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Abstract

In this thesis we study the homogenization of diffusions in two particular comb-like
structures. In both models, the comb can be viewed as a macroscopic diffusion with
a trapping mechanism. The processes spend non-trivial amounts of time in these
traps and convergence is established using martingale problems and excursion theory.
The limiting process has an explicit form as time-changed Brownian motion and
also as the unique solution to a certain system of SDE. The limiting macroscopic
process is also shown to be a trapped diffusion whose Kolmogorov equation has a
term with fractional-time derivatives.
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1. Introduction

Much of the novel material in this thesis can be found in an upcoming paper
jointly written by myself, Gautam Iyer, James Nolen and Robert Pego [CINP18]. In
particular Theorem 4.2, Proposition 5.5, Theorem 6.1 and the supporting lemmas
are taken from the paper.

1.1. Homogenization. The field of homogenization is concerned with models which
have parameters that are rapidly oscillating in space. It is impractical to measure
all of the parameters for a model which has microscale fluctuations in applications;
instead, there is a concentration on obtaining a limiting macroscopic model by
averaging the coefficients. A simple example of periodic averaging is the well known
result that if f € L?(R) is periodic, meaning f(z +n) = f(z) for all n € Z¢, then

x

(1.1) f(—) — / fx)dx weakly ase — 0.
g [071](1

The most commonly studied sources of the averaging in homogenization of partial

differential equations derive from either a periodic or random environment. In the

case of linear divergence form periodic elliptic operators, the equations have the

form

(1.2) — V- (a(z)Vus(z)) + b°(x)Vu® = f¢  for x € R?

where a® > ofI for some of > 0 and a°(z + en) = a®(z), b°(x + en) = b°(z) for all
n € Z%. The period structure leads to averaging in the weak sense.

In the stochastic case, the problem has a random structure which is not periodic
per say, but the distribution of the structure is periodic and ergodic with respect
to shifts. The averaging then follows from some version of the ergodic theorem
(see [BLP78,Koz79] for the original treatment and [AKM17] for a recent book with
the quantitative theory).

In the periodic homogenization of elliptic and parabolic equations where the
coefficients stay bounded and don’t degenerate, the structure of the homogenized
model is usually an equation of the same form as the original model but with
constant coefficients. The most basic result of this form is the elliptic case where a®
takes the form a®(z) = a( £ ) where a is periodic. In this case, the Dirichlet problem

on a domain €2 takes the form:
(1.3) -V (a(E)Vus(x)) = f(x) forzeQ

6 b)
(1.4) ut =0 for z € 002

The standard result is that there exists a constant matrix a such that u® — u weakly
in H} where u solves the homogenized problem.

-V (&Vu(w)) = f(zx) forx e,
u=0 for x € 092.

One might expect that the homogenized coefficient matrix a would be obtained by
a simple averaging as in (1.1), but it turns out there is an additional term. The
effective diffusion matrix can be written as:

i) = [ a)+ V) dy
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where x : [0,1]? — R is the “corrector” whose rows y; satisfy the cell problems:
(1.5) =V - (a(y)(Vxi(y) +e;) =0 with x; periodic.

If one reinterprets the above equation as saying x;(y) + v; is a-harmonic for each
i, we see that y; is the error between standard coordinates and the a-harmonic
coordinates.

In contrast with the above setting, if degeneracy is introduced to the micro-
scopic model, the homogenized model may not be so easily decoupled from the
microstructure. In these situations, the limit model is a set of equations, one for the
macroscopic limit which is coupled through a boundary condition to an equation in
the microscopic domain. As we will see, the model we study in this thesis is of this
type (see equations (1.7)-(1.8) below).

Since the conception of the field of homogenization, a diverse set of tools have
been developed to establish the convergence of solutions to periodic equations to the
solution of the homogenized equation. Originally, practitioners would use formal
asymptotic expansions to guess the effective limit equations [KK73]. The idea was
to assume u® took the form

. x x 5 T
u(x) zuo(x, 7) —|—€u1(m,7> +€ uz<m,—) +...
€ € €

where u;(z,y) is periodic in y. Then we plug this ansatz into (1.2) and match orders
of € to get a hierarchy of equations. We can often close the system of equations
using the periodicity assumption in the second variable and then lowest order term
gives the macroscopic equation for the limit. Once the proposed limiting equation
is established, one can actually prove convergence of the solutions using a variety
of methods, for example compensated compactness methods used by Murat and
Tartar [MT97].

A more direct approach is the two-scale convergence method, developed by
Nguetseng, which uses test functions with a periodic variable to establish a type
of weak convergence to the function ug(z,y) in the asymptotic expansion above,
without supposing such an expansion is possible outright [Ngu89]. More precisely,

uf(z) 2 ug(a, y) if for all test functions ¥ € CX(R x (0,1))):

/Rd uf(ﬂv)\ll(m,g) dx = /Rd /Td uo(,y)¥(z, y) dy d .

By integrating against such test functions and using compactness theorems for
two-scale convergence, the appropriate effective equation can be computed directly.
The periodic unfolding method developed in [ADH90] and formalized in [CDGO02]
transforms functions of the macro variable into a function of both the micro and
macro variables. The idea is to introduce an unfolding operator 7¢ defined by

T(f)(z,y) = f<6 EJ - sy) for z € R%, y € T9.

It can be shown that u®(x) 2 uo(z,y) if and only if T¢(u®)(z,y) — uo(x,y) weakly
in L2(R9 x [0, 1]¢), which connects compactness results for two-scale convergence to
usual weak compactness in L2.

For the homogenization of non-linear elliptic PDE, Evans applied the perturbed
test function method to study the limits of problems A®(u®) where A® is an elliptic
operator in non-divergence form which is highly oscillating in a periodic variable
[Eva89]. First one shows the solutions have Holder regularity and so up to a



subsequence u® — u uniformly. The goal is to show w is a viscosity solution to a
certain elliptic PDE, A(u) = 0 which is independent from the periodic variable.
We say u is a subsolution if for any smooth ¢ such that ¢(z) = u(zg) and ¢ > u
near zg, A(¢)(zg) < 0. Likewise, u is a supersolution if for any smooth ¢ such
that ¢(xg) = u(xp) and ¢ > u near g, A(P)(xg) = 0 and u. A viscosity solution
is any function who is both a subsolution and supersolution. If we want to show
u is a subsolution, we consider ¢ such that u — ¢ has a strict local max and aim
to show A(¢)(xo) < 0. The idea of the perturbed test function method is that we
can create a new test function ¢ = ¢ + % (x/c) and then u® — ¢¢ has a local
max at x. near xg. Then, classical comparison principles can be applied to get an
inequality satisfied by ¢° at z. and convergence of ¢¢* — ¢ and x. — = gives the
desired inequality for ¢.

Other methods for homogenization utilize alternative interpretations of elliptic
and parabolic equations. Energy methods relate solutions to partial differential
equations and the critical points of certain “energy functionals”. The idea is for
certain classes of elliptic partial differential equations, the solution u° to the PDE
is the function which minimizes a particular functional F¢ : L? — R. Then since
we want to show u® — w where u is the solution to some limiting model with
corresponding energy functional F. For this purpose, a type of convergence of the
functionals {F¢}._,o was developed by De Giorgi in [DGF75] called I'-convergence.
An important property of I'-convergence is that if ¢ converges to JF, then the

minimizers also converge. More precisely if 4 minimizes F¢, F¢ L Fand vf — U,
then u is a minimizer for F. For a full treatment of the properties of I'-convergence
and on homogenization via I'-convergence see the book by Dal Maso [DM12].

1.2. Homogenization of SDE. The notion of homogenization can also be ex-
tended to the setting of Stochastic Differential Equations. The oscillating mi-
crostructure can be reinterpreted as a “fast diffusion” which lives on an O(1/£?)
time scale. The goal of homogenization is to find a limiting homogenized macroscopic
diffusion living on an O(1) time scale through averaging. In this case, the averaging
is obtained through ergodicity of the fast process.

Let W be a Brownian motion, a € C'*(T% Rg;rﬁ) uniformly elliptic and choose o
such that @ = oo, Consider the diffusion process which solves

dX) =V -a(XQ)dt + o(X))dW;,
Xg =x.

Then let 7 : RY — T? be the projection map and Y,? = 7(X?) be the projection of
this process onto T?. The associated generator takes the form

A=V . (aV)=a:V?*+V . aV,

which is symmetric with respect to the Lebesgue measure on T¢ and hence the
Lebesgue measure is the unique invariant measure for Y°. Recall the corrector
equation (1.5) and define x; as the unique bounded periodic solution to

(1.6) Ay = —1-Va.
We now rescale the process to obtain the homogenized limit. Let

t/e2 t/e2
X;=eX{)2=¢ V-a(X?)ds + a/ (X0 dWwy,
0 0



4

and define Y7 = 7(X7). Using Itd’s formula and (1.6) one finds that

t/e?
Yil=e / T (YO)(E — Txe(YD)) - AW, + (oY) — (X))

As xy is bounded, the second term converges uniformly to 0 and so the limiting
behavior for Y7 as € — 0 is the same as the martingale

t/e
Mi = / TV~ Vru(YO)) - d,
0

If we look at the quadratic variation, we see
t/e?
()= [ Y= Val¥) - (€= V(Y2 ds
0

=0, / a(y) (£ — Vxe(w)) - (£ — Vxalw)) dy
Td

by the ergodic theorem. A proof of the following convergence theorem can be found
in [O1194].

Theorem 1.1. The rescaled process Y," converges in law as € — 0 to a Brownian
motion B with diffusion matriz satisfying

aty) = [ alw)(I + Ixw)") dy.
T
Recall that this is the same diffusion matrix from §1.1.

1.3. The Clark Model. The motivation for this work is a study of the parabolic
double porosity limit by Clark [Cla98], where the author considers a flow in a medium
composed of “blocks”, where the permeability is low, and “fissures” where the
permeability is relatively high (see Figure 1). In these blocks, the low permeability
is modeled with a degenerating diffusion coefficient. Because of the slow diffusion in
the blocks, we can think of the blocks as traps in which the diffusion can get stuck.
A more precise description of the model is as follows:

Let Qp be an open set with Lipschitz boundary such that Qg € T2. We denote
by B the periodic extension to all of R2. Let F = R2\B. The fluid flow in this
situation is modeled by the system

(1.7) o — V- (a°Vus) = f,
(1.8) ug(x) = 1F(§)u0(x) + 1B(§)Uo (Jc, g) .

Here ¢ > 0 is the cell size, 1 and 1p are indicator functions of the fissures and
blocks respectively. The functions ug and Uy make up the initial fluid density, where
Uy = Up(z,y) is periodic in the second variable. The diffusivity a® is given by

=1 (2Jo(2) - P12 )

where a and A are uniformly elliptic matrices.

The distinguishing feature of this model is that the diffusivity in the blocks
vanishes like €2 as ¢ — 0. This is in contrast with (1.3) where the ellipticity is
uniform in €. The main result in [Cla98] shows that as € — 0, u® converges to the
solution of a coupled system in which the fluid in the fissures is driven by a nonlocal
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boundary integral of the density of the fluid in the blocks, and the fluid in the blocks
is coupled to the fluid outside through a boundary condition.
Explicitly, the effective system is

6tufvz~(avxu)+Q:f, forz e, t>0,
QU -V, (A-V,U)=0, foryeQp, t>0,

U(z,y,t) = u(z,t), for y € g, x € Q,
U(xayao) :U()(.'l?,y), fOI'J}EQ, yEQBv
u(z,0) = ug(x), for z € Q.

Here Q = Q(x,t) is defined by

Qla.t) = / L AWt (),

and a is a uniformly elliptic matrix representing the effective diffusivity. Clark
proved this using the two-scale convergence method mentioned in §1.1. In this thesis,
we study a 1D graph analogue of the Clark model, which captures the essential
character of the degeneracy in the diffusion rate, and study it using the associated
diffusion as described in §1.2.

Alalala
Alalala
nlalala
nlalala

FIGURE 1. A decomposition of R? into fissures and blocks.

1.4. The Model and Main Theorem. The aim in this thesis is to understand
two toy models and their limit behavior from a probabilistic point of view. The first
is a one-dimensional version of the Clark model constructed on the infinite comb 2.
defined by

QL= (R x {0}) U (cZ x [0,¢)) .
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We think of this domain as an infinite connected graph embedded in R? consisting of
a spine R x {0} along with an infinite collection of teeth €Z x [0, ) glued to the spine
at the vertices €Z x {0}, which we will call the junction points. We parameterize the
comb by (z,y) with z € R, and y € [0,¢], with the constraint that y = 0 whenever
x ¢ 7 being understood. The spine R x {0} represents the fissures where diffusion
will be relatively fast, while the teeth represent the blocks where diffusion will be
slow. In this scenario, the simplest analogue of (1.7) is

1
Opu — 552115 =0 whenz¢eZ, y=0,

2
8tu5 _ %6§u6 =0 when z € €Z7 Yy e (076) )

along with the flux continuity condition at the junction points:
82 5 1 4+, 1 —
(1.9) anu +§5xu —iaxu =0 whenz€eZ, y=0.

Here 9, and 9] refer to the left and right derivatives respectively. For simplicity,
we impose a homogeneous Neumann condition at the free end of each tooth, where
y = e. The flux balance condition (1.9) is the graph generalization of the requirement
that a®d,u® be continuous for it to have a weak derivative as a function on R. We
refer to §2.1 below for a discussion of diffusions on graphs.

It is convenient to change variables y — y/e so that the rescaled comb becomes

Q. = (Rx{0})U(cZ x [0,1)) .

With this rescaling, our one-dimensional model becomes

(1.10) Opu® — %8§u6 =0 when z € eZ, y =0,

(1.11) Oyu® — %%us =0 when z € ¢Z, y € (0,1),
with boundary conditions

(1.12) gayua n %a;m - %3;11 =0 (x,y.1) €Z x {0} x (0,T),
(1.13) Oyu(z,y,t) =0 (z,y,t) € eZ x {1} x (0,T).

For initial data, we take
u®(z,9,0) = Uo(z,9), (z,9) € Qe,
where Uy € CO(R x [0, 1]).

W

FIGURE 2. Image of the rescaled comb .. The model satisfies the
heat equation away from the base of the teeth and the flux balance
condition (1.12) on ¢Z x {0}.
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The stochastic process associated to (1.10)-(1.13) is a diffusion on Q. for which
(1.10)-(1.13) is the Kolmogorov equation. Our goal is to describe this process and
its limit behavior from a probabilistic point of view and to make a connection
between (1.10)-(1.13) and some recent work on trapped random walks [BAC+15].
We will denote the diffusion process by Z° = (X¢,Y*). Away from the vertices
eZ x {0,1} the process is simply a Brownian motion along the teeth or along the
spine, according to (1.10) and (1.11). Corresponding to the Neumann condition
(1.13), the process is reflected at the free end of each tooth, at the vertices eZ x {1}.
At the junction points eZ x {0}, however, the flux balance condition (1.12) implies
(roughly speaking) that the process enters the teeth with probability £/(2+¢) in the
sense of Corollary 2.3, and continues in the spine otherwise (see Corollary 2.3). So,
as € — 0, excursions into the teeth become less likely. On the other hand, the density
of the junction points increases as € — 0, so that while the process is on the spine it
very frequently meets a junction point. The balance of these two dynamics leads to
interesting limit behavior because the process spends a non-vanishing amount of
time in the teeth as ¢ — 0.

To describe the diffusion process and its limit behavior more precisely, we consider
two complimentary points of view. First, we define Z¢ = (X¢,Y*) as a solution
to a certain system of SDEs, involving a constraint on the local time of Z¢ at the
junction points. With € > 0, the process behaves like a skew Brownian motion
(see Remark 2.4 or [Lej06]), skewed at the junction points €Z x {0}. The second
approach to describing Z¢ = (X¢,Y*) involves Itd’s excursion theory for Brownian
motion [[t672,PY07]. From this point of view, the process consists of infinitely
many excursions from the junction points: excursions into the teeth, and excursions
across the spine. We can view the vertical excursions into the teeth as “traps” for
the macroscopic horizontal diffusion. In this way we can study the homogenization
in a framework for trapped 1-D random walks developed in [BAC+15].

Having defined the process in these two ways, we then consider the limit behavior
of Z¢ as € — 0, from the SDE point of view and from the excursion point of view.
We show that as € — 0 the tooth component Y* converges to a Brownian motion
Y on [0,1] which is sticky at y = 0. The spine component X¢(¢) converges to a
time-changed Brownian motion on R, and the time change is described in terms of
the local time of Y at y = 0. Specifically, our main result is the following:

Theorem 1.2. Ase — 0, (X°,Y®) converges in law to (X,Y"), where Yy is a doubly
reflected Brownian motion on [0, 1] which is sticky at O with parameter p = 1/2 and

X = I/T/zL}V(o) s

where W be a Brownian motion on R that is independent of B and L} (0) is the
local time of Y at 0.

A discussion of sticky Brownian motion can be found below in §2.2 but a quick
construction can be stated as follows. Let B; be a doubly reflected Brownian motion
on [0,1] and define

o(s) = s+ 2L§(O) .
Let T be the inverse of ¢:

def

Tt) =T = ¢ *(t) =inf{s = 0] p(s) > t}.
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In the definition of X;, the process L} (0) is defined by

1 t
Y .
Ly (0) = %135276/0 lio<v.<sy ds

where the strict inequality 0 < Y; in the integrand is crucial. The times at which
the sticky process Y is equal to 0 is either empty or has positive measure, since

t _
/ 1iy,—oy ds = 2L% (0) = 2L (0).
0

(See §2.2 for a discussion of sticky Brownian motion.)

The second toy model is a two-dimensional diffusion which is a “fattened up”
version of the previous comb model. For the fat comb model, the domain Q. C R?
is the connected and unbounded open set defined by

(1.14) Q. ={(z,y) € R2 | —e <y < 13(62752/2)($>}.

Here ¢ € (0,1] and &2 are the width of the spine and teeth respectively, B(¢Z,&?/2)
denotes the £2/2 neighborhood of ¢Z in R, and 1 is the indicator function. The
teeth have height one (for simplicity), and they are joined to the spine at spacing
e. See Figure 3 below. Let Z° = (X¢,Y*) be a standard Brownian motion in
Q. that is reflected internally at the boundary 9€).. The process Z° may travel
within the spine or wander into the teeth, but when ¢ is small, the relatively narrow
width of the teeth hinders the passage of Z¢ from the spine into a tooth. On the
other hand, the teeth occur at high density along the spine; because of this and
because the spine is also narrow, Z¢ encounters the teeth quite often. The balance
of these dynamics leads to an interesting limit as ¢ — 0, where the process spends
non-vanishing amount of time in both the spine and the teeth. In fact, we will show
that Theorem 1.2 also holds for the process (X¢,Y¢) in the fat comb model with
the same limit (X,Y") as the thin comb.

£
<
1
k— & 1
T
3
L

FIGURE 3. Image of the fat comb €).. The teeth have width £2 and
height 1, the spine has width € and e spacing between teeth.

2. Preliminaries

2.1. Diffusion on Graphs. Let I' be a connected graph consisting of vertices
{0k} and edges {I; };V:I embedded in Euclidean space. Suppose one would like



—

FIGURE 4. The left is a graph I and on the right is the correspond-
ing discretization. The spacing between adjacent nodes is €.

to consider a Brownian motion B on I', meaning B; € T for all t > 0 and B behaves
like a Brownian motion on each edge of the graph. If we start B in the interior of one
of the edges I, then treating the edge like a closed interval in R, we have no problem
talking about the dynamics of By up until the stopping time 7 = inf{t : B, € 0I;}
when B; hits one of the vertices O. To continue, we need to decide on the behavior
of the process at the vertex Oy.

The issue can be clarified by considering a discrete random walk model which
approximates this diffusion on each edge. We divide each edge I; of the graph
into 2|7;| nodes with spacing ¢ and define a random walk S§ which is is symmetric
between the two neighbors for each node in the interior of an the edge. Then if we
define

Sf =85 forte %k, e*(k+1)),

then if S§ converges as € — 0, the limiting process B will behave like a Brownian
motion on each edge by the standard discrete approximation of Brownian motion.
At the vertices Oy, there are as many neighbors as incident edges and it turns out
that if we assign unequal jump probabilities, this will show up in the limiting process.
These jump probabilities are directly reflected in the domain of the generator of
the limiting process B;. In fact, the generator condition was the original approach
taken to identify the different possible diffusions on T'.

On each edge I; we consider an uniformly elliptic operator parametrized by the
arc length of the form

£if = 302E)OS(2) + ()0 (2), = >0

where 0;(z) > a >0 foralli=1,..., N. The existence of a diffusion on I" with the
above generator on each edge was developed by Friedlin and Wentzell in [FW93] using
the Hille-Yosida theorem. By considering these operators on each edge together as
one operator on the graph, we define Af(z) = £;f(z) on I; with A: D(A) — C°()
where D(A) is chosen appropriately. Note that this continuity means we require
L;f(Or) = Lif(Oy) for f € D(A) and I,,I; ~ Oy. To establish uniqueness, of the
differential equation on I', an appropriate gluing condition is needed at each vertex
Oy, of the form

(2.1) arAf(Or) = > ar;D;f(0;).

IjNOk

where D; f(Oy) is the outward derivative on I; at Oy and éy, a; > 0 are not all
0. We can interpret a; as a “stickiness” parameter which causes the process Z to
spend non-trivial time at Oy, and we discuss in §2.2 below for the single edge case
of a reflected Brownian motion. This is summarized in the following theorem.
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Theorem 2.1 (Theorem 3.1 in [FS00]). The operator A is the infinitesimal generator
of a Feller continuous strong Markov process Z(t) on I' with almost sure continuous
sample paths. In addition, &, = 0 if and only if {t : Z(t) = O} has Lebesque measure
0.

Following this, Freidlin and Sheu developed an It6 formula on graphs in the case
ar =0 for all k =1,..., M which can be used to establish a stochastic calculus in
this setting.

Lemma 2.2 (Lemma 2.3 in [FS00]). Consider a graph diffusion Z(t) which in a
neighborhood T'o of a vertex O has generator A defined by

Af = Lif = %a?(z)@?f(z) +bi(2)0.f(2), 2> 0

on edge I; and has domain D(A) = {f € Cy°(To) | p(f) = 0} where

p(f) = Z a;D; f(O)

where Cp°(T'o) is the set of functions which are C5° on each of the branches and
continuous on L'o. Write Z(t) = (z(t),i(t)) with z(t) = d(Z(t),0) where d is the
graph distance and i(t) is a label for the branch on which Z resides at time t. Then
forr=inf{s|Z(s) ¢ To},

z

F(Z(t A7) = F(Z(0)) + / "1 () 2D (e,

n /W AF(Z(s))ds + p(F)((t A7)
0

where £ is a non-decreasing and only increases when Z at O.

As a corollary we obtain a nice interpretation of the gluing condition. First
suppose we normalize (2.1) so that

Z Oékj=1,

IjNOk

then we can think of aj; as the probability of entering I; after hitting Oy, in the
following sense,

Corollary 2.3 (Corollary 2.4 in [FS00]). Let T'o be a neighborhood of a vertex O
with incident edges {I; }é\’:1 and suppose the gluing condition of A at O has the form

N
i=1

Let 6%, § > 0 be the stopping time defined by
0° = inf{t: z(t) > 0}.
Then

: O 000\ — =\ — .
lim PE(i(0°) = j) = oy
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Remark 2.4. This phenomenon can also be observed in a diffusion on R by viewing
R as a graph with two edges and a vertex at 0. A diffusion X; on R that behaves
like a Brownian motion when X; # 0 but starting from = = 0 has probability p of
taking an excursion to the right and 1 —p to the left had been known long before the
graph diffusion case was understood and is called a skew Brownian motion. For a
thorough discussion of the history and a number of constructions of skew Brownian
motion, see the survey by Lejay [LejOo6].

What can we say about the process ¢; in Lemma 2.27 First, by applying
Lemma 2.2 to F;(Z) = d(Z,0)1;,(Z) where d is the graph distance,

(2.2) Fj(Z(t))ZFj(Z(O))+/O 5 (2(5)L{i(s)=5y AW

t
+/O bj(Z(S))l{i(S):j}dS+Oéjf(t).

By a mollification argument we can extend the It6 formula to functions which are
C}(To) with 92 F;(2) € L. So applying this extended version of Lemma 2.2 to

1
gzz if0<z2<6,Z€el;,

5y def
Gj(2) = z—g itz>46,2Zel;,

0 otherwise

gives the equation

G2 = GHZO) + [ 0361600 Z( s Ve
+2715 0 U?(Z(S))1{0<Fj(z(s))<5} d8+/0 bj(2(s))0:G;(Z(8))1i(s)=41ds.

One can show that all the above terms converge almost surely to their corresponding
terms in (2.2) as § — 0 and hence

. 1 ¢ 2 Zj
(2.3) aily = %13%) % /0 o; (Z(S))l{o<Fj (2()) <5} ds =L;’(0),

where LZi(O) is the local time at O of the process on I;. Hence

t

N
b=> L%(0) = lim ; i(s)(2(8)) L{a(z(s),0) <5} d8
=1

is the local time at O of the joint process on all branches. One interesting consequence
of this formula is that the local time at O at two adjacent edges I; and I; stays in

direct proportion almost surely, i.e. O%Lth (0) = a%LtZ’(O) for all t > 0. We can
understand this “local time balance” using Corollary 2.3. When Z(¢) hits the vertex
O, it makes infinitely many small excursions into each edge. The corollary says that
for any excursion of length at least 6 > 0, the probability that it’s into branch I}
tends to a; as 6 — 0. The time spent by the process Z(t) near O is dominated
by the small excursions and the number of excursions of length at least § tends to

infinity. Thus by the Law of Large numbers, the proportion of time spent on each
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edge within a distance § of O tends to the average probability of being on each edge
I; which is ;.

2.2. Sticky Brownian Motion. Consider a random walk S on €Z which jumps
left and right with probability 1/2 when Sy # 0. When S, = 0, the walk stays in
place with probability 1 — pe and jumps left and right with probability ue/2 each
for some p > 0. If we define

S:=8;  forte [k, e2(k+ 1)),

then S; converges to a process Y;. By the standard discrete approximation of
Brownian motion, Y; behaves like a Brownian motion when Y; # 0, but the scaling
for the escape probability leads to a nontrivial amount of time being spent at 0.
This limiting process is known as Sticky Brownian motion. As we will see, the
process is characterized by the relation

t
1
/ iv,—0} ds = — L} (0)
0 2

and so the time spent at 0 of a sticky Brownian motion has positive Lebesgue
measure. It was first discovered by Feller in a paper looking for all Strong Markov
processes X; on [0, 00) which behave like Brownian motion on (0, 00) [Fel52]. Using
the Hille - Yosida theorem, he was able to prove the existence of a process with
generator A = %85 with domain f € D(A)

(2.4) f/(0) = —

1"
— f(0).
5-1"0)
This is the one edge variant of equation (2.1) with &y # 0.

A direct construction of Sticky Brownian motion was described by It6 and
McKean [IM63]. We begin with a standard 1-D Brownian motion B; and define
©(s) = s+ (1/p)LE(0). Let T be the inverse of ¢

Tt) =T, = o~ (t) = inf{s > 0| p(s) > t}.
Then Y; = By, is a sticky Brownian motion. Note that the zero set of Y; is still
nowhere dense since the time change T; is a homeomorphism. This implies a
nonsingular behavior of L} (0) in the sense that
1
lim gEO (LY (0)] =p< oo

-0
which is the key to calculating the condition (2.4) for D(A).

2.3. Fractional Time Equations and Time Changed Brownian Motion.
Phenomenon which are diffusive in nature but do not spread at the usual rate as
Brownian motion have been been observed in a plethora of physical systems (see
the survey [MKO00] and the references therein for an extensive historical treatment).
Such processes are known as anomalous diffusion and are characterized as a diffusive
process X (t) whose variance has a non-linear relation with time, in contrast to that of
Brownian motion whose variance grows linearly. The case where the variance grows
sub-linearly, i.e E[X (t)?]/t — 0 as t — oo is known as sub-diffusion. Fractional time
equations were used since the 1980’s as a model for sub-diffusion [Bal85, Wys86,SW89]
and the connection between these equations and what is now called the fractional-
kinetics process was established in '02 by [MBSB02]. To describe the fractional-
kinetics process, we introduce the concept of a subordinator.
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A subordinator S(t) is an increasing Lévy process, meaning a stochastic process
stationary and independent increments with cadlag paths almost surely. By an
inverse subordinator we mean the right continuous inverse of S, namely E(t) = inf{r :
S(r) > t}. Subordinators can be characterized by their Laplace transforms which
have a special form given by the Lévy-Khintchine formula. For any subordinator
S(t), there exists a unique associated measure p on (0, 00) satisfying

/ (x A1) p(dz) < oo

0

which is called the Lévy measure. The Laplace transform then satisfies
E (645(t)) — et

where the function f (called the Lévy exponent) can be written in the form

) =rA+ /OOO (1—e ) p(dz).

If the Lévy measure of S(t) has infinite mass, i.e. u(0,00) = oo or if K > 0, then
S(t) is strictly increasing and hence E(t) has continuous trajectories. For a € (0,1)
a subordinator S, (t) is called a-stable if (1/t%)S(t) ~ S(1) in distribution. The
fractional-kinetics process is a d-dimensional Brownian motion time changed by
the inverse of an a-stable subordinator i.e. Xy, (t) = B(Eq(t)). In this case the
variance grows as a sub-linear power law, E[X7 ,(t)] = ct*. The fractional-kinetics
process has also been found to as the limit of scaled random walks which have
waiting times with heavy tails which makes it the continuous analogue for a number
of discrete trapped random walk models [BAC07, MS04].

Let f € C1([0,0);R) and a € (0,1). The Caputo fractional derivative of order
« is defined by

O™ T g [ =9 ) = fO) ds = s [ s ) s,

where I' is the usual Gamma function. It was established in [MBSB02] that diffusions
time changed by the inverse of an a-stable subordinator had transition density p
which solves a fractional time diffusion equation of the form

oyp(x,t) = Lp(w,t).

where L is the generator of the diffusion. This in turn gave stochastic representa-
tion formulas for such fractional diffusion equations. This in fact extends to any
subordinator giving us a connection between “trapped Brownian motions” and a
general class of fractional time equations. The variant of these results that we will
use is as follows:

Theorem 2.5. Suppose B, is a d-dimensional Brownian motion and Sy is a subor-
dinator and let

FA) =rA+ /000 (1- e_’\g”) w(dz)

be the Laplace exponent of S i.e. E[e 1] = et/ Suppose 11(0,00) = oo or
k > 0 and let w(z) = p(x,00). Denote the right continuous inverse of S(t) by
E(t) = S7Y(t). Then v(z,t) = E* [g(B(E(t)))] is a strong solution to

(2.5) KkOw(z,t) + 0 v(z,t) = %Av(x,t) fort>0,z € R"
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v(z,0) = g(x) forz e R",
where 9} is a generalization of the Caputo derivative defined by
¢
Ol (x,t) = / w(t — s)oyv(zx, s)ds.
0
Proof. We use the approach in [MS13] (also see [Chel7]). Note that the assumption
that p(0,00) = oo implies that P(S(r) = t) = 0 for all r,¢ > 0. The inverse

def

subordinator E(t) has a density on [0, 00) which we denote by e(r,t). Let u(z,t) =
E* [g(B(t))] which satisfies

Opu(x,t) = 1Au(av,t).

We denote the Laplace transforms in time for v,e and u by 0(x, A), é(z, A) and 4(x, A)
respectively. We first compute é(r, A):

é(r,)\):/ e Me(r,t)dt
0

Taking Laplace transforms of the diffusion equation we see 4 satisfies
1

(2.6) Ai(z,A) —g(z) = iAa(x, A).

Then for © we can write

o(xz, \) =

e M u(x,r)e(r,t) dr dt

o
J

8

é(r,\) dr
0

oo
/ u(z,r
0

fA)
T a(z, f(N)) -

Plugging f(A) into (2.6) and using the above yields
Al
Ab(z, A) — g(x) =

—fAv T, A
Foy2 Y
which we can rearrange to obtain

~

u(z,r)
(z,7) ()\)\) e TN g

rAD(x, A) — kg(x) + (fF(A) — kA)D(2, A) — (f()\)/\_n)\) g(z) = %A@(x, A).

Using the relation A (\) = f(A) — kA which can be directly shown using integration
by parts, it suffices to show

(07"0)" (2, A) = D(N) (Mo (2, A) — g(x)) -
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We verify this directly with the following computation:

(0 v) (2, \) = /000 e*”‘/o w(t — s)0v(x, s)dsdt

:/ 675)‘8“)(:1:,5)/ e =y (t — s)dsdt
0 s

= (V) (Xd(x, A) - g(x)).
O

Given the solvability of the homogeneous equation, the inhomogeneous equation
can be solved using an analog of Duhamel’s principle [Umal2, US06].

Lemma 2.6 (Duhamel’s Principle for Fractional Time Equations). For k > 0,s > 0,
let Us be a solution to the equation

1 1
(2.7) KO:Us(x,t) + 58;”178(3:,15) — iAﬁs(x,t) =0, fort>s,

(2.8) Us(z,s) = (fd + %I;“”)ilg(m, ).

Here T% is the integral operator with kernel w defined by

'h = /tw(t —s)h(s)ds.

0
Then the function v defined by

t
vz, t) = / g, t) ds
0

s a strong solution to the inhomogeneous equation
1
(2.9) kOw(x,t) + 0 v(x,t) — iAv(x,t) =g(z,t) fort>0,x€R"”
v(0) = f(x) xeR™.

Proof of lemma. Since I% is a positive compact operator, the operator (kI +Z%/2)
is invertible, ensuring the initial condition (2.8) can be satisfied. For convenience,
define v,(x, ) = U5(x, s) when r < s. Now, it is a direct computation to verify that
the function v(x,t) solves equation (2.9),

t
KO (x,t) = ﬁ@t/ Os(x,t) ds
0
= kU(x,t) —|—f~e/ Or0s(x, t) ds

= Kk (x, t)—|— Avxt /8§”ﬁsmt

We have,

0 v(z,t) = Atw(t —7)0, (Ar B (2, 7) ds) dr
/Otw(t - r)(ﬁr(xm) + /OT 8, (z,7) ds) dr
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t ot
=0L"0.(z,-) + / / w(t —r)0pvs(x, ) drds
0 Js

t
— (2, ) + / 0P, (2,1) ds
0

where the last equality uses 0,0s(x,r) = 0 for r < s. If we substitute this into (2.9),
we see

1 1 1 1
KO + 58;”1) = ku(z,t) + 5];”17.(30, )+ iAU =g+ §Av
and hence v(z,t) solves the inhomogeneous problem. (]

2.4. Trapped Brownian Motion. In [BAC+15], the authors introduced a general
framework to describe trapped Brownian motions on R and characterized all possible
scaling limits of a fixed (random) trap structure. A Lévy trap measure on R x [0, 00)
is a random measure such that u(A x [0,t]) is a Lévy process for all bounded
A C R. We say that p has independent increments if u(E) is independent from
w(F) whenever ENF = (. Let B(t) be a standard 1D Brownian motion and let ¢
be a time-change of the form

Y(t) =inf{s >0 | o[u, Bls > t},
where
¢, Bls = p ({(z,0) € R x [0,00) | LT (z) = £}) ,
LB(x) is the local time of B at z and p is a Lévy trap measure with independent
increments on R x [0,00). Then B(t(t)) is known as a trapped Brownian motion,
denoted by B[u].

When p is Lebesgue measure on R x [0, 00), then @[u, B] = ¢, () =t and hence
the trapped Brownian motion is just a Brownian motion. If the measure y has
an atom at (z,¢) of mass r > 0, then B(¢(t)) is trapped at x for a time r at the
moment its local time at x exceeds /.

The main result in [BAC+15] is the characterization of all scaling limits. Consider
such a trapped Brownian motion X; = B(t(t)) and then scale it to obtain the
process

XtE = SXp(E)_lt

where p(e) is an arbitrary function. Then if X converges in law to some process
U;, then U is either a Brownian motion or in another class of trapped Brownian
motion which the authors call FK-SSBM mixtures which we now describe. Let F*
be the set of all Laplace exponents of subordinators equipped with the topology
of pointwise convergence. Then let F be a ¢ finite measure on F* and (z;, f;) be
a Poisson point process on R x F* with intensity measure dx x F. For each i, let
S% be an independent subordinator (from each other and from B) with Laplace
exponent f;. Define

@=29@%m+ww

where V7 is a «y-stable subordinator for some v € (0,1). Then an FK-SSBM mixture
is a process B(t(t)) where

Y(t) =inf{s > 0|, >t},
where ¢ is a subordinator as above. The case where V;” = 0 is called a spatially

subordinated Brownian motion and the case where F = 0 is the fractional-kinetics
process from §2.3 and hence the name FK-SSBM mixture.
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The thin comb model which we introduced in the previous section can be viewed
in the framework of trapped Brownian motions. In §5 we provide a proof of the main
theorem using this theory. As we will see, the type of scaling in the comb model is
of a different character than can be found in the above theorem and the limiting
trap structure is not one of their scaling limits. What we will use from [BAC+15] is
the following theorem which says that convergence of the trap measures is enough
to prove convergence of the trapped Brownian motions.

Theorem 2.7. Let u, € > 0 be a family of Lévy trap measures with a.s. infinite
mass and let B be a Brownian motion independent from them. Assume that ase — 0,
ue converges vaguely in distribution to a dispersed, dense, a.s. infinite random
measure p. Then the corresponding trapped Brownian motions B[uf] converge to
Blp] in distribution on D([0,0)).

2.5. Reflected Diffusions. Let Z7 = (X7,Y/) be the “fat comb diffusion” i.e. the
reflected Brownian motion on the fat comb domain Q¢ (see (1.14)). Existence and
uniqueness for reflected Brownian motion was shown by Stroock and Varadhan [SV71]
by finding solutions to certain “sub-martingale problems.”

Differential equations for these reflected diffusions was developed first in convex

domains and later in general Lipschitz domains using a variant of the Skorohod
problem [Tan79,1.584].

Theorem 2.8. Let Q C R? be a domain with uniformly Lipschitz boundary, with
0,b Lipschitz on Q and n : 0Q — R? the outward unit normal. Let W; be a d-
dimensional Brownian motion and F; the augmented filtration generated by W.
Then there exists a unique continuous Fy semi-martingale Zy and increasing process
¢, such that Z, € Q for allt > 0:

t
Et - / 18Q(ZS) dfs
0
and Z; satisfies the SDE
dZy = 0(Zs)dWs + b(Zs)ds — n(Zg)dly .
In fact the process €, is the local time of Z on 02 which can be defined by

1
LZ(0Q) = %1_{% %/0 Lia(z,,00)<s} ds .

One needs a version of It6’s lemma in this setting, which allows for jumps in the

gradient along hypersurfaces. The following theorem is likely in the literature, but
we could not find good reference

Theorem 2.9. Let Z; be a continuous semi-martingale on R and let f € CO(R%)N
C?(RAN\M) where M be a d — 1 dimensional orientable smooth manifold embedded
in RY. Choose an orientation of M (equivalent to choosing a normal vector field
n(x) on M) and suppose V f has limits on either side of M denoted by V~ f and
VT f. Then the following SDE holds for f(Z;):

+(VYf(Z) = V™ f(Z0)) dLE (M+)
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where V~ f(x) = Vf(z) forz ¢ M and LZ(M+) is the local time of Z on the positive
side of M, i.e. let M>T = {z € R?: 2z = x + sn(z) for some x € M and s € (0,0)}.

1t
LE(M+) = }1_%%/0 1z, emoty ds.

This is a similar result as the generalized It&’s formula in 1D, which can be found
in §3.6 of [KS91].

3. The Limit Process

3.1. Properties of the Limit Process. Before proving our main results in the
following sections, we now give a more thorough description of the limit process
Z =(X,Y). One way to describe the limit process is via time-change of Brownian
motions. Let B; be a doubly reflected Brownian motion on [0, 1]. Let LZ(0) be the
local time of B at 0, and define

o(s) = s +2LP(0), s>0.
Let T be the inverse of ¢:
Tt) =T, = o }(t) = inf{s > 0| p(s) > t}.
Let W be a Brownian motion on R that is independent of B. Then the limit process
is defined by

(3.1) YV, Br,,  Xi =Wy

and (Xo,Yy) ~ p. Notice that Y; is “sticky” at {y = 0} in the sense of §2.2.
Intuitively, we think of R x {0} as the spine (in the limit), while R x (0, 1] plays
the role of a continuum of teeth. The process T3 may be interpreted as the time
accumulated in the teeth, and 2L (0) is the time accumulated in the spine. The
limit process may also be described as a weak solution to the system

(3,2) dXy = l{YtZO} dBy ,
(3.3) dYy = gy, 20y dB; — dL} (1) + dLy (0),
(3.4) 1iy,—oy dt = 2dL} (0),

with initial distribution p, where B is a standard Brownian motion in R. Existence
and uniqueness for the system (3.2)—(3.4) can be established by arguments similar
to those in [EP14].

Lemma 3.1. For a given initial distribution p, the system (3.2)—(3.4) has a unique
weak solution, which is the process Z = (X,Y) defined by (3.1).

Although this construction is well known (see [EP14] and references therein), for
completeness we provide a proof of Lemma 3.1 below. One can alternately prove
existence of a process Z satisfying (3.2)—(3.4) abstractly using the Hille-Yosida
theorem, which we do in §3.2 for completeness.

Proof of Lemma 3.1. We adapt the approach in [EP14, Theorem 1]. By the Tanaka
formula we have

(3.5) B, =B, +LE©0) - LF(1),
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where B is a Brownian motion. Since 7T} is a continuous and increasing time change,
Br, is still a continuous martingale, L} (0) = LZ (0) and L} (1) = L% (1). Note first

t t T,
/0 Liv.=0y ds:/o L{Br, =0} d‘P(Ts):/O 1ip, oy dp(s).

Then since {t | B; = 0} has Lebesgue measure 0 and LtB only increases on this set,
we decompose p(s) = s + 2LE to obtain

T T _ _
/O 1050 dip(s) =2 / 15— dLE(0) = 228 (0) = 2L (0),

which implies (3.4). Notice that since 2L} (0) is independent of W, X} is a martingale
with quadratic variation

(X)) =2LY.
In addition we have .

(Br)e =1T;.
Thus, by Lévy’s criterion, the process B defined by
(3.6) By = Br, + Wary (o)

is a Brownian motion. Now (3.2)—(3.3) follow from (3.4), (3.6) and the fact that

t t
/ liy,—0ydBr, =0 and / iy, 40y dXs = 0. O
0 0

For later use in our proofs of the main results, we now study the generator of the
process Z. Let Qp = R x [0,1), and define the operator A by

(3.7) AE 162

We define the domain of A, D(A), to be the set of all functions g € Co(Q0) NCZ(Qo)
such that

(3.8) Oyg(z,1) =0, and d2g(x,0) + Oyg(z,0) = aig(x, 0).
We claim that this operator is exactly the generator of the process Z.
Lemma 3.2. The generator of Z is the operator A with domain D(A).

Proof of Lemma 3.2. To compute the generator of Z, we choose g € D(A) and
apply Ito’s formula to obtain

t t
9(X0,Y2) = g(Xo, Yo) + / D0g(Xs, Vo) dX, + / 9,9(X..Y,) Y,

/ 29(X,,Ys)dLY + / 29(Xs, Ys) dT .

Taking expectations gives
t
39) B0 [g(XY5) - gla)] = B[ [ 0,905, v2)av]

+E<W /32 (X, Ys)dLY + / 29(X,,Ys) dT}

Note that by by (3.4) we know LY < t/2.
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Now for y € (0,1) we know Y is a Brownian motion before it first hits 0 or 1,
and hence lim;_,o PY(L} # 0) = 0. Moreover by definition of T, we know T; = ¢
when {LY = 0}. Consequently
[Q(Xh Yi) —g(z,y)

t

lim E(®v)

t—0

1
] = 50,9(,).

For y = 1 we note

X,Yy) —g(x,y)]

(3.10) lim E@D [9(
t—0 t

1 1/t
= 50%9(.1) + lim BV [?/o ayg(Xs,Ys)dYs}.

t—0
By (3.5) we know E@®VLY (1) = O(v/t), and hence the right hand side of (3.10) is
finite if and only if dyg(z,1) = 0.
Finally, we compute the generator on the spine y = 0. First we show that if we

start Y at 0 then for a short time it spends “most” of the time at 0. More precisely
we claim

(3.11) lim B° [% —0.

Let M, be the running maximum of B. Note that since LB =LB on {M; < 1}, we
have

PO(LE < )\) <P0(L§ <A) —s—PO(Mt > 1)

:1—2P0(>\<Bt<1> < i(\jfm/ie—zﬂ).

E[%} :/1P(Tt>st)ds:/1P(st+2L5<t)ds
0 0

:/OIP(L;% < (12S)t)ds</olﬂ(2(1\/58)ﬁ+@eZQ)dS

With this estimate, we can now compute generator on the spine. Using equation
(3.11) we see

LY LEl 1. ,[t-T
(3.12) E° [tt} =E° [Z} = 5EO { ; t] =0,

1
5
Using (3.5) we have,

o [i]-e [2]-»

Br, + LE (0) - L3 (1)
t

Since T; < t, the third term tends to 0 and using the modulus of continuity for
Brownian motion the first term does as well. Therefore we also have

(3.13) E° [ﬂ 120, % .
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Thus using (3.11), (3.12) and (3.13) in equation (3.9) gives

N 1 1
lim ~ B [g(X;, Y5) = g(2 )| = 50,9(2,0) + 3029(2,0) + 0.

t—0 t

finishing the proof. (]
Lemma 3.3. Weak uniqueness holds for the martingale problem for A.

The proof of Lemma 3.3 relies on the existence of regular solutions to the
corresponding parabolic equation. We state this result next.

Lemma 3.4. For all f € D(A), there exists a solution to
(3.14) Oy — Au =0, u(-,0) = f, with u(-,t) € D(A).
Given Lemma 3.4, the proof of Lemma 3.3 is standard (see for instance [RW00,

EKS86]). For the readers convenience, we describe it briefly here.

Proof of Lemma 3.3. Suppose Z,Z' are two processes satisfying the martingale
problem for A. Let f € D(A) be any test function, and u be the solution in D(A) of
Opu — Au = 0 with initial data f. Then for any z € Qq, u(Z;, T —t) and w(Z;, T —t)
are both martingales under the measure P?. Hence

B f(Zr) = /Q B f(Zr) pldz) = | Bu(Z.T 0 utdz) - /Q u(z, T) p(dz)

— [ Bu@ T nuin) = | B i) = B2,
Q0 Q0
Since D(A) is dense in Cy(g) this implies Z and Z’ have the same one dimensional

distributions. By the Markov property, this in turn implies that the laws of Z and
Z' are the same. O

It remains to prove Lemma 3.4.

Proof of Lemma 3.4. Since u satisfies (3.14) we must have dyu = %Zﬁu for y € (0,1).
First we derive the identity

t 1
(3.15)  dyula,0,t) — / K1_.(0,0)0u(z, 0, ) ds + / 0, K:(0,2)f (x, 2) dz .
0 0

Here K’ is the heat kernel on (0,1) with Neumann boundary conditions at y = 0
and Dirichlet boundary conditions at y = 1, and K is the heat kernel on (0, 1) with
Dirichlet boundary conditions at y = 0 and Neumann boundary conditions at y = 1.

We show (3.15) for each fixed z, so in the following we suppress the dependence
on x. Suppose v satisfies the heat equation on (0,1) with homogeneous Neumann
boundary conditions at ¥y = 1 and homogeneous initial data, i.e.

8,:11—&8,51):0 for y € (0,1),t > 0,
v(0,t) = g(t) for t > 0,
Oyv(1,t) =0 for t > 0,
and v(y,0) =0 for y € (0,1).

Proposition 3.5 (Dirichlet to Neumann Map). If v is as above, then

(3.16) dyv(0,t) = —/0 K,_,(0,0)g'(s)ds
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Proof of Proposition 3.5. Let h be smooth on (0, 1) such that (1) = 0 and 2'(0) =1
and set

w(y1) = Oyu(y,1) — ~hiy)g' ().
Then

1
dyw — KOjw = —;hg" +hn"g for y € (0,1), t >0,

O,w(0,t) =0 for t > 0,
w(l,t) =0 for t > 0,
1
and - w(y,0) = ——h(y)g'(0) for y € (0,1).

By Duhamel’s formula we know

1 t 1
1 1
wint) == [ Kl ohG)g O s+ [ [OK o) (oha 1) dzs

where K’ is the heat kernel on (0,1) with homogeneous Neumann boundary con-
ditions at y = 0 and Dirichlet boundary conditions at y = 1. After integration by
parts, we observe

t 1 1
| [ Kwaih@ () dzds = i) 0~ [ K2 h:)g'0)dz
0 JO 0

t o1
+/ / atKLs(y,z)lh(z)g’(s) dzds.
0 Jo k

Since 0; K’ = kO?K’, this implies

t 1
wlynt) =~ b O+ [ 06) [ UL 2" () = KL (1, 2)h(e) deds

0 0

1

= k) ) = [ 9K (00)ds.

Consequently,

0y0(0.0) == | Ki_ (0.0 ().

Now suppose ¥ satisfies
8&1—&8517:0 for y € (0,1),t > 0,
0(0,t) =0 for t > 0,
0,0(1,t) =0 for t > 0,
and  0(y,0) = f(y) for y € (0,1).
Then )
ot) = [ Kw) () dz

and so

(3.17) 0,5(0,t) = /O 0,5,(0,2) f(2) d= .



23

Hence (3.15) follows from (3.16), (3.17) and linearity. The flux condition (3.8)
guarantees the following corollary,

Corollary 3.6. Let v(z,t) = u(z,0,t), where u is the solution of (3.14). Then v
satisfies

1 1
(3.18) O + 56}/"1} - gaiv =g,

where
1 t
gz, t) = %/ 0, K:(0,2)f(x,2)dz, and O v(z,t) d:ef/ w(t — s)ow(z, s)ds,
0 0

with kernel w(t) = K{(0,0). Note, the operator 0}° above is a generalized Caputo
derivative.!

Existence for (3.18) follows from Lemma 2.6. Since u satisfies the heat equation
for y € (0,1) we can write u in terms of v and f using the heat kernel. Explicitly,
we have

1 t
w(,y,t) = / Ki(y,2)f(2) dz  +5 / 0. Kooy, 0)u(x, 3) ds,

where K is the heat kernel on (0, 1) with Dirichlet boundary conditions at y = 0 and
Neumann boundary conditions at y = 1. Since v is C?*! this immediately implies
u € C*1. Thus to show u(-,t) € D(A) we only need to verify the flux condition (3.8).
This, however, follows immediately from the fact that azu(am 0,t) = 20pu(z,0,t) =
20v(x,0,t) and equations (3.15) and (3.18). O

We can also characterize the kernel w by it’s Laplace transform

Proposition 3.7. The kernel w in (3.18) is a function whose Laplace transform is

given by

b 2 tanh(v/2
(3.19) Lw(s) = / e Stw(t) dt = M.

0 V2s
Proof of Proposition 3.7. Let u solve (3.14) and let g = g(x,y,t) be the solution to

1
6tg—§8§g:0 fort >0, ye(0,1),
g(xz,0,t) = g(z,1,¢t) =0 fort >0,

g(z,y,0) = f(x,y) — f(x,0)  forye€(0,1), t=0.

Define u; = u — g, and observe that u; satisfies the heat equation with initial data
ui(x,y,0) = f(z,0) = v(x,0) = vo(z), and boundary conditions

ui(x,0,t) = u(x,0,t) = v(z,t) and Oyuq(z,1,8) =0.
Taking the Laplace transform yields the ODE in the variable y

1
2
SU1 — Vo — §8yU1 = O7
LThe reason for this terminology is that if instead of K one used the Neumann heat kernel on

the entire half line, then w(t) = 1/v/mkt. In this case /k0;” is precisely the Caputo fractional
derivative of order 1/2 (see for instance [Diel0]).
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with initial condition Uy (s) = V/(s), and 9,U1(1) = 0. Solving this ODE yields

=2+ ()0 )]

and hence

Vo 2 tanh v/2s
9yU1(z,0,s8) = —v2 V——)t hv/2 :—7<v_ .
Ui (,0, 5) s( S ) tan s NoT s vo>
This implies dyuq (x,0,t) = —0;"v(x,t), where w has the Laplace transform given
by (3.19). Note here 9,g(x,0,t) gives the forcing in equation (3.18). O

Remark 3.8. The direct calculation using the Laplace transform above obtains an
expression for the Laplace transform of 0,U; at y = 0. To express dyu; at y = 0 as
the time convolution operator d;w, one needs to prove the existence of a non-negative
function w whose Laplace transform is given by the identity (3.19). The standard
way to do this is to use Bernstein’s theorem [Fel71, §XIII.4] and check that Lw is
a completely monotone function. Unfortunately, in our case, this condition is not
easy to check.

3.2. Abstract construction using the Hille-Yosida Theorem. For complete-
ness, we conclude this section with an abstract construction of the process Z (defined
in Lemma 3.1) using the Hille-Yosida theorem. The idea is to start with the differ-
ential operator A from the comb model, and show that it generates a C°- Markov
semigroup on an appropriate L? space, which has an associated Markov process.

Theorem 3.9 (Hille-Yosida). A symmetric operator A on a Hilbert space H gener-
ates a CO-Markov semigroup if and only if

1. A is closed and densely defined
2. A is non-positive, i.e. (Ax,x)g <0 for all z € D(A).

where (-,-) is the inner product on H.

Remark 3.10. Note that item 2 above is sufficient to establish the resolvent estimates
IO -4 < 5

which can be found in the general statement of the Hille-Yosida theorem.

To accommodate the boundary condition which involves the second derivative, we
need to pack the boundary value into the function space as well. Let 2 =R x (0, 1)
and

H=IL*Q) @ LR, (1/a)\)
where a > 0 and ) is the Lebesgue measure on R and let
D(A) = {(uau('v 0)) | u € Hl(Q)7a§u € LQ(Q)7ayU(1‘7 1) = Oa U('a O) € H2(R)} :

For (u,u(-,0)) € D(A) we define
A(u,u(-,0)) = (8§u7a8yu(-,0) + 85u(~70)) .
Lemma 3.11. The operator A above is non-positive, closed and densely defined.

Proof. Let x = (u,u(-,0)) € D(A) and observe after integration by parts,

(3.20) (Ax,x}H:/Qu@;u—i—/Ré(aayuQﬂ)+3§u(.70))u(-70)
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—— [0~ [0 <0,

which shows A is non-positive. Next we show A is closed. Suppose
Tn = (Un,un(-,0)) = (u,@) in H and Ax,, — (f,b) in H. Using (3.20)

/Q(Byun)Q—i—é/R(axun(-,O))? :—/Qunaiun—/Run(-,O)(ayun(~,0)+$8§un(-,0))

and so as the right side is bounded we see 9,u,, is bounded in L?(£2) and hence up to
a subsequence converges weakly to some v € L?(f2). Similarly 0,u,(-,0) converges
in L?(R). Now let ¢ € C2°(Q), multiply to 82u, and integrate to see

/ PO, = — / 0y POy, .
Q Q

Taking limits on both sides we obtain

[ er== | o,00.

and hence d,v = f € L?(). If we apply the same argument by testing ¢ against 9, u,
we find v = Jyu and so f = 6§u. By the continuity of traces from H'! to L2, and since
Un, Oyuy, and 8§un converge in L?, we know u,(+,0) and d,u, (-, 0) converge to u(-,0)
and dyu(-,0) respectively in L?(R). The latter also tells us 92u,,(-,0) converges to
(1/a)b—dyu(-,0) in L*(R). Now consider a test function 1) € C>°(R), and apply the
same arguments as with ¢ but now testing against 9,u(-,0) and d2u(-,0) to establish
u(-,0) € H?(R) with d,u,(-,0) = dpu(-,0) and d%u,(-,0) — d2u(-,0) in L3(R).
Combining all these shows us that Az, — A(u,u(-,0)) which shows A4 is closed. For
density, let € > 0 and (u,v) € H. There exists ¢ € C2°(Q) such that ||u—1|/z2q) < €
and ¢ € C°(R) such that ||v — ¢[|L2®) < e. Next let h € C*°([0,1];RT) be any
positive function such that h(0) = 1 and ||h||z2¢0,1)) < &/l|®|lL2®). Now we
define w : Q@ — R by w(z,y) = ¥(z,y) + ¢(z)h(y). By construction we have

(w,w(-,0)) € D(A) and w(z,0) = ¢(z). Therefore we can see
[(w, 0) = (w,w(-, )|z = llw = ullL2) + |¢ = vllL2m®)
<l = ullzz) + (@) ¢W)llL2) + 16 — vllL>®)
< 3¢

which shows that D(A) is dense in H. O

We still have not clarified the relation between A and the operator A in §4
which generates the comb model. By the Hille-Yosida theorem and Lemma 3.11, A
generates a C?-Semigroup T'(t) on H, so let f € H and since T : H — D(A) we can
write T(t) f = (u(x,y,t),u(x,0,t)). Then u satisfies dyu = 8§u, u(z,y,0) = fi(z,y)
and Au € D(A) as well and hence d2u(x,0,t) = adyu(x,0,t) + dZu(x, 0,t) which is

precisely the boundary condition in the limiting comb model (3.8).

4. Thin Comb Model: The SDE approach

The aim of this section is to study the process Z¢, the diffusion associated
with (1.10)—(1.13), in terms of the underlying SDE. Roughly speaking the process
Z° is a “skew” Brownian that enters the teeth with small probability (¢/(2 + ¢)) at
the junction points eZ x {0}, and continues in the spine otherwise. Using martingale
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methods we will show that as € — 0 the processes Z° converge to a diffusion with a
sticky reflection at the spine.

4.1. The SDE description of Z°. Let W; be a standard Brownian motion on R.
Consider the system

(41) dth == l{YtE:O} th 9

(4.2) Y = 1qyesoy dW; + QL“ e, —dLY (1)

where L) (1) is the local time of the process Y about 1, and
b = L7 (eZ x {0})

is the local time of the joint process Z¢ = (X¢,Y¢) about the junction points
eZ x {0}. Explicitly,

1!
(4.3) ftﬂg%;(;/o Lia(ze(s).cm)<s} ds

where d denotes the graph distance between two points in 2.. The process Z¢ can
be viewed like a Brownian motion on €2, which upon hitting a vertex in €Z x {0}
enters the vertical teeth with probability %E) As we will shortly see, the process
Z¢ is precisely the diffusion associated with (1.10)—(1.13).

A weak solution to the system (4.1)-(4.2) can be constructed abstractly as follows.
Define the linear operator £ by

1 .

_ iajf if (x,y) € eZ x (0,1),

Lf=191

58%]" if (z,y) € R x {0}.

Now define the domain D(L?) to be the set of all functions
f€Co(Q)NCEQ: — (eZ x {0}))

such that £°f € Cy(Q.) and

gﬁyf(x,O)—&—%B;’ (a:,O)—%a;f(x,O)zO for z € €Z,
Oyf(x,1) =0 for v € €Z.

Theorem 2.1 can be used to show the existence of a continuous Fellerian Markov
process Z° = (X*,Y*¢) that has generator £°. By choice of £ and D(LF) the
process Z¢ is clearly the diffusion associated with (1.10)—(1.13). We claim that Z¢
is also the unique weak solution to the SDE (4.1)—(4.2).

Proposition 4.1. The process Z¢ = (X*°,Y¢) is a weak solution to the system
(4.1)—(4.2) with initial distribution uc. That is, there is a non-decreasing processes
¢ adapted to FZ~ and a standard Brownian motion Wy such that (4.1)~(4.2) holds.
Moreover, under the additional assumption that process spends measure zero time at
the junctions, i.e.

t
/ liye—oxzeezy ds =0,
0

the solutions are unique in law.
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Proof of Proposition 4.1. Equations (4.1) and (4.2) follow from Lemma 2.2 by choos-
ing F(xz,y) = « and F(x,y) = y respectively. The proof of weak uniqueness is
similar to the proof in [EP14] and we do not present it here. ]

4.2. Convergence as ¢ — 0. The main result of this section identifies the limit of
Zf ase— 0.

Theorem 4.2. Viewing the initial distributions p® as probability measures on
Q. C Qo, suppose that (uf) — p weakly as e — 0. Then the processes Z° converge
weakly (as e — 0) to the process Z = (X,Y) which is a weak solution to the system
(3.2)-(3.4) with initial distribution p.

Note for any ¢ > 0, the process Z¢ behaves like a skew Brownian motion at the
junction points eZ x {0}. However, as £ — 0, the limiting process develops a sticky
reflection on the spine y = 0. Before we prove Theorem 4.2, we need a few lemmas.

Lemma 4.3. Let Z° = (X¢,Y*®) be the process on the thin comb Q, as defined
above. Then for any T > 0, the family of processes Z¢ is tight on C([0,T]; R?).

Proof of Lemma 4.3. We write both X¢ and Y¢ as time changed Brownian motions
as follows. Let S(t) = fg 1{ye—o} ds. Then letting S~*(t) be the right-continuous
inverse, by the Dambis-Dubins-Schwartz time change theorem, W; = Xg.,l( t is
a Brownian motion and X§ = Wg(;). Similarly we can time change Y using
R(t) = fot 1{ys>0} ds. Equation (4.2) tells us that By = Yi-1(y satisfies

dB, = dB, + dLP(0) — dLP(1).

where Bt is a Brownian motion and hence B; is a doubly-reflected Brownian motion
on [0, 1] such that Y; = Br. Since S(t) — S(s) <t —s and R(t) — R(s) <t —s
holds with probability one, the moduli of continuity of X¢ and Y over [0, 7] are no
more than those of W and B over [0, T], respectively. This implies tightness. [

Lemma 4.4. Let A be the generator (3.7). If f € D(A), and K C Qg is compact
as a subset of R? with the usual topology, then

t
lim s B (£(20) ~ f(Z0) - | Arzas) =0

Proof of Lemma 4.4. We claim for any k£ € N we have
L% (ek,0) = LX"(ck,0) + LY (¢k,0), and LY (ek,0) = %LXE (ck, 0).

which are consequences of equation (2.3). (The second equality can also be deduced
the independent excursion construction in §5, below). Consequently

24¢

(4.4) L7 (ek,0) =

€ 2 €
X (eh,0) = =LY
g

(ek,0).
For any f € D(A), Lemma 2.2 gives

t t
(4.5) f(Z7) = f(Z5) = | Oyf(Z3) N yesoydYs + | 0uf(Z5)1{ye—0y dXT
0 0

"1 1
+ [ SN Lm0+ 500210y
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+»§:( 5k(D—%4;£f(8+jKek(D 8;j(skﬂn))LfskkAn.

kEZ

The first integral on the right of equation (4.5) can be rewritten as

t/‘a £z 1{Yéw}dy’._t/)a F(ZE)1 gy ey AW, — j/ 9, f(X5,1)dLY" (1)

== / 8yf(Z:)1{YSE>O} dWs .
0

Here we used the fact that 0, f(z,1) = 0 for any f € D(A).
Returning to (4.5), we note that f € C?(Rx {0}) implies 9, f(¢k,0) = 9, f(ck,0).
Thus for (z,y) € K N Q., taking expectations on both sides and using (4.4) gives

t
B (1(20) — 175) ~ | Az is)
_ Euyl/a2 Npyesoy + O2f(Z5) 1 yveoy — O2F(22) ds

+—sj{jé@j’sk,O)Lf*(sk,O))

keZ

:2E@y l/afzfonwsmw+s§]xfwowX@km)
kEZ
=I+1I,

where

o 1
= ZE(x y)/ (8y f(ek,0) — Dy f(XZ,0)) 1 iyve—o, |xc—ch|<5} dS,

kEZ

o 1 '
1% 5370, f ek, 00 B (L — / Lvemo, s eri<s) ds)
2 0

Note that there exists Brownian motion W such that X7 = Wg) where S(t),
defined by

(4.6) saﬁf/1wq)@@

is the amount of time the joint process spends on the spine of the comb up to
time t. To estimate I, for any 0 > 0 we choose sufficiently large closed interval
C = [e(co — 1/2),e(c1 +1/2)] C R such that

t 1)
(4.7) sup E” / Liw.gcnrds) < 77— -
(zy)eK ( o | LWaECH ) 18y £l

Then since S(s) < s, it follows that

PY(XS ¢ C) < PY(W, ¢ C)
and so the above estimate can be applied for X© independent of ¢. Since 9, f(-,0)
is continuous and hence uniformly continuous on C, for any 6 > 0 we can choose
e > 0 such that if x1, 29 € C with |21 — 22| < € then |0, f(z1,0) — 0y f(x2,0)| < 0.
For such € and for k € [co, c1],



t
(4.8) E(w’y)/o 10y f(ek,0) — Oy f (X5, 0)[Lyyve=o, | xc—ck|<5} ds

<5/Otpm(|xg—ak| < %) ds |

Combining the above with (4.7), gives the following estimate of T

t
1] < % <5 3 /O P””<|X§—sk| < %) ds

ekeC
t € to
+ 200, flle S / P””<|Xj k| < 7) ds | < 2 +4.
0 2 2
ek¢C
Since § > 0 was arbitrary this proves I — 0 as ¢ — 0.
In order to estimate II, we again use the above representation to see

t
(4.9) E@Y|eLX (5k,0)—/ 1iye_o, ‘X5,6k|<%}ds‘
0

S(t)
= EI‘{;‘Lg@)({:‘k) 7/0 1{\Ws—8k\<§} ds|,

29

where S(t), is given by equation (4.6) above. Thus to show II — 0, it suffices to
estimate the right hand side of (4.9) as ¢ — 0. Also, by shifting the indices of the

sum to compensate, we can assume that x = 0.
To this end, let f. be defined by
2

e(sk—x)—% ifx<5k—§,
T) = Tr—€ it € —ngga —|—§,
(z) = k)? if ek — 5 kg
2
e(x—ek‘)—% ifx>5k+§.

By Ito’s formula we have,
fe (W) —elWy — ek| — (fe(Wo) — e[Wo — ekl)
t
0
Using the It6 isometry and the inequalities

t
= [ (42w — esign(W, k) W+ [ 1w, -aaiegy ds — <L (oh).
0

52

|f5(x) —5|x—€k‘|| < T
|fi(z) — esign(z — ek)| < eljep—z crrg)

we obtain

t 2 t
13
EO‘ELtW(Ek) —/0 1{|Ws—sk|<%}d5‘ < +e (EO/0 1{|Ws_sk|<;}ds>

since

3

t t t
E° | 1w piocyds = P0W37k<§d</ ds = 2csV/ .
/0 {(IW.—ck|<5} d8 /0 (| ek 2) s<e | pds ceVt
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We break up the sum in IT and estimate as follows,

1 . ¢ 2N 3
3 Z |ayf(5k70)|E0‘€LtX —/0 liveco, |xs—ck|<5} ds‘ < ||3yf||c><>?c(t)Eg
|k|<E

and also

1 : t
3 > |8yf(5k70)|E0‘5L§( —/0 1{ye—o, \X§75k|<§}d3’

N
[k|> =

1 £ t
< §||6yf||oo > EO(ELiX +/0 1{ye—o, |X§75k\<§}ds)'

. N
[k|> %

Combining, we have

t
|H\§||8yf\|oo( > EO[eLfE(sk,O)]—&—/O P0(|X§|>N-§)ds+2Nc(t)g%).
|k|>N/e

We can again use that X has the same distribution as a Brownian motion with a
time change S(t) < ¢t to replace X¢ with W, i.e.

t
3 1
|H|<||8yf||oo( > EO[sLtW(ek)H/O P0(|Ws\>N—§)ds+Nc(t)52).
|k|>N/e

Notice that for fixed N, the first term converges as € — 0

z|>N

E°cLY (k)] — E° LY (z)dz| .
[ELY (=) — U ()]

|k|>N/e

Therefore, setting N sufficiently large and then sending ¢ — 0 gives us II — 0 as
€ — 0. This completes the proof. O

Proof of Theorem 4.2. Suppose first Z¢ — Z' weakly along some subsequence.
We claim Z’ should be a solution of the martingale problem for A with initial
distribution p. To see this set

Mg = £(Z5) — F(ZE) - / AF(ZE)dr

and observe
EY (M | Fo) = Mg + BZ(M;,)

by the Markov property. Using Lemmas 4.4 and 4.3, and taking limits along this
subsequence, the last term on the right vanishes. Since this holds for all f € D(A)
and D(A) is dense in Cy(2g), Z’ must be a solution of the martingale problem for A.
Since Z° — Z’ weakly and p® — p weakly by assumption, we have Z(0) ~ pu. By
uniqueness of solutions to the martingale problem for A (Lemma 3.3), the above
argument shows uniqueness of subsequential limits of Z°. Combined with tightness
(Lemma 4.3), this gives weak convergence as desired. [
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5. Thin Comb Model: Excursion description.

In this section we use Itd’s excursion theory (c.f. [It672,PY07]) to describe Z¢, the
diffusion associated with (1.10)—(1.13). We then identify Z¢ as a trapped Brownian
motion in the framework of Ben Arous et. al. [BAC+15] and use this to provide an
alternate description of the limiting behavior as € — 0.

5.1. The excursion decomposition of Z¢. The trajectories of Z¢ can be decom-
posed as a sequence of excursions from the junction points €Z x {0} into the teeth
and spine respectively. The excursions into the teeth of the comb (excursions of Y¢
into (0, 1] while X¢ € €Z) should be those of a reflected Brownian motion on [0, 1].
The excursions into the spine (excursions of X¢ into R\ €Z while Y = 0) should
be be those of a standard Brownian motion on R between the points eZ. Thus one
expects that that by starting with a standard Brownian motion X on R and an
independent reflected Brownian motion Y on [0,1], we can glue excursions of X
and Y appropriately and obtain the diffusion Z° associated with (1.10)(1.13). We
describe this precisely as follows. )

Let X be a standard Brownian motion on R and let L;X(z) denote its local time
at x € R. Let L (cZ), defined by

_ - 1 [t _

X def X T

Lt (&?Z) - Z Lt (gk) - ;g% % 0 Z l(sk—é,ek—i-é) (Xs) ds,
kEZ kEZ

denote the local time of X at the junction points eZ. Let 7%:¢ be the right-continuous

inverse of L;X(¢Z) defined by

XE(0) = inf{t > 0| L¥ (e2) > ¢}, ¢>0.

Notice that the functions ¢ ~— Lf_( and ¢ — 7X<(¢) are both non-decreasing. B
Let Y be a reflected Brownian motion on [0, 1] which is independent of X. As
above, let LY (0) be the local time of Y about 0, and let 7Y, defined by

T?(g) — inf {t >0 | Lf(O) > é} ’

be its right-continuous inverse. We define the random time-changes wX ¢ and 77/137*5
by

(5.1) X () = inf{s > 0] s+ T?(gLf(gZ)) >t}
and
(5.2) WY E(t) =inf{s > 0| s + TX"?(SL?(O)) >t}

Note both 1/1)_( ¢ and 1/137’5 are continuous and non-decreasing functions of time. The
idea of (5.1) and (5.2) is to ensure that the local time balance (4.4) is satisfied
which we prove below in Lemma 5.9.

Proposition 5.1. The time changed process Z¢ defined by
Z5(t) = (X (v (1)), Y (7 (1)))

has generator L¢ and is a weak solution to the system (4.1)—(4.2).
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This gives an alternate and natural representation of Z¢ = (X¢,Y*¢). For clarity
of presentation, we postpone the proof of Proposition 5.1 to the end of this section
(on page 37).

5.2. Description as a trapped Brownian motion. We now show how this
representation can be explained in the framework of trapped Brownian motions
as defined by Ben Arous, et.al. [BAC+15] (see §2.4). In this paper, the authors
introduced a general framework to describe trapped random walks and Brownain
motions and characterized all possible scaling limits of a fixed (random) trap
structure. We shall see that our limiting model does not directly fit into this
characterization because we not only scale the traps, but also the probability of
entering the traps which is reflected through the flux balance condition. Consider a
trapped Brownian motion X; = B(1(t)) and then scale it to obtain the process

Xf = 5Xp(5)*1t y

where p is a nondecreasing function. Then [BAC+15][Theorem 2.8] says if X7
converges in law to some process U(t) then U is either a Brownian motion, or
an FK-SSBM mixtures which we now recall. Let F* be the set of all Laplace
exponents of subordinators equipped with the topology of pointwise convergence.
Such functions are called Bernstein functions and a characterization of this topology
can be found in the appendix of [ILP15]. Let F be a o finite measure on F* and
(24, f;) be a Poisson point process on R x F* with intensity measure dz x F. For
each i, let S* be an independent subordinator (from each other and from B) with
Laplace exponent f;. Define

where V7 is a y-stable subordinator for some v € (0,1). Then an FK-SSBM mixture
is a process U(t) = B(y(t)) where

Y(t) =inf{s > 0|, >t},

where ¢ is a subordinator as above.
As we saw in Theorem 1.2, the limiting process for the comb model is again a
time changed Brownian motion as above but with

¢ =1+ 5

and S; need not be a stable subordinator. See (3.12) for computation of the drift.
The reason we do not necessarily obtain a stable law is because we are not scaling the
time spent in the traps, but the probability of entering the trap. In fact by adopting
different fixed geometries for the traps, we can obtain a variety of subordinators
which arise as the inverse local time of some recurrent graph diffusion which is sticky
at a point. .

First, we identify the trap measure for X°. The process Tfy , appearing in
the time change (5.1), is a Lévy subordinator. Specifically, there is a Poisson
random measure NY on [0,00) x [0, 00) with intensity measure d¢ x ¥ (s)ds, where
7Y (s) : (0,00) — (0, 00), and such that

(5.3) TZ:/ / sNY (de x ds).
[0,4] J[0,00)
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In the definition of *¢(t) above, we have
e o
LX(ez ) Y( fpX )
¥ (Sr¥(ez) > SLEER)
kez
Because 7'5 has stationary, independent increments, this is equal in law to

(5.4) g (ELf(sZD el (§L§ (ek)),
kEZ

where {Y};}rez are a family of independent reflected Brownian motions on [0, 1].
That is, the time change 1)*¢(¢) has the same law as

(5.5) P =imf{s > 0] s+ Y (gLf(sk)) >t}
kEZ

Each of the processes 7Yk can be represented as in (5.3) with independent Poisson
random measures N*:

(5.6) i :/ / sNY(de x ds).
[0,4] J[0,00)

Since each of the random measures N** is atomic, we may define {(¢;x,s;x)}52

. j=1
to be the random atoms of NY* by

(o)

(5.7) N =600, 0500
j=1

Then define a random measure on R x [0, c0):

(5.8) pF = da x dl + Z Z 85,k0(ck,(2/)¢; 1)

kezZ j=1
Returning (5.5), we now have the representation
s+ Y v ( LX( 5k)) o ({(x,e) €R x [0,00) | £ < L‘f(x)}) .
kez
It is casy to check that uX defines a Lévy trap measure, in the sense of [BAC+15],
Definition 4.10. This proves the following:

Proposition 5.2. Let X be a standard Brownian motion on R and let )_([MX’E] be
the trapped Brownian motion (see §2.4) with trap measure p~= defined by (5.8).
Then the law of X¢ coincides with the law of X [u=].

The process Y© admits a similar representation as a trapped (reflected) Brownian
&

motion. To this end, we first note that TL,X
be written as

(5.9) Tj_‘ﬁ:/ / sNXE(dt x ds),
[0,] J[0,00)

where N X is a Poisson random measure on [0, 00) x [0, 00) with intensity measure
dl x 0 (s)ds.

is also a Lévy subordinator which may

Lemma 5.3. The excursion length measure nX’E satisfies the scaling relation,

UX’E(S) = 5’377)2’1(5’25), s> 0.
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Proof. First we need to compare L (¢Z) and LiX(Z). Here we use the Brownian

scaling relation
1 - _
“X., 2 X,
€

in distribution. We compute

_ ] 1 t
L (ez) = %1_{% %/0 Lg%, cz)<sy ds

|
5

% ), Haaxa,z<2yds

c t/e?
Jim 2% / Liax, zy<sy ds

where the last equality holds in distribution. Hence we obtain

1=

(5.10) L¥(z) L Ly 122(2)

in distribution. Recall that NX:¢ = Zj 5(%@) is a Poisson random measure with
mass at (s;,¢;) if

ie. if L§ (eZ) = ¢; for an interval s € [tg,to + s;] where tg = TZ . Therefore if we

let
= Z Os;.85)
J
then (5.10) tells us .
N*E = 25(625j75€j) :
J
So now let [50,51] % [€o, £1] C [0,00) x [0, 00). It follows that

E(NX’E([goagl] X [207571])) = E(Z 1{(525,-75@,-)6[50,51]x[éojl]})
J

= BE(N¥(50/%, 51/ x [lo/e, 11/<)

Therefore since

_ &
E(NX’E([EO,El] eo,zl // s) dtds
Lo 50
we have

Zl 161 /E 51/5 61 _
/ / s) dtds = / / s)dlds = / / e ) dds
2o 50 lo/e So/e? Lo 5
as desired. O

Letting {(s;,¢;)}52; denote the atoms of N X.¢ we then define a random measure
on [0, 1] x [0,00) by

(o)
(5.11) ,LLY’E =dy x dl + Z Sjé(o,(s/g)gj).
j=1
This also is a Lévy Trap Measure in the sense of [BAC+15] (replacing R by [0, 1]).
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Proposition 5.4. Let Y be a Brownian motion on [0,1], reflected at the endpoints,

and let Y[uY ] be the trapped Brownian motion with trap ‘measure Y€ defined
by (5.11). Then the law of Y coincides with the law of Y [uY .

5.3. Convergence as ¢ — 0. Having identified X¢ and Y* as trapped Brownian
motions, we can now describe their limit behavior with the help of Theorem 6.2
of [BAC+15].

Proposition 5.5. Let R(t) be a Brownian motion on [0, 1] reflected at both endpoints
x=0,1, and B be a standard Brownian motion on R.

(1) As e — 0, we have Y& — Y waguely in distribution on D(]0,00)). Here
Y = R[,uf] is a reflected Brownian motion that is sticky at 0.

(2) As e — 0, we have X¢ — B[uX] vaguely in distribution on D([0,00)). The
limit process here may also be written as X (t) = B(2L} (0)).

Remark 5.6. Using the SDE methods in §4 we are able to obtain joint convergence
of the pair (X¢,Y*) (Theorem 4.2). The trapped Brownian motion framework here,
however, only provides convergence of the processes X¢ and Y¢ individually.

Proposition 5.5 can be proved quickly from the following lemma.

Lemma 5.7. Let NY be a Poisson random measure on R x [0,00) x [0, 00) with
intensity measure dz x df x n¥ (s)ds. As e — 0, the random measures ¢ on

R x [0,00), defined by (5.8), converge vaguely in distribution to the random measure
X defined by

:// 1A(x,£)dzd5+1// / 14(z, 0)sNY (dz x dl x ds) |
RJO 2 RJO 0

for all A € B(R x [0,00)). The random measures ¥ on [0,1] x [0,00), defined
by (5.11), converge vaguely in distribution to the measure pY defined by

/1/00 1A(y,e)dyde+2/oo 14(0,0)de A€ B([0,1] x [0,00)).
0 JO 0

Proof. Tt suffices to show for rectangles A = [zg, 21] X [{g, £1] that
P (A) = g (A)

in distribution. We calculate the characteristic function using [Kyp06, Theorem
2.7],

Bl ] —exp(iBlA] + Y / / 7)Y (s) ds)

ek€lxo, 1]

(il + (| 2] - [2]) 25 [0 - e o))
— exp(iB|A| + |,;1/0°° €)Y (s )ds)

as € — 0. We note that this last formula is the characteristic function for zX (A).
The calculation for ;Y (A) uses Lemma 5.3 and a change of variables as follows

, 2, oo
Elein ()] =exp(iﬁ|A|+1[yo,y1](0)/Qé /0 (1= ey =(s )ds)
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) 2001 — 4 o0 PV S
_eXP(Zﬂ|A|+1[y0,y1](O)(1€40)/O (1—e B )nX’l(e 28)d8>

. 2 ,61 - go o0 -2 v
= exp(zﬁ|A| + l[yo?yl](O)i( = ) / (I1—e* ’Bs)nx’l(s) ds) )
0
Notice that by switching the integrals, we find

1 > o2 < 1 > . 8 iBe2r o
- (1 — P )pXl(s) ds = —2/ (75152/ P Ayl (s) ds
e Jo €% Jo 0

:/ 6iﬁ52r/ n)_(’l(s)dsdr.
0 r

Since 77)_( I has exponential tails, we can send ¢ — 0, use dominated convergence
and switch the integrals again to find

1 o0 . 2 _ oo
lim —/ (1 — e )pXl(s)ds = / snXl(s)ds =1

2
e=0¢e% Jo 0

and hence

E[en " (D] Eleifny (D]
]

Proof of Proposition 5.5. The convergence of Y° to R[uY] is an immediate conse-
quence of Theorem 2.7, Lemma 5.7 above, and the properties of Poisson random
measures. To identify the limiting process R[u)] as a sticky Brownian motion,
observe that the time change has the form

pr ({(y,0) €10,1] x [0,00) [ LE(y) > £}) = s+ 2L(0).
Thus, the limit process is Y (¢) = R(¢(t)) where
Y(t) =inf{s > 0] s +2LF(0) > t}.
This is precisely a sticky Brownian motion (see Lemma 3.1).
For the second assertion, the convergence of X¢ to B[u ] is again an immediate
consequence of Theorem 2.7 and Lemma 5.7 above. The fact that limiting process
B[pX] has the same law as X; from Theorem 1.2 can be seen as follows. To compare

the two, let us first write them in a similar form. If LB(0) is the local time of B at
0, let 77 be the inverse

72 =inf{t >0 LP(0) > ¢}.

Then, we have

X, = WzLB =W(h™(t))
T(t)
where B
h(r) =inf{r > 0| rJrTTB}z >t}
The fact that 2L§(t)
2Ly +T(t) =t
Therefore, the two processes are

BluX] = B¢~ (1)) X, = B(h™(t))

= h~1(t) follows from the definition of T'(t), which implies

where ¢ is:
¢(r) = dlp, Bl = pa ({(2,€) € R x [0,00) | L7 (x) > £})
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If AB = {(z,¢) € R x [0,00) | LE(x) > ¢}, then by definition of the trap measure
Mo

(5.12) p(r)=r+ 1 /// sNY (dx x dl x ds) .
2 AB x[0,00)

The last integral has the same law as 7'52. Hence, h and ¢ have the same law.

Notice that A is independent of W, while ¢ depends on B, through the local time
in AB. O

5.4. Proof of Proposition 5.1. To abbreviate the notation, we will write Lt)_( and
LY for L¥ (¢Z) and LY (0), respectively; notice that L depends on e while LY does
not. Let X¢(t) = X (¢X=(t)) and Y=(t) = Y (¢o¥=(t)). The proof of Proposition 5.1
follows quickly from It6’s formula, and the following two lemmas:

Lemma 5.8. For everyt > 0, we have
(5.13) LY = fLYE :
Lemma 5.9. The joint quadratic variation of X¢ and Y€ is 0.

Momentarily postponing the proof of these lemmas, we prove Proposition 5.1.

Proof of Proposition 5.1. For any f € D(LF), Itd’s formula gives
1 X,e t) B B
BAZ) - 1(Z5) =3B [ (X Ve ds

+ E/ Buf((XE)F,YE) — 0, f((X5)~ YE)) ALY (c2)

YE t)
+ E/ 0y f (X, Yo) 1y e(0,1) ds

+E/8f )F)dLY " (0).

Here we used the fact that (X¢,Y*) =0 (Lemma 5.9) and 9, f(x,1) = 0 (which is
guaranteed by the assumptlon f € D(CE)) Using (5.13) this simplifies to

,(//VX E(t B B
BAZ)-1(Z5) =B | BFX. Yl x guny ds
0

Y'E(t B B
+E/0 ajf(X&YS)]'{YSG(O,l)} ds
1 ¢ .
458 [ (08 /X YE) — 0, (X5 Y2) + 2] FXE.YE)) LY (e2).
0

Since f € D(L?) and LX" only increases when Y = 0 and X¢ € €7, the last integral
above vanishes. Consequently,

1
: -y e\ _ £ __ e
lim BV (f(Z5) = [(Z5)) = £°f (z,y)
finishing the proof. O

It remains to prove Lemmas 5.8 and 5.9.
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Proof of Lemma 5.8. We first claim that for any ¢ > 0, we have

(5.14) GXE() + V() = ¢

To see this, define the non-decreasing, right continuous function
H(t) < 7Y <thX (EZ)) .

Using the properties of T?, LX, TX’E, and L?, it is easy to check that the right
continuous inverse of H is

H™'(t) = inf{s > 0| H(s) >t} =7%° (iL?(O)) .

Therefore, wX € and wY’g are the right continuous inverse functions of ¢ — ¢t + H (t)
and t — t + H~'(t), respectively, meaning that

W) =inf {s | s+ H(s) > t},
GVt =inf {r | r+H 2(r) > t}.

In general, H(H~'(r)) > r and H~'(H(s)) > s must hold, but equality may not
hold due to possible discontinuities in H and H~!.

Fix ¢ > 0, and let [tg,t1] be the maximal interval such that ¢ € [to,?1] and
’(/JX"E is constant on the interval [tg,¢1]. Possibly to = t; = ¢, but let us first
suppose that the interval has non-empty interior, ¢ty < t;. This implies that H(s)
has a jump discontinuity at a point s = ¥X°(¢;) such that s + H(s~) = t and
s+ H(sT)=s+ H(s)=ty. Also, H1(H(s)) = s must hold for such a value of s.
So, for £ = H(s) = H(¢***(t1)) we have

(+HY0) =H(s)+s=t.

Therefore, Y <(t;) = ¢, since
GVe(t) =inf {r| r+H'(r) > t,}.
This means that ¢ ¢(t1) = H(s). Therefore,
WV (t) () = Hs) +s =1

must hold. Now let extend the equality to the rest of the interval [to,?1]. By
assumption, X2 (t) = X (t;) for all t € [to,t1]. Since H has a jump discontinuity
at s, this means H~'(r) is constant on the interval [H(s™), H(s)]. Hence, the
function r+H~*(r) is affine with slope 1 on the interval [H(s™), H(s)] = [V (1) —
(t1 — to), Y #(t1)]. Therefore, for all t € [to,t;], we must have

YY) = S (h) -t
This shows that for all ¢ € [to, t1], we have
(5.15) G + 9T = 0T () + 9T () -t =t

Applying the same argument with the roles of X pYoe , H and H ~! reversed,
we conclude that 1X¢(t) + 1Y +¢(t) = ¢ must hold if either ¢)*-¢ or )Y€ is constant
on an interval containing ¢ which has non-empty interior. The only other possibility
is that both ¢X¢ and 1/)35’5 are strictly increasing through ¢. In this case, H
must be continuous at ¥*°(¢) and H~! must be continuous at ¥¢(¢). Thus,



39

H=YHWX=(t))) = ¢vX5(t) and H(H ()Y 5(t))) = Y 5(¢) holds. The rest of the
argument goes as in the previous case. This proves (5.14).

Now, since X¢ and Y are time changes of X and Y respectively, we know that
the local times are given by

Lg(s déf LXE (62) = Lf)?,a(t) ’ and LZE d:Cf LYE (0) = sz’,s(t) ’

By definition of 1/))2’6, we know

. .
b=y )+ 77 (5

LX)
Using (5.14) this gives
Y,E _ Y/ E X )275
W = (LY ).
and using the fact that 7Y is the inverse of LY, we get (5.13) as desired. ]

Proof of Lemma 5.9. Without loss of generality, suppose that (X§,Y§) = (0,0). Fix
0 > 0, and define a sequence of stopping times 0 = 09 < ) < 01 <0y <09 < ...
inductively, by

O'QZO
01 = inf {t > o, | either Y;" =6 or d(X[,eZ) =0}, k=0,1,2,3,...
Opt1 =inf{t >0 | Yy =0and X; €cZ}, k=0,1,2,3,...

Then for T > 0, we decompose the joint quadratic variation over [0, 7] as

(X5, Y%)0m = Z(XE; Y ou AT 00 nT]) + (X Y ) 10, AT 0 AT
k>0

We claim that for all k,
(516) <X€3 Y€>[9k+1/\T,Uk+1/\T] = 0

holds with probability one. Hence,

‘<X€’YE>[0,T]’ < Z ’<X€,Y€>[ak/\T,0k+1/\T]‘

k>0
1 1
< Z §<XE) X€>[Uk/\T,9k+1/\T] + §<YE7Y€>[UkAT,9k+1AT]
k>0
<Y Ok AT) = (05 AT))|
k>0
(5.17) <H{telo,T]| |YVi| <96, and d(X;,eZ) <6}

As 6 — 0, the latter converges to 0 almost surely, which proves that (X¢,Y¢) = 0.
To establish the claim (5.16), we may assume 0y, < T', for otherwise, the statement
is trivial. At time 6y, we have either Xj ¢ ¢Z or Yy, = 6. In the former case,

we must have X; ¢ ¢7Z for all t € [0y, 01,). Hence, ¥¥°(t) and Y are constant for
all t € [0k, 0r). In the other case, Y; > 0 for all t € [0, o) while X; is constant
on [0,0r]. In either case, this implies that (X, Y®)g, a7.s,a7) = 0 holds with
probability one. [
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6. The Fat Comb Model

Recall the fat comb model defined in §1.4, which is the normally reflected diffusion
Z¢ on the unbounded domain

(6.1) Qo ={(z,y) eR? | —e<y< 1p(ez.c2/2)(7)},
(see Theorem 2.8). The same result as Theorem 4.2 holds for this process:
Theorem 6.1. Let Z° = (X°,Y?) be a normally reflected Brownian motion in

with initial distribution u®. If the sequence of measures (u°) converges weakly to a
probability measure 1 on Qo = R x [0, 1], then the processes Z= converge weakly (as

e — 0) to the process Z = (X,Y) which is a weak solution to the system (3.2)-(3.4)
with initial distribution p.

To prove Theorem 6.1, we will need to establish the analogues of Lemmas 4.3
and 4.4. These are as follows:

Lemma 6.2. Let Z° = (X¢,Y°®) be the reflected Brownian motion on the fat comb
Qe, as described in Theorem 6.1. Then, for any T > 0, the family of processes Z¢
are tight in C([0,T]; R?).

Lemma 6.3. If f € D(A), and K C Qg is compact, then

i sup BF(£((20)) = F(Z5)7) = [ AF(Z0))ds) =0

20 e KNQ.
Proof of Theorem 6.1. Given Lemmas 6.2 and 6.3 above, the proof of Theorem 6.1
is identical to that of Theorem 4.2. (]

Lemmas 6.2 and 6.3 are proved below in Sections 6.1 and 6.2 respectively.

6.1. Proof of Tightness (Lemma 6.2). To prove tightness, we first compare the
oscillation of trajectories in the spine to that of Brownian motion. This will also be
used in the proof of Lemma 6.3.

Lemma 6.4. Let W’ be a standard Brownian motion on R with W'(0) = 0. For
any T >0, e € (0,1/2], z € Q., and any a,d > 0, we have

(6.2) PZ( sup | X°(t) — X°(r)] 2a) <P( sup 4|W'(t) — W'(r)| >a—25).
r,t€[0,T] r,t€[0,T)
[t—r|<S [t—r|<d

Proof. Define a sequence of stopping times inductively, by
1
o =inf{t >0 X(t) €e(Z +3)}
Tk+1:inf{t>7'k’|X8(t)—X8(Tk)|:E}, k>0

By symmetry of the domain, observe that k — X¢(7x) defines a simple random
walk on the discrete points €(Z + 1/2). Next, define

= inf{t > | [X5(t) — X°(r)| = /4}, k>0

In particular, 7, < 7}, < Tp41. At time 73, X°(7%) is in the spine, at the midpoint
between two adjacent teeth. For ¢ € [y, 7], X°(¢) is in the spine and cannot enter
the teeth, because |X¢(t) — z| < ¢/4 where = X°(r) € €(Z + 1). Define the
increments AR X¢ = X¢(741) — X°(7%) € {—¢, +¢}. By the strong Markov property
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and symmetry of the domain, the random variables {(7], — 7)}x U {AX{}y are
independent.

Now, suppose that W’(t) is an independent Brownian motion on R, with W’/(0) =
0. Define another set of stopping times inductively by g = 0 and

(6.3) Opar = inf{t = oy, | [W'(t) — W'(ow)| = £/4}, k> 0.

Let Aoy = op41 — 0k, and AW = W (og41) — W/ (o) € {—¢/4,e/4}. Observe
that the family of random variables

{(Okt1 — ok), 4AW }iz0

has the same law as the family

{(r, = ™), AX{ }r>0-

Next, define
K(t) = max {k 20| 7 <t}
and observe that if [t—r| < 0 and 0 < r < ¢ < T, then we must have Tx (1) =T (r)41 <
0 and thus
K(t)—1 K(t)—1
Z (1 —15) <9, and Z (mj —75) <T.
j=K(r)+1 j=0

In this case,
[ X5 (t) = X°(r)| < 26 + | XE(K(2) — X°(K(r) + 1)
K(t)—1
*2€+‘ Z AXS
j=K(r)+1

m—1

(6.4) <2+ sup
osesm!, S

;n[jrl J 7',)<5} { (T —T])<T}

This last supremum has the same law as

m—1
4AW] |1 m—
Ogszlgm j;l J { j= e+1(03+1 UJ)<6} {Z 1 (9541~ 07)<T}

= sup 4[W'(om) = W (0er1)| Lop—0ri1 <6} Vom—oo<T} -
0<e<m

Since the right hand side of the above is bounded by

sup 4|W'(t) — W'(r)],
r,t€[0,T]
ft—r|<s

we obtain (6.2). O
We now prove Lemma 6.2.

Proof of Lemma 6.2. Note first that Lemma 6.4 immediately implies that the pro-
cesses X¢ are tight. Indeed, by (6.2) we see

(6.5) lim lim sup P“E( sup | X°(t) — X°(r)| = a) =0.
620 c0 r,t€[0,T)
fi—rl<



42

Moreover, since u® converge weakly to the probability measure p, the distributions
of X§ are tight. This implies implies tightness of the processes X*.
For tightness of Y*, we note as above that the distributions of Y; are already
tight. In order to control the time oscillations, fix 7' > 0, and let
dZ¢ = dB; + dL%

be the semi-martingale decomposition of Z= (see for instance [SV71]). Here B =
(B1, By) is a standard Brownian motion and L% is the local time of Z° on 0f)..
Let w(d) = wr(0), defined by
w(d) = sup |Ba(t) — Ba(s)|,

s,t€[0,T)

l—s|<s
be the modulus of continuity for By over [0,T]. Let [s,¢] C [0,T] with |t — s| < 0.
If 0 <Y?F <1 forall r € (s,t), then we must have

[Y=(t) = Y(s)| = |Ba(t) — Ba(s)| < w(9)-

Otherwise, for some r € (s,t) either Y. =0 or Y;. = 1. Let Gs be the event that
w(d) < 1/2; on this event Y cannot hit both 0 and 1 on the interval [s,t]. Define

n- =inf{r > s|Y7 €{0,1}}, and ny =sup{r<t|Y?S e {0,1}}.
In this case we have
VE = Vel < max((YE(n-) = YE(s)] , [YE(0) = YE(me))) + L + &
— max(|B(n-) — B(s)| , |B() = B(n)|) + Las + 2 < w(d) + 1 + &
Combining the two cases, we see that for any z € ().,

PZ( sup [YE(t) — Yo(s)| > a) < P(w(d) > a—£2) + P(GY)
s,t€[0,T)
[t—s|<d
Since the right hand side is independent of z, integrating over z with respect to p®
implies
lim lim sup P*° ( sup |Ye(t) =Y (s)| > a) =0

=0 ¢—0 s,t€[0,T]

[t—s|<6
holds for any a > 0. This shows tightness of Y© in C([0,T1]), finishing the proof of
Lemma 6.2. O

6.2. Generator estimate. The main idea behind proving Lemma 6.3 is to balance
the local time Z¢ spends at the “gate” between the spine and teeth, and the time
spent in the spine. Explicitly, let § = R x (—¢,0) denote the spine of £, and T,
defined by

2
T = =
Ul [le—ekl <5, ye @D},
keeZ
denote the collection of the teeth (see (1.14) and Figure 3). Let the “gate” G,
defined by

2
GEornas= | {@0)]|lz—ckl< S},
keeZ 2
denote the union of short segments connecting the spine and teeth. Now the required
local time balance can be stated as follows.
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Lemma 6.5. For every g € C}(R) and K C Qo compact we have
t t
(6.6) lim sup FE* (/ 9(X5)1yecoy ds — 2/ g(Xj)de) =0.
e=0 e KkNQ. 0 ° 0

Next, we will also need to show that the local times on the left edges and right
edges of the teeth balance. Explicitly, let 87~ and 81" denote the left and right
edges of the teeth, defined respectively by

2
or™ = {(w,y) € 2° |z €L~ S, y >0},
2

and 8T+d:ef{(x7y)€ZE|:resZ+%,y>0}.

Let L™ and L~ be the local times of Z¢ about 87~ and T respectively, and let
L* denote the difference
L*=L"-L".
The balance on the teeth boundaries we require is as follows.
Lemma 6.6. For every f € D(A) and K C Qo compact, we have

z € +) _
(6.7) lim s E / Z) 1 yes0) ds+/ 8, f(Z5) dL* ) 0.

Momentarily postponing the proofs of Lemmas 6.5 and 6.6, we prove Lemma 6.3.
Proof of Lemma 6.3. Given f € D(A), we define f¢: Q. — R by

(@) = I(y").
Thus, f((Z£)T) = f¢(Z§), and Lemma (6.2) reduces to showing

lim sup Ez(fs(Zs — f5(Z5) / fs (Z2) ds) =0.

=0 e KNQ.

Since f € D(A), we have 02 f(x,0) 4+ 8, f(2,0) = 82 f(x,0) and 8, f(z,1) = 0.
Therefore, the extension f satisfies 92 f¢(x,y) = 82f°(x,07) — 8, f°(x,0") for
(xz,y) € S, as well as 0, f¢ = 0 for (z,y) € S. Notice that J, f may be discontinuous
across G. Using these facts and 1t6’s formula, we compute

B (7(2) - 1°(2)) = B ( [ 3 @z + 852) 1030y )
/ S92 f( Xg,o+)1{yf<0}ds)
“( /anfXE 0+)drL¢ + /8fZE ar)
=5 ([ 5 57 + 1) 1y )
1

t
+E (5 /0 (92F(X2,07) = 9,F(XZ,07)) Liy: <oy ds)

t
E(/ 8, f(X2,07)dLS + /a £(29) dLi)
0
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and hence
B (4(27) - (%) /‘ o2°(25) ds )
/ SR (2 L yenoy ds + / OF fdLT )

75Ez /Byf(X§,0+)1{yss<0}dsf2/ ayf(X§,0+)dL§).
0 0

Using Lemmas 6.5 and 6.6 we see that the supremum over z € Q. N K of the right
hand side of the above vanishes as ¢ — 0. This proves Lemma 6.3. (]

It remains to prove Lemmas 6.5 and 6.6, and we do this in subsequent sections.

6.3. Local time at the gate (Lemmas 6.5). The crux in the proof of Lemma 6.5
is an oscillation estimate on the solution to a specific Poisson equation with Neu-
mann boundary conditions (Proposition 6.7, below). We state this when it is first
encountered, and prove it in the next subsection.

Proof of Lemma 6.5. The expectation in (6.6) can be written as

t

t
08) B*( [ a(X)tyecoras—2 [ o(x5)ar¢)

t
=2 _9(ch)E (/ Lys<oyl{ixs—chi<e/2) ds — 2/ L{ixs—ekl<e/2} de)
kEZ 0

+ R
where the remainder term R® is given by

R ZEZ (/ X5 — g(Ek))l{ySs<0}1{|X§—sk\<s/2} ds)
kEZ

t
—2FE* (/O (g(Xj) - g(€]€))1{‘xg_€k|<€/2}dLsG) def Ri 4 R; .

To estimate R?, for any § > 0 we choose sufficiently large M > 0 such that
t
)
(6.9) sup E(/ 1 o) 44w, |25 M) ds) S T
@yex o 1910
where W is a standard Brownian motion in R. By Lemma 6.4, we have
P*(IX;|+1> M) < Pz +4[W,|+2> M),

where z = (z,y) and so the above estimate can be applied for X¢ independent of
e € (0,1/2]. Since g is continuous and hence uniformly continuous on [—M, M], for
any d > 0 we can choose € > 0 such that if x1,z0 € [-M, M| with |z, — z2| < &
then |g(z1) — g(z2)| < 4. For such € and for integers k € e~1[—M, M| we have

t
(6.10) E®Y) / lg(ek) — 9(X§)|1{Y:<0, | X5 —ck|<e/2} ds
0

< 5/(:132()(5 — k| < 5/2) ds
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Combining the above with (6.9), gives the following estimate of RS

t
|R§<<5 3 /OPZ(\Xj—ek\<§)ds
]

kEZ
eke[—M,M
¢ 3
29/l P(|X¢ — ekl < - ) d
2ol 30 [ PE(1E ek < 5) as
lek|>M
< (t+2)0.

Since d > 0 was arbitrary this proves R — 0 as ¢ — 0. An estimate for R§ can be
obtained in the same manner. Namely,

t
|R5| < 2<5EZ (LF) +2ll9ll Z E* (/0 1 x:ck|<e/2} de))

keZ
lek|>M

< 0+ 20l [ Lxiasan 5.
Let 7 = inf{¢ | |X{| + 1 > M} and note that by the Markov property
E* </0t L{xsl+120) de) < E° (EX‘i (L?_w))
< (su/p E* (LtG))PZ(T <t).

Applying It6’s formula to the function

1
—(1—-y)? 0,1
wey)— 4309 vEDIL,
0, otherwise,
shows that
(6.11) E*(LY) =0(1).

By choosing M larger, if necessary, we have

sup P*(1 <t) < ¢
zeK

for all € € (0,1/2]. Since ¢ > 0 is arbitrary, this shows that R§ — 0 as € — 0.
Next, we need a PDE estimate to control the expression

t

t
E* (/ Live<oplqix.—chi<es2y ds — 2/ 1{\xrek\<e/2}de)-
0 0

from (6.8). To this end, let @ be a region of width e directly below the tooth
at x = 0, and G be the which is the component of G contained in [—¢/2,¢/2] x R.
Explicitly, let

2

6.12) Q% [—gg] x [-£,0] and  Go= {(x,O) \ —§ <z< %}

Let p® denote the one dimensional Hausdorff measure of Gj.
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Proposition 6.7. Let the function u®: Q0 — R be the solution of

(6.13) —Auf=1¢g —pf in Qe
(6.14) dut =0 on 09, ,
with the normalization condition

. e
(6.15) 1&fu =0.

Then there exists a constant C > 0, independent of € such that
(6.16) supu®(z) < Ce?[lneg|.

€

Throughout the remainder of this proof and the section, we will use the convention
that C' > 0 is a constant that is independent of €. We apply Itd’s formula to the
function «® defined in Proposition 6.7 to obtain

t
K t
= E* (/0 1ivecoylqx,|<e/2} ds—Q/O 1{|X3|<5/2}de),

The oscillation bound (6.16) now implies

t
‘Ez (/ Livecoylyx.—ck|<e/2} dS — 2/
’ 0

holds for all k and x € R. Because of (6.9), we can restrict the sum in (6.8) to
k € Z for which e|k| < M (i.e. only O(¢™!) terms in the sum). Therefore,

t
1{\Xrak\<s/2}dL§) ‘ < Ce?|loge|

t t
> E(/O 1{Y;E<0}1{\X.§*€kl<€/2}d3_2/0 1{|X§,€k‘<5/2}dLSG>

keZ
elk|<M

< O(ellog(e)))-
Combining this with the above estimates, we conclude that (6.6) holds. O

It remains to prove Proposition 6.7, which we do in the next subsection.

6.4. An oscillation estimate for the Neumann problem (Proposition 6.7).
The proof of Proposition 6.7 involves a “geometric series” argument using the
probabilistic representation. Explicitly, we obtain the desired oscillation estimate
by estimating the probabilities of successive visits of Z¢ between two segments.
The key step in the proof involves the so called narrow escape problem (see for
instance [HS14]), which guarantees that the probability that Brownian motion exists
from a given interval on the boundary of a domain vanishes logarithmically with the
interval size. In our specific scenario, however, we can not directly use the results
of [HS14] and we prove the required estimates here.

Proof of Proposition 6.7. Note first that

/ (1g —p)dz=0,

€
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and hence a bounded solution to (6.13)-(6.14) exists. Moreover, because the measure
1¢(%) — ue is supported in @), the function «* is harmonic in Q. \ Q. Thus, by the
maximum principle,

supu® < supu®.
QE Q

FIGURE 5. Image of one period of €)..

Define @' 2 @ to be the region that enlarges @ by €2 on the top, and /4 on the
sides. Precisely, let

3¢ 3¢

Q = Q. n([fz, Z] X [75752]) .

The first step is to estimate the oscillation of u® on the top and side portion of Q.
Let A’ and D', defined by

g? &2

3e
def 2 def
(6.17) A2 S ) (e and D {ET k[ 0]
denotes the top and sides of @ respectively. We aim to show
(6.18) sup  |uf(a) —us(d)| < Ce?|Ing].
a,de A'UD’

Let 79 be the first time at which the process Z; hits the gate G (defined in (6.12)).
The stopping time g is finite almost surely, but has infinite expectation. We claim
that the distribution of Z7 on G is bounded below by a constant multiple of the
Hausdorff measure, uniformly over all initial points in A’ U D’.

Lemma 6.8. For any z € A’ UD’, let po(z,-), defined by
po(z,r) = P*(Z;, €dr),

denote the density of the random variable Z7 on Gq. Then, there exists 6 > 0 such
that
)

forall z€ A’UD’ and r € Gy.
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Momentarily postponing the proof of this lemma, we note that Lemma 6.8 implies
that both

)

2

(6.20) plz,r) — E >0 and /G (p(zm) - ;iz) dr =(1-9).

Consequently, for any a,d € A’ U D’, we have

E“us(Z;) — Edue(Zfo) = /G pla, r)u®(r)dr — /G p(d,r)u®(r)dr

= J (e = Z)c o= [ (o) = )ty

< (1-9) (supue - icrv}fua) <(1- (5)( sup |u®(ry) — ua(r2)|) .

Go 0 r1,72€G0

Now by Itd’s formula,

70
(o)~ (d) = B (25,) — B (25) - 5B (215 (0) — [ 10(22)ds)
0

1 g
+ §Ed(2LTC';0 —/ 1Q(Z§)ds)
0

g € 1 a G+ ™ €
<(1=96) sup |u®(r1) —u(ra)| — §E <2LT00 —/ lQ(Zs)ds>
0

r1,72€G0
1 + T
(6.21) +§Ed(2L$ﬁﬁ —/ 1o ds)
0

Note that by definition of 79 we have we have L%U =0 forall a,d e A’UD’. Also,
if a € A’, then Y > 0 for all s € [0, 79] with probability one. Hence
]_Q dS) ‘

1 + 7o 1 +
(6.22) |-5E" (2L —/ lgds) + 5 B (215 —/
2 0 > ;
70

< sup E¢ 10(Z5)ds.
deD’ 0

70

We claim that the term on the right is bounded by Ce?|In¢e|. To avoid distracting
from the main proof, we single this out as a lemma and postpone the proof.

Lemma 6.9. With the above notation,

70
sup Ed/ 1gds < Ce?|lng].
0

deD’
Using Lemma 6.9 and (6.22) in (6.21) we conclude
(6.23) sup  |uf(a) —uf(d)] < (1—=6) sup |u®(r1) —u(ro)| + Ce?|Ine].
a,de A’UD’ r1,m2€G0

To finish proving (6.18), we will now have to control the oscillation of u® on Gy in
terms of the oscillation of u¢ on A’ U D’.

For this, given Z§ € Gy, let 7} be the first time that Z{ hits A’ U D’. By Itd’s
formula again, we have for all r1,79 € Go:

(6.24) w®(r1) —u(re) < sup  (u®(a') —u®(d))
a’ '€ A'UD’

1 Té 1 7'6
- 5E" (2L§20 - / 1o ds) + 5B (2Lff,)° - / 1o ds) .
0 0
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We claim that the last two terms above are O(g?). For clarity of presentation we
single this out as a Lemma and postpone the proof.

Lemma 6.10. With the above notation

sup

%
E" (205 (0%) —/ 1gds)| < Ce?.
reGo 0

0

Using (6.24) and Lemma 6.10, we see

(6.25) sup |u(r) —uf(r2)] < sup  |uf(a) — uf(d)| + Ce?.
r1,712€G0 a,de A’UD’

Combining this with (6.23), we obtain

sup  [u(a) — us(d)| < (1 — 5)( sup  |us(a) — us(d)| + Ca2|1ns|> +oe2.

a,de A’UD’ a,de A’'UD’
and hence
1-46 C
(6.26) sup |uf(a) —u®(d)| < C( 3 )52\ln5| + 552 .

a,deA’UD’

This proves (6.18) as desired.
Now we turn this into an oscillation bound on u® over the interior. Observe that
for any z € Q,

1 . 7o
(627)  w(z) = B[ (25)] + 5 E* (2L (0) - /0 1vs<o) ds)

These last terms can be estimated with the same argument used in Lemma 6.10,
leading to

sup |u(2) — E*u(Z5,)| < Ce?.
z€Q, 0

The combination of this and (6.26) implies that

sup |u®(z1)—u®(z2)| < sup |E21uE(Zi6)—EzzuE(Zié)\+Cs2 < Ce*(|lngl+1).

21,22 €80, 21,22€80,

This implies (6.16), concluding the proof. O

For the proof of Lemma 6.8 we use will a standard large deviation estimate for
Brownian motion. We state the result we need below.

Lemma 6.11. Let W; be a standard Brownian motion in R?. Let v € C([0,T]; R9)
be absolutely continuous with S(v) = fOT |v'(s)|> ds < 0o. Then

P( sup |W(t) — 7(t)] < 5) 5 PUK) —3500)-/350 /P

te[0,T) 2
where K is the event {sup,¢jo ) |[W(t)| < 0}

The proof of Lemma 6.11 is standard, and can be found in [FW12]. For conve-
nience we provide a proof at the end of this section, and prove Lemmas 6.8, 6.9
and 6.10 next.
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Proof of Lemma 6.8. We need to show that for an interval [ry, ro] C [—£2/2,¢2/2],
, - ry — 1]

26,14951)/ P (Z;S_O S [7"1,7‘2] X {O}) 2 CT .

Suppose z € D’ (the case z € A’ is similar but less complicated by the domain
geometry). In order to hit Gg, the process must first hit the boundary of B(0,&?)
which is a ball of radius 2, centered at the origin (0,0), since Gy C B(0,¢?). So, by
the strong Markov property, it suffices to show that

. 1o — 71|
f P*(Z° 0l) > C——.
z€é?0762) ( ° © [Tl’rz] x { })

2

(7“0.,0) Go

FIGURE 6. The curve « starts on dB(0,e?), goes through the line
¢ while keeping a distance ¢ from the gate Gy.

Suppose that [r1,72] = [ro — K,70 + k). Let £ = {ro} x [-2,0) be the vertical
line segment of length €2 below the desired exit interval. Let T = &%, § = £2/4,
and let v be a curve parametrized by arc-length such that 4(0) = z and the event
Supyeo,r |£°(t) — v(t)| < 6 implies that Z° hits ¢ before Go (see Figure 6). We
can choose such a curve v for which |y/| < O(¢72), so that the quantity S(v) in
Lemma 6.11 is bounded independent of ¢ and of z = v(0) € B(0,£2). Notice also
that the set K from Lemma 6.11 satisfies

0
P(K)=P( sup |W(t)|<9d)=P( sup W) <—=
() = P( sup W(o)] <0) = P( sup W)l < =)

by Brownian scaling. Then since §/+v/T is constant, this probability is bounded
below and Lemma 6.11 states the probability that Z7 hits ¢ before Gg is bounded
below (away from zero), independent of e. By the Markov property it now suffices
to finish the proof assuming zy € £. Then consider the unique circle with center at
zo € £ such that the circle intersects Gy at the points (rg — &, 0) and (ro + &, 0). By
symmetry of Brownian motion, the exit distribution on the circle is uniform. The
probability that Z7 € [ro — r,70 4 ] is at least the probability of exiting this circle
along the arc above Gy, which is the ratio of the arc length to the circumference.
This probability is bounded below by 2k/(2?) 2 |r1 — r2|/(g2). O
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Proof of Lemma 6.9. By the Markov property, Lemma 6.9 will follow from the
estimate
70
(6.28) supE* [ 1g(Z%)ds < Ce?|lne.
zeQ 0

Let D = {+e/2} x [—¢,0] be the sides of @), and recall D’ (defined in (6.17)) denotes
the sides of @’. We consider two sequences of stopping times, (;, 1;, denoting
successive visits of of Z¢ to Gy U D’ and D respectively. Precisely, let ng = 0,
inductively define

G=inf{s>n_1|2; € GoUD'}
n, = inf{s > ;| Z; € D},

for i € {1,2,...}, and let
M =min{n € N| Z € Go}.

Notice that {r = 79. Using the strong Markov property, and the fact that Z¢ ¢ Q
for s € (¢;,m;) for all i < M, we obtain

0 M g M 2 G
E/ lQ(Zf,)ds:EZZ/ 19(Z)ds=E*Y E / 10(Z%)ds
0 =17 "Mi-1 i=1 0
G
(6.29) < (EZM)(sup Ed/ 1Q(Z§)ds>.
deD 0

Since (; is bounded by the exit time of a one dimensional Brownian motion (the
first coordinate of Z¢) from an interval of length 3¢/2, we know

sup B¢, < C£2.

deD
Using this in (6.29) shows
70
(6.30) E/ 1o(Z8)ds < C*E*M .
0
We now estimate E*M. Notice that
PZ(M 2 ’I’L) = _IDZ(ZE1 g Go, ZEQ g Go, ceey an g Go)
2 2
=FE (1{Z§1¢Go, 7, ¢Go, . 25 gaoy P12 & Go))
< P25 ¢ Go, 25, ¢Go, ..., 2 ¢ Go)(cslug Pz ¢ G0)>
€

—P*(M3>n-— 1)(323 Pz ¢ Go)) :

Thus, by induction
d n
P*(M >n) < (sup PUZE, ¢ Go)) .
deD

Now we claim that there exist a constant ¢y > 0, independent of ¢, such that

Co
6.31 sup PHZE ¢ Gy) <1 — )
( ) deg ( ¢1 ¢ 0) ‘11’18|
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This is the key step in the proof. Once established, it implies

> > co \" ! |lng|
E*M =S P*(M>n) < (17 ) -
; ; [lnel o
which when combined with with (6.30) yields
n Ce?|l
(6.32) sup Ez/ 10(Z7)ds < Celine| .
z€D 0 Co

This proves (6.28) and finishes the proof of Lemma 6.9.
Thus it only remains to prove (6.31). We will prove it by showing

. Co
. f P*(Z: .
03 I (2, < Go) > g

We will prove this in three stages. First, by scaling, it is easy to see that the
probability that starting from D the process Z¢ hits B(0,e/4) before D’ with
probability ¢y > 0. Next, using the explicit Greens function in an annulus we show
that the probability that starting from B(0,e/4), the process Z¢ hits B(0,c?) before
exiting B(0,e/2) with probability ¢o/|lne|. Finally, by scaling, it again follows that
that starting from B(0,e?) the process Z¢ hits G before exiting B(0,2¢?) with
probability ¢y > 0.
For the first stage, consider the stopping times

oepn=int{t>0|2; e B(0.5)}.
op =inf{t >0|Z; € D'}.

By rescaling, it immediately follows that

(6.34) Zigjgp(o’e/zx <op | Zi==z)=2p1,

for some p; > 0, independent of .
For the second stage suppose for Z§ € 0B(0,¢/4). Consider the stopping times o.2
and o,/ defined by

o2 = inf{t > 0| Z5 € 0B(0,¢?)},
ocyo = inf{t > 0] Z; € 0B(0,£/2)}.
The function In(2[21/¢)
n(2|z|/e
1) = In(2¢)
is harmonic in B(0,¢/2) \ B(0,£?) and satisfies f =1 on dB(0,£?), and f = 0 on
0B(0,e/2). This implies that for all z € B(0,e/4) we have

(6.35) P (0u < 0.p3) = f(2) = lﬁl((l?/:)) .

Finally, for the last stage, let 0.2 be the first time Z¢ exits B(0,2¢?). By scaling,
it immediately follows that for all z € B(0,£2)

(636) PZ(TO < 0262) 2 P2,

for some constant py > 0, independent of €.
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The strong Markov property and (6.34), (6.35), and (6.36) imply

_ In(1/2)
€ €

— ) > Do

ZIQEP(ZCI €GolZy=2)2>2m In(22) D2

By the time-homogeneity of the Markov process Z¢, this establishes (6.33), finishing
the proof. |

Proof of Lemma 6.10. To estimate the local time term, consider the function

52_ya y6[07€2]a
w(z,y) =

2, otherwise,

which satisfies ,w(x,07) — d,w(x,07) = —1 for x € [—?/2,?/2]. Let T4 be the
first hitting time to the set A’, where we know w = 0. Using It&’s formula we obtain

EZL%’, =w(z), z¢€ Go.
Clearly 74 > 7, and so
sup EZLTG,0 < sup EZL§:, =2,
2€Go 0 2€Go

Next, we estimate the term

7o
6.37 sup E* 10(Z5)ds.
Q\4s
z2€Go 0

Let 7pr = inf{t > 0| Zf € D'}, so that 7p: > 7. Let H = {(z,y) € R* |y = —¢}
denote the bottom boundary of 2, and let H' = [—3e/4,3¢/4] x {—e} = Q'NH. We
now consider repeated visits to H’ before hitting D’. For this, define the stopping
times {(x}3, inductively by

Co=inf{t >0|Z; € H},

Ge=inf{t >+ | Zf € HY, fork=1,2,3,...,
and define

M =min{k e N|Z; e H\ H'}.

Observe that if Z§ € Go, then 7p, < (5r. Indeed, since ZZM € H\ H' and trajectories
of process Z¢ is continuous, they must must have passed through the set D’ at some
time before (p;.

Now, to bound (6.37) we observe

M

To Co Ck

(6.38) / 10(Z7) ds < / 1(25)ds + Y / 10(77) ds.
0 0 k=17 Ck—1

On the event {M > k — 1} we must have Z§ € H'. Using this observation, the
strong Markov property, and the time-homogeneity of the process, we see that for

any z € Gg we have
Co M

) Ck
E/ 1Q(Z§)ds<Ez/ 1Q(Z§)ds+EZZ/ 10(Z%) ds
0 0 k=1 Ck—1

0

Co M <
= E/ 1¢(Z%)ds + E- ZEZQH / 19(Z%)ds
0 k=1 S
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Co M , S
< E/ 19(Z5)ds+ E* Y sup E* / 1¢(Z%)ds
0 h—1 2 €H’ o
Co S
(6.39) = FE* / 1¢(Z;)ds+ (E*M) sup E~? 19(Z5) ds.
0 2 €H’ ¢o
We now bound the right hand side of (6.39). Note
o o
(6.40) EFM => P*(M>j)=)» P(Zi €H 6 Zi €H' ..., Z{ €H).

j=1 j=1
By the Markov property
z z ZE4
P (Za,+1 cH, Z:, € H’) =F (1Z§ieH’P “(Z¢, € H'))
(6.41) < (Sup P(Z, € H’))PZ(ZE cH')
2/€H'
Now using Lemma 6.11 and the fact that ¢; > €2, one can show that

sup PZ/(ZZ"1 EH)<1-cp,

z'eH'
for some constant ¢y > 0, independent of . Combining this with (6.41) and using
induction we obtain

e (o)
ZPZ(ZEO e H, Zi € H, ..., ij,l cH)< Z(l — o)L,
Jj=1 j=1
Thus, using (6.40) we see
1
E°M < —.
€o

Using this in (6.39) we have

0 o 1 , &
EZ/ 19(Z5)ds < Ez/ 10(Z7)ds+ — sup E~ / 10(Z%)ds
0 0

€0 2’€H’ Co
Co 1 , %o
(6.42) < E* / 19(Z%)ds + — (52 +sup B | 10(Z9) ds) .
0 €o 2'eQ 0
To bound this, consider the function
%(62_y2), ye [_570]a
5&7, y>0.
and observe that for any z € Q.,
Co 82
Ez/ 1Q<Z§) ds < EZC() = ’U(Z) < ? .
0
Substituting this in (6.42) shows
i 13
E* 1Z?d<(f —)2,
/0 o(Z)ds < (5 + 5. )¢
completing the proof. O

Finally, for completeness we prove Lemma 6.11. The proof is a standard argument
using the Girsanov theorem, and can for instance be found in [FW12].
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Proof of Lemma 6.11. Define Y (t) = W(t) — v(¢t). Let B(t) be an independent
Brownian motion in R with respect to measure P. Let define a new measure Q by

dQ _ -~ [TV aBes)-4 [ () ds

dP
Let K be the event K = Kp5 = {supiepo, 1) [ B(t)] < 6} Let S(v) = fOT |7 (s)]? ds.
According to the Girsanov theorem,

P( sup [Y(t)] <6) = Q(K)
te[0,T)

_gP 1 [T dB(s)—;foTws)?ds]

T ’
_ S EP [1Re‘ S (s)dB<s>]
Now, by Chebychev and the It6 isometry,

T
P < /0 +/(5) dB(s) > S(v)) <

a2

So, if 2z < $P(K), we have

P ( sup |V (t)] < 5> > e*%““*“vs‘”%P(fo

t€[0,T

In particular, by choosing o = y/2/P(K) > 0, we have

P ( sup |Y ()] < §> > e—%S(v)—\/%(v)/P(k)%p(K)
t€[0,T]

Note: P(K) = P(K) since B and W have the same law under P. O

6.5. Local time on teeth boundaries (Lemma 6.6). The last remaining lemma
to prove is Lemma 6.6 which is the local time balance within the teeth. We again
use the symmetry and geometric series arguments as in the proof of Proposition 6.7.

Proof of Lemma 6.6. As with (6.6), we will estimate

def

t
1
(6.43) I = EZ( ; §3§f(Z§)1{Y;>0}1{|X§—ak\<5/2} ds

t
+ / O f(Z5) 11Xz ch|<e/2} de)
0

for any z € K N€).. As before, Lemma 6.6 will follow if we can show that for any
finite M, > ;< s Ii vanishes as € — 0. Since there are O(1/¢) terms in the sum,
it suffices to bound each Ij, by o(e). Without loss of generality, assume k = 0 and
let Ty = [—ag?/2,ae?/2] x [0,1] denote the tooth centered at k = 0. Define the
function f: Ty — R by

f(xa y) = f(xvy) - f(an) - xamf(oa y) )
Note that for all (z,y) € To we have

fO9) =0,  0.f(0,9)=0, and  OZf(z,y) = 2f(z,y).
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and hence || f]|oc = O(e*). Moreover,
assuming 92 f € C*, and 9y f(x,0) = O(£?) for = € [—ac?/2,ac?/2].

We now extend the definition of f continuously outside of T} (into the spine) to
a O(g?) neighborhood of G as follows. Let n(x,y) be a smooth, radially-symmetric

cutoff function, vanishing outside of Bz(0,0) and such that n(z) = 1 for |z| < 1.
Then, for y < 0 (i.e. outside the tooth Ty), define
) =n(=5. 5 ) (£@.0) = £(0.0) = 20,£(0,0)) .

In this way, f has the additional properties that

1) f vanishes outside of Tp U Baae2(0,0),

(2) 8,f =00n (0Q)\ G,

(3) The jump in 9, f across G is O(e?) .

(4) Af =0(1) in the region B, _, = {y < 0} N Baa2(0,0).
This last point stems from the fact that | f(z,0) — £(0,0) — 20, £(0,0)| = O(¢*). In
view of this construction, we see that

tq ~ N t ~
Iy = E* (/ 5(8£f + agf)(Zg)l{ZieTo} ds — / 8zf(ZsE>1{Z§eTo}dL:)
0 0

t

E*( | 0.f(0,Y5)d(L; — Lt O(e?

4 (/0 LF0,Y)d(L; — LE)) + Ot
=R+ Ry + 0(62)15.

Notice how we have introduced the 85 f term for the price of O(e2)t. We also still

have c%f(:c, 1) = 0 on the top boundary of the tooth. By Itd’s formula applied to 1,
we have

Ry = B(29) - 2]+ (| 0, 72,000 + B / O, . (Z.)ds)

= 0(c) + O(2)E* (L?) +O(1)E* (/Ot 1, ,(2) ds)
= 0(e*) + O(?) + O(1)Rs,

by since E*L§ = O(1) by (6.11).
We now estimate the term Ry. By symmetry with respect to reflection in the y
coordinate, we note that

E” ( / t 02 f(0,Y)d(Ly — L:)) =0
0

for any 2z’ = (0,y) on the axis of the tooth Ty. Thus by symmetry and the Markov
property, it suffices to estimate

B ([ os0vp)ar).
0

where 7 = inf{t | X = 0} is the first time that Zf reaches this x-axis {0} x R, and
z is to the right of the y-axis. Clearly this is bounded by |0, f||cE* L} . Moreover,
using x A ag?/2 as a test function, we immediately see E*LT < ae?/2. This shows
Ry = O(£?) as desired.
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Finally, we estimate the term

Rs = E* (/Ot 1, ,(Z) ds),

where B, _» = {y < 0} N By.2(0,0). The geometry of the domain €. makes this
estimate a little tedious. Since the proof is very similar to the arguments used in
the proof of Proposition 6.7, we do not spell out all the details here.

We will show that Rs < O(g3|log(¢)|). For this, we first claim

Taae2
sup E* (/ 1,- (Zs)ds) <O(eh)
2EQNK 0 2ae?

where 7yo.2 = inf{t | Zf € D}, and D, ., = {y < 0} N 0Bya:2(0,0). This
follows by directly applying It&’s formula with a function f satisfying Af < 0 in
{y <0} N Byae2(0,0)}, with Af < —c < 0in By .

Next, we claim that there is C' > 0 such that

C

inf PZ( < Ton )277
1 (o Toae? |10g(€)|

z€D4a52

where o5. = inf{t | |X{| = 5¢} and 7> = inf{t | Zf € B, _.}. This is the narrow
escape asymptotics [HS14], and follows from a direct calculation with the Greens
function in a manner similar to the proof of (6.31). Finally, we claim that for any

t > 0, there is C' > 0 such that

inf P?*(1m9n2 2t) > Ce.
(il B (P22 2 )

This follows from comparison between X7 and a standard Brownian motion on R,
via Lemma 6.4. Thus, starting from z € D,__,, with probability at least C'e/|log(e)|
the process Z; will make a long excursion such that it doesn’t return to B, . before
time ¢. Using the same geometric series argument as in the proof of Lemma 6.9, we

have

R3 < C(log(e)/e) Slip E* (/OTME2 1,- (Zy) ds) = 0(*|log(e)),

2ae2

as claimed.

Finally, combining all these estimates we conclude that for any k, I, (defined
in (6.43)) is at most O(g?). Consequently > cikj<m Ik — 0 as e — 0, concluding the
proof. (I

7. Future Work

7.1. Other Scaling Limits for the Fat Comb. The fat comb also potentially
admits other scaling limits by choosing different values for the width of the spine
and the teeth. Consider for instance the case where

(7.1) Qe ={(z,y) €R? | =1 <y < 1lpzem(2)},

Conjecture 7.1. Suppose Z° is the reflected diffusion in the above domain €)..
Then, Z¢ — (X,Y) in law as € — 0, where:

(1) The process Y is a doubly reflected Brownian motion on (—1,1).



58

(2) The process X satisfies the SDE
dXt = 1{Yt<0} th 3
for a Brownian motion W that is independent of Y.

Remark 7.2. Let A be the generator of the process (X,Y") in Conjecture 7.1. Then

A Af y<0,
= O2f y>0.

with D(A) chosen so that Af € CY. Then either f ¢ C? or 92f(z,0) = 0 is a
necessary condition. It’s unclear at the moment which is the correct condition to
enforce.

7.2. Clark’s Model. It still remains to prove the homogenization of the diffusion
associated to the Clark Model from §1.3 which we recall here. Let B be an open set
with Lipschitz boundary such that B C (0,1)?, which we then extend periodically
to all of R?. Let F = R?\B. Consider the divergence form parabolic equation: let
Qp be an open set with Lipschitz boundary such that Qg C T2. We denote by B
the periodic extension to all of R?. Let F = R?\B.

(7.2) out =V - (a°Vu') = f,
(7.3) ug(z) = 1F(§>U0(9€) + 1B(§)UO (x, g) .

The diffusivity a® is given by

)= 16(2)or(2) 102 )

where ap € C’l(F';Rg;‘fl), ag € CI(B;R‘Si;i) such that ar,ap > ol for some o > 0.

Let Z¢ be the diffusion on associated with generator
V.a*V
in R2. The SDE describing Z¢ is

AZ8 = 0 dW, + V - a° dt + ¢ diS

where ¢° is a matrix such that a® = %cro* and

(V . as)j = E)iaf}j .

Above ¢ = L?°(9B®) is the local time of Z° on the boundary of the rescaled
blocks 0B° where B = ¢B. To write ¢° explicitly we define o} = \/arv-v and
0% = \/apv-v for v € R? which is the diffusion coefficient in the direction v. Then
¢°: OB — R? is given by

£y = ) —w]’é(%)y(g)
oh(2) +eop(2) Vel
where v is the outward pointing unit normal on 9B.
Let 7 : R? — T? denote the projection of R? onto the torus, and let Y = 7(Z¢ /¢)
if Z¢ € B and extend it right continuously if Z¢/e ¢ B.

Conjecture 7.3. As ¢ — 0 the pair of processes (X°,Y¢) converge weakly to a
process (X,Y) described below.
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We begin by describing the limiting process Y, which can heuristically be described
as follows: In the interior of Qp, Y is simply an It6 diffusion with generator V-apV.
When Y hits the boundary of B, it performs a random jump to another point
on 0Np and is reflected with some stickyness factor. A rigorous construction of
this process can be obtained abstractly through the Hille-Yosida theorem. Let
Ay =V -apV, and define D(Ay) to be the set of all functions f € C°(Qp) such
that Ay f € C°(Qp), f is constant on 9Qp and

o [ an@VI) vly) = A () forall y € .
0B

The condition that f is constant on Q25 identifies the boundary to a point topolog-
ically, and hence the generated process ¥ makes random jumps on the boundary
whenever it hits 0Qpg.

The process Y is not a semi-martingale, because it has infinitely many of these
O(1) jumps in any time interval where it hits the boundary. However, if g € C?(Qp)
is any function that is constant on 9Qp, then ¢g(Y') is a continuous semi-martingale,
and we can obtain an SDE for g(Y). Let the local time Y on 0Q2p, be denoted by ¢,
which satisfies

(7.4) dly = Ozl{ytEaQB}dt.

Then, if g € C?(Qp) is a function that is constant on dQp, then the process g(Y')
is a continuous semi-martingale and satisfies the SDE

dg(Yy) = 1iy,ea,y Vo(Ye) - 0B(Ye) AWy 4 1iy,ca Ay g(Ye) dt

ol pycony) ([ an)Vat) - dvtw)) dt.

B

Let W be a Brownian motion independent of Y, and define

def _

X; = (TFVT/'gt
where o is such that ap = %61:5} where ap is the constant homogenized matrix
obtained from the corrector problems described in §1.1. The process X is not
Markov, but the pair Z = (X,Y) is.
Let

AZf = Azf(.lf, y) = 1{yEBQB} (Vm : a’FVIf + 05/(9 aB(y/)Vyf : dl/(y/))
Qp

+ l{yEQB}vy : aB(y)vyf

and define D(Az) to be the set of all functions f € Cy(R? x Qg)NC?(R? x Q) such
that Az f € Co(R? x Qp) and f(z,-) is constant on Q. The process Z = (X,Y)
is the Fellerian Markov process with generator Az and domain D(Az).

8. Appendix

8.1. The Two-Scale Homogenization of PDE. Here we prove the convergence
of the solution to the comb model PDE using the two-scale convergence method as in
[C1a98]. To begin, let Q = (a,b) where a < b are real numbers, Q. = (Rx {0})U(eZx

(0,¢)) and define Q. = Q. N (Q x R). Define Y = (T x {0}) U ({0} x (0,1]) = Y, UY,.
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Definition 8.1. Let u®: Q. x (0,7) - Rand u: @ xY x (0,7) — R. We say (u®)
two-scale converges to w if for all ¢ € C°(Q x Y x (0,T)) we have

/ w @, w0, 0 (0, 2, 2, 0) aMt @ dt
Q.x(0,T) € ¢
&0, / u(e, g, b (e, . 1) dr © H (dy) © dt
QXY x(0,T)

where H! is the 1 dimensional Hausdorff measure. When this holds we write u¢ 2

Remark 8.2. Here we did not rescale the teeth of the comb (). because it would
have made the two-scale definition and compactness results look unnatural.

We consider u® which is a solution to the Dirichlet problem related to the comb
model given by

2
(8.1) Opu® — %ajue =0, (x,y,t) €cZNx(0,¢e)x(0,T)
1

(8.2) dpuf — §a§u€ =0, (z,y,t)€Qx{0}x(0,7T)
with flux conditions
(8.3) Oyu(z,e) =0, (z,t) € eZNQ x (0,7T)

2 1 1
(8.4) %ayus +50FuT = SO7uT =0, (a,y1) € LN x {0} x (0,7)

and initial and boundary data
us(‘ray) O) = UO (Z‘, Ev y)
€' e
u®(a,0,t) = u(b,0,t) = 0.

The following compactness results are the standard tools for the two-scale conver-
gence method and a version of them can be found in [All92, Theorem 1.2, Proposition
1.14].

Theorem 8.3. Let u®: Q. x (0,T) — R.

(i) If

lim sup||u® || 2 (o, x (0,1)) < 0,
e—0

then up to a subsequence, there exists ug € L*(2 x Y) such that u® 2, UgQ-

(ii) If
lim sup ||'U,6||L2(07T;H1(QE)) < 00,
e—=0

then up to a subsequence, there exists u : 2 — R independent of y and uy €

L?(0,T; L*(Q) x HY(Y)/R) such that u® 2 w(z) and Ve 2 Vau(z) +

Vyui(z,y).
(iii) If

hmSélp(||“5”L2(ng(o,T)) + €|\V“€||L2<ng(o,T))) <
e—
then up to subsequence there exists ug € L*((0,T) x Q; HY(Y)) such that
N ug and eVu® 2, Vyug.
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The standard parabolic apriori estimates for equations (8.1)-(8.4) yield
SI;P||UEHL2(QEx(o,T)) <0
Sl;-pnamuaHLQ(QX{O}X(O,T)) <0
Sl:p||€aw2u5||L2((Qsﬁ{z2>0})><(0,T) < 00.

So using the above compactness results we can find
ve L*((0,T) x  Hy(Y2)) and uy € L? ((0,T)Q; H(Y)/R)

such that
u 2 u(z,t) +v(z,y,t)
Oz, u(2,0,) 2, Ogu(x, t) + Oy, ur (2, y1,0,t)

€143,5010z,u° 2, Oy, v(2,y,1)
Consider test functions of the following forms
Yo(z,t) € C*(0,T;Cx () with ¢¥o(z,T) =0
U1(z,y,t) € C°(0,T;CF (2 xY)) with ¢ (z,y,T)
Yo(z,y,t) € C(0,T;CX (Q x Ys)) with ¢o(z,y,T)
Using the weak formulation of the comb model we use 1 (z,t) as a test function

=0
= 0.

and obtain

/ / )0yo(@1,0) — /Uo(xl, )¢o(x1,)
/ /Qm{w2 0}89:1UE zlwo—f——/ /Qm{wpo} By U Doy Y0

o /0 ! /Q /Y (w(z,t) + v(z,y, 1)) Otho(, t) — /Q /Y Uo(z,y)vo(z,0)

1 (T
+ 5 / / (8xu(x7t) + ay1u1($>y7t)) asz(x7t) .
Y1
Next we use e (z, x/e,t) as a test function which gives
T
- € _ il it
0= 8/0 /qu On E/QEUO (331»6)% ($1,670)
€ T 1 52 T
+ f/ / O, u° <8x11/11 + 8y11/)1) + —/ / Oy U Oy, 11
2)o Ja N{z2=0} € 2 Q.N{xz2>0}
o [ @t 4 o) ).
Y1

Finally from s (z, z /e, t) we see
e _ L z
—/0 /qu 02 /QEU0<CU175)Z/J2($1>570)

e2 (T 1
+ ?/ / 812’1[5*81}21#1
0 JQ.n{zy>0} €
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%_AjLAﬁMUHW@%m@%@MQiAAMMwmmw@
+ ;/OT /Q /Y2 Oy, v(x, Y, )0y, Y2 (z,y, t) .

This tells us that in the distributional sense we have

(8.5) /Y Opu(z,t) 4+ Opv(x,y, t) H (dy)

1
- § v 8x (8xu('r7t> + 8y1u1<x7y7t>) Hl(dy) = Oa
with
1
(8.6) - Eaglul(:r,y,t) =0 fory € Y1,
1
(8.7) Opu(z, t) + Opv(x,y,t) — §8§2v(x,y,t) =0 foryeYs,
(8.8) u(z,0) +v(z,y,0) = Uo(z,y) ,
(5.9) Byul, (0,1),1) = 0.

If we integrate (8.7) over Ya, and use (8.9), we obtain

1
[ (@utat) + dro )M () + 50,00(,0,1) 0.
Y2
We then substitute this into (8.5) we have

Opu(z,t) — %83,21)(;5, 0,t) — % 0z (Ogu(z,t) + Oy, ur (z,y,t)) = 0.
Y1

By the periodicity of u; in Y we see
1 1
Oyu(z,t) — §8y2v(:c, 0,t) — §8§u(x,t) =0.

Combining all of this we find that for U(z,y,t) = u(z,t) +v(x, (0,y),t) we have the
equation stated earlier, namely

(8.10)
U — 30U =0 (z,y,t) € R x (0,1) x (0,T)
U(l’,y,O) :Uo(l',y) (.’K,y) ERx (Oa 1)
U (2,0,t) — 202U (2,0,t) — 10,U(2,0,t) =0 (z,t) € R x (0,7)
,U(x,1,t) =0 (z,t) € R x (0,7)

8.2. Discrete Comb Model. Here we define a spatially discrete, continuous time
random walk version on the comb model with exponential jump rates. Viewing
this as a time changed random walk on £Z, we prove that the one dimensional
distributions of the time change converges to the local time of doubly reflected
sticky Brownian motion by direct computation of the Laplace transforms. For € > 0
with 1 € N we consider a continuous time random walk Z°(t) = (X°(t),Y*(t)) on
eZ x {0,€2,2¢%,. .. ke} for some k € N. The transition rates are as follows, when
Y=(t) = 0, we run exponential clocks 71, 72, 73 with rates %7 ﬁ, 5o respectively
when 71 rings we jump left, when 75 rings we jump right and when 75 rings we jump
upwards. When Y*(t) ¢ {0, ke} we run two exponential clocks with rates iz to
decide when to jump up or down and when Y*® = ke we run a clock with jump rate
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E% and jump down when it rings. We say Z° is “trapped” when Y > 0.

The parameters are chosen to capture the behavior of the double porosity model
(and hence the continuous comb model). The trap depth is O(e) and diffusion in
the traps is O(2?). We are taking further refinements in the trap with ¢ — 0 to
capture the diffusive behavior in the traps. The skew probability of entering the
traps in the comb model is reflected in E(r3) = O(g).

8.3. Taking the Limit. Let {e?/(zg)};ﬁl, be independent exponential random

variables with rates = and let {7;}$2; be i.i.d. with common distribution given by

2e
N 2
Ty )
i=1

where IV is an independent copy of the exit time of a simple random walk from the
interval [0, 2%] starting at 1. Then T has the distribution of the exit time from one
of the traps. Then let S; be the time for n visits to traps, i.e.

SZ=T1+--~+Tn+e‘f‘/(25)+~--+e%/(28)

and we claim S% converges in distribution to U, where U is a Levy process. We check

this directly bysproving convergence of the Laplace transforms. From [Fel57, pg.350],
we see the Laplace transform of S}, takes the form

2k/e_ _ 2k /e n
(8.11) E(e %) = 1 [Az(M 1)+ A (1= X"F) .

2ed\n 2k 2k
(1+37) AE - A3HE
where
Mo=14220+ /(142202 =1 =1+ 2V e + 252\ + 0(e?)
Ay =1+4220— /(142202 —1=1—2VAe + 262X + 0(e?).

Next notice )
n .
(1 + E) — T to()
n

and so
2k
hfe 4k X+ 4kde +o(e) | ©
— exp (41«\& +dke — i(aﬂ;ﬁ +dkNe)? + 0(8))
= exp(4kVA + o(e)) = exp(4kVX) + o(e).
Similarly
)\gk/a = exp(—4kV\) + o(e).
Therefore,
AT D) (1= (1= 2V (e*VA — 1)

2k 2k —
/\1 /e _)\2 /e 6416\5_6 akvX

(1+2VAe)(1 — e~ 4VA)
eAbVX _ o—4kVX

+ o(e)
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9 _ e4kﬁ _ e—4kﬁ
=142V ethVX _ o—4kV/X e +ole)

So we finally see

B _ase >\2k/5 . 1 + )\1(1 . )\gk/s) e
(e %)= 2k/5 B )\gk/s

x

1+26)\;

2\ cosh(4kv/\) — 1
cosh(2z) —1  sinh(x)
sinh(2z)  cosh(x)

Using the identity,

we have
€ 2A
E( _)\Sx/s) — exp (— < + 2ﬁtanh(2k\5)> 1') ase—0
«

Let X ¢(t) be a copy of the symmetric random walk on £Z with jump rates % and
Re(t) = LY({t : Y=(t) = 0}) so X=(t) has the same distribution as X¢(R=(t)). Since
we have path-wise convergence of X¢ to a Brownian motion, we need only find the
distributional limit of R°(¢). To do this we first introduce N°(t) = sup{k : S} < t}.
Then we see

BEN*(1) > o) = B(S5), <t) = B(U, < £) = B(U; > 2)
and so eN¢(t) — U, ! in distribution. We claim that R*(t) = e?/(25)+~ : ~—|—e?<,/s((2t§) —
LU ! where the e;’s are related to N°(t) as in the definitions of S¢ and N*(t).
We want to apply the strong law of large numbers so take a sequence € — 0.
Let T7* be independent for all i, k, e?/(%") = 5kef/2 and S&k, N+ (t) defined as
before using these random variables. Then as N¢*(t) — oo almost surely as k — oo

we have

a/2 /2

e/ _A,_...CN/Ek(t) %QU_l
—Uy

S B 10 o

in distribution.

We note that v/2X tanh(kv/2)) is the Laplace exponent for the inverse local time
at 0 of a doubly reflected Brownian motion on [0, k]. Therefore U is the sum of a
drift and the inverse of a local time i.e. Uy = £ + (L¥);'(0) where B is a doubly
reflected BM on [0, k.

8.4. Two-Scale limit. We now see that we have
1
(Xs(t), gYf(t)) - (W;Url,BtJUrl)
but we can simplify this by looking at t — (2/a)U; ! more carefully.

Proposition 8.4. Let f : R — R be an increasing continuous function and let f—1
denote the right continuous inverse of f. Then for allt € R

t=(s+ () O+ (s+ 1) (6) = a1 + a2
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Proof. By definition we have

(8.13) ry =inf{z:z+ fHz) >t}

First we note f~!(f(x1)) > x1 and by (8.12) we have f(z1) =t — x1. Hence
t—mx + f7H(t —21) >t and (8.13) implies t — 21 > 5. The definition of x5 tells
us w3 + f~1(w2) >t and hence by continuity of f, we know zo > f(t — 22). Adding
t — xo to either side yields ¢t >t — xo + f(t — 22) and so x1 >t — x5 by (8.12). O

This proposition shows us that we can write

-1

t— %U;l =t (s + (LB);j/z(O))_l(t) = (s + %LSB(O)) (t)

Brownian motion with this time change is a well studied process known as a Sticky
Brownian motion. Here we have a doubly reflected Brownian motion which is sticky
at 0.
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