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Abstract

In this thesis, I ask the question “how do we compute reliably using thousands
of distributed, unreliable nodes?” We propose a system-level solution where we
add redundant data across distributed nodes using the technique called “coded com-
puting.”  Our main contribution is developing strategies for a masterless, fully-
decentralized setting for important computation primitives in machine learning (ML)
and scientific computing applications while minimizing the overhead of coding.
For distributed matrix multiplication, we make a fundamental advance by propos-
ing coded computing strategies that outperform prior works by an unbounded fac-
tor, including recently-developed coded computing strategies as well as traditional
Algorithm-Based Fault Tolerance (ABFT) strategies. We also propose coded com-
puting schemes for other primitives such as fast Fourier transform (FFT) and matrix
QR factorization.

Completing computation reliably and in time under diverse unpredictabilities
(e.g., stragglers, node failures, bit flips) is becoming a more important problem. The
amount of data we collect is growing exponentially and recent developments in ML
have enabled utilizing and processing such large quantities of data. This has not only
led to an increase in the scale of computing but also the wide popularity of large-
scale computing across our society. I will discuss how masterless coded computing
can be a more efficient fault-tolerance technique under growing unpredictability in
computing systems, providing both theoretical and experimental evidence.
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Chapter 1

Introduction

1.1

Reliability Issues in Computing

“Hardware Problems on October 14 and 15. The 360/91 was down from 4:50 PM. Tuesday until
10:45 A.M. Wednesday because of a hardware failure due to a faulty SLT card in the floating
point section of the CPU. The backup card had already been used. The IBM Emergency Parts
Center located one Tuesday night in Palo Alto, but it was damaged in transit. Another card was
located in Pennsylvania; it was due to arrive in Los Angeles by 6:30 P.M. Wednesday, but the
IBM Customer Engineer succeeded in repairing the damaged card and got the 91 up by 11 A.M.,

averting an additional 9.5 hours of downtime.”

CCN Newsletter, University of California, Los Angeles, Oct. 15, 1975

“In 2003 in Schaerbeek, Belgium, an single-event upset (SEU) was responsible for giving a
candidate in an election an extra 4,096 votes. This was only spotted because it meant the

politician concerned had more votes than it was possible to get and an investigation ensued.”

The Independent, Feb. 17, 2017



“The Spaceborne Computer Returns to Earth. The computer encountered a variety of
anomalies, ranging from temperature anomalies to higher rates of processor cache errors to an

astronaut’s knee bumping into the emergency power switch and causing a hard crash.”

HPC Wire, June 10, 2019

It is easy to assume that computers are purely logical machines that take inputs, follow
through pre-determined operations, and produce outputs, and to forget about the physical re-
ality underneath the logical operations. Computers are still physical systems that follow the laws
of physics. Albeit this sounds like a self-evident statement, it has an important implication: com-
puters are subject to the statistical nature of particles, and hence subject to “noise”. One might
question if computing can transcend the physical restrictions at all. However, through Szilard’s
machine [68},105], it was shown that information is fundamentally a physical quantity, and hence
the processing of information is a physical process.

The question of how to assemble physical components together to output reliable compu-
tation results under inherent noise in nature has been an important thread in computer science
research since the beginning of the field. The pioneer of modern computer architecture, John
von Neumann initiated the discussion on this topic in a series of five lectures at Caltech [115] in
1952, and it attracted tremendous attention from prominent researchers [10, [122] including the
founder of Information Theory, Claude Shannon [79].

While the deep-rooted problem of reliability in computing remains a fundamental issue, how
it manifests depends on the physical substrate and the specifics of a computing system. Starting
from vacuum tube computers in the 1940s, computing technology has gone through a myriad
of revolutionary changes, and factors that affect the reliability of computing have been evolving
at a fast pace. There are more diverse factors than one might imagine that could cause faulty
computing. At the atomic level, cosmic rays, the flux of high-energy particles that come from
outer space, could interfere with atoms in a chip and cause a bit flip. Computing failures can also
result from faulty read from aging memory. For instance, flash memories have a finite read/write

endurance, which means that after some number of cycles, a flash cell becomes unreliable and
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unable to retain the stored information. Unexpected power outages can also bring important
computation to a sudden hal Software errors such as bugs for an unconsidered corner case
comprise a large fraction of computer crashes.

An important change in computing paradigms in recent decades is scaling out instead of
scaling up. As we are reaching the end of Moore’s law and Dennard’s scaling, going massively
parallel became a more efficient solution for scaling computation. There are unreliability issues
that arise from massive parallelism. Firstly, since we are concurrently using tens of thousands of
processors, each of which has its own failure probability, as a whole, the probability of failure in-
creases and mean-time-between-failure (MTBF) decreases. Consider the Fugaku supercomputer
that is now being built in Japan to be available in 2021. The system will have 150,000 phys-
ical nodes with a total of 8 million cores [73]. For a system-level mean-time-between-failures
(MTBF) of 24-48 hours, the MTBF of each node must be 411-822 years. Such nodes are diffi-
cult to design, implement, and test, and provide little-to-no room for unexpected reliability issues
(e.g. dirty power, unexpected early wear-out [39, 44])) that have been experienced in the past. Un-
reliability is not limited to hard crashes or soft errors; unpredictable program execution time is
also a reliability issue since users want to obtain computation results within the expected time.
The issue of unpredictably slow compute nodes, known as “stragglers”, are well-recognized in
cloud computing literature [1, 22, 49]. It is an increasing concern as we increase the number
of compute nodes because each node exhibits different performance in practice (even identical
ones) and it becomes harder to predict the job completion time with thousands of intrinsically
heterogeneous nodes. Another factor that compounds the problem is that these large-scale sys-
tems are often multi-tenant. As there are dynamically changing job requests, it is not always
possible to do optimal job distribution. Sub-optimal scheduling of jobs can lead to long job
queues at certain compute nodes or network congestion, which all contribute to unpredictable
program execution time.

' At Oak Ridge National Lab, which is on the wildlife reserve, wild animals running over power lines have led to

power outages several times.



The problem of reliable computing will continue to diversify as new technology and paradigm
of computing emerge. To go beyond the limit of transistor-based computing technology, people
are exploring completely new technologies such as quantum computing or biological computing.
In the early phase of these new technologies, one of the biggest challenges would be providing
high reliability and fidelity. Even with the same hardware technology, how we utilize and service
computing technologies is going through innovations. For example, federated learning, in which
edge devices (e.g., smartphones) and the central server communicate back and forth to train a
private machine learning model, has been an exciting field of study [72]. A critical challenge
in federated learning is dealing with unreliable edge devices that can drop out of computation
due to connectivity or energy constraints. Another upcoming idea is serverless computing [S8]]
offered by cloud providers where a user can run applications at a lower cost by not having a
dedicated server but instead using machine resources that are dynamically allocated based on
each provider’s policy. A user of serverless computing service cannot know which machine
will become available or unavailable, and incorporating such dynamically-changing compute

resources can be a new unreliability problem.

1.2 Coded Computing as a Low-Overhead Reliability Tech-
nique

Despite the effort for assuring the reliability of each component in computing systems, there
remain uncontrollable factors. What are the techniques used to handle random unreliabilities
in today’s large-scale computing systems? All current production-quality technologies rely on
checkpointing, where we store the snapshot of computation at a regular interval and roll back to
the most recent checkpoint in case of failure. To store the synchronized state of distributed nodes,
checkpoints are often stored in a shared parallel file system. The time spent in checkpointing is

significant (15-30 minutes in 20009) because of the I/O burden to the parallel file system [13]].
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There has been an active research to reduce the overhead of checkpointing, such as reducing the

size of checkpoints [9, 53] or in-memory checkpointing [[133]].

Another reliability technique often considered in distributed computing systems is replica-
tion [2, 15, 133 34, [117]. In replication strategies, we create replicas of the same process so that
even when a node (or a process) fails, we can proceed with one of the surviving replicas, without
having to roll back and restart. Replication has large resource overhead (at least 2x) as we have to
use limited computing resources to perform identical computations just for reliability. However,
recent studies have shown that using replication can be more efficient than checkpoint-restart in
systems with small MTBF [34], and using replication along with checkpoint-restart can greatly

reduce mean-time-between-interruption (MTBI) [3]].

Checkpoint-restart and replication can be applied universally, agnostic to the computation
task. Can we sacrifice the universality and come up with a more application-specific reliability
method to reduce the time and resource overheads of these generic strategies? Especially, can
we borrow ideas from information theory, that has served as the foundation of modern digital
communication by contriving a mathematical tool to design redundancy that is unboundedly
more efficient than replication? This is the approach we propose in this thesis, called “coded
computing”, where we add redundancies through encoding and decoding using the ideas from
error-correcting codes. We will explain the basic idea of coded computing in more detail in
Chapter 2] In this section, we provide a brief history of the concept of coded computing, which

is almost as old as the problem of reliable computing.

In 1958, Elias studied if we can extend Shannon’s noisy coding theorem in the landmark
paper, “Communication in the presence of noise” [100], to noisy AND gates, and wrote a pa-
per titled “Computation in the presence of noise” [30]. Subsequent works also studied how to
incorporate noiseless encoders and decoders to build reliable Boolean gates [86, [121, [122]]. A
more advanced encoding and decoding technique called algorithm-based fault tolerance (ABFT)

was proposed by Huang and Abraham in 1984 [52] to detect and correct errors on circuits during
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Encoder

Modular network

Decoder

!

Figure 1.1: Computation system with noiseless encoders and decoders to make unreliable gates

more reliable. [[122, Figure 4.8]

linear algebra operations and later developed for other computations such as fast Fourier trans-
form (FFT) [18},92]. Chen and Dongarra discovered that the ABFT technique could be used for
parallel matrix algorithms for HPC systems [17] to deal with node failures. This has initiated
extensive research in ABFT [8} 21,47, [128]], and soft error detection/correction using ABFT was
also studied [16, [78]].

In 2015, the same idea was proposed by Lee et al. to combat the straggler problem [67], and
was given the name “coded computing”. Since the pioneering work by Lee et al., coded comput-
ing has generated exciting results including: coding strategies for distributed optimization [61,
91,1108, [129], addressing von Neumann’s 60-year-old question of error-resilient neural network
training [28]], obtaining storage-optimal solutions to error-resilient matrix-multiplication [29,
101} [132], and obtaining the first solution to linear transforms with all elements being error-
prone [1235]].

Compared to existing fault tolerance techniques, coded computing can be a much more ef-

ficient solution in terms of system overhead. Coded computing does not require roll-back or
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restart to recover the lost result from a failed node. Instead, it requires communication from
the surviving nodes and low-complexity decoding operation to recover the computation output.
Also, compared to replication-based schemes, coded computing requires much less redundancy.
Replication-based schemes require 2x redundancy for detecting an error and 3x redundancy (also
known as triple modular redundancy (TMR)) for correcting an error. Coded computing, on the
other hand, can provide single error detection and correction capability with a small (asymptoti-

cally negligible) redundancy.

1.3 Definitions and Notation

Computation System Models

We will mainly use two models of distributed computation system in this thesis: a master-worker

setup and a masterless setup.

/ Worker 1 \
‘ Fusi
Master Worker 2—¥ usion

Computational Computational
h—_
inputs node N node outputs

Worker P

Figure 1.2: A computational system: The master node receives the computational inputs and
sends appropriate tasks to the workers. The workers are prone to faults and delays. The fusion
node aggregates the computational outputs from the subset of successful workers and produces

the desired computational outputs.

Definition 1.3.1. [Master-Worker Setup] In the master-worker setup, we assume that there are
three types of nodes: (i) a master node; (ii) worker nodes; and (iii) a fusion node whose roles are

the following:



(1) A master node that receives computational inputs and perform pre-processing if required.

It then distributes (pre-processed) input data to worker nodes.

(i1) Worker nodes perform the given computation on the input it received from a master node.
A successful worker sends the resulting computation to the fusion node. A failed worker

does not send the result to the fusion node.

(iii) A fusion node that receives outputs from the subset of successful worker nodes. If a fusion
node receives enough number of successful workers, it will perform post-processing (e.g.,
decoding) and produces the final computational output. Otherwise, it declares a “compu-

tation failure.”

Note that we make a distinction between a master node and a fusion node as they serve
different functionalities. However, the distinction is more logical, and both master node and
fusion node will reside in one physical node. Sometimes, we will omit this distinction, and call
a fusion node as a master node in some places. Details of each node’s role would depend on the

computation goal.

Definition 1.3.2. [Masterless Setup] A masterless setup consists of a set of identical compute
nodes. There is no central node present during the computation and nodes do not have any
shared memory. Data located at different nodes can be shared only through explicit communi-
cation between two nodes. We assume a fully-connected network where any worker node can

communicate with any other node in the system directly.

Also, we will use the term nodes and processors interchangeably in this document. In real-
world distributed systems, nodes are composed of multiple processors, and a processor has mul-
tiple cores. While we will acknowledge these differences in Chapter ] where we discuss experi-

ments, in other places, one should regard nodes as a more abstract notion.
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Error-Correcting Codes

We will very briefly review the basics of error-correcting codes as they have been designed
for communication and storage systems. For more comprehensive understanding, we refer the
readers to excellent textbooks including [74} 94} 935]].

The objective of error-correcting codes is to add redundancy on the given data to recover lost
or corrupted data through redundancy. Mathematically, this can be described as follows. Let
m € F* denote a length-k message vector. By adding n — k redundant symbols, we want to

encode this message vector into a length-n code vector x € [F"*. The encoding function:
E:FF > F" (L.1)

that maps m to x can be any function, but in this work, we will only consider linear functions.
This is referred to as linear encoding. Given that £ is linear, now the encoding process can be
represented as:

x = mG, (1.2)

where GG is a k-by-n matrix, called a generator matrix. One important parameter in error-
correcting codes is a code rate R = k/n that represents how much portion of x contain the
original information.

A crucial question to ask is: how many lost symbols can we recover if we add n — k re-
dundant symbols? A reasonable hope would be tolerating n — k erasures since we added n — k
more symbols. This is indeed the provably best performance any encoding function can achieve,
and there exists a linear encoding scheme that achieves this. Codes that achieve this are called
maximum distance separable (MDS) codes.

Systematic codes under the linear encoding are codes that have a generator matrix of

the form:

G = Tk P . (1.3)




The left k-by-k square block is identity matrix, followed by a k-by-(n — k) parity generating
matrix P. This means that the first £ symbols of x would be just a copy of the original message
m, and the last n—k symbols would be linear combinations of m encoded by: m P. In systematic
codes, we will call the encoded symbols parity symbols or checksums.

Now, we introduce some notions that are closely related to distributed computing settings.The
recovery threshold is the minimum number of successful workers required by the fusion node
to recover the computation output. We will denote the recovery threshold by K. The recovery
bandwidth is the minimum number of symbols to be communicated to the fusion node to recover

the computation output.

Failure Models

Largely, the failure model we consider in this thesis is “an erasure model” where we assume
that when a node fails, we lose the entire data it held. An erasure can happen for various reasons.
It could be due to fail-stop errors which is a commonly used abstraction for failures in HPC to
describe a situation where process behavior becomes arbitrary. It could be also due to stragglers.
If a process does not respond within the set deadline, it could be considered as an erasure. Also,

we assume that a node failure can be isolated?]

Latency Models

We use the a- model to estimate the point-to-point communication cost. In the o~ model, the

time to send or receive a message of s bytes is :
T=a+s-p (1.4)

Here, « is startup time to establish a connection between two nodes, and [ is the bandwidth

cost required to transfer one symbol. For an algorithm that requires multiple rounds of message
2One failure can easily trickle down to other nodes and isolating a failure is not always straightforward in real-

world systems. However, we limit ourselves to a simple model in this thesis.
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exchanges, total communication time can be written as follows:
T = C’loz + Cgﬁ, (15)

where (] is the number of communication rounds, C is the number of symbols communicated
in a sequence. To be more precise, if we denote b; as the maximum number of symbols commu-

nicated between two nodes at the i-th round, Cs can be written as:
Ch
Cy= > b;. (1.6)
i=1

This is because the next round does not start until the previous round is completed, and the band-
width latency for each round is dominated by the largest message. Symbols can have different
units, such as bits or bytes, but in this work we do not specify any units.

In some places, we will use the a-3-y model to incorporate the computation cost into equa-

tion:
T = aCy + pCy + ~Cs, (L.7)

where (5 is the number of floating point operations (flops).

1.4 Main Contributions and Outline

This thesis considers a long-standing intellectual problem of computing reliably with unreliable
components adapted to the present-day computing systems by marrying large-scale distributed

algorithms and coding theory. Main contributions of this thesis are as follows:

® We propose MatDot codes for matrix multiplication that advance on the existing literature
in ABFT and coded computing strategies in terms of recovery threshold. 1t was later proven
that the recovery threshold of MatDot codes is optimal under input storage constraint [[132].
We also constructed PolyDot codes that can flexibly trade off communication cost and

storage cost. (Chapter 2))
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e We argue that coded computing with a master node is not scalable (with some prelimi-
nary experimental evidence), and we introduce the idea of “masterless coded computing”,

where data pre- and post-processing are also done without a central master node. (Chap-

ter [3))

¢ An important topic to be thought over in masterless coded computing is reducing the com-
munication cost of distributed encoding and decoding. By borrowing the idea of locally-
recoverable (LRC) codes from the latest distributed storage codes literature, we propose
LRC coded matrix multiplication which allows for more communication-efficient recovery

in case of a single failure. (Chapter 3. 1]

e We propose fully-distributed coded computing algorithms for existing numerical algo-
rithms that are extensively used in a broad set of HPC applications such as: Scalable

Universal Matrix Multiplication Algorithm (SUMMA) and the 4-step algorithm for FFT.
(Chapter

¢ Finally, we show experimental evaluation of the proposed 3D Coded SUMMA on a HPC
system. Through extensive experiments, we compare when coded computing can outper-

form existing fault-tolerance techniques such as replication or ABFT. (Chapter [4))

1.4.1 Excluded Work

During my Ph.D., I also worked on energy-adaptive error-correcting codes which is not included
in this thesis. The goal of this research was to design an error-correcting code that can adapt to
time-varying environments (e.g., SNR, energy constraints) to minimize energy consumption for
encoding/decoding. I proposed two novel designs of energy-adaptive codes: (1) energy-adaptive
polar codes (theoretical analysis), (2) energy-adaptive LDPC codes (simulation analysis). For

interested readers, we refer to [54, 55, 57]].
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Chapter 2

Introduction to Coded Computing

“It seems somewhat strange to be writing a paper on parallel matrix multiplication almost two
decades after commercial parallel systems first became available. One would think that by now
we would be able to manage such an apparently straightforward task with simple, highly

efficient implementations. Nonetheless, we appear to have gained new insight into this problem.”

The first paragraph of “SUMMA: scalable universal matrix multiplication algorithm” by R. A.

van de Geijn and J. Watts, 1997

This chapter will be a gentle introduction to coded computing. We will first walk through
the basic concept of coded computing by showing how we can apply coding to distributed ma-
trix multiplication since matrix multiplication is not only a crucial building block of numerical
algorithms but also straightforward to understand. After providing a few simple examples in
Chapter 2.1.1] we illustrate MatDot codes and PolyDot codes more formally, which are our ma-
jor breakthroughs in coded matrix multiplication. Then, in Chapter [2.2] we take one step back
from coded matrix multiplication, and discuss a more global view on how coded computing can

be applied to other classes of computation.
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2.1 Coded Matrix Multiplication

Throughout this chapter, we will assume the master-worker setup defined in[I.3]and our compu-

tation goal is to compute the following matrix multiplication:
C = AB, (2.1)

where A, B, C are assumed to be N-by-N square matrices for simplicityﬂ The key idea of coded
matrix multiplication is encoding redundancy on the inputs A and B before the computation so
that the computation output C can be protected from any possible failures during computation.
We believe that this would be best understood through simple examples.

Below are a few more notations we use throughout this chapter:

e P: The total number of worker nodes used.

e m: The storage parameter that denotes that a fixed 1/m fraction of each of the input ma-

trices can be stored at each node.

e [: The recovery threshold of a coding strategy.

2.1.1 Simple examples

We provide simple examples of three different coded matrix multiplication strategies: (i) ABFT
matrix multiplication [52] (also called Product codes in [67]), (i1) Polynomial codes [130] and
then (iii) our proposed construction, MatDot codes. We will evaluate the straggler tolerance of
a strategy by its recovery threshold, k. For all the examples, we consider the simplest case with
m = 2. Let us begin by describing the first strategy, ABFT matrix multiplication.

Example 2.1.1 (ABFT codes [52] (m = 2, k = 24/P)). Consider two N x N matrices A and

B that are split as follows:

Ay
A= 7B = [BO BI]
Ay

!Coding strategies we introduce here can be extended to rectangular matrices as well.
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where Ay, A, are sub-matrices (row-blocks) of A of dimension N /2 x N and By, B, are sub-
matrices (column-blocks) of B of dimension N x N /2. Using ABFT, it is possible to compute
AB over P nodes such that, (i) each node uses N?/2 linear combinations of the entries of A
and N?/2 linear combinations of the entries of B and (ii) the overall computation is tolerant to
P — 27/ P stragglers in the worst case. Thus, any P — (P — 2+/P) = 2+/ P worker nodes suffice
to recover AB.

ABFT codes use the following strategy: P processors are arranged in a /P x /P grid.
ABFT codes encode two row-blocks of A and two column-blocks of B separately using two
systematic (\/ﬁ, 2) MDS codes. Then, we distribute the i-th encoded row-block of A to all
the worker nodes on the i-th row of the grid, and the j-th encoded column-block of B to all the
worker nodes on the j-th column of the grid. Note that here the grid indexing isi = 1,2,...,\/P
and j = 1,2,...,+/P. An example for P = 9 is shown in Fig. The worst case arises when
all but one worker node in the lower right (/P — 1) x (/P — 1) part of the grid fail. Thus, the
worst case recovery threshold is P — (\/ﬁ —1)2+1= 2\/P. For the example given in Fig.
where P =9, recovery threshold is 24/P = 6. [ |

By B, B( + B,

Ay Worker Worker Worker
(LD (1,2) (1,3)

VBO
Master A, Worker Worker Worker \ Fusion

node @1 2.2) (2.3) / node
(Ao + A1)(Bo +Bi)
Worker Worker Worker
Ay + Ay 3,1) (3,2) (3,3)

v,

Figure 2.1: ABFT matrix multiplication [52] for P = 9 worker nodes with m = 2, where the

recovery threshold is 6.

In the previous example, the recovery threshold was a function of P and thus it requires

more successful worker nodes as we use more processors. However, as we will show in the next
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Worker

Worker P

Figure 2.2: Polynomial Codes [130] with m = 2. The recovery threshold is 4.

master
node

Ag+Ax onBl + (A()B() + A]B])l‘l + A]BO:E%

Bor; + By
worker node 1
AU + A1$2 /\A()Bl + (A()B() + AlBl),’L‘Q + AlB().’L‘g
Boz B
02 + lworker node 2
A B master node fusion node )
AO + A1x3 /\AUB] —+ (AOBO + A]Bl)l'g + A]BU.’I%
B().’I/'j; + B1 u
worker node 3

Ay + Azp onBl + (AOB() + AlBl).’L'P + AlBo:L'%)
Bozp + B,

worker node P

Figure 2.3: An illustration of the computational system with four worker nodes and applying

MatDot codes with m = 2. The recovery threshold is 3.

example, Polynomial codes [[130] provide a superior recovery threshold that does not depend on

Remark 2.1.1. In the worst-case ABFT codes might require @(\/F) nodes to finish, but in the
best-case only m? nodes might suffice, e.g., if all the systematic nodes finish first. Therefore,
some specific subsets of nodes of size smaller than the recovery threshold can sometimes suffice

for reconstruction, even though not all subsets of this size suffice. For a detailed discussion on

best-case and average-case recovery, the reader is referred to [67]].

Example 2.1.2 (Polynomial codes [130] (m = 2, k = 4)). Consider two N x N matrices A and

16



B that are split as follows:

Ag
A= ,B = [Bo B1]-
Ay

Polynomial codes compute AB over P nodes such that, (i) each node uses N?/2 linear combi-

nations of the entries of A and N*?/2 linear combinations of the entries of B and (ii) the overall

computation is tolerant to P — 4 stragglers, i.e., any 4 nodes suffice to recover AB. Polynomial

codes use the following strategy: Node i computes (Ag+A1i)(Bo+B1i?),i = 1,2,... P, so that

from any 4 of the P nodes, the polynomial p(z) = (A¢Bo + A1 Boz + A¢B2? + A¢gB2?) can
A¢By A¢B;

be interpolated. Having interpolated the polynomial, AB as can be obtained
ABy A1B;

from the coefficients (matrices) of the polynomial. B

Finally, we show an example of our novel MatDot code construction that achieves a smaller
recovery threshold as compared with Polynomial codes. Unlike ABFT and Polynomial codes,
MatDot divides matrix A vertically into column-blocks and matrix B horizontally into row-
blocks.

Example 2.1.3. [MatDot codes (m = 2, k = 3)]

MatDot codes compute AB over P nodes such that, (i) each node uses N*? /2 linear combi-
nations of the entries of A and N*?/2 linear combinations of the entries of B and (ii) the overall
computation is tolerant to P — 3 stragglers, i.e., 3 nodes suffice to recover AB. The proposed
MatDot codes use the following strategy: Matrix A is split vertically and B is split horizontally

as follows:
By
A=[A;, A, B= , (2.2)
B,
where Ay, A1 are column-blocks of A of dimension N x N /2 and By, By are row-blocks of B
of dimension N /2 x N.
Let pa(x) = Ag+ Az and pg(z) = Box +By. Let x1, 25, - - - , xp be distinct elements in .

The master node sends pa(z,) and pg(x,) to the r-th worker node where the r-th worker node
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performs the multiplication pa(x,)ps(x,) and sends the output to the fusion node. The exact
computations at each worker node are depicted in Fig. We can observe that the fusion node
can obtain the product AB using the output of any three successful workers as follows: Let the
worker nodes 1,2, and 3 be the first three successful worker nodes, then the fusion node obtains

the following three matrices:

pA(CL’l)pB(ZL‘l) = A0B1 + (A()B() + AlBl)[El + AlBOZE%,
pa(z2)p(r2) = AoB1 + (AgBo + A1By)zy + A1B0$§,

pA(Ig)pB<$3) = A0B1 + (A()Bo + A1B1>ZI}3 + AlBofL’g.

Since these three matrices can be seen as three evaluations of the matrix polynomial pa (z)pg(x)
of degree 2 at three distinct evaluation points x1,Ts, xs3, the fusion node can obtain the coeffi-
cients of x in pa(x)ps(x) using polynomial interpolation. This includes the coefficient of x,
which is A¢Bg + A1B, = AB. Therefore, the fusion node can recover the matrix product AB.

2.1.2 MatDot and PolyDot codes

We will now provide the formal description of MatDot and PolyDot codes. We start by defining

a rigorous system model.

2.1.2.1 System Model

We consider a master-worker setup given in and define an (N, k, P, m) Computational
system for Matrix Multiplication based on it.
Definition 2.1.1. [An (N, k, P, m) Computational system for Matrix Multiplication]

(i) A master node receives computational inputs, i.e., two N x N matrices A and B and

obtains, via linear pre-processing, 2P matrices as follows:

;&i ZfZ(A) andﬁzzgz(B) for: = 1,2,...,P.
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(ii)

(iii)
(iv)

Here, f; and ¢; are two functions such that f; : FVN*N — FN/tN/s and ¢, « FN*N -
FN/N/t Each A, for i = 1,2,...,P is an N/t x N/s matrix and each B; for i =
1,2,..., Pisan N/s x N/t matrix, where s and ¢ are two integers that satisfy st = m and
m is an integer that divides N. Specifically, each entry of AZ (respectively ]§i) is restricted
to be an F-linear combinatio of the entries of A (respectively B).

P worker nodes that perform the following operations: For ¢ = 1,--- | P, the i-th worker
node receives _&, ]§i from the master node, and performs some computation on these ma-

trices.
A fusion node that receives outputs from the subset of successful worker nodes.

The recovery threshold is k, i.e., a fusion node will perform post-processing if the number

of successful worker is at at least k, and produces the final output AB.

We make some informal remarks on the system model before describing our problem state-

ment.

For a given computation system, the parameter k is referred to as its recovery threshold.
Note that as per the definition, the recovery threshold is a worst-case evaluation, i.e., over

the worst possible choice of inputs A, B as well as the worst set of worker failures.

The parameter m controls the memory of each worker in the model, i.e., each worker node

can store only upto a 1/m fraction of each of the input matrices.

For convenience, we simply refer to an (N, k, P, m) computation system for matrix multi-
plication as a computation system in this paper; the parameters NV, k, P, m can be inferred

from context.

A worker node can fail due to various reasons such as: (i) straggling due to other jobs in

the queue; (i) straggling due to network congestion; (iii) temporary unavailability (e.g.,

2We restrict pre-processing to be linear to capture memory constraints of each worker node. Note that, allowing

for non-linear pre-processing with infinite precision can allow the master node to encode the entire input A, B into

smaller dimensional matrices over real or complex fields.
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system updates or power outage). In particular, while our model states that the failed
worker nodes do not send their computational outputs to the fusion node, in practice, a
straggling worker node that sends its result later than an acceptable deadline may also be
considered as a failure in our model. We use the term failed nodes interchangeably with
the term straggling nodes in this paper. The parameter P — k represents fault-tolerance, or
equivalently, the straggler-tolerance of the system.

¢ Elementary coding theory also implies that an (V, k, P, m) computation systems can cor-

rect [#J erroneous worker nodes, i.e., nodes that can output incorrect computations,

though we do not focus explicitly on error correction in this paper.

¢ For a given computation system, the computational complexities of the master, workers,
and the fusion node are referred to as the pre-processing, online, and decoding complex-
ities. In addition to recovery thresholds, we also evaluate various computation schemes
in terms of these computation complexities, as well as the communication cost from the
worker nodes to the fusion node. The communication cost between the master node and
worker nodes is constant in all the strategies because of the storage constraint, i.e., the
master sends upto N?/m symbols to each worker node.

¢ Our strategies also extend when the matrices A, and B; are allowed to be of dimensions
N/t; x N/sand N/s x N /t; (discussed in Remark [2.1.3|later), i.e., asymmetric storage
constraints for the two inputs. Our system model also assumes that A, B are square matri-
ces with equal dimensions for simplicity of notation. Our ideas and results will naturally

apply for cases where A, B are non-square matrices as well, as long as the product AB is

defined.

2.1.2.2 Problem Statement

We consider an (N, k, P,m) computation system where the computational complexities of the

master, worker and fusion nodes, when evaluated in terms of parameter /N, P, m, are all less than
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the complexity of any sequential algorithm that takes inputs A, B and computes the product AB
as the outpu Given parameters N, P, m, among these considered systems, our problem is to
determine the computation system with the smallest achievable recovery threshold.

Although the problem stated here remains open, we will present non-trivial coding strate-
gies that achieve significantly smaller recovery threshold than previously known systems. For
simplicity, we report results assuming naive matrix multiplication with complexity ©(N?) in
our paper; our ideas and results extend, with minor modifications, to include lower complexity

algorithms such as Strassen’s algorithm [104].

2.1.2.3 Some Notations and Definitions

For f(n) and g(n) that are two functions of the variable n, f(n) = O(g(n)) if there exists an n
and a constant ¢ such that for all n > ng, f(n) < cg(n). Similarly, f(n) = o(g(n)) if for any
chosen € > 0, one can find an n such that for all n > ng, f(n) < eg(n). Lastly, f(n) = O(g(n))
if f(n) = O(g(n)) and g(n) = O(f(n)).

We will be using the term “row-block™ to denote the sub-matrices formed when we split a

matrix A horizontally as follows: A = ’ . Similarly, we will be using the term “column-
Ay

block” to denote the sub-matrices formed when we split a matrix vertically into sub-matrices as

follows: A = lAO AI].

2.1.2.4 MatDot Code Construction

In this section, we will describe the distributed matrix-matrix multiplication strategy using Mat-
Dot codes, and then examine the computation and communication costs of the proposed strategy.

3The computational complexity requirement is necessary. Without this requirement, it is easy to design a
(N, k = m, P,m) computation system by simply storing A, B using a (P, m) Maximum Distance Separable code
at the workers, which sends the stored symbols to the fusion node which then decodes A, B and then performs the

multiplication. However, in practice, this is not parallelizing the matrix-multiplication task.
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From the examples in Section [2.1.1] we have seen that for m = 2, the recovery threshold of
MatDot codes is £ = 3, which is lower than Polynomial codes and ABFT matrix multiplication.
The following theorem shows that for any integer m, the recovery threshold of MatDot codes is
k=2m— 1.
Theorem 2.1.1. For the matrix multiplication problem specified in Section computed on
the system defined in Definition a recovery threshold of 2m — 1 is achievable where m = 2
is a positive integer that divides N.

Before we prove Theorem we first describe the construction of MatDot codes.
Construction 2.1.1. [MatDot Codes]

Splitting of input matrices: The matrix A is split vertically into m equal column-blocks (of
N?2/m symbols each) and B is split horizontally into m equal row blocks (of N?/m symbols

each) as follows:

_ B, .
A=[AgA, ... A,_1], B= Bf : (2.3)
| Bt
where, fori € {0,... ,m—1}, and A;,B; are N x N/m and N /m x N dimensional sub-matrices,
respectively.
Master node (encoding): Let x1, %o, . . ., xp be distinct elements in F. Let pa(x) = ZZZ_Ol A xt

and pg(zr) = ZT:_Ol B,z 179, The master node sends to the r-th worker the evaluations of
pa(x),pe(x) at © = x,, that is, it sends pa(x,), pg(z,) to the r-th worker.

Worker nodes: For r € {1,2,..., P}, the r-th worker node computes the matrix product
pc(x,) = pa(x,)ps(x,) and sends it to the fusion node on successful completion.

Fusion node (decoding): The fusion node uses outputs of any 2m — 1 successful workers to
compute the coefficient of ™! in the product pc(x) = pa(x)ps(x) (the feasibility of this step
will be shown later in the proof of Theorem[2.1.1)). If the number of successful workers is smaller

than 2m — 1, the fusion node declares a failure.
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Notice that in MatDot codes, we have

m—1
AB= ) AB, 2.4)

i=0
where A; and B, are as defined in (2.3). The simple observation of (2.4} leads to a different way

of computing the matrix product as compared with Polynomial-codes-based computation. In
particular, to compute the product, we only require, for each i, the product of A; and B;. We do
not require products of the form A;B; for ¢ # j unlike Polynomial codes, where, after splitting
the matrices A, B in to m parts, all m? cross-products are required to evaluate the overall matrix

product. This leads to a significantly smaller recovery threshold for our construction.

Proof of Theorem[2.1.1] To prove the theorem, it suffices to show that in the MatDot code con-
struction described above, the fusion node is able to reconstruct C from any 2m — 1 worker

nodes. Observe that the coefficient of ™! in:

pc(r) = palx)ps(z) = <2 Aixi> <2 Bjxm_l_’) (2.5)

j=0
is AB = Zﬁgl A;B; (from (2.4))), which is the desired matrix-matrix product. Thus it is suf-
ficient to compute this coefficient at the fusion node as the computation output for successful
computation. Now, because the polynomial pc(x) has degree 2m — 2, evaluation of the polyno-
mial at any 2m — 1 distinct points is sufficient to compute all of the coefficients of powers of = in
pa(z)ps () using polynomial interpolation. This includes AB = 7' A;B;, the coefficient

of z™1, [ |

In Section [2.1.2.5] we provide a complexity analysis that shows that using this strategy, the
master and fusion nodes have a lower computational complexity as compared to the worker nodes

in the regime where m, P « N.

2.1.2.5 Complexity Analysis of MatDot codes

Encoding/decoding complexity: Encoding for each worker requires evaluating two polynomi-

als pa(x) and pg(x), each of degree m — 1, at a unique value of = where the coefficients of
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these polynomials are sub-matrices of size N?/m. We examine the encoding complexity using
two algorithms here. One encoding algorithm could be to take a linear combination of m sub-
matrices of size N?/m, leading to an overall encoding complexity of O(mN?/m) = O(N?) for
each worker. Thus, the overall computational complexity of encoding for P workers is O(N?P).
Alternatively, one could also use fast polynomial evaluation algorithms [63, 65] which allow one
to evaluate a polynomial (of degree m — 1) at P(> m) arbitrary points within a time complex-
ity of O(Plog?m) (or more practically O(P log® mloglogm)). Because this evaluation has
to be repeated N?/m times, the overall encoding complexity using fast polynomial evaluation

algorithms becomes O (N ip W%) :

Next, we examine the decoding complexity. Decoding requires interpolating the coefficient
of 2™ (of size N'?) in the polynomial pc(x) of degree 2m —2. Because we are interested in only
one coefficient of the polynomial pc () and not all of them, we consider the problem of inverting
the corresponding Vandermonde matrix for polynomial interpolation and then computing the

corresponding coefficient of 2! separately.

Let pc(z) = Cy + Ciz + ... + Cp_1281 where & = 2m — 1 and we are interested in
interpolating only C,,,_;. Also, let &1, Zo, . . . , Ty, denote the k(= 2m — 1) unique values at which
the k fastest workers evaluated the polynomial pc(x) and V denote the k£ x k Vandermonde

matrix given by:

=~ 2 ~k—1
1 & a2 ... !
V = . (2.6)
=~ =2 ~k—1
_1 Ty T, Ty |




Observe that

i Co | _Pc(il)_
(V& Inon) ?1 _ pc(2)
o] peta)
i Co | _pc(fl)_
_ (?1 — (V'@ Iy || C@ , 2.7)
| Cr—1 | | pc(T) |

where ® denotes the Kronecker product and [y denotes an identity matrix of dimensions
N x N. The decoder first inverts the matrix V (complexity is at most O(k?) using naive inversion
algorithm{]) and then picks the m-th row of V! which corresponds to the linear combination
of evaluations leading to the coefficient of 2™~ 1. Next, it linearly combines these k evaluations
pc(Z1), pc(Ta), . .., pc(Zy) (of size N? each) using the k values in [m-th row of V1], effec-

tively performing the computation

pc(%)

s
Cpio1 = ([m-throw of V7' ® Inxn) pel)

pc(ﬂfk)

This second step is of complexity O(N?2k). Thus, the total decoding complexity is O(N%k + k3),

of which, the first term dominates as we are interested in regimes where k(= 2m — 1) < N.
Each worker’s computational cost: Each worker multiplies two matrices of dimensions

N x N/m and N/m x N, requiring N3/m operations (using standard matrix multiplication al-

“Note that, it might be possible to reduce the term k3 to k2 using improved methods of inverting Vandermonde
matrices [6} 140,162} 185, [112]]. However, since this is not the dominant term in this decoding complexity analysis, we

stick with the most conservative estimate k2.
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gorithmsﬂ). Hence, the computational complexity for each worker is O(N?/m). Thus, as long as
P and m are sufficiently small compared to N, the encoding and decoding complexity is smaller
than per-worker computational complexity in a scaling sense. More specifically, for the decod-
ing complexity to be negligible, we need m? = o(N) (derived from N?(2m — 1) = o(N3/m)).
Similarly, for the encoding complexity to be negligible, we need mP = o(N) (derived from
N2P = o(N3/m)), again sticking to the conservative estimate of encoding complexity.
Communication cost: The master node communicates O(PN?/m) symbols, and the fu-
sion node receives O(mN?) symbols from the successful worker nodes. While the master node
communication cost is identical to that in Polynomial codes, the fusion node there only receives
O(m?N?/m?) = O(N?) symbols.
Remark 2.1.2. We note that in addition to communication costs, the computational cost per node
is also higher for MatDot codes (O(N?/m)) as compared to Polynomial codes (O(N?3/m?)).
This is suggestive of a trade-off. Thus, we also propose PolyDot codes which provide a trade-off
between MatDot codes (lowest recovery threshold, higher communication and computation cost)
and Polynomial codes (higher recovery threshold, lower communication and computation cost),
with these two codes being its two special cases. These trade-offs are also pictorially illustrated
later in Fig. 2.4 and Fig.[2.5]
Discussion on applicability of MatDot codes:
¢ In our recent work [101], we demonstrate the potential advantages of MatDot codes in
practice. Reference [101] presents a distributed implementation of Fast approximate k-
Nearest Neighbor computation using MatDot codes. The problem reduces to the online
multiplication of only a set of few selected rows of a large matrix with another matrix/vec-
tor in real-time. Encoding and storing sub-matrices in advance is allowed, but the index
set of rows of the first matrix is only available in the online phase. It is difficult to apply

>More sophisticated algorithms [104]] also require super-quadratic complexity in N, and so a similar conclusion
can be derived here if those algorithms are used at workers as well, as long as the complexity is super-quadratic in

N.
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horizontal splitting in this case as the index set of rows is not known a priori, and vertical

splitting of the first matrix, as done in MatDot codes, is better suited.

¢ In several large-scale computing settings, storage is the primary cause that necessitates
parallelizing or distributing the computation across multiple nodes. The actual computa-
tion cost is often cheap, and in fact often cheaper than communication costs too. The main
cause of latency or straggling is attributed to several factors, which also include queuing
of other tasks or limitations of communication bandwidth [116, [117]]. Thus, the actual
time that each worker node takes is a combination of three terms: the delay-free compu-
tation cost, the delay-free communication cost and the unpredictable delay or straggling,
which could even be higher than the first two terms depending on the nature of the queuing
in the system. In several models in existing literature, the total time has also been mod-
eled with distributions which do not depend on the computation cost or communication
cost [[116, [117]. In such scenarios, MatDot codes would be significantly beneficial in re-
ducing latency as compared to existing techniques as it requires the fusion node to wait for
the fewest workers. Alternatively, when the computation and communication costs domi-
nate storage costs, one could use Polynomial codes, or interpolate between these two codes

using our proposed PolyDot framework (see Section [2.1.2.6)).

e MatDot codes can also be written in a systematic form. See Chapter|3.1.2

2.1.2.6 PolyDot Code Constructions

In this section, we present a code construction, named PolyDot codes, that provides a trade-
off between per-worker computation/communication costs and recovery thresholds. Polynomial
codes [130] have a higher recovery threshold of m?2, but have a lower per-worker computation
cost of O(N?3/m?) and communication cost of O(N?/m?) per worker node. On the other hand,
MatDot codes have a lower recovery threshold of 2m — 1, but have a higher per-worker compu-

tation cost of O(N?3/m) and a higher communication cost of O(N?) per-worker. This section
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constructs a code that bridges the gap between Polynomial codes and MatDot codes so that we
can get intermediate per-worker computation/communication costs and recovery thresholds, with
Polynomial and MatDot codes being two special cases. To achieve this goal, we propose PolyDot
codes, which may be viewed as an interpolation of MatDot codes and Polynomial codes, with
one extreme being MatDot codes and the other extreme being Polynomial codes.

We follow the same problem setup and system assumptions as in MatDot codes. In the
following theorem, we obtain the recovery threshold achieved by PolyDot codes.
Theorem 2.1.2. For the matrix multiplication problem specified in Section computed on
the system defined in Definition there exist codes with a recovery threshold of t*(2s — 1)
and a communication cost from each worker node to the fusion node bounded by O(N?/t?) for
any positive integers s, t such that st = m and both s and t divide N.

Before we move on to describe the PolyDot code construction and prove Theorem [2.1.2] we
first introduce PolyDot codes with a simple example form = 4 and s =t = 2.
Example 2.1.4. [PolyDot codes (m = 4,s = 2,k = 12)]

Matrix A is split into sub-matrices Ag o, A1, A1, A1, each of dimension N/2 x N /2.
Similarly, matrix B is split into sub-matrices By o, Bo 1, B1,0, B11 each of dimension N /2 x N /2

as follows:

A Aoo Apa B - Boo By, . 2.8)

Ao A By Bi;

Notice that, from (2.8), the product AB can be written as

1 1
—oAo,Bi i—oAo,iBi
AB — im0 A0iBio 2o A0iBia | 2.9)

1 1
Yo ALBio Xi_oALBi

Now, we define the encoding functions pa(z) and pg(x) as
pa(x) = Ago + Aoz + A071932 + A171x3,

pB([L') = B070£L‘2 + BLQ + B071$8 + B1715L‘6.
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Observe the following:

(i) the coefficient of x? in pa(x)ps(z) is Zi:o Ay.:Bio,

(ii) the coefficient of x® in pa (v)ps(x) is Yy Ao.Bi1,
(iii) the coefficient of x® in pa(x)pg(z) is ZLO A, ,;B,,, and
(iv) the coefficient of 2° in pa(x)pp () is ZLO A, ;B; ..

Let x1,--- ,xp be distinct elements of F. The master node sends pa(x,) and pg(x,) to
the r-th worker node for r € {1,---  P}. The r-th worker node performs the multiplication

pa(z,)ps(x,) and sends the result to the fusion node.

Let worker nodes indexed from 1 to 12 be the first 12 worker nodes that send their results to
the fusion node. Then the fusion node obtains the matrices pa(x,)ps(z,) forallr € {1,--- 12}
Since these 12 matrices are essentially twelve distinct evaluations of the matrix polynomial
pa()ps(x) of degree 11 at twelve distinct points x1,--- ,x19, the coefficients of the matrix
polynomial pa (z)pg () can be obtained using polynomial interpolation. This includes the coef-
ficients of x****5 for all i, j € {0,1}, i.e, lee:() A, By j foralli,j € {0,1}. Once the matrices

2,16:0 A, By j foralli, j € {0, 1} are obtained, the product AB is obtained by . [

The recovery threshold for m = 4 in Example[2.1.4is k = 12. This is larger than the recovery
threshold of MatDot codes, which is £k = 2m — 1 = 9, and smaller then the recovery threshold
of Polynomial codes, which is k£ = m? = 16. Hence, we can see that the recovery thresholds of

PolyDot codes are between those of MatDot codes and Polynomial codes.

Construction describes the general construction of PolyDot(m, s,t) codes. Note that,
although two parameters m and s are sufficient to characterize a PolyDot code, we include ¢ in

the parameters for better readability.

Construction 2.1.2. [PolyDot(m, s,t) codes]
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Splitting of input matrices: A and B are split both horizontally and vertically:

Ao - Ags
A= s
Ao 0 A
I300 IBOJ—I
B — , (2.10)
Bso1ip -+ Beoii

where, fori = 0,---,s — 1,7 = 0,--- ,t — 1, A;;’s are N/t x N /s sub-matrices of A and
B, ;’s are N/s x N/t sub-matrices of B. We choose s and t such that both s and t divide N and
st =m.

Master node (encoding): Define the encoding polynomials as:

t—1s—1
pA(x> y) = Z Z Ai,jxly]7
i=0 =0
s—1t—1
pe(y,2) = Y| > Bry T F Q2.11)
k=0 1=0
The master node sends the evaluations of pa(z,y),ps(y,2) at © = x,,y = xk, 2 = $£(2s—1) t0
the r-th worker where x,’s are all distinct for r € {1,2,..., P}. By this substitution, we are

transforming the three-variable polynomial to a single-variable polynomial as follows:

pC(%% Z) = Pc(l’) = Z Ai?jBk’lxi+t(s*1+j*k)+t(25*1)l’

6,4kl
and evaluate the polynomial pc(z) at x, forr = 1,--- | P. In Lemma we show that this
transformation is one-to-one.

Worker nodes: For r € {1,2,..., P}, the r-th worker node computes the matrix product

pc(Tr, Yry 2¢) = DA(Tr, Yr ) DB (Yr, 2) and sends it to the fusion node on successful completion.
Fusion node (decoding): The fusion node uses outputs of the first t*(2s — 1) successful

workers to compute the coefficient of ' 1y*~12"" in pe(x,y,2) = palz,y)ps(Y, 2), ie., it
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Communication - Recovery Threshold Trade-off (m = 36)
0 , . , . . .

t=1,s=m
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Communication Cost (# symbols/N?)
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Figure 2.4: An illustration of the trade-off between communication cost (from the workers to
the fusion node) and the recovery threshold of PolyDot codes by varying s and ¢ for a fixed
m (m = 36). The minimum communication cost is N2, corresponding to polynomial codes,
that have the largest recovery threshold. It is important to note here that in the above, we are
only including the communication cost from the workers to the fusion node. The communication
from the master node to the workers is not included, and it can dominate in situations when the
workers are highly unreliable.

computes the coefficient of x'~1+ (s~ 1i+(2s—1)t(—1)

of the transformed single-variable polynomial.
The proof of Theorem[2.1.2shows that this is indeed possible. If the number of successful workers

is smaller than t*(2s — 1), the fusion node declares a failure.

Discussion on applicability of PolyDot codes: Before we prove the theorem, let us discuss the
utility of PolyDot codes. Under a fixed storage constraint (1/m), as ¢ increases and s decreases
while keeping st(= m) fixed, the recovery threshold keeps increasing and the computation and
communication costs keep decreasing. By choosing different s and ¢, we can trade off com-
munication/computation cost and recovery threshold. For s = m and ¢ = 1, PolyDot(m, s =
m,t = 1) code is a MatDot code which has a low recovery threshold but a high communica-
tion/computation cost. At the other extreme, for s = 1 and ¢ = m, PolyDot(m, s = 1,t = m)

code is a Polynomial code. Now, let us consider a code with intermediate s and ¢ values, such
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Computation - Recovery Threshold Trade-off (N = 72, m = 36)
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Figure 2.5: An illustration of the trade-off between the computation cost per worker and the re-
covery threshold of PolyDot codes by varying s and ¢ for a fixed N, m (N = 72, m = 36). The
minimum computation cost per worker is 288 multiplication operations per worker, correspond-

ing to polynomial codes, that have the largest recovery threshold.

as, s = y/mand t = y/m. A PolyDot(m,s = y/m,t = y/m) code has a recovery threshold
of m(2y/m — 1) = ©(m!'?), and the total number of symbols to be communicated to the fu-
sion node is © ((N/y/m)? - m'®) = ©(y/mN?), which is smaller than ©(mN?) as required by
MatDot codes but larger than ©(N?) as required by Polynomial codes. This trade-off between
communication cost and recovery threshold is illustrated in Fig. 2.4 for m = 36. Similarly,
in terms of computational cost per worker node, a PolyDot(m,s = /m,t = y/m) code re-
quires O(N3/m!?) operations, which is less than the O(N?3/m) operations required by MatDot
codes but higher than the O(N?3/m?) operations required by Polynomial codes. This trade-off
between the computation per worker and the recovery threshold is illustrated in Fig. for

N =72, m = 36.

In regimes where the storage-constraint is more critical than the computation or communica-
tion time, PolyDot codes with the MatDot configuration (or at least closer to MatDot codes, i.e.,
higher s, lower t) is more appropriate. Alternatively, in settings where computation and commu-

nication time dominate significantly, PolyDot codes with Polynomial codes’ configuration (or at
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least close to Polynomial codes, i.e., higher ¢, lower s) may be more preferable. Interestingly
though, even in systems where communication costs may be significant, it is possible that more
communication from fewer successful workers is less expensive than requiring more successful
workers as required in Polynomial codes, which we hope to explore experimentally in future
work.

Now, we proceed to prove Theorem We need the following lemma.

Lemma 2.1.1. The following function

fA0, -t =1} x{0,---,25s — 2} x {0,--- ,t — 1}
—{0,--- ,t*(2s — 1) — 1}

(a,8,7) » a+tB+t(2s—1)y (2.12)
is a bijection.

Proof. Let us assume, for the sake of contradiction, that for some (/,f3',7) # (a,f,7),
F(a!,3,7) = fla,B,7). Then (f(a, B,7) modt) — a = (f(a!,#,) modt) — o’ and
hence a = «'. Similarly, (f(«, 8,7) modt(2s — 1)) = (f(d/,5',7) mod t(2s — 1)) gives
a+tf =o' +tf, and thus § = [ (because @ = «’). Now, because o = o’ and § = [/, as
we just established, f(«, 5,v) = f(/,5’,7') from our assumption, it follows that v = +'. This

contradicts our assumption that («, 5,7) # (o/, 5',7/). [ |

Proof of Theorem[2.1.2] The product of pa (z,y) and pg(y, z) can be written as follows:

pc(r,y,2) = palz,y)ps(Y, 2)

t—1s—1 s—1t—1
(Z > Ai,jx"yj> (Z > Bk,lyS‘l"le)

i=0 j=0 k=01=0
= YA Bty TR (2.13)
i7j7k7l

Note that the coefficient of '~ 1y*~12!~1 in pc(z,y, 2) is equal to C;; = ZZ;B A, By, By
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our choice of y = z* and z = 2!?*~1) we can further simplify pc(z, ¢, 2!?5~D):
pc(z,y, 2) = pelx 2 A, ,JBkazﬂt s—1+j—k)+t(2s—1)_ (2.14)
4,5,k
The maximum degree of this polynomial is when? =¢ -1, —k =s—1and! =t — 1,
which is (t — 1) + (2s — 2)t + t(2s — 1)(t — 1) = t?(2s — 1) — 1. Furthermore, if we let
a =140 =s—1+j—k,v = [, the function f(a,[,7) in Lemmais the degree of
x in (2.14). This implies that for different pairs of (i, — k,[), we get different powers of x.
When j — k = 0, we obtain (37_1 A, ;By, )2’ tte-D+2s= Dl — C; g +t(s= D+ =1l which is
the desired product we want to recover.
This implies that if we have #?(2s — 1) successful worker nodes, we can compute all the
coefficients in by polynomial interpolation. Hence, we can recover all C;;’s, i.e., the

coefficients of z?+t(s=D+t@s=Dl forj [ =0, ¢t — 1. [

Remark 2.1.3. We first introduce the novel PolyDot framework for matrix-matrix multiplication
which block-partitions the two matrices A and B into ¢t x s and s x t respectively, using two

multivariate polynomials:
t—1s—1
o
=2, 2 Ay,
i=0j=0
s—1t—-1

= > ) By (2.15)

k=01=0
It is trivial to see that for an asymmetric partitioning, e.g., where A is splitin ¢; x s and B is

splitin s x ¢, blocks, the encoding polynomials in the PolyDot framework change as:

t1—1s—1

y) = > DAty

i=0 j=0
2 22 s 1-k l (216)

In this work, the novelty lies in cleverly choosing pa (x, y) and pg(y, z), such that, in the product

of the two multivariate polynomials, i.e., in pc(x,y, 2)(= pa(x,y)ps(y, 2)) some coefficients
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correspond to parts of the required resultant matrix AB. After this, we convert the multivariate
polynomial pc(z, y, z) into a polynomial of a single variable using a substitution which preserves

bijection between all the coefficients (including the ones that are not required).

Because only some of the coefficients of pc(z, y, z) are actually required for reconstructing
AB, it is not necessary to preserve bijection between all the coefficients in the polynomial of a
single variable. In subsequent works [26,|132]] a lower recovery threshold is obtained by choosing
an improved substitution such that some of the garbage coefficients in pc(z, y, z) align with each

other resulting in a polynomial of a single variable with fewer coefficients.

2.1.2.7 Complexity Analysis of PolyDot codes

Encoding/decoding complexity: Encoding for one worker requires the evaluation of the poly-
nomials pa(x) and pg(x) at a unique value of x. As both the polynomials have m non-zero
coefficients which are sub-matrices of A and B respectively, the encoder scales the m sub-
matrices with N2/m elements each and adds them up. This requires computational complexity
of O(m - N?*/m) = O(N?). Thus, the overall computational complexity of encoding for P
worker nodes is O(N2P). One could alternatively also use fast polynomial evaluation algo-

rithms [63],163] to evaluate the two polynomials of respective degrees st — 1 and t?(2s — 1) — st

st?) log log (st?)
m 9

at P arbitrary points, leading to an encoding complexity of at most O (N 2 plog”(

that can be rewritten as O <N 2 plog® (m?/s) loglog (m?/s) ) using st = m.

m

Decoding requires interpolating ¢? coefficients of the polynomial pc(z) of degree t(2s—1)—
1 where each coefficient is of size N2/t%. We examine a choice of two decoding algorithms here,
and interestingly, again observe a trade-off between MatDot and Polynomial codes in decoding.
If we use a decoding technique similar to MatDot codes by considering the problem of deriving
the required 2 linear combinations from the inverse of the & x k& Vandermonde matrix V and
then combining the k evaluated sub-matrices sent by the worker nodes using these ¢* linear

combinations, then the overall decoding complexity is O(t* - 27k + k%) = O(N?k + k?) where
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k = t?(2s — 1). Again, as k « N, the complexity is dominated by the term N2k.

Alternatively, the decoder could also choose to solve for all the coefficients of pc(z) from the
evaluations, as a single interpolation problem. There exist fast polynomial interpolation methods
that have a complexity of O(k log® k) theoretically [65] (or more practically O(klog® k log log k) [63])
for a polynomial of degree k — 1. For this problem k = t?>(2s — 1). Therefore, using these fast
polynomial interpolation algorithms, the decoding complexity per coefficient matrix element is
O(t?(2s—1)log? t?(2s — 1) loglog t?(2s — 1)) = O(t*slog?(m?/s) loglog m?/s) using m = st.
As the interpolation is performed N?/t? times for the coefficient matrices of size N?/t?, the over-

all decoding complexity is O(N?slog®(m?/s)loglog (m?/s)).

Remark 2.1.4. Note that, when we substitute ¢ = 1, s = m in the second expression of decod-
ing complexity for PolyDot codes, we get O(N?mlog®(m)loglog (m)) which differs from the
decoding complexity of MatDot and systematic MatDot codes by a factor of log?(m) log log (m)
although it matches with the decoding complexity of Polynomial codes for ¢t = m,s = 1. This is
because for MatDot codes, we only require one coefficient of the polynomial pc(z) and hence the
decoding complexity can be lowered by log?(m) log log (m) by treating the matrix-inversion and
the final coefficient computation separately than solving them together as a single interpolation
problem as done in the second case because interpolation also produces all the other coefficients
that are not required in MatDot codes. Alternatively, for Polynomial codes, it makes sense to
solve a single interpolation problem as all the coefficients of pc(x) are useful. For a general
PolyDot coding scheme, one can choose to invert first and then compute only the required coeffi-
cients (first decoding algorithm) or to decode as a single interpolation problem (second decoding

algorithm) depending on whether O(N?st?) or O(N?%slog®(m?/s)loglog (m?/s)) is lower.

Each worker’s computational complexity: Multiplication of matrices of size N/t x N /s
and N/s x N/t requires O(Z—;) = O(]Xn—?;s) computations. For the decoding complexity to be

negligible in comparison to the per-node computational complexity, we need either m?t? =

m*/s* = o(N) or m?log?(m?/s) loglog (m?/s) = o(N). Similarly, for the encoding complexity
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to be negligible in comparison to the per-node computational complexity, we need m?P/s =
o(N).

Communication complexity: Master node communicates O(N?/ts) = O(N?/m) symbols
to each worker, hence total outgoing symbols from the master node will be O(PN?/M). For
decoding, each node sends O(N?/t?) symbols to the fusion node and the recovery threshold is

O(t?(2s — 1)). Total number of symbols communicated to the fusion node is O((2s — 1) N?).

2.2 Beyond Coded Matrix Multiplication: Coded Dwarfs

Hundreds of papers on ML are being published on arxiv every week, and new computation al-
gorithms are being released at a dazzling speed. It is impossible to develop a coding technique
for each and every algorithm that comes out. A sensible goal is to identify a set if computa-
tions that are small enough to be universal but also big enough to justify the overhead of coding.
Matrix multiplication is certainly one indispensable computation building block in modern-day
computing, including machine learning, data analytics, and scientific computing. What are other
computation primitives that make up today’s computing applications? In mid 2000s, the high-
performance computing community arrived at a set of such canonical computations, so-called
“seven dwarfs of computation” [[19]], and the set was later expanded to “thirteen dwarfs” [3].
Each dwarf is a class of computations that share similar computation and communication pat-

terns. Below is the list of seven computation dwarfs:

¢ Dense Linear Algebra

Sparse Linear Algebra

Spectral Methods

N-Body Methods

Structured Grids

Unstructured Grids
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¢ Monte Carlo (MapReduce)

The seven dwarfs have served as a guideline for building and testing a parallel system [15,
88]. We believe that looking at computation dwarfs is a good way to look at the landscape of
coded computing as well. In fact, most existing works in coded computing literature belong to
one of the dwarf categories, which we will call “coded dwarfs”. In this chapter, we want to
provide a brief review of coded dwarfs and our perspective on the future directions of coded

computing.

Dense Linear Algebra

Dense linear algebra comprises a large set of operations on dense vectors or matrices which
is large classified into three categories: vector-vector operations, matrix-vector operations, and
matrix-matrix operations. As these operations are essential in scientific computing and machine
learning [20]], some of the first analog “nanofunctions” have been built to support them [80, [118]].
At system-level, there exist multiple libraries implementing these operations (e.g., BLAS and
LAPACK). It is also one of the dwarfs that are substantially studied.

For matrix-vector multiplication, a recent work [67] proposed the use of Minimum Distance
Separable (MDS) codes for coded matrix-vector products, which can be viewed as a rediscovery
of the ABFT approach adopted in the original work of Huang and Abraham [52]. Specifically
for short and fat linear transforms, which is commonly used in processing high-dimensional
data such as principal component analysis (PCA), short-dot codes [27] were proposed. Short-
Dot codes trade off between the length of the dot products s and the recovery threshold K =
P — % + M. The MDS coding strategy and the uncoded strategy are two special cases of
Short-Dot codes.

For matrix-matrix multiplication, there have been an ample amount of research including:
ABFT/Product codes [52, 167]], high-dimensional product codes [66], Polynomial codes [130]],

MatDot codes [29]], PolyDot and Generalized PolyDot codes [28, [132]. The performance com-

38



1000

ke]

g 800 ABFT

7] Polynomial

Q

= 600

'; MatDot Codes

S 400

3 Generalized

g 200 1 PolyDot

o interpolates
0 .

0 5 10 15 20
Storage Parameter (m)

Figure 2.6: Scaling of recovery threshold with storage parameter m, i.e., when each node can
store a fraction 1/m of each of the matrices being multiplied. Total number of nodes is P = 1000.
MatDot codes achieve the lowest recovery threshold for the storage constrained matrix multipli-
cation problem. Generalized PolyDot codes interpolate between MatDot codes and Polynomial

codes. (Figure from [28]])

parison of these is depicted in Figure 2.6l we refer the reader to the previous chapter.

Another interesting line of work is coded binary linear transform with entirely unreliable
components [[124]. This is a departure from a common assumption in coded computing that the
computing engines are unreliable, but that the encoding/decoding mechanisms can be performed
reliably. In [124]], “ENcoded COmputation with Decoders EmbeddeD,” (or “ENCODED”) was
proposed where embedded decoding units to combat information dissipation [31] that makes

errors to accumulate over the computation paths.

Sparse Linear Algebra

Sparse linear algebra concerns the problems and methods of manipulating sparse matrices, such
as multiplying a sparse matrix to a vector, or performing graph analytics (graphs have sparse
matrix representations). Sparse linear algebra has become increasingly important as numerous

datasets for machine learning applications are very sparse (e.g., user ratings on products). How-
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Figure 2.7: Key ideas of substitute decoding. (a) Finding the maximal information of the vector
y by projecting it onto the row space of G;. (b) Approximating the unknown part of y using the

result from the last iteration, x().

ever, coding sparse matrices poses a fundamental challenge. Traditional codes require dense
linear combinations of input data, and this will significantly increase the number of non-zero
elements, taking away the storage/computation advantage of sparse data.

For sparse matrix multiplication, using sparse codes was proposed [119], but having spar-
sity in the generator matrix limits the fault tolerance (the number of tolerable faults is linearly
proportional to the number of non-zeros in a codeword).

For solving sparse linear systems, novel ideas that exploit the iterative nature of power itera-

tions methods [97] were suggested [126,[12/]. Consider solving the PageRank equation [83]:
x = (1 —d)Ax + dr, (2.17)
where the matrix A is extremely sparse. This can be solved through the power iterations:
x*D — (1 — d)AxY + dr (2.18)

until x) converges to the fixed point of (Z.17). The novel idea of “substitute decoding” was

proposed that utilizes the result from the previous iteration, x), as a side information to recover

x( x(+1) assuming that the difference between two iterations is small. This idea is summarized
in Figure
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Spectral Methods

Spectral methods refer to Fourier representations and related operations (such as the Fast Fourier
Transform; FFT), which convert data into frequency domain. Typically, spectral methods use
multiple stages of a butterfly network, which combine multiply-add operations, and employ a
specific pattern of data permutation, with all-to-all communication for some stages and strictly
local for others [3]]. FFT operations are widely used in signal processing, and are a valuable tool
to speed up scientific computing such as solving differential equations with FFT acceleration
[50,96].

Several ABFT techniques for FFT [59] 82, 1109, [120] were proposed for FFT circuit im-
plementations, and more recent works studied coded FFT algorithms for for distributed FFT

computation [56} [131]]. This will be discussed in detail in Chapter[3.2.2]

MapReduce

MapReduce is a widely used framework in large-scale data processing. It has two phases, “map”
and “reduce”. In the map phase, the input data is split into independent chunks and sent to
distributed nodes. At distributed nodes, key/value pairs are processed locally to generate a set of
intermediate key/value pairs. The second phase reduces the returned values from all the nodes
into a summarized result by merging intermediate values associated with the same intermediate
key. The “Monte Carlo” dwarf in the original seven dwarfs was later generalized to MapReduce
as the pattern of communication and computing essentially follows that of Monte Carlo [3]].
Coded MapReduce was suggested by Lit et al. [69] not for fault tolerance, but for reducing
communication cost during the “data shuffling”. Between the map and reduce phase, “data
shuffling” is required to rearrange data so that the data with the same intermediate key value
can be located in the same worker server. Often, this data shuffling bottlenecks the performance
of MapReduce computations. Their follow-up work showed that coded MapReduce for linear

operations can be used as a fault-tolerance as well [[70].
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The crux of the coded MapReduce strategy [69, [70] is to leverages the tradeoff between
computation and communication: add redundant computations at each worker node to reduce
the amount of data that has to be communicated during the shuffle stage. We illustrate this
through a simple example in Figure 2.8 Some notations required are:

e N: number of input files
e K: number of compute nodes
¢ (): number of output functions

e r: computation load (1 < r < K) — the average number of nodes that map each input file

Latency gains achieved by the coded MapReduce strategy were quantified experimentally

in [71]].

Future Directions

Integrating these techniques closely with design of emerging devices and systems is perhaps the
most important future direction. For instance, in an unpublished work with Ning Wang and Eric

9

Pop (the authors of [118]), we developed the concept of “nanoflags.” These analog engines,
attached to a nanofunction, indicate the confidence a nanofunction has in its own output, based
on its modeling of input dependent errors (as discussed in [118]], this modeling is possible for
graphene-based dot-product nanofunctions). Such novel systems that complement nanofunc-
tions can help simplify the system-level problem because it can help identify which nodes have
erroneous outputs, and discard those outputs from decoding.

In storage systems, we have seen many successful cases where research collaborations be-
tween system/device designers and information/coding theorists generated not only practical
values but also theoretical advances. E.g., new classes of codes were developed for flash mem-
ory [25] 43] and resistive memory [64] which are designed to combat device-specific fault pat-

terns and vulnerabilities. Codes designed to overcome the constraints of today’s distributed

storage systems [24, 89, [90] are now widely adopted in practice. We believe that the same can
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be achieved for computing systems and devices. By thinking beyond traditional fault tolerance
techniques and designing codes based on the understanding of the limitations and device-specific
characteristics, newly emerging computing systems can be made robust and resilient with mini-

mal overhead.
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Figure 2.8: [[71}, Fig.1] An example coded MapReduce for ) = 3, N = 6, K = 3. Three different
shapes (blue triangle, green square, red circle) represent 3 different output functions, and we use
numbers to denote 6 different input files. The goal is to compute these 3 output functions on all 6
input files. During the data shuffle stage, we want to send all the values associated with the same
output function to the same node — all the red circle outputs to Node 1, green square to Node 2,
and blue triangle to Node 3. (a) Uncoded: Data is located in only one server, and hence r = 1.
For the data rearrangement before the reduce phase, each node has to send two of its outputs to
the other nodes. Thus, 4 intermediate values should be communicated from each node, and the
total of 12 values need to be communication. (b) Coded: Each input file is present in two nodes,
i.e., v = 2. Now, if we do not leverage coding, each node needs two more intermediate values
to proceed to the reduce phase. This requires 2 x 3 = 6 values to be communicated in total.
However, by sending the XOR of the intermediate values, the communication can be reduced to

multicasting three values.

44



Chapter 3

Masterless Coded Computing

A majority of suggested coded computing strategies assume a master-worker setup where a sys-
tem has a powerful master node that distributes data to and aggregates the result from worker
nodes. However, this is not a practical system model especially when the scale of computation
grows. When we scale the computation to thousands of worker nodes, it means that a master
node must communicate with the thousands of nodes simultaneously. A similar problem called
“TCP incast problem” is well-known in distributed storage literature [23,93,(114)]. TCP incast is
a catastrophic TCP throughput collapse that happens when synchronized request workloads flood
in past the ability of an Ethernet switch to buffer packets [87]. Similarly, large data movements
to a single master node will create an unbalanced communication pattern that could result in
switch buffer overflows and packet drops. Even without any issue in the network, the processing
of thousands of packets at the master node will cause significant latency. We will present some
experimental evidence of this in Chapter @ Furthermore, the master-worker setup assumes that
a master node has a very large memory that can store the entire data. Let us denote the number
of workers as P. Then, the master node must have P times more memory than the workers,
which is not realistic as PP becomes large. Lastly, a master node itself can fail, at which point,
computation results cannot be guaranteed. For the aforementioned reasons, large-scale paral-

lel algorithms for HPC applications are generally designed for fully-distributed nodes without a
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master. Introducing a master node just for the sake of coding would not be a compelling solution

to practitioners.

In this thesis, we propose “masterless coded computing”. The goal of masterless coded com-
puting is to design encoding and decoding strategies that can be performed without the presence

of a master node so that they can be seamlessly integrated into existing fully-parallel algorithms.

An important challenge that has to be addressed in masterless coded computing is the com-
munication overhead of coding. With the absence of a master node, all the nodes have to commu-
nicate with each other to perform distributed encoding and decoding. In distributed computing,
communication is often the bottleneck, not computation, because communication bandwidth is
not growing as fast as flop rates of processors [99]]. If we blindly apply existing coded comput-
ing techniques to the fully distributed setting, the communication overhead of encoding/decod-
ing could dominate and coded computing approach could end up much slower than the uncoded

counterpart.

In Chapter[3.1] we will discuss how we can reduce the communication overhead of distributed
decoding, especially in coded matrix multiplication. To the best of our knowledge, reducing
communication overhead for distributed encoding is largely an open problem. However, we
believe that existing works in sparse codes can be utilized [37, 48, (76, [123]]. In Chapter [3.2] we
will go over masterless coded computing algorithms that are designed for popularly-used parallel
algorithms in practice: SUMMA for matrix multiplication and the transpose algorithm for FFT.
In each of them, we will thoroughly analyze the communication overhead of coding and show

conditions under which the overhead can be amortized.
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3.1 Reducing Communication Overhead in Distributed De-
coding

In this section, we introduce two ideas for reducing communication overhead of distributed de-
coding: locally-recoverable coded matrix multiplication and systematic coded matrix multipli-
cation. We will explain at the beginning of each subsection how these ideas can be beneficial
for reducing communication costs in masterless coded computing. Finally, we will show a code

construction that is locally recoverable and systematic.

3.1.1 Locally Recoverable Coded Matrix Multiplication
3.1.1.1 Motivation

Locally recoverable (LRC) codes have been extensively studied for distributed storage as they
can reduce the number of node access to repair a failed storage node [12,41} 42,151,181} 184,102,
106, 1107]. In classical MDS codes, which are optimal in terms of the total amount of redundancy,
we always need k& symbols to recover the original message when we use an (n, k) MDS code.
On the other hand, LRC codes let us to recover a lost symbol using just r other symbols where
r < k for the case of single erasure. Using LRC codes, when one storage node fails, we can
recover it using just a few local nodes.
Having repair locality can also be useful in distributed computing for several scenarios:
e When we want to perform consecutive matrix multiplications, e.g., computing the product
D = ABC, we can repair a failed node locally after computing the first product D’ = AB.
Then, we carry on the next computation D = D’C without all the nodes sending their

intermediate results to the master node.

¢ In the fully distributed setting, which does not have a powerful master node, we can use a
systematic code with locality. Assuming that the fault rate is low and single node failure

is the most common scenario, we can recover a failed systematic node by contacting only
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a few other nodes.

To the best of our knowledge, this is the first work that proposes locally recoverable matrix
multiplication codes. We leverage novel matrix multiplication codes [29}130] and optimal LRC
codes [106] to obtain locally-recoverable Polynomial codes (which require minimal communi-
cation from workers to master node) and locally-recoverable MatDot codes (which are storage

optimal).

3.1.1.2 Preliminaries on LRC Codes

We say that a code C has locality r if every symbol of the codeword can be recovered from
a subset of r other symbols. In [41], a Singleton-type bound was derived on the maximum

distance of LRC codes with locality 7.

Theorem 3.1.1. Let C be an (n, k,r) LRC code. Then the minimum distance of C satisfies:
k
d<n—k—[-]+2. 3.1
r

Comparing this with the (n, k) MDS code without locality which has d = n — k + 1, we
can see that the overhead of having locality is at least [é] — 1. In this work, we use a family of
optimal LRC codes presented in [106] that achieves the equality in (3.1).

Construction 3.1.1 (Optimal (n,k,r) LRC code [106]]). Let a € ]F’; be a message vector and let us
re-index a as a = (a;;,1 = 1,--- ,r;j=1,--- é) For simplicity, we will assume that r divides

k here. Then, the encoding polynomial is defined as:

fa(x) = Z 2 aijx’ " tg(z)’ L. (3.2)

i=1j=1
Let A = {oq, - ,,} be a subset of F; (¢ = n). The codeword is the evaluation of the poly-
nomial fq at oy, -+, ¢ = (fo(a),a € A). A core of this construction is choosing a good
polynomial g(x) which satisfies the following:

i) deg(g) =r+ 1
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ii) There exists a partition of A, A = Ay J---|J A=, where |A;| = r + 1 such that g is

r+1

constant on each set A;. In other words, for all o, o/ € A;, g(a) = g(a).
First, note that by choosing g with degree r+1, the degree of f, becomes (r+1)-(k/r—1)+r—1 =
k + r/k — 2. Hence, the distance d = n — k — § + 2. This satisfies the equality in .

Now, let us see how choosing such a g guarantees locality r. Let us denote A; = {aq, -+ , @41}
Without loss of generality, let us assume that fq(c) is lost. We want to recover fq(aq) using r
other symbols. Note that, by the second condition, (o) = g(as) = -+ = g(a,11) = 7. Then,
fa(z) at ay, -+ .41 can be represented as:

E.
falay) = Z Z agog Tyl

i=1j=1

T

k
=2 (D i

i=1 j=1
=Y e (I=1,- 1 +1)
=1

Since this is degree-(r — 1) polynomial in o, the coefficients, 1;’s can be recovered from evalu-

ation at r points: fg(a2),- -, fa(®r11). Then, we can recover fq () by computing:

3.1.1.3 Problem Statement

We want to give a coding strategy for computing C = AB with locality . More specifically, we
want to construct locally recoverable Polynomial codes with locality » and locally recoverable

MatDot codes with locality .

3.1.1.4 Locally Recoverable Polynomial Codes

We first give an example of locally recoverable Polynomial codes for m = 4 and r = 4 with

P = 25 worker nodes.
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Figure 3.1: In Example [3.1.1, we have to find a degree-5 polynomial and 71, -- ,~5 which satisfies

g(A;) = 7. The plot shows one possible choice of g(z) and 71, --- ,75. After choosing g(z) and ~;’s
(¢t =1,---,5), a;’s are automatically decided (j = 1,---,25). For instance, A; = {ay, -, a5} are

shown on the plot.

Example 3.1.1 (m = 4,r = 4, P = 25). We first split the matrices A and B into 4 blocks as
follows:

Ay
Ao

) B = [Bl B2 B3 B4] ; (33)
Az

Ay
where A;’s and B;’s are N/4 x N and N x N /4 dimensional submatrices, respectively. Let
A = {aq,- -, o5} be a set of 25 distinct real numbers and let Ay = {ay, -+ a5}, , A5 =

{ao1, -+, o5} be subsets of A that form a partition of A.

Then, we encode the matrices A and B with the following polynomials:

pa(r) = Ay + Aoz + Asz® + Aya?®

pr(x) = B1 + Bag(x) + Byg(x)” + Bag(z)’
where g(x) is a polynomial of degree 5 that satisfies g(A;) = ;. An example choice of g(x) and
;s is shown in Fig[3.1]
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The i-th worker gets the encoded matrices, which are the evaluations of the polynomials

pa(x) and pg(x) at © = «;. The i-th worker then computes the following product:

4 4
r) = > Y AB T g(z) ! (3.4)

i=1j=1

at x = «; and returns the result to the master node.

The degree of polynomial pc(x) is 3 -5 + 3 = 18, so the master node can recover the
coefficients of pc(x) from its evaluation at any 19 distinct points. Hence, the recovery threshold
K =109.

To see that locality r = 4, let us assume that node 3 is erased, and notice that g(-) satisfies
glan) = glag) = glag) = g(au) = g(as) = 1. Now, pc(x) at aq, - - - , s can be rewritten as:

4
(s

=1

||'Mu>

B,v] 1) Azt (3.5)

Notice that this is a polynomial of degree 3 which can be recovered from evaluation at any four
distinct points, and in this case, oy, (o, g, Qis. |

We now provide a general construction of LRC Polynomial codes. Note that our construction
is limited to the case when r = m.

Construction 3.1.2 (LRC Polynomial code with » = m). Splitting of the matrices A and B

follows Construction|3.1.6]
_ A _
A - ‘AfQ ., B=[B,B, ... B,]. (3.6)
| Am |
Let A = {ay,---ap} be a set of P distinct real numbers and let { Ay, - - - ,A%} be subsets

of A with size (r + 1) which form a partition of A. For simplicity, we assume that (r + 1) divides
P.

We encode matrix A and B using the following polynomials:

) = ; At pe(r) = ; Big(z)' ", 3.7)
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where g(x) is a polynomial of degree (r + 1) which is constant on each set A;. The i-th worker
gets the evaluation of pa () and ps(x) at x = «;. Then a worker node computes the following
product:

pc(x) = 2 Z AiBjxi’lg(x)j’l, (3.8)

i=1j=1

and return the result to a master node. |
Before proving the recovery threshold and locality property of LRC Polynomial code, we

want to make an important remark on choosing g(z) and A.

Remark 3.1.1. [Finding a good polynomial g(x) and a set .A] In [106], a major challenge was to

find a suitable polynomial g over IF, while keeping ¢ small. However, in this work we consider

real numbers. In R, as long as g(x) = 0 has r + 1 distinct real roots (sufficient but not necessary

condition), we can always find 7, -+ ;7 P and A;,--- A P that satisfies g(A4;) = v; (i =
T4 T+
P
L)

However, choosing evaluation points (¢;’s) that satisfy the above condition can create nu-
merical stability issues. The numerical stability issue is a persistent problem in coded computing
when trying to extend the coding technique from finite field to R [46, [125]. This is because
decoding MDS codes close to capacity often leads to matrices that have poor condition num-
ber [38]. Adding locality could worsen the problem. As the degree of g becomes large (i.e., large
1), the slope of the polynomial g(-) becomes steep very quickly. This will force us to choose
a;’s that are very close to each other which can make the resulting Vandermonde matrix close to
singular. How much locality effect the stability issue and how to choose a good polynomial g(-)
and ;’s to make the decoding as numerically stable as possible needs to be studied further. W

The following theorem shows the recovery threshold and locality property of the proposed
LRC Polynomial code construction.

Theorem 3.1.2. LRC Polynomial code given in Construction[3.1.2) achieves locality r = m and

recovery threshold K = m?* + m — 1. Hence, this is an optimal LRC code for locality r = m.

Proof. The degree of the polynomial p¢c is (m — 1) + (m + 1)(m — 1) = m? + m — 2. Hence,

52



we can obtain the coefficients of pc from evaluation at any m? + m — 1 distinct points. Because
" tg(x)?~! all have distinct degrees, we can decode A;B; sequentially from the coefficients.
First, recover A,,,B,,, from the coefficient of xm2+m_2, then recover A,,B,,,_; from the coeffi-
cient of 2™ +™=2 and A, B,, that was already decoded, and so on. Thus, the recovery threshold
K=m?+m— 1.

Locality r = m is guaranteed as (3.8)) follows the form of (3.2)) in Construction [3.1.1] by

setting 7 = m and k/r = m. The overhead of having locality » = m is m — 1 which is

m?/m — 1 = k/r — 1. This shows the optimality of the LRC Polynomial code. [

3.1.1.5 Locally Recoverable MatDot Codes

Before giving a general construction of locally recoverable MatDot codes, we want to give a

simple example of LRC MatDot codes for m = 6 and r = 3.

Example 3.1.2 (LRC MatDot with m = 6,r = 3). First, we split the matrices A and B as

follows:
B,
B,
A=[A A, ... Ag], B=
Bs
Let A = {ay,- -+ ,ap} be aset of P distinct real numbers and let Ay = {ay, -+ ,aq}, - ,Ag =

{ap_3, -+ ,ap} be subsets of A of size 4 that form a partition of A. Let g(x) be a polyno-

mial with degree 4 that is constant on each subset A;. We encode matrix A and B as follows:

pa(z) = (A1 + Asz) + (As + Aux)g(z) + (A5 + Agz)g()?,

he
ps() = (Bo + Box) + (By + Byt)g(e) + (Ba + Bur)g(e)?. :

i-th worker node receives the encoded matrices, pa(«;) and pg(«;), and then computes the fol-
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lowing product:

pe(r) =(A1 + Agx)(Bg + Bsz) + - - -
+ (A1By + - AgBg)zg(2)” + - -

+ (A5 + Ag2)(By + Bia)g(x)* (3.9)

at x = «;. Notice that the coefficient of xg(x)?* in @ is C = AB; + --- AgBg. The degree
of polynomial pc is 4 -4 + 2 = 18, so we can recover the coefficients of the polynomial with
evaluation at any 19 distinct points. After obtaining the coefficients of pc, the coefficients of
2'g(x)! fori =0,1,2,5 =0, - ,4 can be obtained as they all have distinct degrees. Hence, the
recovery threshold K = 19.

To see the locality property, let us assume that node 3 is erased, and let us denote g(A;) = 7,

ie., glay) = glas) = glaz) = glay) = 7. Then pc(x) at oy, - - -, ay can be rewritten as:

pc(x) =(A; + Ayx)(Bg + Bsx) + - -
+ (A1B1 + - AGBG)I’)/Q -+ ..

+ (A5 + AGHZ’)(BQ + le)’y4.

Now, notice that this is a polynomial of degree 2, which can be recovered from evaluation at any

three points, and in this case, o, (g, . [ |
We now give a construction of LRC MatDot codes with general m and r. Unlike LRC

Polynomial codes, in the LRC MatDot code construction, 7 can take any value between 1 and

2m — 1.

Construction 3.1.3 (LRC MatDot Codes). Splitting of the matrices A and B follows Construc-

tion 2 L1

A=[A1A,...A,], B= . (3.10)
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Let A = {«y, - ap} be a set of P distinct real numbers and let A, --- | A_r_ be subsets of

r+1

A with size (r + 1) which form a partition of A. For simplicity, we assume that v + 1 divides
both P and m. Let g(x) be a polynomial of degree r + 1 which is constant on each subset A;.
The encoding polynomials of the matrices A and B are as follows:

1

pa(z) = (A1 +--+ A%IIE%)

1

+ (A + o+ Apna 2 )g() + -

+ (A msg 4o ApaT g () 3.11)
pB<x) — (Bm + R _|_ Bm_%_i_li[fr;l)
+ (Bt -+ B,z )g(z) +
+ (B + -+ Bya® )g(a) (3.12)
The i-th worker gets the evaluation of pa(x) and pg(x) atx = o; (i = 1,--- , P). Then a worker
node computes the following product:
po(r) = pal(e)ps(z)
r+1 r+1
2 ) 2
= Aj.CEj_l Z Bm_J_;,_lZEJ +
j=1 j=1
+ (A1By + - + AmBm)xrglg(x)ffl 4
rl 1
2 ‘ 2 ' am_y
+ > A2’y By Tg(a) (3.13)
j=1 j=1
and return the result to a master node. |

The following theorem shows the locality and recovery threshold of the proposed LRC Mat-
Dot code construction.
Theorem 3.1.3. The LRC MatDot code given in Construction achieves locality r and re-

covery threshold K = 4m —r — 2.

Proof. The degree of the polynomial pc in (3.13) is (r — 1) + (&% = 2)(r + 1) = 4m —r —3, 50

with evaluation at any 4m — r — 2 distinct points, the coefficients of pc can be recovered. Also,
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r—1

notice that the coefficient of z°7 g(z)71 " is C = A;B; + - -+ + A,,Byn. As 27g(z)7 all have

4m

, 2% — 2, we can obtain the coefficient of z*g(x)’

distinct degrees fori = 0,--- 51,5 =0, - -
from the coefficients of pc(x). Hence, the recovery threshold is K = 4m — r — 2.
Now, let us show that the locality of the construction is . The polynomial pc(z) can be

rewritten as:

r+1 r+1

2 2
—1 j—1
pe(z) = > At Y B2
j=1 j=1
r+1 r+1

2 2
1 Jj—1
AT NB e
Jj=1 Jj=1

T+
2

+ A_'r+1+j.1'j71 Z Bm7j+1$j71)g<x)
7j=1

+
[
[un

T

M

2

<.
Il
_

1 1
2 2
+o Z A, jqpi? Z Bjxj_l)g(x)ﬁnf2
j=1 J=1

= Fi@) + fo@)g(@) + -+ fan_(2)glw) ™

T

Notice that fi,--- , f 4m _y are all polynomials of degree  — 1. Let pc(«) be the lost matrix and

let « € A;. Forall 8 € A,

a4m

pc(B) = f1(B) + f2(B)yi + -+ + f%_l(ﬁ)%’"“ 2, (3.14)

because g(.A;) = ;. This is a degree-(r — 1) polynomial in 3, so the coefficients of pc can be

recovered from its evaluation at the r points in .A;\{c}. Then the lost matrix can be recovered by

evaluating pc(5) given in (3.14) at § = «. |

By comparing the recovery threshold given in Theorem [3.1.3] and the recovery threshold
of MatDot codes without locality (Construction @, we can see that the overhead of having
locality r is 2m—r—1. However, the optimal overhead suggested by Theorem is [2”";—_1] —1.
Thus, there is a gap between the proposed LRC MatDot codes and the optimal LRC codes; while

the optimal overhead of having locality r decreases in the order of 1/r, the overhead of LRC
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Figure 3.2: This plot shows the gap between the optimal LRC codes and the proposed LRC MatDot

construction. In the optimal LRC codes, the overhead of having locality r in K is [22=1] — 1, while in

the LRC MatDot codes, the overhead is 2m — 1 — r.

MatDot codes decreases linearly in 7 (see Fig[3.2). Whether this sub-optimality is inevitable due

to the structure of MatDot codes is an open question.

3.1.2 Systematic Coded Matrix Multiplication
3.1.2.1 Motivation

To understand the advantages of systematic codes in a masterless setup, let us consider computing

matrix product C = AB and assume the splitting of matrices as follows:

A=| : |, B:lBl Bm]. (3.15)
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Note that this splitting is same as Polynomial codes [[130] and Product codes [67]. In an uncoded

strategy, m? workers will compute the product:

A:B; -+ A1B,
C=AB-= : : 5 (3.16)

AnB:1 - AnBn

where each worker computes one sub-block of C, i.e.,, A;B;. Introducing redundancy for re-
silience, we add p additional nodes. When failures happen during the computation, any m?
successful nodes out of m? + p nodes can reconstruct the computation output C. In many set-
tings, failures are rare. Under our masterless setting, if we use a non-systematic code, m? nodes
have to communicate with each other to recover the product C even when there is no failure,
which can be extremely expensive. On the other hand, if we use a systematic code, we do not
need any communication to recover C when all m? systematic node — nodes that compute A;B;’s
(¢, = 1,--- ,m) — are successful. Further, even when there is a failure among the systematic
workers, recovering a failed node only requires communication from m? nodes to the failed node.
This has a smaller communication complexity than all m? nodes communicating with each other.
Lastly, encoding systematic codes is more communication efficient since we only have to encode
p additional nodes as compared to encoding all m? + p nodes in non-systematic codes.

We will first give the systematic construction on MatDot codes we discussed in Section[2.1.2]
Then, we discuss why it is not straightforward to construct systematic Polynomial codes. Finally,
we will present a general framework for designing systematic codes for the matrix splitting given

in (3.15) (as in Polynomial codes).

3.1.2.2 Systematic MatDot Codes

We will first define systematic codes in the MatDot context.
Definition 3.1.1. [Systematic code for distributed matrix multiplication problem (Section|2.1.2.2)]
For the problem stated in Section [2.1.2.2|computed on the system defined in Definition such
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AO, BO /\ AoBO

worker node 1

A17 Bl O A1B1
A7 B worker node 2 fusi d
—~< master node usion node
T3—Ty zT3—ay
AO T1—T2 +A1 xo—x1 A La=22 + A, Za=Z1 B, Z3=22 +B xr3—x
B, %=t | B, =0 0% —z, Tay—a; 0%, —x 12o—2,
0% —5 Lay—a, 7\

worker node 3

A0m4—m2 +A1m4—z1) (B0z4—x2 +Blm4—m1>

r1—T2 Tro—T1 Xr1—T2 Tro—Tq

AO L4—T2 + A1 Ta—T1

Tr1—To2 To—x1’
B, &=tz B, %=1
07 —as T B1, =, ~

worker node 4

Figure 3.3: An illustration of the computational system with four worker nodes and applying

systematic MatDot codes with m = 2. The recovery threshold is 3.

that the matrices A and B are split as in (2.3)), a code is called systematic if the output of the r-th
worker node is the product A, B,, forall r € {1,--- ,m}. We refer to the first m worker nodes,
that output A, B, for r € {1,--- ,m}, as systematic worker nodes.

Note that the final output AB can be obtained by summing up the outputs from the m sys-
tematic worker nodes:

AB = i A, 1B, ;.

r=1

The presented systematic code, named “systematic MatDot code”, is advantageous over Mat-
Dot codes in two aspects. Firstly, even though both MatDot and systematic MatDot codes have
the same recovery threshold, systematic MatDot codes can recover the output as soon as the m
systematic worker nodes successfully finish, this is unlike MatDot codes which always require
2m — 1 workers to successfully finish to recover the final result. Furthermore, when the m sys-
tematic worker nodes successfully finish first, the decoding complexity using systematic MatDot
codes is O(mN?), which is slightly less than the decoding complexity of MatDot codes, i.e.,
O(kN? + k3) where k = 2m — 1. Another advantage for systematic MatDot codes over MatDot
codes is that the systematic MatDot approach may be useful for backward-compatibility with
current practice. What this means is that, for systems that are already established and operating

with no straggler tolerance, but do an m-way parallelization, it is easier to apply the systematic
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approach as the infrastructure could be appended to additional worker nodes without modifying
what the first m nodes are doing.

The following theorem shows that there exists a systematic MatDot code construction that

achieves the same recovery threshold as MatDot codes.
Theorem 3.1.4. For the matrix-matrix multiplication problem specified in Section [2.1.2.2] com-
puted on the system defined in Definition[2.1.1] there exists a systematic code, where the product
AB is the summation of the output of the first m worker nodes, that solves this problem with a
recovery threshold of 2m — 1, where m > 2 is any positive integer that divides N.

Before we describe the construction of systematic MatDot codes, that will be used to prove
Theorem we first present a simple example to illustrate the idea of systematic MatDot
codes.

Example 3.1.3. [Systematic MatDot code, m = 2,k = 3]

Matrix A is split vertically into two sub-matrices (column-blocks) A and A, each of di-

mension N X % and matrix B is split horizontally into two sub-matrices (row-blocks) By and

B, each of dimension % x N as follows:

By
A=[Ay A;], B= : (3.17)
B,

Now, we define the encoding functions pa(z) and pg(x) as pa(x) = Ao =2 + A"
and pg(z) = By ;1_—32:22 + B; ;;‘_’;11, for distinct x1,x9 € F. Let x3,--- ,xp be elements of F
such that x1,xs,xs3, - ,xp are distinct. The master node sends pa(x,) and pg(x,.) to the r-th
worker node, for all r € {1,--- | P}, where the r-th worker node performs the multiplication

pa(z,)ps(x,) and sends the output to the fusion node. The exact computations at each worker
node are depicted in Fig.

We can observe that the outputs of the worker nodes 1,2 are AygBg, A1B4, respectively, and
hence this code is systematic. Let us consider a scenario where the systematic worker nodes, i.e.,

worker nodes 1 and 2, complete their computations first. In this scenario, the fusion node does
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not require a decoding step and can obtain the product AB by simply performing the summation
of the two outputs it has received: A¢By+ A1B1. Now, let us consider a different scenario where
worker nodes 1, 3,4 are the first three successful workers. Then, the fusion node receives three
matrices, pa(x1)ps(x1), pa(z3)ps(23), and pa(xy)pe(xy). Since these three matrices can be
seen as three evaluations of the polynomial pa(x)ps(x) of degree 2 at three distinct evaluation
points x1, T3, x4, the coefficients of the polynomial pa (x)pg () can be obtained using polynomial
interpolation. Finally, to obtain the product AB, we evaluate pa (z)pg(z) at © = x1,x2 and sum

them up:

pa(x1)ps(21) + pa(z2)pB(22) = AgBo + A1 B; = AB.

We now describe the general construction of the systematic MatDot codes for matrix-matrix
multiplication. As all the code constructions in this paper follow the polynomial format given
in Construction [2.1.1] in our subsequent constructions, we will only highlight major differences,
such as, encoding polynomials.

Construction 3.1.4. [Systematic MatDot codes]
Splitting of input matrices: A and B are split as in (2.3).

Master node (encoding): The master node encodes matrices A and B using the following

polynomials:
pa(x) = Y. A Li(x), pe(z) =) BioiLi(x), (3.18)
i=1 i=1
where
T —x;
Li(x) = L 3.1
= ] = (3.19)

jG{l,--- 7m}\{2}

Fusion node (decoding): For any k such that m < k < 2m — 1, whenever the outputs
of the first k successful workers contain the outputs of the systematic worker nodes 1,--- ,m,
i.e., {pc(@y)}req1,.,my is contained in the set of the first k outputs received by the fusion node,

the fusion node performs the summation Y, | pc(xz,). Otherwise, if {pc(z,)}req1, . m} is not
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contained in the set of the first 2m — 1 evaluations received by the fusion node, the fusion node
performs the following steps: (i) interpolates the polynomial pc(x) = pa(z)ps(z) (the fea-
sibility of this step will be shown later in the proof of Theorem , (ii) evaluates pc(z) at
Ty, -+, T, (iii) performs the summation Y, | pc(z,).

If the number of successful worker nodes is smaller than 2m — 1 and the first m worker nodes
are not included in the successful worker nodes, the fusion node declares a failure.

The following lemma proves that the construction given here is systematic.
Lemma 3.1.1. For Construction the output of the r-th worker node, for r € {1,--- ,m},
is the product A.._1B,._1. That is, Construction is a systematic code for distributed matrix-

matrix multiplication as defined in Definition|5.1.1

Proof of Lemma The lemma follows from the fact that pa(x,) = A,_;, and pg(z,) =
B, i, forr e {1,--- ,m}. Thus, pc(z,) = pa(z,)ps(z,) = A,_1B,_4, forany r € {1,--- ,m}.
|

Now, we proceed with the proof of Theorem [3.1.4]

Proof of Theorem[3.1.4} Since Construction [3.1.4]is a systematic code for matrix-matrix mul-
tiplication (Lemma [3.1.1)), in order to prove the theorem, it suffices to show that Construction
3.1.4] is a valid construction with a recovery threshold £ = 2m — 1. From (3.19), observe
that the polynomials L;(x), i € {1,---,m}, have degrees m — 1 each. Therefore, each of
pa(z) = 200 A1 Li(z) and pe(z) = X" Bi_1L;(x) has a degree of m — 1 as well. Con-
sequently, pc(z) = pa(z)ps(z) has a degree of 2m — 2. Now, because the polynomial pc(z)
has degree 2m — 2, evaluation of the polynomial at any 2m — 1 distinct points is sufficient to
interpolate C(x) using polynomial interpolation algorithm. Now, since Construction [3.1.4]is sys-
tematic (Lemma , the product AB is the summation of the outputs of the first m workers,
ie, AB = > pc(xz,). Therefore, after the fusion node interpolates C(z), evaluating pc(z)

at xy,- - , T, and performing the summation " |, pc(x,) yields the product AB. [
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3.1.2.2.1 Complexity Analysis of Systematic MatDot codes Apart from the encoding/de-
coding complexity, the complexity analyses of systematic MatDot codes are the same as their

MatDot counterpart. In the following, we investigate the encoding/decoding complexity of Con-

struction

Encoding/Decoding Complexity: Encoding for each worker first requires performing eval-
uations of polynomials L;(x) for all i € {1,--- ,m}, with each evaluation requiring O(m) oper-
ations. This gives O(m?) operations for all polynomial evaluations. Afterwards, two linear com-
binations of m sub-matrices of size N?/m each is taken, which is of complexity O(mN?/m) =
O(N?). Therefore, the overall encoding complexity for each non-systematic worker is
O(max(N?,m?)) = O(N?) because m « N. For the systematic workers, no further encod-
ing is required on the sub-matrices of A and B. Thus, the overall computational complexity of

encoding for P workers is O(N?(P —m)).

For decoding, two cases would arise depending on whether all the m systematic nodes fin-
ished first or not. When all the m systematic nodes finish first, the decoding is equivalent to taking
the sum of the m systematic evaluations and is thus of complexity O(N?m). Alternatively, when
the m systematic nodes do not finish first, the decoder waits for the first k(= 2m — 1) nodes
to send their evaluations of pc(x). Then it is required to interpolate the coefficients of pc(x),
evaluate it at the systematic points z1, o, . . . , Z,,, and then take the sum of the systematic eval-
uations. Because we are interested in only the final sum of the systematic evaluations and not in
the individual systematic evaluations or coefficient interpolations, we again consider the prob-
lem of deriving the appropriate linear combination and taking the final linear combination on the

matrices separately.

Recall that pc(z) = Co + Ciz + ... + Cp_12" ! where k& = 2m — 1 but now we are
interested in computing the sum of the systematic evaluations of pc(z) at x1, xo, ..., x,. Also
let T1, Zo, . . ., Ty, denote the k(= 2m — 1) unique values at which the k fastest workers evaluated

the polynomial pc(z) and V denote the k£ x k Vandermonde matrix as defined in (2.6). Recall
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that,

CO pC(jl)
C _
Y= (V' ®Inun) polr)
_qu_ _pc(i'k)_

Let V denote the m x k Vandermonde matrix for evaluation, consisting of increasing powers of

the m systematic values x1, xa, . .., T, as follows:
1z 22 gh!
v =
1z, 22, ... zkt
Now, the evaluation of pc(x) at the systematic values x4, xo, . . ., x,, is equivalent to the follow-
ing operation:
Co pc ('i.l)
N C, ~ pc(Z2)
<V®]NxN> = ((VV_1>®IN><N>
_Ck—l_ _pC(jk)_

Finally, the summation of these m systematic evaluations can be written as:

Co

. C,
([1,1, ..., 1xm ® Inxn) (V ® [NXN)

= (L VYV @ Iy
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The decoder first computes the final row-vector ([1,1,...,1]14,»n VV ™) (complexity is at
most O(k?) as it is dominated by the inversion of the matrix V). Next, it linearly combines the
k evaluations pc (1), pc(Z2), ..., pc(Zk) (of size N? each) using the k values in the final row
vector (complexity is O(N?k)). Thus, the total decoding complexity is O(N%k + k%) = O(N?k)
when k(= 2m — 1) « N. This is similar to MatDot codes.

Note that, these encoding and decoding complexities may be improved further in functions
of m and P in different scenarios, e.g., using alternate methods of faster evaluation, or using the
outputs of the systematic nodes more efficiently during decoding if at least some of them are in
the set of k fastest workers (if not all) that will be pursued as a future work. Here, we restrict
ourselves to somewhat conservative estimates for our proposed strategy as our main goal is to

explore dependence on N in the regime where m, P « N.

3.1.2.3 Systematic Polynomial Codes

Using the similar technique as we used in systematic MatDot codes does not easily yield a sys-
tematic construction for Polynomial codes [130]. We follow the univariate polynomial construc-

tion in [130] and assume that the matrices A and B are encoded using the polynomials pa ()

and pg(z):
Dy
pa(r) = D) fa(Ar, ... Ay, (3.20)
d=1
and
Dp
pe(z) = Y 9a(Bi,...,Bp)z?, (3.21)
d=1

for some (possibly linear) functions f;(-)’s and g4(-)’s.
Let us assume that we use polynomial pa (x) and pg(x) and the first m? workers compute

A;By’s (1,5 = 1,--- ,m). This implies the following:

palan)ps(an) = A;By, (3.22)
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forn = m - (i — 1) + j. Then, ignoring constant factors, the following should be satisfied:

palon) = Ay, pe(ow,) = B, (3.23)

This imposes m? evaluation points on both ps and pg. Hence, the degree of the polynomials pa
and pp should be at least m? — 1. Their product, pc(z) = pa(z) - pa(z), thus has degree at least

2m? — 2. This makes the recovery threshold 2m? — 1, instead of m?2.

3.1.2.4 A General Description of Systematic Matrix Multiplication Codes

We first introduce some notations and set up a framework for systematic matrix multiplication
codes under the matrix splitting speified in (3.15]). We denote the “block-vectorized” version of

the final matrix C by:

block-vec(C) = [A1B;---A1B,, - A, By - - A,By]" . (3.24)

Let us assume that the matrix blocks A;’s and B;’s are scalars for the ease of explanation. We
will first explain how we encode input matrices A and B and then show how the product C is

encoded as a result.

Systematic encoding matrices for A and B are written as:

Imxm ® ]-m><1

Ga = , (3.25)

ai s a1,m

Qp,1 e Ap,m
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]-mxl ® ]mxm
(3.26)

bp,l T bp,m

We will call the bottom submatrices of these matrices as P and Pp respectively, as they are
-, B,,, are scalars, our encoding

the parity-generating parts. Assuming that Aq,--- , A,,, By,

can be written as:

Ay
Al Al
- Ay
A, > A
k _aal | = , 3.27)
Am2+1
. Am
A,
_Am2+p_ a1,1A1 + -+ alvam
api Al + -+ Gy A
[fgl B Bl §m2+p] _ {Bl Bm} e

= [B1 By By--By b1 B4+ by By,
(3.28)

bp1B1 + - + bmem].

;&i and ]§, represent encoded data the node i receives (i = 1,- -, m? + p)
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The final encoded product can now be written as:

C = block-vec(C)G¢

A1B1
A1B2

= A,.B,, (3.29)
(CL171A1 + -+ (leAm)(bl,lBl + -+ b17mBm)

(apiAs+ -+ ayAs) (0paBi 4 + by B

which encodes the block-vectorized form in (3.24) using an encoding matrix of the form:

]m2><m2

Gc (3.30)

PA*PB

The » denotes “row-wise Kronecker product”, also known as the Khatri-Rao product [75].

Remark 3.1.2. Remember that we used a simplifying assumption that A;’s and B;’s are scalars.

To extend this to actual matrices of dimension N/m x N and N x N /m, we can treat A;, B;’s as
A,

elements in the vector space of RY/™*N and RNV*N/m Then, we can think of the matrix

A,

as an m x 1 column vector with each element in RY/™*YN  In a similar fashion, the matrix

[B1 - Bm] can be regarded as an 1 x m row vector with each element in RV*V/™  The
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Ay

matrix product G5 - | : | is now a matrix-vector product where the dimension of the matrix

A,
is (m? + p) x m and the length of the vector is m. Each element in the matrix is in the field R

and each element in the vector is in the vector space R™/™*N  This can be understood as a set of
scalar multiplications on the vectors and vector additions.

While considering the submatrices as vectors is a more intuitive way to understand our con-
struction, we include a “non-vectorized” explanation here. Since our multiplications and addi-
tions are performed in a block-wise fashion, the same number should be multiplied to all the
elements in the sub-matrix. E.g., for encoding the first parity node, a;; should be multiplied
with all elements in A;; a, 2 should be multiplied with all elements in A5, and so on. Since each

submatrix A; has NV/m rows, we have to expand the encoding matrix G o by N /m as follows:

Or=GA®In, ~. (3.31)
Now, G4 is a matrix of dimension (m2 + p)% x NN, and 1| can be rewritten as:
A, A,
=G0a : . (3.32)
Ay A,

We can construct different codes by choosing different coefficients in P5 and Pg. Our code
constructions provided in the following will use this general framework and, we will highlight

only how P and Pp are constructed.

3.1.2.5 Random Code Construction and Probabilistic Guarantees

Construction 3.1.5 (Random Code). Following the general framework given in (3.30), all en-
tries in Pa and Pg are drawn iid from the standard Gaussian distribution N (0, 1).

Theorem 3.1.5. Construction provides a systematic MDS matrix-multiplication code with
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probability 1, i.e., the results from any m? out of the overall m* + p nodes are sufficient to
reconstruct the final result C.

To prove the theorem, we need two lemmas.
Lemma 3.1.2 (Corollary 3, p.319 in [77]). A matrix G is an encoding matrix of a systematic MDS
code if and only if every square submatrix of the parity generating submatrix G p is non-singular.
Lemma 3.1.3. [If the entries of Pa and Pg are drawn iid from the standard Gaussian distribu-
tion, every square submatrix of the parity generating submatrix Py x Pg is non-singular with

probability 1.

Proof. We will first show that the determinants of any » x r submatrix (r < p) are non-zero
polynomials by mathematical induction. When r = 1, this is trivial. Now, assume that every
(r — 1) x (r — 1) submatrix of Py * Pg has a non-zero determinant. Let us denote an arbitrary

r X r submatrix as:

Wiy i Di by Qi o bin ko w70 @iy, Di gy
iy, 51 bi2,k1 Qiz,ja biz,kQ T Qg gy bink'r
S = . (3.33)
_airvjl bi'rakl ai'ran bir»kQ U aimjrbirakr_

The determinant of this matrix can be written as:
det(S) = ai17j1bi17k1D1 + ailmbih;@Dg 4+ 4 ai17j7,bil’krDT7 (334)

where D; is the determinant of the (r — 1) x (r — 1) submatrix without the first row and the
i-th column of the matrix .S, and they are non-zero polynomials due to the induction assumption.
Because (ji, k1), (j2, k2), -+ , (J», k) are all distinct, r terms in cannot cancel each other
out. Hence, det(S) is not a zero polynomial.
It is easy to see that the set of a;;, b; ;’s in matrix S such that det(S) = 0 is a measure-0
subset of the entire spac For a given r, there are ("f) . (f,) possible submatrices. Let us call
'Depending on which rows and columns are chosen for the submatrix S, the entire space can be as small as R"

and as big as R2" .
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the set of a; ;, b; s that makes any square submatrix of Pp * Pg to have determinant 0, a “bad
set”. The bad set is a union of »°_, (mQ) - (?) measure-0 subsets. Hence, P(bad set) = 0 when
- T

T

a; j, b ;’s are chosen randomly from a Gaussian distribution. [ |

From Lemmas [3.1.2]and [3.1.3] Theorem [3.1.5]follows.

3.1.2.6 Bivariate Polynomial Code Construction

Let us denote a Vandermonde matrix as follows:

1 Uy - u‘li_l

1 Uy - ug_l
Vand,(uy, ug, - - uy) =

1 Up = uZ_l

Construction 3.1.6 (Bivariate Polynomial Code). Let

A= Vandm(oal,' e 7am)7 B = Vandm(ﬁla' . 75771)7

AP = Vandm(am+17 e 7am+p)7
BP = Vandm(ﬁm-&-la e aﬁm-ﬁ-p)a (335)
where o;’s and B;’s (i = 1,--- ,m? + p) drawn iid from the standard Gaussian distribution.

Following the general framework given in (3.30), Pa and Pg are constructed as follows:
Pa = Ap A~ Pg = BpB~". (3.36)

The following lemma explains how Construction is based on polynomials.
Lemma 3.14. If oy, - , v, and By, - - , By are drawn iid from the standard Gaussian distri-

bution, with probability 1, there exists a polynomial of degree 2m — 2, h(x, y) that satisfies

fori, 7 =1,---m.
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Proof. If «;’s are all distinct, we can construct a polynomial f(z) as follows:

— T —
f(zr) = , 2y )

(z) ZAZH%—@» (3.38)

=1 J# J
Similarly, if /3;’s are all distinct, we can construct a polynomial g(z) as follows:

_\ T — b

glz) =Y. Bi[] . (3.39)
i=1 i Bi = B

Then, if we let h(z,y) = f(z)g(y), (3.37) is satisfied. For iid samples from Gaussian distribu-

tion, Pr(a; = «;) = 0 for ¢ # j. Hence, the polynomial h exists with probability 1. [

Since the degree of the polynomials f and g we constructed in (3.38)) and (3.39) is m — 1, let

us write them as follows:

f(z) = fo+ fiz+ -+ frooiz™ (3.40)
gx)=go+ g+ + gmar™ (3.41)
Because f(«;) = A, fori =1,2,...,m, we have:
Jo A,
At (3.42)
Jm—1 Anm

For the parity nodes, we encode A and B using polynomial evaluations f(«;) and g(5;), i =

m+1,...,m + p, and let each parity node compute:
h(ai, 5;) = £(w)g(5:)- (3.43)
Using this, our encoding matrix can be written as:

[me ® 1m><
Ga = ~ . (3.44)

.AP.Afl

The bottom submatrix Py = ApA~! is the result of polynomial encoding at the parity nodes

given in (3.43). Py can be obtained similarly.
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Theorem 3.1.6. Construction provides a systematic MDS matrix-multiplication code with
probability 1, i.e., the results from any m? out of the overall m* + p nodes are sufficient to

reconstruct the final result C.

Proof. First, notice that if we can reconstruct the coefficients f;’s and g;’s in polynomial i(x, ),
we can recover C by evaluating h(z,y) at x = a;,y = §; fori,j = 1,--- ,m. Hence, we will
prove that we can reconstruct the polynomial /(z, y) from any m? nodes with probability 1, i.e.,

any m? x m? submatrix of the following matrix is invertible:

A®B
- , (3.45)

Ap * Bp
(m2+4p) xm?2
Denote an arbitrary m? x m? square submatrix of H by S. We will show that det(.S) is a non-
zero polynomial of the standard Gaussian random variables «;’s and 3;’s, and hence Pr(det(S) =

0) = 0. We will use O to denote a zero polynomial.

Let us rewrite S as:

Ssys

Spar
where S, and S, are from rows of A® B and Ap x Bp, respectively. Let us denote the number
of rows in Sy and S, as o and p.
Case 1: 0 = m? and p = 0. In other words, S = A ® B. Then, from the property of

Kronecker product,

det(S) = det(.A)™ det(B)™

= | [(as —ap)™ [ [(8: = 8™

i#] i#]
which is a non-zero polynomial.
Case 2: 1 < p < p. We will use induction on p.
)p=1
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In this case, S, is a row vector of the following form:

Spar = Vandm(ak) ®Vandm(5k) )

where £ > m. Using this row vector, the determinant can be expanded as follows:
det(S) = det(S;) — Bpdet(Sy) + - — a1 det(Sy2), (3.46)

where S;’s are submatrices of S excluding the i-th column and the m?-th row. The signs
in (3.46) assume that m is even, but the proof holds the same for an odd m. Notice that
det(S), -, det(S,,2) are polynomials only in «;’s and 3;’s for ¢, j = 1,---m, and they do

not have any «y, or [y terms for k£ > m. Hence, det(S) = 0 only when
det(Sy) = -+ = det(S,,2) = 0. (3.47)

i.e., when all these are zero polynomials.
Let us denote [ = {(¢,7)|é,j = 1,--- ,m} and I(S) < I as a set of indices of «;, f; that are
included in S,,;. In this case, we have only one element in /\/(.S) and let us denote the element

as (i, 7). Now, let us define another matrix S’ by replacing S, with

{Vandm(a;) ® Vandm(ﬁj)] :

Notice that the matrix S’ now consists of m? rows of the systematic part. Therefore, from Case

1, we get:

det(S") = det(S1) — B; det(Ss) + - -+ — ag’"‘_l,ﬁjlﬁ_l det(S,,2)

= [ [(ci =)™ ] [(B: = 8;)™ # 0.

i#j i#]
This contradicts (3.47)). Thus, det(.S) # 0.
ii) Let as assume that det(.S) # 0 for any p < k. Then, showing that this holds for p = k + 1

is similar to what we did for p = 1.

det(S) = det(Sy) — Byr1 det(Se) + - — o' By det(S,2). (3.48)
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Now, let us assume that det(S) = 0. This implies that (3.47) holds. Let us choose (i, j) € I\I(.S)

and construct S” by replacing the last row with

{Vandm(a;) ® Vandm(ﬁj)] :

Then S’ has k rows from Ap * Bp and m? — k rows from .A® B. Thus, by inductive assumption,

det(S") = det(S)) — B; det(Ss) + - -+ — a?’%jﬁ"’l det(Sy,2)

# 0.

This contradicts (3.47). Thus det(S) # 0. |

3.1.3 Systematic LRC MatDot Codes

In this section, we discuss systematicﬂ LRC MatDot code construction that has both the de-
sired properties: being systematic and being locally-recoverable. Although we assume a master-
worker system in this paper, LRC matrix multiplication nodes will be also valuable in a fully-
distributed system that does not have a master node. Systematic encoding would be particularly
useful in this setting because we can obtain the final computation output by only repairing failed
systematic nodes. Assuming that failure rate is low, locality will let us repair a failed systematic
node by communicating with only a few other nodes instead of communicating with all the other

nodes.

We will first give an example of systematic LRC MatDot codes for m = 4,r = 3 with

P = 16 worker nodes.

Example 3.1.4 (Systematic LRC MatDot Codes with m = 4,r = 3, P = 16). We first split

2The definition of systematic codes follows Definition

75



matrices A and B into 4 blocks as follows:

A=[A;A A;A)], B= (3.49)

where A;’s and B;’s are N x N /4 and N /4 x N dimensional submatrices, respectively. Let
A = {ay, -, aig} be a set of 16 distinct real numbers and let Ay = {aq, -+ , a4}, -, Ay =
{ans, -+, au6} be disjoint subsets of A that form a partition of A. Let g(x) be a polynomial of
degree 4 which satisfies: g(A;) = v; fori = 1,--- 4. Then, we encode the matrices A and B

with the following polynomials:

r—Q Tr—Q
pe(x) = (Bl ! + B, 2
g — (V1 a1 — Qg

T — O T — Qs

) fi(x)
) fa(x)

where

+ (B; + By

a5 — Qg Qg — Q5
fi(x) = M1+ Meg(2) and fo(x) = Aoy + Aaeg(x). The coefficients \;;’s are chosen so that

fi(A;) = & for i, j = 1,2. They can be obtained by solving:

A1l A2 1 1 10

Ao1 A2 Y1 Ve 0 1

The i-th worker node receives the encoded matrices, pa(«;) and pg(«;), and then computes the
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Jfollowing product:

pe(z) = pa(x)p(7)

:(Alx—al +A2£L‘*(J41)(B1[L'*Ozl
Qo — (V] Qo9 — (] Qg —
Tr—

+ By ) @)+ () Aile) fo(x)
a1 — Qg

+(A3$—046 A4$—Oé5 B3QI—OZ6
a5 — O O — Qi a5 — Qg
Tr—«

+B, >) fo()?
Qg — Q5

at x = «. First, note that the following holds:

Pc(Oél) = ABy, Pc(az) = AyB,,

Pc(%) = A3B;, Pc(%) = A4B,.

Hence, this is a systematic code. The degree of pc(-) is 2 - 4 + 2 = 10, so with evaluation at any

11 points, we can recover the coefficients on pc(x). The recovery threshold K = 11.

Now, to examine the locality property, let as assume that node 3 is erased. Because f

and fo are linear combinations of constant and g(z), they are also constant on each subset

Ai. Fori = 1,--- 4, pc(a;) becomes a polynomial of degree 2 in «; as fi(), f2(cy) are
constant for oy, - - -, ay. Hence, the coefficients of pc can be recovered from three evaluations,
pc(a), pe(az), and pc(ay), and thus the lost matrix pc(as) can be recovered. |

We now give a construction of systematic LRC MatDot codes for general m and r.

Construction 3.1.7 (Systematic LRC MatDot Codes). The key idea is to replace g(x)'™' in

pa(x) given in with f;(x) which satisfies f;(A;) = 6;; (i,j =1,---, T,2+—m1), and to replace
r+1

221 Avsr ™ in (3.11) with Lagrange interpolation (i = 1, - --

2m
P r+4+1

). We do similar

replacements for pg(x) in . Let us explain this in more detail.

2m

2m .
First, we generate f;’s by linearly combining 1, g(x),--- , g(x) ™1 *: fi(z) = pIpas ijg(z)? .
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Let us denote g(A;) = ~,;. We obtain \;;’s by solving the following equation:

g V2 Tt Yam
A r+l = [2m 5
: r+1
o1 2o 21
T+ T+ r+
M Y2 T Vam
— r+1 -

where A = {,\ij] and I 2m is an identity matrix of dimension 3% X % It is easy to see that by

this choice of \i;’s, f;(A;) = 0y fori,j=1,--- 2%

r+1°

Let A; be a subset of A; which has the first half of the elements, that is,

Ai = {a(r+1)(i—1)+17 T »a(r+1)(¢71)+“2rl }a

and let A;(j) = ./L\{oz(rﬂ)(i_l)ﬂ}. Now, let us define ¢;;(x) as follows:

Tr—«

¢ij(x) = :
e Ai()) Ar41)(i—1)+j — &

Then, we encode A and B using the following polynomials:

pa(r) = Z Ajdri(@) fi(z) + ) Ara 0 5(2) fo(2)

2 T+17j r+1
j=1
flnl r;l
- Z Z A%l(i—l)ﬂ@bz‘,j(x)fi(x), (3.50)
i=1j=1
2m 41
r+1 2
ps(r) = Burai )y 0i5(2) fil@), (3.51)
i=1 j=1

The i-th worker receives the evaluation of pa(x) and pg(x) at © = «;. A worker node then
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computes the following product:

- (3, > A 1y 65(0) ()

2m  r41
r+1

(Z > Brgl(ifw@o(w)fi(w)),

i=1 j=1

v ‘

and returns the result to the master node. |
The following theorem shows that the Construction is indeed systematic, and achieves

the same locality and recovery threshold as the non-systematic version LRC MatDot codes.

Theorem 3.1.7. The systematic LRC MatDot code given in Construction[3.1.7)is systematic, and

achieves locality r and recovery threshold K = 4m —r — 2.

Proof. To show that the construction is systematic, we have to show that there exists a subset

Agys = {B1,- -, Bm} S Asuch that pc(5;) = A;B;. Let Agys = A, U--- Uﬂ% Now, notice

r+1

that fore =1, - - | Hand]—l VS

Pe(Qrr1)i-1)+j) = PA(Q@r11)(i-1)+5)PB(Qr41)i-1)+5)

= Argl (i—1)+jB’“;f—1(i—1)

L
and o 41)(i—1)+j € Asys- This proves that the code is systematic.

The degree of ¢; ;’s is “5* and the degree of f;’sis (r + 1)(2% — 1) = 2m —r — 1. Thus, the

Tl
degree of pc(x) is 2 - (% +2m —r — 1) = 4m — r — 3. This shows that the recovery threshold
K=4m—r—2.

Finally, let us show the locality property. Let pc(«) be the lost symbol and let « € 4;. Then,

forall 5 € A, f;(8) = 2753 AijY] " = ;. Then, pc () can be rewritten as:

r+1 2m
r+1

pel3) = (3 (2 g ss)us():

J

(

7'+1

(L vB C1es)004(8)).
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Since ¢; ;’s are polynomials of degree “5*, pc(/3) is a degree-(r — 1) polynomial in 3. Hence,
from the evaluation of pc(-) at the r points in A;\{«}, we can recover the coefficients of pc(-).

The lost symbol pc(«) can then be recovered by evaluating pc(f) at § = «a. |

3.2 Masterless Coded Computing Strategies

3.2.1 Coded SUMMA
3.2.1.1 System Model and Notations

The computation goal is to compute a matrix product:
C = AB, (3.52)

where A, B, C € R™*™, The matrices need not be the same dimensions in our algorithms, but
this is just for simplicity. We have p nodes under the masterless setting. We call systematic nodes
for the nodes that have the original data and parity nodes for those that have encoded data. We

also assume that the code rate is fixed, which is defined as:

(# systematic nodes)

(# systematic nodes) + (# parity nodes)

Depending on the algorithm, p nodes will be placed on a 2D or 3D grid, and we will use P(i, j)
(P(i, j,1)) to denote the (i, j)-th ((4, ,)-th) node on the grid. We consider hard failures in this
paper, and we assume that we cannot recover any data from a failed node.

For communication cost analysis, we assume the a-3 model. For an m x m matrix X, we will
use X% (X¢°!) to denote the i-th row block (column block) of X, and X, j to denote the (i, j)-
th sub-block of X.Finally, we define recovery threshold as the minimum number of workers

required to reconstruct C in the worst case.
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Algorithm 1 SUMMA
Initial Data Distribution: P(i, j) has A; ; and B, ;.

for k = 1to /pdo
/*Fori=1,...,,/pin parallel */
P(i, k) broadcasts A, j, to the i-th row
/*For j =1,...,,/pin parallel */
P(k, j) broadcasts By ; to the j-th column
/* For all nodes in parallel */
P(i,7) computes C; ; < C,; + A, ;By

end for

3.2.1.2 Background: SUMMA and 2.5D SUMMA

The scalable universal matrix multiplication algorithm (SUMMA) is a parallel algorithm for
general matrix multiplication, which is very simple and highly efficient [113]. The SUMMA

assumes a 2D grid placement of nodes and computes C = AB through a series of outer product

updates.
BIiOW
Let A = [ Agol . A%] and B = : |.Then, C = Z£1 A B;. In the k-th iteration
B

of SUMMA, we compute one outer product, A;Bj. More details are given in Algorithm|I]

To further increase parallelism, 2.5D SUMMA was proposed [103]], which adds one more
dimension to the grid. 2.5D SUMMA arranges p nodes into a 1/p/c x 4/p/c x ¢ grid, and each
\/P/c X A/p/c layer computes a c-th fraction of SUMMA. Then, the results of all the layers are

aggregated to compute: C = Y/ A”'B®™. The full algorithm is summarized in Algorithm
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3.2.1.3 Problem Definition

Given the system model given in Section [3.2.1.1, we want to construct a coding strategy for
SUMMA and 2.5D SUMMA (Algorithm that has small encoding and decoding communi-

cation overhead.

3.2.14 Coded SUMMA

For algorithms like SUMMA which place nodes on a 2D grid, a natural choice of codes is
ABFT/Product codes [52,167]]. In this section, we provide insights on how ABFT/Product codes
can be incorporated into SUMMA’s data distribution and communication patterns. We will call
coded SUMMA algorithm with an n x n grid with a k x k grid of systematic nodes as (n, k)
coded SUMMA.
Example 3.2.1 ((3,2) Coded SUMMA). Let us consider using the top-right 2x2 grid as system-
atic nodes, and the remaining nodes as parity nodes. Matrices A and B are divided into 3x3
sub-blocks, and node P(i, j) initially has A; ; and B ;.

Encoding: For encoding A, let us further break down A, ; into two equal-sized row blocks,
and denote them Ag}j) and Ag?j). Then, each node encodes parity symbols by computing AE? =
AE}} + AP, and each column performs column-wise all-to-all communication to shuffle the row

z’] ’

blocks of A. After shuffling, node P (i, j) will have 11” that is defined as:

Aij= A} (3.53)
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respectively.
Encoding B is similar, but performed in a column-wise fashion. B, ; is split into two equal-
sized column blocks, i.e., B; ; = [Bz('lj) BEQJ)] Then, each node computes: Bl(f”j) — Bg}j) + Bg?j).

Each row then performs row-wise all-to-all communication to shuffle the column blocks of B so

that after shuffling, node P(i, j) has:

B, - By B BY|. 334

Computation: We perform SUMMA given in Algorithm |I| on the rearranged matrix A and
B.

Decoding: The decoding algorithm is detailed in Algorithm 3| Notice that the shuffled rows
and columns are automatically rearranged back to AB during the decoding process. We can
further optimize the decoding process by doing “lazy decoding”, which is explained later in the
section. |

The SUMMA can be thought of as running a series of generic matrix multiplications where

we compute:

C < aC + SAB, (3.55)

for /p iterations. The proposed coding technique can thus be applied to any iterative matrix-
multiply updates.

Remark 3.2.1. [Lazy Decoding] For iterative algorithms of % iterations, there exist two ways of
decoding: decode after each iteration or decode after all % iterations. We propose lazy decoding
which is in between the two extremes.

The goal of lazy decoding is to decode in the middle of iterative matrix-multiplies only when
the decoding is necessary. We will consider that decoding is necessary if any failure in the next
iteration can make the results undecodable. The condition for decodability of product codes was
given in [60}67]. If we represent failure patterns as a bipartite graph where left and right vertices
correspond to rows and columns on the grid, respectively. There is an edge between the i-th left

vertex and the j-th right vertex, if the node P(i, j) is a failure. Then, the code is undecodable if
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there exists a subgraph where each node has degree greater than n — k. Now, we will show how
the lazy decoding approach can be implemented in a fully-distributed manner.

After computing one iteration of (3.33), all the successful nodes will broadcast their status
so that all the surviving nodes can construct the bipartite graph of the failure pattern of the entire
grid.

Let P(i,j) be one of the surviving nodes. Then, P(7, j) adds an edge between the i-th left
vertex and the j-th right vertex on the graph, and check the decodability condition. If the pattern
is undecodable, it will broadcast to all the nodes on the grid that initiates decoding process.
After recovering all the nodes on the n x n grid, the next iteration resumes. We will not specify
implementation details of this, but note that each only has to send one-bit beacon, which is much

cheaper than exchanging matrices.

3.2.1.5 Communication and Computation Cost Analysis

We analyze the communication cost and computation cost in coded SUMMA. The coded SUMMA
has three stages, i.e., encoding, computation, and decoding. Denote the time of these three parts
respectively by T§irua- Tstmma- a0d T§Guma-

Theorem 3.2.1. For the system model given in Section communication time of the (n, k)

coded SUMMA is given as follows:

Tma = a©(logn) + O (m? log n/n?), (3.56)
Tsomma = a©(nlogn) + SO(m*/n), (3.57)
Tdee s = aO(logn) + BO(m?*logn/n?). (3.58)

Thus, the encoding and decoding time in coded SUMMA is negligible if n > 1.

Proof. First, we look at the encoding time. The encoding on each one of A and B can be

conducted by a local encoding step followed by a shuffling step. At the beginning, each node has
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data of size m?/n?. The data is partitioned into k& small blocks and encoded into n small blocks.
Thus, the data at each node after encoding is m? /nk. Then, the data are shuffled in the n nodes
using an all-to-all communication. We use the communication efficient all-to-all algorithm in
[11]] on the row direction for B and the column direction for A. If each node has u bits and the
number of nodes is v, this algorithm completes in 2 log v communication rounds, and requires
sending u log v bits in total. Note that we have a factor 2 because we need to encode both A and
B.

Local encoding: C5i-o0"® — 2m2 /n?/k - (nk) = 2m?2/n.

Shuffling (all-to-all): 75100 — 20/ log n+43(m?/nk)logn = a©(log n)+ B0 (m? log n/n?).

Second, we look at the SUMMA computing time. The computation proceeds in n iterations.
In each iteration, one node broadcasts data of size m? /nk to a row, and one node broadcasts data
of the same size to a column. Then, local matrix-multiplication is conducted.

Broadcast: Tsonni® — [4alogn + 48(m?/nk)] -n = a®(nlogn) + SO(m?/n).

Local computing: Coonbi® — . (m/k)? - (m/n) = m®/k2.

Finally, we look at the SUMMA decoding time. All the rows in the 2D mesh perform de-
coding in parallel. Then, all the columns perform decoding in parallel. One round of decoding
requires two all-to-all communication steps. The data at each node (partial matrix of C') has size
m?/k2.

Shuffling (all-to-all): Tocso" — 20/ log n+43(m?/k?)logn = a©(log n)+50(m?log n/n?).

3.2.1.6 Coded 2.5D SUMMA

In 2.5D SUMMA, each layer computes a different set of outer products, that is, the [-th layer
BIiOW

computes A?'B¢° where A = [ AP Azoll and B = | : |, and the final product is
BI(‘:OW

the sum of all the outer products computed at different layers: C = >;_, A7Bs°.. For this
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last dimension where we split the outer products, we can apply MatDot codes [29] since MatDot
codes split the matrix product into outer products. Hence, we propose coded 2.5D SUMMA
which applies ABFT/Product codes within each layer and MatDot codes across the layers. We
will use (n, k) x (N, K) coded 2.5D SUMMA to denote the coded strategy which uses (n, k)

coded SUMMA at each layer and has K systematic layers out of total of N layers.

A Concise description of the main algorithm. (Fig. We will call the three directions in

the 3D grid direction-z, -, and -/ respectively.

Step 1 (Encoding across layers) A and B are encoded locally using MatDot codes on the first
processor layer. Then, the encoded matrices are scattered in direction-/ so that each layer

gets the same linear combination.

Step 2 (Encoding on rows and columns) For all layers in parallel, encode on partial A and B
using product codes. Then, encoded submatrices are shuffled to ensure that each node has
the same single linear combinatinon. The MDS codes and MatDot codes are encoded on

orthogonal directions.

Step 3 (SUMMA) For all layers in parallel, the encoded data is gathered into the minimum amount
of nodes (%—fraction of all the nodes). Matrix-matrix multiplications are conducted using
the SUMMA algorithm on all layers. The gathering step is for reducing the number of
stages in SUMMA.

Step 4 (Decoding) In the case of failures, decode on the rows, columns, or across layers.

Let us now provide a simple example of (3,2) x (4,2) coded 2.5D SUMMA.

Example 3.2.2 ((3,2) x (4,2) coded 2.5D SUMMA). The node P(i, j, 1) initially has A, ; and
B, ;.

Encoding: We will first encode MatDot codes and begin with splitting A, ; into two smaller
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Initial data distribution
3D mesh A B

M
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Only first layer has data

Step 1: local encoding using MatDot codes

—
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’
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n —— \’\AA’\’

Step 1.1: local encoding Step 1.2: scatter

Step 2: local encoding using product codes
ATatDot

Local encoding Shufﬂe
—_—
on dlrect|onj

MatDot
B,

Local encoding Shufﬂe
—
on dlrectlon i

Step 3: SUMMA

One may use a local gathering step to reduce number of
communication rounds

Figure 3.4: Coded 2.5D SUMMA algorithm

column blocks and B, ; into two smaller row blocks as follows:

BW
Ay = [A?} Af}] Bi=| 7| (3.59)
’ ’ B?

7’)]

Then, the node P(i, j,1) locally computes four encoded column-blocks and row-blocks as fol-
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lows:

Ai,j’l = Ag’lj) + OélA(-Q) Bi,j,l = OélBE’lj) + B(2)

Z7‘7 ’ z?] ’

Ai’j’g = A(l) + OZQA(~2) Bi’j’Q

Y] 4,5

@B + BY)

Z?] ’

0, B2

] 4,J0

Ai,j,S = Agylj) + agA(-Q) Bi,j,3

Z7j ’

O./gB

A=A+ AP B, =aB!) +BY

Z7J ’ ,L?-] )

where o, - -+, ay are four distinct real numbers. Then P(i,j,1) sends A, to P(i,j, k) for

k = 2,3,4. We can also use systematic MatDot codes where A; ;1 = AZ(»}]-) and A; ;1 = AE?.
After MatDot encoding step, the node P(i,j,k) will have A, ;) and B, ;. for all i,j =

1,...,3,k = 1,...,4. Then, each layer will perform encoding for (3,2) coded SUMMA as

described in Example|3.2.1
Computation: Perform 2.5D SUMMA on the 3 x 3 x 4 grid as given in Algorithm 2]

Decoding: We decode MatDot codes across layers. If some node’s data is undecodable

through MatDot codes, we decode the Product code within the layer. |

In the (n, k) x (N, K) coded 2.5D SUMMA, we encode MatDot codes on shuffled columns
of A and shuffled rows of B. We will describe more on shuffled MatDot codes and show that the

shuffling does not change the structure of MatDot codes.

Shuffled MatDot codes in (n, k) x (N, K) coded 2.5D SUMMA. At the first layer, the i-th

column generates N encoded column blocks of A as follows:

K
M APal (3.60)

K
Y Bk (3.61)



forp =1,..., N. Note that we use A; and B; to denote A$®' and B™". Now the k-th layer gets
encoded blocks of A and B as follows:

{ZA“ -1 forizl,...,K},
{ZBg%g—l forizl,...,K}.
=1

Then, the k-th layer computes:

K [ K K '
D (Z Ag”oé;-l) (Z Bgﬁagﬂ) : (3.62)
A =
Lemma 3.2.1. Shuffled MatDot codes in (n,k) x (N,K) 2.5D coded SUMMA can recover
any failed node P(i, j, k) from the set of surviving nodes S = {P(i,j,k),k € [1,...,N]} if
S| = 2K — 1.

Proof. Let us define a polynomial fc(z) as:

K K

Z (ZA at ) (Z Bgﬂ)a;K—f) . (3.63)
i=1 \Il=1 J

The coefficient of 5! in fo(z) is:

K K
MY AUBY =AB=C. (3.64)
i=11

S
Il
—
Il

—

Since the degree of the polynomial f¢ is 2K — 2, with any 2K — 1 evaluations of the polynomial,

we can recover all the coefficients including (3.64)). [ |

Theorem 3.2.2. The recovery threshold of (n, k) x (N, K) 2.5D SUMMA is given by:
n?N — (N —2K)(n — k + 1)* + 1. (3.65)

Proof. We want to show that the minimum number of failures that cannot be decoded is \,,,;, =
(N —2K)(n — k + 1) Let us first show that the worst-case scenario on each layer without

MatDot codes is ¥ = (n — k + 1)2. Let 1) be the number of failures on n x n grid. We have
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to show that i) any ¢/ < ,,,;;, is decodable and ii) there exists a pattern of 1),,;, failures that is

not decodable. To show i), let us assume that ¢ < (n — k + 1)? — 1. Let ; be the number of

failures at the i-th column and C; = {i : ¢ > n — k}. Then, |Cf| < n — k + 1. Thus, there
are at least k£ columns that are decodable, and hence we can decode the entire grid. To prove ii),
consider a scenario where the bottom right (n — k + 1) x (n — k + 1) sub-grid fails. Then, we
cannot decode the result at (k, k)-th node.

We can use a similar argument to extend this to the (n, k) x (N, K) 2.5D SUMMA. Let us
assume that A be the total number of failures on the 3D grid, and \; be the number of failures at
the i-th layer. We have to show that i) any A < \,,;, is decodable and ii) there exists a pattern of
Amin failures that is not decodable. Let us assume that A < A,,;,,. Then [Lf = {i 1 \; = ¢in}| <
N — 2K. This shows that there are at least 2K + 1 layers with less than ¢),,;,, failures, and hence
these layers are decodable. From Lemma [3.2.1) we can see that as long as there are 2K + 1
successful layers, we can decode the final output. Now, assume that the first (N — 2K) layers
have failures at their bottom right (n—k+ 1) x (n—k + 1) sub-grids. Then, we cannot decode the

(k, k)-th node on these layers, and we only have 2K layers that have successful (k, k)-th node.

Thus, this is not decodable. |

Remark 3.2.2. The threshold in Theorem is the minimum number of successful nodes
in the worst-case scenario to ensure recovery. There exist scenarios in which the number of

successful nodes is smaller than the recovery threshold, but the recovery can still be successful.

3.2.1.7 Communication and Computation Cost Analysis

We analyze the communication cost and computation cost in the coded 2.5D SUMMA algorithm.
Again, for simplicity, assume the matrices A and B both have size m x m. The processor mesh
has size n x n x N.

Denote by Tiomm the time required for 2.5D coded SUMMA.. Denote by TA5FT the extra time

comm

for the coding cost in product codes. Denote by TMPot the extra time for coding cost in MatDot

comm
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codes.

Theorem 3.2.3. Suppose the product codes and MatDot codes have constant rate, i.e., n = O(k)

and N = O(K). Then,

Tcomm = [CY@ (10g n) + ﬁ@ (m2/n2)] : %, (366)
T8 — 0O (logn) + FO(m? log n/n?), (3.67)
TMabot — (0 (logn) + BO(m?*/n?). (3.68)

The results lead to the following observations:
e For product codes:

= (Latency) The latency of encoding and decoding product codes is negligible if N =
o(n).

* (Bandwidth) The bandwidth of encoding and decoding product codes is negligible
if N = o(n/logn). Note that the logn factor in all-to-all communications can be
removed if one uses the ring algorithm. However, the number of communication
rounds increase from logn to n.

e For MatDot codes:

= (Latency) The latency of encoding and decoding MatDot codes is negligible if N =
o(n).

* (Bandwidth) The bandwidth of encoding and decoding MatDot codes is negligible if
N = o(n).

Regarding the condition N = o(n), note that the motivation for 2.5D SUMMA instead of 3D
SUMMA is that the replication factor cannot be as large as p'/3. Thus, in the usual case, we have

N = o(n) (otherwise we can use 3D SUMMA in which the data is replicated n times).

Proof. We analyze the time complexity of both communication and computation in each step.
W.L.O.G, we only calculate the complexity of multiplications and ignore additions in matrix-

matrix multiplications.
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Encoding MatDot codes and scattering the coded results
The first layer has n x n nodes. Each node has a square matrix of size m?/n?. Each local
square matrix is partitioned into /" small blocks and encoded into /N small blocks. The N small
blocks at a particular node on the first layer is scattered to /V layers. Both A and B need encoding
and scattering.
Local encoding cost: C, = 2m?/n? - N.
N

Communication cost (scatter using recursive-halving [110]): 7} = 2alog N + 20 77’:—22 e

Encoding product codes and shuffling the encoded data Each node now has two small

2

blocks of size m?/n?/K = 2. It further divides each small block into & and encode into

n. Thus, the data size at each node becomes % ‘n/k = % The shuffling stage can use
the communication efficient all-to-all algorithm [[11] on the row direction for B and the column
direction for A. If each node has u bits and the number of nodes is v, this algorithm completes
in 2log v communication rounds, and requires sending u log v bits in total.

Local encoding cost: Cy = 22 . 1. = 2m2

2Kk nk *

Communication cost (all-to-all): 7, = 4alogn + B% logn

Compute matrix-matrix multiplications using SUMMA The data on each layer is gath-
ered into n?/K nodes, i.e., the nodes in each row and column are partitioned into groups of size

K and a local data gathering is carried out. Then, SUMMA proceeds in n/K rounds. In each

m?

_ m2 . ..
el K = - to the entire row, and similarly

round, one node in each row broadcasts data of size
for each column. Then, local computation is carried out, which multiplies two matrices of size
m/n x m/k.

Local gathering using recursive-doubling [110]: 73 yypner = 2alog K + % .

Broadcast in SUMMA (scatter using recursive-halving followed by all-gather using
recursive-doubling): 75 p..sc = (4dalogn + % ) - (n/K).

Local matrix-matrix multiplication: Cs = (m/n x (m/k)?) - (n/K) = %
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Decoding and reduction The decoding of product codes requires an all-to-all communica-
tion on each row or column to reversely shuffle the computation results. The local partial result
at each node has size m/k x m/k = m?/k?. The number of nodes that need to participate in
the decoding is k. The decoding of MatDot codes only requires a reduce across layers. The data
size at each node in the reduction phase is still m?/k?, and the number of layers required in the
reduce is 2K — 1 (for MatDot codes).

Decoding product codes (all-to-all): T} .5, = 2alog k + 8(m?/k?)logk.

Decoding MatDot codes (reduce using recursive-halving followed by tree-gather [110]):
Threauce = 2010g(2K — 1) + (2m? /).

Note that this communication cost analysis is the worst-case analysis because if we use sys-
tematic codes, we don’t have to communicate at all when there is no failure. Also, we may only

need to communicate for the undecodable sysematic nodes on each layer.

Puting all the things together Overall communication cost:

The overall communication cost is shown in the following.

Tcomm :Tl + T2 + T3,gather + T3,bcast + T4,a2a + T4,reduce

m? N
=2alog N + 28— - —
alog 6712 I
2 2

+4alogn + m logn

nkK
2

2
+ 2alog K + ﬂﬂ
nk

2
+ (4alogn + %B) -(n/K)

+ 2alogk + B(m?/k*)log k
+ 2alog(2K — 1) + (2m?/k*)3
(@) n

= [a© (logn) + 8O (m*/n’)] - NG

where in step (a), we use the fact that K = O(N) and & = O(n), i.e., the code has constant rate.

Now, we look at the communication time for encoding and decoding only. For product codes,
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the extra communication is due to the shuffling in step 2 (see Section [3.2.1.7) and the decoding
in step 4 (see Section |3.2.1.7). Thus, the extra communication time due to the use of product

codes is

roduct-code
Tc%mm :TQ + T4,a2a

2

2m
=4
« ogn—kﬁqu

+ 2alogk + B(m?/k*)log k

logn

=aO(logn) + BO(m?*/n* -logn).

For MatDot codes, the extra communication comes from the local gathering step (see Section
and the decoding step (see Section [3.2.1.7)). Thus, the overall communication due to the

use of MatDot codes is

MatDot
Tcomm :TS,gather + T4,reduce

2 2
=2alog K + ﬂﬁ
nk

+2alog(2K — 1) + (2m?/k%)B

=aO(log N) + BO(m?/n?).

In Chapter [, we will present experimental results for Coded 2.5D SUMMA.

3.2.2 Coded FFT
3.2.2.1 System Model

We assume that we have a total of P processors under the masterless setup. Among P proces-
sors, K of them are “systematic processors”, and the remaining P — K processors are “parity
processors” We assume a massively parallel setup where K is very big, but K does not grow

faster than ©(log N /loglog N'). For communication latency, we assume the «-/3 model.
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Using P processors, we want to compute N-point FFT:

ZIFNCL'

(3.71)

where @ is a length-V input data vector, Fly is an N-by-N DFT matrix (wy: the N-th root of

unity) represented as

0 0 0
Wy Wy Wi
0 1 N-1
Wy Wy Wi
Fy = (3.72)
0 N—1 (N-1)?
| WN W W i

and Z is a length-N vector of the Fourier transform of . We assume that /V is very large, so

that the data cannot be stored in one processor. In the beginning, each processor has a segment

T
of consecutive values of the input vector x, e.g., Processor 1 has lxl To TNy K] .

3.2.2.2 Preliminaries: Distributed FFT Algorithm

We want to explain the “transpose” algorithm that is commonly used in high-performance FFT
libraries [36]]. It uses the Cooley-Tukey technique to break down N-point FFT into smaller FFTs
of size N1 and N, where N = Ny N,. Now, (3.71]) can be rewritten as

N-1
o nk
Z = Z War Ty
n=0

Ni1—1 No—1

_ wnlk’lt wmkzx

- Ny Ynake No *m2Ni+ny
n1=0 no=0

where k = ki Ny + kg, k1 =0,--- Ny —1, and ky = 0, --- , Ny — 1. The terms ¢, 1,’s are called
twiddle factor which are equal to wf{?”l.

We can now compute N-point FFTs in two steps. In the first step, each processor is assigned
to compute N;/K FFTs of length No. Then the processors transpose the data (requiring com-

munication) and compute N,/K FFTs of size N; in the second step. Between the first and the

second step, we have to multiply twiddle factors. This complicates our coding approach since
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multiplying twiddle factors is an element-wise multiplication of two matrices (Hadamard prod-
uct), which does not commute with matrix-matrix multiplication (See Remark [3.2.3). We now

explain the algorithm in detail:

Algorithm 1. Uncoded Distributed FFT Algorithm (Transpose Algorithm)

1. Rearrange the input data = into X:

1 TNi+1 ° T(Na—1)Ni+1
X =
| TNy T2Ny L N1 Ny
_XYOW)
_ : :[Xicol) Xgol)].
x o)

We use X""’s (X“"’s) to denote equal-sized submatrices of X divided horizontally (ver-
tically). From our system assumption, in the beginning, the i-th processor has X i(c"l) To
begin the distributed FFT computation, we transpose the data distributed over K proces-
sors so that the i-th processor can now have X",

2. Compute N;/K row-wise FFTs of size N, at each processor.
Y(row) _ X‘(row) FN
7 1 2

3. Transpose the data so that the i-th processor has Y.

Yl(row)
= : — (col) (col)
Y = : = [yl YR ]
(row)
YK

4. Multiply twiddle factors at each processor.

i/i(col) _ T](\ioil) o Y(col)

(2
3This assumption is coming from that it is more natural for a processor to store contiguous data without the
knowledge that the next computation is going to be FFT. If we assume that processors have row-wise data in the

beginning, we can avoid the first transpose step. This does not change the result in Theoremin scaling sense.
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where o represents Hadamard product and 7'y is a matrix of twiddle factors

0 0 0
wN wN PR wN
0 1 No—1
T wN wN “ e ("‘)N
N ==

0 Ni—1 (N1—1)(N2—1)

_wN wN e wN ]

— (col) (col)
[TNJ Ce TN,K .

5. Compute Ny/K column-wise FFTs of size N; at each processor.

ZZ-(COI) _ FN1 Y;(col)'

3.2.2.3 Coded FFT Algorithm

Step 4-6) Transpose and column-wise decoding

Processor 1| ' Processor 2 ' Processor 3

Step 1) Column-wise encoding Step 2-3) Transpose and row-wise FFT
Processor 1| | Processor 2
Processor 1 XI(T”W) Y, P
(col) (col)
X 1 X 2 (row) y31 y32
Processor 2 XZ
Decoding‘ ‘ Decoding
Encoding ‘ ‘ Encoding
P 3 | yrow) , y(row)
X1 X1z rocessor3 Xy 4K, (col) (col)
+Xz1 +X22 Yl YZ

(3.73)

Step 7-9) Multiply twiddle factors then
row-wise encoding. Encoding requires
communication between all nodes.

Processor 1 | Processor 2 | Processor 3

Yl(cal) e Yz(col)

A o

Encoding

Figure 3.5: This diagram summarizes encoding and decoding steps in Algorithm [2f with an ex-

ample of P = 3, K = 2.

We will now explain our coding strategy for the distributed FFT algorithm. The uncoded

distributed algorithm described in Algorithm [T] has transpose step in the middle which requires

all the nodes in the system to exchange data with all the other nodes. If there is any failed

node before the transpose step, the computation will fail at the transpose step. Hence, simply

adding fault tolerance which recovers faults at the end of the algorithm is not adequate for the

distributed FFT algorithm. We need to apply fault resilience technique twice: once right before

the transpose step, and once when the entire computation is complete. This requires distributed
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encoding and decoding in the middle of the computation which poses unique challenges for
coded FFT algorithm.

In our coding strategy, we utilize (P — K') redundant processors to encode the first and the
second FFT steps separately. In the first step, processors perform FFT on the row-wise data
Xi(mw)’s. In order to protect from the lost output at a failed node, we have to encode parity
symbols across columns (column-wise encoding). By doing this, at the end of the first step, any
successful K processors can recover the output and proceed to the next step. In the second step,

each processor computes FFT on the column-wise data, YZ-(COZ)’

S, so we encode row-wise parity
symbols (row-wise encoding). Our coded computing algorithm is described below (*: additional

steps that are not present in the uncoded algorithm).

Algorithm 2. Coded Distributed FFT Algorithm
1. * Encode column-wise parity symbols at each processor.

Xl(row)
X=GTXx = : (3.74)

G is an Ni-by-N| encoding matrix for where N| = %le

G = [INl 731] (3.75)

(row)

2. Rearrange the encoded data. Now the i-th processor has X P

3. Compute N;/K row-wise FFTs of size N, at each processor.

4. Wait for the first successful K processors and transpose the output within the successful
K processors.

5. *If needed, decode to retrieve the uncoded output at each processor.

6. Multiply twiddle factors.

7. * Encode row-wise parity symbols and send them to the remaining P — K processors.

Y =YGy = |y ... yled (3.76)
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G is an No-by-N} encoding matrix where N} = £ No:

Gy = lJNQ 732] (3.77)

8. Compute N,/ K row-wise FFTs of size N; at each processor.
9. * Wait for the first successful K processors and halt the remaining P — K processors.

Decode if needed.

For both encoding steps in Step [1]and Step [7, we use a (P, K) systematic MDS code. In the
following theorem, we show that using the proposed coded distributed FFT algorithm, any K
successful processors are enough to recover the computed outputs at Step |5|and Step @ﬂ
Theorem 3.2.4. In Algorithm 2| where we compute distributed FFT of size N using P proces-
sors each of which can store and process % fraction of the input (P > K), any successful K

processors can recover Y and Z at Step [l and[9 respectively.

Proof. Let us first prove that we can recover Y with any K successful processors at Step [5| and
the similar argument holds for recovering Z at step[9}

At Step 4, we will have the result from K successful workers. Let us denote the indices of

the successful K workers as {i, - - - ,ix}. Then the output from the successful workers is:
> (row) ]
X Fy,
X(row)FN
12 2
Youe = - [stlcc(:li)l “.}/S(lf(i?l(] ' (3.78)
v (row)
| Xie ENy |
After transposing at Step 5, processors iy, - - - , 2x Will have column-wise output stlcc‘fli)l yre ng?}{.
(col) : .
Yoe: can be written as:
(col) _ ~T (co) _ ~T (col)
szuc,i - Gl,schFNQ,i - Gl,sucY; (379)

“Note that we do not have any fault recovery for twiddle multiplication step. However, computational complexity
of twiddle factor multiplication is O(N) compared to that of O(N log N). Hence, it is less probable to have faults

during twiddle factor multiplication step
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where G{suc is a submatrix of G which only has rows from successful nodes and hence has the
size N1-by-Vy.
As we assume the erasure model where we lose the entire data from a failed node, we only

code across nodes, not within a node. Hence, our encoding matrix (G; has the following structure:
G =061®In Kk (3.80)

where G, is the encoding matrix for a systematic (P, K )-MDS code which has size K -by-P.

Now, G suc can be rewritten as:
G{sue = gisuc ® INl/K (381)

where G g is a submatrix of G that only has K columns from the K successful nodes, i.e., 7;-th
to ix-th columns of G. Because G is a (P, K) MDS code, G s always has a full rank. As
rank(A ® B) = rank(A) - rank(B) for any matrices A and B, rank(G1 ) = N;. Hence, we
can recover Y;(COD at every successful node at Step || Similar argument applies to recovering 2

at Step 9] [

3.2.2.4 Communication Cost Analysis

Now, we prove our main theorem which states that as long as the number of parity processors is
o(log K), communication overhead of encoding and decoding can be amortized:
Theorem 3.2.5. In our proposed coded FFT algorithm, if P — K = o(log, K'), communication
overhead of coding is negligible compared to the communication cost of uncoded FFT.

To prove the theorem, we first identify the communication cost of uncoded FFT algorithm.
Then, we analyze communication cost of encoding and decoding and we compare them to obtain

the theorem.

Communication cost of uncoded FFT algorithm. Let us begin with understanding the com-

munication cost of uncoded FFT algorithm. In Algorithm |1} steps that require communication
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are Step |I| and 3| Both steps need communication to transpose the data stored in distributed
processors. For transposing the data, all processors have to exchange data with all the other
processors. This communication is known as “all-to-all” communication. Bruck et al. showed
lower bounds and explicit algorithms that achieve lower bounds for two special cases of all-to-
all communication [11] — a minimum-communication-rounds regime and a minimum-bandwidth
regime. Let us first formally define all-to-all communication.

Definition 3.2.1. [All-to-all] In all-to-all(p, n) communication, there are p nodes each of which
stores n symbols. The data stored in the i-th node can be broken down into p data blocks,
M; 1, - M, ,, where the size of each block is n/p symbols. The goal of the communication is to
transpose the data stored in p processors so that at the end of the communication, the ¢-th node
has M, ;,--- , M, ; data blocks.

We will first give a simple lower bound of all-to-all(p, n) communication.
Theorem 3.2.6 (Proposition 2.3 and 2.4 in [11]). For all-to-all(p,n) communication, Cy and Cs

are lower bounded by:
p—1
p

C1 = [logyp], Co= n (3.82)

However, Bruck et al. showed that the lower bounds on C; and C5 cannot be achieved
simultaneously which is stated in the theorem below.
Theorem 3.2.7 (Theorem 2.5 and 2.6 in [11]]). If all-to-all(p,n) communication uses the mini-

mum number of rounds, i.e., C; = [log, p|, Cs is lower bounded by:

™

C’2>2

0gy - (3.83)

If all-to-all(p,n) communication uses the minimum number of symbols transferred in sequence,

ie, (Cy = ijln symbols in a sequence, then C is lower bounded by:
Cizp—1 (3.84)

Furthermore, both lower bounds are achievable.
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Now, by using Theorem [3.2.7, we can give communication cost lower bounds on the trans-
pose step in the distributed FFT algorithm.

Corollary 3.2.1. The transpose step of N-point FFT requires the communication cost at least

1N
——log, K3 (3.85)

log, K
[OgQ ]a+2K

when using the minimum communication rounds regime, and

(K—1)N

when using the minimum communication bits regime.

Under our massively parallel system model where K is very large, we have log K << VK.
Hence, we should always choose the minimum-communication-round regime over the minimum-
bandwidth regime. From now on, we will only consider minimum communication round regime

and use its communication cost given in (3.85).

Communication overhead of coding. Now, let us identify additional communication cost due
to coding in Algorithm 2] In the first encoding step where we compute column-wise parity
symbols, we do not need any communication since processors already have column-wise data
in the beginning. Also, for the first decoding in Step [5] column-wise decoding can be done in
local processors as each processor has column-wise data after the transpose step. In Step [/] it
requires inter-processor communication to encode row-wise parity symbols as one row of the
data is spread over all the processors. Also in step [9] we have to perform row-wise decoding
while every node has column-wise data, and thus we need inter-processor communication for
decoding. Hence, in this section, we will analyze the communication cost of the second encoding
step and decoding step. We will first show the communication cost of the second encoding step
where we compute:

Y = YG.. (3.87)
Before we begin our communication cost analysis, we want to make a few remarks.
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Remark 3.2.3. [Why do we need distributed encoding?] If we can do the second encoding,
which is computing row-wise parity symbols, at local processors before the transpose step, we
can avoid communication for distributed encoding at Step |/ However, there is no trivial way of

doing this using a linear code due to the twiddle factors. After Step 3, the i-th processor has

Y(row) _ Xi(rOW)FNl — G(lrf;W)XFNl- (3.88)

(2

If we do row-wise encoding at the i-th processor locally before the transpose step, the ¢-th pro-
cessor will have

Y = GI™X Fy,Go. (3.89)

We then perform the transpose of the output from the first & successful nodes. The i-th node
now has

yi(cob = Gy X Fy, G;"Zl (3.90)

Column-wise decoding can be done locally by inverting Gy g.:

Y(col) _ G—l
i

1,suc

G sucX Fr, G5 = X Fn, G (3.91)
We now have to multiply twiddle factors to ¥,
Y = Ty 0 YV = Tiy o (X Fy,G5%) (3.92)

However, this will produce a different final output from what we expect because of the nonlin-

earity of Hadamard product:

Ao (BC) # (Ao B)C. (3.93)
Hence,
T]gf‘;” o (X Fy,GS%) # (T}Vfﬁ” o X Fy,) G (3.94)

From our modified coding strategy, our final output from successful nodes will be Iy, Ty o

(X Fn,Gasuc) and even after decoding, we will have

Fn, Ty o (X F,Gosue)Ga o

2,suc

#* FN1TNO (XFNQ) (395)
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This means that we have to perform twiddle factor multiplication before proceeding to the row-
wise encoding step. With the same argument, we can show that column-wise decoding must be
done before multiplying twiddle factors. It concludes that because of the twiddle factors, the
second-step encoding must be done across the processors incurring some communication cost.
We now want to analyze the communication cost of the second encoding step. Let us first
investigate the communication cost of a simple encoding scheme where we add one parity node

that stores the checksums of data, X; + - - - + X . The encoding matrix GG, for this can be written

as follows:
1
gcks = Iy (3.96)
1
GQ = gcks ® [NQ/K (397)

For this computation, all &K nodes have to send its data to one checksum node to compute the sum
of all the data in the network. This is a well-known communication operation called “reduce(-
to-one)”.
Definition 3.2.2. [Reduce] In reduce(p, n) communication, there are p data nodes which have
data M, --- , M, of size n and one reduction node. The goal of the communication is to send
M + --- + M, to the reduction node.

A lower bound on the communication cost of reduce(p, n) operation is given in the following

theorem.

Theorem 3.2.8. The communication cost of reduce(p, n) is lower bounded by

[log, pla + np. (3.98)

It was found that reduce operation can be done by reversing any broadcasting algorithm,
where one broadcasting node sends its message to all the other processors in the network. Traff

and Ripke[111] proposed a near-optimal broadcasting algorithm that achieves the lower bound
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(3.98)) within a factor of 2 . By reversing their broadcasting algorithm, we can achieve the same

communication cost for reduce(p, n) communication.

Theorem 3.2.9. Reduce(p,n) can be done with the communication cost of at most

(v/[logy pla + /1 2([logy pla + np). (3.99)

Whether (3.99) is optimal or not is an open problem. We will use this as a state-of-the-art
communication algorithm for reduce operation. By applying (3.99), we can obtain the commu-
nication cost for encoding one checksum node.

Corollary 3.2.2. A (K + 1, K, 2) systematic MDS code over K systematic processors each of

which hs N /K data symbols can be encoded with the communication cost of

(v/[logy Kl + /N/KB)? < 2([log, Ko + N/KB). (3.100)

We can now extend computing checksums to computing parity symbols for a generic (P, K, d =
P — K + 1) systematic MDS code. Unlike checksum computation which only requires a single
reduce(-to-one) operation, here we need multiple reductions to P — K nodes.

From the intuition we got from reduce(-to-one) problem, we will first establish bounds for

multi-broadcasting problem (will be defined below) and show that multi-reduce problem for
encoding a (P, K,d = P — K + 1) systematic MDS code can be solved by reversing the multi-
broadcasting algorithm.
Definition 3.2.3. [Multi-broadcast] In multi-broadcast(p, , n) communication, there are r broad-
casting nodes and p destination nodes. Broadcasting nodes have distinct messages M, - - - , M,
of size n symbols. At the end of the communication, all p destination nodes should have all r
messages, My, -+, M,.

We want to note that multi-message broadcasting has been studied in the literature [4, 98]].
However, their models have one broadcasting node which sends multiple messages in a sequence.

This is fundamentally different from our multi-broadcast which has multiple broadcasting nodes
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that can send out their messages simultaneously. To the best of our knowledge, communication
cost analysis of this specific problem has not been studied before.
We will first show a communication algorithm for multi-broadcast(p, r, n) and then show that

it achieves the lower bound within a factor of 2.

Theorem 3.2.10. Multi-broadcast(p,r,n) can be done with the communication cost at most
2([logy plae + ) (3.101)

Proof. First, divide p processors into r disjoint sets of size p/r. Let us denote the sets as
S1,9, -, 5. The i-th broadcasting node broadcasts its message to all the nodes in S;. With
the optimal broadcasting algorithm [111], it takes communication cost of (\/@ + v/nB)%

After the broadcasting step, the j-th nodes in S;’s (i = 1,---,r) communicate with each
other so that all of them can share My, - - - , M,. This is all-gather(r, n) communication which is

defined as follows.

Definition 3.2.4. [All-gather] In all-gather(p, n) communication, there are p nodes which have
distinct messages My, - - - , M, of size n symbols. At the end of the communication, all p nodes

should have all p messages.

All-gather(r, n) can be done with communication cost of (log, r)ae + (r — 1)n/3 using the
bidirectional algorithm [14]].

The total communication cost of this two-step algorithm is

(4 /log, ];joz + \/%)2 +logyra+ (r—1)ng

< [log, pla + B + (log, goz + np)

< 2([logy plac + ).

We now show a lower bound for multi-broadcast(p, r, n) communication.
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Theorem 3.2.11. The communication cost of multi-broadcast(p,r,n) is lower bounded by
[log, pla + rnf (3.102)

Proof. Each broadcasting node must communicate to p destination nodes which takes at least
[log, p| communication rounds. Each destination node has to receive messages My, - - - M, which

have n. Hence, mutlti-broadcast(p, r, n) requires at least the bandwidth of rn. |

By comparing (3.101) and (3.102), we can see that the algorithm given in Theorem [3.2.10]

achieves the lower bound within a factor of 2.

Finally, we define multi-reduce operation which is the communication required for encod-
ing parity symbols, and show that it can be done with the same communication cost as multi-
broadcast operation.

Definition 3.2.5. [Multi-reduce] In multi-broadcast(p, 7, ) communication, there are p data
nodes and r reduction nodes (r < p). p data nodes have data M, - - - , M), each of which consist

of n symbols. At the end of communication, the i-th reduction node will have a; 1 M; + -+ - +

a; M, where a; j’s (i = 1,--- ,r,j = 1,---, p) are chosen so that the data from any p nodes are
linearly independent combinations of M, - - -, M,

Theorem 3.2.12. Multi-reduce(p, r,n) communication can be done by reversing the multi-broadcast
algorithm given in Theorem Hence, the communication cost of multi-reduce(p, r,n) is at

most

2([logy pla + rnj3) (3.103)

Proof. Let Dy, D,,--- , D, denote the data at p data processors. Let us divide data processors

into r disjoint sets of size p/r and let S; denote the set of indices of the i-th set: S; = {(i — 1) -

p/r+1,--- (i —1)-p/r+ p/r}. This is all-gather(r, n) communication.
First, the j-th nodes in S;’s (i = 1,--- ,n) perform all-gather communication. All the j-th
processors in S;’s will have D;, D, - -+, Djy(r—1)p/r after the communication.
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In the second step, all the nodes in S; will carry out reduce communication with the i-th
reduction node. Each node in \S; will compute a corresponding linear combination of the the data
it has and send only n symbols of data to the i-th reduction node. For instance, the j-th node in

S; will compute

@i Dj + @i jipr Disppr + -+ Qijs r—1)p/r D (r—1)pyr-

This is reduce(p/r, n) which can be done with the communication cost of (4/log, Za + v/n3)*.

This completes multi-reduce(p, 7, n) communication. [

This gives an achievable communication scheme for encoding parity symbols and decoding
systematic symbols of a (P, K, d) systematic MDS code.
Corollary 3.2.3. A (P, K,d = P — K + 1) systematic MDS code over K systematic processors

each of which has N /K data symbols can be encoded with the communication cost of

) <[log2 Kla+ (P — K)%ﬁ) | (3.104)

Proof. The encoding matrix of (P, K, P — K + 1) MDS code has the form

g= lIK | 73]
where [ is a K-by-K identity matrix and P is a parity matrix of dimension K-by-P — K
whose entries are all non-zero [7]. This means that every parity symbol is a linear combination
of all K symbols distributed in K nodes. Hence, encoding parity symbols for a systematic
(P,K,d =P — K + 1) MDS code is exactly multi-reduce( K, P — K, N/K) operation. Simply

substituting this to (3.103) completes the proof. [

A similar argument can be applied to show that decoding at Step 11 of Algorithm [2]can also
be done with the same communication cost.
Corollary 3.2.4. Reconstructing N /K data symbols in failed systematic nodes of at Step 11 of

Algorithm 2| can be done with the communication cost at most:

) <[log2 Kla+ (P — K)%ﬁ) | (3.105)
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Proof. First, note that we only have to recover the data in systematic nodes. The worst case is
when there are P — K failed nodes among the systematic nodes. In this case, the remaining K
successful nodes have to send their data to P — K systematic nodes. A failed node’s data symbol
can be represented as a linear combination of A output symbols from successful nodes. Hence,

this is multi-reduce( K, P — K, N/K) operation. [ |

Proof. (Proof of of Theorem ) By comparing the encoding communication overhead given
in (3.104) with the communication cost of uncoded FFT algorithm given in (3.85]), we can prove
our main theorem. Uncoded FFT algorithm requires two transpose operation, one in the begin-

ning and one before the second FFT step. This requires communication cost of

N
2 <[log2 Kla + ﬁ[log2 K]ﬁ) (3.106)

If we compare this against the communication cost of encoding given in (3.104)), the condition

for the encoding cost to be smaller than the all-to-all communication is given as follows:

4([log2 Kla+ (P — K)%B) < 2([log2 Kla+ %ﬂog2 K]ﬂ)

log, K
P-K < g%.
Hence, as long as P — K is smaller than % in scaling sense, communication overhead of

coding is negligible compared to the intrinsic communication cost of uncoded distributed FFT

algorithm. [
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Algorithm 2 2.5D SUMMA

Initial Data Distribution: P(i,j,1) has A; ; and B, ;.
/* Distributing A, B across layers

for k = 1tocdo

fori = 1to+/p/cdo
for j = 1to 1\/p/c do
/* All P(i, j, k) in parallel */
P(i,7,1) sends A; ; and B, ; to P(i, j, k)
end for
end for
end for
for k. = 1tocdo
/* All k-th layers in parallel */
Perform SUMMA to compute AS'BIY.

end for

fori = 1to+/p/cdo
for j = 1to y/p/c do
/* All 4, j in parallel */
P(i,5,1),...P(i, j,c) reduce to P(i, j, 1) to compute C, ;.
end for

end for
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Algorithm 3 Decoding for (n, k) coded SUMMA

while (# decoded rows) < k or (# decoded cols) < k do
for: =1tondo
if Row 7 has > £ successful nodes then
Perform row—decode
end if
end for
for j = 1tondo
if Column j has > k successful nodes then
Perform column—-decode
end if
end for

end while

function row—decode ()
Decoding set D = {j1," - , jx}
all-to-all(D)
/* For all nodes in D in parallel */
Locally decode for C, ;, (j = 1,--- , k)

end function

function col-decode ()
Decoding set D = {iy, - ,ix}
all-to-all(D)
/* For all nodes in D in parallel */
Locally decode for C, ;, (i = 1,--- , k)

end function
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Algorithm 4 Coded SUMMA
Input: Input matrices A and B, generator matrix G,

Initialize (Encoding): Partition matrix A into k£ row blocks and B into £ column blocks.
Encode the k& row blocks of A into n row blocks. Encode the £ column blocks of B into n
column blocks. Denote the encoded matrices by A ygeq and Beogeq-
Initialize (Data distribution): Suppose there is a n x n processor mesh. Partition the coded
matrix Aogeq into 1 x 1 square blocks and B.ogeq into 7 square blocks. Send each A ogeqj and
Beodedij to the processor on the i-th row and the j-th column. Initialize Ceogeqij = 0;
Multi-stage Computing: The matrix multiplication of Ciogeq = AcodedBeoded 1S computed
using n outer-product stages, i.e.,

AcodeaBeoted = ), Acoded Beoded (3.69)

=1

for! =1tondo

for: = 1ton, j =1 ton (in parallel) do
The il-th processor broadcasts its Aogeqii to the other processors in the i-th row.
The [j-th processor broadcasts its Bogeqj to the other processors in the j-th column.

The ¢j-th processor should receive A cgeqii and Beogeaj- Then, it computes
Ceodedij + = AcodediiBeoded;lj- (3.70)

if The number of faults in a row or column is above a threshold then
Conduct decoding in the entire mesh, on both rows and columns, in parallel.
end if
end for

end for
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Chapter 4

Experimental Results

In this chapter, we present experimental evaluation of coded computing strategies. In Section4.1}
we show implementation and experiments of Coded SUMMA strategy (Section (3.2.1) on a HPC

cluster.

4.1 Coded SUMMA Experiments

In this section we compliment the theoretical analysis on its fault tolerance and execution time

overhead given in Section [3.2.T| with extensive experimental evaluations.

Experimental Setup

In our experimental setup, we used a cluster with 40 compute nodes, each of which has two
12-Core AMD Opteron (tm) Processor 6164 HE, 64 GB DRAM, and 500 GB hard disk. Nodes
are connected through Gigabit Ethernet under a single switch. We used each core as one MPI
process, i.e., one core was one logical node P(i, j,[). To ensure that there is no MPI communi-
cation within the same compute node, we used cyclic distribution of compute nodes. We injected
a layer failure by artificially ignoring the result from one layer in the reduce phase. We assumed

that the information about the failed node will be made available at all surviving nodes. We
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recorded execution time of: memory allocation, MatDot Encoding, MPI Scatter, 2D SUMMA,
and Decoding + MPI Reduce. In the implementation of the baseline replication-based scheme,
time spent in the communication from the surviving replica layer to the first layer was included
in Decoding + MPI Reduce time. Since the cluster we used for experiments had total of 960

cores, the most extensive experiments were run on an 8 x 8 x 4 grid with total of 256 coreﬂ

Table 4.1: Execution time comparison of (n = 8, m = 2,M = 4) 3D Coded SUMMA and

replication. We used systematic MatDot codes and 8 cores per node.

Memory _ 2D Decoding
Allocation | Encoding | Scatter | SUMMA | + Reduce | Total
N Strategy (s) (®) (s) (s) (s) (s)
Replication 0.1 0 1.505 19.583 0.926 22.245
10000
MatDot 0.105 0.124 2.25 18.621 1.384 22.486
Replication 0.369 0 6.574 87.792 3.626 98.681
20000
MatDot 0.362 0.402 9.075 88.371 5.502 103.357
Replication 0.75 0 14.993 | 214.798 7.859 239.035
30000
MatDot 0.752 0.864 19.773 | 224.232 12.316 257.883
Replication 1.317 0 25.613 | 438.356 13.941 480.464
40000
MatDot 1.325 1.418 39.496 | 440.872 21.853 505.41

Comparison with replication

We first compare our proposed MatDot-coded approach and replication. Execution time compar-
ison of the two is summarized in Table First notice that almost 90 % of the total execution
time is used on 2D SUMMA. Then, the next significant portion of the execution time is MPI
Scatter and Reduce. Computation time for MatDot encoding and decoding makes up less than

Bigger grids with the dimensions of non-power-of-two numbers are not included as they showed worse perfor-

mance.
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Figure 4.1: Comparison of total execution time for uncoded 3D SUMMA with no redundancy,
replication, and coded 3D SUMMA using systematic MatDot codes. We can see that the over-
head of the coded strategy is about 5-7% compared to replication and 10-18% compared to

uncoded.

1 % of the total time. When we compare the total execution time, the overhead of MatDot cod-
ing is about 5-7 % compared to replication. This is mainly due to the increased communication
cost in the scatter and reduce communication as predicted in the previous section. We further
compare the total execution time of replication and MatDot against the uncoded counterpart that
does not provide any resilience (See Fig. .1). Compared to the uncoded strategy, the execution
time of 3D Coded SUMMA is about 10-18 % more.

Fig.[.2]shows the difference between using systematic and non-systematic codes. In Fig.[d.2a]
systematic failure means a node failure in a systematic layer (the first m layers with the original
data) and parity failure means a node failure in a parity layer (the last m layers with encoded
data). The biggest benefit of using systematic codes is that when there is no failure in systematic
nodes, there is no need for decoding, and the final steps would be no different from the uncoded
strategy. The results in Fig. [4.2a show that this is indeed true in experiments and the last reduce

step (including decoding) is about 3x times faster when we have only parity failures, and no
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(a) Comparison of decoding+reduce time using (b) Comparison of total execution time for using
Systematic MatDot codes. non-systematic MatDot codes and systematic Mat-

Dot codes.

Figure 4.2: (a) When the failed node is a parity node, there is no need for decoding, and hence
reducing over the first m systematic nodes is sufficient. This reduces decoding+reduce time by
~3x. (b) For systematic MatDot codes, we include both systematic failure and parity failure
cases in the comparison. For systematic failures, non-systematic and systematic codes share
similar performance. For parity failures, systematic codes show clear advantage when the matrix

dimension is large.

systematic failure. Because of this effect, we can see that using systematic codes is about 3-5 %

faster than non-systematic codes when there is no systematic failure in Fig. d.2b]

Master-Worker vs. Masterless

We now demonstrate interesting side results that we obtained through our experiments on Coded
2.5D SUMMA. Recall that in the results presented above used the elemental cyclic distribution
of physical nodes as given in Figure 4.3l However, the initial implementation followed a brute-
force node distribution as given in Figure d.3al In the brute-force approach, the first physical
node (node index 0 in Figure [4.3)) takes up all logical nodes on the first layer (z = 0). In Coded

2.5D SUMMA, the first layer is responsible for data encoding, distribution, aggregation, and
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(a) Brute-force node distribution (Master-worker).

0 1 2 3 3 0 1 2 2 3 0 1 1 2 3 0
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2 3 0 1 1 2 3 0 0 1 2| 3 3|0 1 2
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(b) Elemental cyclic node distribution (Masterless).

Figure 4.3: An example of the physical compute node distribution for a 4 x 4 x 4 grid. The
3D grid is unrolled in the z-dimension and blue number on the grid represents the physical node

index.

decoding, which are tasks assigned to a master node in the master-worker setup considered in
coded computing literature [29,167,130]. Hence, in this approach, although the logical algorithm
is fully-distributed, the computation and communication pattern in the actual implementation
works as if one physical node acts as a master node. On the other hand, in the elemental cyclic
distribution approach, logical nodes on the first layer are evenly distributed among four physical
nodes (node index 0 to 3 in Figure 4.3b)). By comparing these two implementations, we analyze
the effect of having a master node and provide an experimental proof on why we need masterless
strategies.

The comparison of the two implementations is summarized in Figure .4] This experiment
was also run on an 8 x 8 x 4 grid. From Figure #.4a] we can see that the total execution time

of the master-worker implementation is about 25-35 % higher than the masterless counterpart.
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Figure 4.4: Execution time comparison of master-worker and masterless implementations of

Coded 2.5D SUMMA for (n = 8,m =2, M = 4).

Furthermore, Figure @] shows that the increase in communication time is even more dramatic;
the master-worker implementation consumes >3x time in communication. This substantiates our
claim that communication between a master node and worker nodes will become a significant
bottleneck in the parallel algorithm.

Figure[.5|portrays the breakdown of total execution time in the master-worker and masterless
implementations. First, recall that the only communication that is affected by these two different
implementations is the z-communications, i.e., z-scatter and z-reduce across layers. The broad-
cast operations along the x and y axes during 2D SUMMA are not affected. Now, we can notice
that in the masterless Coded 2.5D SUMMA implementation, z-communication (master-worker
communication) is only about 10 % of the total execution time. In the master-worker implemen-
tation, this becomes ~30 % of the total time. In parallel algorithms that have a higher portion
of communication time (e.g., 30 % of total execution time), the increase in communication time
due to the existence of a master node would be more severe. Also, the scale of experiments we
ran was relatively small with a total of 16 physical nodes. Once we use hundreds of physical

nodes, the bottleneck of a master-worker communication would be more evident.
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Figure 4.5: Execution time breakdown of the masterless and master-worker implementations of

Coded 2.5D SUMMA for (n = 8,m = 2, M = 4, N = 30000).
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Figure 4.6: Comparing Coded 2.5D SUMMA execution time for (n = 8, m = 2, M = 4) and

(n =4,m =2, M = 4). Comparing these two different settings suggests that the execution time

analysis in Section [3.2.1]is fairly accurate. From n = 4 ton = 8, we can see that communication

cost (z-scatter and z-reduce) reduces by 4x (1/n?) as expected. On the other hand, 2D SUMMA

time reduces by 2-2.7x. This can also be explained by our analysis because computation time in

2D SUMMA is expected to reduce by 1/n? (i.e., by 4x) but communication time in 2D SUMMA

is expected to reduce by 1/n (i.e., by 2x). Hence, all in all, theoretical analysis suggests an

execution time reduction between 2-4x for the 2D SUMMA part.
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Appendix A

n-matrix Multiplication

Proof of Theorem|A.4.1} Here, we only derive the proof for the case of even n. The proof for
odd n can be derived in a similar manner with minor differences in the expressions. What we

have to show to complete the proof are as follows:
Claim A.0.1. The maximum degree of pc(x) is s2t2+! 4 s2t271 — 1,

Claim A.0.2. C, ; is the coefficient of £ fori j =1,--- ,t where

dn,i,j)=s—1+s(t—1)+st(s—1)+---+i-s2t2 L4 j.52¢2. (A.1)

Claim A.0.3. 29 term is obtained only when: i) iy = 14, ii) j1 = i9, - ,jn1 = in, iii)
jn = ]

Let us first rewrite pc () as follows:

pc(z) =
S AU B AR g

11,17 12,52 in—1,Jn—1""n;Jn
i1=1ot, e ip=1-ws
Ji=1-8, 0 gn=1-1

(s—14j1—ig)+-+izs T2 14j, 553
T : (A.2)
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Note that we get the maximum degree wheni; = t—1,s—1+7;—19 = 25—-2,--- |5, = t—1.

Hence,

max deg of pc(x) =25 — 2+ s(2t —2) + -+ +
Sn/Q—Itn/2—1(2S i 2) + (t . 1)Sn/2tn/2—1
+(t = 1)smPn?

_ Sn/2tn/271 + Sn/Qtn/ZJrl _9

=k(n,s,t) — 1.

This shows Claim To show Claim[A.0.2] note that:

_ M1 A2 RO (n/2) (n/2)
C,; = Z AYBY. AR BY. AL B

1 2,437 J3,Ja Jn—2,0n—1"" Jn—1,]"
jl»j?:“' :jn—l
Among the terms in the sum in (A.2), C; ; is the sum of terms that are from the i-th row of the
first matrix A and the j-th column on the last matrix B2 and that have the second index
and the first index of two adjacent matrices matching, e.g., j; = iy and jo = 73. By setting these

i1y yiny J1, -+ 5 Jn values, we obtain (A.T).

Lastly, we want to show Claim Let d be the degree of x in (A.2)

+is2t2 4 st (A.3)
which can be rewritten as:
d=do+dy-s+dy-st+--+dyy 52271 +d, s2t2, (A.4)
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where

do =d mod s
dy = (d—dp)/s modt

dy=(d—dy—dy-s)/st mod s

dy=(d—dy—dy -t —-—dp_y-sHV>L) 5722,
We can think of this representation as a mixed radix system D with n+2 digits, (dy, dy, - , dpi1),
which has an alternating radix (¢,s,t,s,--- ,t,s). By substituting dy = t — 1,d; = s —
1,---,dyy1 = s — 1, we can confirm that the biggest number we can represent with (A.4) is

sttt 1 > k(n, s, t)—1. Also, from its construction, any number between 0 and s+ 1¢"+1 —1

can be uniquely determined by the pair (dy, dy, - - - , d,,+1) (for more explanation, see Theorem 1
in [35])). Hence, any 0 < d < k(n, s,t) — 1 can be uniquely represented with (dy, dy, -+, dy41).
Now, we want to show that d = d(n,i,j) only whendy = s — 1,dy =t —1,--+ ;dp,_3 =

t—1,d, 2 =s—1landd, ; =i,d, = j. Itis easy to see that dy = d(n,i,j) mod s = s — 1,
and similarly d; = (d(n,i,7) — dp) mod ¢t = t — 1 and so on. Since i; varies only from 0 to

t—1,

Aoy = (i- 526314 - 52t3)/s™270 mod ¢t

=1.

Finally, d, = (j - s2t2)/s3t2 = j. As there is only one unique representation of any d with a
tuple (do, ds, - -+ ,d,), by comparing (A.3) and (A.4), we can conclude that j; = iy, ,j,_1 =

in, and 7, = 1, j, = j. This completes the proof.

In this section, we present a coding technique for multiplying n matrices (n-matrix multipli-
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cation), i.e., computing

C=DOYUD®...p™. (A.5)

We state the problem formally in Section and then explain why this is different from multi-
plying two matrices. Then, in Section we provide a new code construction called n-matrix
codes which applies MatDot codes and Polynomial codes in an alternating fashion. With this
construction, we show that we can achieve recovery threshold of ©(m!™?l) (see Theorem
followed by a complexity analysis in Section[A.3] After that, we propose a Generalized n-matrix
codes in Section[A.4which allows for both horizontal and vertical partitioning of all the matrices
being multiplied and again explore the trade-off between recovery threshold (see Theorem [A.4.T]

in Section[A.4) and communication and computation complexity (Section[A.3).

A.1 Problem Statement

We consider a generalization of the system model of Section [2.1.2.1] with a master node, P
worker nodes, and a fusion node, to multiply more than two matrices. Here the goal is to compute
the product C = []I_, D® of N x N square matrices, DI, ... D™, As we will treat the
matrices D® with odd and even indices differently, we will denote the D®’s with odd indices
as A7/2D) and the D)’s with even indices as B(/? foralli € {1,--- ,n}. Using this notation, C

can be written as:

?:1 AOB® if n is even,
C = (A.6)

(HE A<i>B<i>> ATSD  if s odd.
In our model, each worker can receive at most nN2/m symbols from the master node, where
each symbol is an element of F. Specifically, for each matrix D), each worker receives N2/m
symbols which are [F-linear combinations of the entries of the matrix. Similar to Section(2.1.2.2]
the computational complexities of the operations at master, worker and fusion nodes, in terms

of the parameters IV, P, m, are required to be strictly less than the computational complexity of
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a sequential algorithm that computes the product. The goal is to perform this matrix product
utilizing faulty or straggling workers with as low recovery threshold as possible. Again, in the

following discussion, we will assume that |F| > P.

A.2 Codes for n-matrix multiplication

Theorem A.2.1 (Recovery threshold for n-matrix codes). For the matrix multiplication problem
specified in Section [A.1| computed on the system defined in Definition [2.1.1) there exists a code

with a recovery threshold of

2m™? — 1 if n is even,
k(n,m) = (A.7)
(m + 1)mlzl —1 ifnis odd.
Discussion on applicability of n-matrix codes:

Before describing the code construction for n-matrix multiplication, we first discuss when
n-matrix multiplication codes can be useful despite having a recovery threshold that grows ex-
ponentially with n. First, note that as n-matrix multiplication is a chain of (n — 1) matrix-matrix
multiplications, one may think that we can apply the coding techniques developed in the previous
sections to each pairwise matrix multiplication instead of developing a new coding technique for
n-matrix multiplication. For example, let us consider computing C = AWBMA®) | A master
node can first encode A(") and B") using MatDot codes and distribute encoded matrices to all
the worker nodes and the fusion node can decode E = AMBW® from the output of successful
worker nodes. Then we again encode E and A(® using MatDot code and distribute encoded
matrices to the worker nodes. Finally, the fusion node can reconstruct C by decoding the out-
puts of successful worker nodes. As you can see from this example, simply applying MatDot
codes on each matrix-matrix multiplication requires two rounds of communication after com-
puting E = AMWB® and C = EA®. For n-matrix multiplication, it requires n — 1 rounds of
communication. This can be inefficient in the systems when the communication cost increases

with number of rounds of communication (e.g., due to large communication setup overheads).
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What we propose in this section is a coded n-matrix multiplication strategy which requires
only one round of communication. Our main result in Theorem |A.2.1|shows that n-matrix codes
need ©(m!™21) successful nodes to recover the computation result. On the other hand, suc-
cessively applying MatDot codes requires ©(m) nodes to successfully recover the final result,
which is is in scaling sense smaller than O (m/™/?!) for large n. This suggests that n-matrix codes
avoid intermediate communications at the cost of larger recovery threshold. When communica-
tion start-up cost is the main source of delay, one should use n-matrix codes, and when number
of computation nodes is limited, one should sequentially apply coding strategy for two-matrix

multiplication such as MatDot or PolyDot codes.

Moreover, in many applications such as power-iteration-based methods, one often prefers to
compute A"x(©) (where x(*) € R™ is an initial vector) instead of calculating A™ due to higher
computational complexity. Our suggested coded multiple matrix-matrix multiplications can be
employed in such applications simply by letting D) = D = ... = D™ = A. Further details
about this idea can be found in [45]]. Therefore, redundancy overhead used in our scheme can be
useful in such scenarios for two main reasons: (i) Saving communication cost; and (ii) Providing

robustness against stragglers.

We will now begin with simple examples for even and odd n. The first example shows the

example for even n, and present a construction for general n.

Example A.2.1 (Multiplying 4 matrices (n = 4,m = 2,k = 7)). Here, we give an example of
multiplying 4 matrices and show that a recovery threshold of 7 is achievable. For i € {1,2},
matrix AW is split vertically into sub-matrices A(()i), Agi) each of dimension N x % as follows:
A = [A((f) Agi)], while, for i € {1,2}, matrix BY) is split horizontally into sub-matrices

B(()i), Bgi) each of dimension % x N as follows:

Bl = | (A.8)



Notice that the product C = H?:l AOBO can now be written as

2
[[AYB® — (AVBY) (A®B®)

=1

~ (APBY + APBY) (APBY + APBY)

Now, we define the encoding polynomials p ) (x), pge (), i € {1,2} as follows:

pam(z) = Al + Az,
pew(z) = Bz + BYY,
pae(x) = AéZ) + A?)l‘,

pB(z)(:E) = B(()z)x + B§2).
From ({A.10), we have
pac (@)ppm () = APBY + (APVBY + AVBY)x
AR,
pac (@)ppe () = APBY + (APBP + APBP)z

+ APBE,2

From (A.9) along with (A.T1), we can observe the following:

(i) the coefficient of = in paw ()pgw (z) is A{VBYY + AVBY = AOBO),

(A9)

(A.10)

(A.11)

(ii) the coefficient of 12 in p e (32)pge (22) is the product APYBY + APBP — AOB®)

and

(iii) the coefficient of x° in pao)(¥)prw (2)pae (2%)pee (22) is the product [ -, AOB®

(our desired output).

Let xy,- -+ ,xp be distinct elements of F, the master node sends pxu (x') and pga (L), for

all i € {1,2}, to the r-th worker node, v € {1,--- , P}, and the r-th worker node performs the

multiplication ]_[?:1 pac (28)pge (2 and sends the output to the fusion node.
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Let worker nodes 1,--- 7 be the first T worker nodes to send their computation outputs
to the fusion node, then the fusion node receives the matrices H?=1 pam (22 pge (2) for all
r € {l,---,7}. Since these 7 matrices can be seen as 7 evaluations of the matrix polynomial
H?:I pae) (2P (2°) of degree 6 at T distinct evaluation points 1, - - , 7, the coefficients of
the matrix polynomial H?:I pac (2)pge (2°) can be obtained using polynomial interpolation.
This includes the coefficient of 2°, i.e., [ |-, AOB®), [ |

Now we show an example for odd n.

Example A.2.2 (Multiplying 3 matrices (n = 3,m = 2,k = 5)). Here, we give an example of
multiplying 3 matrices and show that a recovery threshold of 5 is achievable. In this example,
we have three input matrices AY), BY, and A®, each of dimension N x N and need to com-

pute the product AWVBWM AR First, the three input matrices are split in the same way as in

Example The product AVBMA®) can now be written as
C— AOBMA® _ [ AOBLAD AOBWO Ag)], (A.12)

(1 (1
where AOBM = AVBSY + A{VB(Y.
Now, we define the encoding polynomials p ) (), pga (), pae () as follows:
pao(z) = Af + Az,
peo(v) = Bz + BYY,

pae (@) =AY + APz, (A.13)

From , we have

Pac (D) (1)pae (1) = AYB; A
+ (AVBY + AVBMAP 2
+ (ABVAY + AVBVAD)2?

+(ABY + AVBMAP S + AVBNAP 2, (A.14)
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From (A.14), we can observe the following:

(i) the coefficient of x in pa)(7)pg) (T)pae (?) is the product A(l)B(l)AéQ), and
(ii) the coefficient of 3 in pa) (2)ppw (2)pa@ (22) is the product A<1)B<1)A§2).

From (A.12)), these two coefficients suffice to recover C. Let xy,-- - , xp be distinct elements
of F, the master node sends pa) (xt), for all i € {1,2}, and pg, (x,.) to the r-th worker node, r €
{1,---, P}, where the r-th worker node performs the multiplication p ) (x,)po (T, )pac (22)
and sends the output to the fusion node.

Let worker nodes 1,--- .5 be the first 5 worker nodes to send their computation outputs
to the fusion node, then the fusion node receives the matrices pa ) (z,)pgm (T, )pae (22) for
all r € {1,--- ,5}. Since these 5 matrices can be seen as 5 evaluations of the polynomial
pam (T)ppw (T)pae (2?) of degree 4 at five distinct evaluation points xy,--- ,xs, the coeffi-
cients of the matrix polynomial p ) (z,)pgo) (T, )pac (22) can be obtained using polynomial
interpolation. This includes the coefficients of x and 3, i.e., A(l)B(l)Agz) and A(l)B(l)A§2). |

Next, we present a code construction for n-matrix multiplication for general n and m.

Construction A.2.1. [n-matrix codes]

Splitting of input matrices: for everyi e {1,--- [5|} and j € {1,--- ,|5|}, A; and B; are

split as follows
ng)
. o . . BY
AO—[APAD . A] BY - , (A.15)
B

where, for k € {1,...,m}, A,(f),B,(Cj) are N x N/m and N/m x N dimensional matrices,

respectively.

Master node (encoding): Let x1,xo,...,xp_1 be arbitrary distinct elements of F. For i €
{1, . ’[g]}, define pa (z) = Z;”:l A§i)xj—1’ and, fori € {1,--- ’[%J}, define pgi (r) =
Z;.”Zl Bgi) x™ I Forr e {1,2,..., P}, the master node sends to the r-th worker the evaluations,
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pao (@) and ppo) (7)), foralli € {1, -+, [§]} and j € {1, 5]},
Worker nodes: Foriec {1,--- ,[%]}, define

pA(i)<I)pB(i) (l’) le € {]—7 ) [gJ}a
P (r) = (A.16)

pac () ifnisoddandi = [%].
Forr € {1,2,..., P}, the r-th worker node computes the matrix product HE]lpC@) (z7"") and
sends it to the fusion node on successful completion.
Fusion node (decoding): If n is even, the fusion node uses outputs of any 2m? — 1 successful

mn/2_1

workers to compute the coefficient of x in the matrix polynomial 112 | pc (acmi_l), and if

n is odd, the fusion node uses outputs of any m\z!(m + 1) — 1 successful workers to compute the
coefficients of :vjml%J’l, forall j € {1,--- ,m}, in the matrix polynomial HElpC(i) (™) (the
feasibility of this step will be shown later in the proof of Theorem|[A.2.1)).

If the number of successful workers is smaller than 2m= — 1 for even n or smaller than
mlzl(m + 1) — 1 for odd n, the fusion node declares a failure.
Remark A.2.1. The coefficient of 2 =™ " in paw (¢™ '), foranyi e {1,-- -, |51}, 2002, A?B;“ =
AOB®O
Remark A.2.2. A reader might wonder why there is a difference between odd-valued and even-
valued n, and if one can be reduced to the other by introducing an identity matrix of dimensions
N x N in the n-matrix multiplication problem. In this work, we have an assumption that the
matrices being multiplied are not known in advance and may even be chosen by an adversary. If it
is known in advance that one of the matrices is an identity matrix or even a matrix with a special
structure, e.g., a Toeplitz matrix (essentially convolution), then alternative coding techniques
might be applicable altogether, which we hope to explore as a future work. Here, we assume
that none of the matrices are known to us, and we aim to find a general scheme. When n =
2, the n-matrix codes is exactly MatDot codes. When n = 3, (e.g., multiplying ABC), it
is Polynomial codes applied to AB and C, followed by MatDot codes. It reduces to simply

computing AB when we know that the third matrix C is identity, but without the hindsight, we
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still have to encode the identity matrix, resulting in a bigger recovery threshold than multiplying

two matrices.

A.3 Complexity Analyses of n-matrix codes (Construction|A.2.1)

Encoding/decoding complexity: Decoding requires interpolating a 2m™? — 2 degree poly-
nomial if n is even or a mL%J(m + 1) — 2 degree polynomial if n is odd for each element
in the matrix. Using polynomial interpolation algorithms of complexity O(klog® k) [65], or
O(klog® kloglog k) [63], where k = k(n,m) as defined in , complexity per matrix el-
ement is O(mlz!log? m/21)loglogm!1). Thus, for N? elements, the decoding complexity is
O(N?mlz11og® m!z11oglog m!z1).

Encoding for each worker requires performing n additions, each adding m scaled matrices
of size N?/m, for an overall encoding complexity for each worker of O(mnN?/m) = O(nN?).
Thus, the overall computational complexity of encoding for P workers is O(nN?P).

Each worker’s computational cost: Each worker multiplies n matrices of dimensions N x
N/mand N/m x N. For any worker r with r € {1, --- | P}, the multiplication can be performed
as follows:

Case 1: n is even

In this case, worker r wishes to compute the product:

Pa ()P (Tr)pae (7)) PR (T,7) - - -

).

n/2—1 mn/2—1

PA(n/2) (QCT )pB(n/2> ($r

Worker r does this multiplication in the following order:
1. Compute pgo) (z™ )pacsn (™) forall i € {1,--- ,n/2 — 1} with a total complexity of

O(nN3/m?).
2. Compute the product of the output matrices of the previous step with a total complexity of

O(nN3/m?). Call this product matrix D. Notice that D has a dimension of N /m x N /m.
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3. Compute pa ) (z,)D with complexity O(N?/m?). Call this product matrix E. Notice that
E has a dimension of N x N /m.
4. Compute E pgz (z"*™") with complexity O(N3/m).

Hence, the overall computational complexity per worker for even n is:
O(max(nN?/m? nN?/m? N3 /m? N?/m)) = O(max(nN?/m? N*/m)).

Case 2: n is odd

In this case, worker r wishes to compute the product:

(n—3)/2
PA ()P (T1) - - PA(-1/2) (2" )

(n—3)/2 (n—1)/2
) o)

P12 (T DA (i) (T

Worker 7 does this multiplication in the following order:
1. Compute pge (™ pacsn (27 ) foralli € {1,--- , (n—1)/2} with a total complexity of
O(nN3/m?).
2. Compute the product of the output matrices of the previous step with a total complexity of
O(nN3/m3). Call this product matrix D. Notice that D has a dimension of N /m x N /m.
3. Compute pa ) (z,,)D with complexity O(N3/m?).

Hence, the overall computational complexity per worker for odd n is
O(max(nN?/m? nN?/m?* N3/m?)) = O(nN?/m?).

In conclusion, the computational complexity per worker is O(max(nN3/m?2, N3/m)) if n is
even, and O(nN*/m?) if n is odd]

Communication cost: The master node communicates total of O(nPN?/m) symbols to the
worker nodes, and the fusion node receives O(mlz!N?) symbols from the successful worker

nodes.
'The expressions for even n and odd n are different due to the last step in the even n case where we compute the

matrix multiplication of dimension N x N/m and N /m x N, which has computational complexity of O(N?3/m)
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A.4 Codes for Generalized n-matrix multiplication

Here, we give another code construction for n-matrix multiplication which is a generalization of
the code construction given in the previous section. The new construction allows us to split input
matrices more flexibly and trades off communication and computation (similar to PolyDot codes
in Section for two matrices). The results presented here are an improvement over [32],
and are built on techniques from [26, |132]].

Theorem A.4.1 (Recovery threshold for Generalized n-matrix codes). For the matrix multipli-
cation problem specified in Section[A. 1| and computed on the system defined in Definition 2.1.1]

there exists a code with a recovery threshold of

satatl pgatal — 1 if n is even,
k(n,s,t) = o (A.17)
szt +sztz —1 ifnisodd

for any integers s,t that satisfy m = st.

Proof. Here, we only derive the proof for the case of even n. The proof for odd n can be derived
in a similar manner with minor differences in the expressions. What we have to show to complete

the proof are as follows:
Claim A.4.2. The maximum degree of pc(z) is szt2 41 + s2t271 — 1.
Claim A.4.3. C, ; is the coefficient of £ fori j =1,--- ,t where

d(n,i,j)=s—1+s(t—1)+st(s—1)+---+i-s2t271 45533, (A.18)

Claim A.4.4. %) term is obtained only when: i) iy = i, ii) j1 = i9, - , jn1 = in, iii)
jn = ]
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Let us first rewrite pc(x) as follows:

pc(z) =
S AL B AP B

11,J1712,J2 In—1,Jn—1"" n;jn
=1t i =15
]1=1...37‘.. 7anlt

pls=Lhji—in)bobirs T3 s 22

Note that we get the maximum degree wheni; = t—1,s—1+7;—iy = 25—2,- - -

Hence,

max deg of pc(z) =25 — 2+ s(2t —2) + -+ - +
s (05— 9) 4 (t — 1)s"/22 ]
+(t— 1)s™2?
= V2n/2-1 | /2241 o

= k(n,s,t) — 1.

This shows Claim[A.4.2] To show Claim[A.4.3] note that:

— M RM A2 p© (n/2) (n/2)

1 2,937 73,J4 Jn—2,0n—1"" Jn—1,]"
.jlvj?:“':jn—l

Among the terms in the sum in (A.19), C; ; is the sum of terms that are from the i-th row of the

first matrix A" and the j-th column on the last matrix B/, and that have the second index

and the first index of two adjacent matrices matching, e.g., j; = i3 and j, = 73. By setting these

i1, yinyJ1,°** » Jn values, we obtain (A.18).
Lastly, we want to show Claim[A.4.4] Let d be the degree of = in (A.19)
d=(s—1+j1—ix)+ - +s2 2 (s =1+ o1 —ip)
+iys2tr Tl 4 st
which can be rewritten as:

n n
2

d=do+dy-s+dy-st+--+dyy 5221 +d, s2t2,

n
2
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where

do=d mod s
dy = (d—dp)/s modt

dy=(d—dy—dy-s)/st mod s

dy=(d—dy—dy -t —-—dp_y-s"HY>71) 5722,
We can think of this representation as a mixed radix system D with n+2 digits, (dy, d1, - , dpt1),
which has an alternating radix (¢,s,t,s,---,t,s). By substituting dy = t — 1,d; = s —

1.-.-

Y

,dn+1 = s — 1, we can confirm that the biggest number we can represent with (A.21) is

sttt 1 > k(n, s,t)—1. Also, from its construction, any number between 0 and s” 1"+ —1

can be uniquely determined by the pair (dy, dy, - - - , d, 1) (for more explanation, see Theorem 1
in [35]]). Hence, any 0 < d < k(n, s,t) — 1 can be uniquely represented with (dy, dy, -+, dp11).
Now, we want to show that d = d(n,i,j) only whendy = s — 1,dy =t —1,--+ ;d, 3 =

t—1,d, o =s—1andd, 1 =1i,d, = j. Itis easy to see that dy = d(n,7,j) mod s =s—1,
and similarly d; = (d(n,i,j) — do) mod ¢t = ¢t — 1 and so on. Since i; varies only from 0 to
t—1,

n

Aoy = (i-s2t27 145 52¢2)/sV*1 mod ¢

[
'&5.

Finally, d, = (j-s2t2)/s2t2 = j. As there is only one unique representation of any d with a tu-

ple (do, dy, -+ ,d,), by comparing (A.20) and (A.21)), we can conclude that j; = i, -+, j,_1 =

in, and 7, = 1, j, = j. This completes the proof. |
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Remark A.4.1. If we substitute st = m in (A.17), we get:

mz(t+1)—t  ifniseven,
k(n,s,t) = (A.22)

m"z (m+t) —t ifnisodd

By plugging in s = m,t = 1, we can see that k(n,s,t) = 2m™? — 1 for n even, and

n+1

k(n,s, t) =m +m “3* — 1 for n odd. This matches the recovery threshold given in 1j

We now give a construction of Generalized n-matrix codes.
Construction A.4.1 (Generalized n-matrix multiplication code).

Splitting of input matrices: We split A;’s and B;’s as follows:

Ay o Al
A — 7
AP, AP
Biy B{1
B — : : , (A.23)
| BS)LO Bglll,t—l |

where A] i.’s have dimension N/t x N /s and BY) i 8 have dimension N /s x N /t.

Master node (encoding): Define the encoding polynomials as

t—1s—1

pam (21, 22) = ZZA(D%ZQ,

=0 7=0
s—1t—1

1
pem (22, 23) ZZBEJ) z T

1=0 7=0

:7
s—1t—-1

(n/2 1—ij
p13<n/z>(2n, Zn+1 = 2 Z B 2 Zntl
i=0 j=0
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for n even, and

t—1s—1

Pam (217 22) = Z 2 AE?Z;Z%,

i=0 j=0

s—1t—1

(n=1)/2) s—1—i j

P12 (201, 2n) = Z Z B;; Zno1 2
i=0 j=0
t—1s—1

(n=1)/2) t—1—i_j
Pan+/2) (Zn, Znt1) = Z Z Aij Zn Zngns
=0 j=0

for n odd.

The master node sends to the r-th worker evaluations of pa«)’s, and pg.)’s at

gn/2¢n/2—1

2= g =T, 23 =%,
n/2—1n/2—1 n/2in/2

Zp = 2° t i1 =25 " for n even, (A.24)
(n—1)/24(n—1)/2

lel‘s t ’Zzzx’xgzxs’...’
(n—1)/24(n—3)/2 (n—1)/24(n+1)/2

2n = T° t , Zn41 = T° ¢ for n odd. (A.25)

where x,’s are all distinct forr € {1,2,..., P}.

Fusion node (decoding): The fusion node uses outputs of any k(n, s, t) successful workers
(given in ) to compute the coefficients of pc(z). If the number of successful workers is
smaller than k(n, s, t), the fusion node declares a failure.

Remark A.4.2. The two strategies for n-matrix multiplication proposed in this work can be
understood better in our general PolyDot framework (see Table [A.T)). Essentially, they differ
in the substitutions for the variables z1, - - - , z,,1 to convert the polynomial in n variables into
a polynomial in a single variable for the ease of interpolation. The main intuition behind the

substitutions of (A.24)) and (A.25]) is that for z; and z, 1, their powers grow from 0 to ¢t — 1 (or

s — 1), while all the other terms have powers growing from 0 to 2s — 2 (or 2t — 2). Hence, to
minimize the maximum degree of the product polynomial, it is best to assign high powers of x

to z; and z,,1. An alternate substitution could also be to start with z; = x and then continue
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Table A.1: Comparison of different strategies for multiplying n matrices using different substi-

tutions in the general PolyDot framework when n is even.

n-matrix codes Generalized Alternate
n-matrix codes Substitution
Substitution 21 = 29 = z21 = 2 =T,2y =
gn/2¢n/2—1 t
T,23 = 24 = x y 22 = T, z3 =
t
xm7...’zn_1: T, T3 = x57...’zn+1:
n/24n/2
T, = 1»57...72;”: s t
n/2—1 n/2—1yn/2—1
m y Rn4+1 = x® y Rn41 =
xmn/Q xsn/Qtn/2
n n n n
Recovery 2m™? — 1 sat2tl 4 sat2tl 4
n n n n
Threshold sztz" 1 —1 sztz —t
. . 2 n n .
substituting 2z, = ¢, 23 = 2%, 24 = 2", ..., 2,11 = sl2/tz]. The recovery threshold resulting

due to this substitution is given by:

n n n n . .
szt2 Tt 4 52tz — ¢ if n is even,

k'(n’(S’t) - n+l n+41 n—1 n+1 (A'26)

s 2tz +sz2tz2 —t ifnisodd

for any integers s,t that satisfy m = st. This is slightly higher than the recovery threshold
obtained in Theorem Thus, for n > 2, we can improve the recovery threshold by delving

deeper into the order of the substitution.

A.S Complexity Analysis of Generalized n-matrix codes

Encoding/decoding complexity: Encoding communication cost is O(nN?P) as in Section
Decoding complexity is O(f—;k(n, s,t)log? k(n, s,t) loglog k(n, s,t)) (even case)
or O(Itv—;k(n, s,1)1log® k(n, s,t)loglog k(n, s,t)) (odd case).

Communication Complexity: The master node sends out O(nPN?/m) encoded symbols
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in the beginning. After the completion of computation, each node has to send O(N?/t?) symbols
to the fusion node. Hence, total number of symbols the fusion node receives is k(n, s, t) - N?/t2.
Let us first consider the case when n is even. By substituting (A.17), we obtain k(n, s, t) N?/t? =
O(m™?/t). This is the same trade-off we observed using PolyDot codes for single matrix-matrix
multiplication. For a fixed m, recovery threshold k(n, s,t) grows linearly with ¢ while commu-
nication cost is inversely related to ¢ (See Fig[2.4). When n is odd, we do not see such trade-off.
Recovery threshold is always m™~Y/2(m + t) — t = O(m(™*+1/2) regardless of the choice of t.
Communication cost on the other hand is k(n, s, t)N2/t> = O(m™+Y/2 /12 4+ m®™=1/2/t) which
decreases with growing ¢. For instance, if ¢ = 1, communication cost is O(m(”“)/ 2), and when
t = m, communication cost is O(m("~3)/2). This suggests that when n is odd, it is always better
to choose ¢ = m as m grows to infinity.

Each worker’s computation cost: Using the similar technique shown in Section we
can show that each worker’s computation complexity is at most O(max(nN3/m'® N3/m)) for
any choice of s,t. If we compare the computation complexity for encoding/decoding and the
computation complexity at each worker node, we can see that as long as N > O(m™>~ 1% logm),

encoding/decoding computation overhead is amortized.

Remark A.5.1. Our result given here splits A(?’s into s x ¢ grid of blocks and B(®)’s into ¢ x s
grid of blocks. However, it is not necessary that all matrices have to be split in the same fashion.
For instance, A(!) can be divided into ¢; x s; grid and B can be divided into s, x ¢, grid,
and so on. In this more general setting A ()’s are split into ¢; x s; grid and B()’s are split into
s; X ti1q grid. Let us denote s = [s1,--- , Sp2],t = [t1,- -+ ,tn/241]. Then Theoremcan

be rewritten as follows.

(tn/2+1 + 1/t1) H:ZQl Siti —1 ifn cven,
k(n,s,t) = (A.27)

(tls(n+1)/2 + 1) l_ll(zzl)p Siti —1 ifnodd.

Remark A.5.2. In this work we assumed that all matrices have size N x N for simplicity.
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However, this assumption is not necessary in the results presented here. When we have matrices
with different dimensions to multiply, splitting each matrix in a different way would be more
beneficial. For example, when we multiply matrices A, B with dimensions N x N and N x 2,

we can divide A into ¢ x s grid and divide B into s x 1 grid.
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