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ABSTRACT

In this thesis we study the problem of exact completion for m x n sized
matrix of rank r and the problem of low-rank estimation with the adaptive
sampling method. We introduce a relation of the exact completion problem
with the sparsest vector of column and row spaces. Using this relation, we
propose matrix completion algorithms that exactly recovers the target ma-
trix. These algorithms are superior to previous works in two important ways.
First, our algorithms exactly recovers jiy-coherent column space matrices by
probability at least 1 — € using much smaller observations complexity than
- O(pornlogZ)—the state of art. Specifically, many of the previous adap-
tive sampling methods require to observe the entire matrix when the column
space is highly coherent. However, we show that our method is still able to
recover this type of matrices by observing a small fraction of entries under
many scenarios. Second, we propose an exact completion algorithm, which
requires minimal pre-information as either row or column space is not being
highly coherent. We provide an extension of these algorithms that is robust
to sparse random noise. Besides, we propose an additional low-rank estima-
tion algorithm that is robust to any small noise by adaptively studying the
shape of column space. At the end of the thesis, we provide experimental

results that illustrate the strength of the algorithms proposed here.

This thesis have been written mainly based on the paper [12].
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Chapter 1

Introduction

In this thesis, we illustrate how adaptivity helps us to reach theoretical lower
bounds concerning observation count in the matrix completion problem. In
modern data analysis, it has been presented that in many scenarios, adap-
tive sensing and sampling can work more efficiently than passive methods
[10, 27]. Our main objective is to further optimize adaptive sampling by
minimizing the number of observations needed to recover the target matrix
entirely. We show how to recover the entire low-rank matrix by observing

information-theoretically least number of entries in various settings.

Low-rank matrix completion plays a significant role in many real-world ap-
plications, including camera motion inferring, multi-class learning, posi-
tioning of sensors, and gene expression analysis [2, [15]. In gene expression
analysis, the target matrix represents expression levels for various genes
across several conditions. Measuring gene expression, however, is expen-
sive, and we would like to estimate the target matrix with a few observa-

tions as possible. Here, we provide an algorithm that can be used for matrix
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completion from limited data. Roughly speaking, to find each unknown ex-
pression level, we are supposed to do multiple measurements. Each of the
additional measurements has its extra cost. Naturally, we aim to solve the

entire problem using the least possible measurement cost.

Krishnamurthy and Singh ([[15], [[16]) illustrated how adaptive sampling re-
duces observation complexity compared to passive sampling. These results
were two of the earliest algorithms that were robust against coherent row
space. Like many other results in the literature, these algorithms also heav-
ily rely on the incoherence of the column space. At first, authors showed
for an n X n sized, rank r matrix, with column space coherence of 1y, can
be exactly recovered using just O(npugr'®logr) observations ([13]]), then
this result optimized to O(nur log2 r) in the later work ([[16]). Recently,
[2] further improved previous results by proposing algorithm that performs

O(nugrlogr) observations to accomplish the task.

The main goal of this work is to give a new approach to the exact recov-
ery problem using the sparsest vector of column and row spaces instead
of coherence. Finding sparsest vector has been in the focus of the research
attention for a long time ([20], [22], [[7]). However, to the best of our knowl-

edge, it is the first time applied to active matrix completion problem.

In this particular work, we approach the exact completion problem in vari-
ous given pre-information settings. Our first algorithm requires the precise
value of the rank and no other information. Our second algorithm does not

request any information except knowing that either column or row space
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is not highly coherent. For comparison, as we discuss in the next sec-
tions, previous adaptive sampling recovery algorithms require the value of

nrpopolylogz, which implicitly requests estimation or exact value of r and

Ho-

1.1 Main Results

In light of the above discussion, we state the main contributions of this work.

e Relation of the sparsest vector of the column and row space and the
problem of exact recovery has been studied in detail. An exact com-
pletion algorithm is proposed with respect to these vectors. Moreover,
using the relation of the sparsest vector to coherence number, we show
that the proposed method exactly recovers the underlying low-rank ma-

trix using less observation than the state of the art.

e We provide efficient algorithms that require minimal information as
ERR (rank), ERRE (either row or column space is not coherent).
Moreover, we show the observation complexity of these algorithms
is upper bounded by O(nruglog%). (the expression for observation
complexity is provided in the next sections after all the necessary defi-

nitions are given).

e To the best of our knowledge, all previous adaptive sampling methods
need to observe entire matrix if the underlying matrix has a highly
coherent column space. In the algorithm EREI we show that having

incoherent row space can be a backup and we can still recover these
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matrices using a small fraction of entries even it has highly coherent

column space.

e We extend our exact recovery method to make it robust to sparse ran-
dom noise in columns similar to [2]]. Besides, we provide a low-rank
estimation method that is robust to any small noise, relying on the
adaptive estimation of the angle between the underlying subspace and

estimated subspace.

1.2 Related Work

The power of adaptive sampling had been illustrated even earlier than [[15]].
(10} 19,1} 25] showed that under certain hypothesis, adaptive sampling out-

performs all passive schemes.

Exact recovery and matrix completion has been studied extensively under
passive schemes as well. Nuclear norm minimization is one of the most pop-
ular methods [9]. [4] and [23] showed that Q((m +n)rmax(u, u?) log? ny)
observations are enough to recover an m X n matrix of rank r using nuclear
norm minimization, where 1y and p; correspond to column and row space
coherence parameters. Using the same technique, [S] showed that under the
uniform sampling setting we need at least Q(mr o log n) observations to re-
cover the matrix exactly. This result implies the near optimality of nuclear
norm minimization. Another work using nuclear norm minimization is due
to [6], in which they show how to recover coherent n x n sized matrix of

rank r using just O(nr log? r) observations.
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[14] showed how to use a nuclear norm minimization approach to approx-
imate noisy low-rank matrices under some global information conditions.
This work assumes that 1y (coherence of column space) is below a given
threshold. This result has a similar flavor to ours in that it works even when
there is less initial knowledge about the target matrix. Later, this result was
extended to a point where without any assumption on j the target matrix
could be approximated. However, the reconstruction error of approximation
becomes worse in this case [18]. There are other approaches for noisy ma-
trix completion which they mainly focus on parameters that describe how

much information an observation reveals [|13}, 21].

1.3 Preliminaries

Let M denote the underlying m X n sized rank-r matrix that we target to

recover. For any positive integer n, let [n] represent the set {1,2,...,n}.

For any vector v = (21, 29, ..., ©,,) of size n, ||z||, will denote the L, norm
of it. We call z; the i’th coordinate of x. For any, 2 C [n] let zq denote
the induced subvector of = from coordinates €2. For instance, for the vector
r = (1,2,4,8,9) and Q2 = {1,3}, xq represents the vector (1,4). For
any R C [m], Mg. stands for an |R| x n sized submatrix of M that rows
are restricted by R. We define M.¢ in a similar way for restriction with
respect to columns. Intuitively, Mg.c defined for |R| x |C]| sized submatrix
of M with rows restricted to R and columns restriced to C. Moreover,

for the special case M;. stands for i-th row and M.; stands for the j’th

column. Similarly, M,.c will represent the restriction of the row ¢ by C' and
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Mpg_; represents restriction of the column j by R. 6(u, v) stands the angle
between vectors u and v. Moreover, 0(u,V) = min{f(u,v)|v € V} and
0(U,V) = max{f(u,V)|u € U} for subspaces U and V. The projection

operator to subspace U will be represented by Py.

1.4 Problem Setup

One of the critical factors in the matrix completion problem is due to the
coherence parameter of the target matrix [11, 3]. We define the coherence

of an r-dimensional subspace U of R" in the following way:

n
1(U) = — max || Pue; ||,

ri1<j<n

where e; denotes the j-th standard basis element and Py represents the or-
thogonal projection operator onto the subspace U. It is easy to see that if
e; € U for some j € [n], then the coherence will attain its maximum value:
11(U) = . We can see that if U is equally distant from each standard basis
vectors, then ;(U) will be close to 1, and additionally, it is lower bounded

by 1.

We want to present an algorithm due to [[15] here before providing our main
results in the next section. Authors proposed an adaptive algorithm that
can recover n X n sized rank-r matrices using O(npuor'®logr) observa-
tions, which was indeed better than known state of the art O(nugr? log” n)
for passive algorithms ([23]). The algorithm studies column space by de-

ciding whether the partially observed column is linearly independent with
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previously fully observed columns. Authors show observing O(por! log )
observations for each column is enough to make the decision for linear inde-
pendence with probability 1 — e. The algorithm below describes the details

of the proposed algorithm.

KS2013: Exact recovery [13]].
Input: d = O(por'*log L)
Initialize: k = 0, U° = ()
1: Draw uniformly random entries 2 C [m] of size d
2: for i from 1 to n do
3: lfHMQZ—PﬁgMQl” >0
Fully observe M.;
ﬁk—H — ﬁk U M;i,
Orthogonalize UF+!
k=k+1
otherwise: o
k=k+1M,=UUL Mg,

N A

Output: M

Later, authors improved the observation complexity to O(nuor log? Z)ina
proceeding work ([[16]). Then, another improvement due to [2] further re-
duced this complexity to O(nuor log £)-current state of the art using similar

setting and algorithm.
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Chapter 2

Exact Completion Problem

In this chapter, we provide theoretical results for the exact completion prob-
lem for m x n sized rank-r matrices. We first start with defining the sparsity-
number and study its properties. Then, in the following sections, we provide
exact recovery algorithms under different pre-information using the idea of
sparsity-number. The first algorithm uses the precise value of the rank as the
only pre-information. The second algorithm assumes that either row or col-
umn space sparsity number is not low (which this algorithm can be treated
as a rank estimation algorithm as well). Finally, the third algorithm will as-
sume that we have an estimation of rank and sparsity numbers of coherence

numbers.

2.1 Exact Recovery with sparsity-number

In this section, we define the sparsity-number and discuss its properties.
Sparsity-number of vectors is directly related to ¢y norm and for matrices

and subspaces it is directly related to ¢, semi-norm of basis columns. Formal
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definitions for each case after defining nonsparsity-number below:

Definition 1. We represent nonsparsity-number of a vector v € R™ by ()
and define as V(x) = ||z||o. Moreover, we extend the definition to matrices
and subspaces in the following way: for M € R™*" of rank r and subspace

U C R™ of dimension r we have

(M) = min{¢(z)|z = Mz and z ¢ null(M)}
Y(U) = min{¢(x)|z € Uand x # 0}

Then sparsity-number is just completion of the nonsparsity-number:

Definition 2. Sparsity-number is denoted by 1) and for vector x € R™, for

matrix M € R"™*" and for subspace U C R™ it is defined as:

U(z) =m —P(z)
$(M) =m — (M)
$(U) = m —¢(U)

The space sparsity-number for matrices provides a novel and easy way to
analyze adaptive matrix completion algorithms. In many adaptive matrix
completion methods, a crucial step is to decide whether a column is (or is
not) contained in a given subspace. Ideally, we would like to make this deci-
sion as soon as possible before observing the entire column vector. Here, we
show that sparsity-number helps us to decide whether a partially observed

vector can be contained in a given subspace or not.
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Optimal Observation for Each Column Before proceeding to more advanced
algorithms, we target to answer one fundamental question. What is the spe-
cific number of entries in to observe in a column that allows us
to deterministically decide whether it is independent or dependent on pre-
vious columns? The following lemma helps us to answer this fundamental

question.

2

Lemma 1. Let U be a subspace of R™ and x*, 2%, ..., " be any set of vectors

selected from U. Then the linear dependence of x{,, 3, ..., x¢ implies linear

dependence of x', 2%, ..., x", for any Q) C [m] such that |Q)| > ().

Proof. By the hypothesis of linear dependence, there are coefficients oy, ..., au,,

not all zero, such that
oanxy + ... + ozl = 0.

To show linear dependence of z!, ..., 2" we prove the following equation

also satisfies
axt + .+ ar” =0

Assume by contradiction y = > ", a;x; is a nonzero vector. But, we have

k
Yo = E a;x;n =0
i1

which implies ¥(U) > |Q| from the definition of space sparsity number.

Q| > ¢ (U) from the hypothesis of the lemma which concludes a

However,
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contradiction. Therefore, the assumption the vector y being nonzero vector

cannot be true, then the following satisfies :

k
Yy = Zaixi =0
i=1

[]

In the following example we show that the statement of the lemma [I] is
tight. Specifically, we show that there is a matrix which linear dependence

in 4/(U) many coordinates does not imply linear dependence of vectors.

S O NN
A~ =~ = O

1
1
1
1

First observation here is columns of M is linearly independent. Then, the

next observation is that e; = (1,0,0,0) is contained in the column space.

Therefore, the space sparsity number of the column space of M is at least

equal to 3. Using the fact that space sparsity number is less then 4 we

conclude that column space sparsity number is exactly equal to 3. Lets

check the submatirx Mg where Q2 = {2,3,4}:

1 4
Mgq. = |1 4
1 4

S O N

Columns of Mgq. is linearly dependent (first and third column), however
columns of M is not. Then, it follows that there is an example that when

12| = %(U) but the hypothesis of the lemma 1 not satisfied. Therefore, the

20



statement of the lemma 1 is tight.

Following lemma shows the trivial reverse statement of the lemmal[l].

Lemma 2. Let U be a subspace of R™ and x*, 2%, ..., " be any set of vectors

2

from U. Then the linear dependence of x',2?, ..., x" implies linear depen-

dence of vfy, Th, ..., xd, for any Q C [m).

Proof. The proof of the statement is straightforward observation of the fact

that
axt + .+ =0
implies
0415651) + ... +axy,=0q=0
[]
Merging the idea of the algorithm with the lemma[l| we get an ex-

act completion algorithm. More concretely, setting d = (M) +1 is enough
to ensure the underlying matrix will be recovered always as it is enough to
decide whether partially observed column is contained in the subspace or
not. Details of the algorithm ERCS (Exact recovery with column sparsity)

is provided below.

Under the condition that the column space U of the underlying matrix sat-
isfies 7 — 1 = 1)(U), the observation complexity of the algorithm ERCS
becomes m X r+ (n—r) xr = (m+n—r)r which is the degree of freedom
of the set of m X n sized rank-r matrices. Therefore, under this condition

ERCS is absolutely optimal as its sample complexity is equal to degree of
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freedom of rank-r matrices. We talk about this case further after technical

details of the algorithm.

ERCS: Exact recovery with column sparsity
Input: d = ¢ (U) + 1
Initialize: £ = 0, U° = ()
1: Draw uniformly random entries 2 C [m] of size d

2: Observe entire M,
3: for ¢ from 1 to n do

4. if HMQ, — PUQMQ,H >0
5: Fully observe M,

6: Ukl « U U M;

7: Orthogonalize U*+!

8: k=k+1

9: otherwise:

10: M., = UFUE Mg,

Output: Underlying matrix M

Theorem 1. Let U represent the column space of the m X n sized matrix M

of rank r. Then, exactly recovers M by
mx o+ (n—1)(BU) + 1)

observations.

Proof. We start by showing ERCS recovers M exactly and later we focus
on observation count. To prove correctness of exact recovery we use math-

ematical induction as follow:

Hypothesis : after i-th iteration ERCS already correctly recovered first ¢

columns.

Base case : 1 = 1 1s trivial as if at least one of the observed entries is

nonzero we completely observe the column, which guarantees correctness.
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On the other hand, if it happens all of ¢)(U) + 1 entries are zero, then the
first column is indeed completely zero because the definition of the space
sparsity number implies there can be at most ¢)(U) many zero coordinates

in a nonzero vector in the column space.

Huypothesis proof : Let assume after step : — 1, ERCS recovered first i — 1
columns correctly and we want to show the algorithm exactly recovers -th

column too.

From the design of the algorithm Mg, is already observed. Then, if in the
line 4, ERCS decides the column is linearly independent with previous
columns, as in the next line we completely observe the column there is no
chance that the algorithm can do mistake under this case. Therefore, the
only remaining case is, if in the line 4 the algorithm decides the column 7 is

linearly dependent.

From the statement of lemma 1, if a set of vectors from a subspace U are
linearly dependent on a given subset of coordinates, then they are indeed
linearly dependent. We conclude that the algorithm’s decision is correct and
by just back projection method, the algorithm recovers remaining entries of
the partially observed column. Therefore, column ¢ also recovered correctly

and we are done with the proof of induction hypothesis.

Our next goal is to show the observation complexity is m x r + (n —

r)(¢(U)+1). From the lemma 1, we conclude that whenever current column

is indeed linearly independent with previous columns, the ERCS also de-
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cides it is linearly independent. Moreover, from the lemma 10, we conclude
that if the current column is linearly dependent with previous columns, then
in this case ERCS decides it is linearly dependent. As there are r many
linearly independent columns in the underlying matrix M, the algorithm
decides independence exactly r times and in each of them it does complete
observations. However, in remaining n — r columns, number of observa-

tions is exactly E(U) + 1. As a conclusion, number of total observations is:

rm + (n —r)(y(U) + 1)

[]

Corollary 1. ERCS still performs correctly under the case d set to be any
number larger than 1)(U) + 1. The only difference is that the updated ob-

servation complexity will be m x r + (n — r)d

Proof. The proof is exactly proceeds as proof of the theorem. The key point
is to notice, lemma 1 and lemma [2] are still satisfying.

[]

Notice that both of algorithms and [ERCS] have two stages of

observations.

1 ¢ Select subset of rows and observe them completely.

17 : Detect linearly independent columns and observe them completely.

The discussion for tightness of the lemma [1I] above implies that ERCS is

optimal deterministic two stage observation algorithm. Moreover, in the
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corollary above we discussed for any d > 1(U) + 1 the algorithm ERCS
algorithm would still perform correctly. Therefore, having constant factor
approximation of the space sparsity number of the column space would lead

asymptotically optimal algorithm:

adding mr to both side leads to

~

rm+(n—r)(d+1) <rm+ (n—r)K@(U) + 1)
< Krm+ K(n—r7)(@U) +1)

= K(rm + (n —r)((U) + 1))

Notice that rm + (n —r) (c? + 1) is the observation complexity we have once
we have d as K-approximation of P(U) and rm + (n — r)(¥(U) + 1) is
the complexity for optimal two stage as we discussed here. All together, the
inequality above implies constanct approximation to space sparsity number

gives as constant approximation to optimal solution.

In the following lemma we study possible values of the sparsity number:

Lemma 3. For the column space U of m X n sized matrix M with rank-r,

the following inequality is satisfied

r—1<9U) <m-—1.
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Proof. (U) < m is straightforward because any nonzero vector in R” has
at most m — 1 coordinates equal to zero. Then, it follows from the definition

of the space sparsity number, )(U) < m — 1.

In the rest of the proof we prove r — 1 < ¢)(M). M having rank r implies
that we can choose r rows from it that are the basis for the row space of it.
Technically, we may find R C [m] such that |R| = r and Mpg. is rank r.
Similarly, we can find C' C [n] such that |C| = r and Mpg.¢ is an r x r-sized

matrix of rank r. It follows that there exists o« € R" such that
Mgca =€ = (1,0,...,0).

Consequently, M.ca # 0 but has zero components in  — 1 of the indices

given by RR. Thus , we have:

w (M:C) Z T — 1
which together with upper bound concludes the statement of the lemma. [

It is easy to construct examples to show both sides of the inequality is tight
(i.e. equality satisfied). For any matrix that e; = (1, 0,0,... ,0) 1s con-
tained in the column space, ¥(U) = m — 1 is trivially correct. Moreover,
column space of the general rank-r matrices creasted as M = XY where

X eR™ and X;; ~ N(0,1),Y e R and Y, ; ~ N(0, 1) left side of

the inequality is tight (i.e. r — 1 = ¢ (U)).
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2.1.1 Heterogeneous Observation Cost Exact Recovery

In this section, we discuss the completion problem where entries of the ma-
trix has non uniform cost to observe. We study two types of heterogeneous

cost model:

e Each column has its own/different observation cost and entries of the

same column has the same cost.

e Each entry of the matrix has different cost.

Uniform Cost Across Columns

Problem: For any fixed j, the cost of observing M,.; is equal to x; for any
1 <4< m,and xq, X2, - .., Xn are arbitrary positive numbers and we target

to recover the matrix M as cheap as possible.

Solution: We propose a slight modification of the to solve opti-
mally among the two staged methods as we discussed before. Lets remind
that in the algorithm we show that selecting any d = ¢/(U) + 1 many rows
is enough to guarantee exact recovery deterministically. In the next stage,
we iteratively go through columns one by one starting with the first column,
and if we detect a column is linearly independent with previous ones, we
completely observe it. If not, we recover it using the pre-determined sub-

space.

To adapt the solution for this problem, we just need to change the order of

the columns we start to check. Basically, instead of starting with the first
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column, we should start with the cheapest one. If we decide its not con-
tained in the current subspace, we completely observe all entries and if it is
contained then we just recover with the current subspace. Then, we move
to second cheapest column and so on so forth with the increasing order of

cost.

Correctness: We can see that the proof of the correctness of ERCS is in-
dependent of the order of the columns. Therefore, selecting columns with
increasing order of the cost would not change the correctness of the algo-

rithm.

Optimality: The set of two stage algorithm can be parametrized by two
numbers. First one is - d- the number of rows fully observed and the second
1s the subset of indices of columns to observe fully. We analyse the optimal

algorithm for three cases of values of d:

1. d < 9(U). It is obvious that optimal algorithm cannot have d < (U),
because from the discussion for tightness of the lemma [I] and optimality of
ERCS, there are matrices that selection of d = 1(U) rows is not enough to

guarantee the existence of r linearly independent rows.

2. d = v(U)+11Itis a well known fact that the set of column basises are ma-
troids and Greedy algorithms gives the optimal solution for matroids [26].
Note that the algorithm designed above is efficient way of giving greedy so-

lution.

3. d > 1)(U) + 1. Lets assume that the optimal algorithm takes d > d rows
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in the first phases and columns: i, 9, . .., 7. We first note that, 7 = r, it is
because if 7 < r then selected columns are not enough to learn the column
space and if ¥ > 7 we can pick subset of these columns that is basis for
column space and selecting this basis has less cost which contradicts to op-
timality. Therefore, 7 = r for optimal case. Moreover, we can use the same
subset selection argument to pick ¢/(U) + 1 sized subset of rows then select
the same set of columns and it will be cheaper. Therefore, for optimality we

should select exactly d = 1)(U) + 1 rows.

Exact recovery with full heterogeneity: For any given ¢, j, the cost of
observing the entry M,;.; is equal to x;; and x11, X12, - - - , Xomn are arbitrary
positive numbers and similar to the previous problem we target to recover

the matrix M as cheap as possible.

ERHC: Exact recovery with heterogeneous cost

Input: d = ¢)(U) + 1 here U is the column space of the underlying matrix
Initialize: ﬁ set to m x n sized null matrix, U0 = 0, k=0

1: for ¢ from 1 to m, do

2 X'= > i1 Xi

3: Sort x's with increasing order and select first d and denote their index set by—R

4: Observe entire M p.
5: for ¢ from 1 to m, do
6 X' = Djepn X o |
7: Sort \'s with increasing order and lets denote {iy,is,..., i, }as Yt < y2 < ... <™
8: for h from 1 to m, do
9

If [Mpi, — Pgs Mp, || > 0
10: Fully observe ]‘\//‘!:Zih add it to the basis U*
11: Orthogonalize U*
12: k=k+ 1/\ o
13: Otherwise: M,;, = U*U% Mp,;,

14: return M
Output: Underlying matrix M
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Solution: We describe the solution in the algorithm ERHC:

Correctness: We can see the correctness of ERHC is due to the correct-
ness of ERCS as selecting cheapest ¢(U) + 1 is special case of selecting
any 1)(U) + 1 many columns and iteration order over the columns doesn’t

matter similarly for this case too.

Optimality: Unlike to the previous case, greedy algorithm doesn’t give us
the cheapest combination of columns and rows. Following example pro-

vides a matrix and entry costs that shows that greedy algorithm is not opti-

mal. ~ _ _ _
112 3 114 1

19234 1534

M=1,345 XT 14344

1456 1448

The greedy algorithm for this case observes rows R = {1,2} and columns

C' = {1, 2} which has overall cost of:

1+14+44+1)4+(14+5+34+4)+(4+1)+(3+4) =32

However, observing R = {1,3} and columns C' = {1,3} would give us

overall cost of:

(I4+14+44+1)+ @ +3+4+4)+(1+1)+(3+4) =31

which is cheaper than greedy algorithm.

However, with the same cost matrix, there are other matrices that shares

the same column space as M (therefore the same column space sparsity
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M =

1
1
1
1

_~ W N

N DN DN DO

T = W N

=~ W Ot =

1
1
4
1

>~ s W

O = = =

number) but greedy algorithm is still optimal. For the same cost matrix with

a slightly modified underlying matrix, we can give an example:

This gives us the conclusion, with just information of the observation cost
matrix and column space sparsity number, we cannot pick theoretical opti-
mal set of rows and columns that is guaranteed carrying all of information

of the underlying matrix.

2-Optimality: Even though greedy algorithm cannot return the optimal set
of rows and columns, here we show that the overall cost of the cost oof the
algorithm is at most twice expensive than optimal.

We denote the row set and column set parameter of optimal 2-stage algo-
rithm R and C and cost of it by copr. Then, we can decompose optimal

soluton into its parts as following:
oorr = X(Mp.) + x(M.&) = x(Mp.a)

Trivially, both of the following inequalities satisfied
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which these inequalities implies that

oopr > max(x(M.s), x(Mp.)).

Now lets decompose cost of greedy algorithm to its pieces:

g = X(Mg;) + x(M.c) — x(Mg.c)

Note that the greedy algorithm doesn’t necessarily selects cheapest basis
columns, however selected columns minimizes the overall cost after rows
selected. Therefore, we conclude that if we denote the set of cheapest

columns by C'®, then the following inequality satisfied:

o = X(Mg.) + x(M:c) — x(Mpg.c) < Xx(Mg.) + x(M.cz) — X(Mg.cc)
<2 maX(X(MR:)a X(M:CB))
As we discussed before in order to have guarantee that we will be able to

have full information to detect linearly independent columns we need to

observe at least ¢)(U) + 1 many rows.

Moreover, as greedy algorithm observe exactly ¥(U) + 1 many rows by

choosing cheapest columns we are guaranteed to have:

X(Mp.) < x(Mp,)

Similarly as C” represents the set of cheapest columns, we have:

X(M:CB) < X(M:C’)
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which together implies
max (x(Mg:), x(M.c5)) < max(x(Mpg,), x(M,¢)).
Putting all inequalities together we conclude:
oq < QmaX(X(MR:),X(M:CB)) < 2max(x(Mz), x(M.s)) < 200pr
Therefore, we conclude that greedy algorithm gives us 2-optimal algorithm.

Tightness: In the following example, we see that greedy algorithm cannot

guarantee better than 2-optimality:

66 o0 100 105 10— € 10 — €]
66 100 106 100 0—¢€ 10—e
1000 55 5w 1
Y20 10 5 S S
o 10 10 10—€ 10—¢
£ 10 10 10— 10—

It is clear that optimal choice is C' = {1,2} and R = {3,4} which gives the

cost of :

€ €
=10+1 1 10+1 — =4 —
OOPT + 104+ 10+ 10 + 6><100 O+6.25

However, greedy algortihm will pick R = {1, 2} in the first stage which has

overall cost of
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(10—6)—|—(10—6)+(10—6)+(10—6)—|—8><ﬁ:40—46+é

Then in the next stage it choose columns C' = {5, 6} which also has cost of

(10— €) + (10 — ) + (10 — €) + (10 — €) + 4 X —— = 40 — de + —

100 25
which all together cumulative cost is
(40 — de) + —— 4 (40 — de) + = — 80— 8e +
J— € —_ € e pu— - € —€.
12.5 25 25

To find the fraction of this cost to optimal cost we get

oG _80—86+§—§N2 €

oorr A0+ 5
Therefore for any number smaller than 2, we can choose an € which ratio of

the cost of greedy algorithm to optimal set is larger than that number. This

implies that, 2-optimality of the algorithm [ERHC]is tight.
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2.2 Fixed Rank Case

Here, we provide an algorithm that exactly recovers a target matrix under
the active setting. As we discussed before, one of the strengths of the results
of [15, 116} 2] is that the algorithm is its robustness to highly coherent row
space compared to previous results as [23]. However, we notice that these
algorithms are independent of row space and treat any row space equally.
This phenomenon arises a natural question, whether there is an algorithm
which enjoys properties of row space to optimize these algorithms further.
For example, we can see the following matrices having the same rank r» = 2
and column space coherence 1y = 2. The only difference is due to the co-
herence of row space, which is 3 for A and near to 1 for matrix B. Similarly,

row space sparsity-number is 1 for the matrix A and 4 for the matrix B.

O DN DN DO
O DO NN
_ == O
W W W N
Ot Ot Ot i~

o O O =
N DN DN =
=~ ok B W

o O O
DO DN DD
DO DN DD
O NN DN

As previous methods are mainly based on the value of the size of the matrix,
r, and p, these methods treat both these matrices equally. Indeed the first
column of the matrix A is crucial to study the column space. That’s why
we don’t want to take the risk of missing the necessary information on this
column. That’s why we end up observing many entries in each column to

make sure we will not miss this column. However, it is entirely different for
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the matrix B; any missed column can be replaced by any other one in the
study of the column space. That’s why it should give us the flexibility of

observing less number of entries in each column.

In the following algorithm, we propose a method that exactly recovers the
m X n sized rank r underlying matrix, using just exact information of rank
r. The idea of the algorithm is to find r-many linearly independent rows
and columns and recover the remaining entries based on them. Finding the
linearly independent columns is rely on simple linear algebra fact that if
columns of Mp.c are linearly independent, then so are columns of M.c.
The statement is valid for rows as well symmetrically. Then, all we need to
do is to wait for detecting » many independent columns and rows. Indeed
the algorithm does not require an estimate or exact information of coherence
as opposed to [2, 16] (coherence is crucial to compute d in input
phase). The improvement for observation complexity can be observed in

the following theorem and corollary.

ERR: Exact recovery for rank r matrices.
Input: Rank of the target matrix -
Initialize: R =0,C =0,7=0
1: while 7 < r do
2:  for j from 1 ton do
3 Uniformly pick an unobserved entry ¢ from M.
4 R=RU{i},C =CU{j}
5: If M 5 is nonsingular
6: Fully observe M.; and M,
; P
8
9

Sett R=R.,.C=C.7=7+1 R
: Orthogonalize column vectors in C' and assign to U
: for each column j € [n] \ C do
1. M, = UUf, Mg,

—~

Output: M
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Theorem 2. Let r be the rank of underlying m X n sized matrix M with
column space U and row space V. Then, exactly recovers the under-
lying matrix M with probability at least 1 — ¢ using number of observations
at most:

2m

mn r (r+2+logd)
o ¥(U) “n
i R Ay a—

(m+n—fr’)fr’+min<2 -
€
Corollary 2. Observation complexity of ERR studied for three different

case below:

o if (V) = O(1) satisfies, then observation complexity is upper bounded
by (m+n—r)r+ 2% log (2) =(m+n—r)r+ (’)(m",uo log (E)) (
this bound matches with [2], however in many cases it is much smaller

as discussed in the next section)

o if (V) = O(r) satisfies, then observation count is upper bounded by

%(T+2+10g 1)
r

(m+n—r)r+(’)< n) = (m+n—r)r+0(nu(r+log1)).

Selecting € = 20—1() gives the bound of: mr + O(nur)
e if (V) = O(n) satisfies, then observation count is upper bounded by
(m+4+n—r)r+ 0(%) = (m+n—r)r+0(pr(r+logl))

Selecting € = 5oy gives bound: O((m +n —r)r)

Note that, for the last case, observation complexity is bounded by O((m +

n — r)r), which is absolute lower bound for any algorithm.

We split the statement of the theorem above into two and prove each of them
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separately. First, we show that observation complexity is upper bounded by

mn r

(D) log (-).

(m+n—r)r+2 -
€

Then, later we show that the observation complexity is bounded by

%(r +2+1log?)
b(V)

<

(m+4+n—r)r+

and the statement of theorem follows from these two results.

2.2.1 Matrices with low row space sparsity-number

In this section, we prove that the observation complexity of the algorithm
ERR is always upper bounded by

mn r

(m+n—r)fr+2¢(U) log (

)

€
Proof. The proof is consisting following steps:

e step 1. Give terminology will be used throughout the proof. Identifying

type of observations to two classes : informative and non-informative.
e step 2. Provide a bound to number of informative observations.

e step 3. In remaining steps, we try to give bound to non-informative
observations. We start by giving upper bound to the unsuccessful ob-

servations in line 5.

e step 4. We model the execution of ERR with a stochastic process and

design another process which terminates faster than this.
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e step 5. We relate the problem to basic combinatorial counting problem

and analyse
e step 6. Conclude that total number of observations is

mn r

log ().

(m+n—r)r+2¢(U) -

Step 1: For ease of readability we denote ¢(U) by k during the proof. Lets
start a process in the beginning of the algorithm for each column. We call

process of the column M.; dies in one of the following cases happens:
a. M., is fully observed in line 6 in some intermediate step of ERR

b. M.; is contained in the column space of the already fully observed

columns in underlying matrix M (i.e. columns in C).
c. Algorithm already learns entire column space : 7 = r

If a column/process 1s not dead then we call it is active. We call an observa-
tion is informative if it is observed at line 6 (i.e. it contributes to the studied
column/row space learned by ERR . and uninformative if it observed at line
3. Obviously some entries are observed both at line 3 and 6, so they count

in both non-informative and informative observations.

Step 2: We can simply observe that the number of informative observations
is exactly mr + nr — r2. Because, at the end of the algorithm set of in-
formative observations is just set of 7 many linearly independent columns
(we have mr observations here) and r many linearly independent rows (we

have nr observations here). By observing that entries in 7 X r sub-matrix is

39



counted twice, we conclude that overall observations is just : mr + nr — r?

Step 3: In order to give upper bound to the number of non-informative ob-
servations, we see it is enough to bound the number of phases the algorithm
ERR passes through. Specifically, if the number of phases is bounded by
T then overall number of non-informative observations is bounded by 7'ns.
In order to give upper bound to 7', we first explore the probability of an de-

tecting independence of an observation in line 3 for an active column:

Lemma 4. The probability of detecting independence of an active column

in the j°’th phase of the algorithm ERR is lower bounded by mi_j

Proof. In an intermediate step of ERR we have |C| = |R| = 7 and Mp.c
is 7 x 7 matrix of rank 7. Then, for any i € [n], Mg, is in the column
space of Mp.c as the matrix is full rank and therefore its column space is
entire R”. Then there exists unique coefficients a1, aw, ..., & for columns

C ={e, ..., c;} that following equality satisfied.

O‘lMR:cl + ...+ Oé?MR:c; = MR:Z'

— CYllv-[R:cl +.oo+ a?MR:C? - MR:i =0
Now, let observe the vector
Yy = OflM:cl =+ QQM:CQ + .+ O‘?M:c? — M,;

We know that y # 0 because we know column i is linearly independent with
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previous observed columns - M..., M..,, ..., M.... Moreover for any row in-
dex a € R, y, = 0 because yp = 0 from the definition of a;’s. As y is in the
column space of M it has at most m — k-many zero coordinates. Moreover,
for any a ¢ R but M, _; observed in line 6 y;, = 0 should satisfy, because
otherwise in one of previous iterations we would already decide M ; is lin-

early independent and we would add index i to C, but here we know i ¢ C.

Basically we conclude that all known coordinates of y is 0 and number of
known coordinates is represented by observed. We know at least £ many

coordinates of y is nonzero and we already have m — observed many co-

k

ordinates of y is zero, then with probability at least: —— "

uniformly
selected next observation will be zero. Being nonzero of y, implies non-
singularity of the matrix /1\/\1@5 where R = RU {a}and C = C U {i}. It
is because if this matrix was not invertible then there would be coefficients

B, ..., Bra1 (not all of them are zero) such that
BlMﬁ:cl +..o E?Mﬁ:m + 5?+1Mﬁsi = O

From lemma 2, linear independence of M g.., , Mg... implies linear indepen-

dence of M 5. .M

Rey Mp. which concludes (5, is nonzero, so we can simply

assume it is —1. Then

5iMg.. + ...+ Mg, = Mg,

— BIMR:cl + ...+ 6?MRZC? = MR:Z'
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Due to uniqueness of «;;’s above, we can tell that

&1:51 042:52 04?:5? 04?25?

Then the vector y; = alez:cl +...+ OK?M;}:C? — My, = 01is a zero vector.
However it is a contradiction because if y 5 is zero vector then y, = 0 due to

a € R which we already know y, # 0.

Therefore, being nonzero of y, implies non-singularity of My = which is
equivalent to the detection of the independence of column M.; due to lemma
2. As a conclusion, probability of detection of independence of an active

- k
column is at least ——"——-

k
m—j

and considering the fact that observed > j it

follows that k >

m—observed

and it give the final conclusion of the desired

probability is lower bounded by: Lj As desired. [

m—

Step 4 : We can model execution of ERR as following stochastic process:
So = Xo1+ Xo2+ ...+ Xon

where each of the X ; corresponds to the indicator variable of the activeness
of the column M. ;. Obviously, initially at least r of these random variables

are equal to 1. We define S; similarly:
S;=Xi1+Xio+...+Xi,

and for any j that X ; = 1 satisfied, at this phase X ; will be equal to 0

with probability at least mL—O from lemma For remaining j’s that Xy ; = 0
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satisfied then X ; = 0 also to be satisfied. For the next step .S» defined as:
So =51 + Xg,l + XQ’Q + ...+ X27n2

where again for any j that X ; = 1 satisfied, at this phase X ; will be equal

to 0 with probability at least —*— from lemma . Remaining j’s will stay as

m—1

Xo j to be equal to 0. In general
Siﬁer — Ajter,1 + Xiter,Q + ...+ Xiter,ng

where again for any j that X, ; = 1 satisfied, at this phase X;;.,. ; will be
equal to O with probability at least m from lemma The termination
of algorithm is equivalent to the point S, = 0 in this model. One can see
termination of this process is upper bounded by termination of the following

process :
So = Xo1 + Xoo+ .. + Xp,

where each of the X 6’ ; s set to be equal to 1. we define S} in a similar way:
Si=X+ X+ ..+ X1,

where each of X { ; 1s equal to 0 with probability % Then:
Sy =Xp1 +Xoo+ ... + X5,

Similarly X ;is settobe 0if X ; = 0 and X ; is equal to 0 with probability
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—E_ otherwise. In general:
m—1

S/ - X/ter 1 + Xz/ter2 + ..t Xz/terr

iter —

= 0 and, X/

iter,j

= 0if X/

iter—1,5

again X, ; = 0 with probability W

otherwise.

Step 5: Here we use a combinatorial argument to bound number of obser-

vation in each column.

Lemma 5. Let X' be a process that is zero initially: X = 1 and remaining
entries defined as

0 with probability -~
if X/=1

/ .
it1=98 |1 otherwise

0 if X! =

\

Then expected point that X' to switch to 0 is 7};:11

Proof. Lets denote the switch time with st and write the expression for it:

E[st] = ZiP(st =1)

—1£+2L<1—5> 3L<1—£>(1—L>+ 5

m —1 m —2 m —1
We claim that this sum is equal to the expected position of the first 1 in a

random binary string with £ many 1 and m — k many 0. To observe truth of

the claim we notice followings:
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e First 1 being in the first position is obviously % as there are k£ many 1’s

out of m many characters.

e The probability of the first 1 being in the second place is (1 — %)L

m—1
The first entry being zero has probability: 1 — % and the second entry

k

being one is —*

e The probability of the first 1 being in the i-th place is

(1_%>(1_%>'”(1_m—(i—1))(m—é—1)>'

The first entry being zero has probability: 1 — %, the second entry

k

—= and so on so forth. Finally out of

being zero has probability 1 —

remaining m — ¢ + 1 entries the next one being 1 is equal to ﬁ
Then expected position of the first 1 is equal to

1£+2L<1—£>+3L<1—ﬁ><1—i>+...

m m—1 m m — 2 m m— 1

which is equal to E[st]. Lets find the position of the first 1 by double count-
ing. A word with k£ number of 1 and m—k number of 0 can be represented as
aoplailas...la; where a; represents number of zeros between two 1’s. Now,

lets find number of first 1 in the k& + 1 sized set of following words
aplajlas... 1lay,

ailas, ..., arlag,

arlag, ..., aplag
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Expected number of first 1 here is simply

CLO+1+CL1+1+ +ak+1_a0+a1+...+ak+k+1_m+1
k+1  k+1 7 k+1 k+1 k41

So, we can divide set of all words with k£ many 1’s and m — k many 0’s into

k + 1-sized sets. For each group the average position of the first 1 will be

m/+1 . .o . . m/_~_1
ya Therefore, in overall the average position of the first 1 is T []

A simple followup of this lemma is to notice:

m+1 m
Blstl =337 <%

due to m > k. Then, we can use the Markov inequality to get:

m 1
P( ¢ 2—) -
st>2--) <3

Moreover, from the combinatorial counting argument we can imply that the

probability of st > a will be given as

P(st > a) = Us’)

using the previous inequality we can observe that:

Plst>—) = N < =
(s> () <2

Considering the fact
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1s an increasing function and

am (m—im/k) (m—éllgm/k) (m—?gm/k) 1
pse>omy =) ) O )
=) =y e e <G

For a given e, if we set a = log % we conclude that with probability at least

1 — € the following inequality satisfied:

1
st > p log —.
k €

Step 6: So, we can tell

1.m
P(X'>210g(-)7) <
> 2log(-)7-) <€
Which means for a given j, with probability more than 1 —¢, X Z’ ; will switch
to zero before 2log(2)% for any j € [r]. Using union bound argument, after
2log(+)% iteration with probability more than 1 — er, for any i € [r], X];

will switch to zero.

Therefore, the process S will stop before 2 log =7 iteration with probability
1 — e. Remind that, termination time of S corresponds to the value of T'
and number of total red points is bounded by 7'n. Then number of total red

observations is bounded by:
2 1og L.
€

Finaly, total number of observations is equal to the number of red observa-
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tions plus number of blue observations which gives the bound:

mn

(m+n—r)r+2 .

log L
€
[]

To translate this result to coherence number rather than space sparsity num-

ber, we use the following lemma:

Lemma 6. Let U be an r-dimensional subspace of R™. Then the below

relation between 1)(U) and p(U) holds:

m 1

U 2 5wy

Proof. We again denote ¢)(U) with k for ease of reading. By the definition
of the space sparsity number, we see that there exists a vector v € U and k
different indices 71, 7o, ..., 7; such that the only nonzero components of v are
Vi, Uiy, ---, Vi, Up to scaling, we may assume that v is a unit vector. This is

equivalent to
vi 2+t =1

Therefore, we observe that there is an index ¢, satisfies Uia2 > =, If this was

1
E-
not the case, then for all 7 with 1 < j < &, Uij2 < % should satisfy, and this
implies

1
1:1}i12—|—...+7}l‘k2<k%:1

and this is a contradiction. Using these facts, we can see that
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1
:Uia2 > -

— k

2

1Pvei]l* > v el = |v-e,

where e;, 1s i,’th standard basis of R™. The first inequality follows from
the fact that the length of projection of any vector to the subspace U is
always greater or equal than the length of the projection onto a vector of

that subspace. Thus, we have

m m ml m 1
U) = — P, '2>_Pi P =
,u( ) rlgljixmu Ue]” o TH Ue“” T rk Tw(U)

Comparison of Sparsity Number with Coherence: In the lemma [§] we

show that

and in the theorem above we prove that the observation complexity of ERR

is upper bounded by (m +n — r)r + 2% log = where U is column space

of the matrix M. Lets denote the fraction

1T () ()

then lemma [6]is equivalent to v < 1. Lets transfer observation complexity

of ERR with respect to 1(U) using . Then the observation complexity is

(m+mn—7r)r+2yu(U)rlogr/e
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and using the fact that v < 1 this number is smaller than bound due to [2]:
(m+mn—r7)4+2u(U)rlogr/e

In many cases v can be very small. For any matrix that has high value of-
¥ (U) or low value of 1(U), v is guaranteed to be very small. Specifically, if
¥(U) is ©(m) or p(U) is O then v is O(1). Proofs for each case provided

below:

Y (U) is ©(m): Assigning 1(U) being ©(m) in the definition of v, we con-
clude that v is @(ﬁ) Remember from the definition of the coherence,

1(U) > 1 for any subspace, which gives the final conclusion of - is (’)(%)

p(U) is ©7: Assigning 1(U) being ©(*) in the definition of -, we con-
clude that 7 1s @(ﬁ). Moreover, remember that from lemma (3| we know

that ¢(U) is (r) which gives final conclusion of O(1).

2.2.2 Matrices with high row space sparsity-number

In this section, we show that the observation complexity of the algorithm

ERR is upper bounded by

2m 1

W(r—l—Qleogz)
m-+n—r)r—+ n
( ) o)

Proof. We use the same terminology as previous theorem and k& and ¢ stands

for ¢(U) and ¢ (V) correspondingly. So, if a column is not in the column
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space of C' then we call it active.

From lemma], we know that at any step if a column is still active, then prob-
ability of its detection is at least % where k is the space non-sparsity number
for column space. Let’s just focus on active observations, and estimate the
number of required active observations to detect r-th linearly independent
column. We can see that, under the condition of each observation being ac-
tive observation and the probability of detection being exactly % the process
of the detection of r-th independent column can be modelled as negative bi-

nomial distribution.

Lets remind the formula of the probability mass function negative binomial
distribution as getting a-th success in the a 4 b’th step while success proba-

bility being p :

f(a,b,p) = <a i 2 N 1)19“(1 —p)’

For this problem, we are interested to find the probability for finding r-th

success at N-th trial which corresponds to :

k N —1\/k\" k\N-r-1
f@a,N_r,_):( )(_) (1-5)
m r m m
As the number of observations is the focus of this theorem, we fix param-

eters k, m,r and investigate the behaviour of the function while N being

variable. Intuitively, we use the following notation:

Temr(N) = f(r,N —r,—)

k
m
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In lemma [7] and [§] we investigate properties of this function to have better

understanding of failure probability of ERR:

Lemma 7. 7;,,,(N) is a decreasing function after N being larger than

(%m + 1)r. Specifically, we can give the following bound for the decreasing

rate:
k ma (N +1 k
Tk7 b ( ) < 1

1——<
m T (V) 2m

Proof. To show the decreasing we analyse the fraction :

Tkmw(N—{— 1) _
Tk,m,r(N) (N—l) <£>T< _ ﬁ)N—r—l
(2 (-2)"”
B rI(N—=r)l \ m m
- (N—1)! L r L N—r—1
rI(N—1—r)! (E) ( o E)
N k
TN 7’<1 a E)

So, we get following recursive formula:

N k
Thansr (N +1) = 2=— (1- E)T,W,L,T(N).

Left side of the the target inequality is easy to prove as % > 1 implies

Tkymyr(N—F 1) > 1 ﬁ

Temr(N) m

Then, we only need to prove the right side of the inequality. Lets make
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the following observations

N 14 r
N—r N —r

and from the hypothesis of the lemma we have

2 2 k
N><Tm+1>r:N—r>7mr:> d < .

Now, we are ready to prove rigth side:

bl -5 (150

Temr(N) N —r m N —r m
k k
< (1 + —) (1 _ —)
2m m
kR
B 2m  2m?
k
<1l-—.
2m
Therefore:
- k' Tems(N+1) - k
m Tk (V) 2m

Note that we can claim decreasing of 7, ,,, ,» just follows from the right side

of the inequality.

[]

To explore more properties of the function 7 ,,, we prove the following

lemma.
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Lemma 8. Lets assume n is a positive integer. Then Ty, ,,, satisfies the
following inequality
2m 1
Tkm,r (T(T + 1) + TL) S E
Proof. 1t is clear that 73, , (%m(r + 1)) < 1 as it is value of a probability
mass function. In lemma we proved that the functions 7; ,, , 1S decreasing

after 22 2 (r +1). Therefore, for any positive integer n the following inequal-

ities satisfied:

2 2
Thom.r (—ZL (r+1)+ n) < Thm.r (—]:n(?“ +1)+n— 1)
2 2

2 2
Thom.r (Tm(r +1)+ n) < Thmr (%n(r + 1)>

By summing all these inequalities we conclude:

2m
nTk,m,r( . (r+1) +n) ZT;M,“( 1)+z>

To bound the second term, we can use:

n o0

ZTkvmvT(QTm(r + 1) + Z) < Z Tk,m,r(i) =1

i=1 i=r

and dividing left and rigth side of the inequality above concludes:

2m
NTh . (—(r +1)+ n) < 1.

k
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2m

To apply the lemma above for n = <* we get,

(Qm( +1)+2m> - k
Thom.r \ T\ 2 om

Using right side of the lemma /| we notice :

(2—m(r+1)+2—m+i> < i(1—i)i
Thmor k k 2m 2m

for any positive integer <. Picking i = ZTm log% follows as :

<2m(+1)+2m 2ml 1) k(l k)QZ’logi
Temr\ —\T — + —1lo - —
ko \ 7 r R 8 om\" " 2m
k 11 k
<__0g§—_
2m€ 2m6

second inequality here is application of the (1 — é)o‘ < % for o > 0. There-

fore we currently have :

(Qm( L) imy 2my 1)< i
Thomar \ T\ PR o

and we target to bound :

2m  2m 1
mer( (e 1)+ o o log s 1),

To apply right side of lemma(7} ¢ times we conclude :
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<2m( +1)+2m+2m1 1+)
Tkm,r L r L L 0g 3

2m 2m  2m 1 k \?
(2 )(1—-—)
Tk”(k(r+ )+ k k %8¢ 2m

Therefore the summation above can be upper bounded as:

2m 1
ZTkmr( 7’+1)—|——+—10g +z)

k k
S (2 ) 1

k k - 2m
<2m( +1)+2m+2ml 1)2m
AN E k%)
- l<:2m_
€2mk‘ — €

Therefore, we can conclude that the probability of ERR terminating after

20 (r 4 2 + log 1) is smaller than e.

At this point we have number upper bound for number of active observations
in order to have 1 — € probability of termination. However, we need to give
the bound with respect to number of overall observations. Following lemma

will help us for that purpose

Lemma 9. At every phase of the algorith-ERR, if there is at least one

active observation, then there is at least t many active observations.
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Proof. The first step is to observe that, any column in C' is already inactive
as they are already in temporary column space. The second observation is
any column that is linear combination of columns in C also already inac-
tive. We prove the lemma by assuming the hypothesis of the lemma is not
correct and we will deduce contradiction from that. Therefore, we assume
that there is a step that the number of active columns is less than ¢, under

the condition not all columns are inactive.

Number of active columns being smaller than ¢ implies that the number of
inactive columns is larger than n — ¢. Which implies there is a subset of
columns- )’ that satisfies |Q2'| > n — t and M.y has rank of at most r — 1

(as there are still some active columns).

We know that the rank of M being r implies there is at least one set of
r many linearly independent rows. Lets denote one of these sets by R =
{j1, 72, ..., jr} and naturally, the set of row vectors M, ., M;,.,..., M} . are

linearly dependent.

Returning back to the argument M. having a rank of at most » — 1, im-
plies the rank of Mp.or is also at most » — 1. Therefore, there is a linear
dependence relation among the vectors M .o/, Mj,.r, . . . , M .. As
we already have 2 > n — t then using lemma 1 we conclude that there is
linear dependence relation among M., M,., ..., M, . which is a contradic-
tion. Therefore, if there 1s one active column we can conclude there is at

least ¢ many active columns. [

57



Rest of the proof is simple counting argument. We know that if we have
2% (r + 2+ log ) many observations then with probability larger than 1 — ¢
our algorithm succeeds. Moreover, from the lemma above, as at each phase
we have at least ¢)(V) many observations,

QTm(r+2+log%)
t

many phase is enough to have desired number of active observations. Note

that, at each step we have at most n many observation, which concludes the

statement
27’” (7" + 2 + log %)
n
t
many observation is enough to guarantee with probability 1 — € []
Proof of corollary

Proof. Case : 1)(V) = O(1). From the theorem 2| the observation complex-

ity 1s upper bounded by

mn 7«) 1/}2(76) (r+ 2+ log %)n>

(m+n—r)fr+min<2w<U) log ( o)

€
therefore it i1s upper bounded by

(m+n—r)r+ 2ﬂlog(r).

H(U) e
Moreover, in lemma [6| we show that
m 1
U) > ——
M= 5w
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which upper bounds the last quantity by

(m+n—r)r+ O(nrplog (g))

Case (V) = O(r):For this case we are choosing the second term in the

_m_

$(U)
bounded by p(U)r and plugging it together with (V) = O(r) gives us

min operator of the theorem [2, We already know that can be upper

upper bound of

1

(m+n—r)r+ O(nu(r + log Z)>

Moreover, if € = % then log £ is O(r), therefore right summand is bounded
by O(nuor). Considering the fact jp > 1 always, then overall expression is

upper bounded by mr + O(npugr)

Case (V) = O(n): This case is just similar too previous case with the

difference of plugging 1)(V) = ©(n) gives us the bound of
1
(m+n—r)r+ O(uor(r + log E))

Using the similar bound to ¢ makes the right summand to be O(pgr?).
Moreover from the definition of coherence we have py < “* which up-
per bounds this term by O(mr) therefore overall sum is upper bounded by

O((m+n—r)r). O
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2.3 Exact Recovery While Rank Estimation

In this section, we solve the exact completion problem in a slightly different
setup. ERR assumes that we know the exact rank of the underlying matrix.
However, here we assume that we don’t have this information. Therefore we
don’t know precisely at which point the process of searching a new indepen-
dent row/column should stop. In what follows, we show that if at a given
state new independent column/row not detected for long enough time, then
it means that it is likely no more one exists. We formalize this statement in

the following theorem.

ERRE: Exact recovery while rank estimation.
Input: 7-delay parameter at the end of algorithm
Initialize: R = (0, C = 0,7 = 0,delay = 0

1: while delay < T do

2:  delay = delay + 1

3:  for j from 1 ton do

4 Uniformly pick an unobserved entry ¢ from M.
5; R=RuU{i},C =CuU{j}
6
7

If M3 5 is nonsingular :
Fully observe M.; and M,
8: Set R=R,C=C,7=7+1,delay = 0
9: Orthogonalize column vectors in C' and assign to U
10: for each column j € [n] \ C' do
1: M, = UU}, Mg,
Output: ﬁ, r

Theorem 3. Let r be the rank of underlying m X n sized matrix M that
has column space U and row space V. Then, the algorithm ERRE exactly

recovers the underlying matrix M while estimating rank with probability at

SO .
least 1 — (e + e T~ w ) using number of observations at most:

mn r %(T+2+log%) )
— n

(m+n—T)r+Tn+min(2¢(U)log( ), o)

€
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Corollary 3. Lets assume that either 1)(U) or (V) is big enoughi.e. 1)(U)p(V) >

m. For a given € set T' = log % then ERRE recovers underlying matrix

with probability 1 — 2¢ using just

mn 7") %(T+2+10g%)n>

1
(m—|—n—r)r—|—nlogg—|—min<2w(w) log ( o)

€
We refer to the analysis of corollary 2] to understand this expression better.

Proof. We again use k and t for ¢)(U) and ¢ (V) correspondingly and use
all the terminology from the previous proofs. Then, we start by proving
that under the scenario there is still active column, then with probability
1 — e T, it will be detected in T phases. We prove the following key

lemma in order to accomplish the proof of the theorem.

Lemma 10. Lets assume the underlying matrix M has row space non-
sparsity number k and column space non-sparsity number t. Then, if at an
intermediate step of ERRE still column space not recovered completely,
then with probability 1 — e T new independent column will be detected

within T’ phases.

Proof. For every active column observation, the probability of detecting in-
dependence is at least 1 — % from the lemma 4, From the lemma @ , 1f
there is one active column, then there is at least ¢ many active column in
that phase. Therefore, the probability of detection of an active column is at

least



Then, we conclude that after 7" many phase, detection probability is at least

N\ AT
(1)
m
Using the inequality 1 + = < e” for Vo € R the quantity above can be
bounded by:

Now, we show that with probability at least 1 — e~T, estimated rank 7 is

equal to r. We have :P(r =7) =1 — (P(r <7)+ P(r > 7))

P(r < 7) = 0 trivially satisfied, 7 represents number of detected linearly
independent columns of M which is always bounded by r. Now, all we
need to do is to bound P(r < 7). We denote the event of existence of active

column by ACE. Then, trivially:
P(F<r)=P(F <rand ACE)

Moreover, we can write

—_

P(F<rand ACE) =) P(f=iand ACE) = P(ACE |7 =1i)P(T =1)

1

Il
o

To finish the proof we just need to observe following equality / inequality :
r—1 r—1
P(F<r)=Y P[F=iNACE) =) P(ACE|F=i)P(F=1)

1=0 1=0
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From the lemma above, we can imply that

P(ACE|F=i) <eTw
and as probability of P(7 = r) # 0, we conclude P(r < r) < 1. Equiva-
lently,

which all together these two inequalities concludes

r—1
P(F<r)=Y P(ACE[f=i)P(F=1i)<en Z P(7 e
1=0

To finalize the proof, we divide the algorithm ERRE into two parts. First
part, is the detection point of the last independent column by algorithm, and
second part is waiting T many rounds to check if there is any independent
column left. Moreover, ERRE would fail generating correct matrix only
if failure in the second part happens (there is still independent column not
detected, but checking tells us that there is no left) i.e. 7 < r which we
just show P(7 < r) < e~T. This concludes that with probability at least

k

1—eTh d
e m TE€COVETre matrlx IS correct.

Therefore, with probability 1 — e~ T the first part of the algorithm is just
equivalent to the algorithm which with probability more than 1 — €

observation complexity is bounded by

dr. Z(r+2+log
(m+n—r)7“+m1n(2710g( T) il . Oge)n)
€
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using the union bound we conclude that with probability at least 1 — € +
e~ L', the algorithm recovers underlying matrix correctly and observation

complexity is bounded by

4r 2m(r+2+log%) )
n

(m+n—fr’)fr'JrTnerin(Q%log(_)vT +
€

Proof of Corollary 3|

Proof. First observe the following inequalitys:

3z

t
<

o |~

kt 9
kt>m — —>1 :6%26:6_
m

The rest of the proof is just straightforward application of the theorem. Set-
ting T' = log% to the statement of theorem tells with probability at least

1 — (e 4 e m°8%) using

dr. Z2(r+2+log?) )
n

1 mn =
— log — i (2—1 =), £
(m+n r)r+nog€+mm . og(e) .

observations. Considering the fact that e m < % we conclude that

1

kt 1 1 log? o 1

efﬁlog; < <_) — e log+ e1oge — ¢
€

Which concludes that with probability at least 1 — 2¢ the observation com-

plexity is bounded by

1 4 2(r +2+4logl
(m+n—7“)7“+nlog——}—min(Q%log(_T)’ i t ge)n)
€ €
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2.4 Exact Recovery with Estimated Information

In this section, we approach the exact completion problem under the sce-
nario we have estimated pre-information, using ideas from previous sec-
tions. This setting is similar to [2] and [[16] that estimated values
of rank r and p - coherence of column space got used. Methods proposed
in these papers work efficiently under the condition row spaces are highly
coherent. An in-depth analysis of these methods tells us that these algo-
rithms designed for the highest value of row space coherence, and they also
work perfectly well for remaining cases. In the following algorithm, we
somehow extend these algorithms to a method that can enjoy the properties
of row space; meanwhile, performing similarly good for highly coherent

row space matrices.

Note that the algorithm below designed and analyzed under the condition
that estimated r, ¥ (U), and (V) provided. However, under the condition
just estimated r and p provided, we can set ¢)(V) to be equal to 1 and use
the inequality zior > % to transfer the information of i to ¢(U). Then the
algorithm below will perform as good as [2] with observation complexity of

mr + O(nrpglog ©).

We demonstrate the performance of the algorithm in an example matrix be-
low after providing the technical details. The idea of the algorithm is very
similar to ERR with the only difference here, instead of observing just one
entry from each column each time through many steps, we observe just large

amount once and to show it also works with the same probability.
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EREI: Exact recovery with estimated information
Input: r, ¢ (U), (V)
- o : i (r+2+log )
Initialize: R =0,k =0,U% =0,d = mm(Z% log (), %)
1: Draw uniformly random entries 2 C [m] of size d

2: for i from 1 to n do
3: ifHMQz _,PﬁléMQlH >0

4: Fully observe M,; , Uk+1 ka U M, and orthogonalize UF1, k = k + 1
5 Select arow a € €2\ R that, Ulﬁﬁ{a} isrank k + 1 then R <~ RU {a}
6: Draw uniformly random entries A C [m]\ Rofsizedand Q = AUR
7: Observe entire M p.
8: for ¢ from 1 to n do - o
0: if M.; not fully observed then: M,; = UkU’g Mg,
Output: M

We show the execution of the algorithm for d = 2 and r = 1 below. ' X
stands for entries that is observed randomly, . stands for deterministically
observed and x stands for recovered entries. Note that €y = {1,5},s =
{2,5},Q3 = {1,3} and after 3-rd iteration R becomes {3} therefore, in
fourth column M3.4 observed deterministically, besides together random ob-
servations €2y = {5, 6}. After all of the iterations completed, we observe the

entire M3., and in the next step, we recover remaining entries.

(0 0 0 0] [l0oo o] [0 010 0]
0 0 0 0 00 0 0 00 0 0
1 3 2 3 1 3 2 3 1 3 2 3
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 O 0 0 0 O 0 0 0 O

|2 6 4 6| |2 6 4 6] [2 6 4 6|

[0 o @ o] [0 o@ o] [0 o @ o]
0o/0@ o 0o/0@ o 00 @ o
13 2@ EEER EEER
0o 0@ o 0o 0@ o 0 0@ o
0 00 O 0 00 O 0 00 O

2 6 6| |2 6 @l6]| |2 6 @6 |

N
(o))



Theorem 4. Let r be the rank of underlying m X n sized matrix M with
column space U and row space V. Then, with probability 1 — ¢ the algo-
rithm KR EI| exactly recovers the underlying matrix M using number of

observations at most

2m 1
, mn ro pp(r+2+1log )
m—l—n—rr+m1n(2 log (—), n)
( ) o) W)
Proof for low row space sparsity-number : d = 2% log (%)

Proof. We first start with the case that if minimum of these two quantities
is 27 log (£). As the matrix has rank r, there exists at least one set of lin-
early independent columns with r columns. We select the set of linear inde-
pendent columns—C' that has lexicographically smallest indices. We show
sampling 27 log (%) entries from each column will give us the probability

of at least 1 — re correctly recovery.

From the Step 5| of proof of the theorem 3| we can see sampling 275" log (%)

entries from an active column, would give guarantee of probability of at
least 1 — e detection of independence. As C' is lexicographically smallest,
each column is active on the time entries sampled from it, and each of r
columns will succeed with probability at least 1 — €. Therefore, using union
bound, with probability 1 — re all of the columns in C will succeed, which

guarantees the exact recovery.

Replacing e by ¢ will conclude the result that sampling 27" log (%) from each

column will guarantees the correctness of the algorithm with probability at

least 1 — . ]
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2m r 1 1
Proof for high row space sparsity-number : d = 2© ( J(i;; ikl

Proof. From the follow up of lemma 4} we conclude that in a process of %
probability success and 1 — £ probability of failure, having 2 (r+2+log 1)

trial is enough to guarantee getting ~ many success with probability 1 — e.

Failure probability of the algorithm EREI is equal to failing finding 7 lin-

early independent columns. Consider following equation:

2 1
P(ERELfails) = P(ERELfails and TNAO > == (r + 2 + log =) )
€

2 1
+P(ERELfails and TNAO < —=(r + 2+ log -) )
€

where we denote TNAO as total number of active observations. Recall that
we call an observation active, if it is active in the execution time (the column
is still not contained in the current column space). Intuitively we represent
NAO by number of active observations executed by the algorithm EREI in

the given specific time.

From lemma [9] if there exists an active column, then there exists at least
t many active columns. Therefore, failure of the algorithm is equivalent to
existence of an active column when algorithm terminates. Moreover each of
our observations in those columns were active observations and considering

27”‘ (r+2+log %)
t

the fact that we observed many entries in each of them, total

number of active observations is at least
QTm(r+2+log%) 2m

1
¢ - ( 241 —>
; 2 T+ +og€
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Therefore ]P’(NAO < %m(r + 2 + log %) ]EREIfails) = 0 and using

Bayesian rule we conclude
. 2m 1
P(ERELfails and TNAO < —(r +2+log—) ) =0
€
Then, following equation simplly satisfied:
: : 2m 1
P(ERELfails) = P(ERELfails and TNAO > = (r + 2+ log )
€

We can observe the following inequality as EREI may tamporarily fail at
the point that the number of active observations is %m (r+2+log %) but it can

succeed finding remaining independent columns later during the execution:

2 1
P(EREI currently fail when NAO — Tm (r+2+1log —)> >
€

2 1
IP’(EREI fails and TNAO > Tm (r+2 + log —))
€

Therefore we conclude that:

2 1

P(ERELfails) < P(EREI currently fail when NAO === (r +2 + log =) )
€
Remember the fact that at each active observation probability of EREI de-
tecting linear independence of is larger or equal than % From the previ-
ous discussion if the probability is exactly equal to % then still not finding
r linearly independent column at 2Tm(r + 2 + log %) observations is less

than €. Therefore, EREI not detecting r linearly independent column after
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sz (”r’ + 2 + log %) observations is smaller than €, which is equivalent to
]P’(EREIfaz’ls) <e

as desired. [
Straightforward conclusion of the theorem [ is as following:

Corollary 4. Lets assume that we have estimated values of rank r, column
space coherence number |y and estimated row space sparsity-number is
Y(V). Then, if (V) is O(1) then observation complexity is buounded by
(m+n—7r)r+0O(nruglog £) and if (V) is O(n) then with probabiliy ﬁ
the bound is O((m + n — r)r) which is theoretical lower bound for exact

completion problem.

Proof. Proof of this corollary is the same as the proof of the corollary[3] [
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Chapter 3

Noisy Matrix Completion

In this chapter, we analyze the completion problem with the condition that
entries of the underlying matrix can be noisy. Similar to [2]], we focus on
two types of noise model: sparse random noise and bounded noise. First,
we assume that several columns of the matrix are completely noisy, and we
target to recover clean entries using as little as possible observations. We
show how to extend exact completion algorithms proposed here to handle
this type of noise. Second, we assume that each entry of the underlying

matrix can contain some small noise.

3.1 Random Noise

In this section, we discuss how to extend exact completion algorithms pro-
posed in here to the case that some of the columns have random noise that is
coming from the non-degenerate distribution /. Here, we extend the algo-
rithm EREI to make it robust to this type of noise. As it is discussed in [2],

if a column is an entirely random noise, then it should be linearly dependent
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with the rest of the columns. It is trivial to notice that a non-degenerate ran-
dom noise will not be in a predefined subspace as much as the subspace is

not full-dimensional.

Therefore, intuitively to clean noisy columns, we should detect columns
that without them the rank of the matrix decrements. Surprisingly, this phe-
nomenon can be related to space sparsity-number. Given that sparsity-
number of row space is higher than one, none of the columns of the under-

lying matrix satisfies this condition.

We propose a method that whenever the underlying matrix having coherent
row space (or low value of ¥ (V)). However, it is given that the column
space is recoverable, we run EREI with d = 2% log (£) and at the end,
all of the columns that their deletion causes rank decrement are detected as
noise. For matrices that have highly incoherent row space or high value of
nonsparsity-number, we approach little differently because noise can im-

mensely effect ¢)(V). However, this quantity can be affected at most by the

number of noisy columns which is proved in one of the following lemmas.

Therefore, it is safe to condition if the number of noisy columns: £ < @,

we can safely use the same method as EREI however, here d will be twice

larger d than noise-free case: d = r+2+log= ). However, if the

WW( )(
number of noisy columns-¢ get closer to )(V), using d = 2 ] log (%)
1s more safe as much as no further information provided. We detect noise
columns similar to the previous case. The advantage of this method is due

to the efficiency of the exact completion method.
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EEREI: Extended Exact recovery with estimated information

Input: r, ¢ (U), ¥ (V)
Initialize: £ = 0,U° = 0,d = 20 log (£), R = 0

if¢ < 5
(r+2+10g ) >

d = min (2,725 log (%), ol
Draw uniformly random entries (2 C [m] of size d
for i from 1 to n do
Iiully obseArve M.; R
U « UFuUM,, Orthogonalize Ul k=k+1
Selectarow a € Q2 \ R that, Ulﬁtl{ y istank k + 1 then R + RU {a}
Draw uniformly random entries A C [m]\ Rof sizedand 2 = AUR
Observe unobserved entries in M g.
: for ¢ from 1 ton do . o
if M.; not fully observed : M., = UkU’gz Mg.;
13: Detect all the columns that their deletion decrements rank and collect them in X

—_—

R A A A

—_ = =
N2 e

Output: Noisy Columns - 33, recovered underlying matrix ﬁ:[n]\z

The proof of the algorithm EEREI correctly detects noisy columns is the
same as the proof provided in [2], therefore we don’t see necessity to pro-
vide it here. Moreover, the correct recovery of the remaining entries is the
same as the proof of EREI with only difference, if £ < w ) happens and

- (r4+-2-+log = . .
2% log (E) > ot ,;F(Vt % 6). However, the crucial step here will be to no-

tice number of active columns will be at least @ and at each active column

w(‘U) (r+2—|—log )

) many observations which gives overall

we are doing

Wm)( r+2-+log = ) . (V) _,m
Y(V) 2 ¥(U)

1
(T+2+log2)

active observations, which is the required number of active observations in

order to detect » complete column space with probability 1 — e.
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Lemma 11. Lets assume that for a given m X n sized rank—r matrix M, the
nonsparsity-number of it row space V is equal to one: (V) = 1. Then there

—

is a column—c, that deletion of it decrements the rank: rank(M.,)\0y) =

r— 1.

Proof. From the definition of nonsparsity-number, we notice that, it is al-
ways positive and moreover, only case that it is equal to 1 is if some of the
standard basis vector e; is contained in the space. Then lets assume that
the row space contains e;,, then we claim that the deletion of the column i

decrements the rank.

—

Lets assume that rank(M.p,\r;,)) = 7. Moreover, lets denote the M by

the matrix that is 7p-th column replaced by zero vector. It is trivial to see
that that rank (M., ;,;) = rank(M"). Therefore rank(M°) = r satisfies.
Moreover, row space of M is subset of row space of M, however, as both
of them has the same rank r, these space are the same. But, this is a con-
tradiction to the fact that, e;, i1s contained in the row space of M but not in
the row space of M (due to the fact that, entire row space has 0 in its ¢g-th

—

coordinate). Then, our assumption is wrong, rank (M., (;,}) cannot be r
and only other possible option is » — 1. Therefore rank(ﬁz[n]\{c}) =r—1
satisfies.

[]

Lemma 12. Lets assume that for a given m x n sized rank—r matrix M with
row space V, several columns are deleted and number of deleted columns is

smaller than the non-sparsity number of row space. Then, rank of the matrix
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is preserved, and its non-sparsity number is decreased by at most a—where

a stands for the number of columns those are deleted.

Proof. The proof is just inductively application of following claims:

e Deletion of one column, can reduce nonsparsity-number of the row

space at most by 1.
e if )(V) > 1, deletion of a column cannot decrement the rank.

First we prove the first claim: Lets assume for contradiction that, there is a

column c that its deletion causes drop of row space nonsparsity-number by

at least 2, i.e. ¥(V) — ¢(V') > 2, where V' is the row space of /1\7[:[71]\{6}.

Remind the definition: (V') = min{¢y(z)|z € V' and = # 0}. Lets pick
the nonzero vector xy € V' which satisfies the minimality in this definition.
As V' is restriction of V to the index set [n] \ {c}, there is a vector y € V

such that yj,\ (4 = 0. Therefore
Iyllo < [lzoflo + 1 = t(V') + L.
Considering the inequality
$(V) < llyllo < llwollo + 1 = (V') +1

which implies (V) — ¢(V’) < 1 and this contradicts to the assumption.

Therefore, first claim indeed always satisfied.

Now, we prove the second claim: This is a simple statement, once we notice

that if deletion of the column c results decrement in the rank of the matrix,

75



then e, (i.e. c—th standard vector) is contained in the row space of M. The

proof is simple as following:

Lets assume that without lost of generality columns that has the index set
B = {ci,cs,...,c_1,c} is a basis for column space. Note that, ¢ should be
part of any basis, because without column—c the column space has dimen-

sion r — 1. Moreover, we know that for any 7 ¢ B, the column MZ can be

written as linear combination of columns {¢y, o, ..., c,—1} as:
r—1
M, = E a;M... for scalar o/;s.
J J J
Jj=1

Moreover, considering the fact that, /1\711 B has rank equal to r, we can find the
set of rows R = {Ry, Ry, ..., R}, that M.z also has rank r. Considering
the fact that, M r:3 18 7 X 1 sized matrix, then its row space contains the stan-
dard basis vector: (0,0,...,0,1). This follows that there is a linear com-
bination of rows R = {Ry, Ra, ..., R,} with some scalars /31, 3s, ..., [,

that
BiMp,.5 + BoMp,5+ ... + B Mp.s = (0,0,...,0,1).
For a given i ¢ B lets check the i—th coordinate of the vector
51MRM' + 52MR2:2' + ...+ @M}m-

Remember that M.; = Zg;} ozjﬁ;cj as 1 ¢ B, therefore the sum above can
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be written as:

BiMp, i + BoMp,.i + ... 4+ B, Mg .

r—1 r—1 r—1
— 51 Z @jM:cj + 62 Z OCjM:cj + .ot Br Z ajM:cj
Jj=1 j=1 j=1

= o Z BiM.., + ao Z BiM.c, + ... + a1 Z BiM.., _,
i—1 i—1 i1

= X04+asx0+...4a1x0=0
and this concludes that
Blﬁth +62MR2: + ... +5TMRT: - (0707"'7071707"'70)

Therefore e. 1s in the row space, and this implies that w(\N’) = 1. There-
fore,if w(iv/) > 1 then deletion of a column cannot decrement rank.

[]

Number of Observations: The number of observations is simply £ many
additional observed columns and rows, compared to the algorithm EREI

with the slight difference if ¢ < “.) then

mn 7“) %(r—i—2—|—log%)

(m+n—r)r+min(2¢(U) log ( 0

n) +&(m+n)

€
: $(V)
and if § > =

" log (%) + £(m +n)

(m—I—n—r)r—l—Q(p(U) .
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Recall for properties of non-degenerate subspace: Lets remind the char-

acteristics of non-degenerate random vectors provided in [2]:

Let E° € R™** be matrix consisting of corrupted vectors drawn from any
non-degenerate distribution. Let U¥ € R™** be any fixed matrix with rank

k. Then with probability 1, we have
e rank(E®) = sforany s < m

e rank(E® z) = s+ 1 holds for x € U* c R” uniformly and s < m—k,

where x can be depend or independent on E*
e rank(E*, U*) = s + k given that s + k < m

e The marginal of non-degenerate distribution is non-degenerate
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3.2 Bounded Deterministic Noise

In this section, we propose an algorithm that gives a low-rank estimation to
a matrix with small noise additional to a low-rank structure. Specifically,
we assume that the observed matrix M is created by adding small noise to

the underlying low-rank matrix L.
M =L+ suchthat ||L;lla=1 and ||(i]2 <€ Vi€ [n]

The main novelty of the algorithm provided here is to decide the number
of entries to be observed adaptively depending on the angle between esti-
mated column space and actual column space. This approach to observation
complexity opens further space for future improvements. In lemma 25 we
show that the angle between estimated space and actual space cannot be too
much different using similar argument to [2], and the angle between them
1s upper bounded by 3%\/&, which gives the worst observation complexity
for LREBN with d = O(u(U)r log? + + mkelog §) which improves the
previous rate O(u(U)r log? =+ mke log? %), especially when e is relatively

big that the term mke is dominating over x(U)r log® %

Moreover, there are many cases that estimated angle is much smaller than
V'ke. especially, when the basis vectors of the matrix L are far enough by
each other (the angles between them is big enough) this quantity can be as
small as ke, which in this case observation complexity for a given column

would be d = 724(U)r log” 1 + 8mk?e? log & which is further smaller.
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LREBN: Low-rank estimation for bounded noise.
Input: d = 72,(U)rlog®
Initialize: & = 0, U° = §,6(U°, U°) = 0
1: Draw uniformly random entries {2 C [m)] of size d
2: for ¢ from 1 to n do

%Moy — Poy Mol > (14 ) (/2L0(UF TF) + | /3e)
4: Fully observe M.; R
5: Ukt «— U* UM, Orthogonalize UMt! _
6: Estimate (U*, U¥) the upper bound for §(U*, U¥)
7: d = T72p(U)rlog® ; + 8mh(U*, Uk)?2 logfandsetk =k +1
8: Draw uniformly random entries 2 C [m] of size d
9: otherwise: M.; — ﬁkﬁ’gﬁm
Output: M

To estimate the upper bound §(U*, U*) for #(U*, U*) we use the idea due
to [lL7]:

_ Q(Uklﬁi) (O, U
Q(Uk, Uk‘—l) _ 0(U/€—17 Uk—l)

60" U") = 2

Theorem 5. Given the L be an m X n sized underlying rank-r matrix
where each column has (5 norm of 1. Moreover, M is a full rank ma-
trix where each column is created by adding at most {5, norm—e noise to
the corresponding column of L. Then the algorithm LREBN estimates
underlying matrix with (s norm of error is @(%\/E) by sampling d =
72u(U)rlog” + + 8ml(U*, Uk)? log & entries in each column

Proof. The proof consists the following steps:
e step 1. Show that estimated matrix M has rank of at most 7.
e step 2. Decompose the error of recovered matrix

e step 3. Bound each of the terms in decomposition.
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Step 1:

Lemma 13. Let assume that M is can be decomposed as rank r matrix L
with additional small noise in each column that, its {5 norm is bounded by

€. Then, at the end of the termination of the algorithm estimated

subspace U* has dimension at most r.

Proof. We prove that in the execution of the algorithm, we show if a col-
umn M., has been detected as new column that cannot be contained in pre-
selected [NJk, then L is indeed cannot be contained in the U*. To use trian-

gle inequality, we notice
(L., U") > (L., U*) — 9(U*, U

Using the lemma [20] we can notice that following inequalities are get satis-

fied:

3d
[Mor = P Mol < /5 (1M = Pge M)

3d
< /o (IM = L + Lt = PoLa)
+ Hpﬁk(L:t - M:t)H
<3\ — .
<\ (E +0(L.,, U") + 6)

From the design of the algorithm

[Mo: = P M| > (1+6) (1 5-0(U", TF) + )

2m
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and using this inequality above, we conclude that

/3 o(U*, T \/3d/<:e\/ HQLt’Uk)H)

which follows that

(U*, UF) + Ve < (e +O(L,, UM + e)
considering the fact that e < % we conclude that
O(L.,, U*) > 0(Ly, UF) + 2¢ — Vke > 6(U* UF)

therefore we conclude that (U*, U*) < (L., UF) and it follows that
6(L.;, U*) > 0. Moreover, one can see that after every time this inequality
get satisfied, dimension of U” increases by one, and considering the fact
that U*’s are subspace of column space of L, its dimension cannot increase

more than r times. []

Step 2:

In this section we are formulating an upper bound to recovery error. Note
that, if the algorithm decides completely observe the column, then /5 norm
of the error 1s upper bounded by €. Then, all we need to do is to give upper

bound to columns those recovered by estimated subspace.

IM.; — Ly|| = [|[UFUE Ma; — L]
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< |UFUE; Mo; — UMUE, Loy |

+||UFUE Lo, — UMUY Ly + |UFUF' L, — Ly||
< |[UMT6, (Mg — Loy) |

+ |U*UE Lo, — UFU* Ly|| + sinO(L,, U*)
< ||U*TE, |[(Mar — Loy)||

+[|OFTE Loy, — UFUY L || + 6(Ly, U

Step 3:
Then all we need to do is to give an upper bound to the final expression. Lets
start with the second term here: L., = U"v + e where Uky = I~J’“I~Jk+L;t

and note ||e|| = sin (L., U*) < 6(L.,, U¥). Therefore:
U"UE Lo, — UMUR L, = UMUE (Ufo + ¢) — Uko = UFUR @
Hence we conclude that:
M. = Lyl| < [ U*TG || (May — L)
+ [[UFU§ el + 0(Ly, UY)
< | T*UG (1] (Mar — Loy |
+ | UFUE [|0(L., UF) + 6(L,, U").

83



To give upper bound to this expression, we notice

~ . g fjk m
[T T < 29 <o)
O-k?(UQ:> d

given the condition that d > 4,u(INJk)klog§ from the lemma . From
lemmawe know that p(UF) < Q/L(Uk)JrZ%@(INJk, U*)2 and from lemma
we notice that ku(U*) < rp(U). Then all together these facts concludes
the selected

1 ~
d = 72p(U)rlog’ 5 + 8mb (T, U*)? 1og§

> 8u(U)r logg + 8mA(UF, Uk)? logg

satisfies d > 4u(ﬁk)klog§ (it is assumed that § < 7«1% ). Therefore, we

can bound || U*U% || above by o%).

Now, only remaining term in the error bound above is (L., ﬁk‘), and we

use the following inequality to compare it with quantities provided as input:

[PgeMi — Lig|| = sin 6(Pg My, Liy)
> H(PﬁkM:b Lit)
- 2

and to relate the term ||Pg. M., — L;|| with observed entries we again use
the inequality [20] and the fact that (1 + 2log %)2 < 6log? % once 0 < 0.1,
lemma [T5] and lemma [I§]
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Mo — PgieMau|| >

1 sd  3ku(UF)pB
> e 4+ — T .
> \/m (2 5 )HM,t P My

> \/l (g — w> <HL:t — PgeMau| — [|Lt — M:t”)

> \/ (8 0 (pnn, ) )
> A4~ 20y (AT L
> o (5 - om0 102 ) (A5
> \/% (g — 18ku(U*) log? (15 18mA(Uk, Uk)2 log? 5) (% — e)

d 18k 1 (U, L,)
- k _ k k)2 NT Ty
= —pu(UF) log® 5 — 189(UF, UF)2log” 5( > e)
d  18r 1 1 /6(U*, Ly)

> _ log?2 = — 1 k Uk)2loe? (2 2=t
—— — —u(U) log? = — 189(0%, U2 log 5( ; €>
d /6(UF L,)

- 4m< 2 _6)

From here, we conclude that:
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~ m
Q(Uka L:t) S 4\/ EHMQt - PﬁkMQ:tH + 2e
m

3d ~ 3dke
<4,/20 ( 24Ut Ut 2)
< d( +€) 5 (U*,U%) + o T2

< (1+e)<\/ﬂ9(Uk,I~J’“) +\/%)

Finally, returning back to the recovery error:

IML — Ll < [T, [l (Mo — Laa)l| + |TTE [|0(Lr, U*) + 0(L, UY)

< %e + (% + 1) (\/2_49(Uk, U") + \/%) (1+¢)

Then all we need to do is to give upper bound to G(ﬁk, U*). In the proof
below, we use similar argument to [17]. Lets assume U* = {uy, us, ..., u}
and U* = {U;, %, ..., U} where each of ||u; — @;]| < e satisfied. Then

using triangle inequality, lemma|l9|and lemma
9(U*, U*) < 6(U*, U) + 6(U, U*)
+o(U U

Q(Uk, ak) + Q(fjk_l Uk—l)

H(Uk, ﬂk)

Ve 4 0(Uk-1, Uk-1) — g(Uk-1 UF-1)

+ (U UF
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and using lemma we can conclude that §(U*, U*) < 37”\/&, which
gives the final bound to H/1\7Lt — L|| to be @(%\/E)

Lemma 14. Given that

/ 3d 3dke
||MQt - Pﬁlg;lMQ;tH > (1 +e)< ng(Uk 1 Uk 1) )

2m

satisfies. Then following also satisfies:
0(Ty,, UF1) > 0(U 1 UF ) + Ve
Proof. Note that simple triangle inequality implies |[M.|| < 1+ ¢

0(u, UF 1) = 6(M,,, UF 1) > sin (M, U 1)

My sin (M., U 1)

>
- 1—|—€
1+ —[[Mt — Pge s M|
> LMy - Py M
=~ 1+e g” Ot — U?l_l Q:t”
Using, the fact that
3d bl wvkol 3dke

[Mo: = Pggs M| = (1+6)(1/ 5001 UM + [ =5)

we conclude

Q(Gk,fjk_l) > \/E—f—@(fjk_l,Uk_l).
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Lemma 15. Let U* be a k-dimensional subspace of U which is subspace of

R™ with dimension r. Then following inequality satisfied:

kp(U*) < rpu(U)

Proof.
By — 12 = 112
bu(U) = k22 max [Pover | = r™ mas [ Poses|
< P max || Pye;||*
T 1<j<m
= ru(U)
and the inequality due to U¥ C U [

Lemma 16. Let assume that agp = 0 and ap, < ajp_1 + %\/% Then it follows

that a;, < 37”\/ ke

Proof. Tts trivial to notice that a; < /e < 35+/e. Lets assume by induc-
tion for a given k any index i < k satisfies a; < 32+/ie and then we will

prove that a1 < 35+/(k 4 1)e. We prove it by contradiction, by assuming

ap+1 > 354/ (k + 1)e and conclude to a contradiction.

a1 > 3g\/ (k4 1)e

— Qg Z —3%%

s __am 1 i |
Therefore, a1 —ay > 35\/E<\/k + 1—\/%) = 35\/E\/E+\/m > 35\/EWE =
g\/% which contradicts to the statement of the lemma. Therefore, assump-

tion cannot be satisfied which follows aj,; < 354/ (k 4 1)e O
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Lemma 17. Let U* and U* be as defined above then, coherence number of

these spaces satisfies the following inequality:

u(0¥) < 2(U") + 26(TF, UYY

Proof. In order to achieve the goal of comparing ,u(INJk) and 1(UY), we
first need to understand how projection to standard vectors to U* differ than

projection of them to U*:

| Pereill < Pukeill + [|[Pgrei — Pureill < [|[Pureill + || Pgr — Purlll|eill
— || Pyee;|| + sin 6(U*, UF)
< || Pyres|| + 0(T*, U*)

Therefore:

cTky T 2. m el I2 C1k 7 Tk)2
(0% = 2 max | Pge|? < k(ergja%>%|\PU ei|2 + 20(T*, U ))

k 1<j<n

= 2u(U") + 2%9(6’@, U)?2

[]

Lemma 18. Lets assume the setting as discussed in the proof above. Then,
1 ~ 1
— > —u(U) log? 5+ 180(U*, U*)? 1og? 5

Proof. Remind d = 724u(U)rlog? + 8mf(U* U*)?log £ and it implies
L = 18u(U)rlog? L + 2mh(U*, U")2log L. Then all we need to show is

4m

2mlog % > 18 log? 1 and this is correct due to m > d > 9log + ]
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Lemma 19 ([17]). Let subspaces U, V', and 1% definedas U = span{ay, ..., a1},
V = spanf{ay,...,a5_1,b} and V= span{ay, ..., ap_1,b}. Then follow-
ing inequality satisfied:

0(b, b)

O(V,V) < ——-
0, U)

7
-2

Lemma 20 ([16]). Let U* be a k-dimensional subspace of R™, and set
d = max(%ku(ﬁk) log %, 4Py log %) Given that §) stands for uniformly
selected subset of |m| then following inequality get satisfied:

d(l —a) — k,u(ﬁk)l%

m

d
ly—Pgryll < HyQ_PﬁngH < (1+Q)E|‘y—’]?ﬁky"

o b(Paery) 1 p(Pgery) 1 _ 1
wherea—\/Q y 10g5+2 3 log(s, 5—(1+210g5)

8ku(UF) 2
C\/—’uéd )loggweusea<1/2and7<1/3simila7’10[15]

Lemma 21 ([8]). Consider a finite sequence {X;} € R"*" independent

random, Hermitian matrices those satisfies:
0 S )\min(Xk) S Amax(Xk) S L.

Let Y = Y Xy and p, be the r-th largest eigenvalue of E[Y] ( pn, =
3
M(E[Y))), then for any € € |0, 1) following inequality satisfied:

—€

PrOV(Y) = (1- ) 21— 7 () ' 21— e

1-0
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Chapter 4

Experimental Results

4.1 Design of Experiments

Exact Completion Designs: To generate m X n sized underlying low-
rank matrix M, we created m X r and r X n sized matrices X, Y, where

X, Yi; ~N(0,1) and we set M = XY.

To design an m X n sized rank r with space nonsparsity number equal
to 1, we generate m X r — 1 and » — 1 X n sized matrices X,Y, where
Xi;,Yi; ~N(0,1). Multiplication of these matrices would gives us a rank
r — 1 matrix. As the column space of M is column space of Y. Given
that Y; ; ~ A(0,1) implies that coherence of column space of Y is small.
Therefore, M has small column space coherence number. Then we generate

random a vector in R"”, and replace it with one of the rows: row—z.

We can guarantee that the resulting matrix will contain i-th standard basis
vector e; in the column space. To observe this phenomenon, lets analyse

the restriction of the matrix M to the first » columns and all the rows but
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row ¢. As this is a submatrix of rank r — 1 matrix (initial M) this matrix
also has rank at most » — 1. Therefore, we have non-trivial coefficients
a1, Qo, ..., q,, that makes linear combination of columns of submatrix to

be equal to zero vector. Therefore,
Ole;l -+ OélM:Q + ...+ OérM;T = we;

for some w. Then all we need to show is w # 0, however it is straight-
forward because w = aju; + asus + ... + a,u, which is nonzero be-
cause u is random. In conclusion, e; is contained in the column space of
M and therefore from the definition of coherence of the columns space of
the matrix is equal to = which is also maximum value. Moreover, it has

nonsparsity-number to be equal to 1 as e; is in column space.

Note that, we might change the process above and generate several random
vectors and replace them with some rows of the matrix, we would get matrix

which has nonsparsity-number to be equal to a.

1. generate @ many random vector u € R"
2. randomly select subset of [m] that has size a

3. replace selected rows with randomly generated vectors.

We test our method for fixed » = 5 and » = 10 with n varying over
{1000, 2000, . ..,12000}. Similarly, we fixed n = 3000 and varied r over
{1,2,...,12}. Moreover, we classified matrices into four types for coher-

ence/incoherence of the column and row space.
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Low Rank Estimation Designs: We use the Hoopokins-155 dataset for

low-rank estimation algorithms.

4.2 Exact Completion Experiments

We tested all of our exact completion algorithms{ERR|[ERRE]|and [ERE]

for synthetically generated low-rank matrices. From tables below, we can

get the comparison of the performance of our algorithms to previous meth-

ods ([2, 15, 116, 24]]). We refer to Supplementary Material regarding gener-

ation method of coherent/incoherent, row/column subspace matrices.

r =5 : coh row, coh column space

2000 4000 6000 8000 10000 12000

r - rank of the underlying matrix M

r =5 :incoh row, coh column space

2000 4000 6000 8000 10000 12000

r - rank of the underlying matrix M
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r =5 : coh row, incoh column space

2000 4000 6000 8000 10000 12000

r - rank of the underlying matrix M

r = 5 incoh row, incoh column space

2000 4000 6000 8000 10000 12000

r - rank of the underlying matrix M

Table 4.1: Experiments for rank 5 matrices



p - fraction of observed entries
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0.3
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Table 4.2: Experiments for rank 10 matrices

n = 3000 : coh row, coh column space

— KS2013

—— KS2014

—— HZ2016

—— Chen2014
ERRE

g —— ERR

12

2 4 6 8 10
r - rank of the underlying matrix M

n = 3000 : incoh row, coh column space

KS2013
KS2014
HZ2016
Chen2014
ERRE

ERR

EREI

2 4 6 8 10
r - rank of the underlying matrix M

025

0.20

015

0.10

0.05

p - fraction of observed entries

0.00

025

020

015

0.10

0.05

p - fraction of observed entries

0.00

n = 3000 : coh row, incoh column space

KS2013
KS2014
HZ2016
Chen2014
ERRE

ERR

KS2013
KS2014
HZ2016
Chen2014
ERRE

ERR
— EREI

2 4 6 8 10
r - rank of the underlying matrix M

Table 4.3: Experiments for rank 3000 x 3000 sized matrices
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4.3 Low-Rank Estimation Experiments

Experiments for real data: We tested the low-rank estimation method using
adaptive sampling with respect to the angle between estimated and under-
lying subspace. Experiments run on Hopkins 155 dataset. Hopkins dataset
contains 155 images, and each of them represents two or three motion ob-
jects. The trajectory of motion of each object lies in a low-rank subspace.
We reshape 3-dimensional tensor data to 2-dimensional matrix. Almost all
reshaped matrices are smaller than the size 500 x 50. As the constants
are high in the algorithm LREBN and works of previous authors together
with the multiplicative term of log(1/¢), applying for these numbers here
concludes observing the entire column. Therefore, instead of sampling pre-
cisely these numbers, we use other numbers that generated using a similar
idea. If a newly added independent column has a high angle with the esti-
mated subspace, then we don’t increase the number of samples for the next
columns. Otherwise, we increase the value of the d-observation count pa-
rameter. We compare this method to the method that no matter what is the
angle, we always increase d once a new independent column detected. e
set to 0.0003, and the /5 norm of the column normalized using /5 norm of
observed entries. We run each of the experiments 20 times and take the
average of them to compute corresponding error and sample size. On the
left side, we see plots for /,,-norm of estimation error in a given column.
In the right, we see the number of observations used during the execution.
Each row below corresponds to different images. Computing average error

over columns and average sample sizes conclude that the adaptive method
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roughly gives 8 — 12% benefit on reducing observation complexity. How-

ever, the average /., norm of error doesn’t change significantly.

Fraction of observed entries in given column

maximumm relative error in given column

0.350 A

0.325 A

0.300 A

0.275 A

0.250 A

0.225 A

0.200 A

0.175 A

0.000254 Adaptive Sampling

0.00020 +

0.00015 1

0.00010 1

0.00005

0.00000 1

Adaptive Sampling with Estimated Angle

—— Non-Adaptive Method

(I) 1|0 2|0 3‘0 4|O 5l0
index of column

Sample Sizes

—— Non-Adaptive Method
------- Adaptive Sampling

(') 1|0 2'0 3|O 4IO
index of column

Table 4.4: Experiments for one of Hopkins 155 dataset
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maximumm relative error in given column

0.00030 A

0.00025 A

0.00020 A

0.00015 ~

0.00010

0.00005 A

0.00000 A

Fraction of observed entries in given column

Adaptive Sampling with Estimated Angle

—— Non-Adaptive Method
------- Adaptive Sampling

0 10 ZIO 30 40 50
index of column

Sample Sizes

0.375 A

0.350 ~

0.325 ~

0.300 4

0.275 A

0.250 A

0.225 ~

0.200 A

—— Non-Adaptive Method
------- Adaptive Sampling

0.175

0 10 20 30 40
index of column

Table 4.5: Experiments for one of Hopkins 155 dataset
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Fraction of observed entries in given column

maximumm relative error in given column

Adaptive Sampling with Estimated Angle

0.000175

0.000150 A

0.000125 4

0.000100 -

0.000075 4

0.000050 A

0.000025 4

—— Non-Adaptive Method
------- Adaptive Sampling

0.000000 A

0 10 2IO 30 40 50
index of column

Sample Sizes

0401 —— Non-Adaptive Method
------- Adaptive Sampling
0.35 -
0.30
0.25 -
0.20 -

0 10 20 30 40
index of column

Table 4.6: Experiments for one of Hopkins 155 dataset
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