cut [42,45]/72,/73]] and Cheeger
Cut [9,30,[32]] respectively. For the remainder we will always consider the balance terms
associated to either Cheeger or Ratio cut, but we remark that a variety of other balance terms
have appeared in the literature in the context of two-class and multi-class clustering [22,145].
We refer to a pair {Y,Y“} that solves (I.2)) as an optimal balanced cut of the graph. Note that
a given graph G = (V,W) may have several optimal balanced cuts (although generically the
optimal cut is unique).

We are also interested in multi-class balance cuts. Specifically, in order to partition the set
V into R > 3 clusters, we consider the following ratio cut functional

R R
Cut(Y,,Y°

Minimize Y Cun YY)y vi—o it r#s, |Jn=v (1.4)

(Y1,...,Yr) —1 Y| r=1

The previous functional is the prototypical multi-class balance cut we consider in the remain-

der.

Continuum partitioning

Having defined the notion of balanced cuts in a discrete setting, we now consider the analogous
notion in the continuum. Let D C R? be a bounded, connected, open domain and let v be a
probability measure on D with positive density p > 0. A balanced domain-cut problem takes
the form

Per(A; p?)

Minimize W’

ACD withO<Vv(A) < 1. (1.5)
where A° = D\A. Just as the graph cut term Cut(Y,Y¢) in provides a weighted (by W)
measure of the boundary between Y and Y, the cut term Per(A;p?) for a domain denotes a
p?—weighted area of the boundary between the sets A and A. If dpA := dAN D (the boundary
between A and A°) is a smooth curve (in 2d), surface (in 3d) or manifold (in 4d+) then we
define

Per(A;p?) = p?(x) dS(x). (1.6)

dpA

For our results and analysis we need the notion of continuous cut which is defined for sets with
less regular boundary. We present the required notions of geometric measure theory in Section
and the rigorous and mathematically precise formulation of problem (I.3) in Section[5.2].
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If p(x) = 1 then Per(A;p?) simply corresponds to arc-length (in 2d) or surface area (in
3d). In the general case, the presence of p?(x) in (T.6)) indicates that the regions of low density
are easier to cut, so dpA has a tendency to pass through regions in D of low density. As in the
graph case, we consider balance terms

Bal, (A,A°) = 2|A||A| and Bal, (A,A°) = min(|A],|A]), (1.7)

which correspond to weighted continuous equivalents of the Ratio Cut and the Cheeger Cut.
In the continuum setting |A| stands for the total v-content of the set A, that is,

A= vi4) = [ px) ar. (1.8)

We refer to a pair {A,A} that solves (I.3)) as an optimal balanced cut of the domain.
In a similar fashion, the continuum equivalent of the multiway cut problem (T.4) reads
R Per(A,;p?)

Minimize Z A
,

R
, ANA;=0 if r#s, A,=D. 1.9
i U (1

r=1

Consistency of partitioning of data clouds

To introduce the questions we will answer in this thesis and give an idea of the type of
theoretical results that are going to be established, let us assume that a given data cloud
V, = {x1,...,X,} in R¥ is obtained by sampling some density p. In Figure below, a data
cloud sampled from the uniform distribution on the domain D appearing in the background is
illustrated. By selecting the parameter €, an associated geometric graph is then constructed
by connecting two points with an edge provided the points are within distance € from each
other. The resulting graph is illustrated in Figure[T.2} Finally, we consider the corresponding
Cheeger cut problem and its solution is presented in Figure[I.3] This solution was obtained by
using a recent set of algorithms [[25}|62}[26]] which perform well in practice.
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Figure 1.1: A sample of n = 120 Figure 1.2: Geometric graph with € =

points. 0.3.
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Figure 1.3: Minimizer of Cheeger Figure 1.4: Minimizer of continuous
cut. Cheeger cut problem.

We also consider the continuous version of the Cheeger cut problem using constant p. The
solution to the continuous Cheeger cut problem is illustrated in Figure [T.4] Now we observe
that despite the fact that the solutions of the discrete and continuous problems are of different
nature (one is discrete the other one is continuous), at first glance one can say that they resem-
ble each other. Motivated by this observation, we ask the following questions. First, in what
sense (what topology or metric) are the solutions close? Second, can we actually prove that op-
timal graph cuts converge to optimal domain cuts as the number of data points increases? and
related to this last question, how does the construction of the graph, i.e., how does the choice
of &, influence or guarantee such convergence? The previous questions motivated the results
that are presented in this manuscript. Note that from a statistical point of view, the previous
questions can be interpreted as asking about consistency of graph cut clustering procedures in
the large sample limit.

We remark that an important consideration when investigating consistency of optimal cuts
of the graph is how the graphs on V), are actually constructed. In simple terms, when building
a graph on V), one sets the length scale &, such that edges between vertices in V, are given
significant weights if the distance of points they connect is g, or less. In some way this sets
the length scale over which the geometric information is averaged when setting up the graph.
Taking smaller g, is desirable because it is computationally less expensive and gives better
resolution, but there is a price. Taking &, small increases the error due to randomness and
in fact if g, is too small the resulting graph may not represent the geometry of D well and
consequently the discrete graph cut may be very far from the desired one. We determine
precisely how small g, can be taken for the consistency to hold. We obtain consistency results
both for two-way and multiway cuts.

Informal statement of (a part of) the main results. Consider d > 2 and assume the
continuum balanced cut (1.3) has a unique minimizer {A,A°}. Consider €, > 0 such that
lim, . &, = 0 no faster than an explicit (to be determined) rate. Then almost surely the min-
imizers, {Y,,Y<}, of the balanced cut (I.2)) of the graph G, , converge to {A,A°}. Moreover,
after appropriate rescaling, almost surely the minimum of problem (1.2)) converges to the mini-
mum of (L.3). The result also holds for multiway cuts. That is the minimizers of (I.4) converge
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towards minimizers of (1.9).

We remark that, despite the fact that for a general graphs the problems and
are NP hard, in practice when the graph is obtained by sampling from a measure v as above,
such minimization problems can be effectively approached [23}24]. In fact, by choosing an
appropriate initialization, the algorithms (see [23}[24]]), give very good results in clustering
real-world data.

Background on consistency of clustering algorithms and related
problems

Consistency of clustering algorithms has been considered for a number of approaches. Pol-
lard [57]] has proved the consistency of k-means clustering. Consistency for a class of single
linkage clustering algorithms was shown by Hartigan [43]]. Arias-Castro and Pelletier have
proved the consistency of maximum variance unfolding [[7]. Consistency of spectral clustering
was rigorously considered by von Luxburg, Belkin, and Bousquet [71]. These works show
the convergence of all eigenfunctions of the graph Laplacian for fixed length scale g, = €
which results in the limiting (as n — oo) continuum problem being a nonlocal one. Belkin and
Niyogi [[13]] consider the spectral problem (Laplacian eigenmaps) and show that there exists
a sequence &, — 0 such that in the limit the (manifold) Laplacian is recovered, however no
rate at which g, can go to zero is provided. Consistency of normalized cuts was considered by
Arias-Castro, Pelletier, and Pudlo [[8] who provide a rate on &, — 0 under which the minimiz-
ers of the discrete cut functionals minimized over a specific family of subsets of V,, converge
to the continuum Cheeger set. Our work improves on [[§] in several ways. We minimize the
discrete functionals over all discrete partitions on V), as it is considered in practice and prove
the result for the optimal, in terms of scaling, range of rates at which g, — 0 as n — oo.

There are also a number of works which investigate how well the discrete functionals
approximate the continuum ones for a particular function. Among them are works by Belkin
and Niyogi [14]], Giné and Koltchinskii [37]], Hein, Audibert, von Luxburg [46], Singer [61]
and Ting, Huang, and Jordan [68]]. Maier, von Luxburg and Hein [51] considered pointwise
convergence for Cheeger and normalized cuts, both for the geometric and kNN graphs and
obtained a range of scalings of graph construction on n for the convergence to hold. While
these results are quite valuable, we point out that they do not imply that the minimizers of
discrete objective functionals are close to minimizers of continuum functionals.

Setup and main results

We consider the sample V,, = {x,...,X;,} consisting of i.i.d. random points drawn from an
underlying ground-truth measure v supported on D. We assume that D is a bounded, open
set with Lipschitz boundary and that v has continuous density p which is bounded below and



above by positive constants, that is, we assume that there exists A > 1 such that

1
Igp(x)gl, Vx e D. (1.10)
In general, a geometric graph induced by the point cloud V), is constructed as follows.
Let 1 : R? — [0,0) be a radially symmetric, radially decreasing kernel decaying to zero at a
sufficiently fast rate. For a specified € > 0, for all i, j € {1,...,n} we let the weight between

x; and X; be given by
X, —X;
Wij:=n <81) (1.11)

To be more precise on the assumptions we impose on the kernel 7, let us denote by 1 :
[0,00) — [0, 00) its radial profile, that is we consider 1 such that 11(x) = N (|x|). We assume:

(K1) n(0) > 0 and n is continuous at 0.
(K2) 7m is non-increasing.
(K3) The integral [;° 1 (r) r?dr is finite.

We note that the class of admissible kernels is broad and includes both Gaussian kernels and
discontinuous kernels like one defined by 1) of the foorm ) =1 for 0 <7 <1 and n = 0 for
t > 1. We remark that the assumption (K3) is equivalent to imposing that the surface tension

oy i= [ 0l ldn, (1.12)

where h is the first coordinate of vector £, is finite. We also remark that in (T.12), one can
replace 41 by h- e for any fixed e € R with norm one; this because 1) is radially symmetric.

After setting the assumptions on the kernel 77, we turn our attention to the following: as
one is considering functions supported on the graphs (characteristic functions of subsets of
Vi), the issue is how to compare them with functions in the continuum setting, and how to
compare functions defined on different graphs. We introduce the TL? spaces to answer that
question.

First, let us denote by Vv, the empirical measure associated to the data points Xy, ..., X,, that
is
1 n
Vi :;25’@-' (1.13)
i=1

The issue is then how to compare functions in L' (D, v,) with those in L' (D, V). More gener-
ally, we consider how to compare functions in L? (D, u) with those in L (D, 0) for arbitrary
Borel probability measures (t, 6 on D and arbitrary p € [1,00). We set

TLP(D) :={(u,f) : we Zp(D), f € L7 (D, )},
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where &2, (D) denotes the set of Borel probability measures on D with integrable p-moment.
We use (D) to denote the set of all Borel probability measures on D.
For (i, f) and (v,g) in TL? we define the distance

1
»
(o)) v = it (] ey 100 - g Pant) )
wel(u,v) DxD

where I'(i, 0) is the set of all couplings (or transportation plans) between u and 6, that is,
the set of all Borel probability measures on D x D for which the marginal on the first variable
is 4 and the marginal on the second variable is 6. As discussed in Section drpy is a
transportation distance between graphs of functions.

The T L? topology provides a general and versatile way to compare functions in a discrete
setting with functions in a continuum setting. To give a more intuitive interpretation of the
convergence in 7LP, we make use of its characterization in Proposition Suppose that
v € Z,(D) is as before, and let v,, be the empirical measure associated to the sample Xj, ..., X,
drawn from v. Let u, € L (D, v,) and u € L (D, v). Given a sequence of transportation maps
{T,.},cn» where for each n € N v, is the push forward of v by T, such that

/\Tn(x)—x\pdv(x)—>0, as n — oo, (1.14)
D

TLP LP(D,v) .
the statements (V,,u,) — (V,u) as n — oo and u, o T, "PY) 4 as n — oo are equivalent.

The previous characterization allows us to think of 7TL? convergence as convergence of a sort
of extrapolation of u, towards u in the L”(D,V) sense. Indeed, note that for every n, the
transportation map 7, induces a partition of the domain D into n regions with the same v-
measure, as well as it induces a matching between those regions and the points xp,...,X,.
Intuitively, condition guarantees that each region is matched to a nearby data point. The
function u, o T, supported on D, can then be thought as an extrapolation of the function u, in
the sense that the value of u,, at some point x; is the value of the function u, o 7;, on a region
which is near the point x;.

Finally, it is worth remarking that TL” convergence reduces to more common ways of
comparing functions at the discrete level with functions at the continuum level in some settings.
For example if the discrete set consisted of points arranged on a regular grid in D, then the
standard way [28}69,[21]], to compare functions at the discrete level with functions at the
continuum level is to identify functions at the discrete level with piecewise constant functions
on the domain D. This is achieved by assigning values on grid cells to be the value at the
appropriate grid points. The resulting extensions can then be compared using the usual L”
metric. The notion of convergence induced by such procedure is equivalent to the convergence
in TL? due to Proposition[2.2.13]

Having introduced the T L” metric, we now have all the necessary ingredients to formulate
in a theorem the observations we made about the behavior of optimal balanced cuts of the
graph when n — oo.



Theorem 1.0.2 (Consistency of two-class cuts). Let D C R4 d > 2 be an open, bounded,
connected set with Lipschitz boundary. Let v € & (D) be a probability measure on D with
continuous density p, which is bounded from below and above by positive constants. Let
{&n},en be a sequence of positive numbers converging to 0 and satisfying

(logn)3/* 1

fim S, =0 id=2
(1.15)

tim (08T L 0y

nl—lllo nl/d & - lf -7
Let x1,...,Xy,... be a sequence of i.i.d. random points chosen according to distribution v

on D and let V,, = {xy,...,x,}. Let G, = (V,;, W) denote the graph whose edge weights are
defined as in (I.11)), where we assume the kernel N satisfies conditions (K1)-(K3). Finally, let
{Y,5, Y, } denote any optimal balanced cut of G, (solution of problem (1.2)). If {A*,A*} is the
unique optimal balanced cut of the domain D (solution of problem (5.11))) then with probability
one the sequence {Y," Y} converges to {A*,A*“} in the TL'-sense. If there is more than one
optimal continuum balanced cut (5.11)) then {Y,",Y°} converges along a subsequence to an
optimal continuum balanced cut.

Additionally, with probability one, 6,, the minimum balance cut of the graph G, (the
minimum of (1.2)), satisfies

lim

n —_—
Jim — = 0,%, (1.16)

where Oy is the surface tension associated to the kernel M defined in (I.12) and € is the

minimum of (1.5).

In order to prove Theorem [1.0.2] we have to introduce some ideas and establish several
preliminary results. In fact, we will not be able to prove Theorem [1.0.2] until we have in-
troduced and established the required foundations in Chapters [2] [3] [] and the beginning of
Chapter[5] Nevertheless, to get us started in the development of these ideas, let us first observe
that the solution to problem (1.2) is unchanged if the functional to be minimized is multiplied
by a positive quantity. Having limits as n — oo in mind, we first consider a rescaled version
of the cut functional as well as we extend the notion of perimeter to functions on the graphs
taking real values.

Definition 1.0.3. Let G, = (V,,,W,) be a weighted graph with weights given by (L.11)). Given
a function u,, : V,, — R, we define its graph total variation as

1 n
GT Vo, (1) = gy 2 Wiilon () — 1)
n i7j

Also, we define the graph perimeter of a subset Y CV, by

2
Pt () 1= 6TV, (1) = — 2y CulY,¥°),
n



10 CHAPTER 1. INTRODUCTION

which is simply a rescaled version of Cut(Y,Y°).
As mentioned previously, the problem of minimizing (I.2)) can then be rewritten as

Per, ¢, (Y)

mimize Bal(Y, Y‘)

over all nonempty ¥ C V. (1.17)

Now, note that roughly speaking Theorem (1 says that with probability one, the min-
imizers of (I.I7) converge in a suitable sense to minimizers of problem (I.5)) and that the
minimum in li converges to a constant multiple of the minimum of problem (I.5)). Look-
ing at the functionals to be minimized in and (I.3), a connection between Per, ¢, (the
graph perimeter) and Per(-; p?) (the weighted perimeter in the continuum) should be expected.
The relevant question is if the functional Per, ¢, approximates Per(-;p?) in a suitable sense,
noting that the sense in which we would like Per, ¢, to approximate Per(-;p?) should guaran-
tee the convergence of minimizers in Theorem[I.0.2] An example of a notion of convergence
of functionals that will not guarantee the consistency in Theorem is that of pointwise
convergence. For the sake of simplicity let us assume that 1) is of the formn =1for0 <¢ <1
and ) = O for ¢ > 1, that D is the unit box (0,1) and that p is constant. As discussed in
Chapter I 7| for a fixed measurable subset A C D, Pern &, (ANV,) is a consistent estimator of
the relative perimeter Per(A) of A, provided that pyrEe) d 7 < & < 1. In particular, pointwise
convergence holds even for g, decaying at a faster rate than the connectivity rate for random

geometric graphs (see [56,39,41]) which is O (w)

For the highly disconnected graphs that can be obtained by choosing ——; d << & K

%, (and for which the pointwise convergence still holds), it is clear that Theorem|1.0.2

will not hold, as in that case the minimum of the graph cut problem will be zero for all large
enough n, whereas the minimum of the domain cut problem will be positive.

Thus instead of focusing on the notion of pointwise convergence, we focus on a different
type of convergence for functionals which is better suited for studying the convergence of min-
imizers in Theorem [1.0.2] Introduced by De Giorgi in the 70’s, the notion of I"-convergence
is appropriate as it gives precise and sufficient conditions under which minimizers of a se-
quence of functionals converge to minimizers of a limiting functional. Used in the context of
deterministic variational problems in diverse fields like phase transitions [3,/53,52] and homog-
enization [[19433}20], this notion of convergence has a natural extension to random functionals
like the balance graph cut obtained from random points. In Section[I.I] we review some basic
facts about I'-convergence, as well as we introduce the proper extension to problems where
there is randomness involved.

In Section 6.1 we show that the graph total variation approximates in the I"-convergence
sense (with respect to the 7L'-metric) the weighted total variation TV(-;pZ), which for smooth

functions u : D — R is given by
— [ [Vulp*(x)ax
D
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and in general defined by
TV (u;p?) = sup{/Dudiv((j))dx : (VxeD) [¢(x)| < p*(x), ¢ €C7(D: Rd)}, (1.18)

see Section We also show that the graph perimeter I'-converges in the TL!-metric to the
weighted perimeter Per(-;p?) which for sets A C D with regular boundary is given by (1.6])
and for general measurable sets A C D is given by

Per(A;p%) = TV (14:p2).
More precisely the following holds.

Theorem 1.0.4 (I'-convergence of GTV,¢,). Let D C RY, d > 2, be an open, bounded, con-
nected set with Lipschitz boundary. Let v € & (D) be a probability measure on D with continu-
ous density p, which is bounded from below and above by positive constants. Letxy,...,X,,..
be a sequence of i.i.d. random points chosen according to distribution v on D. Let {€,}, .y be
a sequence of positive numbers converging to 0 and satisfying

. (logn)¥* 1 _
M, 0 A=

1 1/d 1

(1.19)

Assume the kernel M satisfies conditions (K1)-(K3). Then, GTV,g,, defined in Definition
I'-converge to oy TV (-;p%) as n — oo in the TL' sense, where oy is given by (1.12)
and TV (-;p?) is the weighted total variation functional defined in (T.18).

Corollary 1.0.5 (I'-convergence of Per, ¢, ). Under the assumptions of Theorem with
probability one the following statement holds: for every A C D measurable, there exists a
sequence of sets {Y, },, o with Y, C V), such that,

1, ™1,

and
limsup GTV,, ¢, (1y,) < on Per(A; p?).
n—oo

We also establish the following compactness result.

Theorem 1.0.6 (Compactness of GTV,¢,). Under the assumptions of Theorem|[1.0.4} the fol-
lowing statement holds with probability one: every sequence {uy},cx with u, € L! (D, Vi) (Vi
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is given by (I.13))) and with uniformly bounded L'(D,V,) norms and graph total variations,
GTV,, is relatively compact in TL'. More precisely, with probability one, if

sup [[un| 1 (pv,) < oo,
neN

and
supGTV, ¢, (up) < oo,
neN

then {u, }wen is TL'-relatively compact.

In order to understand the role that the parameter €, has in the convergence of GTV, ¢,
toward the total variation in the continuum, it is important to observe that in order to recover the
geometric information of the underlying ground-truth distribution, the graph (V,,,W,) should
have information on a larger scale than that on which the randomness of the problem operates.
This implies understanding the spatial difference between the underlying distribution v and
the empirical measure Vv, associated to the data points. The way we measure such spatial
difference between v and v, is by finding the best way to match regions in the domain D with
the data points, so that the maximum distance an arbitrary point in the underlying domain D
has to travel to meet its matched data point is minimal. Let us outline the proof of Theorem
[1.0.4]and make precise the way the spatial difference between v and v, is measured.

The idea is to first introduce the functional TVe(-;p) : L' (D, v) — [0,0) given by,

1Veluip) =y [ [ nels—y)lu) —u)lp(x)p ()asay, (1.20)

which serves as an intermediate object between the functionals GT'V,, ¢, and TV (-;p?). Here
and in the remainder, Ng(x —y) = 8%,17 (2¥). It is important to observe that the argument of
GTV,¢, is a function u, supported on the data points, whereas the argument of TV, (-;p) is an
L'(D,v) function; in particular a function defined on D. The functional TVe(-;p) is a non-
local functional, where the term non-local refers to the fact that differences of a given function
on a €-neighborhood are averaged, which contrasts the local approach of averaging derivatives
of the given function. Non-local functionals have been of interest in the last decades due to
their wide range of applications which includes phase transitions, image processing and PDEs.
From a statistical point of view, for a fixed function u : D — R, TVg, (u;p) is nothing but the
expectation of GTV, ¢ (u). On the other hand, the functionals TVe(-;p) are relevant for our
purposes because as € — 0 not only they approximate TV (-;p?) in a pointwise sense, but
they also approximate it in the I'-convergence sense. More precisely the following result is
established in Section

Proposition 1.0.7. Consider an open, connected, bounded domain D in R? with Lipschitz
boundary. Let p : D — R be continuous and bounded below and above by positive constants
and consider the measure dv := pdx. Le {&},.y be a sequence of positive numbers con-
verging to zero. Then, {TVg (-:p)},cy (defined in (1.20)) T'-converges with respect to the
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LY(D,v)-metric to onTV (-;p?), where oy is defined in (I12) and TV (-;p?) is defined in
(L.18). Moreover, the functionals {T Ve, (-;P) }cn Satisfy the compactness property, with re-
spect to the L' (D, v)-metric. That is, every sequence {uy} oy with uy € L' (D, V) for which

sup ’ |uk| ‘LI(D,V) <o, supTV, (uk;p) < oo,
keN keN

is precompact in L' (D, V). Finally, for every u € L'(D, V)

lim TVg, (u;p) = on TV (u;p?). (1.21)

As observed earlier, the argument of GT'V,, ¢, , is a function u,, supported on the data points,
while the argument of TV, (+;p) is an L' (D, v) functional. For a function u, defined on V,,, the
idea is to associate an L' (D, v) function i, which approximates u, in the TL!-sense and is such
that TV, (ii,; p) is comparable to GTV,, ¢, (u,). The purpose of doing this is to use Proposition
We construct the approximating function i, by using transportation maps (i.e. measure
preserving maps) between the measure v and v,,. More precisely, we set i,, = u, o T,, where T,
is a transportation map between v and v, which moves mass as little as possible. The estimates
on how far the mass needs to be moved were known in the literature when p is constant and
when the domain D is the unit cube (0, 1)d (see [49.164.166,67] for d = 2 and [60] for d > 3).
In [36] these estimates are extended to general domains D and densities p satisfying (I.10).
We present the proofs of the following result in Chapter 3]

Proposition 1.0.8. Let D C R? be a bounded, connected, open set with Lipschitz boundary. Let
Vv be a probability measure on D with density p : D — (0,00) satisfying (I.10). Letx1,...,xp,...
be i.i.d. samples from v. Let v, be the empirical measure associated to the n data points. Then,
for any fixed o > 2, except on a set with probability O(n*“/ 2), there exists a transportation
map Ty, : D — D between the measure v and the measure V, (denoted T,;V = V;) such that

W2 ifd =2,

1 1/d .
s, ifd >3,

| Ty = 1d||=(p) < C

where C depends only on o, D, and A (see[l.10).

The rates presented in the previous Theorem are optimal as discussed in Chapter[3] From
the previous result, Chebyshev’s inequality and the Borel-Cantelli lemma one obtains the fol-
lowing rate of convergence of the co-optimal transportation distance between the empirical
measures V, and the measure V.

Proposition 1.0.9. Let D be an open, connected and bounded subset of RY which has Lip-
schitz boundary. Let v be a probability measure on D with density p satisfying (I.10). Let
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X1,...,Xn,... be a sequence of independent samples from v and let v,, be the associated em-
pirical measures (1.13). Then, there is a constant C > 0 such that with probability one, there
exists a sequence of transportation maps {T, },cx from v to v, (T,3v = Vy,) and such that:

2|1d -,

. . n n||eo

d=2th 1 BWE™ nlle — ¢ 1.22

if en 1£ln_)s°1:p (logn)3/4  — ( )
Y4\ 1d - T,||o

andifd>3then  timsup 4 Tnll= _ o (1.23)

n—voo (logn)!/d

As shown in Section Proposition and Proposition [1.0.9] are at the backbone of
Theorem[1.0.4] Schematically,

TVe(-ip) —— 6, TV(5p?) inL' + Proposition|1.0.9= GTV, e —— 0, TV(:p®) inTL'.

We note that the statement TV, (-;p) IR o, TV(+;p?) is a purely analytic, purely determin-
istic fact. Proposition[I.0.9] on the other hand contains all the probabilistic estimates needed
to establish all the results in this work. Such estimates in particular provide the constraints on
the parameter &, in Theorem It is worth observing that Proposition [1.0.9|is a statement
that only involves the underlying measure v and the empirical measure V,,, and that in partic-
ular it does not involve estimates on the difference between the functional TV, (u;p) and the
functional GTV,, ¢, (u) for u belonging to a small (in the sense of VC-dimension) class of func-
tions. In other words our estimates are related to the domains where the functions are defined
(discrete/continuous) and not to the actual values of functions defined on those domains. The
results from Theorem Corollary and Theorem can then be put together to
prove Theorem [I.0.2]in Section [5.2] thus establishing the consistency of optimal graph cuts in
the two-class setting.

We take our analysis of consistency of graph cuts one step further in order to include the
multi-way cut case. In Chapter [6] we establish the following analogue to Theorem [1.0.2]

Theorem 1.0.10. Let domain D, measure v, kernel 1M, sequence {&,},cn, sample points
{xi}ien, and graph G, satisfy the assumptions of Theorem Let (Y*],...,Y*%) denote
any optimal balanced cut of Gy, that is a minimizer of (L4). If (A7,...,Ay) is the unique
optimal balanced cut of D (i.e. minimizer of (1.9)) then with probability one the sequence
(Y*],...,Y*}) converges to (A%},...,Al) in the TL'-sense. If the optimal continuum balanced
cut is not unique then the convergence to a minimizer holds along subsequences. Additionally,

G, the minimum of (1.4), satisfies

én
lim —— = 0,%
ne,
N—soo nzggﬂ

where oy is the surface tension associated to the kernel 1 and € is the minimum of (1.9).
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The proof of Theorem[1.0.10]involves modifying the geometric measure theoretical results
used to prove Theorem This leads to a longer and more technical proof than the proof
of Theorem [1.0.2] but the overall spirit of the proof remains the same in the sense that the
I"-convergence plays the leading role.

The overall organization of this manuscript is as follows. In Section [I.1| we give a short
background on I'-convergence. In Chapter[2] we give some background on optimal transporta-
tion, we introduce the TL? spaces and prove some of their properties. In Chapter[3|we establish
the results that quantify the convergence of empirical measures towards their underlying dis-
tribution in the co-transportation distance, that is, we establish Proposition [I.0.8] In Chapter
we start by defining rigorously the weighted total variation in the continuum and after that
we prove Theorem which establishes the I'-convergence of the non-local functionals
TVe(;p). In Chapter we use the metric defined in Chapter 2} and the results from Chapter
and Chapter (4| to establish the variational convergence of the graph total variation towards
the weighted total variation in the continuum, that is, we prove Theorem[1.0.4] Corollary [I.0.5]
and Theorem from those results we establish consistency of Cheeger and Ratio graph
cuts (Theorem [1.0.2)). In Chapter [ we establish consistency of multiway cuts i.e. Theorem
Finally, in Chapter[7] we investigate the pointwise convergence of the graph perimeter
and show that such notion of convergence is inadequate to investigate the consistency of graph
based clustering procedures like Cheeger and ratio cuts as explained earlier. This last chapter
is independent of the rest of the chapters of this manuscript and is included with the intention
of contrasting the notion of I'-convergence and that of pointwise convergence.

1.1 Background on I'-convergence

We recall and discuss the notion of I'-convergence. In the literature I'-convergence is defined
for deterministic functionals (see [33]], [19] for extensive exposition of properties and applica-
tions of I'-convergence). Nevertheless, the objects we are interested in are random and thus
we decided to introduce this notion of convergence in this non-deterministic setting.

Let (X,dy) be a metric space and let (Q,§,P) be a probability space. Let F, : X x Q —
[0,0] be a sequence of random functionals.

Definition 1.1.1. The sequence {F,}, .y I'-converges with respect to the metric dx to the de-
terministic functional F : X — [0,00] as n — oo if with P-probability one all of the following
conditions hold simultaneously:

1. Liminfinequality: For every x € X and every sequence {x”}nEN converging to Xx,

liminf £}, (x,) > F(x).
n—oo

2. Limsup inequality: For every x € X there exists a sequence {xn}neN converging to x

satisfying
limsup F, (x,) < F(x).

n—oo
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We say that F is the T-limit of the sequence of functionals {F,}, .y (with respect to the metric
dx).

In the previous definition, it is important to highlight the way the quantifiers are considered,
as it is in this way that one guarantees that all the relevant properties obtained from the I'-
convergence in the deterministic setting continue to hold in the random setting.

Remark 1.1.2. In most situations one does not prove the limsup inequality for all x € X di-
rectly. Instead, one proves the inequality for all x in a dense subset X' of X where it is somewhat
easier to prove, and then deduce from this that the inequality holds for all x € X. To be more
precise, suppose that the limsup inequality is true for every x in a subset X' of X and the set
X' is such that for every x € X there exists a sequence {x;} ;. in X' converging to x and such
that F (x;) — F(x) as k — oo, then the limsup inequality is true for every x € X. It is enough to
use a diagonal argument to deduce this claim. This property is not related to the randomness
of the functionals in any way.

Definition 1.1.3. We say that the sequence of nonnegative random functionals {F,}, .y sat-
isfies the compactness property if with P-probability one, the following statement holds: any
sequence {x,},cn bounded in X and for which

SupFn(xn) < oo,
keN

is relatively compact in X.

Remark 1.1.4. The boundedness assumption of {x,},cy in the previous definition is a neces-
sary condition for relative compactness and so it is not restrictive. Once again we also remark
the way the quantifiers are considered.

The notion of I'-convergence is particularly useful when the functionals {F,}, y satisfy
the compactness property. This is because it guarantees that with P-probability one, mini-
mizers (or approximate minimizers) of F,, converge to minimizers of F and it also guarantees
convergence of the minimum energy of F, to the minimum energy of F (this statement is made
precise in the next proposition). This is the reason why I'-convergence is said to be a varia-
tional type of convergence. The next proposition can be found in [[1933]]. We present its proof
for completeness and for the benefit of the reader. We also want to highlight the way this type
of convergence works as ultimately this is one of the essential tools used to prove the main
theorems of this paper.

Proposition 1.1.5. Let F,, : X x Q — [0,0] be a sequence of random nonnegative functionals
which are not identically equal to +oo, satisfying the compactness property and I'-converging
to the deterministic functional F : X — [0, 0] which is not identically equal to +e. If it is true
that with P-probability one, there is a bounded sequence {x,},x satisfying

lim <Fn(xn) —;2£Fn(x)> =0, (1.24)

n—oo
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then, with P-probability one the following statement holds

lim inf F,(x) = min F (x). 1.25
n—ooxcX n( ) xeX ( ) ( )
Furthermore, every bounded sequence {xy}, o in X satisfying (1.24) is relatively compact and
each of its cluster points is a minimizer of F. In particular, if F has a unique minimizer, then
a bounded sequence {x,},. satisfying (1.24) converges to the unique minimizer of F.

Proof. Consider Q' a set with P-probability one for which all the statements in the definition of
I"-convergence together with the statement of the compactness property hold. We also assume
that for every @ € &/, there exists a bounded sequence {x, },, satisfying (1.24). We fix such
o € Q' and in particular we can assume that F,, is deterministic for every n € N.

Let {x,},cn be a sequence as the one described above. Let X € X be arbitrary. By the
limsup inequality we know that there exists a sequence {%, },, . With &, — & and such that

limsup F,(%,) < F(X).

Nn—o0
By (1.24)) we deduce that
limsup F (x,) = limsup inf F;,(x) < limsup F,(%,) < F (%), (1.26)
n—o0 n—oo xeX n—o0

and since X was arbitrary we conclude that

limsup F;, (x,,) < inf F(x). (1.27)
Nn—oo xeX
The fact that F is not identically equal to 4o implies that the term on the right hand side
of the previous expression is finite and thus limsup,_,., F,,(x,) < +eo. Since the sequence
{%*n },ery Was assumed bounded, we conclude from the compactness property for the sequence
of functionals {F,}, .y that {x,}, is relatively compact.

Now let x* be any accumulation point of the sequence {x,},.y ( We know there exists
at least one due to compactness), we want to show that x* is a minimizer of F. Working
along subsequences, we can assume without the loss of generality that x,, — x*. By the liminf
inequality, we deduce that

inf F(x) < F(x*) <liminfF (x,). (1.28)

xeX n—oo

The previous inequality and (1.26]) imply that
F(x") <F(%),

where £ is arbitrary. Thus, x* is a minimizer of F and in particular inf,cx F (x) = miny,ex F (x).

Finally, to establish (1.25)) note that this follows from (1.27) and (1.28). O



18

CHAPTER 1. INTRODUCTION



Chapter 2

The T L? spaces

In this chapter we introduce a metric which allows us to compare functions defined on a dis-
crete set with functions defined on a continuous domain. The idea is to regard these objects as
elements of the same metric space. Let us describe how this is achieved. For arbitrary Borel
probability measures v and g on D, let us denote by L'(D,v) and by L' (D, u) their corre-
sponding L'-spaces. Given u € L'(D,v) and v € L' (D, ), we can regard them as elements
(v,u) and (u,v). Now, suppose that there is a map 7 : D — D that pushes forward the measure
U into the measure v, in such a way that on average the difference |7 (x) — x| is as ”small” as
possible . Then the map T induces a function it := uo T € L' (D, ) which can be compared
to v using the L'(D, i) metric. A possible way to compare the functions u and v is then to
determine how far is u from v (measured by using the “best” T as described above) and how
far is /i from v using the L' (D, ) distance. See Figure [2.1{below.

Lrv) L'
.pV

<

“RU=uoT

V=Tzu

P(D)

Figure 2.1: TL! space seen as a formal fiber bundle
In general a map 7 : D — D like the one described above does not exist, but we remark

19
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that the notion of transportation map is generalized by that of transportation plan. In this
way one can make the previous discussion rigorous. We first introduce some notions and
ideas from optimal transportation and then we introduce the so called 7' L”-spaces. Their name
comes from the fact that their metric can be regarded as extending the LP convergence by using
transportation maps/plans.

2.1 Background on transportation theory

Let D be an open domain in R¢. We denote by B(D) the Borel c-algebra of D and by (D)
the set of all Borel probability measures supported on D. Given 1 < p < oo, we define &,(D)
to be the set of Borel probability measures supported on D with finite p-moment, that is,
u € Z (D) belongs to Z,(D) if

/D [x[Pdp(x) < oo 2.1)

The p-OT distance between U, fi € &,(D) (denoted by d,,(u, f1)) is defined by:

I/p
dl’(“?ﬂ) = min{(/DxD xy’pdﬂ(xvy)> : ﬂGF(u,ﬂ)}, (22)

where I'(u, f1) is the set of all couplings between u and fi, that is, the set of all Borel prob-
ability measures on D x D for which the marginal on the first variable is ¢ and the marginal
on the second variable is fi. The elements & € I'(u, i) are also referred as transportation
plans between u and fi. When p = 2 the distance is also known as the Wasserstein distance.
The existence of minimizers, which justifies the definition above is deduced using the direct
method of the calculus of variations (see [70]).

If D is a bounded open subset of R4 (as will be assumed often in the remainder) condition
is automatically satisfied for all 4 € &?(D) and from this we conclude that &2,(D) =
(D). Moreover, the boundedness of D also implies that convergence in OT-metric is equiv-
alent to weak convergence of probability measures. For details see for instance [5}/70] and the
references therein. In particular, in that case, i, — u (to be read u, converges weakly to i)
if and only if for any 1 < p < oo there is a sequence of transportation plans between L, and U,
{m,}, e for which:

lim // |x —y|Pdm,(x,y) = 0. (2.3)
n—es JJpxp

Boundedness of D implies that is equivalent to lim, .. [[5, p |x — y|dm,(x,y) = 0. We
say that a sequence of transportation plans, {7, },.y (With m, € T'(, i1,)), is stagnating if it
satisfies the condition (2.3]). We remark that if D is bounded, it is straightforward to show that
a sequence of transportation plans is stagnating if and only if 7, converges weakly in the space
of probability measures on D x D to © = (id X id )3 L.
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Given a Borel map 7 : D — D and u € & (D) the push-forward of u by T, denoted by
T.u € & (D) is given by:

Tu(A):=u(T"'(A)), AecB(D).

From the previous definition, it follows that for any Borel function ¢ : D — R the following
change of variables in the integral holds:

| o@amm@ = [ o(r0)au) 4

We say that a Borel map T : D — D is a transportation map between the measures Ul €

P (D) and i € P (D) if fi = Tyu. We associate a transportation plan 77 € I'(u, fi) to the
transportation map 7 by:

mor = (Id xT)su, (2.5)

where (Id xT) : D — D x D is given by (Id xT)(x) = (x,T(x)). Note that for any ¢ € L' (D x
D,B (D x D) ,mr)

c(x,y)d7r (x, y) = /D (6, T (%) du(x). 2.6)

DxD

It is well known that when the measure u € &2,(D) is absolutely continuous with respect
to the Lebesgue measure, the problem on the right hand side of (2.2)) is equivalent to:

min{ (/D o — T(x)!”du(X)> v WIS ﬂ}, 2.7)

and when p is strictly greater than 1, the problem (2.2)) has a unique solution which is in-
duced (via (2.5))) by a transportation map T solving (see [[70]). In particular we conclude
that when D is bounded and the measure u € &?(D) is absolutely continuous with respect to
the Lebesgue measure, then (1, — 1L as n — oo is equivalent to the existence of a sequence
{T,.},c of transportation maps, (T, = H,) such that:

/ v — T, (x)[Pd (x) — 0, as n — oo. 2.8)
D

We say that a sequence of transportation maps {7, },y 18 stagnating if it satisfies (2.8)).
We consider now the notion of inverse of transportation plans. For 7 € I'(u, 1), the inverse
plan ' € T(fi, ) of 7 is given by:

=y, (2.9)

where s : D x D — D x D is defined as s(x,y) = (y,x). Note that for any ¢ € L' (D x D, 7):

[ ctenaney) = [ ctrdn ! (x).

DxD



22 CHAPTER 2. THE TL? SPACES

We now consider the notion of composition of transportation plans. Let i, fi, fi € Z(D).
The composition of plans w1, € T(u, fi) and 3 € T'(fi, {1 ) was discussed in [5][Remark 5.3.3].
In particular there exists a probability measure & on D x D x D such that the projection of 7
to first two variables is 7;, and to second and third variables is m,3. We consider ;3 to be the
projection of 7 to the first and third variables. We will refer to 73 as a composition of 71, and
my3 and write 7y3 = Mp3 0 wyp. Note my3 € I'(w, f1).

So far we have considered the p-OT distance for 1 < p < o, we now consider the case
p = oo. Assume that D is a bounded open subset of R?. Then,

deo(t, 1) := inf {esssupz {[x—y| = (x,y) € Dx D} : weT(w, i)}, (2.10)

defines a metric on (D), which is called the oo-transportation distance. A natural question
that arises from the connection between transportation maps and transportation plans when 1 <
p < oo is the following: in the definition of d. (i, fi) can we restrict our attention to couplings
induced by transportation maps?. The answer to this question is affirmative in case the measure
u is absolutely continuous with respect to the Lebesgue measure. In fact, this is one of the
results in [29], where it is proved that there exists solutions to the problem (2.10)) which are
co-cyclically monotone, that provided u < 2%, happen to be induced by transportation maps.
In the remainder we consider u taken to be du = pdx, where p is bounded above and below
by positive constants and so in this setting the results in [29] can be stated as follows: if
1 (D) = (D), then there exists a transportation map 7 : D — D with T, = fi and such that

doo (W, 1) = || T* = Id|| (D). (2.11)

The question of uniqueness of the optimal transportation map 7*, although interesting on its
own, is not of importance for the results we present in the remainder. Nevertheless, it is worth
mentioning that if [i is concentrated on finitely many points then, the transportation map 7*
for which (2.11)) holds is unique; this is the content of Theorem 5.4 in [29]. In particular, if fI is
taken to be u,, where , is the empirical measure associated to data points x1,...,X, sampled
from u, then the uniqueness of the optimal transportation map is guaranteed.

We remark that for any transportation map 7, between p and L, it holds that

doo (W, ) < || Ty — 1d|| =)

Thus, we can estimate dw (UL, lL,) by estimating the right hand side of the previous expression
for some 7,,.

2.2 The TL? spaces and properties

In this section D denotes an open and bounded domain in R?. Consider the set

TLP(D) = {(1.f) : € P(D), f € L/(D,w)}.
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Note that this definition is consistent with the definition given in the introduction given that
boundedness of D implies &2, (D) = (D).
For (u, f) and (v, g) in TL? we define drp» (1, f),(v,g)) by

1/p
drur (1, £), (v.8)) = inf)(//D XDx—yP+\f<x>—g<y>rpdn<x,y>) e

rel'(u,v

Here we should understand L” (D, 1) as the set of equivalence classes of p-measurable func-
tions which are identified when they agree except on a set with y-measure zero. Neverthe-
less, it is well known that for a u-measurable function f, we can always find an equivalent
function f which is Borel measurable. In the remainder, we implicitly assume that when we
take f € L?(D, 1) we are considering f as a Borel measurable function. In this way we can
take compositions with other Borel functions without having measurability issues. The only
potential issue that may arise from doing this is the ambiguity when choosing the Borel repre-
sentative. However, in our context such issue will not arise as the next lemma shows.

Lemma 2.2.1. Let u,v € (D) and suppose that T : D — D is a Borel map such that Typt = v.
Let f,g: D — R be two Borel measurable functions such that f = g v-a.e. Then, foT =goT,

ua.e.

Proof. We may assume that f = g except on a set B € (D) with v(B) = 0. Now, note that
0=v(B)=pu (T'(B)). Hence foT and goT are equal except on the set 7~ ' (B) which has
U-measure zero. O

Remark 2.2.2. We remark that formally TL? is a fiber bundle over &2 (D). Namely if one
considers the Finsler (Riemannian for p = 2) manifold structure on (D) provided by the
p — OT metric (see [l|] for general p and [5||54)] for p = 2) then TL? is, formally, a fiber
bundle. See Figure|3.1|for an illustration.

In order to prove that dr;» is a metric, we remark that dy;» is actually equal to a trans-
portation distance between graphs of functions. To make this idea precise we consider the
map

(U, f) € TLP — (Id X f)su € (D X R),

which allows us to identify an element (1, f) € TL? with a measure in the product space D x R
whose support is contained in the graph of f.
For y,7 € #,(D x R) let d,,(y,7) be given by

@y = inf [ fe=317 +[s =117 dm((x,5), ().
nel(v,7) JJ(DxR)x (DxR)

Remark 2.2.3. We remark that d, is a distance on &,(D x R) and that it is equivalent to the

p-OT distance d,, introduced in Section (the domain being D X R). Moreover, when p =2

these two distances are actually equal.
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Using the identification of elements in 7'L” with probability measures in the product space
D x R we have the following.

Proposition 2.2.4. Let (u, f),(v,g) € TLP. Then, drr»((1, f),(v,8)) =d,((1,f),(V,8))

Proof. To see this, note that for every @ € I'((u, f), (v,g)), it is true that the support of 7 is
contained in the product of the graphs of f and g. In particular, we can write

P lg_¢P » s
//(DX]R)X(DXR = yI7 +ls ol dz((x,s) // e —=y[P +[f(x) — g(y)] dﬂ:(xazy)vs
(2.13)

where 7 € I'(u, v). The right hand side of the previous expression is greater than drz» (U, f), (v

which together with the fact that & was arbitrary allows us to conclude thatd, ((u, f),(v,g)) >
drir((1, f),(v,g)). To obtain the opposite inequality, it is enough to notice that for an arbi-
trary coupling 7 € I'(u, v), we can consider the measure 7 := ((Id x f) x (Id x g))3& which
belongs to I'((u, f),(v,g)). Then, equation (2.13)) holds and its left hand side is greater than
drrr((1, f),(v,g)). The fact that 7 was arbitrary allows us to conclude the opposite inequal-
ity. O

Remark 2.2.5. Proposition and Remark imply that (TLP ,dr») is a metric space.

Remark 2.2.6. We remark that the metric space (TL?,dryr) is not complete. To illustrate
this, let us consider D = (0,1). Let U be the Lebesgue measure on D and define fn+1(x) :=
sign (sin(2"7x)) for x € (0,1). Then, it can be shown that drp» (1L, fn), (L, fus1)) < 1/27
This implies that the sequence {(lL, fu)},cn is a Cauchy sequence in (TLP dyy»). However, if
this was a convergent sequence, in particular it would have to converge to an element of the

form (U, f) (see Proposition Mbelow ). But then, by Remark- 2.2.10} it would be true that
(D 1)
o —

Remark 2.2.7. The completion of the metric space (TLP dry») is the space (2,(D x R),d,,).
In fact, in order to show this, it is enough to show that TLP is dense in (Z,(D x R),d,,).
Since the class of convex combinations of Dirac delta masses at points in D is dense in
(2,(D xR),d,), it is enough to show that every convex combination of Dirac deltas can
be approximated by elements in TLP. So let us consider 8 € &,(D x R) of the form

f. This is impossible because { f,,},cy is not a convergent sequence in L? (D, 11).

~Ef o,

HMS

where x1,...,x, are n points in D; t! eR; a;j>0and } ;" 12 1aij = 1. Now, for everyn € N
and for every i = 1,...,m choose r!' > 0 such that for all i: B(x,, ) C D and for all k # i,
B(x;,r}) N B(xg, 1) = 0 and such that (Vi) r} < rll

1

:8))s
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Fori=1,...,m consider yil’"7 . ,yzn a col{ection of l; points in B(x;,r!). We define the
function f, : D — R given by f,(x) =t/ if x = yljn for some i, j and f,(x) =0 if not.
Finally, we define the measure [, € (D) by

m 1

,Jn = Z al]6yljn
1

i=1j=

d
It is straightforward to check that (W, f,) — §.

Remark 2.2.8. Here we make a connection between TLP spaces and Young measures. Con-
sider a fiber of TL? over u € & (D), that is, consider

TLpLy:= {(u, f) fGLp(‘u,D)}.
Let Proj; : D x R +— D be defined by Proj, (x,t) = x and let

Py(D % R)L = {ye 2,(DxR) : Proj,y = u}-

Thanks to the disintegration theorem (see Theorem 5.3.1 in [5] ), the set &,(D x R)_y
can be identified with the set of Young measures (or parametrized measures), with finite p-
moment which have | as base distribution (see [27,55]]). It is straightforward to check that
Py (D xR)Ly is a closed subset (in the d,, sense) of &2,(D x R). Hence, the closure of TL,L
in Z,(D x R) is contained in &,(D x R)Ly, that is,

TP, C gzp(D X R)\_“.

In general the inclusion may be strict. For example if we let D = (—1, 1) and consider i1 = & to
be the Dirac delta measure at zero, then it is straightforward to check that TLP\ is actually
a closed subset of &,(D x R) and that TLP_,C &,(D x R)L,. On the other hand, if the
measure [L is absolutely continuous with respect to the Lebesgue measure, then the closure of
TL,.y isindeed &,(D x R)Ly. This fact follows from Theorem 2.4.3 in [27]. Here we present
a simple proof of this fact using the ideas introduced so far. Note that it is enough to show that
TLPLy is dense in 2,(D X R)Ly. So let y € Z,(D x R)Ly. By Remark[2.2.7) there exists a
sequence {(Un, fn)} ey € TLP such that

d],
(Mns fn) — V-

In particular,
dy
U — H.
Since W is absolutely continuous with respect to the Lebesgue measure, it follows from the
discussion in Section that for every n € N there exists a transportation map T, : D — D
with Tyy L = Wy, such that

[ =T Pau() = (a1, )" = 0, asn = .
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On the other hand, the transportation map T, induces the transportation plan wr, € I'(u, t,)
defined in (2.5). Hence,

(B 0Tt o)) = (iR o0 T (s o))"
< [ slam )+ [ 1Tl = 0)dR (x,)

= [ k=T(rau).

From the previous computations, we deduce that (d,((1t, fu 0 T,), (Un, fn)) — 0 as n — oo, and

d,
thus (W, fn0T,) — y. This shows that TLP., is dense in Z,(D x R),, and given that
P,(D x R)Ly is a closed subset of #,(D x R), we conclude that TLP_,, = Z,(D x R)_.

Remark 2.2.9. If one restricts the attention to measures |L,v € &2 (D) which are absolutely
continuous with respect to the Lebesgue measure then

inf (/D ]x—T(x)\p—Hf(x)—g(T(x))|pd.U(x>>p

T:Tu=v

majorizes drrr» (1, f),(V,g)) and furthermore provides a metric (on the subset of TLP) which
gives the same topology as drrr. The fact that these topologies are the same follows from

Proposition[2.2.13)
Remark 2.2.10. One can think of the convergence in TL? as a generalization of weak conver-
gence of measures and of LP convergence of functions. That is {li,},cy in & (D) converges

weakly to u € P (D) if and only if (U, 1) I, (1, 1) as n — oo, which follows from the fact
that on bounded sets p-OT metric metrizes the weak convergence of measures [5|], and that
for u € @(D) a sequence {f,},cn in LP(D, ) converges in LP(D, ) to f if and only if

(u, fn) (l.t f) as n — oo. The last fact is established in Proposition|2.2.13

We wish to establish a simple characterization for the convergence in the space TL”. For
this, we need first the following two lemmas.

Lemma 2.2.11. Let u € (D) and let m, € T'(u, ) for all n € N. If {m,}, . is a stagnating
sequence of transportation plans, then for any u € L (D, 1)

lim / / u(y)|Pd(x,y) = 0.
n—ee JJDxD

Proof. We prove the case p = 1 since the other cases are similar. Let u € L'(D, ) and let
{m,},cn be a stagnating sequence of transportation maps with m, € I'(u, it). Since the prob-
ability measure U is inner regular, we know that the class of Lipschitz and bounded functions
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on D is dense in L!'(D,u). Fix € > 0, we know there exists a function v : D — R which is
Lipschitz and bounded and for which

[ 1) = v(ldu) <

w\m

Note that

// ) —v(y)|dm,(x,y) <Lip(v // |x —y|dm,(x,y) — 0, as n — oo.
DxD

Hence we can find N € N such that if n > N then [[},, , [v(x) —v(y)|dm,(x,y) < §. Therefore,
for n > N, using the triangle inequality, we obtain

JI ) = utdm ) < [ ) = vldm (x.y)
+//D><D ) —v(y)|d7,(x,y +// (y)|dm, (x, )
=2 [ @) —u@ldn() + [ —vlame) < e

This proves the result. O

Lemma 2.2.12. Suppose that the sequence { i, },c in & (D) converges weakly to u € 2 (D).
Let {up},cn be a sequence with u, € LP (D, u,) and let u € LP(D, ). Consider two sequences
of stagnating transportation plans {1, } o and {fo, } o (wWith 70, fo, € T(, ) ). Then:

lim // ) —up(y)|Pdm,(x,y) =0 < lim // ) —up,(y)|PdR, (x,y) =0 (2.14)
DxD DxD

n—o0 n—o0

Proof. We present the details for p = 1, as the other cases are similar. Take %, ' € I'(u,, i) the
inverse of 7, defined in (2.9). We can consider &, € &(D x D x D) inducing a composition
#-1om, of the transportation plans 7, and &, ! ( see Section [2.1). In particular £, ! o7, €

I'(u,u). From

JL ) —uwlamen) = [ ) - u@dm .2

//D p (@) —u)ldm(5.2) // un(y) —u(2)|d2, " (7.2)
:///DxDxDWn(y)—M(Z)|d7l'n(x,y,z),

and
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and after using the triangle inequality, we deduce

'// | (y) — u(x)|d7m, (x,y) — // 2) — up(y)|dR, (v,2)
) S e A R

Finally note that :

J[ et toma < [ e sldmen) + [[ - dda) o
DxD DxD DxD

as n — eo. We conclude that the sequence {7, ' o, } _ is stagnating and thus from Lemma

2.2.11| we can deduce that [[y, p, |u(z) — u(x)|d%, ' o m,(x,z) — 0 as n — . By ([2.15) we

conclude that:

(2.15)

tim | [] Jun () —uoldm(e) = [ Jua(2) = u) a2 = 0
n—eo DxD DxD
This implies the result. O

Proposition 2.2.13. Ler (u,f) € TL? and let {(Uy, fn)},cn be a sequence in TLP. The fol-
lowing statements are equivalent:

L (i, fu) 75 (1, f) as n— oo,
2. U, — W and for every stagnating sequence of transportation plans {7} ey (With m, €
T(u, )
// ()7 d7m, (x,y) — 0, asn — oo. (2.16)

3. W, — W and there exists a stagnating sequence of transportation plans {7} en (With
m, € T(u, 1y)) for which 2.16) holds.

Moreover; if the measure U is absolutely continuous with respect to the Lebesgue measure, the
following are equivalent to the previous statements:

4. u, LN W and there exists a stagnating sequence of transportation maps {T,,}, . (with

Tuslt = W) such that

L0 = 4 ()P da() — 0, asn — s (2.17)

5. U, — w and for any stagnating sequence of transportation maps {T} e (With Tyyp =

.un) " holds.
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Proof. By Lemma[2.2.12] statements 2. and 3. are equivalent. In case y is absolutely contin-
uous with respect to the Lebesgue measure, we know that there exists a stagnating sequence
of transportation maps {7}, .y (With Tp3u = p,). Considering the sequence of transporta-
tion plans {7z, },. (as defined in (2.5)) and using we see that 2., 3., 4., and 5. are all
equivalent. We prove the equivalence of 1. and 3.
(1.=3.) Note that d,(u, un) < drrr (U, f), (Hn, f1)) for every n. Consequently d,(u, u,) —

0 as n — oo and in particular 1, —— p as n — oo, Furthermore, since drr» (U, f) , (fn, f2)) — 0
as n — oo, there exists a sequence {7}, of transportation plans (with 7; € T'(u, 11,)) such
that:

tim [ x—ypdm () =0,
n—eo DxD

tim [[ 1700~ £ " (x.3) = .

n—oo

{7} ,,en is then a stagnating sequence of transportation plans for which (2.16) holds.
(3. = 1.) By hypothesis and using the fact that D is bounded, we can find a sequence of
transportation plans {7}, With m, € I'(, u,,) such that:

lim // |x — y|Pdm,(x,y) =0
n—eJJDXD

and
tim [[ 1)~ fi)Irdm (x.y) =0,
n—e JJDxD
We deduce that limy, e drrr (1, f), (Un, fu)) = 0. -

Definition 2.2.14. Suppose {U,},c in (D) converges weakly to u € Z(D). We say that
the sequence {uy}, . (With u, € L?(D,1,)) converges in the TL? sense to u € L (D, ), if
{(Mp,un) }, ey converges to (W,u) in the TLP metric. In this case we use a slight abuse of

. . TLP .
notation and write u, — u as n — oo. Also, we say the sequence {u, }, (withu, € L? (D, u,,))
is relatively compact in TLP if the sequence {(ln,upn)},cy is relatively compact in TLP.

Remark 2.2.15. Thanks to Proposition[2.2.13|when p is absolutely continuous with respect to

the Lebesgue measure uy, T wasn — oo if and only if for every (or one) {T,}, o Stagnating
LP(D.u)

sequence of transportation maps (with Tyl = W) it is true that u,oT, — uasn— oo (
this in particular implies the last part of Remark . Also {up},cy is relatively compact
in TL? if and only if for every (or one) {T,},cn Stagnating sequence of transportation maps
(with Tult = W) it is true that {u, o T, } o is relatively compact in LP (D, j1).

In the light of Proposition [2.2.13|and Remark [2.2.8] we finish this section by illustrating
a further connection between Young measures and the TL? space and also, we provide a ge-
ometric characterization of L”-convergence. These connections follow from Theorem 2.4.3
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in [27]], nevertheless, we decided to present them in the context of the tools and results pre-
sented in this section. Let us consider p to be the uniform distribution on D. The set L” (D, 1)
can be identified with the fiber TL,_, in a canonical way:

f € Lp(Dnu) = (nuaf) S TLP'—IJ'

Thus, we can endow L? (D, pt) with the distance dr». Note that by Remark the topolo-
gies in LP(D,u) generated by drr» and || - |[zp(p ) are the same. However, Remark
implies that drr» and the distance generated by the norm || - |[z»(p ) are not equivalent. Note
that the space LP(D, i) endowed with the norm |- |[;»(p ) is a complete metric space. On
the other hand, by Remark the completion of L” (D, 1) endowed with the metric dry» is
Z,(D x R)Ly with d,, as distance. This is a characterization for the class of Young measures
with finite p-moment, namely, they can be interpreted as the completion of the space L (D, 1)
endowed with the metric dr». Regarding the geometric interpretation of L”-convergence, we
have the following.

Corollary 2.2.16. Let u be the uniform distribution on D. Let {f,},.r be a sequence in
LP(D,p) and let f € LP(D,p). Then, {fu},cn converges to f in LP(D, ) if and only if the
graphs of f, converge to the graph of f in the p-OT sense.

Proof. From Remark [2.2.10} the sequence { f,},c converges to f in LP(D, u) if and only if
the sequence { (i, fu)},cn converges to (i, f) in TLP. This implies the result, because T'L”
distance is equivalent to the p-OT distance defined on Z2,(D x R) (see Proposition and

Remark 2:2.3)). 0



Chapter 3

Rate of convergence of empirical
measures in co-transportation distance

Let v € Z(D) be absolutely continuous with respect to the Lebesgue measure and letxy, ..., X,
be i.i.d. samples from v. We let v, be the empirical measure

n

A classical result in probability theory is that v, converges weakly to v as n — oo with prob-
ability one. In particular, with probability one, for any sequence of functions {u,}, . With

T . .
u, € L?(D,v,) and for u € L?(D, V), the statement u, — u is equivalent to the statement

D,v)

u,oT, Loy u for all (or one) stagnating sequence of transportation maps {7, } .. In this
section we construct a special sequence of transportation maps {7, },.y With T,,;v = v, that in
addition of being stagnating satisfies the stronger condition ||/d — T, ||=(p) — 0 as n — o with
an explicit rate of convergence. Based on the discussion in Section [2.1]this is connected to the
problem of determining how fast dw(V, V) approaches zero as n — c. Convergence in 7TL? is
then equivalent to convergence in L? after composing with these special transportation maps.
In short, the main goal of this chapter is to establish Proposition[I.0.8] which can be rephrased
as finding the rate of convergence of dw.(V,V,) as n — oo.

One of the main steps in the proof of Proposition |1.0.8|consists on establishing estimates
on the oo-transportation distance between two measures which are absolutely continuous with
respect to the Lebesgue measure and whose densities are bounded from above and below by
positive constants. We prove the following result which is of interest on its own.

Proposition 3.0.17. Let D C RY be a bounded, connected, open set with Lipschitz boundary.
Let vy, Vv, be measures on D of the same total mass: vi(D) = v,(D). Assume the measures
are absolutely continuous with respect to the Lebesgue measure and let py and p, be their

31
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densities. Furthermore assume that for some A > 1, for all x € D

1

Igpi(x)gl fori=1,2. 3.1
Then, there exists a constant C(A,D) depending only on A and D such that for all v\, v, as
above

des(V1,v2) < C(A,D)||p1 = P2l=(p)-

We use this result in proving Proposition [I.0.8]

3.1 Background

Before studying the rate of convergence of d.(V, V,), it is worth presenting the rates on the p-
OT distance between v and v, for 1 < p < oo, In fact, from the work of Dudley [35] it follows
for 1 < p < o and d > 3 and under rather general conditions on v (weaker than the ones
assumed in Proposition [I.0.8)) that the expected p-transportation distance between a measure
v and the empirical measure Vv, scales as n-1/d , that is,

dp(V,Vn) ~ n V4 ford > 3.

Ajtai, Komlds, and Tusnady in [2] showed optimal bounds on the p-OT distance, for 1 <
p < oo, between two empirical measures sampled from the Lebesgue measure on a square. That
is they showed that if x1,...,X,, -- € (0,1)> and yy,...,y,,-- € (0,1)? are two independent
samples and U, = % i1 Oy,» while v, is as before, then the minimum over all permutations 7

of {1,...,n} satisfies
1 Inn
m;n;l;\xn(i)—yz'\ <C e

with probability 1 —o(1). They introduced the technique of obtaining probabilistic estimates
by dyadically dividing the cube into 2¥ subcubes, obtaining a matching estimate at the fine level
and estimating the transformations needed to bridge different scales to obtain an upper bound
on the total distance. The proof of Proposition [1.0.8| also relies on a similar decomposition
of the domain. Dobri¢ and Yukich [34], Talagrand [64] and Talagrand, Yukich, [65]], Bolley,
Guillin, and Villani [[17]], Boissard [16]], and others later refined these results and obtained
more precise information on the distribution of the p-OT distance between a measure on a
cube and the empirical measure.

For the co-transportation distance obtaining estimates is more delicate, since almost all of
the mass needs to be matched within the desired distance to obtain the bound. Furthermore the
optimal scaling itself has a logarithmic correction compared to the case 1 < p < co. The optimal
scaling in dimension d = 2, for v being the Lebesgue measure, was obtained by Leighton and
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Shor [49]. They consider i.i.d random samples X1, . .., X, distributed according to the Lebesgue
measure and points y,...,y, on a regular grid. They showed that there exist c > 0 and C > 0
such that with very high probability:

c(Inn)3/* ) C(Inn)3/*
L < mnmax Xn(i) = ¥il < 2 (3.2)
where 7 ranges over all permutations of {1,...,n}. In other words, when d = 2, with high

probability the oo-transportation distance between the measure L, and the measure v, is of
order (h;’l’/); " . We remark that the co-transportation distance in this context is also known as the
min-max matching distance. Also, it is worth remarking that the discrete matching presented
above implies the estimates on the distance between v, and v when D = (0,1)? and Vv is the

Lebesgue measure.

For d > 3, Shor and Yukich [60] proved the analogous result on (0, l)d with v being the
Lebesgue measure. They showed that there exist ¢ > 0 and C > 0 such that with very high
probability:

c(Inn)'/?

C(Inn)'/4
nl/d :

7 (3.3)

< minmax [Xz(;) —¥;| <
T 1

The result in dimension d > 3 is based on the matching algorithm introduced by Ajtai, Komlds,
and Tusnddy in [2f]. For d = 2 the AKT scheme still gives an upper bound, but not a sharp one.
As remarked in [60], there is a crossover in the nature of the matching when d = 2: for d > 3,
the matching length between the random points and the points in the grid is determined by the
behavior of the points locally, for d = 1 on the other hand, the matching length is determined by
the behavior of random points globally, and finally for d = 2 the matching length is determined
by the behavior of the random points at all scales. At the level of the AKT scheme this means
that for d > 3 the major source of the transportation distance is at the finest scale, for d = 1 at
the coarsest scale, while for d = 2 distances at all scales are of the same size (in terms of how
they scale with n). The sharp result in dimension d = 2 by Leighton and Shor required a more
sophisticated matching procedure; an alternative proof was provided by Talagrand [[64]] who
also provided more streamlined and conceptually clear proofs in [66}67].

In this chapter we extend the previous results to general domains and general densities. It
is worth remarking that the method used in [|66167] to prove the matching results in dimension
d = 2 are adaptable to general domains and general densities. On the other hand the method
in [60]], although it shares some similarities with the method we consider in this chapter, is
not directly adaptable to the case of general domains and general densities. We use a dyadic
decomposition similar to the one introduced by Ajtai, Komlds, and Tusnddy (also used by
Shor and Yukich). However the fact that we adjust the densities and not the geometry of the
subdomains makes it easier to handle general densities.
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3.2 The matching results for (0,1)¢

The first goal of this section is to prove Proposition [3.0.17|for D = (0,1)?. In order to do this
we need a few preliminary lemmas.

Lemma 3.2.1. Let Q C R? be a rectangular box (rectangular parallelepiped). Let Q1,Q, be
the rectangular boxes obtained from Q by bisecting one of its sides. Let p : Q — (0,00) be

given by
L clyiferlv
pl¥)i= { c2, if x € Oy,

where c1,cy > 0 are such that 1 = 5 + 5. Denote by v the measure with dv = p(x)dx and let
Vo be the Lebesgue measure restricted to Q. Then,

v(01)
vo(Q1)

where L is the length of the side of Q bisected to generate Q and Q.

L
doo(VO,V) S E

_1‘,

Proof. Without the loss of generality we can assume that Q = [0, L] x O where QO is a d —
1 dimensional rectangular box. Thus Q; = [0,%] x 0 and Q; = [%,L] x (. Note that the
condition 1 = 5 + % is equivalent to v(Q) = vo(Q). Let us introduce auxiliary functions
h(t) =ci1y, %](t) +el Ly (t) and f(r) = 1) 1)(r). Forz € [0,L] let F (1) = [yds = and H(r) =
Jo h(s)ds, that is,
[ o ifo<r<%,
H{t) = { QL+ (t—%) if5<r<L.

A direct computation shows that
L if 0
H 'oF (1) ::{ °l |_ay e

Notice that the map T; := H~! o F is a transportation plan between the measures d and /(¢)dt.
Therefore, T = T x I;_ is a transportation plan between vy and v.
A direct computation shows that

_ L
70— = [~ o F (x9) — x| < Sler — 1,

for all x € Q. Since ¢ = —v‘; ((QQ'I)), we conclude from the previous inequality that:
L|v(Q1) ’
T—1d| ;=) < = —1],
H ||L Q) = D) VO(QI)

which implies the result. O
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Lemma 3.2.2. Let p : (0,1)? — (0,0) be integrable and let v be the measure given by dv =
pdx. Let a = [ 1ya p(x)dx and denote by Vo the measure on (0, 1)¢ given by dvy = adx. Then,

C(d)

de <
(V(),V) =

Ha_pHL“((O,l)d)a

where C(d) is a constant that depends on d only.

Proof. First, note that although the oo-transportation distance was defined only for probability
measures, it can be defined in the obvious way for finite measures with the same total mass.
Moreover, since d.. measures the maximum transportation travelled when coupling two mea-
sures, the d.. distance does not change under rescaling of total mass. In particular, for vy and
v as in the statement, it follows that

1 1
do(V0,V) = dws (vo, v) .
a a

From the previous identity, we conclude that it is enough to prove the result for a = 1.
Consider first the case that ||1 — p|[=((o,1)¢) < 1/2.

Step 1. For every k € N we consider a partition of [0, 1]¢ into a family % of 2¥ rectangular
boxes. The boxes are constructed recursively. Let % = {(0,1)?}. Given the collection of
boxes ¥, the collection of rectangular boxes ¥, is obtained by bisecting each of the rectan-
gular boxes belonging to %, through one of their longest sides. We note that all boxes in %
have volume % and have the same diameter (which depends only on k and d).

Consider pp := 1 and for all k > 0 and all Q € ¥ let:

o V()
i) = /Q pla)az= 1o

for all x € Q. (3.4)

Let vy be the measure on (0, 1)? with density p;. The assumption ||1—p|| 1=((0,1)4) < 1 implies
% <p< % and consequently for all &, % <pr < %

Note that for all Q € ¢ and all j >k, v;(Q) = v«(Q) = v(Q). We denote by ViL¢, the
restriction of the measure v; to Q. The relation of v to v, on Q is similar to the one of v to vy
on (0,1)%, only that the scale is smaller. We show that estimates on co-transportation distance
on the finer scale lead to the desired estimates on the macroscopic scale. Note that

doo( Vi, Vir1) < MaxX deo(ViLg, Vk+1L0); (3.5)
0<%,

and that

doo(Vk, V) < MaxXde(ViLg, Vi) < maxdiam(Q)

< — 3.6
0e%, €%, = k/d’ (3-6)

where C is a constant only depending on d.
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Step 2. Let Q € 9 and let Q1,02 € %1 be the two sub-boxes of Q. Then, vx(Q;) =
1vi(Q) and vo(Q1) = 1vo(Q). It follows from (3-4) that

[V(Q1) = vi(01)] < [v(Q1) — vo(Q1)[ + [vo(Q1) — vi(Q1)]

1 1
= llp = Ul =(0,1)1) Vo(Q1) + EVO(Q) - Evk(Q)

1
<P = Ulz=((0,1)1) Vo(Q1) + §||P — | =((0,1)) Vo (Q)
=2[lp = | z=((0,1)¢) Vo (Q1)-
Therefore,

(@) — (@] _ 2([p = [ z=((0,1)2) Vo(Q1)
Vi(O1) - vo(01)/2
Step 3. For a fixed cube Q € ¥, denote the value of py in Q by b. Then,

=4{[p — [ =((0,1)¢)- (3.7)

1 1
doo(Vkl_Q, Vk+1|_Q) =d. (bvk\_Q, Vk+1|_Q> .

b
By Lemma[3.2.T]and by (3.7) we have

1 1 1
doo EVkLQ7ZVk+1LQ S W

4
< 2,WHP— Ul ze(0,1)4)-

v(01)
Vi(Q1)

_1’

From (3.5) and the previous inequality it follows that for every k € N
4
oo (Viey Viey1) < 2,{WHP - 1||L°°((0,1)‘1)'

Choose k such that 27%/¢ < ||p — 1||z=. From the previous inequality and (3.6) we deduce that

k=1
doo(V(),V) < de(vbvk-i-l)"i_d‘x’(vfcav)
k=0
k=1 1 (3.8)
<4{lp — | =((0,1)« ~ia TC72
((0,1) )k;)zk/d ok/d

< C(d)|lp = Ulg=((0,1)4:
which shows the desired result.

We now turn to case |[p — 1{[z=((o,1¢) > 1/2. The desired estimate follows from
deo(Vo, V) < diam((0, 1)) = vVd < 2Vd|[1 = p|| = ((0.1y0)-

In conclusion taking the larger of the constants of the cases above, C = max{C(d),2v/d},
provides the desired estimate. O
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Proof of Proposition|3.0.17for D = (0,1)?. Suppose first that ||p; — P2llz=(0,1)0) < ﬁ Let
g(x) = p1(x) — p2(x) + 1. Note that g > 0 and that

1
p1= <P2_7L> +g7
NSNS
p2={ P2 ) R

By (2.T1) and by Lemma|[3.2.2] there exists a transportation map T between the measures gdx
and %dx such that

1

I7 =l oy < AC@ e~ 7 | =ac@llor-pali o

L2((0,1)4)
Note that

Y= (Id X Id)ﬁ (pz — i) dx+ (Id X T)ugdx S F(V] , Vz).

Moreover for y-a.e. (x,y) € (0,1)¢ x (0,1)4,

x =y < AC(@)][p1 = p2llr=(0,1)4)-

Thus,
deo(V1,v2) < AC(d) | p1 — P2l 1=((0,1)0)-

To get our estimate in case ||p; — P2/~ > ﬁ note that:

de.(v1,) < diam((0,1)*) = Vd < 2AVd||p1 — pal|z=((0,1)0)-
L]

Remark 3.2.3. Note that from the previous proof, Proposition [3.0.17)is true for any domain
D of the form D = (aj,by) X +-+ X (aq,by). To deduce this fact, it is enough to consider a
translation and rescaling of the coordinate axes to transform the rectangular box D into the

unit box (0,1)? and then use Proposition for the unit cube.

3.2.1 The matching results for (0,1)4: d >3

Now we prove Proposition for D = (0,1)? when d > 3. To achieve this it is useful to
consider a partition of the cube (0, 1)? into rectangular boxes analogous to the ones used in the
proof of Lemma[3.2.2] The main difference is that we divide rectangular boxes into sub-boxes
of the same v-measure, instead of the same Lebesgue measure.

Let p : (0,1)¢ — (0,%0) be a density function satisfying 1/A < p < A. For every k € N
we construct a family .%; of 2 rectangular boxes which partition the cube (0,1)? with each
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rectangular box having v-volume equal to zik and aspect ratio (ratio between its longest side
and its shortest side) controlled in terms of A. We let .%o = {(0,1)¢}. For k = 1 we construct
rectangular boxes Q; and Q, by bisecting one of the sides (say the one lying on the first
coordinate) of the cube (0, 1)? using the measure v. That is, we define Q1 := (0,a) x (0,1)¢~!
and Q> := [a,1) x (0,1)?~! where a € (0,1) is such that vp, = 1/2v(Q) . Recursively, the
collection of rectangular boxes at level £+ 1 is obtained by bisecting, according the measure
v, each rectangular box from level k through one of its longest sides.

Lemma 3.2.4. The aspect ratio of every rectangular box in F. is bounded by 2.2

Proof. We show that for every k € N, every rectangular box in .%; has aspect ratio less than
2. The proof is by induction on k.

Base Case: Atlevel k = 1 we consider Q; = (0,a) x (0,1)?~!, a chosen so that v(Q1) =
1/2. Note that the aspect ratio of Q; is equal to 1/a. Notice that,

:/le(x)dxgal.

From this we conclude that the aspect ratio of Q; is no larger than 24 and in particular no
larger than 242, By symmetry, the aspect ratio of Q, is no larger than 2A2.

Inductive Step. Suppose that the aspect ratio of every rectangular box in .%; is bounded
by 2A2. Let Q be a rectangular box in ., ;. Note that Q is obtained by bisecting (using the
measure V) the longest side of a rectangular box Q' € .%;. Without the loss of generality we can
assume that Q' = [ay,b] X [az,b2] X -+ X [ag,bg] and that Q = [ay,c] x [az,by] X -+ X [aq,ba],
where a; < ¢ < by. If (aj,c) is not the smallest side of Q then the aspect ratio of Q is no
greater than the aspect ratio of Q' and hence by the induction hypothesis is less than 242, If
on the other hand (a;,¢) is the smallest side of Q then we let (a;,b;) be the longest side of Q;
the aspect ratio of Q is then equal to l;’%;l' Since (ay,by) is the longest side of O, we have:

bi—ai . b] —aq b,-—a,- < b] —aq

c—a c—ay by—a; ~ c—a;

Finally, since

we deduce that
1
—a)A > —(b;—ay).
(c—ay) _21(1 ap)

This implies the desired result. O

The proof of Proposition[I.0.8|requires estimating how many of the sampled points fall in
certain rectangles. These estimates rely on two concentration inequalities for binomial random
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variables, which we now recall. Let S, ~ Bin(m, p) be a binomial random variable, with m
trials and probability of success for each trial of p. Chernoff’s inequality [31]] states that

N

IP’( ’”—p’ zz) < 2exp(—2mt?). (3.9)
m

Bernstein’s inequality [[15]], which is sharper for small values of p gives that

]1»(5

122
om _ ’>t><26xp " . (3.10)
m P> mp(1—p)+ tmt

Proof of Proposition|1.0.8/for D = (0,1)4 whend > 3. Step 1. Let py := p and let yo := v.
For every Q € %, consider

Pr(x) = v"(Q)p(x) = vn(Q)p(x) for all x € Q. (3.11)

v(Q) 2k
Let ; be the measure with density pr. Note that for all Q € %, and all j > k, u;(Q) =
e (Q) = v,(Q). Since by construction v(Q) = 27, nv,(Q) is a binomial random variable
with n trials and probability of success for each trial of p = 27%. Fix a@ > 2 and let

n
n = log, (10alnn> '

Consider k € N with k < k,. Using Bernstein’s inequality (3.10) with r = § we obtain

1 1 l-1nzp2
P ——l>——1]<2 — 2 4
1
< 2exp (‘10”1’> (3.12)
<2 1 10axlnn
exp| ——
- p 10n n
=2n“

Since the probability of the union of events is less or equal to the sum of the probability of the

events, we obtain
1

2k

1
2 2k+l) S 2k2n7‘x.

va(Q)

P <max
Q€%
Summing over all k < k,, we deduce that with probability at least 1 — n=%/ 2

1 34 .,
— << < —
22 S P s ) on (071) ) (313)

for every k < k.



40 CHAPTER 3. RATE OF CONVERGENCE OF d.(V,Vy).

Let Q € % and let Oy, Qs € %41 be the sub-boxes of Q. Let m = nv,(Q). Since v(Q;) =
27U+ = Ly(Q) then, mv"((Ql)) Bm( 1) given v,(Q). Using Chernoff’s bound (3:9) and
(3.12), we deduce that

|

Using the previous inequality, (3.11) and a union bound, we conclude that

k
P sup |Prri) —1’ >0,/ %2} otga
ve(01)d | Pi(x) n

Summing over all k < k,,, we deduce that with probability at least 1 —n~%/2,

n

va(01) 1 a2 nn Y
vn<Q>‘2’2 )S“” |

k
sup | Peril®) —1‘ </ ¥ nn (3.14)
re(0,1)d | Pi(x) n
for every k < k.
Notice that for all Q € ., and all j > k, u;(Q) = U (Q) = v,»(Q). Then,
oo (Mpes Pt 1) < éne%dw(uk\—gaﬂk—i-l'—Q)a (3.15)
and .
(3.16)

doo(Uiey Vi) < énax doo(MkL0, VnLo) < gleeg(dlam(Q) < C(?L)W,
where C(A) is a constant only depending on A; the last inequality in the previous expression
obtained from Lemma and from the fact that v(Q) =27,

Using estimates (3.13) and (3.14)

Pi+1 _1

1k = Pt 1 = (0,1y9) < NPl =((0,1))
P

Inn 1/2
<22 <oc2k) ,
L=((0,1)4) n

with probability at least 1 —n~%/2. Hence from Lemma and Remark , we deduce
that for all Q € .%;

iy Inn 1/2 o) Jnn\ V2
dos (k|0 Mt 1L0) < C(A,d)diam(Q) | 02" — Chd)sga\ o2 —~) -

n n

Using (3.15)) and the previous inequalities, we conclude that except on a set with probabil-
ity O(n=%/?), for every k =0, ...k,

< 1 Inn 12
oo (Mics Mict1) < CW 27 ,
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for some constant C depending only on A, & and d. From the triangle inequality and (3.16),
we obtain

kll
dm(vavn) S Zdoo(.uk—lmuk) +d°°(aukn7vn)
k=1
kg (Inn 12 (lnn)l/d
<C<I;2k/d<a2n> + nl/d

nn\'/? & k(1/2-1/a) , (Inn)1/4
§C<<n> k;z(/ D= |

Given that d > 3, the term Z],z”: ) 2k(1/2-1/d) g O(1) and thus the previous expression is

o( (Inn)'/¢ ). In summary, except on a set with probability O(n~%/?)

nl/d
(Inn)'/4
do(V,v,) <C T
where C is a constant that depends on &, A and d only. O

3.2.2 The matching results for (0,1)?

Now we prove Proposition for D = (0,1)%. We actually state and prove a stronger result
which is in agreement with the result by Talagrand in [[66]]. The improvement with respect to
the statement of Proposition[I.0.8] has to do with the speed of decay of the tail probability of
the transportation distance. Proposition is an immediate consequence of the following.

Proposition 3.2.5. Suppose that p : (0,1)> — (0,00) is a density function satisfying

1
T<p<A (3.17)
A

for some A > 1. Let x1,...,x, be i.i.d samples from p and denote by v,, the empirical measure

n
1= — .
v nZSx

i=1

Then, there is a constant L > 0 depending only on A, such that except on a set with probability
Lexp(—(Inn)*? /L), we have

Inn)3/4
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In order to match the empirical measure v,, with the measure v, we consider a partition of
(0,1)? into n rectangles Qy, ..., Q,, each of which has v-measure equal to 1/n. We then look
for a bijection between the set of points X, .. .,xX, and the set {Qy,...,0,}, in such a way that
every data point is matched to a nearby rectangle. Note however, that in order to guarantee
that all points within a rectangle are close to the corresponding data point we should be able
to control the diameter of all the Q;s. This is is important since we want to obtain estimates
on dw(V,Vv,). With a slight modification to the construction preceding Lemmawe obtain
the following.

Lemma 3.2.6. Let p : (0,1)2 — (0,00) be a density function satisfying B3.17), and let v be
the measure dv = pdx. Then, for any n € N there exists a collection of rectangles {Q; : i =
1,...,n} that partitions [0,1]?, such that the aspect ratio of all rectangles is less than 31> and
their volume according to v is 1/n. In particular, for every Q;

c(A)
N

diam(Q;) < (3.18)

where C(A) is a constant only depending on A.

The task now is to show that with high probability we can indeed find a matching between
the points xi,...,X, and the rectangles Q1,...,Q,, in such a way that every point is close to
its matched rectangle. When p = 1, the previous statement is directly related to the result of
Leighton and Shor [49]. The proof of Leighton and Shor depends on discrepancy estimates
over all regions R formed by squares from a suitable regular grid G’ defined on D. By dis-
crepancy we mean the difference between v(R) and v, (R) for a given region R. Obtaining a
uniform bound on the discrepancy over all regions R can be interpreted as obtaining proba-
bilistic estimates on the supremum of a stochastic process indexed by the mentioned class of
regions R. A conceptually clear and efficient proof of this matching result, based on obtaining
upper bounds of stochastic processes, was presented by Talagrand [[66}/67]. In order to prove
Proposition[I.0.8] we follow the framework of Talagrand and start by stating a general result on
obtaining bounds on the supremum of more general stochastic processes (Section 1 in [66]]).

Let (Y,d) be an arbitrary metric space. For n € N define,

en(Y,d) =infsupd(y,Y,),
yey

where the infimum is taken over all subsets ¥, of ¥ with cardinality less than 22", Let {An}en
be a sequence of partitions of Y. This sequence of partitions is called admissible if it is increas-
ing (in the sense that for every n, A, is a refinement of A,) and it is such that the cardinality
of A, is no bigger than 22", For a given y € Y and {A,},. admissible, A,(y) represents the
unique set in A, containing y. For an o > 0, consider

Yo(Y,d) = infsup " 2"/* diam(A,(y)),
YEY >0
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where diam(A,(y)) represents the diameter of the set A, (y) using the distance function d and
where the infimum is taken over all {A,}, .y admissible sequences of partitions of Y. With
these definitions we can now state Theorem 1.2.9 in [66]].

Lemma 3.2.7. Let Y be a set and let dy,d, be two distance functions defined on Y. Let {Zy}er

be a stochastic process satisfying: for all y,y' € Y and all u > 0

u? u })
P(|Z,—Zy| > u) <2exp| —min , , 3.19
(12 -2z u) < p( {dz(y,y’)2 di(3,y) G-19)

and also E[Zy] =0 for all y € Y. Then, there is a constant L > 0 large enough, such that for
all uy,up >0

P(su}g |Zy —Zy0| > L(’}’l (Y, d]) + ’}/2(Y, dz)) +u1D; + M2D2) < Lexp(—min {u%,ul }), (3.20)
ye

where D1 =2Y,~0e,(Y,di) and Dy =2Y,~ge,(Y,d>).

One of the consequences of the previous lemma is the following: in order to prove a tail
estimate of the supremum of the stochastic process {Z,}, .y, like the one in (3.20), one needs
to do two things. First, estimate the quantities y;(Y,d;), 1»(Y,d2), Dy and D,. Note that
these quantities depend only on the distances dj,d> and hence are not a priori related to the
process {Zy},y. Secondly, relate the stochastic process {Z,} ., with the distances dy,d> by
establishing condition (3.19).

We are now ready to prove Proposition As mentioned earlier, this result is an adap-
tation of the proof by Talagrand of Leighton and Shor theorem. We sketch some of the main
steps in the proof by Talagrand and give the details on how to generalize it to non-constant
densities.

Proof of Proposition . In what follows L > 0 is a constant that may increase from line to
line.

Discrepancy estimates. Let [} be the largest integer such that 27/ > % Consider G
to be the regular grid of mesh 27/ given by
G= {(xl,xz) €[0,1)2; 2y, €N or 2'ixy € N} . (3.21)

A vertex of the grid G is a point (x1,x,) in [0, 1]% such that 2/'x; € N and 2"'x, € N. A square
of the grid G is a square of side length equal to 27/ and whose edges belong to G. The edges
are included in the squares.

For a given vertex w of G and a given integer k, consider % (w,k) the set of simple closed
curves that lie on G which contain the vertex w and have length I(C) < 2. Note that every
closed simple curve C in R? divides the space into two regions, one of which is bounded.
We call this set the interior of the curve C and we denote it by C°. For C,C’ € €' (w,k) set
d\(C,C")=1ifC#C and d,(C,C") =0if C=C". Also set d»(C,C") = \/n||xc> — Xcr

LZ(D)'
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Claim 1: For a given vertex w of G and a given integer k with k <[; + 2, there exists L > 0
large enough such that with probability at least 1 — Lexp(—(Inn)3/2/L)

sup | Y (xee (xi) = v(C°)) | < L2%/n(Inn)3/%. (3.22)
Ce€(wk) i<n

To prove the claim, the idea is to study the supremum of the stochastic process {ZC}CE%}(W 0

where
1

Zei= 1Y (e (x) ~V(C).
i<n
For fixed C,C’" € € (w, k) one can write the difference Zc — Z¢ as
Ze—Z0 =Y 7,
i<n

where Z; = 1 (xc- (xi) — Xc~ (xi) — v(C°) + v(C")). The random variables {Z;},., are inde-
pendent and identically distributed with mean zero, they satisfy |Z;| < % and furthermore, their
variance ¢ is bounded by

! A
0? < B [|xc (%) = xee (x0) ] < 5llxce = 2es Ml o)

Using Bernstein’s inequality and choosing L > 0 to be large enough, we obtain

=2exp (—min{ w - })
o) T & (C,CN a4 (C,C) [ )

In the proof of proposition 3.4.3 in [66], the estimates ¥, (€' (w,k),d;) < L2*\/n, 15(€ (w,k),d») <
L2%/n(Inn)3/*, Dy < 2(k+1, + 1) and D, < L2%+1,/n are established. Setting u; = (Inn)3/?
and uy = (Inn)?/* one can use Lemma (with Y = €' (w,k), dy, d» as above and yp = {w})
to prove the claim.

Considering all possible vertices w of G and all possible integers k with —I; <k <[;4+2. It
is a direct consequence of Claim 1 above that with probability at least 1 — Lexp(—(Inn)3/2/L),

u?

n||xce — Xcre

P(|Zc —Zc| > u) <2exp (—

sup| Y (xc- (xi) — v(C°)) | < LI(C)/n(Inn)*/*, (3.23)

C i<n
where the supremum is taken over all C closed, simple curves on G. See the proof of Theorem
3.4.2 in [66]. We denote by Q,, the event for which holds.

Enlarging Regions. Consider an integer [, with [, < [;. We consider G’ the grid defined as
in but with mesh size 272. Note that in particular G’ C G. Let R be a union of squares of
the grid G’. One can define R’ to be the region formed by taking the union of all the squares in
G’ with at least one side contained in R. With no change in the proof of Theorem 3.4.1 in [66],
it follows from the discrepancy estimates obtained previously that in the event Q,, one has

v(R') > v,(R) (3.24)
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for all regions R formed with squares from G’, provided that 272 > 2% (In n)3/ 4,

What this is saying is that given the discrepancy estimates obtained previously, in the event
Q,, for any region R formed by taking the union of squares in G’, one can enlarge R a bit to
obtain a region R’ in such a way that the area of the enlarged region R’ according to V is greater
than the area of the original region R according to Vv,. It is worth remarking that the restriction
to the number 2~ (the mesh size of G'), for this to be possible, coincides with the scaling for
the transportation cost we are after.

Matching between rectangles and data points. We choose [, to be the largest integer
satisfying 272 > 267§(ln n)*/4. Consider {Qy,...,Q,} the rectangles constructed from Lemma

3.2.6, Forie {1,...,n} let B; = {j <n : dist(x;,0)) < 2\@.2*’2}.

Claim 2: In the event Q,,, there is a bijection 7 : {1,...,n} — {1,...,n} with n(i) € B, for
all i.

By Hall’s marriage Theorem, to prove this claim it is enough to prove that for every I C
{X1,...,X,}, the cardinality of U;c;B; is greater than the cardinality of I. Fix I C {1,...,n} and
denote by R; the region formed with the squares of G’ that contain at least one of the points
x; with i € I. Now, take J = {j <n : Q;N(R;)' # 0}, then, J C Ujc;B;. From the properties
of the boxes Q; and from it follows that #U;e; B; > #J = nv(UjcsQ;) > nv((Ry)') > #I.
This proves the claim.

Finally, we construct a transportation map 7, between v and v,,. Indeed, for x in Q;, set
Ty (x) = Xy (i)- From the properties of the boxes Q;, it is straightforward to check that 7,,;v =

Vu and that ||T,, — Id|| ;= (p) < L% due to the estimate on the diameter of the rectangles Q;
in (3.18). O

3.3 The matching results for general D

The goal of this section is to prove the optimal bounds on matching for all open, connected,
bounded domains D with Lipschitz boundary. In order to achieve this, we first prove Proposi-
tion [3.0.17]for general domains D. It is useful to consider first a class of domains D which are
well partitioned.

Definition 3.3.1. Let D C RY. We say that D satisfies the (WP) property with k polytopes if
D is an open, bounded and connected set and is such that there exists a finite family of closed
convex polytopes {A,-}i;l covering D and satisfying: Foralli,j=1,...,k

1. int(A;) "D # 0.
2. Ifi# j then int(A;) Nint(A;) = 0.

3. A;N\D is bi-Lipschitz homeomorphic to a closed cube.
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The class of domains satisfying the (WP) property is convenient for our purposes for two
reasons. The first one because as we see below, in order to prove the matching results for
sets with the (WP) property, we can use induction on the number of polytopes. The second
reason, has to do with the fact that the class of sets which are well partitioned contains the
class of open, bounded, connected domains with smooth boundary. This is the content of the
next proposition.

Proposition 3.3.2. Let D C R? be an open, bounded and connected domain with smooth
boundary. Then, D satisfies the (WP) property with k polytopes for some k € N.

Proof. Consider D to be a bounded open set with smooth boundary. For € > 0 we denote by
deD the set of points x € R? with d(x,dD) < €. The fact that dD is a smooth compact manifold
implies that there exists 0 < & < 1 such that for every x € dg,D there is a unique point P(x) on
dD closest to x. Furthermore the function P : x € dag,D — P(x) is smooth.

For a given z € dD we let 7, be the unit outer normal vector to dD at the point z. The fact
that dD is a smooth manifold in R? also implies that the outer unit normal vector field changes
smoothly over dD.

We consider the signed distance function to dD, g : dag,D — R

dist(y,dD), if ye D¢
g)i=q 0D (.25)
—dist(y,dD), if yeD.
This function is smooth and its gradient is given by
Ve(y) =Tip(y). (3.26)

We remark that for every y € dg,D, g(y) = [y —P(y)| if y € D and g(y) = —|y—P(y)| ify € D.

For a fixed 0 < & < g consider the family of open balls {B(x,e?)} _, . This is an open
cover of the set dD which is compact. Hence, there exists a finite subcover { B(x,€?),...,B(xy, &%)}
of dD. To fix some notation, we let 7; be the vector 7,, and we let 7; be the tangent plane to
dD at the point x;. Let Vi,...Vy be the Voronoi cells induced by the points xp,...,xy; that is,
we let V; be the set

Vim {y € R by —y| < gy ], Vi £}
Note that for every ¢ € [—¢, €] we have P(x; +17;) = x;. In particular,
|xi+tﬁ,~—xi| < |xi+tﬁ,~—xj|, (3.27)

for every j # i. Consider %; to be the point ¥; := —%ﬁi +x; and let TiJr =eni+T, T, :=¢€n;+T;
be the planes parallel to T; passing though the points €7; 4+ x; and —é€#i; + x; respectively. We
denote by S; the closed strip delimited by the planes 7;" and 7, and let A; := V;NS;. See

Figure[3.1]
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We first want to show that the region A; is contained in a circular cylinder whose axis is
the line passing through the point x; with direction 7#; and whose radius is small compared to
¢. To achieve this, for a point y € R? denote by y; the projection of y along the line passing
through x; with direction 7;.

Claim 1: Forall0 < € < % small enough, y € A; implies that |y — y;| < 4¢€

To prove the claim suppose for the sake of contradiction that there is y € A; with |y — y;| >
4€3/2. Since y € S;, in particular |y; — x;| = dist(y;, dD) < €. Consider a point ¥ in the segment
[y, yi] such that 4€3/2 > |5 —y;| > 3&3/2. Then |5 — x;| < [§— yi| + |yi — xi| < 4€’/?>+€e < 2¢
if € is small enough. Thus |[§ — P(¥)| < 2¢e. Note also that y € A; and y; € A; (from (3.27)).
Since the set A; is convex, we conclude that € A;. To get to a contradiction we want to
show that |[§ — x;| < |§ — x;| for some k; this would imply that § ¢ V; which indeed would be a
contradiction given that j € A;.

Note that P(§) € B(xy,&?) for some k. Thus

3/2.

5= x> < ([§— PG|+ [P(F) —xel)?
= 5= P> +2[7 = P()| - |P(F) — x| +|P(5) — x| (3.28)
< |[F—PG)|> +4e> +&*.
Furthermore, note that
5 —xi* = lyi — x>+ 5 — il
=g(yi)> + 15 —yil?
g +8(i)> =8>+ [F— il
> |5 - PG — [g(i)* — 83)* + 15— yil*-

(3.29)

Since g is smooth in dg, D, there exists M such that M > ||D?g(x)| for all x € d¢,D. By
(3.26), the gradient of the signed distance function g at the point y; is equal to 7;. Since §—y;
is orthogonal to 7i;, by Taylor expansion [g(%) — g(y)| = [g(5) — g(v) — Dg(ys) - (7~ )| <
M5 — yi*. Thus |g(5)> — g(3:)?| = 18(5) — ()| - [8(F) + g (i) < 3Mely—yi|*. Using
we deduce that

5 —xil* >[5 - PG> + (1 - 3Me)[5 - yi*.

Therefore for small enough € > 0

7 —xi* > |- P +5¢°.
Combining the previous inequality with (3.28)) we deduce that |§ — x;| > |y — xx|. This proves
the claim.

Consider the circular cylinder whose axis is the line passing through the point x; with
direction 7; and whose radius is 4e3/2. We let C; be the portion of the cylinder contained in
Si.
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By (3.27) we can find a circular cylinder of smaller radius, whose axis is the same as that
of C;r , but such that the portion of it contained in S;, denoted by C;, satisfies:

C; CA CC.

See Figure|3.1

Figure 3.1: Close-up of a piece of the boundary of D

Claim 2. Let0< e < % be small enough. Then, there exists a map ®; : A; N D — A;
which is a bi-Lipschitz homeomorphism. In particular, since A; is a closed convex body with
nonempty interior, we conclude that A; N D is bi-Lipschitz homeomorphic to the unit cube.

To prove the claim fix € > 0 so that in particular the conclusions from Claim 1 hold. From
the bound on the second derivative of g and since the radius of C;’ is 4€3/2, we deduce that
there exists a universal constant L > 0 such that

i, — ;| < Le3/?, Wz € IDNA;, (3.30)

due to the fact that A; C C;'.

We now turn to constructing the bi-Lipschitz mapping between DN A; and A;. We do that
by linear mappings along rays emanating from %;. Consider .7“~! the set of all unit vectors in
R?. For ii € 7% define s; and t; by

Si = sup{s>0 : ii+sﬁ€5ﬁAi},
ti :=sup{t >0 : Xi+ticA;}.

Since C;” CA; C Cl-+, we deduce that both functions 7 € .97 — sy and 71 € -l t;
are bounded above and below by positive constants.

Now, note that for every 7i € .#?~!, we have s; < t;. Moreover, by (3.30) and the fact that
A; C C;r , we deduce that if s; < t; then

jii; — ii| < Le/?,
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where L is a universal constant which is not necessarily the same as in (3.30). In particular, by
choosing € to be small enough we can assume that if s; < f; then, the ray starting at %; with
direction 7 only intersects dD N A; at one point. This fact, together with the smoothness of
the outer normal vector field implies that the map 7i € .#?~! — s;; is Lipschitz. On the other
hand, since the set A; is a convex set with piecewise smooth boundary ( a convex polytope),
we deduce that the function 7i € .79~ t; is Lipschitz as well.

Consider the map ®; : DNA; — A; defined as follows. Set ®;(%;) = &;. For x € DNA;,
x # % we can write x = ¥; + s7, for some 7 € .#¢~! and for some 0 < s < s5; we let P;(x) be

®;(x) =5+ V7,
Sii

Since both functions 7i € .74~ ! — s;; and 7 € .#?~! - t;; are bounded above and below by
positive constants and are Lipschitz, we deduce that the map ®; is a bi-Lipschitz homeomor-
phism between D NA; and A;. This proves the claim.

Claim 3. For any € < 1 it holds that D N (V;\ S;) = 0. To prove this claim, assume for the
sake of contradiction that there exists x € dDN(V;\ S;). Since x & S, it follows that |x —x;| > €.
On the other hand, given that x € D, we know there exists k such that x € B(x;,€?). Since
€ < 1, we deduce that |x — x| < |x —x;| and thus x ¢ V;. This is a contradiction.

Now we have all the ingredients needed to prove Proposition [3.3.2] Indeed, take £ > 0
small enough so that all of the conclusions of all the previous claims hold. From Claim 3, we
deduce that every V; can be partitioned into three convex polytopes. One which intersects dD,
namely A; = V;NS; and other two polytopes, one which is contained in int(D¢) and another one
contained in D. We denote the later one by Ai. We consider the family {A1 ,Al yee ,AN,AN} of
convex polytopes. This family covers D and is such that properties (1) and (2) from Definition
are satisfied. Moreover, given that A,- C D and given that A,- is convex, we deduce that
A; satisfies property (3) automatically, since all closed convex bodies with piecewise smooth
boundary are bi-Lipschitz homeomorphic. Finally, Claim 2 implies that property (3) holds for
each of the A;. All together this implies that D satisfies the (WP) property. O

We now prove a lemma that prepares the ground for an inductive argument to be used in
the proof of the matching results for domains with the (WP) property.

Lemma 3.3.3. Suppose that D is a domain which satisfies hypothesis (WP) with k polytopes
(k>1). Let {A,-}f;l be associated polytopes. Then there exists j such that D' := D\ A; is
connected.

Proof. We say that A; ~ A,, if relint(dA,,) Nrelint(dA;) N D # 0, where relint(dA;) is the union
of the relative interiors of the facets of A; ( (d — 1)-dimensional faces). This relation induces
a graph G = (V,E) where the set of nodes V is the set of polytopes A; and where an edge
between A,, and A; (m # [) belongs to the graph if and only if A,, ~ A;. We claim that G is a
connected graph.
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Indeed, consider m # [. We want to show that there exists a path in the graph G connecting
Ay, with A;. For this purpose consider x € int(A,,) "D and y € int(A;) N D. Denote by C
the union of all the ridges ((d — 2)-dimensional faces) of all the polytopes A;. Given that C
is the union of finitely many (d — 2)-dimensional objects in R?, we conclude that D\ C is a
connected open set and as such it is path connected. Since x € int(A,,) "D and y € int(A;) N D,
in particular x,y € D\ C and so there exists a continuous function 7y : [0, 1] — D\ C such that
7(0) =xand y(1) =y. Let A;),A;,,...,Ai, be the polytopes visited by the path 7y in order of
appearance; this list satisfies A; # A; ,, for all s, A;) = A,, and A;, = A;. Now, note that for
any given s, the path y intersects dA; N JdA, ,, at a point which belongs to the relative interior
of a facet (d — 1 dimensional face) of A;, and of A; , ; this because ¥ lies in D\ C. From this
fact we conclude that A; ~ A; ., and hence there is a path in G connecting A,, and A;. This
proves that G is connected.

From the fact that G is connected, we deduce that it has a spanning tree G’. That is, there
exists a subgraph G’ of G which is a tree and includes all of the vertices of G. Let A be a leave
of the spanning tree G'. It is now straightforward to show that A; is the desired polytope from
the statement. O

Is+1

Remark 3.3.4. Consider D and A; as in the statement of Lemma Then D' := D\ A;
satisfies the property (WP) with (k— 1) polytopes and D" := DN A satisfies the property (WP)
with one polytope.

Let A; be the polytope as in statement of Lemma Note that there exists i # j such
that relint(9A;) Nrelint(dA;) N D # 0; we denote this polytope by A;. Let % € relint(dA;) N
relint(dA;) N D. Note that necessarily F := relint(dA ;) Nrelint(dA;) is contained in a hyper-
plane and hence we can consider e a unit vector which is orthogonal to F. Take r > 0 such that
B(%,r) Cint((A;UA;)ND). Let z; := X+ re and let z_1 := % — re. Without loss of generality
we can assume that z; € int(A j). Denote by C) the set of points of the form zz; + (1 — 1)y
where ¢t € [0,1] and y € B(X,r) N F, similarly, denote by C_; the set of points of the form
tz_1+(1—t)y wheret € [0, 1] and where y € B(%,r) N F. Let z_; , := & — 5 and consider the
setC_; /2 defined analogously to the way C; and C_; are defined. We can think of C; and C_;
as gates connecting the sets D' = D\ Aj and D" = DNA;. We illustrate the construction on
Figures[3.2)and[3.3]

We claim that there is a function y : D” UC; — D" which is a bi-Lipschitz homeomor-
phism. In fact, for a given point y € F N B(X,r) consider the line with direction e passing
through the point y. This line intersects dC), at the points y and yj, it intersects dC_; at the
points y and y_; and finally it intersects dC_ , at the points y and y_; . We set y(y1) :=,
V(y) :=y_1/2 and y(y_;) :=y_;. On the segments [y_y,y], [y,y1] we define ¥ to be continu-
ous and piecewise linear. In this way we define y for all points in C; UC_;. Finally, set y to
be the identity on D"\ C_;. It is straightforward to check that y constructed in this way is a
bi-Lipschitz homeomorphism.

Now we are ready to prove Proposition for general domains.
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21 Z-1

Figure 3.2: Polytope A; with neighbor A e Figure 3.3: Gate, enlarged.

Proof of Proposition Step 1: Instead of proving the result for domains as in the state-
ment, we first prove the result for domains D satisfying the (WP) property. The proof is by
induction on the number of polytopes k.

We remark that the constant D(d, A) may change (increase) from line to line in the proof.

Base case. Suppose k = 1. In this case there exists y : D — [0, 1]¢ a bi-Lipschitz homeo-
morphism between D and the unit box. We use the map  to obtain measures ¥, > on (0, 1)¢
by setting

\71' =Yy fori= 1,2.

Using the fact that y is bi-Lipschitz, we can use the change of variables formula to deduce
that V| and V, are absolutely continuous with respect to the Lebesgue measure with densities

pi(y) = pi(w ' () |det(Jy ' ()| fori=1,2.

Here, Jy ! represents the Jacobian matrix of y~!.
Using the fact that y is bi-Lipschitz, we deduce that

p—

7 <p,pr <A
where 1 = max{Lip(y)?,Lip(y~")}. By Proposition applied to the unit cube,
dea(V1,¥2) < C(A,d)|1P1 = P2l 1=((0,10)-
Consequently,
dea(V1,V2) < Lip(y ™) dea(¥1,¥2) < Cl|p1 = P2l = ((0.1)0) < CllP1 — P2l 1=(D) -

for some constant C depending on A and D only.
Inductive Step. Suppose that for any domain in RY satisfying the (WP) property with
(k—1) polytopes the proposition is true. Let D be a domain satisfying the (WP) property with
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k polytopes and let p;, pa : D — (0,00) be functions as in the statement. By relabeling the func-
tions if necessary, we can assume without loss of generality that [, p;(x)dx— [, p2(x)dx >0,
where D' is as in Remark Since there is more mass in D’ according to v; than according
to Vo, we decide to transfer this excess of mass from the set D’ to the set D”. To achieve this,
we first move the excess of mass on D’ to the gate Cy, so that we can subsequently move it to
the set D”. In mathematical terms, we consider an intermediate distribution d¥; = p;dx where

pz(x) ifoDl\Cl,
ﬁl(x) = ﬁpl(x) if x € Cy,
P1 ()C) ifx e DN7
and where
_ Jp(p1(x) —p2(x))dx + ¢, p2(x)dx
fc1 p1(x)dx 7
the idea is to compare v; with V| and then compare V; with v;.
First, note that there is a A’ > 1 depending only on A and D such that

B

1 -
T <pi,pr1 <A

Since by construction v; (D) = ¥;(D'), we use Remark and the induction hypothesis to
conclude that:

de(ViLpy, ViLp) <C(A',D)||p1 = pill 1=y = C(A,D)||p1 — Pi | =(1)»

where viLp denotes the measure V; restricted to D’ and V| the measure ¥, restricted to
D'; notice that we can write C(A’,D") = C(A,D) because A’ depends on A and D only. An
immediate consequence of the previous estimate is that

dewo(V1, V1) < C(A,D)|p1 = Pill () - (3.31)

Given the definition of f, it is straightforward to show that

lp1 = Pill=p) < C(4,D)l[pr = pall=(p)

for some constant C(A,D) only depending on D and A. The previous inequality combined

with (3.31) gives:
des(V1,V1) < C(A,D)|p1 — p2ll1=(p)-

Now we compare ¥; with v,. First of all note that ¥, (D) = v2(DY) , where D := D" UC;.
From the discussion proceeding Remark we know that D is bi-Lipschitz homeomorphic
to the set D” which in turn is bi-Lipschitz homeomorphic to the unit box. Thus, D/ is bi-
Lipschitz homeomorphic to the unit box and hence proceeding as in the base case, we conclude
that

dos(ViLpy, Varpy) < C(A,D)|p1r — P2l z= o)
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and consequently
de(V1,v2) < C(A,D)||p1 = p2l|1=(p)-

A straightforward computation shows that [|p1 — p2|z=p) < C(4,D)||p1 — p2l|1=(p) and
thus

des(V1,v2) < C(A,D)||p1 = P2 = (-

Using the previous inequality, (3.3T)) and the triangle inequality we obtain the desired
result.

Step 2: Now consider an open, connected bounded domain D with Lipschitz boundary.
By Remark 5.3 in [[12]] there exists an open set D with smooth boundary which is bi-Lipschitz
homeomorphic to D. In particular D is bounded and connected. By propositions and
Step 1, the result holds for D. Proceeding as in the base case in Step 1 and using the fact that
D and D are bi-Lipschitz homeomorphic we obtain the desired result. O

Now we are ready to prove Proposition [I.0.8]

Proof of Proposition[1.0.8]. Let us consider the function ¢ : N — (0,00), which is given by

(o) e g >3

)

. nl/d
¢(n) - (lnn)3/4 lf d _ 2 (332)

nl/2 >

Step 1. We first prove the result for domains D satisfying the (WP) property. The proof
is by induction on &, the number of polytopes used in the definition of the property (WP). In
what follows C may change from line to line, but always represents a constant that depends
only on A and D. Furthermore, since the probability that a sample point belongs to a boundary
of one of the k polytopes is zero, we assume without the loss of generality that no sample point
belongs to the boundary of any of the polytopes considered.

Base Case. Suppose that D is a domain satisfying property (WP) with one polytope. Then,
D is bi-Lipschitz homeomorphic to the unit box. That is, there exists a bi-Lipschitz mapping
v :D — [0,1]%. Given a density p : D — (0,c0) satisfying (T.10), we define measure ¥ on
(0, 1)¢ to be the push-forward of v by y:

Vi=yv.
Given the i.i.d. random points X1, ...,X, on D distributed according to v we note that
Xi=w(x;) fori=1,....,n

are i.i.d random points on (0, 1)¢ distributed according to V.
As in the proof of Proposition we use the fact that y is bi-Lipschitz to deduce that
V has a density p satisfying

—

~<p<i

>
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where 2 = A max{Lip(y)¢, Lip(y~")?}. From Proposition applied to the unit cube, we
know that for o > 2, except on a set with probability O(n=%/?),

de(V,V,) <Co(n),

which implies
deo(V, V) S Lip(y ™" )duo(V, V) < C ().

where C only depends on A, D and .

Inductive Step. Suppose that the theorem is true for any domain in R? satisfying the (WP)
property with k— 1 polytopes. Let D be a domain satisfying the (WP) property with k polytopes
and let p : D — (0,0) be a density function satisfying (I.10). Consider p, : D — D the density
function given by

S
2
=

~p(x), ifxeD
bai) = | 2P | (3.33)
p(x), ifxeD”,

where D’ and D" are as in Remark Let ¥, be the measure dV, = p,dx and note that
Vo(D') = ¥,(D') and v,,(D") = ¥(D"). Also, notice that

10 = Pull=(p) < Clva(D") = v(D')], (3.34)

for some constant C that depends only on A and D.

To give some probabilistic estimates on |v,(D’) — v(D')|, we use Chernoff’s inequality
(3.9) to conclude that

P (]v,,(D’) —v(D)| > al“") <on 2, (3.35)

Denote by Q, the event in which |v,(D') — v(D)| < /%22, By (3.34) and Proposition
(from its proof, it holds for well partitioned domains), given Q,, we have:

(Inn)'/?

dw(V,V,) <C
(v.%) SC=s

(3.36)

We use the fact that v, (D) = V,,(D’) and v, (D) = ¥,(D") to estimate dw(V,,V,). Indeed, by
the induction hypothesis, given the event ©,,, with probability at least 1 — cn~%/2

doo(f/nl_D/, VnI_D/) < C¢(H) and dw(\?n\_[)/l, an_D//) < C¢(n)
In case the previous inequalities hold we conclude that

dw(f/n, Vn) < max {doo(f/nLDH an_Dl),doo(\N/nl_DN, Vn'—D”)} < CQ) (n)
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Thus, given Q,,, with probability at least 1 — cn~ /2

deo(Vy, Vi) < Co(n).

From the previous discussion, (3.35)) and (3.36)) we conclude that with probability at least
1 —cn /2,
(Inn)!'/?

dex(V, Vi) < CP(n) + C—775— < Co(n).
n

Step 2. To prove the theorem for an arbitrary open, connected, bounded domain D with
Lipschitz boundary it is enough to notice that by Remark 5.3 in [12] there exists an open set D
with smooth boundary which is bi-Lipschitz homeomorphic to D. In particular D is bounded
and connected. By Proposition the result holds for D by Step 1. Proceeding as in the
base case in Step 1 and using the fact that D and D are bi-Lipschitz homeomorphic we obtain
the desired result. O
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Chapter 4

Total variation in the continuum

In this chapter, the goal is to present the rigorous definition of weighted total variation and
establish Proposition[I.0.7, We remark that when p is constant, the proof of the I'-convergence
part of Proposition [1.0.7) may be found in the Appendix of [4] in case D is a convex set, and
in [58]] for a general domain D satisfying the assumptions in the statement. In case p is not
constant the results are obtained in a straightforward way by adapting the arguments presented
in [58]]. For the compactness statement of the proof new arguments were required, due to the
presence of domain boundary and lack of L”-control. Part of the proof on compactness in [4]]
is used. As a corollary, we show that if one considers only functions uniformly bounded in
L*(D), the compactness holds for open and bounded domains D regardless of the regularity
of its boundary.

4.1 Weighted total variation

Let D be an open subset of R and let y : D — (0,0) be a continuous function. Consider the
measure dv(x) = y(x)dx. As done in the previous chapters, we denote by L!(D, V) the L!-
space with respect to the measure v and by || - |[.1(p,y) its corresponding norm ; and we restrict
the use L' (D) in the special case ¥ = 1 and in that case || - || (p) Tepresents its corresponding
norm. With a slight abuse of notation, we often replace v by y in the previous expressions;
for example we use L! (D, y) to represent L! (D, V).

Following Baldi, [10], for u € L'(D, y) define

TV(u; ;D) = sup{/Dudiv(q))dx :(YxeD) |o(x)| <wy(x), 9 €CO(D: Rd)} 4.1)

the weighted total variation of u in D with respect to the weight v . When D is clear from
the context, we write TV (u; y) instead of TV (u; ;D). We denote by BV (D;y) the set of
functions u € L'(D, w) for which TV (u; ) < 4. When y = 1 we omit the dependence
on y and write BV (D) and TV (u). Finally, for measurable subsets E C D, we define the
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weighted perimeter in D as the weighted total variation of the characteristic function of the
set, i.e., Per(E; w) =TV (1g; ).

Throughout the paper we restrict our attention to the case where D is a bounded set and ¥
is bounded from below and from above by positive constants. Occasionally we use D to be the
R? in which case we explicitly state that the functions we consider are defined on R?. Finally,
in most of the remainder we consider y = p2, where p is continuous and bounded below and
above by positive constants, and occasionally we consider ¥ = 1 in which case as explained
above we write TV (+) instead of TV (-;1).

Remark 4.1.1. If D is a bounded open set and y is bounded from above and below by positive
constants, the sets L' (D) and L' (D, y) are equal and the norms || - 1oy and || - [|L1(p,y) are
equivalent. Also, it is straightforward to see from the definitions that in this case BV (D) =
BV (D;vy).

Remark 4.1.2. If u € BV (D; ) is smooth enough (say for example u € C'(D)) then the
weighted total variation TV (u; ¥) can be written as

[ 1vu@)yxar
D

If E is a regular subset of D, then Per(E; ) can be written as the following surface integral,

Per(E;y) = / y(x)dS(x).
JEND
One useful characterization of BV (D; ) is provided in the next proposition whose proof
can be found in [10].

Proposition 4.1.3. Let u € L' (D, y), u belongs to BV (D; ) if and only if there exists a finite
positive Radon measure |Duly and a |Du|y-measurable function ¢ : D — R with |6 (x)| = 1
for |Du|y-a.e. x € D and such that V¢ € C(D,R?)

e
/udiv((p)dx: —/ 9000 4t ().
D b Y(x)
The measure |Duly and the function & are uniquely determined by the previous conditions and
the weighted total variation TV (u; ) is equal to |Du|y (D).

We refer to |Du|y as the weighted total variation measure (with respect to ) associated to
u. In case ¥ = 1, we denote |Du|y by |Du| and we call it the fotal variation measure associated
to u.

Using the previous definitions one can check that ¢ does not depend on y and that the
following relation between |Du|y and |Du| holds

d|Dufy (x) = w(x)d1Dul(x). “2)
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In particular,
TV(u;l//):/Dl//(x)d\Du\(x). (4.3)

The function o (x) is the Radon—Nikodym derivative of the distributional derivative of u (
denoted by Du) with respect to the total variation measure |Du|.

Since the functional TV (-; y) is defined as a supremum of linear continuous functionals
in L'(D, ), we conclude that TV (-; w) is lower semicontinuous with respect to the L' (D, y)-

. L . .. LY(D,
metric (and thus L' (D)-metric given the assumptions on ). That is, if u, (—>W) uasn— oo,

then
Hminf TV (up; ) > TV (u; y). 4.4)

n—oo

We finish this section with the following approximation result.

Proposition 4.1.4. Let D be an open and bounded set with Lipschitz boundary and let v : D —
R be a continuous function which is bounded from below and from above by positive constants.
Then, for every function u € BV (D, y) there exists a sequence {uy }, . with u, € CZ(R?) such

1
that uy “0) y and Ip | Vuu|lw(x)dx — TV (u; y) as n — oo.

Proof. Using the fact that D has Lipschitz boundary and the fact that y is bounded above and
below by positive constants, Theorem 10.29 in [50] implies that for any u € C*(D) "BV (D)

1
there exists a sequence {uy },.yy C C2°(RY) with u, "), and with Jp|IVu—Vu,|y(x)dx — 0
as n — oo, Using a diagonal argument we conclude that in order to prove Proposition4.1.4|it is
enough to prove that for every u € BV (D) there exists a sequence {u,},.y € C*(D)NBV (D)

1

with u, YD) , and with Ip IVun|y(x)dx — TV (u; ) as n — oo.

Step 1: If y is Lipschitz this is precisely the content of Theorem 3.4 in [[10].

Step 2 If y is not necessarily Lipschitz we can find a sequence { Yy}, of Lipschitz
functions bounded above and below by the same constants bounding y and with y; \, . In
fact, it is straightforward to verify that the functions

Vi(x) :=sup y(y) —k|x—y|
yeD

satisfy the above conditions. Using Step 1, for a given u € BV (D) and for every k € N we

1
can find a sequence {u,},cy With u,x Y0, and with Ip Vi k| Wi (x)dx — TV (u; y) as
n — oo. By (@.3) and by the dominated convergence theorem we know that TV (u; y;) =
Jp Wk(x)d|Du|(x) — [, w(x)d|Du|(x) = TV (u;y) as k — oo. Therefore, a diagonal argument

. . LY(p
allows us to conclude that there exists a sequence {k, }, . With the property that, u, k, )y,

and [}, | Vi, |y, (x)dx — TV (u; ) as n — oo. Taking u, := uy,x, and using the fact that y <y,
we obtain:

timsup | Vs, (0] (x)dr < lim [ [V, (0] g, (6)ke = TV ().

n—oo .
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1
Since uy, Lo u, the lower semicontinuity of 7V (-, y) implies that liminf, ... [, |V, (x)|y(x)dx >

TV (u; ). The desired result follows. O
4.2 T'-convergence of non-local total variation 7V, (-;p)

In this section we prove the I'-convergence of the nonlocal functionals TV (+; p) to the weighted
total variation TV (-;p?). We recall that

Telwp) = 3 [ [ nele—)luta) —utlp(p ),

where 1) satisfies conditions (K1)-(K3) in the introduction. We adopt the following notation: €
is a short-hand notation for & where {&},. is an arbitrary sequence of positive real numbers
converging to zero as k — oo. Limits as € — 0 simply mean limits as k — oo for every such
sequence. The next lemma follows ideas present in [58},/18]].

Lemma 4.2.1. Let D be a bounded open subset of R¢ and let p : D — R be a Lipschitz function
that is bounded from below and from above by positive constants. Suppose that {ug},- is a
sequence of C*-functions such that

Sup{”quHLw(Rd) + |\D2u£||Lw(Rd)} < oo, 4.5)

e>0
L'(D) 2 (d
If Vug — Vu for some u € C*(R%), then

lim TV (43 p) = 0y /D V()| p2(x)dx. 4.6)

Proof. Step 1: For an arbitrary function w € C2(R¢) we define

Hew) = [ [ nelx=)Vw(a)- =) ().

First we show that
lLr%’TVg(ug;p) _Hg(ug)‘ — 0. (4.7)

For this purpose, note that by Taylor’s theorem and by (4.5)), for x,y € D x # y and € > 0

ug (x) — ue(y) _ Vg (x) - (y —x)
x =yl x =yl

< HDZMSHLW(RCI)‘X—)" <Clx—yl,



4.2. T-CONVERGENCE OF NON-LOCAL TOTAL VARIATION TV¢(-;p) 61

where ||D?ug|| 1=(rdy denotes the L™ norm of the Hessian matrix of the function ug and C is a
positive constant independent of €. Using this inequality and a simple change of variables we
deduce

CVol(D) P12

TVe(uteip) — H(ue)] < | neminPan
€ Inl<y

= CVoI(D) I (o) [, en(liPdh,
|h|<

where Y denotes the diameter of the set D. Finally, using assumption (K3) on the kernel 1, it
is straightforward to deduce that the last term in the previous expression goes to zero as € goes
to zero, and thus we obtain (4.7)).

Step 2: Now, for w € C?(R?) consider

/ / h) |Vw(x) - h| p*(x)dhdx. (4.8)
+heD
We claim that
lim |He (ue) — He (ue)| = 0. (4.9)
Indeed, using the fact that p is Lipschitz,
)~ Aelue) | < ¢ [ [ meh) Vi)l |p-+) — p(o)] p ()
S
Vug||; o pay Li w
|| ellz=ay Lin(P)[IP|L=(D // ()2 dhdx
) +heD
Vuell; Li o Vol
< |[Vute|| 1= (may Lip(p)||P]| 2= (1) VoI (D )/ ne (),
€ lnl<y

where as in Step 1 v denotes the diameter of the set D. The last term in the previous expression
goes to zero as € goes to zero (as in Step 1).
Step 3: We claim that

li // \% -h| p?(x)dhdx = 0. 4.10
lim = HheRM h)|Vue(x) - h| p=(x) (4.10)

Note that,

1
e L melh) Vue() - p?(x)
€ JD Jx+heRd\D

< Vel 100y ) [ OB

Using (@.5)) and assumption (K3) on 17, we deduce that the right hand side of the previous
inequality goes to zero as € goes to zero, thus implying (@.10).
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Step 4: Using steps 1, 2, and 3 in order to obtain (4.6) it is enough to prove that

liml/ ng(h)|Vus(x)-h]p2(x)dhdx:Gn/ IVulp? (x)dx. .11
e—0E& Jp JRd D

h

Note that using the change of variables /1 = ¢ and the isotropy of the kernel 1 we deduce

1 A A
o L netuwusto)-aipoanas = [ ([ niVue(o)-iah ) o2y
€ /pJR4 D \JR?
. /D Vite (x) ] (x)dx.
Taking € to zero in the previous expression we obtain (4.11)), and consequently (4.6). O

Proof of Proposition Let us first start showing the Liminf inequality.
1
Case 1: p is Lipschitz. Consider an arbitrary u € L'(D, p) and suppose that u, Lio) uas

. . .. . LY (D
€ — 0. Recall that given the assumptions on p this is equivalent to ue L) uase— 0. We

want to show that liminfe_o Ve (ug; p) > 0 TV (u; p?). Without the loss of generality we can
assume that {TVe (ue;p)} .- is bounded.

The idea is to reduce the problem to a setting where we can use Lemma.2.1|(see [58/18])).
The plan is to first regularize the functions u, to obtain a new sequence of functions {u&g }8>0
(0 > 0 is a parameter that controls the smoothness of the regularized functions). The point is
that regularizing does not increase the energy in the limit, while it gains the regularity needed
to use Lemma[4.2.11

To make this idea precise, consider J : RY — [0,0) a standard mollifier. That is, J is a
smooth radially symmetric function, supported in the closed unit ball B(0,1) and is such that
JraJ(2)dz = 1. We set Js to be J5(z) = 377 (%) Note that [ J5(z)dz = 1 for every § > 0.

Fix D’ an open domain compactly contained in D. There exists 6’ > 0 such that D" =
Uyep B(x,8) is contained in D. For 0 < § < &' and for a given function w € L' (D) we define
the mollified function ws € L' (R?) by setting ws(x) = [paJs(x —2)w(2)dz = [paJs(z)w(x —

z)dz where we have extended w to be zero outside of D. The functions wg are smooth, and
. LD
satisfy wg D) was 6 — 0, see for example [50]. Furthermore

Vwg(x) = /Rd Vis(z)w(x—z)dz = é y %VJ (%) w(x—z)dz. (4.12)

By taking the second derivative, it follows that there is a constant C > 0 (only depending on
the mollifier J) such that

> Q

C
[VWsll=me) < <lWll1py and HDZW{SHLw(Rd)SﬁHWHU(D)- (4.13)



4.2. T-CONVERGENCE OF NON-LOCAL TOTAL VARIATION TV¢(-;p) 63

L'(D
Since ug " D)y as £ — 0 the norms ||ue |11 (p) are uniformly bounded. Therefore, taking w = ue

in inequalities (4.13)) and setting u, 5 = (u¢)s, implies
2
sp {1Vt = e+ 1%t g < =
&>

Moreover, using (4.12) to express Vug s and Vug, it is straightforward to deduce that

Js

for some constant C independent of €. In particular, [}, |Vig 5(x) — Vug(x)|dx — Oas e — 0
and hence we can apply Lemma (taking D to be D’) to infer that

Vite 5(x) — Vits (x)] dr < % /D g (x) — u(x)|dx.

1
lim —
e—0 &

L elr=) e ) = e s 5) p ()p () dxdy
D' (4.14)
= oy [ 1Vus(o]p(v)ddy.

To measure the approximation error in the energy, we set

1
acs = [ ] Is@mele—y)lue(s) — )] (p(1Ip () ~p (x+2)p () dzddy.
and estimate
1
TVelueip) > 5 [ [ Melx=3)luel) = ue(»)lp(x)p (v)dxdy
1
= [ [ ] 75@mel=»)lue() - uel)p (x)p (v)dzdvay
E Jp'Jp" JRd
1
—aesty [ ] Is@mels—y)lues) — e y)lp(r+2)p(y+ 2)dzdyde
1 e vl (e . S\ AN Ao
as+ [ ][ Js@meli—9lue(t—2) —ue(s—2)lp(Dp ()dzdss
€ Jp /D JRA
1/ . . R s nn
>auaty [ [ nee=9)| [ 9500 eli -2~ 92 | p(p(s)asas
' Jp R4
1 A . AN e e
—aes+ [ [ M= 9)lues(®) - ues DlpRp(5)asd,
where the second inequality is obtained using the change of variables X =x+z,=y+z,z=¢
together with the choice of § and &'; Jensen’s inequality justifies the third one. This chain of

inequalities and (4.14]) imply that

limiélfTVg(ug;p) > limi(r)lfa&g + oy / |Vug (x)](p(x))>dx. (4.15)
£— E— D
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We estimate a; s as follows

2||p|=(p)
jae 5| < ———— T (2)Me (x =) |ue (x) — ue(y)| [P (x) = p(x+2)| dzdxdy
E D" Jp" JRd

26||p||r=(p) Lip
S HPHL (D) (p) / / JS(Z)ng(x—y) \us(x) — ug(y)‘ dZdXdy
e D" JD" JRd
(

_ 26||p || p)Lip
€

PLL [ el o)~ )] .

Since we had assumed that {7V (ug;p)} .~ is bounded, and also that p is bounded from below
by a positive constant, we conclude from the previous inequalities that liminfs_,q liminfe oae 5 =

0 and thus, by (4.13),
liminf7'Ve (ug; p) > oy liminf / |Vus|(p(x))>dx.
£—0 0—0 D'

. LY(Df . . .
Given that ug (—>) u as 6 — 0, we can use the lower semicontinuity of the weighted total

variation, (4.4)), to obtain
limiélfTVg(ug;p) > Oy li(rsninf/ |Vus|(p(x))>dx > Op|Dul,> (D). (4.16)
E— —0 D!

Given that D’ was an arbitrary open set compactly contained in D, we can take D' ' D in the
previous inequality to obtain the desired result.

Case 2: p is continuous but not necessarily Lipschitz. The idea is to approximate p from
below by a family of Lipschitz functions {py },y. Indeed, consider p; : D — R given by

pu(x) = inf p(y) + klx—y|. (4.17)
yeD
The functions py are Lipschitz functions which are bounded from below and from above by the
same constants bounding p from below and from above. Moreover, given that p is continuous,
for every x € D, pr(x) /" p(x) as k — oo.

1
Let u € L' (D) and suppose that u L) u. Since py is Lipschitz, we can use Case 1 and

the fact that p; < p to conclude that

Hminf 7Ve (iee; ) > Timinf T'Ve (ue; pe) > on TV (u;p7). (4.18)
£—

E—

Using (4.3)) and the monotone convergence theorem, we see that:

lim TV (u:p?) = lim [ pZ()alDul(x) = | p2(x)aDul(x) = TV (1 7).

k—o0

Combining with yields the desired result.



4.2. T-CONVERGENCE OF NON-LOCAL TOTAL VARIATION TV¢(-;p) 65

Now we turn our attention to the Limsup inequality.

Case 1: p is Lipschitz. We start by noting that since p : D — R? is a Lipschitz function,
there exists an extension (that we denote by p as well) to the entire R? which has the same
Lipschitz constant as the original p and is bounded below by the same positive constant. In-
deed, the extended function p : RY — R can be defined by p(x) = inf,ep p(y) +Lip(p)|x — |,
where Lip(p) is the Lipschitz constant of p.

To prove the limsup inequality we show that for every u € L'(D, p):

limsup TVe (u;p) < o TV (u;p?). (4.19)

e—0
It suffices to show (@.19) for functions u € BV (D) (if the right hand side of (4.19) is +eo there is
nothing to prove). Since D has Lipschitz boundary, for a given u € BV (D) we use Proposition

3.21 in [6] to obtain an extension & € BV (R?) of u to the entire space R with |Di| (dD) =
In particular from (4.2 we obtain

|Di] > (D) = 0. (4.20)

We split the proof of (#.19) in two cases:

Step 1: Suppose that 1 has compact support, i.e. assume there is @ > 0 such that if |z| > «
then 1(h) = 0. Let D := {x € R? : dist(x,D) < ae }. For u € BV (D), Theorem 3.4 in [10]
and our assumptions on p provide a sequence of functions {wy } ;. € C*(De) NBV (D¢ ) such
that as k — oo

1
w229 5 and / (Vi () |p2(x)dx — [ D] 2 (De ). 4.21)
De
For every k € N
TVetnip) =2 [ [ melx=y)lwio) ) lp()p ()
DNB(y,ae)

ZS/D/B(y(xE)ne(x_y)‘/O Vwi(y+1(x—y))- (x—y)dt| p(x)p(y)dxdy
= i/n/g(we)/ol Me (6= 2)[Vwe(y +1(x=)) - (x= ) P (x)p (y)dedxdy
S/D /h| /ln(h)\VWk(Z)-hIP(Z—teh)p(z+(1—r)eh)drdhdz
_/D /h|< 1)|Vwi(2) - hlp(2)*dhdz + ek

=0y || 1Vwk(3)|(0(0)det e

where the last inequality is obtained after using the change of variables (¢,y,x) — (¢,h,z),
h =2 and z = y+1(x—y), noting that the Jacobian of this transformation is equal to &4 and
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that the transformed set D is contained in D,. The last equality is obtained thanks to the fact
that 7 is radially symmetric. Finally the a, ; are given by

_/D /h|<a/ n(h)[Vwi(z) - h| (p(z —teh)p(z+ (1 ~1)eh) — p(2)*) drdhdz.

Since p : RY — R is Lipschitz and since it is bounded below by a positive constant, it is
straightforward to show that there exists a constant C > 0 independent of € and k for which

e < Ce /D Vi ()] (x)dx

. . . . L'(D . . .
Using (4.21)) in particular we obtain that vy " D), as k — oo, This together with continuity

of TVe(-;p) with respect to L!-convergence implies that TVe(wi;p) — TVe(u;p) as k — oo.
Therefore, from the previous chain of inequalities and from #.21)) we conclude that

TVe(u;p) < 0n|Dii|p2(De) + limsupae x < 0y|Dil| 52 (De) + Ce|Dil] y2 (De). (4.22)
k— o0
Using (@#20), we deduce limg ¢ |Dil| 52 (De) = |Dii| (D) = |Dil] 52 (D) = TV (u; p*) < 00. Com-
bining with (4.22)) implies the desired estimate, (4.19).
Step 2: Consider n whose support is not compact. The needed control of 1 at infinity is
provided by the condition (K3). For a > 0 define the kernel n%(h) := 1 (h) Xp(0,a) (1), Which

satisfies the conditions of Step 1. Denote by TVZ(+;p) the nonlocal total variation using the
kernel n%. For a given u € BV (D)

TVelup) = TVE@wip)+ ¢ [ | e (x=y)u(x) = u(y)[p()p (y)dxdy.
{xeD:|x— y\>068}
The second term on the right-hand side satisfies:
1
) e (=) u(2) — ()P (V)P () dxdy
D J{xeD:|x—y|>ae}
1 .\ o
-/ e (x—)[a(x) ~ ()P (¥)p () dxdy
D J{xeD:|x—y|>ae}
i(y) —i(y+eh)|
<Ipll2. / I h/ |a(y) —a(y dvd
_HPHL (D) |h‘>a77( )‘ ’ RA 8|I’l| 34

< lIp|-oy Dal®) [ n(mlhidn,
[h|>a

where the first inequality is obtained using the change of variables 7 = =2 and the second
inequality obtained using Lemma 13.33 in [[50]]. By Step 1 we conclude that
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limsupT'Ve (u:p) < limsup TV (u:p) + |p| - o) | D2t (R /w (k) |hldh
>

E—00 E—00

< Oy TV (%) + 11 |DAAE) [ () rjan

Taking o to infinity and using condition (K3) on 1 (see introduction) implies (4.19).
Case 2: p is continuous but not necessarily Lipschitz. The idea is to approximate p from
above by a family of Lipschitz functions {py };cy. Consider py : D — R given by

Pi(x) :=supp(y) —klx—y]. (4.23)
yeD

The functions py are Lipschitz functions which are bounded from below from and above by the
same constants bounding p from below and from above. Moreover, given that p is continuous,
it is simple to verify that for every x € D, p(x) \, p(x) as k — co.

As in Step 1, it is enough to consider u € BV (D) and prove that:

limsup Ve (u;p) < 0, TV (13 p%).

£—0

The proof of the limsup inequality in Case 1 and the fact that p < p; imply that

limsup TVe (u;p) < limsup TVe (u; pi) < 05TV (u3 p7). (4.24)

£—0 £—0

By the dominated convergence theorem,

lim TV (u:p?) = lim | p2(x)dDul(x) = [ p2(x)alDul(x) = TV (:p?).

k—soo

Combining with (4.24)) provides the desired result. O

Remark 4.2.2. Note that using the liminf inequality and the proof of the limsup inequality we
deduce the pointwise convergence of the functionals TVe(-; p); namely, for everyu € L'(D,p):

lim 7Ve (u;p) = on TV (u;p?).
E—

Compactness

The only remaining point left to be proved from Proposition [1.0.7|is compactness. We first
establish it for regular domains D and then extend it to more general ones.

Lemma 4.2.3. Let D be a bounded, open, and connected set in R, with C*-boundary. Let
{Ve}ewo be a sequence in L'(D, p) such that:

sup|[[ve|[z1(p,p) < o0
>0
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and

supTVe(ve; p) < eo. (4.25)

e>0
Then, {ve} g~ is relatively compact in L'(D, p).

Proof. Note that thanks to assumption (K1), we can find a > 0 and b > 0 such that the function
7 : [0,00) — {0,a} defined as 7} (t) = a for t < b and () = 0 otherwise, is bounded above
by 7. In particular, (4.25) holds when changing 1 for 7] and so there is no loss of generality
in assuming that 1) has the form of 7). Also, since p is bounded below and above by positive
constants, it is enough to consider p = 1.

We first extend each function ve to R? in a suitable way. Since dD is a compact C?
manifold, there exists § > 0 such that for every x € RY for which d(x,dD) < § there exists
a unique closest point on dD. For all x € U := {x € R? : d(x,D) < §} let Px be the closest
point to x in D. We define the local reflection mapping from U to D by £ = 2Px —x. Let & be
a smooth cut-off function such that £ (s) = 1 if s < §/8 and £ (s) =0 if s > § /4. We define an
auxiliary function ¥¢ on U, by ¥¢ (x) := v (%) and the desired extended function 7 on R? by
e(x) = E(Jx— Palve (2):

We claim that:

1

sup = / e (X — ) [P (x) — P ()| dxdly < oo. (4.26)
>0 € JRI JRI

To show the claim we first establish the following geometric properties: Let W := {x € R?\D :
d(x,D) < 8/4}and V := {x e R/\D : d(x,D) < §/8}. Forallx ¢ W and ally € D

£ —y| <2x—y]. 4.27)

Since the mapping x — X is smooth and invertible on W, it is bi-Lipschitz. While this would be
enough for our argument, we present an argument which establishes the value of the Lipschitz
constant: for all x,y € W

1 A
gyl <E =3l <dlx—yl. (4.28)

By definition of § the domain D satisfies the outside and inside ball conditions with radius J.

Therefore if xe W and z € D
- P
z— Px+5x a >9.
|x — Px|

Squaring and straightforward algebra yield

x— Px

_ 4.29
|x — Px| (4.29)

|z— Px|* > 28(z— Px) -
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For x € W and y € D, using (7.20) we obtain
=& =y =x* = |y = Px+ (x— Px)|> = |y — Px— (x— Px)|?

2
=4(y—Px)-(x—Px) < g]y—mex—Px]
1
< Sl = Px? <y —xf? 4 — Pl <20y —xf?,

Therefore |y — £|> < 3|y — x|?, which establishes @.27).

For distinct x,y € W using (7.20)), with z = Py and with z = Px, follows
Px—Py Px— Py
|Px—Py| |Px— Py)|

x =y > (x—y)- (x—Px—(y—Py) +Px—Py)-

1

> [P Py| = 5 (e Pa| [Py Px] + [y~ Py] Py — Px)
> |P P|3

X — —.
= y 4

Therefore
8
=51 = Pr—x+ 2y -3l 2P Pyl +loo) < (S41 ) sl <dlaol

Since the roles on x,y and £,y can be reversed it follows that |x — y| < 4| — J|. These estimates

establish (4.28)).

We now return to proving (@.26)). For € small enough,
- - 1 5 .
Lo ] el = veldudy = - [ [ mer=p)loe() — e(y) ey
R"\D JD €Jv.p
1 .
— = [ [ melr=ylve(d) —vely) sy
€Jv.J/p
4d
<5 [ e S =y)lve() = ve(s) ey
€ JvJp

d
<2 [ [ e =nlveta) — ve@lazy,

where the first inequality follows from (4.27) and the second follows from the fact that the
change of variables x — £ is bi-Lipschitz as shown in (.28)). Also,

::/Rd\D /Rd\D Ne (x — )| Ve (x) — Ve (y)|dxdy
] melr e — £ sy
S::/W/Wns(x—yﬂé(x)—é(y)H"s(X)\dxdy
+::/W/W”8(x_y)we(x) — e ()|I€ (v)|dxdy.

1
€
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Note that for all x # y, 1= Te=y) < ley‘ Ne(x —y). Therefore:

1 NHERO]
E/W/Wne(x—y)\é(X)—i()Hvs( Ny <b [ [ mele—y) =0 = ey

<bLip(8) | [ nete—)lve(oldrdy
<49 Lip(&) [ve 1o

where we used (4.28)) and change of variables to establish the last inequality. Also,
1 . . 4d o R
2 [ [ nele= )19 e EWlaxdy < = [ ] mae (& =5)[5() = ) ey
43d
[ el 3 = vel) .

The first inequality is obtained thanks to the fact that |&(y)| < 1 and @28)), while the second
inequality is obtained by a change of variables.
Using that

I nsete=ylvel) = ve(s)ldsdy <47 [ [ me(ey)lvel) = ve(s) ey

by combining the above inequalities we conclude that

sup - [ [ Mooyl e 1)y

<Csup( [ [ netaylve(s) < velasdy + el ) <=
e>0 \/DJD

Using the proof of Proposition 3.1 in [4] we deduce that the sequence {V,}¢~0 is relatively

compact in L' (RY) which implies that the sequence {ve},. is relatively compact in L' (D).

O

Remark 4.2.4. We remark that the difference between the compactness result we proved above
and the one proved in Proposition 3.1 in [4)] is the fact that we consider functions bounded
in L', instead of bounded in L= as was assumed in [4|]. Nevertheless, after extending the
functions to the entire R? as above, one can directly apply the proof in [4] to obtain the
desired compactness result.

Now we are ready to establish the compactness from Proposition|1.0.7

Proof of Proposition[I.0.7|(Compactness). Suppose {ug}o-, C L'(D) is as in the statement.
As in Lemma we can assume that p = 1. By Remark 5.3 in [12], there exists a bi-
Lipschitz map ® : D — D where D is a domain with smooth boundary. For every £ > 0
consider the function v, := ug 0 ® and set 1 (s) := N (Lip(®) s), s € R.
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Since O is bi-Lipchitz we can use a change of variables, to conclude that there exists a
constant C > 0 (only depending on ®) such that:

[ e@lar < [ juelay,

and

C [ [ neler=)uel) ~e(s)|dxdy > [ [ me(©0x) —©03) [ve(x) ~vel) iy
> [ [ Aele=3)lve() = ve) dxay:

The second inequality using the fact that 17 is non-increasing (assumption (K2)). We conclude
that the sequence {v¢}.., C L!(D) satisfies the hypothesis of Lemma (taking 1 = AN).
Therefore, {ve},. is relatively compact in L'(D), which implies that {ue},. is relatively
compact in L' (D). O

Corollary 4.2.5. Let D be a bounded, open, and connected set in RY. Suppose that the se-
quence of functions {ue }o-o C L'(D,p) satisfies:

sup ””e”Ll(D,p) < oo,
>0

supTVe(ug;p) < co.

e>0

Then, {ug} .- is locally relatively compact in L' (D, p).
In particular if

sup [|ue || z=(p) < o,
>0

then, {ug} .- is relatively compact in L'(D, p).

Proof. If B is a ball compactly contained in D then the relative compactness of {ug}¢~0 in
L' (B, p) follows from Lemma We note that if compactness holds on two sets D and D,
compactly contained in D, then it holds on their union. Therefore it holds on any set compactly
contained in D, since it can be covered by finitely many balls contained in D.

The compactness in L' (D, p) under the L™ boundedness follows via a diagonal argument.
This can be achieved by approximating D by compact subsets: Dy C D, D = U;Dy, and using
the fact that lim—.c. Supe ¢ l|ue || L1 (p\ D, ,p) = O- O
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Chapter 5

I'-convergence of graph total variation
and its implications

In this chapter we establish Theorem [1.0.2] A few remarks help clarify the hypotheses and
conclusions of Theorem The scaling condition g, > (logn)?¢n~'/ (where p, =3 /4 and
pa = 1/d for d > 3) comes directly from the existence of transportation maps from Proposition
This means that &, must decay more slowly than the maximal distance a point in D has to
travel to match its corresponding data point in V,,. In other words, the similarity graph G,, must
contain information on a larger scale than that on which the intrinsic randomness operates.
Additionally, we must remark that the conclusion of the theorem still holds if the partitions
{Y,7,Y, } only approximate an optimal balanced cut, that is, if the energies of {¥,",Y,*“} satisfy

lim

n—oo

Cut(Y,*,Y,5) . Cut(Y,Y°)
— 1 . _min———= | =0.
Bal(Y?,Y:¢)  vcv, Bal(Y,Ye)

As seen from the proof of Theorem|1.0.2]in Section this follows from Proposition|1.1.
It is also important to remark the optimality of scaling of &, for d > 3. In fact, if d > 3 then
the rate presented in the statement of Theorem |1.0.2]is sharp in terms of scaling. Namely for

D = (0,1)4, v being the Lebesgue measure on D and 1 compactly supported, it is known from
/d
graph theory (see [39,41}/56|]) that there exists a constant ¢ > 0 such that if &, < ¢ (lorgll’;?,l ' then

the weighted graph associated to (V,,, W,) is disconnected with high probability. The resulting
optimal discrete cuts have zero energy, but may be very far from the optimal continuum cuts.
In case d =2 on the other hand, the connectivity threshold for a random geometric graph is
& = cloi(f/)zl/z, which is below the rate for which we can establish the consistency of balanced
cuts. Thus, an interesting open problem is to determine if the consistency results are still
valid when the parameter &, is taken below the rate loi(ln/);/A
above the connectivity rate. In particular we are interested in determining if connectivity is the

determining factor in order to obtain consistency of balance graph cuts.

we obtained the proof for, but

73



74 CHAPTER 5. I'-CONVERGENCE OF GTV, ¢, AND ITS IMPLICATIONS

As stated in the Introduction, before we establish Theorem [I.0.2] we first prove Theorem
1.0.4] Corollary and Theorem We rely on the results established in the previous
chapters.

5.1 TI'-convergence of GTV, ¢,

In this section we present the proof of Theorem[1.0.4]

Proof of Theorem[1.0.4] We use the sequence of transportation maps {7}, from Proposi-
tion[1.0.9] Let w € Q be such that (T.22)) and (I.23)) hold in cases d =2 and d > 3 respectively.
By Proposition[1.0.9|the complement in Q of such s is contained in a set of probability zero.

Step 1: Suppose first that 1) is of the form 1 (¢) = a for t < b and = 0 for t > b, where
a,b are two positive constants. Note it does not matter what value we give to 1 at b. The
key idea in the proof is that the estimates from Proposition|1.0.9|on transportation maps imply
that the transportation happens on a length scale which is small compared to €,. By taking a
kernel with slightly smaller 'radius’ than &, we can then obtain a lower bound, and by taking
a slightly larger radius a matching upper bound on the graph total variation.

1
Liminf inequality: Assume that u,, TL, 1 as n — oo. Since T3V = Vy, using the change of
variables (2.4)) it follows that

1
GTVy g, (un) = & Joen Ne, (Tn(x) = T () |tn © T (x) — 0 T (y)| p (x) p (v)dxdy. (5.1)

Note that for Lebesgue almost every (x,y) € D x D
‘Tn(x) - Tn(y)‘ > be, = |x_y‘ > bg, — 2||Id - Tn”L"“(D)' (5.2)

Thanks to the assumptions on {&,}, . ((I.22) and (I.23) in cases d =2 and d > 3 respec-
tively), for large enough n € N:

~ 2
E =&, — EHId_ THHL""(D) > 0.
By (5.2), for large enough n and for almost every (x,y) € D x D,
(U)o (BT
g, &,

Let i1, = uy o T,,. Thanks to the previous inequality and (3.1J), for large enough n

61Vnslin) 2 gr [0 (B2 ) -0l pp Iy
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TL! LY(D
Note that 8” — 1 as n — oo and that u,, — u implies i, (—E ) u as n — oo. We deduce from

Proposmonnthat liminf, . TV, (43 p) > 0y TV (u; p?) and hence:

liminf GTV,, ¢, (un) > 05 TV (u;p?).

n—oo

Limsup inequality: By Remark[I.1.2]and Proposition4.1.4] it is enough to prove the limsup
inequality for Lipschitz continuous functions u : D — R. Define u, to be the restriction of u

. .o .. . TL!
to the first n data points xy,...,X,. The fact that u is Lipschitz implies that u, — u. Now,
consider &, := €, + %Hld — Tn”L"“(D) and let i,, = u, o T,. Then note that for Lebesgue almost

every (x,y) € DxD
 (BOT0I) o ()

e o (PO ) -, pop ey

&

Then for all n

| (5.3)
<5 M =) ) = 0,0) P ()P ()ddy:
Also
;n | e =) () — u)| = [uo Th(x) — uo T, () ()P )y
<2 [ e (x—y)lux) - o T(x) [p(x)p (y)dxdy (5.4)
&, JDxD

_ 2CLip(u ||p||Lw
A

where C = [ 1 (h)dh. The last term of the previous expression goes to 0 as n — co, yielding
.1
im o ([ e )lute) ~u)lp(p ()i

- [l o T e TP (P )y ) =o.
DxD

Since £ — 1 as n — oo, using (5.3) we deduce :

1 T,(x)—T,
limsup GTV, ¢, (un) =limsup —— /Dan (M) luo T, (x) —uo T, (y)| p(x)p(y)dxdy

n—oo n—oo &y
1
<limsup=- | Mg, (x=y)[uoTu(x) —uoTu(y)[p(x)p(y)dxdy

:hmsupTVgn(u;p) = oy TV (u;p?),

n—oo
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where the last equality follows from the last part of Proposition[1.0.7]

Step 2: Now consider 1) to be a piecewise constant function with compact support, satis-
fying (K1)-(K3). In this case n = Zi:l 1M for some / and functions 7, as in Step 1. For this
step of the proof we denote by GTV,f ¢, the total variation function on the graph using 1.

1
Liminf inequality: Assume that u, TL, 1 asn — oo, By Step 1:

LminfGTV, ¢, (u,) = hmmfz GTVnkg (un)

n—oo n—oo

! !
> Z iminfGTV,y, (un) > Y 00, TV (u;p?) = 0TV (u;p?).
-1 n—oo =1
Limsup inequality: By Remark [I.1.2]it is enough to prove the limsup inequality for u :
D — R Lipschitz. Consider u, as in the proof of the limsup inequality in Step 1. Then

i
limsup GTV, ¢, (u,) = limsup Z GTVn]fgn (utn)

n—so0 n—oo |
l l
< thsquT Z on TV (u; p?) = GnTV(u;pz).
k=1 n—e k=1
Step 3: Assume 1) is compactly supported and satisfies (K1)-(K3).
Liminf Inequality: Note that there exists an increasing sequence of piecewise constant
functions 7 : [0,0) — [0,00) (1 from Step 2 is used as 1y here), with 17, /' N as k — oo

a.e. Denote by GTVHI‘@1 the graph TV corresponding to n;. If u, T—Ll> u as n — oo, by Step 2
0y, TV (u;p?) <liminfy—.ce GTV;r . () < liminf, e GTV, g, () for every k € N. The mono-
tone convergence theorem implies that limy ... oy, = 6, and so we conclude that 6, TV (u; p?) <
liminf, e GT Vy g, (utn).

Limsup inequality: As in Steps 1 and 2 it is enough to prove the limsup inequality for u
Lipschitz. Consider u, as in the proof of the limsup inequality in Steps 1 and 2. Analogously
to the proof of the liminf inequality, we can find a decreasing sequence of functions 7, :
[0,00) — [0,0) (of the form considered in Step 2), with 1), \, N as k — o a.e. Proceeding
in an analogous way to the way we proceeded in the proof of the liminf inequality we can
conclude that limsup,_,., GTV,, ¢, () < 0TV (u; p?).

Step 4: Consider general 7, satisfying (K1)-(K3). Note that for the liminf inequality we
can use the proof given in Step 3. For the limsup inequality, as in the previous steps we can
assume that u is Lipschitz and we take u, as in the previous steps. Let a > 0 and define
Ny @ [0,00) — [0,00) by M, () :=N(t) for t < o and N, (t) =0 for r > o. We denote by
GTV,7, the graph total variation using 1. Then

1 |Tn(X)—Tn(y)|
GTV, ¢, (uy) = GTV + T / <
e tn) &)+ 2 TW-To)>as | &n

e (5.5)
o T (x) —uoTy(y)| p(x)p (y)dxdy.
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Let us find bounds on the second term on the right hand side of the previous equality
for large n. Indeed since for almost every (x,y) € D x D it is true that |x —y| < |T,(x) —

T,(y)|+2|1d — T,|| 1= (py and | T, (x) — T, ()| < |x —y|+2|[Id — T, | 1= (py We can use the fact that

M — 0 as n — oo to conclude that for large enough n, for almost every (x,y) € DxD

forwhlch|T( ) —T,(y)| > ag, it holds that |x — y| < 2|T,(x) — T,,(y)| and |T,,(x) — T,,(y)| <
2|x —y|. We conclude that for large enough n

1 / <|Tn(x)—Tn(y)|>
————= | |[uoT,(x) —uoT, X dxd
gt \Tn(x)—n(y)|>ae,,n €, | (x) ()| p(x)p(y)dxdy

En
HPHLw |x —y]
<7 uoT,(x)—uoT, dxd
<2 [ (B wem —uonoay

2Lip(u )HPH%}”(D) Ix—y
< — y|dxdy.
n gdt! /xy>ot£,1/2n ( 2¢g, > b = yldxdy

To find bounds on the last term of the previous chain of inequalities, consider the change of
variables (x,y) € D x D +— (x,h) where x =x and h = 2 =2, we deduce that:

2 |x_)7|> /
x—yldxdy < C h|dh,
s /xy|>a€n/2n( 2e ) o yldxdy (R)[A]

where C does not depend on n or . The previous inequalities, (5.3) and Step 3 imply that

lmsup GT Vi (1) < limsup GTVS, () + Lip() 19 -5,C f, , nIhidn
n—oo n—oo
<on,TV(060) + Lin@ P10 C [, i,

Finally, given the assumption (K3) on 7, sending ¢ to infinity we conclude that

limsup GT V¢, () < o TV (13 p%).

n—oo

We now present the proof of Theorem on compactness.

Proof of Theorem[I.0.6] Assume that {u,},cy is a sequence of functions with u, € L'(D, v,)
satisfying the assumptions of the theorem. As in Lemma [{.2.3] and the compactness part of
Proposition without loss of generality we can assume that 7 is of the form n(7) = a if
t <band n(t) =0 fort > b, for some a and b positive constants.

Consider the sequence of transportation maps {7}, from Proposition Since
{&:},eny satisfies (I.19), estimates (I.22) and (1.23) imply that for Lebesgue a.e. z,y € D
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with |7, (z) — T, (y)| > b, it holds that |z —y| > be, —2[|Id — T, || ;=(p). For large enough n, we

~ 20 1d—T, |
set &, :=¢, — % > 0. We conclude that for large n and Lebesgue a.e. z,y € D:

n (IZ;I) n (Tn(Z)g—nTn(y))_

Using this, we can conclude that for large enough n:

<Z y|) |un e} Tn(Z) —Upo Tn(y)‘p(z)p(y)dzdy

i o [ () o1 - o0l p )p )0y

— GTV”;En (l/ln) .

d+1

Thus

1 z—
sp v [ n(' - y‘)\unom)—unoTn<y>|p<z>p<y>dzdy<oo.
neN &, DJD &

n

Finally noting that % — 1 as n — oo we deduce that:

supz- [ [ 1, (=) a0 1o (2) =0 1) ) )iy <=
ne n

By Proposition we conclude that {u, o T,}, .y is relatively compact in L' (D) and hence
{un}, ey is relatively compact in TL. O

We now prove Corollary on the I'-convergence of graph perimeter.

Proof of Corollary[[.0.5] Note that if {Y,}, is such that ¥, C {xi,...,x,} and 1y, T, 14
as n — oo for some A C D, then the liminf inequality follows automatically from the liminf
inequality in Theorem [I.0.4] The limsup inequality is not immediate, since we cannot use the
density of Lipschitz functions as we did in the proof of Theorem [I.0.4] given that we restrict
our attention to characteristic functions.

We follow the proof of Proposition 3.5 in [28]] and take advantage of the coarea formula
of the energies GTV, ¢,. Consider a measurable subset A of D. By the limsup inequality
in Theorem we know there exists a sequence {u, },.n (With u, € L'(D,v,)) such that

1
up 255 1, and lim SUP,,_,0o GTVyy g, () < 0TV (14;p?). Itis straightforward to verify that the
functionals GTV,, ¢, satisfy the coarea formula:

GTVn’gn (un) = / GTVn,Sn(l{un>s})ds
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Fix0<d < % Then in particular:

1-6
s GTVrz,sn(l{un>s})dS < GTVn,Sn (un)

For every n there is s, € (6,1 — ) such that GTV, ¢, (11, >5,1) < ﬁGTVn@l(un). Define

. . TL! .
A% :={u, > s,}. Itis straightforward to show that 1,5 — 14 as n — oo and that limsup,,__ Per, ¢, (A%) <

1

=55 On Per(A; p?). Taking § — 0 and using a diagonal argument provides sets {A,},,.y such

1
that 14, Iz, 14 as n — oo and limsup,,_., Per, ¢, (A,) < oy Per(A;p?). O

Remark 5.1.1. There is an alternative proof of the limsup inequality above. It is possible
to proceed in a similar fashion as in the proof of the limsup inequality in Theorem In
this case, instead of approximating by Lipschitz functions, one would approximate 14 in TL'
topology by characteristic functions of sets of the form G = E D where E is a subset of R?
with smooth boundary. As in the proof of Theorem[1.0.4} the key is to show that for step kernels
(M(t) = b if 0 <t < aand zero otherwise)

lim GTV, ¢, (1) = TV (15;p?).
n—oo
To do so one needs a substitute for estimate (5.4). The needed estimate follows from the

following estimate: For all G as above, there exists 8 such that for all n for which ||Id —
To||=p) < O,

| 16() = 16(T; () dv < 4Per(E) 11d T 1o

This estimate follows from the fact that if 16(x) # 16(T,(x)) then d(x,0E) < |x — T, (x)| and
the fact that, for § small enough, |{x € R? : d(x,0E) < §}| < 4Per(E)3, which follows from
Weyl’s formula [|74)] for the volume of the tubular neighborhood. Noting that the perimeter of
any set can be approximated by smooth sets (see Remark 3.42 in [|6|]) and using Remark|[I.1.2]
we obtain the limsup inequality for the characteristic function of any measurable set.

5.1.1 Extension to different sets of points

Consider the setting of Theorem[1.0.4] The only information about the points x; that the proof
requires is the upper bound on the co-transportation distance between v and the empirical
measure V,. Theorem provides such bounds when x; are i.i.d. distributed according to
v. Such randomness assumption is reasonable when modeling randomly obtained data points,
but in other settings points may be more regularly distributed and/or given deterministically.
In such setting, if one is able to obtain tighter bounds on transportation distance this would
translate into better bounds on &, in Theorem[I.0.4]for which the I'-convergence holds.
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That is, if xi,...,X,,... are the given points, let v, still be % ", O,. If one can find
transportation maps 7, from Vv to v, such that

n"4|1d — T,|| 1= (p)

lim sup <C 5.6)
for some nonnegative function f : N — (0,c0) then Theorem would hold if
. f(n) 1
r}glolo nl/d &y - O
We remark that f must be bounded from below, since for any collection V = {xi,...,X,}
in D, sup,cpdist(y,V) > en /4 and thus n'/?||Id — T;|| > c.
One special case is when D = (0, l)d, v is the Lebesgue measure and xi,...,X,,... is a

sequence of grid points on diadicaly refining grids. In this case, (5.6) holds with f(n) = 1 for
all n and thus I'-convergence holds for g, — 0 such that lim,,_, m = 0. Note that our results
imply I'-convergence in the TL! metric, however in this particular case, this is equivalent to
the L' -metric considered in [28] and [21] where for a function defined on the grid points we
associate a function defined on D by simply setting the function to be constant on the grid
cells. This follows from Proposition[2.2.13

5.2 Consistency of Cheeger and ratio graph cuts

We note that convergence in TL! was only defined for functions, and thus it is important to
clarify what is meant by 7L'-convergence for partitions. In fact, when defining a notion of

convergence for sequences of partitions {Y/",..., Y7}, we need to address the inherent ambi-
guity that arises from the fact that both {Y}*,...,Y}} and {Ylﬁ’(1>7 Yy R)} refer to the same
partition for any permutation P of {1,...,R}. Having the previous observation in mind, the

convergence of partitions is defined in a natural way.

Definition 5.2.1. The sequence {Y',...,Yg}, ., where {Y]',...,Yg'} is a partition of V,, con-
verges in the TL'-sense to the partition {Ay,...,AR} of D, if there exists a sequence of permu-
tations {P,}, o of the set {1,...,R}, such that for every r € {1,...,R},

TL!
1yn — 14, asn— oo,
Pa(r) r

We start the proof of Theorem [I.0.2] by showing that (I.3)) actually has a minimizer. The
first step is to reformulate (1.5)) in a way that allows us to handle the balance term. We extend
the balance term to arbitrary functions u € L'(D, v):

Br(u) = /D ju(x) — meany () p(x) dv and  Be(u) = min /D u(x)—clp(x) dx,  (5.7)
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where mean, (u) denotes the mean/expectation of u(x) with respect to the measure dv = pdx.
From here on, we use B to represent either Br or B¢ depending on the context. We have the

relations (see (1.3))
BR(IA) = BalR(A,AC), BC<1A) = BalC(A,AC), (58)

for every measurable subset A of D. We also consider normalized indicator functions 14 given
by

ACD,
and consider the set
Ind(D) := {u € L'(v) : u = 14 for some measurable set A C D with B(14) #0}. (5.9)

Then for u = 14 € Ind(D)

< 14 TV(14;p?)  2Per(A;p?)
TV (u;p*) =TV (1:p*) =TV p7 ) = = : 5.10
(u;p%) (1a;p7) <B(1A) p B{1,) Bal(A4.A°) (5.10)
Thus, we deduce that problem (I.3)) is equivalent to :
TV (u;p?) if u €Ind(D
Minimize  E(u) ::{ (u;p%)  ifu € Ind(D) (5.11)
o0 otherwise.

Before we show that the above problem actually has a minimizer we need the following lemma.
Lemma 5.2.2. (i) The balance functions B are continuous in L' (D, V).
(ii) The set Ind(D) is closed in L' (D, V).

Proof. Let us start by proving (i). We first consider the balance term B¢ (u) that corresponds
to the Cheeger Cut. Suppose that u; — u in L' (D, v), and let ¢, c.. denote medians of u; and
u respectively. By definition, ¢, and c satisfy

ckEargmin/|uk(x)—c|p(x) dx, cwEargmin/|u(x)—c|p(x) d.
ceR D ceR D

This implies that
[ ) = eulp() dx < | ue() —clp() d
for any ¢ € R, so that in particular we have

[ lm=culp) de= [ ju—co] p(x) ds

< [ —colp@dr— [ ju—colpdr < [ . —ulp(0)dx = i~ s,
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Exchanging the role of u; and u in this argument implies that the inequality

[ u=coldp~ [ = cip(dx < [ fu—ulp(de < =l
D D D

also holds. Combining these inequalities shows that |B(ux) — B(u)| < [Jux — ul|r, (p,v) — 0 as
desired. Now consider the balance term Bg () that corresponds to the ratio Cut. For the ratio
cut, the inequality ||a| — |b|| < |a — b| immediately implies

|~ meany ) lp (e [ meany ) lp (1)
§/D|uk—u|p(x)dx+/D|meanp(uk)—meanp(u)|p(x)dx

< /D|uk—u|p(x)dx+ | mean, (i) — mean, (i),

Since ux — uin L' (D, v) we have that mean, () — mean, (u) and therefore |B(ux) — B(u)| <
l|ux — ul| 1, (p,v) + | meany (ug) — mean (u)| — O as desired.

In order to prove (i) suppose that {u},.y is a sequence in Ind(D) converging in L! (D, v)
to some u € L'(D, V), we need to show that u € Ind(D). By (i) we know that B(u;) — B(u)
as k — oo. Since u € Ind(D), in particular B(u) = 1. Thus, B(u) = 1. On the other hand,
uy € Ind(D) implies that uy has the form u; = 0414,. Since this is true for every k, in particular
we must have that u has the form u = a14for some real number & and some measurable subset
A of D. Finally, the fact that B is 1-homogeneous implies that 1 = B(u) = aB(14). In particular

B(14) #0and o = B(L‘). Thus u = 1,4 with B(14) # 0 and hence u € Ind(D). O

Lemma 5.2.3. Let D and v be as stated at the beginning of this section. There exists a mea-
surable set A C D with 0 < v(A) < 1 such that 14 minimizes (5.11).

Proof. The statement follows by the direct method of the calculus of variations. Since the
functional is bounded from below it suffices to show that it is lower semicontinuous with
respect to the L' (D, v) norm and that a minimizing sequence is precompact in L' (D, v). To
show lower semi-continuity it is enough to consider a sequence u, = 14, € Ind(D) converging
inL'(D,v)tou€ L'(D,v). From Lemma|5.2.2|it follows that u € Ind(D) and hence u = 14 for
some A with B(A) > 0. Therefore 14, — 14 as n — oo in L!(D,v). The lower semi-continuity
then follows from the lower semi-continuity of the total variation (4.4), the continuity of B
and the fact that since B(14) > 0, 1/B(14,) — 1/B(14) as n — co. The precompactness of any
minimizing sequence of (5.11)) follows directly from Theorem 5.1 in [10], which completes
the proof. 0

The next step in the proof of Theorem[1.0.2]is to reformulate problem[1.2)in a similar way
to the way we reformulated For u, € L'(D,v,), we define

By (un) ::/D]un(x)—meann(un)\dvn(x) and B¢ (uy) := minceR/D\un(x)—ddvn(x).
(5.12)
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Here mean, (u,) = [, un(x)dv,(x). A straightforward computation shows that for ¥, C V,
Br(1y,) = Balg(¥,,Y;), B&:(1y,) =Balc(Yy,Y)). (5.13)

From here on we write B, to represent either By or B{: depending on the context. GivenY, CV,
with B, (1y,) # 0, the normalized indicator function 1y,(x) is defined by

Iy, (x) = 1y, (x)/Be(1y,) or 1y, (x) =1y, (x)/Bx(1y,).
Note that B, (1y,) = 1. We also restrict the minimization of E,(u) to the set
Ind,(D) := {u, € L (D, V)t up = iyn for some ¥, C 'V, with B,(1y,) # 0}. (5.14)

Now, suppose that u,, € Ind, (D), i.e. that u, = iyn for some set ¥, with B,(1y,) > 0. Using
(5.8) together with the fact that GT'V,, ¢, is one-homogeneous implies, as in (5.10)

2 Cut(Y,,Y°)

GTV, = . 5.15
anltn) = e T Bal(¥,, ¥) 619
Thus, the minimization problem
GTV, if Ind, (D
Minimize En(un) e { n,& (Mn) I u, E.n n( ) (516)
o0 otherwise.

is equivalent to the balanced graph-cut problem (1.2) on the graph G, = (V,,,W,) constructed
from the first n data points.
Now, note that

wh(x) =1y (x), uy(x) =1y (x) minimize  E,(u,) overall u, € L'(D,v,), (5.17)

n n

and that

w*(x) ;= 14+ (x), u™(x) :==14c(x) minimize E(u) overall uc L'(D,v). (5.18)

We show that the approximating functionals E, I'-converge to oyE in the TL'-sense. In
Lemma we establish that «;, and u* exhibit the required compactness. Thus, they must
converge toward the normalized indicator functions u* and u** up to relabeling (see Proposi-
tion[L.1.5). If {A*,A**} is the unique minimizer of[1.5] the convergence of the whole sequence
follows. The convergence of the partition {Y,",Y,*“} toward the partition {A*,A*} in the sense

ni»tn

of Definition [5.2.1] is a direct consequence. The convergence (I.16) follows from (I.25) in

Proposition [I.1.5]
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I'-convergence

Proposition 5.2.4. (I'-Convergence) Let the domain D, measure v, kernel 1, sequence { €, }nen,
sample points {x;}icn, and graph G, satisfy the assumptions of Theorem Let E,, be as

defined in (5.16) and E as in (5.11)). Then

r . .
E, — o,E  with respect to TL' metric as n — oo.

We leverage Theorem [I.0.4]to prove this claim. We first need a preliminary lemma which
allows us to handle the presence of the additional balance terms in and (5.11).
1
Lemma 5.2.5. (i) If {un},cy is a sequence with u, € L'(D,v,) and u, L, u for some
u € LY(D,V), then B, (u,) — B(u).

(ii) If u, = iyn, where Y, CV,, converges to u = 1,4 in the TL -sense, then 1y, converges to
1,4 in the TL!-sense.

. TL! .
Proof. To prove (i), suppose that u, € L'(D, V,) and that u, — u. Let us consider {7,,},,c
a stagnating sequence of transportation maps between v and {V,},.y. Then, we have u, o

1
T, L) and thus by (i), we have that B(u, o T,,) — B(u). To conclude the proof we notice

that B(u, o T,) = B,,(u,) for every n. In fact, by the change of variables (2.4)) we have that for
everyc € R

/|un(x)—c|dvn(x):/ ity © Ty (x) — cldv (x). (5.19)
D D

In particular we have B.(u,,) = Bc(u, 0 T,). Applying the change of variables (2.4)), we obtain
mean,, (u,) = mean, (u, o T,) and combining with (5.19) we deduce that B (u,,) = Br(u, o Ty,).
The proof of (ii) is straightforward. O

Now we turn to the proof or Proposition [5.2.4]

Proof of Proposition[5.2.4)  Liminf Inequality. For arbitrary u € L'(D,v) and arbitrary se-

. . TL!
quence {uy, },cy With u, € L'(D,v,) and with u, — u, we need to show that

li’?lingn(un) > onE(u).
First assume that u € Ind(D). In particular E (1) = TV (u; p?). Now, note that working along
a subsequence we can assume that the liminf is actually a limit and that this limit is finite
(otherwise the inequality would be trivially satisfied). This implies that for all n large enough
we have E, (1) < oo, which in particular implies that E, (u,) = GTV,,¢, (n). Theorem[1.0.4]
then implies that

liminfE, (u,) = liminf GTVy, ¢, () > 0 TV (u;p*) = 04 E (u).

n—oo n—oo
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Now let as assume that u ¢ Ind(D). Let us consider a stagnating sequence of transportation

1
maps {7}, between {V,},. and v. Since u, T u then u, 0T, Loy u. By Lemma|5.2.5
, the set Ind(D) is a closed subset of L!(D,v). We conclude that u, o T;, ¢ Ind(D) for all large
enough n. From the proof of Lemma we know that B, (u,) = B(u, o T,) and from this
fact, it is straightforward to show that u, o T, € Ind(D) if and only if u, ¢ Ind,(D). Hence,
u, ¢ Ind, (D) for all large enough n and in particular liminf,cy E,(u,) = 4o which implies
that the desired inequality holds in this case.

Limsup Inequality. We now consider u € L'(D,v). We want to show that there exists a

. TL!
sequence {u, },.y With u, € L'(D, V,) such that u, — u and

limsupE, (u,) < oyE(u).

n—oo

Let us start by assuming that u ¢ Ind(D). In this case E(u) = +oo. From Theorem we

know there exists at least one sequence {u, }, . with u, € L'(D,V,) such that u, 7, u. Since
E(u) = oo, the inequality is trivially satisfied in this case.

On the other hand, if u € Ind(D), we know that u = 1, for some measurable subset A of D
with B(14) # 0. By Theorem[1.0.5] there exists a sequence {Y,},.y With ¥, C V,,, satisfying

1y, ™5 1, and
limsup GTV,¢,(1y,) < 0TV (14;p7). (5.20)

n—oo

1
Since 1y, Iz, 14 Lemma/|5.2.5|implies that

B,(1y,) — B(14). (5.21)

In particular B, (1y,) # 0 for all n large enough, and thus we can consider the function u, :=

~ 1
1y, € Ind, (D). From (5.21]) it follows that u, L, 4 and together with (5.20) it follows that

1

TV (14: PAR T . A2 )
B(IA)GW V(1asp ) On V(u’p )

limsupGTV, ¢ (u,) = limsu
n—><x>p n78ﬂ( n) n—»wan(Yn)

GT Ve, (1y,) <

Since, u, € Ind, (D) for all n large enough, in particular we have GTV, ¢, (u,) = E,(u,) and
also since u € Ind(D), we have E(u) = TV (u; p?). These facts together with the previous chain
of inequalities imply the result. O

Compactness

Lemma 5.2.6 (Compactness). Any subsequence of {u};},>1 or {u};* },>1 of minimizers of E,
(defined in (5.17) and (5.18))) has a further subsequence that converges in the T L!-sense.
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Proof. Let uj,,u;* denote minimizing sequences. Thanks to Theorem [1.0.6} to show that any

n'n

subsequence of u;, has a convergent subsequence, it suffices to show that both

limsup GTV, ¢, (u,) < 400 (5.22)
n—o0
limsup [[uyl[11(y,) < +oo, (5.23)
n—oo

hold. From the I'-convergence established in Proposition and from the proof of Propo-
sition [I.1.5] it follows that (5.22)) is satisfied for both minimizing sequences. Recall that
uy = 1y /B, (1y:) and that u;* = 1y /B,(1y:), where Y,* denotes an optimal balanced cut.

To show (5.23)), consider first the balance term that corresponds to the Cheeger Cut. Define
a sequence v, as follows. Set v, := u if |Y,"| < |¥,¢| and v, = u}* otherwise. It then follows
that

e, — MELIESD)
ML) T min{| Y|, (v}

Also, note that GT V¢, (v,) = GT V¢, (u;). Thus (5.22) and (5.23)) hold for v,, so that any

subsequence of v, has a convergent subsequence in the TL'-sense. Let Vi, LN v denote a con-
vergent subsequence. Now observe that by construction v,, minimizes E, for every k. Thus,
it follows from Proposition [5.2.4] and general properties of I'-convergence (see Proposition
[I.1.5), that v minimizes E and in particular v is a normalized characteristic function, that is,

1
v =14/B(14) for some A C D with B(14) # 0. Since Bnk(lY,,*k) = Bnk(lﬁi‘;)’ Vi ., implies
that

1.

1 1
B, (Y;)  B(A)

N

Therefore, for large enough k£ we have

* <
||unk||L1(D,V,,k) = Bnk (Y*)

3

and
1 1 2

|| < = < .
” nkHL (D;vwy) Bnk(Yl’;’;(C) Bnk(Yni) B(A)

We conclude that || ||z1py. yand ||u¥]|z1(p.y, ) remain bounded, so that both minimizing
. N ( sVin ) ! ny ( >Vnk) . ] .
subsequences satisfy (5.23)) and @D simultaneously. This yields compactness in the Cheeger
Cut case.
Now consider the balance term B(u) = Br(u) that corresponds to the Ratio Cut. Define
a sequence v, := u; — mean,(u;;), and note that GTV, ¢, (v,) = GTV, ¢, (u;;) since the total
variation is invariant with respect to translation. It then follows that

Vallzrp,v) = /D |14,(x) — meany (u,)|p(x) dx = B(u,) = 1.
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. . TL!
Thus the sequence {v,},cy is precompact in TL'. Let vy, — v denote a convergent sub-
sequence. Using a stagnating sequence of transportation maps {7y, },. between v and the

LY(D,v .
sequence of measures {V,, }, . we have that v, o T, (—> ) v. By passing to a further subse-

quence if necessary, we may assume that v, o T;, (x) — v(x) for v-almost every x in D.
For any such x, we have that either T,, (x) € Y or T, (x) € ¥,/ so that either

1 ) 1
or Vy, 01 X) =
Z‘In*k| e 2|) *C

Vny, © Tnk (x) =

Now, by continuity of the balance term, we have

B(V) = ,}E&Bnk(‘}nl\») =1,
and also
mean, (v) = lim mean,, (v,,) = 0.

k—oo

In particular the measure of the region in which v is positive is strictly greater than zero, and
likewise the measure of the region in which v is negative is strictly greater than zero. It follows
that both |V | and |V;¢| remain bounded away from zero for all k sufficiently large. As a
consequence, the fact that

. 1 1
I 0y = 3y I o) = 3y

implies that both (5.22) and (5.23)) hold along a subsequence, yielding the desired compact-
ness. O
Conclusion of the proof of Theorem [1.0.2]

Proof of Theorem From Proposition|1.1.5] we know that any limit point of {u]},cn (in
the TL'-sense) must equal u* or u**. As a consequence, for any subsequence uy, that con-

TL! . TL' .
verges to u* we have that 1Yn*k — 14+ by Lemma|5.2.5} while lyn*k — 14+ if the subsequence

. . TL' .
converges to u** instead. Moreover, in the first case we would also have ly;; — 14+ and in

TL ..
the second case lyn"k — 14+. Thus in either case we have

{Y* Y*c} T_L1> {A*’A*C}.

Ny = ng

Thus, for any subsequence of {Y,",Y,*“}, _ it is possible to obtain a further subsequence con-

ni»tn

verging to {A*,A*“}, and thus the full sequence converges to {A*,A*}. O
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Chapter 6

Consistency of multiway balanced cuts

In this chapter we establish Theorem|[I.0.10] Overall, its proof follows similar arguments to the
ones in the proof of Theorem[1.0.2] where the notion of I'-convergence plays the leading role.
Just as what we did in the two-class case, we reformulate both the balanced graph-cut prob-
lem (T.4) and the analogous balanced domain-cut problem (I.9) as equivalent minimizations
defined over spaces of functions and not just spaces of partitions or sets.

We let B, (u,) := mean,(u,) for u, € L'(D,v,) and B(u) := mean, (u) for u € L'(D, V),
to be the corresponding balance terms. Given this balance terms, we let Ind, (D) and Ind(D)
be defined as in and respectively. We can then let the sets .#,(D) and .# (D)
to consist of those collections % = (uy,...,ug) comprised of exactly R disjoint, normalized
indicator functions that cover D. The sets .#,(D) and .# (D) are the multi-class analogues of
Ind, (D) and Ind(D) respectively. Specifically, we let

R
My(D) = {(u'f?...,u;’e) uy; € Ind, (D), / uy (x)uy (x) dv,(x) =0 if r#s, ;u;’ > O} ,

D
(6.1)

R
M (D) = {(ul,...,uR) :u, € Ind(D), /Dur(x)us(x) dv(x) =0 if r#s, Z u, > 0} )
r=1
(6.2)

Note for example that if % = (uy,...,ug) € .# (D), then the functions u, are normalized
indicator functions, u, = 14,/|A,| for 1 <r <R, and the orthogonality constraints imply that
{A1,...,Ag} is a collection of pairwise disjoint sets (up to Lebesgue-null sets). Additionally,
the condition that Y'®_, u, > 0 holds almost everywhere implies that the sets {Ay,...,Ag} cover
D up to Lebesgue-null sets.

With these definitions at hand, we may follow the same argument in the two-class case to

89



90 CHAPTER 6. CONSISTENCY OF MULTIWAY BALANCED CUTS

conclude that that the minimization

R .
-1 GTV, " t U, € #,(D
Minimize Eﬂ(%) - { r=1 n,g, (ur) 1 n . l’l( ) (63)
o0 otherwise
is equivalent to the balanced graph-cut problem (1.4)), while the minimization
R 2y
L TV (u,; f% e # (D
Minimize E(%):= { =t TV (p?) i < (D) (6.4)
oo otherwise

is equivalent to the balance domain-cut problem (L.9).

At this stage, the proof of Theorem [I.0.10]is completed by following the same steps as in
the two-class case. In particular we want to show that E,, defined in I'-converges in the
TL!'-sense to oy E, where E is defined in That is, we want to prove the following.

Proposition 6.0.7. (I'-Convergence) Let the domain D, measure Vv, kernel 1, sequence {€, }nen,
sample points {x;}ien, and graph G, satisfy the assumptions of Theorem Consider the
functional E,, as in (6.3)) and the functional E as in (6.4). Then

r . .
E, — o,E  with respect to (TLI)R metric as n — oo.

That is

1. For any % € (LY(D,v))® and any sequence %, € (L'(D,v,))R that converges to % in
the TL! sense,
E(%) < liminf E,(%,). (6.5)
n—o0
2. For any % € (L'(D,V))R there exists at least one sequence %, that both converges to
U in the TL'-sense and also satisfies

limsup E,(%,) <E(%). (6.6)

n—oo

In the above, (TL")R :=TL! x --. x TL' (R times). (L'(D,v))R is defined analogously.

Remark 6.0.8. We remark that all the types of convergence for vector-valued functions are to
be understood as component-wise convergence in the corresponding topology. This helps us
clarify the way the TL! -convergence is considered in Proposition

Moreover, we establish the corresponding compactness.

Proposition 6.0.9 (Compactness). Any subsequence of { %, }n,>1 of minimizers to (6.3)) has a
further subsequence that converges in the TL'-sense.
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In order to establish Proposition however, there is an extra difficulty in relation to
the equivalent result in the two class case which has to do with the following. In Remark
[5.1.1] we use an approximation of arbitrary sets with sets that have smooth boundary and
whose perimeter approximates that of the original set. This is done in order to establish the
I'-convergence of the graph perimeter. Such approximation is a classical result in geometric
measure theory (see [6,[50]). To establish Proposition it would be desirable to have
a similar approximation procedure. The problem is that when one considers a partition of
a domain into three or more sets, triple junctions appear, implying that it is not possible to
approximate an arbitrary partition with partitions that consist of sets with smooth boundary.
Moreover, there is a priori no obvious way to find a ”smoother” partition, which approximates
the original partition, and recovers the perimeter of the sets that form the original partition.
For this reason the first step in order to establish Proposition and ultimately Theorem
1.0.10] is to provide such approximation step. In Section we establish Proposition [6.0.7

and Proposition[6.0.9]

6.1 Density of partitions consisting of piecewise smooth sets

Definition 6.1.1. We say that an open and bounded set A C R? has piecewise (PW) smooth
boundary if its boundary is a subset of the union of finitely many d — 1-dimensional manifolds
embedded in R?. Finally, we say that {Ay,...,Ar} is a partition of D induced by piecewise
smooth sets, if A, = Q.ND where for all r, Q, is a subset of R? with piecewise smooth boundary
such that

D1y,

p2 (D) =0.

In the above and throughout this section, we assume that p : D — R has been extended to
a lower semicontinuous function p : R? — R which is bounded above and below by the same
constants bounding p. This can be achieved for example by setting p = % on RY\ D. In this
section we write the dependence of the weighted total variation in terms of the set D or R? as
in (4.1).

We show that for any % = (iAl - .,iAR) where each of the sets A, has finite perime-
ter, there exists a sequence { %, = (1an,..., IA?)}meN’ where each of the %, is induced by
piecewise smooth sets, and such that for every r € {1,...,R}

1
Lo 21,

and
lim TV (1an; p%D) = TV (14,:p% D).

m-—oo

Note that by establishing the existence of such approximating sequence, it immediately
follows that %, — % in (L' (D,v))R and that lim,, ... E(%,) = E(% ) ( by continuity of the
balance terms). The approximation can be obtained from the Appendix in [11]. Here we
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present our own construction which relies on a simple observation (Lemma [6.1.2] below) and
the usual mollification-truncation argument (see Section 13.6 in [50]).

Lemma 6.1.2. Ler {A,,...,Ag} denote a collection of open and bounded sets with smooth
boundary in R? that satisfy

AN ANIA) =0, Vr £, (6.7)

where 79~ denotes the (d — 1)-dimensional Hausdorff measure. Let D denote an open and
bounded set. Then there exists a permutation m : {1,...,R} — {1,... R} such that

TV (1 );pZ;D) <TV(1a,,:p%D), Vre{l,...,R}.

Az \UE, 1 Aggs

Proof. The proof is by induction on R. Base case: Note that if R = 1 there is nothing to prove.
Inductive Step: Suppose that the result holds when considering any R — 1 sets as described
in the statement. Let Aj,...,Ag be a collection of sets as in the statement. By the induction
hypothesis it is enough to show that we can find r € {1,...,R} such that

TV(1x0y, 4505 D) < TV (14,07 D). (6.8)

To simplify notation, denote by I', the set dA, and define a, as the quantity

o= | PP A7 (),
r‘,ﬂ(As\Uk#r‘k#sAk)mD

Hypothesis and the smoothness of the sets A, imply that the equality

TV(1 :p%:D :/ 2(x) ds#? 1 (x) + dgr 6.9
(L4\Us a3 P73 D) Frm(uk#Ak)“mDp (x) (x) Sér (6.9)

holds for every r € {1,...,R}, as does the inequality

TV (14,:p2:D) 2/ p2(x) d? ! 4 Y a. (6.10)
F,Q(U,#,Ak)"ﬂD s SFEF

If TV(IA,_\US#AS;pZ;D) > TV (14,;p%; D) for every r then (6.10) and (6.9) would imply that

Z Qsr > Z ars, VT,
st SFEr st SFET
which after summing over r would imply
R R R
Z Z agr > Z Z Arg = Z Z Agr.
r=1s:s#r r=1s:s#r r=1s:s#r

This would be a contradiction. Hence there exists at least one r for which (6.8]) holds. O
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Lemma 6.1.3. Let D denote an open, bounded domain in R¢ with Lipschitz boundary and let
(Q1,...,0r) denote a collection of R bounded and mutually disjoint subsets of R¢ that satisfy

(i) TV(1g:p%RY) < +eo , (ii) [Dlg |,2(9D) =0 and (iii) D UE,Q..

Then there exists a sequence of mutually disjoint sets {A',... A}} with piecewise smooth
boundaries which cover D and satisfy

1 d
Lo 51y and  lim TV(14:p%:D) =TV (1g,:p%D) 6.11)
m—oo

forall1 <r <R

Proof. Let {¥ }ren denote some sequence of positive reals converging to zero and

B = g (’x> J>0, Jec=([0,1]), (x)dx =1,

YZ[ Ye

a corresponding sequence of positive, radially symmetric mollifiers. Let Dy := {x € R? :
dist(x,D) < 1} denote the open ¥-neighborhood of the domain D. For each k € N and each
0, in the collection let

J
R4

u',C =Jx1p,

denote a smoothed version of the characteristic function.
For any test function ® € C!(D : RY) with |®(x)| < p?(x), we have

/ i div(@(x) dx = — | 1g, div(J < ®(y)) dy < [D1g,| (D).
D Dy

The equality follows from the symmetry of J; and the fact that J; * ® has support within Dy,
while the inequality follows from the fact that |J;  ®| < p? so it produces an admissible test
function in the definition of the total variation. As a consequence,

limsup TV (u; D) < limsup |D1g, | p2(Di) = [D1g, |p2(D) = |D1g,|,2(D)
k—o0 k—o0
. . s Ll (]RH')
due to the second assumption in the statement of the lemma. The fact that uy —
bines with the lower-semicontinuity of the total variation to imply

1p, com-

TV(1g,;p%:D) < liminf TV (u¥;p?;D) <limsup TV (uf;p?;D) < TV(1g,;p* D).

k—o0

In other words, these sequences satisfy

—'1p,, TV (uf;p% D) — TV (1g,;p% D), 0<uf(x) <1 VxeRY
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The (u’l‘, ...,uk) also satisfy one additional property that will prove useful: there exists a
constant ¢&¢ > 0 so that

R
K (x) == Zu’r‘(x) >a>0 forall xeD.

r=1

To see this, note that the fact that D is an open and bounded set with Lipschitz boundary
implies that there exists a cone C C R? with non-empty interior, a family of rotations {R, } <D
and £ > 0 such that for every x € D,

x+R(CNB(0,8)) CD.

The fact that J is radially symmetric then implies that for every x € D,

[ ate=yyay> | Jile—=y)dy =
D X+Ry (CmB(ng))

/ Ji(y)dy = / , J)dy =z >0
CnB(0,¢) CNB(0,3)

for some positive constant . The summation ¥ (x) of all u¥ therefore satisfies the pointwise
estimate

v R ' R
20 = b= [ ) Lo 0) v [ Aoy = o

for all x € D as claimed.
Step 1: Now, for each u* and each ¢ € (0, 1) consider the superlevel set

ok (t) == {u’; >t}.

The first claim is that, for any fixed ¢ in (0, 1), the characteristic function 151, converges in
L' (RY) to the characteristic function of the original set. To see this, note that

0L\ Q, € {uf 10, > 1}
By Chebyshev’s/Markov’s inequality, if .#; denotes Lebesgue measure in R? then

2o 00\ 0) < 2 ({ld 101 >1}) < Tl ~1g, 1 0.

In a similar fashion,

1
—t

Za(@\ K1) = Zu ({luf=10| = (1=} ) < ~— k=1, — 0.
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As a consequence, it follows that

/Rd\lgé —1g,| dx =2y (0(1)\ Qr) +.Zu(Q:\ QK1) —

as claimed.

Step 2: The next claim is that there exists a set .7 C (0,1) of full Lebesgue measure
with the following property: if ¢ € .7 then Q¥(¢) has a smooth boundary for all k and all sets
(Q%(#),...,0%(t)) in the collection. To see this, note Sard’s lemma (see for example [50])
implies that for any fixed k € N the set Q%() has smooth boundary up to an exceptional set
Tir C (0,1) of Lebesgue measure zero. Now define the set .7 as

=(0,1) \UU%

k=1r=1

Note that .7 has full measure since a countable union of Lebesgue-null sets has measure zero.
If t € 7 then it does not lie in any of the exceptional sets, meaning that for each k and each r
the set Q%(¢) has a smooth boundary.

Step 3: We use a diagonal argument to construct an approximating sequence of partitions
that are not necessarily disjoint, but satisfy the hypotheses of Lemma (6.7).

For the set O, Step 1 and lower semi-continuity of the total variation imply that for all
te(0,1)

TV(1p,;p% D) < hmlnf TV(1, 0kt ),p ;D).

On the other hand, Fatou’s lemma combined with the co-area formula imply

hmmeV( 0P’ D) dt < lim TV( 0t):P° D) dt = lim TV (uk;p* D) =TV (1¢,;p% D).

0 koo 0

In other words,

and

hl?nnfTV( c;P%D) dt =TV (1g,3p% D),
0

which imply
hmmeV( (),p :D) =TV (1p,;p*D)

almost everywhere. In particular, there exists a#; € .7 with 0 < ; < o//R and a subsequence
{km } men with the property that

W 1y,

(6.12)

dQ)" (1) is smooth Vm,  lim TV(1 (1>;p2;D) =TV(1p,;p%D), 1

m-—oo

0" (1)
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We now pass to the set Q>. As anf’" (t1) is smooth and bounded for all m, it has zero
Lebesgue measure for all m in particular. As u];’" is smooth, Lemma 2.95 in [6]] implies that

A (904 (1) N 90k (1)) =0

for almost every ¢t € (0,1). Let .7 ,, denote the m™ exceptional set for which this property
does not hold. Define the set

=T\ Bom,

m=1

which has full Lebesgue measure. By definition, if t € % then QQS’" (t) is smooth for all m
and

i (aQ’;m (1) NaQk (t)) —0
for all m as well. Along the subsequence {k, }, the lower semi-continuity property still holds,

TV(1g,;p%D) < liminf TV(IQ;k(,);pZ;D),

as does the argument based on Fatou’s lemma and the co-area formula. In particular, there ex-
ists a further subsequence {k,, };cny and at, € 7 with 0 < £, < o¢/R so that (6.12) holds along

this subsequence. The analogous properties hold for the sets { Ql;'"’ (1)} as well. Moreover, the
relation

i1 (aQ’j'"' ()N (l‘z)) —0

also holds along this subsequence. By extracting (R —2) more subsequences in this way, we
obtain a subsequence taht we denote simply by &, of the original sequence together with a
sequence of sets Q% (¢,) with 0 < t, < ct/R that satisfy

1
90k (&) is smooth ¥, Tim TV (1, :p%D) =TV (1g,:p%D), g, "M,
i (aQ’;m (1) N A (zs)> —0 6.13)

for all m and all r # s.
Step 4: We now use the sets constructed in the previous step and lemma[6.1.2]to complete
the proof. Let Q™ := Q% (z,). We claim that the sets (Q,..., Q%) cover D as well. To see

this, suppose there exists
R
xeD\ (U Q’,“) :

r=1
This would imply that u*"(x) <, for all r by definition. In turn,

R
yhn(x) < Y iu<a,

r=1
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which contradicts the estimate on X% obtained earlier. Due to (6.13) and Lemma [6.1.2] for
each m € N there exists a permutation 7, : {1,...,R} — {1,...,R} with the property that

TV (1ap;p*;D) < TV (1gr;p*;D)

for all 1 <r <R, where A7 denotes the set

R
Ar=0"\ U

s=my (r)+1

Each A”" has a piecewise smooth boundary for all m due to the fact that each Q7" has a smooth
boundary. The disjointness of (Q,...,Qg) combines with the L!'-convergence of 1gn to 1p,

to show that
LY (R4
lA;n (—>) lQ’_

as well. This combines with lower semi-continuity of the total variation to imply

TV (1g,;p* D) < liminf; TV (14n; p% D)
n—o0
<limsup TV (1an;p% D) < limsup TV (1gn;p*;D) =TV (1g,;p*; D).

m—oo m—oo

Finally, noting that
R R
pclJor=Jar
r=1

r=1

and that the A" are pairwise disjoint yields the claim. O

To complete the construction we intended at the beginning at this section, we we need to
verify the hypotheses (i —ii) of the previous lemma. This is the content of our final lemma.

Lemma 6.1.4. Let D be an open bounded domain with Lipschitz boundary and let {Ay, ... AR}
denote a disjoint collection of sets that satisfy

A, CD and TV(1y:p%D) < oo

Then, there exists a disjoint collection of bounded sets (Qy,...,Qr) that satisfy Q,ND = A,
together with the properties

(i) TV(1g,;p*RY) < +eo and (i) |Dlg,|,2(9D) =0.

Proof. The proof follows from Remark 3.43 in [6]] (which with minimal modifications applies
to total variation with weight p?). O
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6.2 I'-convergence

Let us first establish Proposition We start with a Lemma which is the multi-class ana-
logue of Lemmas[5.2.2]and [5.2.5| combined.

Lemma 6.2.1. (i) If % — % in (L' (D, V))R then B(u*) — B(u,) for all 1 < r <R. (ii) The set

M (D) is closed in L' (D, V). (iii) If {%,} is a sequence with %, € (L'(v,))R and %, gy
for some % € (L'(D,v))R, then B,(u") — B(u,) for all 1 < r <R. (iv) If u, = 1y, where

ul
Y, CV,, converges tou = 1, in the TL'-sense, then 1y, converges to 1, in the TL'-sense.

Proof. Statements (i), (iii) and (iv) follow directly from the proof of Proposition [5.2.5] In
order to prove the second statement, suppose that a sequence {% },.y in .# (D) converges to
some 7 in (L'(D,v))R. We need to show that % € .# (D). First of all note that for every

LY(D, . . .
1<r<R,u* @ u,. Since u* € Ind(D) for every k € N, and since Ind(D) is a closed subset

of L'(D, v) (by Proposition , we deduce that u, € Ind(D) for every r.

The orthogonality condition follows from Fatou’s lemma. In fact, working along a subse-
quence we can without the loss of generality assume that for every r, u¥ — u, for almost every
x in D. Hence, for r # s we have

0< /Du,(x)us(x)dv( x) = [ liminf(u* (x)u¥ (x))dv(x) < liminf [ u*(x)uf(x)dv(x) = 0.

D k—o k—o0 D

Now let us write uf = 14¢/B(14¢) and u, = 1¢/B(14,). As in the proof of Proposition
(5.2.5) we must have B(14¢) — B(14,) as k — oo. Thus, for almost every x € D

R
1
Zu’( kﬂl}o;” kglolormmR B(1, ) r:ml.,l.?,RB(lA,)

O]

Proof of Proposition[6.0.7) Liminf inequality. The proof of follows the approach used

in the two-class case. Let %, T 7% denote an arbitrary convergent sequence. As .# (D) is
closed, if % ¢ .# (D) then as in the two-class case, it is easy to see that %, ¢ .#,(D) for all n
sufficiently large. The inequality (6.5) is then trivial in this case, as both sides of it are equal
to infinity. Conversely, if % € .# (D) then we may assume that %, € ., (D) for all n, since
only those terms with %, € .#,(D) can contribute non-trivially to the limit inferior. In this
case we easily have

liminf E,(%,) = liminf Z GTV,e, (u") > Z liminf GTV,¢, (u))

n—o0 n—o0 1 n—o0

R
>op Y, TV(uy;p®) =onE(%).

r=1
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The last inequality follows from Theorem[1.0.4] This establishes the first statement in Propo-
sition[6.0.71

Limsup inequality. We now turn to the proof of (6.6), Borrowing terminology from the
I"-convergence literature, we say that % € (L'(D,v))R has a recovery sequence when there
exists a sequence %, € (L' (v,))® such that (6.6) holds. To show that each % € (L'(v))® has a
recovery sequence, we first remark that we can assume that £(% ) < oo and that due to Remark
and the results from Section we can assume that % is of the form (u1,...,ug),
where u, = iA, and where the partition {Aj,...,Ag} is induced by piecewise smooth sets
(Ar=DNQy).

Let ¢o :=max{B(1y4,),...,B(14,)} denote the size of the largest set in the collection. The
fact that E(% ) < oo then implies

R
TV (14,:0%) < co TV (uy;p%) < co Z TV (u,;p%) < oo,
r=1

so that all sets {Ay,...,Ag} in the collection defining % have finite perimeter. Addition-
ally because % € .# (D) implies that any two sets A,, A, with r # s have empty intersection
up to a Lebesgue-null set, we may freely assume without the loss of generality that the sets
{A1,...,Ag} are mutually disjoint.

Let Y' = A, NV, denote the restriction of A, to the first n data points. We consider the
transportation maps {7}, from Proposition We let A, be the set for which 140 =

We first notice that the fact that Q, has a piecewise smooth boundary in R¢ and the fact
that ||Id — T, || ;=(p) — 0, imply that

[ Lar = 14,111 (pv) < Co(Qy) |[d = T |=(p) (6.14)

where Cy(Q,) denotes some constant that depends on the set Q,. This inequality follows from
the formulas for the volume of tubular neighborhoods (see [[74]]). In particular, note that by
the change of variables (2.4) we have, |Y'| = |A}| — |A,| as n — oo, so that in particular we
can assume that |Y}"| # 0. We define u] := 1y»/|Y}"| as the corresponding normalized indicator
function. We claim that %, := (u/, ..., u}) furnishes the desired recovery sequence.

To see that %, € .#,(D) we first note that each u! € Ind,(D) by construction. On the
other hand, the fact that {A,...,Ag} forms a partition of D implies that {Y{*,...,Y}} defines
a partition of V,,. As a consequence,

R
E,(Uy) = Z GT Ve, (uy)
r=1
by definition of the E, functionals.
Using (6.14), we can proceed as in Remark 5.1[5.1.1] In particular, we can assume that n
has the form 1(z) = a for z < b and 1(z) = 0 otherwise. We set &, := & + ||Id — T,||1=(p).-
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Recall that by assumption ||Id — T, ||« < &,, and thus &, is a small perturbation of &,. As in
the proof of Theorem [1.0.4] we have

ed+1

.E‘Zd+1 GTVmgn(ern) < TVgn(lArrt;p).

A straightforward computation shows that there exists a constant Ky such that

[l = Tulli=)

n

K
ITVe, (Lay:p) = TVe, (1a,:p)| < 2 [1Lay — L L1y < KoCo(Qr)
n

&n

Since == 1, the previous inequalities imply that

limsup GTV,, ¢, (1y») < limsupTVg, (142:p) = limsupTVz, (14,:p).

n—oo n—oo Nn—soo

Finally, from (1.21)) we deduce that

limsup TVg, (1an;p) < onTV(14,;p%),
n—oo

and thus we conclude that limsup,,_,,, GTV,.¢, (14r) < 65TV (14,;p). As a consequence we
have (1,0) ( 2
. . GTVye,(1yn TV (1a,;p
limsup GTV, ¢, (u)) =limsup ——————"> < Op———~———
msup GT Vg, (ur) =lmsup == 4y =0 g1,
for each r, by continuity of the balance term. From the previous computations we conclude
that E,(%,) — E(% ), and from [6.14] we deduce that %, — % in the TL'-sense, so that %,
does furnish the desired recovery sequence. O

Having Proposition [6.0.7} Proposition can be obtained by similar arguments to the
ones we used in the two-class case. With Proposition and Proposition [6.0.9] the argu-
ments presented in Section can be adapted in a straightforward way to complete the proof

of Theorem [1.0.101



Chapter 7

Pointwise convergence of graph
perimeter

The purpose of this chapter is to present some results on the pointwise convergence of the
graph perimeter towards continuous perimeter. For simplicity we consider D = (0,1)? and p =
1. Moreover, the graph G, based on xi,...,x, uniformly distributed on (0,1)? is constructed
using the kernel ) which is givenby n(t) =1if0 <t <landn(r) =0ifr > 1. We let o, be
the surface tension associated to this kernel, which is found to be

2542
drD)(d—1)

where s;_; is the area of the d — 2-dimensional unit sphere (the boundary of the unit ball in
R, In figure below we illustrate how random geometric graphs are used to estimate
the perimeter with respect to D of a fixed set Q. Throughout this section, we use Per, ¢, (Q) to
represent Per, ¢ (QNV,).

We show the following.

O4:= (7.1)

Theorem 7.0.2. Let p > 1 and and let Q C D be a set with finite perimeter. Assume €, — 0 as
n — oo, Then

E(|Pery ¢,(Q) —E(Per, 6,(0))]") < C(f(n))” (7.2)

where

1 . 1
\/Ts” lf W S Sn
f(n):= (7.3)

1 . 1 1
nef,‘”')/z lf n2/(d+1) S En S ni/d -

and where C = C(p, Q) is a constant that depends only on p and the perimeter Per(Q) of Q.
2
In particular, if n” @) K g, < 1, then

Per, ¢, (Q) — o4Per(Q), almost surely as n — oo.

101
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Graph cut with n = 60 and € = 0.15. Graph cut with n =200 and € = 0.1.

Figure 7.1: The graph perimeter is the appropriately rescaled number of edges between Q and
Q°. The red line represents the boundary of Q in D

Note that E(Per, ¢, (Q)) = Perg, (Q) = TV, (1¢). Thus, the last part of the previous theorem
follows from ((1.21]), the moment estimates ((7.2), Markov’s inequality, and the Borel-Cantelli
lemma which imply that

Per, ¢, (Q) —E (Per,¢,(Q)) — 0 a.s.

We note that this a.s. convergence holds for rather sparse graphs. Namely the typical
degree of a node is oyne?, where @ is the volume of the unit ball in d dimensions. When

lfﬁ Lg K n~1 the a.s. convergence holds, while the average degree of a vertex converges
to zero. The convergence is still possible because the expected number of edges crossing
dpQ = dQ N D goes to infinity. The relevant point is that the pointwise convergence holds
for very sparse graphs, where consistency of optimal balanced cuts on the graphs towards an
optimal domain cut is impossible.

After finding moment estimates for Per, ¢, (Q), we concentrate on finding explicit esti-
mates for |Perg, (Q) — 0, Per(Q)|, that is we find bias estimates. To obtain these estimates we
assume that Q is a set with smooth relative boundary. It proves straightforward to check that
|Pere, (Q) — o4 Per(Q)| = O (&,) for general subsets Q C [0, 1]¢ with smooth relative boundary.
We show in Section that the error is actually quadratic in &,

|E(Pery¢, (Q)) — 04 Per(Q)| = |Perg, (Q) — 04 Per(Q)| = 0(83) (7.4)

under the extra condition that Q CC D.

Lemma 7.0.3. Let Q be a set with smooth boundary, such that dist(Q,dD) > 0. Then
Pere(Q) = o, Per(Q) + O(¢?). (7.5)
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Combining the bias and variance estimates allows us to obtain the rates of convergence for
the error |Per, ¢, (Q) — 04 Per(Q)|. In particular we estimate the “standard deviation”

std(n) := E ((Pery.¢, (Q) — 04 Per(Q))?) V2 )

which we may quantify precisely by using the variance-bias decomposition

std?(n) = Var(Per, ¢, (Q)) + (E(Per, ¢, (Q)) — 64 Per(Q))*.

Using the special case p = 2 of Theorem to estimate for the variance and using Lemma
to estimate the bias we obtain the following.

Theorem 7.0.4. Let Q C D be an open set with smooth boundary such that Q CC (0, l)d.
Assume that n~ 71 < &, < 1. Consider f(n) defined via (1.3). Then, the error of approximating
o4 Per(Q) by Per,, ¢, (Q) satisfies

std(n) = O(f(n) +€2).
In general, if Q C D is an open set with smooth boundary such that dQ\[0,1]¢ # 0, then

std(n) = O(f(n) +&,).

7.1 Moment estimates

We establish Theorem In order to understand the asymptotic behavior of the graph
perimeter Per, ¢, (Q) for fixed Q, we first define a symmetric kernel ¢ : D x D — (0,00) by

1,
e(.y) = T 1o (x) ~ To(y)]

Using the kernel ¢,, we can then write Per, ¢, (Q) as

2 n n
Perye,(Q) = ——5 Y Y ¢ (xix)), (7.6)

nin—1)& " = ;57

which is a U-statistic in the terminology of Hoeffding [47].
Let us first note that Hoeffding’s decomposition theorem for U -statistics of order two (see
[48]]) implies that Per, ¢, (Q) can be written as:

Pery ¢,(Q) — Pere, (Q) = 22U 1 + Un 2, (7.7)
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where U, ; is a U-statistic of order one ( just a sum of centered independent random variables)
and U, is a U-statistic of order two which is canonical or completely degenerate (see [48]).
In order to define the variables U, 1 and U, >, let us introduce the functions

(ﬁf(x) = /D(Ps(x,Z)dZ, XGD)

8n1(x) := @, (x) — Pere, (Q), x €D, (7.8)
gn2(X,y) = 0g, (x,y) — (58n (x) — ¢;en (v) +Perg, (Q), x,y€D.

With the previous definitions, we can now define

1 n
Un,l = ; Zgn,l(xi),
’:; (7.9)
Upp = gn2(Xi,X;).
" nn—1) 13,;]'9, e

We remark that [}, g, 1(z)dz = 0 and that [}, g, »(x,z)dz for all x € D. Because of this, U, ;
and U, » are said to be canonical statistics of order one and two respectively (see [48]). Now,
Bernstein’s inequality [[15]] implies that

C
E(|Up1[7) < ~£ max (47,.80,)., (7.10)
where
At = lgn =)y, Bnt = Vallgnillzp)- (7.11)

and C,, is a universal constant. See also [38]] for a slight generalization of the previous result.
On the other hand some of the moment estimates in [[38]] for canonical U -statistics of order
two can be used to prove that

C
E(|Unal?) < — max (Agvz,Bﬁﬁz,cfj,z) , (7.12)
where
Ana = lgn2lli=),  Bu2:=nllgnallzpy  (Cun)* = nH/Dgi,z(',y)dﬂle(Dy (7.13)

and C,, is a universal constant. From the decomposition (7.7) it follows that for p > 1
E (| Pery.e,(Q) — Pere, (Q)7) < Cp(E (|Un117) +E (|Un2|"))-

Thus in order to obtain the moment estimates for Per, ¢, (Q) in Theorem , we focus on
finding estimates for the quantities in (7.11)) and (7.13).
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We first compute the moments of U, | and so we start computing the quantities A, ; and
B, 1 from (7.11). Denote by T the -tube around dQ, that is, consider the set

T, = {x eR? : dist(x,00) < e}. (7.14)
We also consider the half tubes T; and T,",
T, :={x€ Q:dist(x,0Q) <€}, T, :={xecQ":dist(x,0Q) <e}. (7.15)

With these definitions it is straightforward to check that

|Ba(x,6,)NQ|/ed*!  ifxe Tt
e, (x) = { |Ba(x,&,)NQ°|/ed™ ifxeT,
0 ifx¢g Ty, .

(7.16)

Since |B(x,€,) N Q| and |B4(x,€,) N Q°| are bounded by oye¢, where ay is the volume of the
d-dimensional unit ball, we deduce that

1
ani=0(5)-
&

In order to compute the quantity B, ; we use the following lemma.

Lemma 7.1.1. Let p > 1 and let Q C D, be a set with finite perimeter. Then, for all € > 0 we

have

-1
O,

; 4 Per(Q).

P oy
[ #btode< H
Proof. The proof follows the same argument used to establish the limsup inequality in Propo-
sition or Theorem 6.2 in [4]. We assume that dist(Q,dD) > 0. We remark that a slight
modification of the argument we present below proves the result in the general case and hence
we omit the details.

First we prove that for any function u : R? — [0,1] with u € W1 (RY) N C*(R?) and for
all € > 0 we have

Liyi<e g oy oy
/Rd </Rd L ]u(y)—u(x)|dy> ar< S [ Vu(ar, (7.17)

Inequality ((7.17) follows from
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J /“‘y'fﬂ o) (ol @=L beh) - u(oldn) dr
R Rd gd-‘rl ul\y ulx)|ay = Bd01 X u(x

17

d

S

u(x+ eh) — u(x)|7dhdx // lu(x+ £h) — u(x)|dhdx
RY {101 R? JB,(0,1)

er— l/Rd/Bdm

/ Viu(x+reh) - hdt

dhdx < 71// /|Vu (x+1eh) - h|d dhdx
Re JB,4(0,1)

\Y
=, / / / |Vu(x) - h|dxdhdr = ( )I/ u(x) -h‘dhdxdt
8” B4(0,1) Jre R B4(0,1) | [Vu(x)]
. Old O'd
=y |Vu(x)|dx,
where in the first equation we used the change of variables # = =2, in the first inequality we

used Jensen’s inequality and in the second inequality the fact that u takes values in [0, 1].
Now, for any set Q C D as in the statement, we can find a sequence of functions {u } .
with uy : R — [0,1] , . € WHH(RY) N C(R?) and such that

1 d
w5 1, lim /R V() e = Per(Q). (7.18)

Such sequence can be obtained for example with the aid of standard mollifiers (see Theorem
13.9 in [50] for example). It follows from (7.17) and from (7.18) that

Leyi<e P O‘5_] Od
L (L 525 1000 - toiay ) ar < %2 per(o).

£

Finally, notice that

_ 1, y<e p Ae
Jarwac= [ ([ B 100 - 1oty ) ar< # P

Using the previous lemma with p = 2 we deduce that [}, (ﬁszn (x)dx=0 (é) and since

[ ghatdx= [ 2 (e~ (Pers, (0))*,

we conclude that
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From the previous computations, we deduce that

1 1
E(|U,.1|P) <C —
(101 ) < Cax <nps,f,’np/zg,f/2>’
where C may depend on the set Q through its perimeter and p. If m < g&,, so that in

particular . is o(1), then

C
nel2el/?
Now we turn to the task of obtaining moment estimates for U, >. We estimate the quantities

Anp, By and G, 5 from (7.13). Let us start by estimating A,, ». Note that for any (x,y) € D x D,
¢, (x) and @, (y) are of order é and that Perg, (Q) is of order one. Thus, it is clear from the

definition of g, in (7.8)) that
1
An2=0 (83“) '

On the other hand, a direct computation allows us to deduce that for every x € D,

E(|Una]7) < (7.19)

/ g o(x,y)dy = / 2 (x,y)dy — 97 (x) +26,0,,(x)
D D
_ g 2 _n2
2 /D e, (X,Y) Pe, (v)dy + /D g, (v)dy — 6,
v (1)~ 2, (9)+26,8, (1)

—2 /D Oe, (x,) e, ()dy + /D 92 (y)dy— 62,

(7.20)

where we are using 6, := Perg, (Q). From this, it follows that

n
Cn,2:0( gg+2>.

Finally, upon integration of (7.20) and direct computations, we obtain

0 -
lgnallEep) = —g =2 [ 82.0)dv+ 62,
&En D

B,»=0| ————
n2 .
) 8’5d+1)/2

E(|U.»|P) <K, ! ! !
n2|") = Kpmax 2l @0 el @ D/27 3y (@422 |

which implies that

Thus, from (7.12) we deduce that
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where K, depends on the set Q through its perimeter. Hence, if m < g,, we have

K 7.21
npgr;la(d+1)/2' (7.21)

Combining (7.19) and (7.21) and using the canonical decomposition ([7.7), we obtain (7.2).

E(|Unal?) <

7.1.1 Sharpness of the rate for pointwise convergence

A very simple argument shows that the rates for g, that guarantee the almost sure convergence
of the graph perimeter to the actual perimeter in Theorem[7.0.2]are optimal in terms of scaling.

In fact, suppose n?€¢*! = o(1) and let e, denote the random variable that counts the num-
ber of edges that cross the interface between Q and its complement. In other words, we define

n n
en = £g+1 Z Z ¢811(Xi’xj)'

i=1 j=i+1
As a consequence, if Q has finite perimeter then we have

_ d+1
2 —— Ele) = " =D& b 0). (7.22)

Per,g,,,n(Q) = m ’

Note that e, takes integer values in the range {0,1,...,N} for N =n(n—1)/2, so that

N
E(e,) = Z kp} pri=P(e, =k).
k=1

The fact that p{j + - - - + py, = 1 implies

N N
E(e) = Y kpi > Y pii = (1= pp).
k=1 k=1
In particular, from (7.22) and (T.2T) we deduce that if n?e?*! — 0 and Q has finite perimeter
then

(1=pb) <E(en) =o(1).

On the other hand, note that for any given y > 0 it is true that Per, ¢, (Q) > 7 implies that
en, 7 0. In turn

P (Pery ¢, (Q) > v) <P(e, #0) = 1—pj=o(1).

We conclude that if n?e?+! — 0 then Perg, ,(Q) converges in probability to zero. Therefore, if
Q has a non-zero, finite perimeter then Pery, ,(Q) does not converge to o, Per(Q) in probability
(nor almost surely, either).



7.2. BIAS ESTIMATES 109

7.2 Bias estimates

The bias estimates are obtained by a series of computations whose starting point is writing
Per¢(Q) in terms of an iterated integral, the outer one taken over the manifold dQ and the
inner one taken along the normal line to dQ at an arbitrary point x € dQ. Such computations
show that the first order term of Perg, (Q) on €, vanishes.

Given that we assume Q CC (0, l)d and Q has smooth boundary, we conclude that its
perimeter can be written

Per(Q) = o d#? ' = 77 1(00).

Additionally, for all € < § := dist(Q, dD) we have that
2 .
Pere(0) = gy [ IBa(re) 10

where B, (x,r) denotes the ball of radius  in R? centered at x and Q¢ denotes the complement
of Q in all of space. Moreover, since dQ is a compact smooth manifold, we can assume without
the loss of generality ( by taking € small enough) that for every x € T; there is a unique point
P(x) in dQ closest to x. Furthermore, we can assume that the map P is smooth. We may
further write

2
Per¢(Q) = W/T* |By(x,€) N Q| dx,

where T, is defined in (7.15)). This reformulation makes it natural to write the previous integral
as an iterated integral; the outer integral is taken over the manifold dQ and the inner integral
is taken along the normal line to dQ at an arbitrary point x along the boundary.

To make this idea precise, we first let N(x) denote the outer unit normal to dQ at x € dQ
and then consider the transformation (x,7) € dQ x (0,1) — x —teN(x) for all € sufficiently
small. The Jacobian of this transformation equals €det( +r€S,), where S, denotes the shape
operator (or second fundamental form) of dQ at x, see [40|] for instance. For all € sufficiently

small, we may therefore conclude that
1
E

/Ts 1By (x,€) N O] dx:/aQ </01 IBy(x—1€N(x), €) N Q| det(I +1€S,) dt> 41 (x).

As a consequence, we also have that

ed 0

Pere(Q) = /(9 , ( / ' |Bal—1eN(x), £) (10| det(I +1€Sy) dt) A (). (1.23)

With the expression (7.23) in hand, we may now proceed to establish (7.5) by expanding
Perg(Q) in terms of € and appealing to some elementary computations that show that the first
order term in € vanishes.
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For a fixed x € dQ, we first wish to understand the behavior of the function

g(€) = 817 ( /0 ' |Ba(x—1eN(x),€) N OF | det(I + 1£S.) dt)

for € in a neighborhood of zero. Without loss of generality, we may assume that x = 0O, that
N(x) = ¢4 and that around x the boundary dQ coincides with the graph £ = (xj,...,x5_1) —
(%, (%)) € R? of a smooth function f(%) that satisfies both £(0) = 0 and V£(0) = 0 simulta-
neously. By symmetry of the shape operator S,, there exists an orthonormal basis for R?~!
(where we identify R?~! with the hyperplane {(%,x;) : x4 = 0}) consisting of eigenvectors of
the shape operator. We let vi,...,v;_| denote the eigenvectors of S, and ki, ..., k;_; the cor-
responding eigenvalues ( also known as principal curvatures). In particular, whenever ||£|| < €

we have that
1 d—1

F@) =3 X ki(&vi)* +0(e), (7.24)
i=1

where curvatures k; = k;(x) and the O(&?) error term can be uniformly bounded.
With these reductions in place, we first define u($) := /€2 — ||9]|? and then let

2u(y) it f(9)+et <—u(y),
h(9,:€) == qu(@) —et— f(9) if —u(@) < fP)+er <u(®),
0 otherwise.

A direct calculation then shows that

|B(x — 1eN(x),£) N Q% = / h(3,1:€) 5, (7.25)
Bd,l(o,s)

and an application of shows that h(9,7;€) = 2+/€? — ||§||? only if
9P =€*—0(e")  and  u(¥) =O(e?).
It therefore follows that

h($,1;€) dy < O(e? / dy = 0(e?+3).
( ) ( ) Ba_1(0,&)N{|[§|>+/€2-0(e*)} ( )

We then let A? denote the set Af := {§ € B;_1(0,€) : —u(P) < f(9) + &t < u()} and use the
previous estimate in (7.25]) to uncover

/Bdl 0,e)N{f(9)+er<—u(y)}

Balx—1eN(@).e)n | = | ey ) €1 (5) 45 0(), (7.26)

We may then note that

det(I+etS,) = (1+1eky)... (1 +1eky_ ) = | +teH, + O(€?),
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where H, := Y% ! k; represents the mean curvature. Using this fact in then yields

1t . A 2
gx(e)—y/o </Bd1(078)mfu(y)—8t—f(y) dy) (1+1eH,) di + O(€2).

Now let f¢(z) := 1 f(ez) and define the corresponding subset C¢ of (0,1) x B4—1(0,1) as

Ct = {(t,z) €By 1(0,1): —y/1— 2|2 < fE(z) +1 < /1 — IZII2},

then make the change of variables y = €z to see that

wle)= [ (VIZIaP =1 r@) ) 1+ retty azar+ o)

t

Recalling ([7.24)) shows that
gd=l
F@) =35 Y sz +0(e), (7.27)
i=1

which then allows us to obtain an expansion of g,(€) in terms of € according to the relation

gx(8>:/cg( 1—HzH2—t> drdz
ld—l
+8/Cf (fo( 1- HZHZ_”_EI.; Ki<ZaVi>2> drdz+ O(€?). (7.28)

The bias estimate ((7.5)) then directly follows after computing each of these terms individually.
We begin by considering the first term in the expansion, i.e.

I::/ 1— 2—:) drdz.
[ (V1=TR 1) ara:

Given € > 0 and z € By_(0,1) define ¢(z) := max{—+/1—||z]|> — f%(z),0} and C(z) :=
min{\/1—||z||?> — f%(z), 1}, so that we may easily write

= [ @) (\/ I[P W) .

As the set where ¢(z) # 0 has measure at most O(g?), we easily conclude that

- /Bdl(m)(:(z) <,/1 el - Cg”) dz+ 0(e?).
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If C(z) =1 then \/1—|z]|2 — @ = 2(1—||z]|*) + O(€?) as well. In any case, it follows that

1 o,
1= (1—|2l?) dz+0(e?) = =< + 0(e?). (7.29)
2 JBy1(0,1) 2

We now proceed to compute the second term in the expansion

1—
Bd*](ovl) 2 3

and the third term in the expansion

ldl

1 d—1
Il .= Z Kl/ (z,v))? dtdz = = Y Kl/ (z,v)*C(z) dz+ O(€?)
c 245 By-1(0,1)

in a similar fashion. We always have C(z) = /1 —||z]|? + O(€), so that

d—2 1
=2 [ (el e+ 0le) = Hevoll 777 / (1- 2242 dr 4 O(e).
6 Bd,1(07]) 6 0

(7.30)

The third term follows similarly by appealing to spherical coordinates, in that we have

ld—l
I =~ Z K'l-/ \/ 1—|2)|2(z,v;)* dz + O(¢)
[ Ba- |
H, 1 d— 2
vol( y / V1=r2rdr+0(e) =11+ O(¢)

thanks to an integration by parts in the final term. We therefore have that I = oy/2 + O(&?)
and I1 — 111 = O(¢), so that g,(¢) = 6,/2+ O(&?) and

Pere(Q) =2 /a | 8:() 47! = o, Per(Q) +0(e?)

as desired.

We may also show that when Q is a fixed ball, say Q = B;(x, %) for x. € R¥ the center point
of [0,1]¢, that the absolute value of the difference between Pere(Q) and o, Per(Q) remains
bounded from below by ce? for ¢ > 0 some positive constant. The proof proceeds similarly to
the proof of the bias estimate above. In particular, this shows that the bound in Lemma|7.0.3
is optimal in terms of scaling for general sets with smooth boundary.
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