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Abstract

Over the last three decades rapid advances in computer technology coupled with new the-
oretical developments have led to significant progress in deterministic global optimization.
While this progress has been considerable, this remains a relatively underdeveloped area,
as there exists many classes of problems that global optimization algorithms are unable to
solve to global optimality.

In this thesis, we present computational methodologies aimed at improving the perfor-
mance of branch-and-bound-based global optimization algorithms. To this end, we pro-
pose novel relaxation and domain partitioning strategies for various classes of nonconvex
nonlinear programs (NLPs) and mixed-integer nonlinear programs (MINLPs).

In the first part of this thesis, we consider nonconvex optimization problems containing
convex-transformable functions. We introduce a new class of cutting planes derived by
exploiting convex-transformability of intermediate expressions of factorable programs.

In the second part of this thesis, we turn our attention to nonconvex mixed-integer
quadratic programs (MIQPs). We present a family of convex quadratic relaxations derived
by convexifying nonconvex quadratic functions through uniform diagonal perturbations
of the quadratic matrix. We investigate the theoretical properties of these quadratic relax-
ations and show that they are equivalent to some particular semidefinite programs. We
also introduce novel branching variable selection strategies which can be used in conjunc-
tion with the proposed quadratic relaxations.

In the third part of this thesis, we consider a related class of convex quadratic relaxations.
In particular, we propose a new class of quadratically constrained programming (QCP) re-

laxations derived via convex quadratic cuts obtained from non-uniform diagonal pertur-
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bations of the quadratic matrix. We show that these relaxations are an outer-approximation
of a semi-infinite convex program which under certain conditions is equivalent to a well-
known semidefinite program relaxation.

To demonstrate the computational benefits of the ideas investigated in this thesis, we
implement the proposed relaxation and domain partitioning strategies into the state-of-the
art global optimization solver BARON. We test our implementation by conducting exten-
sive computational studies on a variety of nonconvex problems. Results demonstrate that,
for many test problems, the proposed techniques lead to order-of-magnitude speedups,
resulting in a new version of BARON which outperforms other widely used global opti-

mization solvers.
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Chapter 1

Introduction

1.1 Motivation

We consider optimization problems of the form:

min f(z)
st. g(x) <0 (1.1)
x € X CR" ™M x Znd

where f: X -+ Rand g : X — R™ are factorable functions which may be nonconvex. The
formulation in (1.1) subsumes many classes of nonconvex nonlinear programs (NLPs) and
mixed-integer nonlinear programs (MINLPs) which arise in variety of applications such
as synthesis of process networks [35], pooling and blending in refinery operations [65],
product design in mechanical engineering [44], molecular conformation [69], protein fold-
ing [67], molecular design of refrigerants [78], optimization of metabolic networks [70],
facility location and quadratic assignment [25, 49, 51, 55], and max-cut problems [33]. Due
to the nonconvexities in f and g and the presence of discrete variables, problem (1.1) may
exhibit multiple local optima and can be very challenging to solve to global optimality.
State-of-the-art deterministic global optimization solvers rely on branch-and-bound al-
gorithms in order to solve problems of the form (1.1) to global optimality. These algorithms
were initially devised to solve discrete optimization problems [27, 50], and were subse-
quently adapted for solving more general problems involving both discrete and continu-
ous variables [30]. The branch-and-bound procedure generates lower and upper bounds

on the global solution of (1.1) over successively refined partitions of the search space. The
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1.1 MOTIVATION

lower bounds are obtained by solving relaxations of (1.1), whereas the upper bounds are
determined via local search or heuristics. This procedure stops when the difference be-
tween the best upper and lower bounds is within a user-defined tolerance ¢ > 0. If
the lower bounding and partitioning schemes satisfy certain conditions, the branch-and-
bound algorithm is guaranteed to converge to the global optimum within e-accuracy [38].

We illustrate the key ideas behind this algorithm through the following example.

Example 1.1. Consider the following nonconvex optimization problem:

=min f(z)=2.32%—4.522 + 0.5¢}5*
p=min () (1.2)
st. e [-14,1.0]

It is simple to show that a convex relaxation for (1.2) is given by:

LBD : 4 — - 1.5z
- = ; =232 —4.5((x; ) — X, %; 0.5
pEP —min ri(e) = 230" — 4.5((z; + 2)7 - 2,5) + 0.5¢ )
st.  x €[z, T
where the index i represents the i-th node of the branch-and-bound tree, and z; and z;

respectively denote the lower and upper bounds corresponding to this node.

We start the branch-and-bound algorithm at the root-node by setting i = 1, z; = —1.4
and z; = 1.0 in (1.3). The solution of the resulting relaxation is attained at 2* = —0.6,
which leads to the root-node lower bound ptPP = —6.9. We then apply a local search

method to (1.2) by using the relaxation solution as a starting point. This results in the root-
node upper bound pYBP = —2.1. Clearly, u € [—6.9, —2.1]. The root-node lower and upper
bounding steps are illustrated in Figure 1.1a.

Next, we partition the problem domain by branching on the middle point of the interval

[—1.4,1.0]. We create one node where i = 2 and = € [z,,72] = [—1.4,—0.2], and another
node where i = 3 and = € [z3,%3] = [—0.2,1.0]. At each of these nodes we solve a re-
laxation of the form (1.3), obtaining the lower bounds ;5P = —3.6 and piBP = —1.5 (see

Figure 1.1b). Since ;58P > 9B, we have that f(x) > p, Yz € [-0.2,1.0]. As a result, we

fathom node 3 and conclude that p € [—3.6, —2.1].
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1.1 MOTIVATION

We can further partition the problem domain by branching on the middle point of the
interval [—1.4, —0.2]. This leads to one node where i = 4 and = € [z4,Z4] = [-1.4,—0.8],
and another node where i = 5 and z € [z5,Z5] = [—0.8, —0.2]. By solving the relaxations
of the form (1.3) corresponding to these nodes we obtain the lower bounds p}*P = —2.5
and PP = —1.8 (see Figure 1.1c). Since ;iPP > uVBP, we have that f(z) > u, Vo €
[—0.8,—0.2]. Hence, we proceed to fathom node 5. As this is an illustrative example,

we stop this algorithm at node 4 and conclude that € [-2.5,—2.1]. The search tree

corresponding to this example is shown in Figure 1.1d.

The performance of branch-and-bound algorithms is heavily influenced by several fac-
tors including: (i) the quality of the bounds obtained during the lower and upper bounding
steps, (ii) the efficiency of the domain reduction methods used throughout the search, and
(iii) the strategies employed to partition the problem domain [91].

The quality of the upper bounds is determined by the type of local search and heuris-
tic methods used to find feasible solutions, whereas the quality of the lower bounds de-
pends on the tightness of the relaxations constructed throughout the branch-and-bound
tree. Tight relaxations lead to tight bounds, and often speed up the convergence of branch-
and-bound algorithms.

As their name suggests, domain reduction methods aim to reduce the size of the search
space by excluding regions that do not contain optimal solutions. This reduction is achieved
by tightening variable bounds through the application of feasibility-based and optimality-
based techniques [75], and the exploitation of the first-order optimality conditions of the
original problem [73, 97]. Although these strategies are not required to ensure convergence
to the global optimum, they typically lead to significant improvements in the efficiency of
branch-and-bound algorithms.

Domain partitioning strategies involve the splitting of the search space by selecting a

branching variable and a branching point. These strategies have a very significant impact
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1.1 MOTIVATION

on the structure and size of the search tree and can considerably affect the performance of

branch-and-bound algorithms [92].

f
0
-1
-2 WBD = 21
-3
-4
_5 71 (%)
-6
-7 Node 1 (Root node) MIIBD =69
-1.4 -0.8 -0.2 0.4 1.0

X

(a) Lower and upper bounding at node 1.

uiBP = —1.8
uBP = —21

|
N

WiB = 2.5

-1.4

(c) Lower bounding at nodes 4 and 5.

LBD = _15
/1

/ pUBD = 2.1
LBD _— —-3.6

]

LBD _ _g g
Node 2 1

-0.8 -

Node 3
2 0.4 1.0

(b) Lower bounding at nodes 2 and 3.

Fathom

Node 4

Fathom

(d) Search tree.

Figure 1.1: Branch and bound procedure for Example 1.1.

Given the challenging nature of the problems that typically arise in global optimiza-

tion, over the past three decades there has been very active research in the development

of novel bounding schemes, domain reduction methods and partitioning strategies for
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branch-and-bound algorithms. Many of these new developments have been incorporated
into efficient branch-and-bound-based software packages which are capable of solving
a variety of nonconvex problems to global optimality. Some examples of these solvers
are ANTIGONE [64], BARON [77], COUENNE [12], CPLEX [41], GUROBI [36], LIN-
DOGLOBAL [54] and SCIP [13].

Even though the aforementioned advances have had a very positive impact in numer-
ous scientific and engineering applications, there currently exist many classes of problems

which global optimization solvers are unable to solve to global optimality.

1.2 Outline of the thesis

In this thesis, we push the state-of-the-art in deterministic global optimization by introduc-
ing novel relaxation and partitioning strategies for various classes of nonconvex NLPs and
MINLPs. Throughout the thesis, we make important theoretical and algorithmic contri-
butions, and demonstrate the computational benefits of the proposed strategies by devel-
oping efficient implementations which are integrated into the global optimization solver
BARON.

We start in Chapter 2 by considering nonconvex optimization problems which contain
convex-transformable functions. We first present algorithms for identification of convex-
transformable functions in general nonconvex problems. We then introduce a new class
of cutting planes based on recently developed relaxations for convex-transformable func-
tions. We integrate our recognition and cutting plane generation algorithms into BARON,
and test our implementation by conducting numerical experiments on various classes of
nonconvex problems. Results indicate that the proposed cutting planes considerably ac-
celerate the convergence speed of the branch-and-bound algorithm.

In Chapter 3, we turn our attention to nonconvex quadratic programs (QPs) and mixed-
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integer quadratic programs (MIQPs). In particular, we present a family of convex quadratic
relaxations which are derived by convexifying nonconvex quadratic functions through
perturbations of the quadratic matrix. We investigate the theoretical properties of these
quadratic relaxations and show that they are equivalent to some particular semidefinite
programs. We also introduce novel branching variable selection strategies which are mo-
tivated by the proposed quadratic relaxations. The new relaxation and branching tech-
niques are implemented in BARON, and tested by conducting numerical experiments on
a large collection of problems. Our numerical results show that the proposed implemen-
tation leads to a very significant improvement in the performance of BARON, resulting in
order-of-magnitude speedups for many test problems.

Motivated by these results, in Chapter 4, we consider a related class of convex quadratic
relaxations. In particular, we propose a new class of quadratically constrained program-
ming (QCP) relaxations which are derived via convex quadratic cuts. To construct these
quadratic cuts, we solve a separation problem involving a linear matrix inequality with
a special structure that allows the use of specialized solution algorithms. We show that
our relaxations are an outer-approximation of a semi-infinite convex program which un-
der certain conditions is equivalent to a well-known semidefinite program relaxation. We
implement these new relaxations in BARON and demonstrate their benefits by conducting
an extensive computational study.

We conclude in Chapter 5 by summarizing the main contributions of this thesis and

suggesting directions for future work.
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Chapter 2
Global optimization of nonconvex problems

with convex-transformable intermediates

2.1 Introduction

In this chapter, we consider the global optimization of nonconvex NLPs and MINLPs of

the form:

min  f(x)
st. g(x) <0 (2.1)
re X CZM x R "
where f : X - R, g : X — R™, and the objective function and/or constraints con-
tain convex-transformable functions. A continuous real-valued function ¢ defined over a
convex set C C R" is said to be convex-transformable (resp. concave-transformable) or
G-convex (resp. G-concave) if there exists a continuous real-valued increasing function G
defined on the range of ¢, such that G(¢(z)) is convex (resp. concave) over C [7]. Prob-
lems containing convex-transformable functions arise in a wide variety of scientific and
engineering applications, including the synthesis of process networks [35], pooling and
blending in refinery operations [65], molecular design of refrigerants [78], product design
in mechanical engineering [44], and optimization of metabolic networks [70].
One of the most popular approaches for constructing convex relaxations of nonconvex

optimization problems, including problems containing convex-transformable functions,

is based on factorable programming techniques [60, 86, 92]. Given a factorable function,
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2.1 INTRODUCTION

these techniques proceed by introducing intermediate variables and constraints in an iter-
ative manner, until each intermediate expression can be outer-approximated by its convex
and/or concave envelopes. By applying this procedure to all factorable functions appear-
ing in a given nonconvex optimization problem, it is possible to construct a convex relax-
ation, whose solution provides a valid bound on the optimal objective function value of the
original problem. Due to their simplicity, factorable programming techniques have been
successfully implemented in most global optimization packages. An important drawback
of these techniques is the fact that they often result in large relaxation gaps.

With the aim of obtaining tighter relaxations of nonconvex optimization problems, con-
siderable attention has been devoted in recent years to the problem of constructing the
convex and concave envelopes of a nonconvex function. While significant advances have
been made in this area, there are only a few cases in which it is possible to obtain closed-
form expressions for the envelopes, or alternatively, develop a computationally efficient
algorithm for generating facets of the envelopes. These instances involve functions with
polyhedral envelopes, and several classes of low-dimensional functions with nonpolyhe-
dral envelopes. For details on some of these convexification results, we refer the reader
to[2,9, 10,42, 46, 47, 61, 62, 74, 80, 88, 89, 90]

An alternative method for strengthening factorable relaxations of nonconvex optimiza-
tion problems is based on the use of functional transformations. A particular example
of this approach is the use of power and exponential transformations to convexify signo-
mial terms [52, 56, 57, 58]. A more general transformation scheme for constructing outer-
approximations of nonconvex functions was recently proposed by Khajavirad et al. [45].
This technique exploits convex transformability of component functions of factorable pro-
grams, and it differs from other methods in that it is applicable to various classes of func-
tional forms including signomials, products and ratios of convex and/or concave func-

tions, and logarithmically-concave functions. As illustrated in [45], this transformation
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2.1 INTRODUCTION

method often leads to relaxations which are considerably tighter than those obtained by
standard approaches.

Motivated by the potential of these new relaxations to enhance the performance of
global solvers, in this chapter, we introduce a new class of cutting planes for convex-
transformable functions, and describe its implementation into the branch-and-bound global
solver BARON. The proposed implementation involves a recognition tool which can be
used to identify convex-transformable functions in general nonconvex problems, includ-
ing those present in intermediate expressions of factorable functions. Our cutting plane
generation scheme is based on the construction of supporting hyperplanes to these new
convex relaxations, which are then used at each node of the branch-and-bound tree to
tighten BARON's polyhedral relaxations. By integrating the proposed cutting plane gener-
ation strategy at every node of the branch-and-bound tree, we are able to exploit BARON's
bound tightening capabilities to obtain tight bounds for relaxation construction, as well
as use the generated cutting planes for range reduction. We test our implementation by
conducting extensive numerical experiments on a large collection of NLPs and MINLPs
selected from publicly available test sets. Results demonstrate that the generated cutting
planes accelerate the convergence speed of the branch-and-bound algorithm, by signif-
icantly reducing computational time, number of nodes in the search tree, and required
memory.

The remainder of this chapter is organized as follows. In §2.2 we review relaxation
construction techniques for convex-transformable functions. In §2.3, we describe our im-
plementation and provide details on how the proposed cutting plane generation scheme
is integrated into a branch-and-bound-global solver. In §2.4, we present the results of an
extensive computational study analyzing the effect of the proposed cutting planes on the
performance of the branch-and-bound algorithm. Finally, in §2.5 we provide conclusions

from this work.
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2.2 RELAXATIONS OF CONVEX-TRANSFORMABLE FUNCTIONS

2.2 Relaxations of convex-transformable functions

In this section, we review relaxation construction techniques for various classes of G-
convex functions. We start by illustrating how convex-transformability of nonconvex func-
tions can be exploited for the construction of outer-estimators. Let ¢ be a G-convex func-
tion defined over the convex set C C R", where G is a transforming function defined over
the range of ¢, which we will denote by I;. Then, it can be shown that a convex underes-

timator for ¢ is given by (see Section 3 in [45] for details)

¢%(z) = G (G(¢())) (2.2)

where G is an overestimator for G over I,. Now, suppose that G is a convex function, and
denote by ¢ and ¢, lower and upper bounds on ¢ over C, respectively. Then, by using the

concave envelope of G over I, it is easy to verify that in this case (2.2) is equivalent to

3(@) = (Go(x) ~ G() (M) +o @3)
As an example, consider the univariate nonconvex function ¢(z) = — (23 + ) defined

over C = [—0.5,0.5], and the transforming the function G(t) = exp(3t) defined on the range
of ¢ over C. It is simple to check that the composite function G(¢(z)) is convex, which in
turn implies that ¢ is convex-transformable. In addition, by employing (2.3), the following

convex underestimator for ¢ over C can be obtained
% (x) = 0.196 exp(—3(z® + z)) — 0.655 (2.4)

Note that for a given convex-transformable function the choice of the transforming func-
tion is not unique, i.e., there may exist many transforming functions for which G(¢(z)) is
convex, and which obviously can be used to derive underestimators of the form (2.3).
Therefore, an important question that arises in this context is how we can choose G in or-
der to obtain the tightest possible underestimator in (2.3). This question was addressed

in [45]; in particular, the authors showed that the tightest relaxation of the form (2.3) is
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obtained when G is equal to a least convexifying transformation for ¢. Given a G*-convex
function ¢, G* is considered to be a least convexifying transformation for ¢, if for every G
for which ¢ is G-convex, GG*~! is a convex function. For details on how to construct a
least convexifying transformation for a given convex-transformable function, we refer the
reader to [7, 45].

Now, we revisit the example considered above. In this case, it can be shown that a
least convexifying transformation for ¢ is given by G*(¢) = exp(9¢/8). By substituting G*

in (2.3), we obtain the following convex underestimator for ¢
¢ (x) = 0.820 exp(—1.125(z> + z)) — 1.031 (2.5)

The underestimators given in (2.4) and (2.5) are compared in Figure 2.1. As seen in the

tigure, C" is considerably tighter than #%. Note that the univariate nonconvex function

¢ considered in this example has a nonpolyhedral convex envelope over C = [—0.5,0.5]
given by
| #(x), if —05<z<w,
conve(w) = { 6(z) + ¢ (w)(z — 05), if w <z < 0.5, 26)

where w is a point satisfying ¢(w) = ¢(0.5) + ¢’ (w)(w — 0.5) (see Figure 2.1). Since, by def-
inition, the convex envelope of a function is its tightest possible convex underestimator, it
is obvious that for this example conv¢¢(z) dominates #% and ¢". However, as mentioned
earlier, for general nonconvex functions the characterization of the envelopes is a very
difficult problem. Therefore, in cases in which the envelopes are not available the trans-
formation outer-estimators discussed here can be used for tightening convex relaxations
constructed through factorable programming techniques.

Analogous results for G-concave functions can be obtained in a similar manner. The
transformation scheme outlined above was employed in [45] to derive underestimators
(resp. overestimators) for various classes of G-convex (resp. G-concave) functions. In the

following subsections, we summarize these results.
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Figure 2.1: Comparison of underestimators for ¢(x) = —(z* + x) over C = [-0.5,0.5]. The
function ¢ is plotted in solid black, the transformation underestimators ¢ and ¢ in
dotted red and dashed green, respectively, and the convex envelope of ¢ in dotted blue.

2.21 Signomials

In this subsection, we consider signomial functions defined over a subset of the nonnega-
tive orthant. We start by reviewing conditions under which a signomial function is convex-
transformable (resp. concave-transformable), and present its least convexifying (resp. con-
cavifying) transformation, which is then used to construct a convex underestimator (resp.

concave overestimator).

Proposition 2.1. (Proposition 10 in [45]) Consider the function ¢ = [[,c; x5, o € R\ {0},
Vi e I ={1,...,n} defined over a subset of the nonnegative orthant. The function ¢ is G-convex
ifand only if a; < 0 forall i € I\ {j} and 3 ;cp\ 5y loil < o < 3iep g5y leil + 1. Moreover, a

least convexifying transformation for ¢ is given by

1

G*(t) = t>ier®i (2.7)
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Proposition 2.2. (Proposition 11 in [45]) Consider the function ¢ = [[,c; x5, oy € R\ {0},
Vi e I ={1,...,n} defined over a subset of the nonnegative orthant. The function ¢ is G-concave

if and only if one of the following holds:
(i) oy >O0forallic Tand ), ;o; > 1,

(ii) o <0 for some j € I such that 3=, p (jy o < |yl

Moreover, a least concavifying transformation for ¢ is given by (2.7) when condition (i) is met and
by
1
G*(t) = —t>ier®i (2.8)

when condition (ii) is met.

Now, we derive underestimators and overestimators for the signomial function ¢ over
a subset C of the nonnegative orthant. Denote by ¢ and ¢ the lower and upper bounds on
¢ over C, respectively, and let { = ), _; ;. By Proposition 2.1 and (2.3), the following is a

convex underestimator for ¢:

+¢ (2.9)

mie Q)
|

¢%(x) = <¢% —?é) ot

Using a similar argument, it follows from Proposition 2.2 that a concave overestimator

(RSRI{RSS

for ¢ is also given by (2.9). Next, we illustrate the above relaxation construction technique
through an example.

Consider the function ¢(z) = xi'293, z1 € [1,5], z2 € [0.5,10]. We first construct
a concave overestimator using factorable programming techniques. Let 73 = 1!, and

x4 = 293. Then, by overestimating z3 with its concave envelope, and using the McCormick

envelopes for the bilinear term x3x4, we obtain the following overestimator for ¢(x)
¢°(x) = min{5.87293 + 0.99x, — 4.95, 293 + 2.43z; — 2.43} (2.10)

By proposition 2.2, the function ¢ is concave-transformable with G* = ¢}/, Then, by

using (2.9), the following overestimator for ¢ can be constructed
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1/1.4

0% () = 2.21 (z1"23?) 1.09 (2.11)

We compare both overestimators in Figure 2.2 at different cross-sections of the domain.
As observed in the figure, the transformation overestimator is tighter in the center of the
box, whereas the factorable overestimator dominates near the boundaries of the domain.
This example illustrates that transformation outer-estimators may not globally dominate
standard factorable outer-estimators. In fact, as shown in [45], the total relaxation gap of
the transformation method may become larger than that of the standard factorable ap-
proach for signomials in higher dimensions and/or with larger exponents. With the aim
of reducing this undesirable increase in the relaxation gaps, in [45], the authors proposed
a recursive transformation and relaxation (RT) scheme for overestimating signomials con-
taining three or more terms. This approach combines factorable and transformation relax-
ations in order to obtain tighter overestimators. We illustrate the benefits of this method
through the following example.

Consider the function ¢(z) = 29-525529® defined over C = [0,6] x [0.2,4] x [1.1,3]. A

factorable decomposition of ¢ is given by
Ty = x(l)'5 Ty = m3~6 Tg = 1‘(1)'8 Ty = T4X5 Tg = T7X¢ (2.12)

By using the concave envelopes of bilinear terms 425 and 7z, the following factorable
overestimator for ¢ is obtained:

0.9229 + 5.9023¢ — 2.25,
5 = min 5.53202,
0.4129° + 2.6429-¢ + 5.6329° — 7.08,
2.4829 + 5.632%° — 6.07

(2.13)

According to Proposition 2.2, the function ¢ is concave-transformable, with G*(t) =

t1/19. Then, from (2.9), we obtain the following overestimator for ¢:

1/1.9

0% (z) = 3.44(29°252%®) (2.14)
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Figure 2.2: Comparison of overestimators for ¢(x) = z}293 over [1, 5] x [0.5,10]. We plot
the function ¢ in solid black, the factorable overestimator ¢ in dotted blue, and the
transformation overestimator and ¢ in dashed green.

To assess the tightness of these two overestimators, we calculate the total relaxation gap

associated with each approach as

om = [ (6¥ (@)~ o(x)) da (2.15)
C

where M indicates the method that is used to overestimate ¢. By the previous relation we
have that 6, = 63.9, and 6%, = 120.6, indicating that for this example the transformation
scheme given by (2.9) introduces a significantly larger relaxation gap than the factorable
method.

Next, we overestimate ¢ via the RT scheme. We start by overestimating the relation z7 =

using the transformation approach. Clearly, the signomial term z{-529:% satisfies

295296
part (i) of Proposition 2.2, with G*(t) = t'/11. Thus, from (2.9) we obtain

7 < 1.17(295296) /! (2.16)
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Now, by combining the previous relation with the concave envelope of the bilinear term
x7x6, we obtain the following RT overestimator for ¢
R — min{ 2'82(16/(1)1.,51563.6)1/1'1’ } 217
1.26(295296) """ +5.6328® — 6.07
From (2.15) we have that 62! = 44.9, which corresponds to a 30% reduction in the total
relaxation gap introduced by the factorable overestimator. For additional details on the RT

approach, we direct the reader to Section 4.2 in [45].

2.2.2 Products and ratios of convex and/or concave functions

In the following, we present relaxations for products and ratios of convex and/or concave
functions. In Propositions 2.3 and 2.4 we provide overestimators for concave-transformable
products and ratios, whereas in Proposition 2.5 we consider convex-transformable prod-
ucts. These relaxations were derived in [45] by combining the results of Propositions 2.1

and 2.2 with composition rules for convex-transformable functions.

Proposition 2.3. (Proposition 16 in [45]) Consider ¢ = [],.; 7" over a box, where o; > 0 for
alli € Iand ) ;. o; > 1. Let ¢; be concave and nonnegative for all i € I. Then, ¢ is G-concave

with G(t) = t'/¢, where ¢ = 3", ; ;. Furthermore, a concave overestimator for ¢ is given by:

+¢ (2.18)

where ¢ and ¢ denote a lower and an upper bound on ¢, respectively.

Proposition 2.4. (Proposition 17 in [45]) Consider ¢ = [[,c; ¢;* over a box, where oij < 0 for
some j € Iand } ;e p 1y 0 < |ajl|. Let ¢; be positive and concave for i € I\ {j}, and let ¢; be
positive and convex. Then, ¢ is G-concave with G(t) = —tY/¢, & = 3", ay, and its associated

overestimator ¢ is given by (2.18).
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Proposition 2.5. (Proposition 18 in [45]) Consider ¢ = [],o; ;" over a box, where oy < 0
foralli € I\ {j}and 3 °;cp gy lou| < aj < Dep gy loal + 1. Let ¢; be positive and concave
fori € I\ {5}, and let ¢; be nonnegative and convex. Then, ¢ is G-convex with G(t) = t'/¢,

§ = > e Qu, and its associated underestimator #C is given by (2.18).

2.2.3 Log-concave functions

Now, we turn out attention to a particular class of logarithmically concave functions.
Recall, that a real-valued function ¢ is logarithmically concave or log-concave, if it is
positive over its domain, and log ¢ is concave [20]. For example, consider the function
d(z) = (21 4+ 22)°5(271 + 529)"7, defined over C = [1,5] x [0.5, 2]. Obviously, ¢(z) > 0, and
log ¢(x) is concave for all z € C, which implies that ¢ is log-concave. Moreover, by Proposi-
tion 2.3, ¢(x) is also G-concave and can be overestimated using (2.18). As another example,
consider the function ¢(z) = 22 exp(z2), defined over C = [0.5,10] x [—5,5]. In this case,
it is clear that ¢(z) is also log-concave, since ¢(x) is positive and log ¢(x) is concave for
all z € C. However, this function does not satisfy any of the propositions discussed in the
previous subsections, and cannot be overestimated by the transformation techniques out-
lined above. The following proposition, which is a minor modification of a result derived
in [45], extends the transformation method discussed in the previous subsections to the

class of log-concave functions considered in this example.

Proposition 2.6. (Extension of Proposition 19 in [45]) Consider the function

~ f(x)"exp(go())
¢(z) = ko + k1Y cr exp(gi(x))

over a convex set C C R™. Let f(x) be concave and positive, go(x) be concave, and g;(x), i € I be

7Q7k07k1 >0 (219)

convex over C. Then, ¢ is log-concave. Further, a concave overestimator of ¢ over C is given by:

o, (logp—logd) (¢ —¢)
¢G(5U) = Tog (é/@ + Q (2.20)
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where ¢ and ¢ are a lower and an upper bound on ¢, respectively.

For examples illustrating the benefits of the relaxations presented in Propositions 2.3—

2.6, we refer the reader to [45].

2.3 Implementation in a branch-and-bound algorithm

For some functional forms, the transformation outer-estimators discussed in the previous
section have a more complex structure than widely used factorable outer-estimators. Di-
rect incorporation of these complex relaxations may reduce performance of global solvers
that solve nonlinear convex relaxations to obtain lower bounds. However, as we detail in
this section, this is not an issue for global solvers that construct polyhedral relaxations in
the lower bounding step. In this case, it suffices to generate supporting hyperplanes for the
transformation outer-estimators, which can then be used as valid inequalities to tighten an
existing polyhedral relaxation.

In order to examine the impact of the G-convexity relaxations presented in §2.2 on the
performance of branch-and-bound algorithms, we have incorporated these relaxations
into the global solver BARON. Our implementation consists of recognition algorithms for
identifying several classes of convex-transformable functions, and a cutting plane gener-
ation strategy, which constructs cuts for convex-transformable functions at every node of
the branch-and-bound tree. The following subsections provide a detailed description of

our implementation.

2.3.1 Identification of convex-transformable functions in general nonconvex

problems

In this section, we introduce a set of recognition routines for the identification of convex-

transformable functions in general nonconvex problems. We start by listing the various
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classes of convex transformable functions which are recognized by our implementation.
This list has been compiled after carrying out an extensive survey of nonconvex problems

appearing in a wide variety of scientific and engineering applications.

1. Signomial functions of the form

¢(x) = [[ 25 i e R\{0}, VieI={1,...,n} (2.21)

i€l
over a subset of the nonnegative orthant. In particular, we consider signomials sat-
istying Proposition 2.1, and part (i) of Proposition 2.2. Concave-transformable sig-
nomials satisfying part (ii) of Proposition 2.2 are ignored here, since the factorable

overestimator constructed by BARON in this case globally dominates the transfor-

mation overestimator given by (2.9) (see Proposition 12 in [45] for details).

2. Products and ratios of the form

é(z) = (f(2))*(g(x))’, 2 € H,a, B € R (2.22)

where H C R™ denotes a box and f and g are convex and/or concave functions de-

fined over H. In particular, we consider the following cases:

@ f(z)=1,a=0,9(z)=a+ > ax? B=—p wherea; >0,Vi € {0,1,...,n},

and p > 0.

(b) f(x)=ao+ > aizi, g(x) =bo+ > i bix;.

(©) f(x)=ao+ > 1 aiz;, g(x) =bo+ by log (3, cixi), where by > 0.
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(d) f(z) =ao+ailog (D>, cizi), g(x) = by + bilog (3 ;- dix;), where a1, b; > 0.

) f(z) = a0+ Y1 g aims, g(z) = bo + Yoy (bi/w; + ciws + diz? + ezl + fiz}),

where ¢ is a concave function.

) f(z) =ao+ Y1y aiz, g(x) = by + >y biat, where b; > 0, Vi € {1,...,n}, and

0<p<l.

(g) f(x)=uao+ > i aizi, g(x) =bo + brexp (>, cix;), where by < 0.

Note that G-convexity or G-concavity of the functions listed above is determined by
the values of the exponents o« and 3 and the convexity and/or concavity properties

of the functions f and g.

3. Log-concave functions of the form

f(@)* exp(go())

= ,x € H,a, ko, k1 >0, 2.23
ko + k1D ;crexp gi(x) 0n (2.23)

¢(x)

where % C R™ denotes a box, f(z) is concave and positive, go(x) is concave, and

gi(z),i € I is convex over H. In particular, we consider the following cases:

(@) f(z)=1,g0(z) =0, ko, k1 >0,I={1}, g1(x) = ap+ > aiz;.

(b) f(z) =ao+ > aixi, go(x) =bo + >y bizi, ko =k =1,1=0.
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(¢) f(z) =log(ap+ Y iy aixi), go(x) = bo + iy bixy, ko = k1 = 1,1 = 0.

(d) f(z) = ao+ D7 aixi, go(x) = bo + bi/(co+ Y1y ciwi)’, ko = k1 = 1,1 =0,

where p > 0, and b; < 0.

(e) f(z) = ao + D qaiwi, go(x) = bo + Y pqbiwi, ko = k1 = 1, 1 = {1,2},

g1(x) = co+ 27 cizi, g2(x) = do + 31 diwy.

Remark 1. In our implementation, we ignore G-convex and G-concave functions that are
convex or concave, since BARON is equipped with a powerful module that exploits con-
vexity or concavity properties of such functions for relaxation construction [48]. For ex-
ample, consider the function ¢(z1) = x;log(z1), z1 > 0. Clearly, this function belongs to
Class 2(c) above, withn =1,a90 = by =0, a1 = by = ¢; = 1,and a = § = 1. It is simple to
check that ¢ satisfies the conditions given by Proposition 2.3, and thus is G-concave. How-
ever, ¢ is also convex, and it is, as a result, ignored by our implementation. As another
example, consider the function ¢(z1) = (ag + a1x1)(bo + bix1), where (ag + a;z1) > 0 and
(bo + byz1) > 0. This function belongs to Class 2(b) above, withn = 1, and a = § = 1.
It is easy to verify that ¢ also satisfies the conditions given by Proposition 2.3, and thus is
G-concave. However, ¢ is convex when a1b; > 0, and concave when a1b; < 0. Therefore,

we also ignore this function in our implementation.

Remark 2. We exclude from the above list G-convex (resp. G-concave) functions for which
the convex (resp. concave) envelopes are available and implemented in BARON. For ex-
ample, consider the function ¢(z) = x1-°z342ll, 21, 29,23 > 0, which belongs to Class
1 above. It is simple to check that ¢ satisfies part (i) of Proposition 2.2, and thus is G-

concave. However, ¢ is also component-wise convex, and as shown in [88], the factorable
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relaxation method provides the concave envelope for component-wise convex signomials
defined over a box in the nonnegative orthant. We ignore this function in our implementa-
tion since its envelope is already implemented in BARON. As another example, consider
the function ¢(z) = z{'expza, 1 > 0, 22 € R, a € (0,1). Clearly, this function belongs
to Class 3(b) above, withn = 2, ag = by = a2 = by = 0, and a; = b2 = 1. Obviously, ¢
satisfies Proposition 2.6, and thus is G-concave. However, ¢ has a nonpolyhedral concave
envelope (see Theorem 2 in [47] for details), which is implemented BARON. As a result,

this function is also ignored by our implementation.

Next, we briefly review the factorable reformulation algorithm implemented in BARON,
which relies on the introduction of intermediate variables and constraints in order to de-
compose each factorable expression appearing in the original problem (see Algorithm 1 for
details). As an example of this reformulation, consider the following factorable function

over the positive orthant:
F(@) = (1+21/22) " (21 + 2223)"° + 22 + 23 (2.24)

This function does not contain any convex-transformable subexpressions. However, by
applying Algorithm 1, the intermediate variables x4 = z1/z2 and z5 = zx3 are intro-
duced to obtain a factorable reformulation of f. Now, if we consider the function f in the
augmented relaxation space R, it is clear that the subexpression (1 + z4) " (1 + 25)"®
corresponds to a function of Class 2(b), which is G-convex by Proposition 2.5.

Now, we turn our attention to our recognition routines, which are presented in Al-
gorithms 2-4. Given a factorable reformulation of an optimization problem, in Algo-
rithm 2 we scan each bilinear term of the form z;, = z;x;, and subsequently proceed
by reconstructing intermediate expressions in order to identify different types of convex-

transformable functions. By employing Algorithm 2, we are able to recognize all classes of

convex transformable functions listed at the beginning of this section, with the exception
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of signomial functions involving three or more variables, and convex-transformable func-
tions that are reciprocals of other nonlinear functions. To identify such functions, we use
Algorithms 3 and 4.

Algorithm 3 relies on a set of subroutines implemented in BARON for the identifica-
tion of multilinear functions (see Section 3.1 in [9] for details). Given a list of functions
ML = {Lg(z) = > ey, ¢illjer, zjk € K} identified by BARON’s multilinear mod-
ule, Algorithm 3 starts by decomposing each function Lj(z) into multilinear terms of the
form [[;cr,, z;. Subsequently, each multilinear term containing three or more variables is
analyzed in order to determine if it corresponds to a signomial function of Class 1. In Al-
gorithm 4, we start by scanning all the monomial expressions of the form x; = z%. For each
monomial relation with p = —1, we proceed by reconstructing intermediate expressions
in order to determine if they correspond to functions of Classes 2(a) or 3(a). For example,

consider the following function over the positive orthant:

1.5
0.6..0.7..0.8 1.1 T3 1
f(z) 1 Lo X3 ( 1) (2 $1> T2 5002 (2.25)

During the execution of Algorithm 1, the following intermediate variables are intro-

duced to obtain a factorable reformulation of f:

zq = 290 T8 = TT7 x12 = T2 + x11 T16 = T3

x5 = 23" 9 =1+ T13 = 2135 x17 = 1+ 215 + 2716 (2.26)
T = T4Ts T10 = 339_1'1 T14 = 10713 r18 = 37(1)'75 .
Ty = xg's 11 = x3/11 T15 = 12 T19 = :Ufgl

Our recognition routines identify the following functions:

¢1 = 290297 ¢a = (1+21) (g +211)™

Po = $6$0'8 o5 =1 14 2% + 223 (2.27)
3 1 2

b3 = x(l).ﬁmgng.fs
where ¢1, ¢2, ¢3 are G-concave by Proposition 2.2, ¢4 is G-convex by Proposition 2.5, and
¢5 is G-concave by Proposition 2.4. The functions ¢1, ¢2, and ¢4 are recognized by Algo-

rithm 2 by checking the bilinear terms z4x5, 67, and x19x13. The signomial function ¢3
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Algorithm 1 Standard factorable reformulation in BARON

1:
2:

W W W W W N DN DN DNDNDNDNDNDNDDNR PR = e e el
R I S == T S I N S BN TR O R R

w
A

37:
38:

w

Given a collection of nonlinear factorable functions F = {f;(z),i € Q}.

Initialize the number of intermediate variables j = 0, the list of intermediate relations
Z = (), and the lists of indices of intermediate monomial, power, logarithmic, linear

and bilinear variables, M =0, P =0,G =0, £L = 0, B = (), respectively.

For each function f;(x) € F:
If fi(x) is a univariate function (i.e., monomial, power, or logarithm) then
update j < j + 1 and add the univariate relation y; = fi(z) toZ
If f;(x) is a univariate monomial function then
add j to M
Else If f;(x) is a univariate power function then
add jtoP
Else If f;(x) is a univariate logarithmic function then
addjto G
End If
Else If f;(z) = g(z)/h(z) then
update j < j + 3 and introduce the variables y;_2, y;—1, and y;
let y;_» = g(x) and y;_1 = h(x); add h(z) and g(z) to F
add the bilinear relation y;_2 = y;j_1y; toZ
addjto B
Else If f;(z) = H§c=1 gk (z) then
Fork=1tol
update j < j + 1, lety; = gx(x), and add gi(z) to F
End For
update j < j + 1 and add the bilinear relation y; = y;_y;—i+1 to Z
add j to B
Fork =3tol
update j < j + 1 and add the bilinear relation y; = y;_1y;_141 toZ
add jto B
End For
Else If f;(x) = Y\ _| argr(x) then
Fork=1to!
update j < j + 1, let y; = gi(x), and add gi(z) to F
End For
update j < j + 1 and add the linear relation y; = 22:1 aryj—r toZ
add jto £
Else If f;(x) = h(g(x)) then
update j < j + 2 and introduce the variables y;_1, and y;
let y;—1 = g(x) and y; = h(y;j—1); add g(«) and h(y;—1) to F
End If
End For
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Algorithm 2 Identification of convex-transformable products and ratios in general non-
convex problems

1: Given a factorable reformulation of an optimization problem obtained by applying
Algorithm 1, a list of intermediate relations Z, and the lists of indices of original O,
monomial M, power P, logarithmic G, linear £ and bilinear B variables.

2: Initialize the list of convex-transformable functions J = 0.

3: For each bilinear expression xj, = z;x; € 1:

4: If £ > max{i, j} then

5: If z; corresponds to a monomial relation z; = :cfll € 7 then

6: setag < and 77 <+ [

7: Else

8: setag + land iy < ¢

9: End If

10: If z; corresponds to a monomial relation x; = xi 2 ¢ T then

11: set ap < po and iy + [y

12: Else

13: set ag < 1 and ig < j

14: End If

15: Let ¢i(x) = f(x)* g(x)*?, where {z;, = f(x),x;, = g(x)} €T

16: If (1€ Landis € O)or(iy € Oand iy € L) or (i1 € L and i, € £) then

17: If ¢ (x) corresponds to any of the functions of Classes 2(b)—-(g) then

18: add ¢ (z) to J; cycle

19: End If

20: ElseIf (i1 € Gand iy € O)or (i1 € Oand iz € G)or (i1 € G and iy € £)
or (i1 € Land is € G) or (i1 € G and i3 € G) then

21: If ¢ (x) corresponds to any of the functions of Classes 2(c)—(d) then

22: add ¢y (z) to J; cycle

23: End If

24: Else If (i1 € Pandiz € O)or (i; € Oand iz € P)or (iy € Pand iz € L)
or (i; € £ and iy € P) then

25: If ¢y (x) corresponds to any of the functions of Classes 3(b), (d)—(e) then

26: add ¢y (z) to J; cycle

27: End If

28: Else If (i1 € Gand iy € P)or (i; € P and iy € G) then

29: If ¢ (z) corresponds to a function of Class 3(c) then

30: add ¢ (z) to J; cycle

31: End If

32: End If

33: Let ¢y (wiy, wi,) = 27 257

34: If ¢i(zi,, x4,), corresponds to a signomial function of Class 1 then

35: add ¢y, (fCil , .%'Z'Q) to J

36: End If
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Algorithm 2 Identification of convex-transformable products and ratios in general non-
convex problems (cont.)

37: Else If i > max{k, j} then

38: If 2, corresponds to a monomial relation xj, = 27" € Z then
39: set ap < p1 and 47 <+ [;

40: Else

41: setag < land 7 « k

42: End If

43: If 2 corresponds to a monomial relation z; = 2> € Z then
44: set ag <+ —po and i < o

45: Else

46: setag < —landi; < j

47: End If

48: Let ¢p(x) = f(x)™g(x)*?, where {z;, = f(z),xi, = g(x)} €T
49; If (ii1€ Land iy € O)or (i1 € Oand iy € L) or (i, € L and i € £) then
50: If ¢ (x) corresponds to a function of Class 2(b) then

51: add ¢ (z) to J; cycle

52: End If

53: End If

54: Let dp(ziy, wiy) = 27 05,

55: If ¢p. (w4, i,) = 7' 27, corresponds to a signomial function of Class 1 then
56: add ¢p(z;,, x,) to T

57: End If

58: End If

59: End For

is identified by Algorithm 3 from the analysis of the multilinear term z,x527, while the

function ¢s5 is recognized by Algorithm 4, as it appears in a monomial relation.

2.3.2 Cut generation

The recognition routines described in the previous section are executed before the start of
the branch-and-bound search. Once all convex-transformable expressions of interest have
been identified, we employ a cut generation algorithm in order to construct supporting hy-
perplanes to the transformation outer-estimators of all G-convex and G-concave interme-

diates. These cuts are generated at each node of the branch-and-bound tree, and utilized to
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Algorithm 3 Identification of convex-transformable signomials involving three or more
variables
1: Given a factorable reformulation of an optimization problem obtained by applying
Algorithm 1, a set of multilinear functions ML = {Ly(z) = >,/ ¢ [Ljer,, zj: k € K}
identified by BARON’s multilinear module, a list of intermediate expressions 7, and a
list for storing convex-transformable functions 7.
2: Initialize auxiliary arrays a and d
3: For each function Ly (z) € ML:
4: For each i € I:

5: If |T};| > 3 then
6: Initialize auxiliary variable m = 0
7 For each j € T};:
8: update m < m + 1
9: If 2; corresponds to a monomial relation z; = 2} € Z then
10: set a(m) < pand d(m) < |
11: Else
12: set a(m) < 1land d(m) + j
13: End If
14: End For
15: Construct the function ¢y (z) = [[)2, l'g((;; ))
16: If ¢ (z) corresponds to a signomial function of Class 1 then
17: add ¢p(z) to J
18: End If
19: End If
20: End For
21: End For

tighten the polyhedral relaxations constructed by BARON. Note that by executing our cut-
ting plane generation algorithm at each node of the branch-and-bound tree, we can fully
exploit BARON's bound tightening capabilities, and use tight bounds for relaxation con-
struction, which clearly has a significant impact on the quality of the resulting relaxations.
Another advantage of integrating our cutting plane generation scheme at each node of the
branch-and-bound tree, is the fact that our cutting planes can be used for feasibility- and
optimality-based bound range reduction (see [76, 93] for details).

Before providing a detailed description of our cutting plane generation strategy, we

briefly review BARON's polyhedral relaxation constructor. At a given node in the branch-
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Algorithm 4 Identification of convex-transformable functions that are reciprocals of other
nonlinear functions
1: Given a factorable reformulation of an optimization problem obtained by applying
Algorithm 1, a list of intermediate relations Z, the lists of indices of monomial M and
linear £ variables, and a list for storing convex-transformable functions 7.
2: For each monomial expression of the form x; = xz; tel

3: If py = —1 then
4: If j € £ then
5: Construct the function ¢;(z) = f(z)", where {z; = f(z) € I}
6: If ¢;(z) corresponds to a function of Classes 2(a) or 3(a) then
7: add ¢;(z) to J
8: End If
9: Else If j € M then
10: If x; corresponds to a monomial relation z; = 2}* € 7 then
11: Construct the function ¢;(z) = g(x)""?, where {z), = g(z) € 7}
12: If ¢;(x) corresponds to a function of Class 2(a) then
13: add ¢;(z) to J
14: End If
15: End If
16: End If
17: End If
18: End For

and-bound tree, BARON first constructs an initial linear-programming based relaxation
by outer-approximating all convex functions appearing in the factorable decomposition of
the original problem with subgradient inequalities (see [93] for details). This relaxation is
then solved, and subsequently refined, by adding various classes of cutting planes in an
iterative fashion. These cutting planes are added to the current relaxation only if they are
violated by the previous relaxation solution.

Our cutting plane generation scheme is integrated within BARON's polyhedral relax-
ation constructor. Note that the cutting planes generated by our algorithm are not in-
cluded in the initial polyhedral outer-approximation constructed at a given node, and are
only used in the subsequent rounds of cut generation. At a given round of cut generation,
we scan all convex-transformable expressions identified during recognition. Suppose that

each of these expressions is stored in list .J, and has the form y; = ¢;(x), j € J, where y;
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is an intermediate variable introduced during the execution of Algorithm 1, and ¢;(z) is a
G-convex or G-concave function appearing in the original problem, or in its factorable re-
formulation. Moreover, let (z*, y7) be the projection of the current relaxation solution onto
the (z, y;) space. If ¢; is G-convex (resp. G-concave), then, we construct a convex underes-
timator (resp. concave overestimator) qEJG employing the transformation scheme outlined
in §2.2. Next, we generate a cutting plane corresponding to the supporting hyperplane of
qgf at the relaxation solution. If this cutting plane violates the relaxation solution, then,
we compare the transformation relaxation qgf with a standard factorable relaxation ng of
¢;. If ¢~>]G is tighter than gZ;]S at x = x*, then, we calculate the Euclidean distance d between
the generated cutting plane and the relaxation solution. If d is greater than a predefined
threshold, then, the generated cutting plane is added to the current relaxation. The entire

cutting plane generation strategy is described in Algorithm 5.

Remark 3. During cut generation, we employ the RT scheme discussed in §2.2.1 to con-
struct overestimators for signomials involving three or more variables and satisfying part
(i) of Proposition 2.2. For all other signomial functions of Class 1, we use relation (2.9) to

construct the corresponding transformation outer-estimators.

Remark 4. For functions ¢(z) = (f(z))*(g(x))” of Class 2(e), we verify concavity of g(z) =
bo + Yoy (bi/zi + ciw; + dix? + e;a? + fiz}), © € H, by bounding the eigenvalues of its
Hessian VZg(x) over H. Note that V2g(x) is a diagonal matrix with diagonal elements
Ni(z;) = 2b; /23 +2d;+6e;2;+12f;22,i € I = {1,...,n}. We perform an initial concavity as-
sessment during the execution of the recognition subroutines. Assume that H = [z, ;] x

- X [, Zp). We calculate N = maxg, cfp. 7, {Ni(2i)} and AP"™ = ming, e, 7, {Ni(2:)},
foralli € I. If /\?‘in > 0, for some i € I, then, g is nonconcave over H, and we do not
include ¢ in the list of convex-transformable functions. On the other hand, if A"** < 0,

for all i € I, then, we mark g as concave, and do not check its concavity in subsequent
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nodes of the branch-and-bound tree. If we cannot prove or disprove concavity of g during
recognition, then, ¢ is marked for later check in the branch-and-bound tree, as its concav-
ity properties may change due to range reduction or branching operations. If g becomes
concave at a given node of the branch-and-bound tree, then, we generate cutting planes

for ¢ according to Algorithm 5.

Remark 5. For univariate functions of Class 3(a), and Class 3(b) with « = 1, we use
the corresponding convex and concave envelopes for cut generation. Recall that a uni-
variate function ¢(x) defined over an interval [z, Z] is said to be convexoconcave (con-
cavoconvex), if for some & € [z,Z], ¢(z) is convex (concave) over [z, ], and concave
(convex) over [z,Z] [91]. First, consider the univariate function of Class 3(a) ¢(z1) =
1/ (ko + k1 exp(ao + a121)), ko, k1 > 0, 1 € [z, Z1]. It is easy to verify that ¢ is convex-
oconcave when a; < 0, and concavoconvex when a; > 0. Now, consider the univariate
function of Class 3(b) ¢(x1) = (ag + a1x1) exp(bp + bix1), 1 € [21,Z1]. In this case, it is also
simple to check that ¢ is convexoconcave when a; < 0, and concavoconvex when a; > 0.
Denote by conv¢¢ the convex envelope of ¢ over C = [z, Z1]. It is simple to show that the

convex envelope of ¢ is given by

_ | (@), if 27 < a1 < wy,
conved(a) = { B(0r) + & (wn) (@ — 71, if wy < 11 < 7. 2.28)
when ¢ is convexoconcave, and by
_ d(zy) + N (wa)(x —2q), if 2y <y S wy,
convep(zy) = { (1), i wy < 1 < T, (2.29)

when ¢ is concavoconvex, where w; and wy are points satisfying ¢(w1) = ¢(Z1)+¢' (w1) (w1 —
71) and ¢(w2) = é(z;) + ¢ (w2)(we — ), respectively (see Figure 2.3). Analogous expres-

sions can be obtained for the concave envelopes of ¢ in a similar manner.
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Algorithm 5 Cutting plane generation strategy for convex-transformable functions at each

node of the branch-and-bound tree
1: Given the relaxation solution, nj convex-transformable functions stored in list .7, and

a parameter 6 > 0.
2: For each function y; = ¢;(x) in J

3 Let (2%, y;) be the projection of the current relaxation solution onto the (z, y;) space
4 If ¢; is a G-convex then
5 Construct a convex underestimator </~>§; using the techniques of §2.2
6: Generate a cutting plane of the form y; > qBJG(x*) + ngjG(x*)T(x — ")
7 Ify; < (;NSJG(x*) then
8 Construct a convex underestimator ¢~$JS using the factorable approach
9: If QZBJG(CL‘*) > qgf(x*) then
10: Let d be the Euclidean distance between the hyperplane
<Z>]G(:1:*) + V(Z;]G(x*)T(x —2%) —y; = 0 and the point (z*,y;).
11: If d > 6 then
12: add the cut to the relaxation
13: End If
14: End If
15: End If
16: Else If ¢; is a G-concave then
17: Construct a concave overestimator @G using the techniques of §2.2
18: Generate a cutting plane of the form y; < cZBJG(x*) + ngjG(x*)T(x — ")
19: If y: > éjG(a:*) then
20: Construct a concave overestimator gzzf using the factorable approach
21: If 9C(z*) < ¢7(x*) then
22: Let d be the Euclidean distance between the hyperplane
gﬁf(:p*) + qujG(x*)T(:n — z*) — y; = 0 and the point (z*, y7).
23: If d > 0 then
24: add the cut to the relaxation
25: End If
26: End If
27: End If
28: End If
29: End For

Remark 6. With the aim of avoiding poorly scaled relaxations, we check the cutting planes
generated during the execution of Algorithm 5 to ensure that they are properly scaled.

Poorly scaled cuts are not added to an existing relaxation. To perform this check, we follow
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Figure 2.3: Convex envelopes for (a) ¢(z1) = 1/ (ko + k1 exp(ao + a1x1)), ko, k1 > 0,
a1 < 0,and (b) ¢(x1) = (ap + a121) exp(bo + b1x1), a1 > 0. The function ¢ is shown in solid
black, and its convex envelope in dotted blue.

a strategy similar to that described in [48]. Namely, we examine each of the cut coefficients
and check if their absolute values lie between sufficiently small and large constants. We
also perform this check for the absolute values of the ratios between the different cut coef-
ficients. For details on the techniques used within BARON to check the safety of a given

cut, we refer the reader to Section 2.4 in [48].

2.4 Computational results

In this section, we present the results of an extensive computational study that we have
conducted in order to investigate the impact of the proposed implementation on the per-
formance of the branch-and-bound global solver BARON. For our numerical experiments,
we consider a large number of nonconvex problems compiled from the GlobalLib [32],
PrincelLib [72], MINLPLib [26], AIMMSLib [40], and NRCLib [8] collections.

In our experiments, all problems are solved in minimization form, with relative/abso-
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lute tolerances of 10 and a time limit of 500 seconds. We allow up to 4 rounds of cutting
plane generation at a given node in the branch-and-bound tree, and set the deep cut mea-
sure 0 to 107 (see Algorithm 5). For other algorithmic parameters, we employ the default
settings of the GAMS/BARON distribution [77]. All experiments are performed under
GAMS 24.6.1 on a 64-bit Intel Xeon X5650 2.66Ghz processor running CentOS release 7.

2.4.1 The test set

We consider a test set of 262 nonconvex optimization problems containing a variety of
convex transformable functions that are recognized by our implementation. The main
characteristics of the selected models are provided in Table 2.1, which includes the num-
ber of problems selected from each test library, along with information on the the mini-
mum, maximum, and average number of constraints (m), variables (n), nonzero elements
in the constraints and objective (nz), and nonlinear elements in the constraints and objec-
tive (nnz).

In Table 2.2, we provide statistics on the different classes of convex-transformable func-
tions appearing in the test problems. For each collection, we indicate the number and in
parentheses the percentage, of problems containing each of the three classes of functions
described in §2.3.1. As observed from Table 2.2, functions of Class 2 appear with the high-

est frequency in the test problems.

2.4.2 Impact of the proposed cutting planes on the performance of BARON

We solve the test problems described in the previous subsection using BARON 17.2, with
and without the cutting planes for convex-transformable functions (CTF cutting planes).
We denote the former algorithm by BARONCctf, and the latter by BARONdef. To examine
both strategies, and since the proposed recognition and cut generation routines are ex-

tremely fast, we first exclude from the test set all problems for which BARONCctf did not
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Table 2.1: Size statistics for the test set.

Test library GlobalLib PrinceLib MINLPLib AIMMSLib NRCLib

Number of

46 56 113 15 32
problems
m
Min 1 1 1 1 63
Max 10399 11162 4981 1449 1242
Average 734 561 731 240 646
n
Min 3 3 3 3 65
Max 15637 10805 2721 2549 1517
Average 1152 732 486 289 765
nz
Min 3 3 3 3 170
Max 54591 34729 11685 8697 3866
Average 4967 2463 1904 1084 1965
nnz
Min 2 2 2 2 84
Max 31256 30002 2262 7260 1608
Average 2386 1506 153 714 829

add any CTF cutting planes during the branch-and-bound search (157 instances). In addi-
tion, we remove all trivial problems from the test set (19 instances). In the context of this
comparison, a problem is regarded as trivial if it can be globally solved by both algorithms
in less than half second. After eliminating all of these problems from the original test set,
we obtain a new test set consisting of 86 problems which are used for the computational
analysis of this section.

We first assess the performance of the two algorithms in terms of the computational
time taken to solve the test problems to global optimality. For this comparison, which is
presented in Figure 2.4, we use the performance profiles described in [28], and employ as
the performance metric the ratio of the time that an algorithm takes to solve a problem

versus the best time of all algorithms. As can be seen from the figure, BARONCtf clearly
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Table 2.2: Classes of convex-transformable functions appearing in the test problems.

Test library GlobalLib PrinceLib MINLPLib AIMMSLib NRCLib

Number of
problems

Class 1:

Signomial 6 (13%) 10 (18%) 14 (12%) 3 (20%) 0 (0%)
functions

Class 2:

Products and

ratios of convex 31 (67%) 43 (77%) 99 (88%) 13 (87%) 32 (100%)
and/or concave

functions

Class 3:

Log-concave 13 (28%) 9 (16%) 7 (6%) 1 (7%) 0 (0%)
functions

46 56 113 15 32

outperforms BARONdef, demonstrating that the generated cutting planes significantly
enhance the performance of the global solver.

Next, we examine the impact of the CTF cutting planes by considering the total num-
ber of nodes in the branch-and-bound tree, and the maximum number of nodes stored in
memory. This analysis, which is shown in Figures 2.5 and 2.6, only considers nontrivial
problems for which at least one of the two algorithms proves global optimality within the
time limit of 500 seconds (34 instances). Here, we also employ performance profiles, but
use performance measures based on the total number of nodes and required memory. As
observed in the figures, for most problems, the proposed CTF cutting planes also result
in a significant reduction in the total number of iterations and memory required to prove
optimality. In our experiments we observed that there are a few instances for which the
new cuts lead to a increase in the number of nodes in the tree. This behavior could be
attributed to the fact that for a given instance the introduced cuts may affect branching

decisions, resulting in a completely different branch-and-bound tree.
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Figure 2.4: Impact of the proposed implementation on the computational time for 86
nontrivial test problems for which BARONCctf adds cutting planes for
convex-transformable functions during the branch-and-bound search.

For the 34 instances considered in the above comparison, the addition of our cutting
planes leads to average reductions of 19% in the CPU time, 18% in the total number of
nodes in the branch-and-bound tree, and 11% in the maximum number of nodes in mem-
ory. Moreover, the proposed implementation increases by 6% the number of problems that
can be solved to global optimality within 500 seconds.

Finally, we analyze the best lower bounds obtained during the branch-and-bound search
for nontrivial problems that neither of the two algorithms are able to solve to global op-
timality within the time limit (52 instances). The results of this analysis are presented in
Figure 2.7. As seen in the figure, for most of the problems considered in this comparison,

the CTF cutting planes have little effect on the best lower bounds.
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Figure 2.5: Impact of the proposed cutting planes on the total number of nodes for 34
nontrivial problems that are solved to global optimality by at least one of the two
algorithms.
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Figure 2.6: Impact of the proposed cutting planes on the memory requirements for 34
nontrivial problems that are solved to global optimality by at least one of the two
algorithms.

2. GLOBAL OPTIMIZATION OF NONCONVEX PROBLEMS WITH CONVEX-TRANSFORMABLE 37
INTERMEDIATES



2.5 CONCLUSIONS

-
SN

N
N

-
o

o

N
I

N
T

Best lower bound improvement (%)
(e}
I

| | | | | | |
5 10 15 20 25 30 35 40 45 50
Problem number

A

Figure 2.7: Impact of the proposed implementation on the best lower bounds obtained
during the branch-and-bound search for 52 nontrivial problems that neither of the two
algorithms are able to solve to global optimality within the time limit.

2.5 Conclusions

In this chapter, we examined the effect of integrating G-convexity relaxations into a branch-
and-bound global optimization solver. We presented algorithms for the recognition of
convex-transformable functions in general nonconvex problems, and introduced a cut-
ting plane generation scheme based on the construction of supporting hyperplanes to G-
convexity relaxations. The proposed implementation was integrated within the branch-
and-reduce global solver BARON. To assess the benefits of our approach, we tested our
implementation on a large number of nonconvex problems selected from a variety of test
libraries. Our computational analysis shows that, for our test problems, the generated cut-
ting planes accelerate the convergence speed of the branch-and-bound algorithm, leading
to a nearly 20% reduction in the average computational time and total number of nodes in

the search tree, and enabling BARON to solve more problems to global optimality.
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Chapter 3
Spectral relaxations and branching strategies
for global optimization of mixed-integer

quadratic programs

3.1 Introduction

We address the global optimization of nonconvex QPs and MIQPs of the form:

min 27 Qx +q¢'x

reR™

st. Ax=0b
Cx <d (3.1)
<z <u

€L, VieJCA{l,...,n}

where Q € R"™™" is a symmetric matrix which may be indefinite, ¢ € R", A € R™*",
b e R"” C e R, and d € RP. We assume that lower and upper bounds are finite,
ie, —oo < l; < u; < oo, Vi € {1,...,n}. For the sake of brevity, we use the notation
X ={x e R"| Az = b, Cx < d, | < x < u} in the rest of this chapter. Note also
that even though we allow (3.1) to include constraints of the form C'z < d, we do not use
information from these inequalities in order to convexify this problem.

QPs and MIQPs of the form (3.1) arise in a wide variety of scientific and engineering
applications including facility location and quadratic assignment [25, 49, 51, 55], molecu-
lar conformation [69] and max-cut problems [33]. Given their practical importance, these

classes of problems have been studied extensively in the literature and are known to be
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very challenging to solve to global optimality.

State-of-the-art global optimization solvers rely on spatial branch-and-bound algorithms
to solve problems of the form (3.1) to global optimality. The efficiency of these algo-
rithms primarily depends on the quality of the relaxations constructed during the bound-
ing step. Commonly used relaxations for bounding nonconvex QPs and MIQPs can be
broadly classified into three groups. The first group consists of polyhedral relaxations.
These relaxations are typically derived via factorable programming methods [60, 86, 92]
and reformulation-linearization techniques (RLT) [81, 82, 83, 84, 85]. Both of these ap-
proaches involve the introduction of auxiliary variables and additional constraints leading
to relaxations which are formulated in a higher dimensional space. The second group
is given by semidefinite programming (SDP) relaxations. These relaxations are also con-
structed in a lifted space by introducing a symmetric matrix of new variables of the form
X = zz”. This nonconvex expression is subsequently relaxed by requiring the matrix
X — xzT to be positive semidefinite. This approach has received significant attention in
recent years [5, 11, 21, 23, 71, 87]. The third group involves convex quadratic relaxations.
These relaxations can be derived through different approaches including separable pro-
gramming procedures [68], d.c. programming techniques [95], and quadratic convex re-
formulation methods [14, 15, 16, 17].

In this chapter, we investigate a family of relaxations which falls under the third group.
In particular, we consider convex quadratic relaxations which are derived by convexi-
tying the objective function of (3.1) through diagonal and nondiagonal perturbations of
the quadratic matrix ). We revisit a very well-known technique which uses the smallest
eigenvalue of the matrix @ to convexify nonconvex quadratic functions of the form 27 Qz.
Through numerical experiments, we show that, despite its simplicity, this technique leads
to convex quadratic relaxations which in many cases are significantly tighter than the poly-

hedral relaxations that are typically used by state-of-the-art global optimization solvers.
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Motivated by these promising results, we refine this approach in several directions and
make several theoretical and algorithmic contributions.

Our first contribution is a novel convex quadratic relaxation for problems of the form (3.1)
which is derived by using information from both the matrix ) and the equality constraints
Az = b. Under this approach, the quadratic function 27 Qz is convexified by constructing
a perturbation of the matrix () obtained by solving a generalized eigenvalue problem in-
volving both the () and the A matrices. We show that the resulting relaxation is at least as
tight as the relaxation constructed by using the smallest eigenvalue of the matrix Q.

In our second contribution, we consider another convex quadratic relaxation in which
the quadratic function 27 Qz is convexified by using the smallest eigenvalue of the matrix
ZTQZ, where Z is a basis for the nullspace of the matrix A. We devise a relatively simple
procedure which allows us to approximate the bound given by this relaxation without hav-
ing to compute the basis Z. Moreover, we show that the relaxations obtained through this
technique are at least as tight as the other two quadratic relaxations mentioned above. Un-
like the factorable, RLT, and SDP relaxations, which are typically used for bounding prob-
lems of the form (3.1), the quadratic relaxations considered in this chapter are constructed
in the space of the original problem variables. Additionally, they are very inexpensive to
solve.

In our third contribution, we prove that the aforementioned quadratic relaxations are
equivalent to some particular SDP relaxations. These results facilitate the theoretical com-
parisons with other relaxations that have been proposed in the literature. In particular, we
show that the convexification using the smallest eigenvenvalue of Z7QZ leads to the best
relaxation in the class of relaxations considered in this chapter.

Our fourth contribution addresses the question of how to improve the proposed quadratic
relaxations with branching. We introduce a novel eigenvalue-based branching variable

selection strategy for nonconvex binary quadratic programs. This strategy involves an
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effective approximation of the impact of branching decisions on the quality of the corre-
sponding relaxations.

In order to investigate the impact of the proposed techniques on the performance of
branch-and-bound algorithms, we develop an implementation which integrates the relax-
ations and branching strategies considered in this chapter into the state-of-the-art global
optimization solver BARON [76]. The new quadratic relaxations are incorporated into
BARON's portfolio of relaxations and are invoked according to a new dynamic relaxation
selection rule which switches between different classes of relaxations based on their rela-
tive strength. We test our implementation by conducting extensive numerical experiments
on a large collection of problems. Results demonstrate that the proposed implementa-
tion leads to a very significant improvement in the performance of BARON. Moreover, for
many of the test problems, our implementation results in a new version of BARON which
outperforms other state-of-the-art optimization solvers including CPLEX and GUROBI.

The remainder of this chapter is organized as follows. In §3.2 we review various relax-
ation approaches which have been considered in the literature for bounding nonconvex
QPs and MIQPs. Then, in §3.3 we present the convex quadratic relaxations considered
in this chapter and investigate their theoretical properties. In §3.4 we introduce novel
eigenvalue-based branching strategies. This is followed by a description of our computa-
tional implementation in §3.5. In §3.6, we present the results of an extensive computational
study which includes a comparison between different classes of relaxations, an analysis of
the impact of the proposed implementation on the performance of BARON, and a com-
parison between several state-of-the-art global optimization solvers. Finally, §3.7 presents

conclusions from this work.
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Notation

We denote by N, Z, R the set of natural, integer, and real numbers, respectively. The set of
nonnegative real numbers is denoted by R>o. We use 1 € R" to denote a vector of ones.
The i-th element of a vector x € R" is denoted by z;. Given a vector d € R", the notation
diag(d) is used for the diagonal matrix whose diagonal entries are given by the elements
of d. The unit vector in the i-th direction is denoted by e;. We denote by I, the n x n
identity matrix. For a matrix A € R™*", we use 4;., A.; and A;;, to denote its i-th row,
j-th column and (4, j)-th entry, respectively. Let S” denote the set of n x n real, symmetric
matrices. Given a matrix M € S", we use )\; to represent its i-th eigenvalue and v' for
the corresponding eigenvector. For M € S”, the notation M > 0 and M > 0, indicates
that M is positive semidefinite and positive definite, respectively. Let M, N € S™ with
N > 0. We use Amin (M) to represent the smallest eigenvalue of M. Similarly, we denote by
Amin(M, N) the smallest generalized eigenvalue of the problem Mv = ANv, where v € R".
The inner product between matrices M, P € S" is denoted by (M, P) =37 | > 71| M;; Pj;.

3.2 Current relaxations for nonconvex QPs and MIQPs

In this section, we review various types of relaxations that have been proposed in the

literature for bounding problems of the form (3.1).

3.2.1 Polyhedral relaxations

We start this section by reviewing one of the simplest polyhedral relaxations which can be
constructed for problems of the form (3.1). The procedure used to derive this relaxation
consists of two steps. In the first step, we introduce the new variables X;; = x;x; in order to
obtain a reformulation of (3.1) in a higher-dimensional space. In the second step, we relax

the integrality conditions and convexify the bilinear terms x;z; by using their McCormick
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envelopes [2, 60]. This results in the following linear relaxation of (3.1):

n n n

min ZZQinij+ZQixi (3.2a)
e X T4 i=1

sit. Xij > lLiwj + Lz — il i=1,...,n,5=14,...,n (3.2b)

Xij > wirj +ujr; —uiug, i =1,...,n,5 =14,...,mn (3.20)

Xij < liwj +ujr; — Liug, i=1,...,n,j =14,...,n (3.2d)

Xij Swirj +ljzg —wly, i=1,...,n,j=14,...,n (3.2¢)

Xij=Xji,i=1,...,n,j=(+1),...,n (3.2f)

where (3.2b)—(3.2e) are the so-called McCormick inequalities. This relaxation is often referred
to as the McCormick relaxation of (3.1). Due to their simplicity, McCormick relaxations
have been implemented in most global optimization packages. However, an important
drawback of these relaxations is the fact that they often lead to relatively weak bounds.
As a result, McCormick relaxations are typically tightened by adding various classes of
valid inequalities such as RLT-based cuts [98, 99], facets of the envelopes of edge-concave
and multilinear subexpressions [9, 10, 63, 66], SDP-based cuts [29, 79] and mixed-integer
cuts [19].

Another popular approach for obtaining a polyhedral relaxation for (3.1) relies on the
reformulation linearization techniques (RLT) [83]. To apply these techniques to (3.1), we

start by defining the following bound factors:
(l’i—li)zo, (ui—xi)zo, izl,...,n (33)

and the constraint factors:

1=1
The RLT procedure also involves two steps. The first step, also known as the reformula-
tion phase, consists in constructing a problem equivalent to (3.1) by adding redundant non-

linear constraints. These additional constraints are obtained by multiplying each equation
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in (3.1) by each variable z;, and by taking all the possible pairwise products involving
the bound and constraint factors. The second step, also known as the linearization phase,
involves the relaxation of the integrality conditions and linearization of all the nonlinear
terms x;x; by introducing the new variables X;;. The application of this procedure to (3.1)

leads to the following linear relaxation:

n n n
i 20 QX+ a

i=1 j=1
st. Egs. (3.2b) — (3.2f)

n
ZAkiXij:bk:Ej» k‘Zl,...,m, ]:1,7’L

i=1

- - 3.5
chiXij_ljZCkixi_dkxjS_ljdkykzl,u-,p,j:l,---n ( )
i=1 i=1

n n
_chiXij+ujZCkixi+dkxj < ujdk, k=1,....,p, 7=1,...n,
=1 =1

=) CriCiXij+ Y (diCri + dkCli)wi < didy, k1 =1,...,p
i=1 j=1 i=1

This relaxation is often referred to as the first-level RLT relaxation of (3.1). For the case in
which (3.1) is a box-constrained problem, the first-level RLT relaxation (3.5) is equivalent
to the McCormick relaxation (3.2).

The RLT procedure can be used to construct an n-level hierarchy of relaxations for (3.1),
where at each level of the hierarchy the resulting relaxation is at least as tight as the relax-
ation corresponding to the previous level. However, this relaxation strengthening comes
at a heavy computational price, since the number of variables and constraints increases
quickly, which makes the resulting relaxations very expensive to solve. In this chapter,
we limit our attention to the first-level RLT relaxations. For additional details on the RLT

approach, we refer the reader to [81, 82, 83, 84, 85].
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3.2.2 SDP relaxations

To derive one of the simplest SDP relaxations for (3.1), we first reformulate this problem
by introducing a symmetric matrix of new variables X = zzT. Then, we relax this non-
convex equation to a semidefinite constraint and drop the integrality conditions to obtain

the following SDP relaxation:

. T
min @Q.X)+q = (3.6a)
st. X —zal =0 (3.6b)

This relaxation is often referred to as the Shor relaxation of (3.1) [87]. The Shor relaxation
can be strengthened by including additional valid constraints. This can be achieved, for
instance, by adding the McCormick inequalities corresponding to the diagonal elements

of the matrix X, which results in the following SDP relaxation:

Jnin (Q, X) +q'w (3.7a)
st. X —zzl =0 (3.7b)
Xy > 2w —12,i=1,....,n (3.7¢)

X 22uixi—u%, i=1,...,n (3.7d)

Xii <ww; + Lz —wily, i=1,...,n (3.7¢e)

It is easy to verify that (3.7c) and (3.7d) are implied by X —zz” = 0 and hence redundant
in this formulation.
The relaxation (3.7) can be further tightened by including constraints derived from Az =

b. For example, we can construct the following SDP relaxation by considering a lifting of

the valid equalities 22:1 Agjrixy = byry, k= 1,...,m, i = 1,...,n, into the space of
(z, X):
. T
min X)+qg'x 3.8a
min (@, X) +q (3.8a)
3. SPECTRAL RELAXATIONS AND BRANCHING STRATEGIES FOR GLOBAL OPTIMIZATION OF 46

MIXED-INTEGER QUADRATIC PROGRAMS



3.2 CURRENT RELAXATIONS FOR NONCONVEX QPs AND MIQPs

s.t. Egs. (3.7b) — (3.7e) (3.8b)
ZAijij:bkxi,kzl,...,m,izl,...,n (38C)
j=1

Another alternative involves the addition of a single constraint derived by lifting the
valid equality (Az — b)T(Az — b) = 0 into the space of (z, X). This leads to the following

SDP relaxation:

min (Q,X) + ¢z (3.9a)
s.t. Egs. (3.7b) — (3.7e) (3.9b)
(ATA, X) —2(ATD) 2 +b"b =0 (3.9¢)

Note that the SDPs (3.8) and (3.9) are equivalent (see Proposition 5 in [31] for details). An
SDP relaxation even tighter than (3.9) can be constructed by including all of the McCormick
inequalities instead of only considering those corresponding to the diagonal elements of

the matrix X. The resulting relaxation is given by:

mren)i(g( Q. X)+q"z (3.10a)
s.t. Egs. (3.7b), (3.2b) — (3.2¢) (3.10b)
(ATA, X) —2(AT0) Tz +bTb =0 (3.10c)

As shown in [5], when all of the constraints (3.2b)-(3.2e) are considered, this relaxation
can become very expensive to solve. For a detailed discussion on SDP relaxations, we refer

the reader to [5, 11, 21, 23, 71, 87].

3.2.3 Convex quadratic relaxations

In the following, we briefly discuss some convex quadratic relaxations which have been

proposed in the literature for problems of the form (3.1).
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3.2.3.1 Separable programming relaxation

A well-known procedure for deriving a convex quadratic relaxation of (3.1) was proposed
by Pardalos et al. [68]. This method consists of two steps. In the first step, we use the
eigendecomposition of @) to express this matrix as Q = >, )\iviviT, and introduce the

new variables y; = viT:v, i =1,...,n. This results in the following reformulation of (3.1):

min oAy + Y AR+l

TEXY >0 . X <0
st.  yi=v"z,i=1,...,n (3.11)
Li<y;<U,i=1,...,n
r; €L, YieJ

where L; and U; denote lower and upper bounds on y;, respectively. Note that this trans-
formation leads to a reformulated problem with a separable objective function. In the
second step, we relax the integrality conditions in (3.11) and use the concave envelope of

y? over [L;, U;] to derive the following relaxation:

min Z )\iyiQ + Z i ((Ll + Ui)yi — LiUi) + qTa:
TEXY N >0 A <0

T
st. y=vx,i=1,...,n
Li<y;<U,i=1,...,n

(3.12)

Under this approach the bounds on the y; variables are obtained through the solution of

the following linear programs:

. 4T T .
L; =min v" x U; =max v" x 1=1,...,n (3.13)
(2 E_X Y (2 GX 9 9 9y
x x

3.2.3.2 D.C. programming relaxations

Let C C R" be a convex set and f : C — R a nonconvex function. Then, we say that f is
a d.c. function if it can be expressed as the difference of two convex functions [95]. It is
simple to show that the objective function of (3.1) is a d.c. function (see chapter 3 in [39]
for details). In order to construct a generic d.c. programming relaxation for (3.1), we can

proceed as follows. First, we decompose the objective function as f(z) = 27 Qz + ¢z =
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g(x) — h(x), where g(z) and h(z) are both convex quadratic functions. Second, we drop
the integrality conditions and substitute i (x) with a concave overestimator over X', which

we denote by hx (z). This leads to the following relaxation:

géi)r(l g(z) — hy(x) (3.14)

Clearly, given a nonconvex quadratic function, a d.c. decomposition is not unique [95].
Therefore, the quality of the relaxation (3.14) depends to a very large extent on the choice
of the functions g and h, as well as the tightness of the concave overestimator of h. A
particular type of relaxation which can be derived through d.c. programming techniques

is the classical oBB relaxation [4], which for (3.1) takes the form:

min e"Qu + ¢"w — Y7y (i — 1) (w; — ;) (3.15)
T
where a;, i = 1,...,n, are nonnegative parameters chosen such that the objective function

of (3.15) is convex over X. Another example of a d.c. programming relaxation for (3.1) is

the one proposed by Bomze and Locatelli [18]:

Min - gao,5(2) — coNCrhay,5(2) (3.16)

where g, p(z) = (¢ — 20)"(Q + B)(z — x9), hao,p(x) = 2" Bx — ¢"x + 27 (Q + B)zo —
ng(Q + B)z, zg € R", B € S" such that @ + B = 0 and B > 0, and concxh,, () de-
notes the concave envelope of h;, g(x) over X. The matrix B, which can be fully dense,
is referred to as a difference of convex decomposition (d.c.d.) of Q). Let B; and B, be two
d.c.d.s. of Q. Then, Bj is said to dominate By if Bo — By = 0. If no other d.c.d. of ) domi-
nates B, then Bj is said to be an undominated d.c.d. of (). Bomze and Locatelli [18] showed
that: (i) the bound given by (3.16) is independent of z, and (ii) the tightest relaxation of
the form (3.16) is obtained when B is an undominated d.c.d. of ). Unfortunately, the pro-
cedure for constructing an undominated d.c.d. of ) involves the solution of a sequence of
semidefinite programs. Moreover, even though concxh., p(x) is polyhedral and its facets

can be obtained from the solution of a particular a linear program, this linear program
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can be very expensive to solve because its size grows exponentially with the number of

variables n.

3.2.3.3 Relaxations based on quadratic convex reformulations

These relaxations are constructed in the context of the Quadratic Convex Reformulation
(QCR) methods. To illustrate these techniques, we consider the case in which all the vari-

ables of (3.1) are binary:

min  27Qx +¢"x
z€{0,1}" (3.17)
s.t. Arx =b, Cx <d

In the interest of brevity, we use the notation Xz = {x € {0,1}" | Az =0, Cx < d}in
the remainder of this section.

The QCR approaches involve two steps. The first step consists in reformulating (3.17)
into an equivalent binary quadratic program whose continuous relaxation is convex. This
is achieved by perturbing the quadratic matrix Q). In the second step, the reformulated
problem is solved using a branch-and-bound algorithm. At each node of the branch-and-
bound tree, the lower bound is obtained by solving the continuous relaxation of the re-
formulated problem, which is a convex quadratic program. Note that the quadratic relax-
ations solved throughout the branch-and-bound tree only differ from one another on the
binary variables that are fixed.

One of the earliest references to these methods is found in a paper by Hammer and

Rubin [37], in which the following reformulation for (3.17) is proposed:

: T T
min T+ (3.18)

where Q) = Q@ —min(0, Amin(Q))I, and gy = ¢+min(0, Amin(Q))1. It is simple to check that
@x = 0, and that the objective functions of (3.17) and (3.18) are equivalent Vz € {0, 1}".
In recent years, Hammer and Rubin’s approach was refined by Billionnet and Elloumi [14]

who considered the following reformulation of (3.17):
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: T T
;2;1\% ' Qq,r + qq T (3.19)

where Qq, = Q + diag(dy), ¢4, = ¢ — du, and d,, € R™. The perturbation parameter
d, is determined in a way such that 4, > 0 and the bound given by the continuous
relaxation of (3.19) is as tight as possible. This is achieved by solving the SDP (3.7) and
setting the entries of d, to the optimal values of the dual variables associated with the
constraints (3.7e).

In a subsequent paper, Billionnet et al. [17] used information from the equality con-
straints to improve the bound given by the continuous relaxation of (3.19). In particular,

they considered the following reformulation of (3.17):

: T T
min - 27 Qa, 0,7 + 44, 0,7 (3.20)

where Qq, 0, = Q + diag(d,) + %(@qTA + AT@g), 44,0, = q — dg — ®qu, dy € R" and
©, € R™*". Similarly to (3.19), the perturbation parameters d, and ©, are chosen such
that Qg4,,0, = 0 and the bound of the continuous relaxation of (3.20) is maximized. This is
done by solving the SDP (3.8), and setting the entries of d, and ©, to the optimal values
of the dual variables associated with the constraints (3.7e) and (3.8c), respectively. Note
that the continuous relaxations of (3.19) and (3.20) provide the same bounds as the SDP
relaxations (3.7) and (3.8), respectively.

In more recent papers, the QCR approach has been extended beyond the binary case to
some particular classes of general integer and mixed-integer quadratic programs [15, 16].
In these extensions, the general integer variables are replaced with their binary expan-
sions and the perturbation parameters are determined by solving the semidefinite pro-
grams (3.9) and (3.10). For a detailed discussion on QCR methods, we refer the reader
to [14, 15, 16, 17].
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3.3 Spectral relaxations for nonconvex QPs and MIQPs

In the following, we present a family of convex quadratic relaxations for problems of the
form (3.1), and investigate their theoretical properties. Before providing a detailed deriva-
tion of these relaxations, we state two results which we will repeatedly use throughout
this section. First, we recall that the minimum eigenvalue of a matrix M and the mini-
mum generalized eigenvalue of a pair of matrices (M, N), with M, N € S, N > 0, can be
expressed in terms of the Rayleigh quotient as [34]:

T T
. ' Mx T Mz
)\min(M) = rmn;g P and /\min(Ma N) = l‘;l;gl TN’

(3.21)

Second, we provide a particularly useful formulation for the dual of a certain SDP.

Proposition 3.1. Consider the following SDP

min (Q, X))+ "z (3.22a)
st. X —zzl =0 (3.22b)
(Ci, X))+ &z +di=0,i=1,...,q (3.22¢)

(Ci, XV +Gx+d; <0, i=1,...,¢ (3.22d)

for some Q,Ci,C; €S, §,é;,¢ € R and d;, d; € R. The dual of (3.22) is given by
. T A T 5
max {mm T Qa,pT + o g + dag } .
aequ,ﬁeR";O:Qaﬁw zE€X

~ ~ q1 N q2 _ q1 q2 ~ q1 R
where Qo3 =Q+ Y a;Ci+ > BiCi, dag =G+ > i+ > Bici,and dy g = Y ad; +
=1 =1 =1 1 1=

q2 _ =1
Zl Bid;.

1=

Proof. By dualizing the constraints (3.22c) using the multipliers o;; € R, fori = 1,...,q,
and the constraints (3.22d) using the multipliers 3; € R>q, for i = 1,..., g2, we have that

the Lagrangian dual of the SDP (3.22) is given by:
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max i%lfy‘ <Qa’ﬂ7 X+ qgﬁx " Cza,ﬁ (3.23)

a€RIBERT, | st X —zzl =0
Since the variables z have finite lower and upper bounds, the set & is bounded. Hence,
in order for the inner minimization to be bounded below, we need to choose « and 8 such
that Q, 5 = 0. This restriction on « and § implies that the optimal solution of the inner
minimization problem satisfies X = zzT. The claim follows after substituting X = zz7.

O]

3.3.1 Eigenvalue relaxation

A very well-known technique for deriving convex quadratic relaxations for (3.1) starts by

considering the following reformulation of (3.1):

n n
min  27Qz+¢"r +ac Y 2? — e Y a?
reX i=1 i=1

st. wx€eZ, YVield

(3.24)

where «. is a nonnegative scalar. By dropping the integrality conditions from (3.24) and

using the concave envelope of :c? over [l;,u;], we obtain the following relaxation:

mi/r\} 2TQr +qTr + a0 X 22 — e X (L + wi)zy — Liwg) (3.25)
xre i=1 =1

which can be equivalently written as:

: T T k
Erélﬂr} " Qo™ + qo, T + ka, (3.26)

where Qn, = Q + acly, Go, = ¢ — ae(l +u), and ko, = aellu.

In order to ensure that (3.26) is a convex relaxation of (3.1), it is sufficient to choose
ae > —min(0, Amin(Q)), since this renders the matrix (), positive semidefinite. Moreover,
it is simple to check that a. = — min(0, Amin(Q)) provides the tightest convex relaxation
of the form (3.26) for which Q.. = 0. We refer to this convex relaxation as the eigenvalue

relaxation of (3.1).
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Two interesting observations can be made on (3.26) when a, > — min(0, Amin(@)). First,
the derivation of (3.26) can be seen as an application of the d.c. programming technique
reviewed in §3.2.3.2, whereby the objective function of (3.1) is expressed as the differ-
ence of the convex quadratic functions g(z) = 27Qz + ¢'2 + a.Y 1, 2? and h(z) =

ae Yoy x2. Second, (3.26) is equivalent to the oBB relaxation discussed in §3.2.3.2 if we
set a; = e, Vi =1,...n,in (3.15).

Note also that if all the variables in (3.1) are binary and o = — min(0, Amin(@)), then (3.26)
is equivalent to the continuous relaxation of the convex binary quadratic program (3.18),
which was considered by Hammer and Rubin [37].

Even though the eigenvalue relaxation is relatively simple to construct, in many cases
it can be significantly tighter than the polyhedral relaxations commonly used in state-of-
the-art global optimization solvers (see §3.6.2). Motivated by this observation, we further

investigate the theoretical properties of this relaxation. In particular, we show that the

eigenvalue relaxation is equivalent to the following SDP:

. T
xrer}%r}( (Q,X)+q x (3.27a)
st. X —zal =0 (3.27b)

(I, X)— (I4+uw)z+1Tu<0 (3.27¢)

The SDP in (3.27) can be obtained from (3.7) by aggregating the constraints in (3.7e) and
dropping the redundant inequalities (3.7c) and (3.7d). However, unlike the SDP (3.7), the
optimal objective of SDP (3.27) can be obtained by solving the QP (3.26).

Proposition 3.2. Suppose that the matrix Q) is indefinite. Let cve = —Amin(Q) in (3.26). Denote
by peiG and pspp g1 the optimal objective function values in (3.26) and (3.27), respectively. Then,

MEIG = MSDP_EIG-

Proof. The proof of this proposition relies on strong duality holding for (3.27). We start by

showing that (3.27) admits a strictly feasible solution. Let z € R™ be a vector such that
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Az =b,Cz < d,and | < Z < u. Recall that the concave envelope of 5‘312 over [l;, u;] is given
by (l; + u;)x; — lyu,. Since [; < Z; < u;,Vi = 1,...,n, it follows that (I; + u;)z; — lju; — @2 >
0,Vi = 1,...,n. Define € := (I1 + u1)z1 — ljug — 72. Clearly, there exists § € R such that
0 < < e. Let X € S" be the matrix satisfying:

X =l +u)® —huy =9
Xij:in:i'ii'j, 1=1,...,n, j:(i—i—l),...,n

Then, it is simple to check that (3.27¢) is strictly satisfied by (z, X). Define X := X —zz".
From this definition, it follows that X € S" is a diagonal matrix with entries given by:

o = 2
ﬁ:g ((lil—jut;)l%fl_ lzilzui j?ajlz :52, R 7} (3.29)
It is clear that X;; > 0, Vi = 1,...,n. It follows that the matrix X is positive definite
and (z, X) is a strictly feasible solution to (3.27). Therefore, Slater’s condition is satisfied
by (3.27), which implies that strong duality holds and the optimal value of the dual prob-

lem is attained.

Now, we consider the dual of (3.27). By Proposition 3.1, this dual is given by:

max {min 2T Qoo + chyel‘ + ka, } (3.30)
e €R>0:Qa =0 TEX

where «. is the multiplier for the constraint (3.27¢c), Qn, = Q + aclp, ¢o. = ¢ — (I +u),
and k,, = a.lTu. Since the matrix Q is indefinite, it is clear that the matrix Q. = 0 for
ae > —Amin(Q). Then, it is simple to check that the maximum of (3.30) is attained for

e = —Amin(Q), which implies that yspp rig = [EIG- O

3.3.2 Generalized eigenvalue relaxation

In this section, we propose a new type of quadratic relaxation for (3.1) which improves the
bounds given by the eigenvalue relaxation by incorporating information from the equality

constraints. We start by considering the following reformulation of (3.1):
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n n
min  27Qz +¢Tx +a, Y 22 —a, Y 27 + ay|| Az — b2
TEX i=1 i=1

s.t. v, €7, YieJ

(3.31)

where o is a nonnegative scalar. As done in §3.3.1, we can obtain a quadratic relaxation
of (3.1) by dropping the integrality conditions from (3.31) and using the concave envelope

of 22 over [l;, u;):

n

néi)r} 2TQx +¢Tx + ag Y a:f —oag > (L +ui)x — Liwg) + ag||Ax — b||? (3.32)
x =1 =1

This relaxation can be equivalently written as:

min 2" Qo + ¢4, + ko, (3.33)

where Q., = Q + ay(I, + AT A), Qog = q — og(l +u + 2A"b), and ko, = ag(lTu + b7'b).
In the following proposition, we provide a condition for choosing o, which ensures that

the above problem is a convex relaxation of (3.1).

Proposition 3.3. Let oy > — min(0, Amin(Q, I, + AT A)) in (3.33). Then, (3.33) is a convex

quadratic program.

Proof. To establish the convexity of (3.33), it suffices to verify that Qu, = Q + og(I,, + AT A)
is positive semidefinite. From the definition of the Rayleigh quotient for the generalized
eigenvalue pair (Q, I,, + AT A) in (3.21) we obtain:

2T Qz

in(Q, I, + ATA) <
Amin(Q In + ATA) < Sy

, Vo £0 (3.34)

which using the positive definiteness of (I, + AT A) can be equivalently written as:

2 Qa,z > (g + Amin(Q, Iy + AT A)) 2™ (I, + AT A) 2, Vz #0. (3.35)
It is readily verified that Qq, = 0 for ay > —min(0, Amin (@, In + AT A)). d
From Proposition 3.3, it follows that oy = —min(0, Amin (@, I, + AT A)) provides the

tightest convex relaxation of the form (3.33) for which Q,, = 0. We refer to this convex
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relaxation as the generalized eigenvalue relaxation of (3.1). Next, we show that this relaxation

is at least as tight as the eigenvalue relaxation.

Proposition 3.4. Suppose that ate = — min(0, Amin(Q)) in (3.26) and ag = — min(0, Amin (Q, In+
AT A)) in (3.33). Denote by ugi and ucgig the optimal objective function values in (3.26)

and (3.33), respectively. Then, Geic > HEIG-

Proof. To prove that pgeic > priG, it suffices to show that oy < a.. We will use the defini-

tion of the Rayleigh quotient in (3.21). We consider the following cases:

(1) Amin(Q) > 0. This implies that x7Qx > 0, Va € R™\ {0}. Moreover, it is clear that
2T(I, + ATA)z > 0, Vo € R"\ {0}. Then, from (3.21) it follows that Amin(Q, I,, +

AT A) > 0. Hence, a, = agy = 0, which implies that uggic = 1EiG-

(ii) Amin(Q) < 0. This implies that 3z € R" such that 27Qx < 0. From (3.21), it
follows that Amin(Q, I, + ATA) < 0. Then, it is clear that a, = —Amin(Q) and
g = —Amin(Q, I, + AT A). Define the set D = {z € R" : z # 0,27 Qz < 0}. Clearly,
D is nonempty. It is easy to verify that the minimum in (3.21) occurs for € D.
Combining this observation with 27 (I + AT A)x > 2Tz, we obtain

T Qux 2T Qz
2l (In+ ATA)z = 2Tz

. Yz eD. (3.36)

This proves that Amin(Q, I, + ATA) > Amin(Q), which implies that oy < v, and

HUGEIG = MEIG-
O

Note the idea of using information from the equality constraints to convexify objec-
tive functions containing nonconvex quadratic terms has been considered before in the
literature. In particular, this idea has been exploited in the context of the QCR methods

discussed in §3.2.3.3.

3. SPECTRAL RELAXATIONS AND BRANCHING STRATEGIES FOR GLOBAL OPTIMIZATION OF 57
MIXED-INTEGER QUADRATIC PROGRAMS



3.3 SPECTRAL RELAXATIONS FOR NONCONVEX QPSs AND MIQPs

Even though our approach also relies on the use of information from the equality con-
straints to convexify the objective function of (3.1), it differs from the QCR techniques
considered in [14, 15, 16, 17] in three important ways. First, our technique does not seek
the development of a reformulation of the original problem but instead the construction
of cheap quadratic relaxations which can be incorporated into a branch-and-bound frame-
work. Second, under our approach, at a given node of the branch-and-bound tree, we
update the perturbation parameters used to construct these quadratic relaxations. This is
done by solving the eigenvalue or generalized eigenvalue problems involving the subma-
trices of Q and I,,+ AT A obtained after eliminating the rows and columns corresponding to
the variables that have been fixed. This update results in tighter bounds, and as shown in
§3.6.3-3.6.5, it can have a very significant impact on the performance of branch-and-bound
algorithms, especially in the binary case, in which our relaxations can be used in conjunc-
tion with the branching strategy introduced in §3.4. By contrast, in the QCR methods, the
perturbation parameters used to convexify the problem are calculated only once, prior to
the initialization of the branch-and-bound tree, and are not updated during the execution
of the branch-and-bound algorithm. Third, in our method, the perturbation parameters
can be obtained by solving an eigenvalue or generalized eigenvalue problem, which is
often inexpensive. Under the QCR approaches, calculating the perturbation parameters
involves the solution of an SDP, which is more computationally expensive.

Observe also that, unlike our approach, the separable programming and d.c. program-
ming techniques described in §3.2.3.1 and §3.2.3.2 do not incorporate information from the
equality constraints to improve the bound of the resulting relaxations.

We next show that the generalized eigenvalue relaxation is equivalent to the following

SDP:
. T
min X)+qgx 3.37a
min, (Q,X)+q ( )
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st. X —zzl =0 (3.37b)
(I, X) — (L + w) "2+ Tu+ (ATA, X) — (2470) 2 +"b < 0 (3.37¢)
The SDP in (3.37) can be obtained from (3.9) by aggregating the constraints in (3.7¢)

and (3.9¢), and dropping the redundant inequalities (3.7c) and (3.7d). However, unlike the
SDP (3.9), the optimal objective of SDP (3.37) can be obtained by solving the QP (3.33).

Proposition 3.5. Suppose that the matrix Q is indefinite. Assume that oy = —Amin(Q, I,+AT A)
in (3.33). Denote by nucric and pspp_Geic the optimal objective function values in (3.33) and (3.37),

respectively. Then, uGEIG = HSDP_GEIG-

Proof. We will rely on strong duality holding for (3.37) and follow the same line of argu-
ments used in the proof of Proposition of 3.2. We start by showing that (3.37) admits a
strictly feasible solution. Let z € R" be a vector such that Az = b, Cz < d,and | <z < u.
Recall that the concave envelope of xf over [l;,u;] is given by (I; + u;)x; — lju;. Since
li < %y < wu,Vi=1,...,n,it follows that (I; + u;)x; — lLiu; — a‘cf > 0,Vi =1,...,n. Define
€ := (I1 + u1)z1 — lyuy — #3. Clearly, there exists § € R such that 0 < § < e. Let X € S" be

the matrix satisfying:

(ll + Ul)i‘l - l1u1 + @115)% -0

Xll =

( ) 1+ @4, )

= Ui +u)x; — Liu; + $jxs . (338)
X.. — L =2, ...

(A3 1 —"_ (I)ZZ b ? ) 7n7

Xij :in:.i’ijjj, i=1,....,n, 5=1+1,...,n
where ®;; denotes the i-th diagonal element of AT A. Then, it is simple to check that (3.37¢c)
is strictly satisfied by (Z, X). Define X := X — zz!. It is clear that X is diagonal with
entries:

(ll + ul)sﬁl —lu — f% -0

Xllz

1+ ®4
¢ Gtw)z — i -2 (3.39)
i1 1_1_(1)” s sy,

It is easy to verify that Xy >0, Vi = 1,...,n. It follows that X is positive definite

and (z, X) is a strictly feasible solution to (3.37). Therefore, Slater’s condition is satisfied
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by (3.37), which implies that strong duality holds and the optimal value of the dual prob-
lem is attained.

Now, we consider the dual of (3.37). By Proposition 3.1, this dual is given by:

T T
k
1y €Bont Oy 0 { TR @ Qo oy 7 F Ko, } (3.40)

where o, is the multiplier for the constraint (3.37c), Quo, = Q + ay(I, + ATA), Qo, =
q — ag(l+u+2ATb), and ko, = ag(I"u+ b7b).
Since @ is indefinite, Proposition 3.3 implies that Q. = 0 for ay > —Amin(Q, I, + AT A).

Then, it is easy to verify that the maximum of (3.40) is attained when oy = —Anin(Q, I +

ATA) , which implies that uspp_geig = UGEIG-

3.3.3 Eigenvalue relaxation in the nullspace of the equality constraints

In this section, we consider another convex quadratic relaxation of (3.1) which also in-
corporates information from the equality constraints in order to convexify the objective

function. This relaxation can be formulated as:

. T T
rm'rg} T Qo + o T + ko, (3.41)

where Q.. = Q+ a1y, qo. = ¢—a-(l+u), ko, = a.lTu,and a, isa nonnegative scalar. As
discussed in §3.3.1, we must select a suitable «, in order to ensure that (3.41) is a convex
relaxation of (3.1). As indicated previously, one such «, can be determined by using the
smallest eigenvalue of the matrix (). However, as we show in the next proposition, there
exists another method for constructing such o, which makes use of the nullspace of the

equality constraints of (3.1).

Proposition 3.6. Denote by Z an orthonormal basis for the nullspace of the matrix A. Let o, >
—min(0, Amin(Z7QZ)) in (3.41). Then, (3.41) is a convex quadratic program when restricted to

the nullspace of the matrix A.

3. SPECTRAL RELAXATIONS AND BRANCHING STRATEGIES FOR GLOBAL OPTIMIZATION OF 60
MIXED-INTEGER QUADRATIC PROGRAMS



3.3 SPECTRAL RELAXATIONS FOR NONCONVEX QPSs AND MIQPs

Proof. Let H = {z € R" | Az = b}, and denote by r the rank of A. It is clear than any
point satisfying Az = b can be expressed as ¢ = =), + Zz,, where zj, € H, z, € R"™", and

Z € R™"~". By using this transformation, we can write (3.41) as:

Hg}in (l’h + Zl‘z)TQaz (:Uh + sz) + qu (xh + sz) + ko,

st Clan+ Zx,) <d (3.42)
I <(xp+ Zz,) < u.
It is easily verified that (3.42) is convex for all o, > — min(0, Amin (27 QZ)). O

From Proposition 3.6, it follows that the tightest relaxation of the form (3.41) is obtained
by setting a, = — min(0, \min(Z7QZ)). We refer to this convex relaxation of (3.1) as the
eigenvalue relaxation in the nullspace of A. In the following proposition, we show that this

relaxation is at least as tight as the generalized eigenvalue relaxation.

Proposition 3.7. Assume that ay; = —min(0, Amin(Q, I, + AT A)) in (3.33) and let a, =
—min(0, Amin(Z7QZ)) in (3.41). Let ucpig and pgicz denote the optimal objective function val-

ues in (3.33) and (3.41), respectively. Then, ugiGz > HGEIG-

Proof. To prove that ugigz > pcric, it suffices to show that o, < . Similar to (3.21), the

smallest eigenvalue of ZTQZ can be expressed as:

2T Qux e Qu
Amin(Z27QZ) = min "= = mi
min(Z" QZ) x;ég,l}l];:l:() +Tx x¢1(’)1’71£’xl:0 2T (I, + ATA) T

(3.43)
where for the second equality we used the fact that the minimization is over vectors x that
lie in the null space of A. The restriction of vectors x to the null space of A also implies that
Amin(ZTQZ) > Amin(Q, I, + AT A). This is easily seen by noting that the Rayleigh quotient
expression for the generalized eigenvalue of the pair (Q, I,, + AT A) in (3.21) is over a larger

domain. Hence, o, < oy, and pgicz > UGEIG-

O

From Proposition 3.7, it follows that the eigenvalue relaxation in the nullspace of A can

be potentially tighter than the generalized eigenvalue relaxation. However, an important
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drawback of this relaxation is the fact that it requires the computation of a basis Z for
the nullspace of A, which can be computationally expensive. Therefore, an important
question that arises in this context is whether we can obtain a good approximation of
Amin(ZTQZ) without having to explicitly compute the basis Z. This question is addressed

by the following proposition.

Proposition 3.8. Let § be a real scalar. Then, the following hold:

(a) If the matrix Q is indefinite, Amin(Q, I, + 6 AT A) is a strictly increasing function of § for

§>1.
(b) 1ims_y00 Amin(Q, I, + 0AT A) = min(0, Amin(Z7Q2)).

Proof. We start with the proof of (a). Let §;,02 € R be two scalars such that o > 6; > 1.
Define the set D = {x € R" : z # 0,27Qx < 0}. Since the matrix Q is indefinite by
assumption, it is clear that D # (). From the definition of the set D, it is easy to check that

the following inequality holds:

T Qux T Qux

D 3.44
T £ 02 AT Az~ 2T (I + 0 AT Ay 2 € (3.44)

Using the definition of the Rayleigh quotient in (3.21), D # () and (3.44), it is simple to
verify that Amin(Q, I, + 62 AT A) > Amin(Q, I, + 01 AT A) which proves (a).

To prove (b), consider the Rayleigh quotient definition in (3.21) for the pair (Q, I,, +
SAT A). Letx = y+2z, where y, 2 € R™ are orthogonal vectors which belong to the row space
and nullspace of the matrix A, respectively. Then, by using this transformation in (3.21),

we have:

, . . +2)7Q(y + 2)

m Amin(Q, Iy + 6ATA) = 1 y . 3.45

A Ain(@: I+ ) 5500 (yrap0 (y + 2)T(y + 2) + oyT AT Ay G4
To determine the limit in (3.45), we consider the following cases:
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(i) y # 0. In this case, we obtain:

L (y+2)"Qy + 2)
(vrap0smne (y+ )T (y + 2) + oy AT Ay (3:46)
(ii) y = 0. In this case, (3.45) reduces to:
. . ZTQZ . . zTQz T
fimmin == = limmin | Zr, = Amn(Z27Q2). (3.47)
Then, it follows that lims_; o0 Amin(Q, I, + 6 AT A) = min(0, Amin(Z7Q2)). O

Proposition 3.8 has very important consequences since it suggests we can approximate
the bound given by the eigenvalue relaxation in the nullspace of A by solving the following

quadratic program for a sufficiently large value of ¢:

mi)r} 2TQz + ¢Tr +a(8)(aTz — (1+w)Tx +1Tu) + as) -6 - || Az — b||? (3.48)
TE

where o(6) = —Amin(Q, I, + AT A). Note that, for § = 1, (3.48) corresponds to the gener-
alized eigenvalue relaxation introduced in §3.3.2.

Since Amin(Q, I, + 6ATA) is a strictly increasing function of ¢ for § > 1, Proposition 3.8
implies that as J is increased, a(§) will converge to either 0 or —Amin(Z7QZ). The case in
which «o(6) converges to 0 is particularly interesting since it indicates that Amin(Z TQz) >0,
and the continuous relaxation of (3.1) is convex when restricted to the nullspace of A. Note
that Amin(@) < 0 does not necessarily imply that Amin(ZTQZ) < 0, and as a result, the
continuous relaxation of (3.1) may be convex when restricted to the nullspace of A, even if
it is nonconvex in the space of the original problem variables.

Observe that the quadratic term «(d) - § - || Az — b||? vanishes for any solution z feasible
in (3.48). This term is included in the objective function of (3.48) to ensure that the matrix
Q + a(8)(I, + AT A) is positive semidefinite. However, this term need not be included
for (3.48) to be convex. In fact, Proposition 3.6 implies that (3.48) is a convex quadratic pro-

gram for a(8) > — min(0, Amin(Z7QZ)). From the definition of a(§) and Proposition 3.8, it
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follows that a(8) > — min(0, Amin(Z7 QZ)) holds for any § > 1. As a result, the quadratic
term (9)-§-|| Az —b||? can be dropped from the objective function of (3.48), which simplifies

this relaxation to:

min T Qx4+ ¢Tz 4+ a(0)(zTz — (I +w) Tz + 1Tu) (3.49)
re

This simplification has two significant practical advantages. First, it allows us to pre-
serve the sparsity pattern defined by the quadratic matrix @ of the original problem (3.1).
Second, it prevents the relaxation from becoming ill-conditioned since § does not figure in
the objective function of (3.49) and is only used to determine «(d). Note that we can use
a relatively simple iterative procedure in order to determine a value of § which leads to a
good approximation of the bound provided by the eigenvalue relaxation in the nullspace
of A. We detail such procedure in §3.5.

By considering a quadratic relaxation of the form (3.49), there is no need to project onto
the nullspace of A. This is particularly advantageous in the context of the branching vari-
able selection rules that we introduce in §3.4, since the branching decisions are easier to
interpret in the space of the original problem variables.

We finish this section by showing that the eigenvalue relaxation in the null space of A is

equivalent to the following SDP:

xren/% (Q,X)+q¢"x (3.50a)
st. X —zaT =0 (3.50b)
I, X) = (I+uw) Tz +1Tu<0 (3.50c)

(AT A, X) — (2470) 2 +b7b =0 (3.50d)

The SDP in (3.50) can be obtained from (3.9) by aggregating the constraints in (3.7¢), and
dropping the redundant inequalities (3.7c) and (3.7d). However, unlike the SDP (3.9), the
optimal objective of SDP (3.50) can be obtained by solving the QP (3.41).
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Proposition 3.9. Suppose that the matrix ZT QZ is indefinite. Assume that o, = —Amin(Z7Q2)

in (3.41). Denote by ppicz and pspp_gicz the optimal objective function values in (3.41) and (3.50),

respectively. Then, pigiGz = 4SDP_EIGZ-

Proof. Note that unlike the SDPs (3.27) and (3.37), (3.50) does not admit a strictly feasi-
ble solution. To illustrate this, we note that, for any point = satisfying Az = b, the con-

straint (3.50d) can be equivalently written as follows:

(ATA, X) — (24T0)" 2 4+ 0Tb + (AT A, 2™y — (AT A, 22T) = 0 (3.51a)
— (ATA, X — 22Ty + (Az — b)T (Az —b) = 0 (3.51b)
— (ATA, X —z2T) =0 (3.51c)

which implies that X — za”

cannot be positive definite for the pairs (z, X) that are feasible
in (3.50). It follows that we cannot apply the strong duality theorem to (3.50). As a result,
the proof of this proposition relies on different arguments from those used in the proofs of

Propositions 3.2 and 3.5. We proceed in two steps:

(i) We show that the dual problem of (3.50) is equivalent to (3.41). By weak duality

of (350), this 1mphes that HUSDP_EIGZ > MUEIGZ-

(ii) We construct a feasible solution for (3.50) which attains the same objective function

value as an optimal solution of (3.41). This completes the proof by showing that

HUSDP_EIGZ < UEIGZ-

To prove (i), we use Proposition 3.1 to write the dual of (3.50) as:

max {min 2" Qo g7 + quﬂzzv + ka, 5. } (3.52)
azeRZO,ﬂzeR;Qazﬁz =0 TeX

where o, and 3, are multipliers for (3.50c) and (3.50d), respectively, Q., 5. = Q + a 1, +
B, AT A, do. 8. = q— az(l +u) — 26,ATb, and ko, s, = alTu + B.b7b. Let §, = B./a. By

substituting 8, = d,a; in (3.52), the dual becomes:
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. T T
max { min ' Qa.s5.T + Gy, 5,% + ka. 5. } (3.53)
Qz ER2075ZERZQO¢Z,5Z =0 TEX

where Q. 5. = Q+ (I, +6,ATA), qo. 5. = ¢ — (I +u+25,ATb), and k,_ 5. = a,(ITu+
5,b7b). Note that the quadratic term .. d. || Az — b||? vanishes for any z feasible in the inner
minimization problem. As a result, (3.53) can be posed as:

max { min 27(Q + . L)z + (¢ — a (I +u)Tx + al’u } (350
@z €R>0,0:€R:Qq, 5,70 L TEX

Since ZT Q7 is indefinite, @ is indefinite as well. From Proposition 3.3, it follows that, for
a given value of 9., Qq, 5, = 0 when a, > —Anin(Q, I, + 5. AT A). Then, by using the fact
that Amin(Z7QZ) < 0 and Proposition 3.8, it is easy to verify that the maximum of (3.54)
is attained when a, = —lims, 500 Amin(Q, In + 0,ATA) = —Amin(Z7QZ). This implies
that the dual of (3.50) is equivalent to (3.41), and by weak duality of (3.50), it follows that
HSDP EIGZ = MEIGZ-

Next, we prove (ii). Let # denote the optimal solution of (3.41). Define X = 227 +
vZv(Zv)T, wherey = (I+u)?2—1Tu—3"32, and v denotes the eigenvector corresponding to
the smallest eigenvalue of the matrix Z”QZ. We first show that (&, X) is feasible in (3.50).
By definition, # € X. Consider (3.50b). Recall that the concave envelope of 22 over [l;, u;]
is given by (I; + u;)x; — l;u;. As a result, it is clear that each term (I; + u;)%; — liu; — 27 is
nonnegative, which in turn implies that v > 0. Moreover, since the matrix Zv(Zv)T 3= 0, it
follows that X — 227 = 0.

Consider (3.50c) and (3.50d). Substituting (Z, X ) into (3.50c), we obtain:

(I, 227 +yZv(Z0)T) = (1 +uw) 'z +1Tu
=T+ 2" 20— (1 +uw)'s + Tu=3"2 +v - (+uw)2 +Tu=0.
Similarly, substituting (z, X) into (3.50d) yields:
(AT A, 237 + v 2Zv(Z0)T) — (2470) " & + b7b
= 3T AT Az — (2A70) & + b7b + y0T 2T AT AZv = (A — b)T (A& — b) = 0.
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Let f(z, X) be the objective function of (3.50). The value of f at (z, X ) is:

f(@,X) =(Q, 22T +vZv(Zv)T) + ¢
=3TQi +w'Z2TQZv+ ¢"'&

(3.55

=3"Qé —va. +¢"% )
=#1(Q+ axlp)i + (¢ — ax(l +u)"E + al"u = pricz

where we have relied on the fact that v"Z7QZv = —a. = Amin(Z27QZ). Since (&, X)

is feasible in (3.50), from (3.55) it follows that uspp iz < upigz. Hence, uspp pigz =

MEIGZ- [

3.3.4 Further insights into the proposed quadratic relaxations

The quadratic relaxations introduced in this chapter can be derived through the following

four-step recipe:

(R1) identify a (possibly empty) set J of quadratic functions of the form f;(z) = 275z +
s]Ta: + nj, where S; € S",s; € R",n; € R, such that f;(z) = 0forz € Q = {z €
R™| Az = b};
(R2) construct an initial relaxation for (3.1) as
Im'réi? 2TQr 4+ ¢ x + ol — (1 +u)Tx +1Tu) + ngj B fi(x) (3.56)
where a € R>, 8; € R, such that Q + al, + ;. 7 5;5; = 0;

(R3) find a*, 8* such that the bound given by the relaxation (3.56) is maximized

. T T
* B*) = min x r+q,x+k
(o 5°) argaeRzo,BIEIJ}%a}(:Qa,B%O{ zEX Qo+ o : } (3:57)

where Qo = Q + aln, Qup = Qo+ Y. jc 7 8Sis o = ¢ — a(l + ), ko = al"u, and S is

the |7 |-dimensional vector whose entries are the parameters 3;;

(R4) obtain the relaxation
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. T T
gg)r(l T Qo+ + @ + ko (3.58)

Observe that the parameters 3; are not present in the objective function of the inner
minimization problem in (3.57) and the objective function in (3.58) since f;(z) = 0 for
x € X C 2 (due to (R1)). The three spectral relaxations presented in §3.3.1-3.3.3 can be

identified with (3.57) by noting that:

e 7 =0,a*=—min(0, \min(Q)) for the eigenvalue relaxation (3.26);

o 7 ={1}, fi(z) =" (Apz—b;)?, o = —min(0, \min(Q, I, + AT A)), Bf = o* for the
generalized eigenvalue relaxation (3.33). Note that in this case a further restriction
that 81 = « is imposed in (3.57); and

o J ={1}, filz) = 7 (Arz — b))%, o = —min(0, \min(Z7QZ)) and 8§ = +oo for

the eigenvalue relaxation on the nullspace of A (3.41).

From Propositions 3.4 and 3.7 we know that the lower bound obtained from the eigen-
value relaxation in the nullspace of A (3.41) is at least as large as those provided by the
other spectral relaxations. Further, the computation of a* can be done efficiently.

The recipe (R1)-(R4) is preferable from a computational standpoint since the resulting
relaxation is a quadratic program inheriting the sparsity of the problem. However, the
step (R1) allows for other choice for the functions f;(x) that have been considered in the
literature (see Faye and Roupin [31]). Some examples for the functions satisfying (R1)
are [31]: (zj(Asz —b;)), ((Aj.x —bj)(Asz —b;)), (:BTA%AZ-.QC — bjbi). This naturally raises
the question: Can we improve on the bound provided by (3.41) when restricted to the class of re-
laxations in (3.57)? In the rest of the section, we show that we cannot improve on the bound
provided by the eigenvalue relaxation on the nullspace of A (3.41). Thus, establishing
that (3.41) is the best among the class of relaxations in (3.57).

We begin by recalling the properties of functions satisfying (R1).
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Proposition 3.10. Let f(x) = 2T Sz + sTx + n be a quadratic function. Then, f(x) = 0 for all
r€Q:={zeR"|Ax =b}ifand onlyif S = ATWT + WA, s = ATv — 2Wb, n = —bTv for

some W € R™™ gnd v € R™,

Proof. This follows from Theorem 1 in [31]. O

Following Proposition 3.10, we assume without loss of generality that S; = ATWJ-T +
W; A for some W; € R™ ™ in the rest of this section.
We will compare the relaxations in the class (3.57) with the eigenvalue relaxation in the

nullspace of A (3.41) through the respective SDP formulations. To this end, consider the

SDP:
i X))+ 4" )
min, (@, X)+q = (3.59a)
st. X —zaT =0 (3.59b)
I, X) = (Il+uw)Tz+1Tu<0 (3.59¢)
(Sj, X)+sjz+m=0,j€J. (3.59d)

The next proposition shows that SDP (3.59) is the dual of (3.57).

Proposition 3.11. Let J # 0 be a set of quadratic functions satisfying (R1). The dual of the
SDP (3.59) is given by (3.57).

Proof. By dualizing the constraints (3.59c) and (3.59d) with the multipliers o € R and
Bj € R, j € J, respectively, we can use Proposition 3.1 to obtain the claim.

O]

The next result shows that the feasible set of the SDP (3.50) is in general a subset of the
feasible set of the SDP (3.59). Further, we provide conditions on the choice of quadratic

functions in 7 so that equality holds.

Proposition 3.12. Let Fspp gigz and Fspp rig) denote the feasible regions of the SDPs in (3.50)

and (3.59), respectively. Then, the following holds:
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(i) Fsppr.ricz € FsDp.EIG]-
(i) If Jwj, j € T such that Y, 7 w;Wj = AT then Fspp picz = Fspp_EiG)-

Proof. We start by proving (i). Recall from (3.51) that any (Z,X) € Fspp_ricz satisfies
(AT A, X —zz") = 0. Hence, X takes the form X = zz” + ZV Z7 for all (z, X) € Fspp_riGz,
where Z € R™"" is a basis for the null space of A and V € S"". For any (7,X) €

Fspr_giGz it follows that for all j € 7:

(S;, X) + s;fﬁc +nj (3.60a)
= (S, X —zz") + 278z + 5] T+ (3.60Db)
= (9, X —zz") = (ATW] + W;A,ZzvZ") =0 (3.60c)

where (3.60b) follows from adding and subtracting z7'S;z, the first equality in (3.60c) fol-
lows from (R1), the second equality in (3.60c) from Proposition 3.10 and the final equality
due to Z being a basis for the nullspace of A. Thus (z, X) € Fspp_gigy proving the claim in
().

Consider the claim in (ii). Suppose that there exist w;,j € J such that the condition in
(ii) holds. We perform a linear combination of the inequalities in (3.59d) using w; to obtain

for any (.f‘, X) € FSDPJEIG]:

0= > w; ((S;,X) +s]z+n;) (3.61a)
JET

= > wi (8, X —z2") + 278;T + 5] T + 1) (3.61b)
jeT

= ) w8, X —22") =2(ATA, X — zz") (3.61c)
JjeT

where (3.61b) follows from adding and subtracting z7 9,7, the first equality in (3.61c) fol-
lows from (R1), the second equality in (3.61c) from Proposition 3.10 and the condition in
(ii). Thus (z, X) € Fspp_piGz proving the claim in (ii).

O
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Note that Faye and Roupin [31] proved the equivalence between the SDP (3.50) and
a similar SDP where (3.50d) is replaced by the constraints derived by lifting quadratic
functions of the form x;(A;x —b;) =0,i=1,...,m, j = 1,...,n into the space of (z, X).
Proposition 3.12 considerably expands the set of quadratic functions for which the feasible
set of the resulting SDP is equal to Fspp gz (claim in (ii)). It is easy to verify that all of
the examples of quadratic functions satisfying (R1) described in Faye and Roupin [31] do
satisfy the condition in (ii). Further, the claim in (i) shows that there exist no quadratic
functions satisfying (R1) for which the resulting SDP can have a smaller feasible region
than the SDP (3.50). This brings us to the main result on the claim that the relaxation (3.41)

is indeed the best among the class of relaxations in (3.57).

Theorem 3.1. Suppose that ZT QZ is indefinite and that the set 7 is chosen such that (R1) holds.
Assume that o, = —Amin(Z7QZ) in (3.41). Denote by ugigz and pEIGy the optimal objective

function values in (3.41) and (3.57), respectively. Then, ugicy < MEIGZ-

Proof. Let uspp gigz and jispp gigy denote the optimal objective values of the SDPs in (3.50)
and (3.59), respectively. By Proposition 3.9 we have that pgicz = pspp_rigz. By Proposi-
tion (3.12)(i) we have that uspp picy < 1spp riGz. By Proposition 3.11 and weak duality we
have that pgicy < pspp - Hence, prigy < ppigz, proving the claim.

O

We finish this section by providing a theoretical comparison between the spectral relax-

ations studied in §3.3.1-3.3.3 and some SDP relaxations described in §3.2.2.

Theorem 3.2. Assume that the matrix ZTQZ is indefinite. Suppose that o = —Amin(Q)
in (3.26), ag = —Amin(Q, I, + AT A) in (3.33), and a;, = —Amin(Z7QZ) in (3.41). Denote by
MEIG, HGEIG, MEIGZ, SDP_d, HSDP_dax, 114 [iSDP_da the optimal objective function values of (3.26),

(3.33), (3.41), (3.7), (3.8), and (3.9), respectively. Then, the following holds:
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(i) pspp.d = HEIG-

(i) [SDP.dax = MSDP.da = MEIGZ = IGEIG = UEIG-

Proof. We start by proving (i). Denote by uspp rig the optimal objective function value
in (3.27). By Proposition 3.2, we have that pugic = psprric. Hence, we can prove (ii)
by comparing the SDPs (3.7) and (3.27). The constraints (3.7c) and (3.7d) are implied
by (3.7b), and as a result, can be droped from (3.7). Therefore, (3.7) and (3.27) only dif-
fer in the constraints (3.7e) and (3.27c). It is simple to verify that the inequality (3.27c)
can be obtained by aggregating the McCormick inequalities (3.7e), which implies that
MSDP.d = HMSDPEIG = HEIG-

Now, we prove (ii). As stated in §3.2.3.1, the relationship yispp_qax = #spp_da follows from
a result given in [31]. To show that pgpp_ g0 > priGz, We follow the same line of arguments
used for proving (i). Let uspp_gicz be the optimal objective function value in (3.50). Propo-
sition 3.9 implies that pgicz = pspp.ricz. Therefore, to prove (ii), we can simply compare
the SDPs (3.9) and (3.50). The constraints (3.7c) and (3.7d) are also redundant in (3.9), and
can be dropped from this formulation as well. Similar to the previous case, (3.9) and (3.50)
only differ in the constraints (3.7e) and (3.50c). As stated above, the inequality (3.50c) is
implied by the inequalities (3.7e). Hence, pispp.da > Hspr.EiGz = HEIGz- The inequalities

uGeic > peic and peicz > pceig, follow from Propositions 3.4 and 3.7, respectively. This

completes the proof of the claim in (ii). O

3.4 Spectral branching for nonconvex binary QPs

In this section, we introduce new eigenvalue-based branching variable selection strate-
gies for nonconvex binary QPs. These strategies are inspired by the strong branching rule
which was initially proposed for mixed-integer linear programs [6], and can be used along

with the quadratic relaxations discussed in §3.3.1-3.3.3. For simplicity, we only describe
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our branching strategies for the eigenvalue relaxation, which rely on the smallest eigen-
value of () and its associated eigenvector. The branching rules for the quadratic relaxations
described in §3.3.2 and 3.3.3 are similar, but they make use of the smallest generalized
eigenvalue of the pair (Q, I + AT A) and its corresponding eigenvector.

We first introduce some notation. Let F be the set of indices of the variables that are fixed
at the current node. Denote by B = {1,...,n}\ F the set of branching candidates. Let Q be
the RIBI¥IBl sub-matrix of Q) obtained by eliminating the rows and columns corresponding
to the variables in . Define the bijection o : B — {1,...,|B|}, which maps i € B to the
o (i)-th row and o (i)-th column of Q.

Assume that we branch on variable z;, ¢ € B by creating two nodes, one where z; = 0
and another where x; = 1. At these descendant nodes, the eigenvalue relaxation is con-
structed by considering the smallest eigenvalue of the submatrix obtained by eliminating
the ¢(i)-th row and ¢ ()-th column of Q. We denote this submatrix by Q. In this context,
a potentially good branching rule may consist in branching on the variable which leads
to the largest increase in the smallest eigenvalue of Q Note that, at a given node of the
branch-and-bound tree, this rule requires the solution of | 5| eigenvalue problems, each one
involving a submatrix of ) obtained by eliminating the row and column corresponding to
a particular index i € B. We call this rule spectral branching with complete enumeration. The
index corresponding to this branching rule, denoted as iexact € C, can be mathematically

expressed as:
lexact = arg Izleai?x Amin (Pa(i)QPZ(iD (3.62)

where P, ;) is a (|B|—1) x |B| matrix obtained by removing the o (i)-th row from the |B| x| B]|
identity matrix. Note that Q= PU(Z-)QPJT(D results in a matrix where the o(i)-th row and
o (i)-th column of () are removed.

The computational complexity of complete enumeration is (| B|®). We are not aware of
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any efficient approach for obtaining exact that avoids complete enumeration. We instead

rely on a lower bound for Amin(-) that will be obtained without computing an eigenvalue

and is computationally inexpensive. Gershgorin’s Circle Theorem (GCT) [34] provides

such a lower bound estimate. The GCT states that: every eigenvalue of a t x t matrix T lies

in one of the circles Cy(T) = {X + |A =Tyl < 3214 |Thal} for k = 1,...,t. Alower bound

estimate for the smallest eigenvalue of the matrix 7' based on the GCT, denoted as AS$T(T)
is:

Aoin (T) = oin | The = > 1Tl (3.63)

Ik
Using the GCT-based lower bound estimate we can then define a branching variable

index as:
o GCT 5 pT
IGCT = ArgMax Ay <P U(i)QPa(i)> : (3.64)

Note that the index igcr can be determined without having to compute the matrix
Pg(i)QPUT(i). This approach has a computational complexity of O(|B|?) and is computa-
tionally inexpensive compared to complete enumeration.

The choice of igcr can be viewed as a pessimistic estimate since it is obtained by max-
imizing the worst-case bound for the smallest eigenvalue. Instead, we employ a different
approach to determine the branching variable. Let v be the eigenvector corresponding to
the smallest eigenvalue of Q. Then, we select as a branching variable, denoted by iapprox,

the one which corresponds to the entry of v with the largest absolute value, i.e.
lapprox = arg I?G%X |Ua(i)| (3.65)

where v, ;) denotes the o (i)-th component of v. We call this rule approximate spectral branch-
ing. The computational complexity of this rule is O(|5]).
To appreciate the intuition behind this choice, we recall the proof for the GCT. From the

definition of the eigenvalue, we have
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QU = Amin(@)”
- ZQU(iapprox) cr(j)va(] - )\mln(Q) Vo lapprox

jeB
Aei (O Yo (4)
= Amin (Q) - Qa(iapprox 0' ’Lapprox - Z QO' Zapprox 7)7
j EB U(Zapprox)
j?éiapprox
— |/\mm(Q) - Qo(iappmx) O’(iappmx) ‘ < Z |Q0(iapprox) a(j) ’
.]687
j?éiapprox

- )\min(Q) € Ccr(iapprox)(Q)

where the first implication follows from the o (iapprox)-th row of the equality, the second
implication is obtained by rearranging and dividing by v, ;) and the inequality follows
from v, (;)/ vg(,-appmx)\ < 1 by definition of iapprox- In essence, iapprox identifies the particular
Gershgorin circle that bounds the smallest eigenvalue Amin(Q). Thus, the choice of lapprox
as the branching variable can be interpreted as eliminating the particular Gershgorin circle
to which Amin(Q) belongs. In that sense, this can be viewed as an optimistic estimate.

To illustrate the effectiveness of igct and iapprox in mimicking iexact, We performed some
numerical experiments. We generated matrices @ of sizes n € {50,100} and densities
p € {0.25,0.50,1.00}, and computed iexact by complete enumeration. Denote by 4worst the

index corresponding to the worst choice of branching variable, i.e.:
lworst = arg Igélél Amin (Pa'(z)QPO,Z-ErL)> (3.66)
Then, the effectiveness of iy is measured using the metric:

Amin <Pa(z‘x)QPg(Z‘X)> — Amin (Pa(iexact)QPO,I'Eiexact)>
Amin (Pg(iworst)QPcﬂiwmt)) — Amin (Pa(iexact)QP%em))

where x € {approx, GCT}. A smaller value of % gap for iy represents a better approxima-

% gap = x 100 (3.67)

tion of iexact. TO Obtain a statistic of the effectiveness of these approaches, we generated 100
different instances of () for each matrix size and density. Figure 3.1 shows cumulative plots

of the percentage of instances for which the % gap is below a certain value. It is evident
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from the plots that the approximate spectral branching strategy is a better choice than the

GCT-based branching rule.

100 — 100
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Figure 3.1: Cumulative plots comparing the effectiveness of the approximate spectral
branching and the GCT-based branching strategies.

3.5 Implementation of the proposed relaxation and branching strate-

gies into BARON

By default, BARON's portfolio of relaxations consists of linear programming (LP), nonlin-
ear programming (NLP) and mixed-integer linear programming (MILP) relaxations [48,
59, 92]. In our implementation, we have expanded this portfolio by adding a new class
of convex QP relaxations. These relaxations are constructed whenever the original model
supplied to BARON is of the form (3.1). We take advantage of BARON’s convexity de-
tector (see [48] for details) in order to determine the type of QP relaxation that will be
constructed at a given node in the branch-and-bound tree. If the current node is convex,
our QP relaxation is the continuous relaxation of (3.1) subject to the variable bounds of the
current node. On the other hand, if the current node is nonconvex, we construct one of the

QP relaxations introduced in §3.3.1-3.3.3. The relaxation (3.49) is selected by default if the
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original problem contains equality constraints. Otherwise, our QP relaxation constructor
automatically switches to the eigenvalue relaxation (3.26).

To solve the eigenvalue and generalized eigenvalue problems that arise during the con-
struction of the relaxations discussed in §3.3.1-3.3.3, we use the subroutines included in
the linear algebra library LAPACK [3]. When constructing these quadratic relaxations, we
only consider the variables that have not been fixed at the current node. We use CPLEX as
a subsolver for the new QP relaxations. The relaxation solution returned by the QP sub-
solver is used at the current node only if it satisfies the KKT conditions. This KKT test is
similar to the optimality checks that BARON performs on the solutions returned by the LP
and NLP subsolvers (see [48] for details).

Another important component of our implementation is the approximate spectral branch-
ing rule described in §3.4. This strategy is activated whenever the original problem sup-
plied to BARON is a nonconvex binary QP. When this strategy is disabled, BARON uses

reliability branching [1] to select among binary branching variables.

Finding §

As stated in §3.3.3, when constructing the quadratic relaxation (3.49), we use a sufficiently
large value of ¢ in order to obtain a good approximation of the bound provided by the
eigenvalue relaxation in the nullspace of A. We use an iterative procedure to determine
such value of §. We start by setting § = 1 and computing Amin(Q, I, + AT A). Then, in
each iteration of this procedure, we increase § by a factor of o and we use the resulting
§ to compute a new value of Apin(Q, I,, + AT A). The procedure terminates when either
the relative change in Amin(Q, I, + §AT A) is within a tolerance relTol or the number of
iterations reaches maxIter. In our numerical experiments, we set 0 = 10, maxIter =5,
and relTol = 1073. This iterative procedure is executed at the root node only, and the value

of 0 determined during its execution is used throughout the entire branch-and-bound tree.
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3.5 IMPLEMENTATION OF THE PROPOSED RELAXATION AND BRANCHING STRATEGIES INTO
BARON

Dynamic relaxation selection strategy

We have implemented a dynamic relaxation selection strategy which is used for problems
of the form (3.1) and switches between polyhedral and quadratic relaxations based on
their relative strength. This dynamic strategy is motivated by two key observations. First,
the strength of a given relaxation may depend on particular characteristics of the problem
under consideration. Second, a particular type of relaxation may become stronger than
other classes of relaxations as we move down the branch-and-bound tree.

In the context of this strategy, we dynamically adjust the frequencies at which we solve
the different types of relaxations during the branch-and-bound search. Denote by w;, €
[1, 0] and wy, € [1,@4p) the frequencies with which we solve the LP and QP relaxations,
respectively. Let f;, and f,, be the optimal objective function values of the LP and QP
relaxations, respectively. At the beginning of the global search, we set w;, = 1 and wy, =
1, which indicates that both the LP and QP relaxations will be solved at every node of
the branch-and-bound tree. At nodes where both LP and QP relaxations are solved, we
compare their corresponding objective function values. If f,, — fi, > absTol, we increase
wep by setting wgy, = max (1,wqp/04p), and decrease wy, by setting wy, = min (@, wip - 7).
Conversely, if fy, — fi, < absTol, we increase wy, by setting w;, = max (1,w;,/0yp), and
decrease wg, by setting wq, = min (Wgp, wgp - 0gp). In our numerical experiments, we set
o1 =10, 0gp = 2, @y, = 1000, &y = 10, and absTol = 1073.

Even though BARON's portfolio of relaxations also includes MILP relaxations, in our
dynamic relaxation selection strategy, we only compare the bounds given by the LP and
QP relaxations. Since MILP relaxations can be computationally expensive, BARON uses
a heuristic to decide if an MILP relaxation will be solved at the current node [59]. In our
implementation, this heuristic is invoked only if at the current node the QP relaxation is

weaker than the LP relaxation. Otherwise, the MILP relaxation is skipped altogether.
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3.6 Computational results

In this section, we present the results of an extensive computational study conducted to
investigate the impact of the techniques proposed in this chapter on the performance of
branch-and-bound algorithms. We start by describing the test set used for the numeri-
cal experiments in §3.6.1. Then, in §3.6.2, we provide a numerical comparison between
the spectral relaxations introduced in §3.3.1-3.3.3 and some of the relaxations reviewed
in §3.2. In §3.6.3, we analyze the impact of the implementation described in §3.5 on the
performance of the global optimization solver BARON. This is followed by a comparison
between several state-of-the-art global optimization solvers in §3.6.4. Finally in §3.6.5, we
compare BARON and the QCR approach discussed in §3.2.3.3.

Throughout this section, all experiments are conducted under GAMS 30.1.0 on a 64-bit
Intel Xeon X5650 2.66GHz processor with a single-thread. We solve all problems in min-
imization form. For the experiments described in §3.6.2, the linear and convex quadratic
programs are solved using CPLEX 12.10, whereas the SDPs are solved using MOSEK 9.1.9.
For the experiments considered in §3.6.3-3.6.5, we consider the following global optimiza-
tion solvers: ANTIGONE 1.1, BARON 19.12, COUENNE 0.5, CPLEX 12.10, GUROBI 9.0,
LINDOGLOBAL 12.0 and SCIP 6.0. When dealing with nonconvex problems, we: (i) run
all solvers with relative/absolute tolerances of 10 and a time limit of 500 seconds, and
(ii) set the CPLEX option optimalitytarget to 3 and the GUROBI option nonconvex
to 2 in order to ensure that these two solvers search for a globally optimal solution. For
other algorithmic parameters, we use default settings. The computational times reported
in our experiments do not include the time required by GAMS to generate problems and

interface with solvers; only times taken by the solvers are reported.
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3.6.1 The test set

We consider a test set consisting of 960 Cardinality Binary Quadratic Programs (CBQPs), 30
Quadratic Semi-Assignment Problems (QSAPs), 246 Box-Constrained Quadratic Programs
(BoxQPs), and 315 Equality Integer Quadratic Programs (EIQPs). In the following, we

describe each of these four collections in detail.

3.6.1.1 Cardinality Binary Quadratic Programs

The CBQP instances are of the form:

n}ﬁin 2TQx+¢"x

s.t. an Ti =K (3.68)

;16 {0,1}, i=1,...,n

where ) € S" is an indefinite matrix, ¢ € R” and s € {1,...,n}. For our experiments, we
use the 960 CBQP instances generated by Lima and Grossmann [53]. These problems were
constructed for k € {n/5,n/1.25}, and matrices @ with sizes n € {50, 75, 100, 200, 300, 400}
and densities p € {0.10,0.50,0.75,1.00}. The nonzero entries of @) and ¢ are randomly
generated from uniform distributions defined over the intervals [-100, 100}, [-1, —1], [0, 1],

and [0, 100].

3.6.1.2 Quadratic Semi-Assignment Problems

The QSAP instances are of the form:

ni—1 ny na no ny no

min Y >0 >0 > QukiTaTi+ Y D GikTik
x i=1 j+1=1k=11=1 i=1k=1
D2 ) 3.69
st. dmp=1,i=1,...,n (3:69)
k=1

v € 0,1}, i=1,....,n,k=1,...,ns
where n; > ny. For our experiments, we constructed 30 QSAP instances for which the

number of total variables ranges from 15 to 280, and the coefficients Q;;; and ¢;;, are ran-
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domly generated in [—50, 50] according to a uniform distribution.

3.6.1.3 Box-Constrained Quadratic Programs

The BoxQP instances are of the form:
min 27 Qz +¢'x
s.t. ongi §q1, i=1,...,n (3.70)
where (Q € S" is an indefinite matrix and ¢ € R”. For our experiments, we consider an
expanded version of the set of the BoxQP instances generated in [22, 24, 96]. The original
collection consists of: 54 instances with 20 < n < 60 and 0.2 < p < 1.0 generated in [96],
36 instances with 70 < n < 100 and 0.25 < p < 0.75 generated in [24], and 9 instances with
n = 125 and 0.25 < p < 0.75 generated in [22].
For our experiments, we constructed 15 additional instances with 70 < n < 125 and
p = 1.00, and 132 additional instances with 150 < n < 400 and 0.25 < p < 1.0, obtaining
an expaded collection with 246 instances. For the additional 147 instances, as well as for

the 99 instances considered in [22, 24, 96], the nonzero entries of () and ¢ are integers

randomly generated in [—50, 50] according to a uniform distribution.

3.6.1.4 Equality Integer Quadratic Programs

The EIQP instances are of the form:

min z7Qx + ¢"x
x

OSl'iﬁui,i:1,...,n
r,eNi=1,...,n

where () € S” is an indefinite matrix, ¢ € R", 4; € R'*" and b; € R. For our experiments,
we consider an expanded version of the set of randomly generated EIQP instances used

in [16]. The original collection consists of three classes of instances generated as follows:

3. SPECTRAL RELAXATIONS AND BRANCHING STRATEGIES FOR GLOBAL OPTIMIZATION OF 81
MIXED-INTEGER QUADRATIC PROGRAMS



3.6 COMPUTATIONAL RESULTS

e EIQP1: The entries of @ and ¢ are uniformly distributed integers in the interval
[—100, 100], the entries of A; are uniformly distributed integers in [1,50], by = 15 -
S A,andw; =30, i =1,...,n.

e EIQP2: the entries of () and ¢ are generated as described for EIQP1, the entries of A
are uniformly distributed integers in [1,100], by = 20 - Y " | Ay;, and u; = 50, @ =
1,...,n.

e EIQP3: the entries of () and ¢ are generated as described for EIQP1, the entries of A;

and b, as described for EIQP2, and u; =70, i = 1,...,n.

In [16], 5 different instances were generated for each of these three classes and for each
value of n € {20, 30,40}, obtaining a total of 45 instances. For our experiments, we con-
structed 90 additional instances of each class by considering values of n ranging from 60

to 400. This leads to an expanded collection consisting of 315 instances.

3.6.2 Comparison between relaxations

In this section, we present a comparison between the spectral relaxations introduced in
§3.3.1-3.3.3, the convex quadratic relaxation (3.12), the first-level RLT relaxation (3.5), and
the SDP relaxations (3.7) and (3.9). We construct performance profiles based on the root-

node relaxation gap defined as:

-~ fup — fLBD
GAP = (max i fLBD!,10—3)> % 100 (3.72)

where frpp is the root-node relaxation lower bound, and fipp is the best upper bound

available for a given instance. The following notation is used to refer to the different relax-

ations:

¢ EIG: Eigenvalue relaxation (3.26).

o GEIG: Generalized eigenvalue relaxation (3.33).
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EIGNS: Eigenvalue relaxation in the nullspace of A (3.41).

EIGDC: Quadratic relaxation (3.12) based on the eigdecomposition of Q.

RLT: First-level RLT relaxation (3.5).

SDPd: SDP relaxation (3.7).
e SDPda: SDP relaxation (3.9).

The performance profiles are presented in Figures 3.2a-3.2d. These profiles show the
percentage of models for which the gap defined in (3.72) is below a certain threshold. As
seen in the figures, the SDP relaxations give the tightest bounds, followed by the spec-
tral relaxations. For these instances, both the RLT relaxation (3.5) and the quadratic relax-
ation (3.12) provide relatively weak bounds. Note that for the CBQP instances, the spectral
relaxations provide very similar bounds. In the case of the QSAP and EIQP problems, the
difference between the bounds given by spectral relaxations is more significant.

We also compare these root-node relaxations in terms of their solution times. To that
end, in Figures 3.3a-3.3d, we present the geometric means of the CPU times required to
solve the different classes of relaxations. For the quadratic relaxation based on the eigde-
composition of ), the CPU time includes the time required to solve the convex QP (3.12)
and the time taken by the bounding LPs (3.13). We group the instances based on their size.
As the figures indicate, the spectral relaxations are relatively inexpensive regardless of the
characteristics of the problem. As the size of the problem increases, the RLT relaxations
become more expensive to solve, and in some cases, these RLT relaxations are orders of
magnitude more expensive than the other relaxations. Note that the separable program-
ming procedure described in §3.2.3.1 does not only lead to relatively weak bounds, but it is
also computationally expensive since it requires the solution of 2n linear programs. Even
though for most of the problems considered in the experiments the SDP relaxations can
be solved within 10 seconds, they are between one and two orders of magnitude more ex-

pensive than the spectral relaxations. These results indicate that the quadratic relaxations
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Figure 3.2: Comparison between the root-node relaxations gaps.
introduced in this chapter do not only provide relatively strong bounds, but they are also

very cheap to solve.

3.6.3 Impact of the implementation on BARON's performance

In this section, we demonstrate the benefits the proposed relaxation and branching tech-

niques on the performance of the global optimization solver BARON. In our experiments,

we consider the following versions of BARON 19.12:

e BARONnoqp: BARON without the spectral relaxations and without the spectral
84
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Figure 3.3: Geometric means of the CPU times required to solve the root-node relaxations.

branching rule.

e BARONnNosb: BARON with the spectral relaxations but without the spectral branch-
ing rule.

e BARONgp1l: BARON with the spectral relaxations and the approximate spectral

branching rule.

As mentioned previously, the spectral branching rule introduced in § 3.4 is only used for
the binary instances. In order to analyze the impact of our implementation, we start by
comparing the different versions of BARON through performance profiles. For instances
which can be solved to global optimality within the time limit of 500 seconds, we use

performance profiles based on CPU times. In this case, for a given solver, we plot the per-

3. SPECTRAL RELAXATIONS AND BRANCHING STRATEGIES FOR GLOBAL OPTIMIZATION OF 85
MIXED-INTEGER QUADRATIC PROGRAMS



3.6 COMPUTATIONAL RESULTS

centage of models that can be solved within a certain amount of time. For problems for
which global optimality cannot be proven within the time limit, we employ performance
profiles based on the optimality gaps at termination. These gaps are determined according
to (3.72) by using the best lower and upper bounds reported by the solver under consid-
eration. In this case, for a given solver, we plot the percentage of models for which the
remaining gap is below a given threshold.

The performance profiles are presented in Figures 3.4a-3.4d. As seen in the figures, our
implementation leads to very significant improvements in the performance of BARON.
Clearly, for the CBQP and QSAP instances, both the spectral relaxations and the spec-
tral branching strategy result in a version of BARON which is able to solve many more
problems to global optimality. In addition, in cases in which global optimality cannot be
proven within the time limit, BARONqp1 terminates with much smaller relaxation gaps
than BARONnoqp.

Next, we provide a more detailed comparison between BARONgp1 and BARONnoqp.
To this end, we eliminate from the test set all the problems that can be solved trivially by
both solvers (146 instances). A problem is regarded as trivial if it can be solved by both
solvers in less than one second. After eliminating all of these problems from the original
test set, we obtain a new test set consisting of 1405 instances.

We first consider the nontrivial problems that are solved to global optimality by at least
one of the two the versions of the solver (412 instances). For this analysis, we compare
the performance of the two solvers by considering the ratios between their computational
times. In this comparison, we say that the two solvers perform similarly if their CPU
times are within 10% of each other. The results are presented in Figure 3.5a. As the fig-
ure indicates, BARONqp1 is significantly faster than BARONnoqp. For nearly 50% of the
problems considered in this comparison, BARONqpl is at least one of magnitude faster

than BARONnoqp
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Figure 3.4: Comparison between the different versions of BARON.

Now, we consider the nontrivial problems that neither of the two solvers are able to
solve to global optimality within the time limit (993 instances). In this case, we analyze
the performance of these solvers by comparing the gaps reported at termination. For the
purposes of this comparison, we say that two solvers obtain similar gaps if their remaining
gaps are within 10% of each other. The results are presented in Figure 3.5b. As seen in the
tigure, for more than 90% considered in this comparison, BARONqp1 reports significantly

termination gaps than BARONnoqp.
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Figure 3.5: One-to-one comparison between BARONqgp1 and BARONnoqp.

3.6.4 Comparison between global optimization solvers

In this section, we provide a comparison between different state-of-the-art global optimiza-
tion solvers using the same type of performance profiles considered in the previous sec-
tion. These profiles are shown in Figures 3.6a-3.6d. As seen in these figures, BARONqpl1
performs well in comparison to other solvers. For both the CBQP and QSAP instances,
BARONQqpl is faster than the other solvers and is able to solve many more problems to
global optimality. For the QSAP and BoxQP instances, BARONqp1 also terminates with
significantly smaller gaps than the other solvers in cases in which global optimality cannot
be proven within the time limit. Note that many of the BoxQP and EIQP instances are very
challenging and cannot be globally solved within the time limit by solvers considered in
this analysis.

Next, we provide a detailed analysis involving BARONqp1, CPLEX and GUROBI. For
this analysis, we use the same type of bar plots employed in Figure 3.5. We start by pre-
senting a one-to-one comparison between BARONqp1 and CPLEX. To this end, we elim-
inate from the test set all the problems that can be solved trivially by both solvers (124

instances), obtaining a new test set with 1427 instances. In Figure 3.7a, we consider the
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Figure 3.6: Comparison between global optimization solvers.

nontrivial problems that are solved to global optimality by at least one of the two solvers
(445 instances), whereas in Figure 3.7b, we consider nontrivial problems that neither of the
two solvers are able to solve to global optimality within the time limit (982 instances). As
both figures show, BARONqp1 performs significantly better than CPLEX. For 80% of the
instances considered in Figure 3.7a, BARONqpl is at least twice as fast as CPLEX. Simi-
larly, for 90% of the instances considered in Figure 3.7b, the termination gaps reported by
BARONQqp1 are at least twice as small as those obtained by CPLEX.

Now, we present a similar one-to-one comparison between BARONqp1 and GUROBI.
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Figure 3.7: One-to-one comparison between BARONgqp1 and CPLEX.

Once again, we eliminate from the test set all the problems that can be solved trivially by
both solvers (185 instances), resulting in a new test set with 1366 instances. In Figure 3.8a,
we consider the nontrivial problems that are solved to global optimality by at least one of
the two solvers (380 instances), whereas in Figure 3.8b, we consider nontrivial problems
that neither of the two solvers are able to solve to global optimality within the time limit
(986 instances). For more than 60% of the instances considered in Figure 3.8a, BARONqp1
is at least twice as fast as GUROBI, whereas for most of the problems considered in Fig-

ure 3.8b, the two solvers report similar termination gaps.
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Figure 3.8: One-to-one comparison between BARONqp1 and GUROBIL
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3.6.5 Comparison with the QCR method

In this section, we provide a numerical comparison between the relaxation and branching
strategies proposed in this chapter, and the QCR approach reviewed in §3.2.3.3. To this
end, we consider the 990 binary CBQP and QSAP instances described in §3.6.1.

To apply the QCR method, we proceed in two steps. In the first step, for each test
problem, we solve the SDP relaxation (3.8) with MOSEK and use its dual solution to con-
struct a reformulated convex binary quadratic program of the form (3.20). As mentioned
in §3.2.3.3, the reformulated problems are equivalent to the original problems when all
variables are binary.

In the second step, we solve the reformulated problems using a customized version of
BARON, which denote by BARONqcr. This version of BARON only differs from the de-
fault one in two aspects. First, BARON(qcr is devised in a way such that, at a given node of
the branch-and-bound tree, the lower bound is obtained by solving the continuous relax-
ation of the reformulated problem, which is a convex QP. To this end, in the lower bound-
ing routines of BARON(qcr, we have disabled the LP, NLP, MILP and recently introduced
spectral relaxations. Second, in BARONqcr we have also turned off the spectral branching
rule and replaced it with the reliability branching strategy described in [59]. Recall that,
under the QCR approach, the perturbation parameters used to derive the reformulated
problem are not updated during the execution of the branch-and-bound algorithm. As a
result, the QP relaxations that are constructed at different nodes of the branch-and-bound
tree of BARON(qcr only differ from one another in the variables that are fixed. We solve all
of these convex QP relaxations by using CPLEX.

In our experiments, we run BARONqcr with the same relative/absolute tolerances and
time limit used for BARONqp1. For all of the considered instances, the amount of time

required to solve the SDP relaxation involved in the first step of the QCR method was much

3. SPECTRAL RELAXATIONS AND BRANCHING STRATEGIES FOR GLOBAL OPTIMIZATION OF 91
MIXED-INTEGER QUADRATIC PROGRAMS



3.6 COMPUTATIONAL RESULTS

smaller than the CPU time corresponding to BARONqcr. As a result, when comparing
BARONqp1 and BARON(qcr, we ignore the time required to solve these SDPs.

We first compare BARONqp1 and BARON(qcr in terms of the lower bounds reported at
the root-node. In this case, we say that a given solver obtains a better lower bound if the
relative lower bound difference is greater than 1073. For cases in which the magnitude of
the lower bound is below one, we use absolute differences. The results are presented in
Table 3.1. In this table, for each test library, we provide the number, and in parentheses the
percentage, of problems for which a given solver reports better root-node lower bounds.
As the results in this table indicate, BARONqcr obtains better root-node lower bounds for
most of the instances considered in this comparison.

Note that at the root node of the branch-and-bound tree, the lower bound obtained by
BARON(qcr is given by the continuous relaxation of (3.20), and as a result, it is equal to
the bound provided by the SDP relaxation (3.8). On the other hand, for many of the
problems considered in this comparison, the eigenvalue relaxation in the nullspace of A
is tighter than the polyhedral relaxations implemented in BARONqpl. Hence, in these
cases, BARONqpl1 relies on this quadratic relaxation to obtain lower bounds. As shown in
Theorem 3.2, the SDP relaxation (3.8) is at least as tight as the eigenvalue relaxation in the
nullspace of A. Therefore, it is not surprising that, for many of the problems considered in

Table 3.1, BARON(qcr provides tighter root-node bounds than BARONqp1.

Table 3.1: Root-node lower bounds given by BARONqp1 and BARONqcr.

Test library BARONqp1 better BARON(cr better

CBQP 141 (15%) 819 (85%)
QSAP 2 (7%) 28 (93%)

Now, we analyze how the branch-and-bound algorithms of BARONqp1 and BARON-

qcr perform relative to each other. For this analysis, we use the same type of bar plots
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employed in previous sections. We start by eliminating from the test set all the problems
that can be solved trivially by both solvers (11 instances), obtaining a new test set with
979 instances. In Figure 3.9a, we consider the nontrivial problems that are solved to global
optimality by at least one of the two solvers (442 instances), whereas in Figure 3.9b, we
consider nontrivial problems that neither of the two solvers are able to solve to global op-
timality within the time limit (537 instances). As both figures show, BARONqp1 performs
significantly better than BARONqcr. For nearly 70% of the instances considered in Fig-
ure 3.9a, BARONqpl is at least an order of magnitude faster than BARONqcr. Similarly,
for more than 80% of the instances considered in Figure 3.9b, the termination gaps reported
by BARONgp1 are smaller than those obtained by BARON(cr.

Even though BARON(qcr reports tighter root-node lower bounds than BARONqp1 for
most of the instances considered in this comparison, during the branch-and-bound search,
the lower bounds obtained by BARONqp1l improve much more quickly than those pro-
vided by BARONqcr. This is due to the fact that, in BARONqp1, we update the pertur-
bation parameters used to construct the quadratic relaxations as we branch. In addition,
BARON@p1 makes use of the approximate spectral rule introduced in §3.4, which as shown

in §3.6.3, also has a significant impact on the performance of this solver.
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(a) CPU times (442 nontrivial instances). (b) Relative gaps (537 nontrivial instances).

Figure 3.9: One-to-one comparison between BARONqgp1 and BARON(cr.
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3.7 Conclusions

In this chapter, we introduced a family of convex quadratic relaxations for nonconvex QPs
and MIQPs. We studied the theoretical properties of these relaxations and showed that
they are equivalent to some particular SDPs. We also devised a novel branching vari-
able selection strategy which involves an approximation of the impact of the branching
decisions on the quality of these relaxations. To assess the benefits of our approach, we in-
corporated the proposed relaxation and branching techniques into the global optimization
solver BARON, and tested our implementation on a large collection of problems. Results
demonstrated that, for our test problems, our implementation leads to a very significant
improvement in the performance of BARON, enabling it to solve many more problems to

global optimality.
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Chapter 4

SDP-quality bounds via convex quadratic
relaxations for global

optimization of mixed-integer quadratic

programs

We address the global optimization of problems of the form:

min 27 Qz +¢"x
IGR’IZ,
st. Az =b (4.1)

x; €S, Vie[n]:={1,...,n}
where ) € R™*" is a symmetric matrix which may be indefinite, ¢ € R", A € R"™*" and
b € R™. For each i € [n], we assume that S; is a bounded set given by the union of finitely
many closed intervals in R. Throughout this chapter, we also assume that A has rank m
and use Z € R™ to denote an orthonormal basis for the nullspace of A.

The formulation in (4.1) subsumes many classes of problems including nonconvex QPs
and MIQPs which typically arise in applications including facility location and quadratic
assignment [49], molecular conformation [69] and max-cut problems [33]. These problems
have received considerable attention in recent years and can be very challenging to solve
to global optimality.

State-of-the-art global optimization solvers rely on branch-and-bound algorithms in or-

der to solve nonconvex problems of the form (4.1). The efficiency of these algorithms
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depends to a large extent on the tightness and the computational cost of the relaxations
solved during the lower bounding step. Commonly used relaxations for (4.1) include the
polyhedral, semi-definite programming (SDP) and convex quadratic relaxations reviewed
in §3.2.

In Chapter 3, we derived convex quadratic relaxations of (4.1) by convexifing the ob-
jective function through uniform diagonal perturbations of ). These perturbations were
constructed by solving eigenvalue and generalized eigenvalue problems involving ) and
A. Through numerical experiments, we demonstrated that these relaxations are not only
inexpensive to solve, but can also provide very tight bounds, significantly improving the
performance of branch-and-bound algorithms.

Motivated by these results, in this chapter, we consider a related class of convex quadratic
relaxations. In particular, we investigate quadratically constrained programming (QCP)
relaxations for (4.1). These relaxations are derived via convex quadratic cuts obtained
from nonuniform diagonal perturbations of (). We show that these relaxations: (i) are at
least as tight as the spectral relaxations introduced in 3.3.1-3.3.3, and (ii) provide a very
good approximation of the bounds given by certain SDP relaxations of (4.1).

The idea of using convex quadratic inequalities to approximate the bounds of certain
SDP relaxations of (4.1) has been investigated before in the literature. Saxena et al. [79]
considered the SDP relaxation of 4.1 obtained after adding the RLT inequalities and pro-
posed a procedure to project the feasible region of this relaxation onto the space of original
variables. This projection relies on convex quadratic cuts derived from an SDP separation
program which is solved by applying a sub-gradient-based algorithm. Even though the
relaxations generated through this approach are nearly as tight as the original SDP formu-
lation, the separation problem used to derive the quadratic cuts can be very expensive to
solve.

Dong [29] used a different SDP relaxation for (4.1) which only includes the diagonal
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RLT inequalities and showed this SDP is equivalent to a particular semi-infinite program.
This semi-infinite formulation served as a motivation to construct convex QCP relaxations
for (4.1) via convex quadratic cuts derived from a semidefinite separation problem with a
special structure. To ensure that the solution of the separation problem is finitely attained,
Dong [29] proposed a regularized version of this semidefinite program, and demonstrated
that it can solved very efficiently through a specialized coordinate descent algorithm. Our
work is partially inspired by the ideas proposed by Dong [29]. We refine his approach in
several directions and make various theoretical and algorithmic contributions.

Our first contribution is a new class of convex QCP relaxations for (4.1) constructed
by using information from both ) and the constraints Az = b. These relaxations are de-
rived from a semi-infinite program that generalizes the semi-infinite formulation proposed
in [29]. Under our approach, we use the matrix AT A in order to modify the semidefinite
constraint of the separation problem solved in [29]. This modification allows us to con-
struct convex QCP relaxations which are at least as tight as those considered in [29].

In our second contribution, we provide conditions under which our semi-infinite for-
mulation is equivalent to a well-known SDP relaxation of (4.1). Moreover, we show that
this SDP is the best relaxation in the class of SDP relaxations considered in this chapter.

In our third contribution, we present a new analysis of the separation problem used to
derive our quadratic cuts. In particular, we provide results on the finite attainment of this
SDP by using its dual formulation. These results also apply to the separation problem
in [29], which is a special case of ours.

Motivated by this analysis, in our fourth contribution, we propose a new regularization
approach for the semidefinite separation problem and modify the coordinate descent algo-
rithm introduced in [29] accordingly. Through numerical experiments, we show that the
quadratic cuts derived from our regularized separation problem provide a much better ap-

proximation of certain SDP bounds than the quadratic cuts obtained from the regularized
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separation problem proposed in [29].

In order to assess the computational benefits of the proposed techniques, we implement
the new quadratic relaxations in the global optimization solver BARON. These relaxations
are incorporated into BARON's portfolio of relaxations and invoked according to a dy-
namic relaxation selection strategy introduced in 3.5. For binary quadratic programs, our
implementation also relies on a spectral branching strategy also developed in 3.4. We
test our implementation on a large set of problems. Numerical results show that the new
quadratic relaxations lead to a significant improvement in the performance of BARON,
resulting in a new version of this solver which outperforms other state-of-the-art solvers
such as CPLEX and GUROBI for many of our test problems.

The remainder of this chapter is organized as follows. In §4.1 we introduce the relax-
ations considered in this chapter and investigate their theoretical properties. In §4.2, we
provide a new analysis on the finite attainment of the semidefinite separation problem and
present our regularization approach. In §4.3 we introduce the version of coordinate min-
imization algorithm used to solve our regularized separation problem. This is followed
by a description of our implementation in §4.4. In §4.5, we present an extensive com-
putational study which investigates the effectiveness of our regularization approach, the
impact of the proposed relaxations on the performance of BARON, and the performance
of several state-of-the-art global optimization solvers on our test problems. Finally, in §4.6,
we present conclusions from this work.

Throughout this chapter, we use the same notation presented at the beginning of Chap-

ter 3.
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4.1 Construction and theoretical analysis of convex quadratic re-

laxations

4.1.1 A family of semi-infinite programming relaxations

We start by considering the following reformulation of (4.1):

min v+qlz
m7y7v

st v>a2"(Q+diag(d))x — d'y + af Az — b|)? (4.2)
Az =10
(l’z’,yi) € Civ Vi € [n]

where y € R", v € R, d € R" is a vector used to perturb the diagonal entries of (), & € R>,
and C; == {(zi,y;) € R* : 2; € S;, y; = x7}. Define L; := min{s € R : s € S;} and
Ui := max{s € R: s € S;}. It is simple to show that the convex hull of C; is given by (see
Proposition 1 in [29]):

COHV(CZ') = {(xz,yz) S RZ . L <x; < UZ', ll(x,) <y; < uz(xz)} (43)
where [;(-) is the tightest convex extension of z7 when z; is restricted to S; (see [90] for

convex extensions) and u;(-) is the concave envelope of x? over [L;,U;]. By replacing C;

with conv(C;) in (4.2), we obtain the following relaxation of (4.1):

min v+qlz
(2y)EF v (4.4)
s.t. v > 2T (Q + diag(d)) z — dTy + || Az — b||?

where F = {z,y € R" : Az = b, (x;,y;) € conv(C;), Vi € [n]}. Let Dy := {d € R" :
Q + diag(d) + aAT A = 0}. Clearly, (4.4) is a convex problem for any vector d € D,. By

considering all such vectors, we obtain the following semi-infinite convex program (SICP):

min  v+qlx (4.5a)
(z,y)E€F v
st. v >l (Q + diag(d)) x — dTy + al|Azx — b||%, Vd € D, (4.5b)

Since any solution feasible in (4.2), is feasible in (4.5) as well, this SICP is also a relaxation

of (4.1). To illustrate this, let (Z,y,v) be a solution feasible to (4.2). For each i € [n], we
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have (z;,y;) € C; C conv(C;). Moreover, since y; = :i‘%, Vi € [n], and Az = b, we have
v =1z1(Q + diag(d))z — dTy + a|| Az — b||* = 2T Qx.

Observe that the quadratic term a Az — b||? in (4.5b) vanishes for any r feasible in (4.5),
and is included in (4.5b) to ensure that Q + diag(d) + a AT A is positive semidefinite. The

next proposition shows that this term need not be included for (4.5) to be convex.

Proposition 4.1. The following simplified version of the SICP (4.5):

min v+qlx 4.6a
(z,y)EF W 9 ( )
st. v > 2’ (Q + diag(d)) x — d'y, Vd € D, (4.6b)

is a convex optimization problem.

Proof. This proof relies on the projection of the feasible set of (4.6) onto the nullspace of
A. Let H = {z € R" : Az = b}. Clearly, any point satisfying Az = b can be expressed
asx = 2 + Zx,, where £ € H and z, € R"™". By using this transformation, (4.6) can be

equivalently written as:

min v+ ¢’ (& + Zz,) (4.7a)
Tz,Y,v

st v > (&4 Zx,)" (Q + diag(d)) (2 + Zz.) — dTy, Vd € D, (4.7b)

L; <3+ e;-erz < U, Vi€ [n] (4.7¢)

l; (i“z + eiTZ:UZ) <y <y (562 + e;fFsz) , Vi € [n] (4.7d)

To prove that (4.7) is convex, it suffices to show that Z7 (Q + diag(d)) Z is positive

semidefinite. By definition, any vector d € D, satisfies:
w? (Q + diag(d) + aATA)w > 0, Yw € R" (4.8)
Let w = Zw,, where w, € R"™". For this choice of w, (4.8) becomes

w!'ZT (Q + diag(d)) Zw, > 0, w, € R*™™ (4.9)
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Clearly, (4.9) holds for all vectors w, € R"™™. Hence, ZT (Q + diag(d)) Z is positive

semidefinite for any d € D,. This completes the proof. O

By setting o« = 0 in (4.6), we obtain the following SICP relaxation of (4.1) which was

considered in [29]:

min  v+¢ 4.10a
(z,y)EF W a ( )
sit. v > a2l (Q + diag(d))z — dy, Vd € D (4.10b)

where D := Dy = {d € R" : Q + diag(d) = 0}. The formulation in (4.10) served as
a motivation in [29] to develop an algorithm to construct convex relaxations for (4.1) by
using a finite number of quadratic cuts of the form (4.10b). As we demonstrate in §4.1.4, a
similar algorithm can be devised based on the SICP (4.5).

Note that, in (4.6), the set D,, is parameterized by the scalar a. An interesting question
that arises in this context is how we can choose « to obtain the tightest relaxation in (4.6).

This question is addressed by the following proposition.

Proposition 4.2. Let oy and ay be real scalars such that 0 < oy < ag. Denote by psicpgal and
HsiCPdaz the optimal objective function values in the SICP (4.6) for ay and «w, respectively. Define
Do = {d € R" : ZT(Q + diag(d))Z 3= 0}. Then, the following holds:

(i) psiCPda2 = MSICPdal-

(ii) The tightest relaxation of form (4.6) is obtained when o — oc.
(i) limy—s00 Do = Do

Proof. We start with the proof of (i). Denote D,, and D,, the sets of diagonal perturbations
parametrized by «; and s, respectively. To prove the claim in (i), it suffices to show that

Dy, C Da,. Letd € D,,. By definition, d satisfies:
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w? (Q + diag(d) + ey ATA) w >0, Vw € R" (4.11)

As ATA = 0and as — a1 > 0, we have that (ag — a1)w? ATAw > 0, Yw € R". This

condition combined with (4.11) implies
wT (Q + diag(d) + ax ATA) w >0, Vw € R" (4.12)

It follows that d € D,,. Hence, D,, C D,,, which completes the proof of (i). The claim
in (ii) follows directly from (i). To prove (iii), we need to show that for any d € D, the

following condition holds:

lim w’ (Q + diag(d) + aATA) w > 0, Yw € R" (4.13)

a—»00

Clearly, any w € R" can be written as w = wa + Zw,, where wy € range(AT) and
w, € R"™™. Suppose that ws # 0. Then, wl AT Aw = wi AT Aw, > 0, and it is easy to
show that (4.13) holds in the limit as &« — co. Now assume that w4 = 0. Since AZ = 0, the
left-hand side of (4.13) reduces to w! Z” (Q + diag(d)) Zw., which is nonnegative because

d € Dy This proves the claim in (iii). O
Observe that a direct consequence of Proposition 4.2(i) is that, for any « > 0, the bound

provided by (4.6) is at least as large as that given by (4.10).

4.1.2 Relationship between the semi-infinite and semidefinite formulations

In [29], it was shown that the semi-infinite program (4.10) is equivalent to the following

SDP relaxation of (4.1) (see Section 2 in [29] for details):

min X))+ ¢l 4.14a

Emin (@, X) +q (4.14a)

st. X —zzl =0 (4.14b)

4. SDP-QUALITY BOUNDS VIA CONVEX QUADRATIC RELAXATIONS FOR GLOBAL 102

OPTIMIZATION OF MIXED-INTEGER QUADRATIC PROGRAMS



4.1 CONSTRUCTION AND THEORETICAL ANALYSIS OF CONVEX QUADRATIC RELAXATIONS

Motivated by this result, in this section we investigate the relationship between the

SICP (4.6) and the following SDP relaxation of (4.1):

: T
(:c,glelr},X (Q,X)+q x (4.15a)
st. X —zzl =0 (4.15b)
(ATA, X)) —2(AT0) Tz +bTb=0 (4.15d)

We start by showing that, for any a > 0, the optimal solution of the SICP (4.6) is bounded
by the optimal solutions of the SDPs (4.14) and (4.15).

Proposition 4.3. Assume that o« > 0 in (4.6). Denote by pisicpda, Hsppd and jisppda the opti-

mal objective function values in (4.6), (4.14) and (4.15), respectively. Then, pisppq < pSiCPda <

HSDPda-

Proof. We start by proving that psppg < psicpda- Since a > 0, Proposition 4.2(i) implies
that HUSICPd § MSICPda- By Theorem 1lin [29] we have that MUSICPd = MSDPd- Hence, HSDPd S
psicpda- To prove that psicpda < fisppda, it suffices to show that for any (z, 7, X) feasible

in (4.15) and d € D,, the following condition holds:
(Q,X) > 2"(Q + diag(d))z — d"7. (4.16)
To this end, consider the following inequality:
(Q + diag(d) + aATA, X —227) >0 (4.17)

which is valid by the feasibility of z and X in (4.15) and the self-duality of the positive

semi-definite cone. This inequality can be equivalently written as:

(Q,X) > 2"(Q + diag(d))T — > _ diXsi — a{ATA, X) + az” AT Az (4.18)
=1

From the feasibility of (z, 7, X) in (4.15), it follows that X;; = ;, Vi € [n],and (AT A, X) =

20T Az — bTb. Then, the inequality in (4.18) becomes:
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(@, X) > z7(Q + diag(d))z — d"y + a(Az — b)" (AZ — b) (4.19)

Since Az — b = 0, (4.19) is equivalent to (4.16), which completes the proof.
O

Now, we consider the case in which av — oo in the SICP (4.6). By Proposition 4.2(iii), the

resulting SICP can be written as:

min v+q'x 4.20a
(z,y)EF W ( )
st. v > 2! (Q + diag(d)) x — d"y, Vd € Do (4.20b)

Proposition 4.2(ii) implies that (4.20) is the tightest relaxation of the form (4.6) that can
be constructed for (4.1). Moreover, from Proposition 4.3, we know that (4.15) provides an
upper bound on the optimal solution of (4.20). Therefore, an important question is the
existence of conditions under which these two relaxations are equivalent. This question is

addressed by the following theorem.

Theorem 4.1. Let pisppda and [isicpdace denote the optimal objective function values in (4.15)
and (4.20), respectively. Define X := {x € R" : Az =b, L; < x; < U;, Vi € [n]}. Assume that

the following conditions hold:
(i) 32D, 2@ € R" such that Az = Az® =band 2V £ 2P, Vi € [n).
(ii) 3% € X such that 1;(Z;) = z2 and 1;(Z;) < u;(Z;), Vi € [n].

Then, psppda = HsICPdaco-

Proof. In [29], the equivalence between (4.10) and (4.14) was established by applying the
strong duality theorem to this SDP. Unlike (4.14), the SDP (4.15) does not admit a strictly
feasible solution. To illustrate this, note that for any x satistying Az = b, (4.15d) can be

equivalently written as:
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(ATA, X) — (2A76) 2+ 67b + (AT A, 22T) — (AT A, 227) = 0 (4.21a)
— (ATA, X —zzT) = 0. (4.21b)

From the satisfaction of the positive semidefinite constraint in (4.15b), self-duality of the
positive semidefinite cone and (4.21b), it follows that for any feasible point (z, 7, X) to the

SDP in (4.15) we have
X =zz' + 72X, 7", where X, € S"™™. (4.22)

This implies that the maximum rank of X cannot exceed n —m + 1, and as a result, there
exists no feasible point for which (4.15b) is strictly satisfied. It follows that the strong du-

ality theorem does not apply to (4.15). Therefore, in this proof, we will rely on an auxiliary

SDP given by:
min (Q.Z2X.Z") + (2Qi + )" (Zx.) +27Qi + ¢" & (4.23a)
Tz,Y, Az
s.t. X, — xzxf =0 (4.23b)
@7 + 23 (ef Za,) + el ZX.Z%e; = y;, Vi € [n] (4.23c)
Li < @ +el Za, <U;, Vi€ [n] (4.23d)
Ui (2 + el Zx.) <y < (2 +e! Zz.), Vi€ [n] (4.23¢)

where z, € R"™™ and X, € S, and 2 satisfies A% = b. Denote by jisppdaz and fpsppdaz,
the optimal objective function values of the SDP (4.23) and its dual, respectively. To prove

HSDPda = MSICPdaco, W€ proceed in three steps:

(a) We show that the SDPs (4.15) and (4.23) are equivalent. This implies that pusppqa =

MSDPdaz-

(b) We demonstrate that, under assumptions (i) and (ii), there exists a strictly feasible so-

lution for the SDP (4.23). This allows us to apply the strong duality theorem to (4.23)

establishing that HUSDPdaz — MDSDPdaz:
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(c) We prove that the dual of the SDP (4.23) provides a lower bound on the optimal solu-
tion of the SICP (420), ie., HUSICPdaco > HMDSDPdaz — MSDPdaz — MSDPda- This result com-

bined with Proposition 4.3 completes the proof by showing that isppda = /isi1CPdaco-

We start with the proof of (a). We show that given a feasible point for (4.15) we can con-
struct a feasible point for (4.23) with equal objective and the vice-versa. Suppose (z, 7, X)
is feasible to (4.15). From (4.22), we have that 3 X, € S* ™ such that X = zz! + ZX,Z7
and X, = 0. Then it is readily verified that # = Z, 7, = 0, y = ¥, and X, = X, is feasible
to (4.23). Further, the objective values of the two SDPs are also identical. Now, assume
that (2., 9, Xz) is feasible to (4.23). Then it is easy to check that x =  + Zz,, y = ¥, and
X = @i + #(Z22,)T + (Zi.,)2T + ZX,Z7 is feasible to (4.15) with equal objective. This

proves the claim in (a).

Next, we prove (b). Define the scalar ¢ as:

0:= —_—
{Iel[lr?] el ZZ7e;

(4.24)

From assumption (i), it follows that el Z # 0, Vi € [n]. Moreover, assumption (ii)
implies that u;(%;) — l;(Z;) > 0, Vi € [n]. Hence, 0 < § < oc0. Letz = 7, . = 0,
Ui = :Z“f + eengZTel-, i € [n], and X, = €l,,_,, where 0 < € < §. It is simple to check
that this choice is feasible in the SDP (4.23), and further, the inequalities (4.23b), (4.23d)
and (4.23e) are satisfied strictly. Thus, Slater’s constraint qualification holds for (4.23) and
we have that usppdaz = #DSDPdaz-

Now we prove (c). Let d; € R, i € [n], be the multipliers associated with the con-

straints (4.23c). Then, the dual of (4.23) can be written as:

min  (Qqz, X.) + ¢ 4(Zx.) + kaz —d'y

zz7y7XZ
st. X,—z.2l =0
{in%x o e T (4.25)
€ L < &i+el Zz, < U, Vi € [n]
l; (:i;, + GZTZI'Z) <y <y (:f?Z + eiTZ:vz) , Vi € [n]
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where Quz = Z1QuZ, Q4 = Q + diag(d), quz = 2Qa? + ¢, and kyz = 21Qud + ¢* 2. For
the minimization problem in (4.25) to be bounded below, we need to choose d such that
Q4,7 = 0. This restriction on d implies that X, = xz:vz holds at any optimal solution to the

inner minimization problem. As a result, the dual in (4.25) can be simplified as:

min (& + Z2.)" Qu (& + Zz) + ¢" (& + Zz.) — d"y

Tz,Y
5?%2 s.t. Ly <3 + e;TFZmZ < U, Vi € [n] (4.26)
l; (3?1 + GZTZ.I‘Z) <y <y (il + eiTZajz) , Vi € [n].
Since strong duality holds for (4.23) and its dual (4.26), both problems attain their opti-

mal objective functions values. This implies that 3d* € D, such that:

. T /A
HIDSDPdaz = N v+ ¢ (z+ Zx.)

st v > (&4 Zx,)T (Q + diag(d")) (& + Zx.) —d*Ty
L < &+ el Zax, < Uy, Vi € [n]
l; (i’z + CZTZl‘Z) <y <y (i’z + €?Zl'z) , Vi e [TL]

(4.27)

It is easy to show that (4.27) is a relaxation of (4.20). To illustrate this, note that by re-
placing = and D in (4.20) with & + Zxz, and {d*}, respectively, we obtain (4.27). Hence,
HUSICPdaco = IDSDPdaz- Combining this condition with the results of (a), (b) and Proposi-
tion 4.3, we obtain /gicpdace = [4SDPda, Which completes the proof.

O]

Observe that if assumption (i) in Theorem 4.1 does not hold, then there must exist a
set J C [n] such that z; is fixed for ¢ € J. In this case, the corresponding variables can
be eliminated to obtain a reduced problem. Note also that the satisfaction of assumption
(ii) in Theorem 4.1 depends on the form of the functions /;(x;) and u;(x;). It is easy to
show that u;(x) = (L; + U;)x; — L;U;. On the other hand, the choice of /;(z;) depends on
the form of the set S;. If, for a given i € [n], l;(x;) = u;(z;), then assumption (ii) fails to
hold. This occurs, for example, when z; is binary, i.e., S; = {0,1}, because in this case

li(x) = wi(x;) = ;.
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4.1.3 Further insights into the semidefinite relaxation

Observe that the SDP relaxation (4.15) can be derived from (4.14) by adding the valid
equality (Az — b)T(Az — b) = 0 and lifting it into the space of (z, X). Clearly, we can
construct other SDP relaxations for (4.1) by including other classes of constraints derived

from Az = b. In general, we can apply the following procedure:

(R1) identify a (possibly empty) set J of quadratic functions of the form f;(z) = 27 Cjz +
c?ac + 7;, where C; € S",¢; € R",v; € R, such that fj(z) = 0forz € Q := {z €
R™| Az = b};

(R2) construct an SDP relaxation for (4.1) as

(Lglell’}l_’X (Q,X)+q"x (4.28a)
st. X —zzT =0 (4.28b)

Xii = i, Vi € [n] (4.28¢)

(Cj, X)+cjaz+y=0,VjeJ (4.28d)

where the constraints (4.28d) are obtained by lifting the valid equalities azTC’ja:—i-c]Ta:-l-

v; =0, Vj € J into the space of (z, X).

Note that this procedure is similar to the recipe introduced in §3.3.4. As stated in §3.3.4,
there are different types of functions f;(x) that satisfy the condition in (R1). As a result, a
natural question in this context is whether we can improve on the bound given by (4.15)
when restricted to the class of relaxations in (4.28). We address this question in the remain-
der of this section by demonstrating that (4.15) is the best relaxation among the class of
relaxations in (4.28).

We start by showing that the feasible set of (4.28) is contained within that of (4.15), and

provide conditions on the choice of quadratic functions in 7 for the two sets to be identical.
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Proposition 4.4. Let Fsppga and Fsppday denote the feasible regions of the SDPs in (4.15) and (4.28),

respectively. Then, the following holds:
(i) Fsprda € Fsppdaj-
(ii) IfEij,j € J such that Zjej a)jo = AT then FsDPda = ]:SDPda]-

Proof. In this proof we will follow the same line of arguments used in the proof of Proposi-
tion 3.12. We first prove (i). From (4.22), any (%, 9, X ) € Fsppda satisfies X = 277 + 27X, 271,

where X, € S"™. For any (, ¥, X) € Fsppda and Vj € J:

(Cj, X)+ T+, (4.29a)
= (C;, X —za")+ 2" Ciz+ ] T+, (4.29b)
= (C;, X —az") = (ATW] + W;A, ZX.Z") =0 (4.29¢)

where (4.29b) follows from adding and subtracting z7 C;z, the first equality in (4.29¢) fol-
lows from (R1), the second equality in (4.29¢c) from Proposition 3.10 and the final equality
from the fact that Z is a basis for the nullspace of A. Thus (Z,X) € Fsppgay proving the
claim in (i). Now, we prove the claim in (ii). Assume that there exist w;,j € J such that
the condition in (ii) holds. By performing a linear combination of the inequalities in (4.28d)

using w;, we obtain that for any (z, 9, X) € Fsppdaj:

0= > w; ((C;, X)+cfT+7) (4.30a)
JjeT

= > w (€, X —z2") + 27CiT + ¢] T+ ) (4.30b)
JjeJ

= > wi(C;, X —zz") =2(ATA, X — zz") (4.30¢)
JjeJ

where (4.30b) follows from adding and subtracting z7'C;z, the first equality in (4.30c) fol-

lows from (R1), the second equality in (4.30c) from Proposition 3.10 and the condition in

(ii). Thus (z, X, y) € Fsppda proving the claim in (ii).
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Now, we are ready to prove the main result of this section.

Theorem 4.2. Suppose that J is chosen such that (R1) holds. Denote by psicpdaco, HSDPda ANA

Hsppdaj the optimal objective function values in (4.20), (4.15) and (4.28), respectively. Then,

(i) p1sprda; < MSDPda

(i1) If the assumptions in Theorem 4.1 hold, then jigsppda; < HSICPdaco-

Proof. The claim in (i) follows from Proposition 4.4. If the assumptions in Theorem 4.1

hold, then psppga = HsiCPdace and the claim in (ii) follows from (i).

41.4 Cutting Surface Algorithm

By replacing D,, in (4.6b) with a set DY)

of finite dimension, we devise an iterative cutting
surface algorithm which allows us to derive convex QCP relaxations for (4.1). At the k-th

iteration of this algorithm, the following relaxation is solved:

min v+qla 431a
(z,y)EF W g ( )
s.t. v > 2T (Q + diag(d)) z — dTy, Vd € DI (4.31b)

This iterative approach is described in Algorithm 6. Note that at each iteration of this al-
gorithm, a separation problem is solved in order to construct a new quadratic cut of the
form (4.31b). Observe also that the parameter « is fixed during this algorithm. Proposi-
tion 4.2 suggests that we should select a large value of « in order to improve the bound
given by (4.31). We describe a procedure to determine such a value of « in §4.4.

Another interesting observation about Algorithm 6 is that the parameter « only appears

in the separation problem (see §4.2 for details), since the term || Az — b||? is not included
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Algorithm 6 A cutting surface procedure to derive QCP relaxations for (4.1)

1:

= e e e e
AL R e

Input: ), ¢, A, b, and algebraic expressions for [(-) and u(-).
Output: A lower bound pigcpda on the optimal solution of (4.1).
If m = 0 then
Seta=10
Else
Choose a positive value of o according to the procedure described in §4.4.
End If
Set DY = {dM}, where d(V) € R™ is a perturbation for which (4.31) is convex.
Solve (4.31). Let (z, y, v) be an optimal solution to this relaxation.
Set pigcpda = U+ ¢7 .
: For k = 2 to MaxNC
Solve a separation problem to find a new perturbation d ).
If the convex quadratic cut (4.31b) with d = d* violates (z, 7, 7) then
P plk) | (q)
Solve (4.31). Let (z,y, v) be an optimal solution to this relaxation.
Set p1gcpda = 0+ ¢ .

(k

17: Else

18: Terminate
19: End If

20: End For

in

(4.31b). This is particularly advantageous because it allows us to preserve the spar-

sity pattern of @) in the quadratic constraints (4.31b). In addition, by dropping this term

from (4.31b), we prevent the relaxation from becoming ill-conditioned for large values of

Q.

d(

To construct the first relaxation of Algorithm 6, we need to specify an initial perturbation

1), For simplicity, we set d*) = 111, where y € R. For this choice of d!), (4.31) becomes:
min  v+qlx 4.32a

(z,y)eF v ( )

st. v > a2l (Q+ ply)x — plTy (4.32b)

In order to select 11, we consider two cases depending on the value of m:

(i) m = 0. In this case (4.1) is an unconstrained optimization problem. We run Algo-

rithm 6 only if @ is indefinite and set 1 = —Amin(Q). It is easy to verify that this choice

4.

SDP-QUALITY BOUNDS VIA CONVEX QUADRATIC RELAXATIONS FOR GLOBAL 111

OPTIMIZATION OF MIXED-INTEGER QUADRATIC PROGRAMS



4.2 ANALYSIS AND REGULARIZATION OF THE SEPARATION PROBLEM

of 1 renders Q) + w1, positive semidefinite, thus ensuring the convexity of (4.32).

(ii) m > 0. In this case (4.1) contains at least one equality constraint. We run Algorithm 6
only if ZTQZ is indefinite and set 1 = —Amin(Z7QZ). It is simple to check that,
for this choice of y, (4.32) is a convex problem. To this end, note that the projection
of (4.32) onto the nullspace of A can be obtained from (4.7) by considering a single
quadratic constraint in (4.7b) and setting d = p1. The resulting problem is convex
when ZT (Q + pul,) Z 3= 0. It is easy to verify that our choice of y satisfies this condi-

tion.

Since (4.32) contains a single quadratic constraint and ;¢ > 0, we can eliminate the vari-

ables y and v, and rewrite this QCP as the following quadratic program:

néi)r} 2T (Q+ ply) v+ qF o — 1Y ui(x) (4.33)
x =1

By setting 1 = —Amin(Q) and p = ~Amin(Z7QZ) in (4.33), we obtain the eigenvalue
relaxation and the eigenvalue relaxation in the nullspace of A, respectively. These relax-
ations were introduced in §3.3.1 and 3.3.3, respectively. Note that in (ii), we could use the
same initial perturbation as in (i). However, as shown in Proposition 3.7, the perturbation

given in (ii) can lead to a tighter initial bound.

4.2 Analysis and regularization of the separation problem

We start this section by presenting the separation problem solved in Algorithm 6. Let
(z,y,0) be an optimal solution to the relaxation (4.31). Then, in order to construct a
quadratic inequality of the form (4.31b) that is maximally violated by (z, g, v), we can solve

the following optimization problem:

n
_92 _
sup > (27 —5i) d; (4.34)
d€Da =1
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Note that this SDP is parametrized by the value of o determined at the beginning of
Algorithm 6. Observe also that the separation problem considered in [29] is a particular
instance of (4.34), obtained by setting o = 0 in (4.34). For the remainder of this section, we

will cast (4.34) as:

die%fa n'd (4.35)

where 7; := §; — 72, Vi € [n]. As shown in [29], the attainment of the infimum in (4.35) is
not guaranteed, and in fact, may depend on the problem data. We illustrate this behavior

through the following example.
Example 4.1. Let Q = [§ 3], A=[o01],and a = 1 in (4.35). Consider the following cases:
(i) Z =4 =[05 05]". In this case, the infimum in (4.35) is attained for &} = df = 2.

(i) T =y = [04 O]T. In this case, the infimum in (4.35) cannot be attained since it occurs as

dl —>0andd2—>oo.

To further analyze the attainment of (4.35), we construct the dual of this SDP. Let Y € S™
be the matrix of dual variables associated with the semidefinite constraint ) + diag(d) +

aAT A = 0. Then, the dual of (4.35) is:

sup — (Q +aATAY) (4.36a)
Y =0

Let P := {i € [n] : §; = #?}. From (4.36b), it follows that Y;; = 0, Vi € P. Hence, if
P # (), (4.36) does not admit a strictly feasible solution and, as a result, strong duality may
not hold for the primal-dual pair (4.35),(4.36). Note that in Example (4.1), we have P = ()
for (i), and P = {2} for (ii).

Observe that in the separation step of Algorithm 6, we do not need to solve (4.35) to

optimality, but rather derive quadratic cuts that can be used to tighten a relaxation of
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the form (4.31). As a result, we can replace (4.35) with a regularized separation problem
constructed in a way such that its optimum is always attained. One option is to regular-
ize (4.35) as discussed in [29]. To this end, we can add to the objective function of (4.35)
the term A} | [di],, where A = 77" | (4 — z?), and [di], is equal to d; if d; > 0, and 0
otherwise. This leads to the following regularized separation problem:
dier%)fa RN Z; [di], (4.37)
It is simple to show that the infimum in (4.37) z1; always attained (see Proposition 3 in [29]
for details). Note that the parameter )\ is always positive unless the current relaxation is
exact.
In this chapter, we propose an alternative regularization for (4.35). We modify this prob-
lem by adding to the objective function the quadratic term pd’d, where p is a positive

scalar. The resulting regularized separation problem is given by:
inf T T
LI d+pd d (4.38)
As we show in the following proposition, this regularization also gives rise to a separa-

tion problem for which the optimum is always attained.

Proposition 4.5. Let p > 01in (4.38). Then, the optimal solution to the semidefinite program (4.38)

is always attained at some finite point.

Proof. This proof relies on strong duality holding for (4.38) and its dual. Denote by Y € S”
the matrix of dual variables associated with the semidefinite constraint ¢ + diag(d) +

aAT A = 0. Then, the dual of (4.38) is:
1 n
sup —(Q+aATAY) — = (Vi —m) 4.39
YQ()) 4p ; ( )
Now, let d = pl and Y = I, where 1 > — min(0, Amin(Q + aAT A)). Clearly, d and Y/
are strictly feasible in (4.38) and (4.39), respectively. Hence, strong duality holds, and both

SDPs attain their optimal solutions. O
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4.3 Solution of the regularized separation problem

In this section, we described the algorithm that we use to solve the regularized separa-
tion problem proposed in §4.2. This algorithm is a modification of the coordinate descent
method introduced in [29]. To solve (4.38), our algorithm operates on the following penal-
ized log-det problem:

i&\f f(d;0) := G(d) — clog-det (Q + diag(d) + aAT A)

' (4.40)
st. Q4+ diag(d) + aATA =0

where G(d) = Y"1 gi(ds), gi(d;i) = mid; + pd?, Vi € [n], and o is a positive penalty param-

eter. The optimality condition for (4.40) can be expressed as:
Vf(d;o) =0, Q+diag(d)+aATA >0 (4.41)
where the gradient of f(d; o) has the form:
Vf(d;o) = VG(d) — odiag ([Q + diag(d) + AT A] ‘1) (4.42)

with VG(d); = n; + 2pd;, Vi € [n]. At each iteration of this algorithm, we update a feasible
vector d and an inverse matrix V := [Q + diag(d) + AT A] "', Based on the optimality
condition (4.41), we perform coordinate minimization by choosing an index ¢ which corre-

sponds to the entry of V f(d; o) with the largest magnitude:

i = arg max {‘Vf(ci; a)j‘} (4.43)

1,....,n
This choice of i leads to the following one-dimensional minimization problem:

Ad € argn&iln {f(ci—}— Adiej;o) @ Q + diag(d-ﬁ- Ad;e;) + aAT A - 0} (4.44)

As we show in the next proposition, it is possible to find a closed-form expression for

the optimal solution of (4.44).

Proposition 4.6. The optimal solution to the one-dimensional problem (4.44) is:

Adf = —(¢i +7) + 1/ (¢ — 1) + & (4.45)
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where ¢; = 1/(2Vii), 7 = (i + 2pd;) [ (4p) and k = o /(2p).

Proof. At the optimal solution of (4.44) the following holds:

8f(CZ+ Adiei; U)
0Ad;

o Vi

AL 4.46
VA (4.46)

=i + 2p(d; + Ad;) —

By solving for Ad; in (4.46), we obtain the roots Ad;‘(i) = —(¢s + 1) £/ (s — 7'2-)2 + K.
It is easy to show that Ad;-k(” is the only one of these two solutions that is feasible in (4.44).

By applying Lemma 1 from [29], we have:
Q + diag(d + Adje;) + aATA = 0 = Ad; > —1/Vy (4.47)

Therefore, for Adf(ﬂ to be feasible in (4.44) we must have z + V22 + k > 0, where
z = (¢i — 7). It is simple to check that this condition is always satisfied. To this end, note
that x > 0. This implies z + V22 + k > z + |2] > 0, Vz € R. Using a similar analysis, we

can show that Ad;“(’) is infeasible in (4.44).

O
After solving the one-dimensional problem (4.44), we update d as:
d + d+ Adje; (4.48)
and update V' using the Sherman-Morrison formula:
Ad;V, V"
e S 4.49
L v (4)

In our numerical experiments, we noticed that, for very small values of p, some of the
entries of d become very large after performing the update in (4.48). This is not surprising
because: (i) for very small values of p, the regularized separation problem (4.38) exhibits
a similar behavior to the original separation problem (4.35), and (ii) as discussed in 4.2,
the finite attainment of (4.35) is not guaranteed. To address this issue, we propose an

adaptive strategy in order to adjust the value of p used in (4.38). At a given iteration of
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our algorithm, after performing the update in (4.48), we determine the entry of d with the

largest magnitude, i.e.:

dmax = max_ {|d;|} (4.50)

If dmax is at least an order of magnitude larger than the smallest eigenvalue of Q+aAT A,
we increase p by multiplying it by a factor pyp4, and restart the coordinate descend algo-
rithm with this new value of p. In practice, this adaptive strategy only requires a few
restarts before finding a suitable value of p. For the first run of our algorithm, we set
P = Pinit-

Once (4.40) has been solved within a given precision, we update the penalty parameter

o according to the following condition:
IV £(d; o)l
Inll

where Vf(d; o) is used as a measure of optimality. We check the relative improvement in

0 < max{omin, Oupac} if

< €upd (4.51)

the objective function of (4.38) every weneckn iterations, and terminate our algorithm if this
relative improvement is smaller than € peck-

Our coordinate minimization strategy is summarized in Algorithm 7. Note that if Q) +
a AT A is positive semidefinite, then Z7'QZ is also positive semidefinite and (4.1) is con-
vex when restricted to the nullspace of A. In this case, it suffices to solve the continuous
relaxation of (4.1) in order to obtain a lower bound. As a result, the separation procedure
outlined in Algorithm 7 is only used if @ + a AT A is indefinite. We start Algorithm 7 with
an initial perturbation d = —1.5Amin(Q + a AT A)1. We set MaxIter = 500n, omin = 1075,
Tupd = 0.8, €upd = 0.03, Weheck = 10 and € ok = 10~%. We initialize Pinit as:

L0 10%410810(0max)] (4.52)
plnlt B max{]" LQmax/lOOJ Qmax} .

where Qmax and dnax are given by:

Omax =, max,  HQulls Omax = max, {U; = L} (453)

sreeylly S0
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and set Pupd = 10. The initial value of oj,;; is determined as:

} (4.54)

i=1

m + 2pd;

Oinit = median { v
[

Algorithm 7 Barrier coordinate minimization algorithm used to solve the smooth regular-
ized separation problem (4.38)

1: Input: ), A, a, and an optimal solution (z, 3, v) to (4.31).

2: Output: A vector d that solves (4.38).
3: Set p = pinit, where pini is determined using (4.52).
4: Setd = d, where d = 1.5ul and pt = —Amin(Q + AT A).
5: Set 0 = oinit, Where oinjt is calculated according to (4.54).
6: Calculate V = [Q + diag(d) + aAT 4] ~!and set k = 0.
7. while (k < Maxlter)
8: Update k < k + 1.
9: Determine an index 7 according to (4.43) and calculate Ad; using (4.45).
10: Update d according to (4.48) and determine dy,ax using (4.50).
11:  If (dpax > 10p) then
12: Update p < pupap and goto 4.
13: End If
14: Update V according to (4.49).
15: Adjust o according to (4.51).
16: If (k mod (weheckn) = 0) then
17: Terminate if the improvement in the objective of (4.38) is smaller than egeck-

18: End If
19: End while

Even though Algorithm 7 is a variant of the barrier coordinate minimization algorithm
introduced in [29], there are two key differences between these two algorithms. First, un-
like the algorithm presented in [29], Algorithm 7 does not rely on nonsmooth optimization
techniques because the objective function of our regularized separation problem (4.38) is
smooth. Second, the regularization parameter A\ used in (4.37) is fixed throughout the exe-
cution of the algorithm proposed in [29]. By contrast, in Algorithm 7, we adaptively adjust
the regularization parameter p used in (4.38). As we demonstrate in §4.5.2, because of
this adaptive strategy, the quadratic cuts derived by solving (4.38) with our algorithm lead

to significantly tighter relaxations than the quadratic cuts obtained through the solution
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of (4.37) with the algorithm proposed in [29].

4.4 Implementation in a branch-and-bound algorithm

As discussed in §3.5, BARON'’s portfolio of relaxations consists of LP, QP, NLP and MILP
relaxations. As part of our implementation, we have expanded this portfolio by adding the
convex relaxations described in §4.1.4. These new relaxations are only used if the original
model supplied to BARON is of the form (4.1).

At the root node of the branch-and-bound tree, we solve convex QCP relaxations of
the form (4.31) by running Algorithm 6. In each iteration of this algorithm, we generate
quadratic cuts of the form (4.31b) by solving the regularized separation problem (4.38) with
Algorithm 7. In our implementation, we set MaxNC = 21. As indicated in §4.1.4, for m >
0, the initial perturbation used in Algorithm 6 is setas d*) = u1, where yp = —Apin(Z7QZ).
Recall that in §3.3.3, we showed that it is possible to approximate Amin(Z7 QZ) without

having to explicit compute the basis Z. In particular, we proved that:

O}LH;O )\min(Qa I, + OZATA) = min(07 )\min(ZTQZ)) (455)
Using this result, we set 1 = p(a) = —Amin(Q, In + aAT A). From (4.55), it follows

that, for a sufficiently large value of «, p(«) will converge to 0 if (4.1) is convex when
restricted to the nullspace of A, or —Amin(Z7QZ) otherwise. To find such value of o, we
follow the iterative procedure presented in §3.5. This is the same value of a that we use in
Algorithm 6.

At nodes other than the root-node, we solve QP relaxations of the form:

min 2L (Q + diag(d)) z + ¢Tx — d¥
(Jnin, (@ g(d)z+q y (4.56)

where d € D,,. We proceed as follows:

(i) We solve an initial relaxation of the form (4.56) by setting d = dP?™", where dPa™" ig
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a diagonal perturbation originating from the parent node. Let (Z,#) be the optimal
solution of this initial QP relaxation and denote by jigp its optimal objective function

value.

(ii) We use this relaxation solution to construct a new perturbation d"“* by solving the

regularized separation problem (4.38) with Algorithm 7.

(iii) If igp < 27 (Q + diag(d™v)) 7 — (d™")"'j, we solve a second quadratic relaxation of
the form (4.56) by setting d = d"“. Let (&, §) be an optimal solution of this relaxation
and denote by figp its optimal objective function value. If figp > figp (resp. figp <
figp), we use the bound figp (resp. figp) and pass d™V (resp. dP*™) to the descendant

nodes of the current node.

For the descendant nodes of the root-node, we set dP¥™™ = {° with d"°" being a
surrogate perturbation vector determined as:
oot — L NZC v;d® (4.57)
NC
where NC is the number of quadratic cuts generated during the execution of Algorithm 6
at the root-node, d) are the diagonal perturbations, and v; are the optimal Lagrange mul-
tipliers associated with the quadratic constraints of the last root node relaxation of the
form (4.31).

The decision to solve QP relaxations instead of QCP relaxations at nodes other than the
root node is motivated by two key observations. First, the convex QCP relaxations of the
form (4.31) are at least an order of magnitude more expensive than the QP relaxations of the
form (4.56). Second, often a single quadratic cut of the form (4.31b) leads to a significant
bound improvement. As a result, there is little gain in running Algorithm 7 more than

once. Since the first QP relaxation constructed at the descendant nodes always uses a

diagonal perturbation originating from the parent node, the monotonicity of the bounds
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generated during the branch-and-bound search is guaranteed.

To solve the eigenvalue and generalized eigenvalue problems that arise during the con-
struction of the relaxations discussed above, we use the subroutines included in the linear
algebra library LAPACK [3]. At a given node of the branch-and-bound tree, we only con-
sider the variables that have not been fixed in order to construct our relaxations. We solve
the convex QCP relaxations with IPOPT and the convex QP relaxations with CPLEX. The
relaxation solutions returned by these solvers are used at a given node only if they sat-
isfy the KKT conditions. At nodes at which (4.1) is convex, we do not use the relaxations
described in this section, and solve instead a continuous relaxation of (4.1) subject to the
variable bounds of the current node.

When all the variables in (4.1) are binary, we have that /;(z;) = u;(x;) = x;, Vi € [n], and
we can eliminate the y variables from (4.31) and (4.56). For continuous and general integer

variables, we use [;(z;) = x?

¢, 1 € [n]. For general integer variables, this choice of ;(x;) does
not lead to the convex hull of C;, but it allows us to construct a convex outer-approximation
for this set.

Our implementation relies on the dynamic relaxation selection strategy proposed in 3.5
to adjust the frequencies at which we solve polyhedral and quadratic relaxations during
the branch-and-bound search. Moreover, if (4.1) is a binary quadratic program, we use the
spectral braching variable selection rule introduced in 3.4. The QP relaxations (4.56) are
only used during the branch-and-bound search if, at the root-node, Algorithm 6 gives a

tighter bound than BARON's LP relaxation. Otherwise, we disable these QP relaxations

and utilize the spectral relaxations proposed in §3.3.1-3.3.3.
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4.5 Computational results

In this section, we investigate the impact of the relaxations proposed in §4.1.4 on the perfor-
mance of branch-and-bound algorithms. We start by introducing the test set used for the
numerical experiments in §4.5.1. Then, in §4.5.2, we show the effectiveness of the regular-
ization approach discussed in §4.2. In §4.5.3, we demonstrate the benefits of the implemen-
tation described in §4.4 on the performance of BARON. This is followed by a comparison
between several state-of-the-art global optimization solvers in §4.5.4.

Our experiments are conducted under GAMS 30.1.0 on a 64-bit Intel Xeon X5650 2.66GHz
processor with a single-thread. For the experiments described in §4.5.2, we solve the QP
relaxations with CPLEX 12.10, the QCP relaxations with IPOPT 3.12 and the SDP relax-
ations with MOSEK 9.1.9. For the experiments considered in §4.5.3-4.5.4, we consider the
following global optimization solvers: ANTIGONE 1.1, BARON 19.12, COUENNE 0.5,
CPLEX 12.10, GUROBI 9.0, LINDOGLOBAL 12.0 and SCIP 6.0. In this case we: (i) run all
solvers with relative/absolute tolerances of 10 and a time limit of 500 seconds, and (ii)
set the CPLEX option optimalitytarget to 3 and the GUROBI option nonconvex to
2 to ensure that these two solvers search for a globally optimal solution. We use default

settings for other algorithmic parameters.

4.5.1 The testset

For our experiments, we consider a large collection of nonconvex problems of the form (4.1)
consisting of the 1551 CBQP, QSAP, BoxQP and EIQP instances described in §3.6.1.

4.5.2 Experiments with root-node relaxations

In this section, we provide a numerical comparison between two versions of Algorithm 6

which differ in the separation procedure used to derive the convex quadratic cuts of the
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form (4.31b). We use the following notation for the relaxations considered in this compar-

ison:

(i) EIG: Eigenvalue relaxation (3.26).

(ii) EIGNS: Eigenvalue relaxation in the nullspace of A (3.41).
(iii) SDPd: SDP relaxation (4.14).
(iv) SDPda: SDP relaxation (4.15).

(v) QCPnsreg: QCP relaxation (4.31), where the quadratic cuts (4.31b) are obtained by

solving (4.37) with algorithm proposed in [29].

(vi) QCPsreg: QCP relaxation (4.31), where the quadratic cuts (4.31b) are obtained by

solving the our separation problem (4.38) with Algorithm 7.

In our experiments, we run the two versions of Algorithm 6 by setting the maximum
number of iterations MaxNC to 21. We first compare these relaxations by selecting one
instance from each of the four test libraries mentioned in §4.5.1. The results of this compar-
ison are presented in Figures 4.1a—4.1d. In these figures, we plot the lower bounds of the
QCP relaxations against the number of iterations, and use a dashed vertical line to indicate
the iteration number at which each version of Algorithm 6 terminates. We use horizontal
lines to represent the lower bounds provided by the spectral and SDP relaxations. As
seen in the figures, the quadratic cuts derived by solving (4.38) with Algorithm 7 lead to
significantly tighter QCP relaxations than the quadratic cuts obtained through the solu-
tion of (4.37) with the algorithm proposed in [29]. Note that under our approach, a few
quadratic cuts are sufficient in order to obtain a good approximation of the lower bounds

given by the SDP relaxations.
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Figure 4.1: Comparison between the two versions of the cutting surface algorithm for
selected test problems.

Now, we compare the two versions of Algorithm 6 by considering all the instances con-
tained in each of the test libraries. To this end, we construct performance profiles based on

the following root-node relaxation gap:

Root gap = <m> x 100 (4.58)

where pgcp is the lower bound given by the last QCP relaxation solved in a given version
of Algorithm 6, and pqp and pspp denote the lower bounds provided by the correspond-
ing spectral and SDP relaxations. A smaller gap represents a better approximation of the
corresponding SDP bound.

The performance profiles are presented in Figures 4.2a—4.2d. These profiles show the
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percentage of models for which the gap defined in (4.58) is below a certain threshold.

Clearly, the QCP relaxations constructed via our separation procedure provide signifi-

cantly smaller gaps than the QCP relaxations derived with the separation algorithm pro-

posed in [29].
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Figure 4.2: Comparison between the two versions of the cutting surface algorithm for all

test problems.

4.5.3 Impact of the implementation on BARON's performance

In this section, we demonstrate the benefits the relaxations introduced in this chapter on

the performance of the global optimization solver BARON. In our experiments, we com-

pare the following versions of BARON 19.12:

4. SDP-QUALITY BOUNDS VIA CONVEX QUADRATIC RELAXATIONS FOR GLOBAL 125
OPTIMIZATION OF MIXED-INTEGER QUADRATIC PROGRAMS



4.5 COMPUTATIONAL RESULTS

(i) BARONqp1: Version of BARON for which we disable the quadratic relaxations pro-
posed in this chapter. This is the version of BARON which makes use of the spectral

relaxations introduced in Chapter 3.

(i) BARONqgp2: Version of BARON which uses the quadratic relaxations proposed in

this chapter as described in §4.4.

In this comparison, we exclude from the test set all problems for which the new quadratic
relaxations are not activated by BARONqp2 during the branch-and-bound search (367 in-
stances). We also eliminate problems that can be solved trivially by both solvers (62 in-
stances). A problem is regarded as trivial if it can be solved by both solvers in less than
one second. After eliminating all of these problems from the original test set, we obtain a
new test set consisting of 1122 instances.

We first consider the nontrivial problems that are solved to global optimality by at least
one of the two the versions of the solver (259 instances). For this analysis, we compare
the performance of the two solvers by considering the following metrics: (i) CPU time,
(ii) total number of nodes in the branch-and-bound tree (iterations), and (iii) maximum
number of nodes stored in memory (memory). In this comparison, we say that the two
solvers perform similarly if any of these metrics are within 10% of each other. The results
are presented in Figures 4.3a—4.3c. As the figures indicate, for nearly 90% of the problems
considered in this comparison, our implementation leads to a significant reduction in CPU
time, number of iterations, and memory requirements.

Now, we consider the nontrivial problems that neither of the two solvers are able to
solve to global optimality within the time limit (863 instances). In this case, we analyze
the performance of these solvers by comparing the relative gaps reported at termination.
These gaps are determined according to (3.72) by using the best lower and upper bounds

reported by the solver under consideration. In this comparison, we say that two solvers
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obtain similar gaps if their relative gaps are within 10% of each other. The results are pre-

sented in Figure 4.3d. As seen in the figure, for more than 90% of the problems considered

in this comparison, BARONQqp2 reports significantly smaller gaps than BARONqp1.
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Figure 4.3: One-to-one comparison between BARONqp1 and BARONqp2.

We finish this section by providing a more detailed analysis of the results presented

in Figures 4.3a—4.3d. To this end, we calculate the shifted geometric means for each of the

metrics considered in these figures. We use a shift factor of 1 for the CPU times and relative

gaps, and a shift factor of 10 for the total number of nodes and maximum number of nodes

stored in memory. The results are presented in Table 4.1. As seen in the table, BARONqp2

significantly outperforms BARONqp1 for each of the considered metrics.
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Table 4.1: Shifted geometric means for BARONqgp1 and BARONqp2.

Solver CPU Time Iterations Memory Relative gaps

(259 instances) (259 instances) (259 instances) (863 instances)
BARONQqgp1 14.0 926.1 25.9 11.8
BARONqp2 9.9 391.7 13.5 8.7
Improvement (%) 29.6 57.7 47.7 25.7

4.5.4 Comparison between global optimization solvers

We start this section by comparing several state-of-the-art global optimization solvers us-
ing the same type of performance profiles employed in §3.6.4. These profiles are shown in
Figures 4.4a—4.4d. As seen in these figures, BARONqp2 performs well relative to the other
solvers. For the CBQP and QSAP instances, BARONqp?2 is faster than the other solvers
and solves many more problems to global optimality. For problems for which global opti-
mality cannot be proven within the time limit, BARONqp2 terminates with smaller gaps
than the other solvers.

Next, we provide a more detailed analysis involving BARONqp2, CPLEX and GUROBI.
We use the same type of bar plots employed in §4.5.3. We start by presenting a one-to-
one comparison between BARONqp2 and CPLEX. To this end, we eliminate from the test
set all the problems that can be solved trivially by both solvers (124 instances), obtain-
ing a new test set with 1427 instances. In Figure 4.5a, we consider the nontrivial prob-
lems that are solved to global optimality by at least one of the two solvers (453 instances),
whereas in Figure 4.5b, we consider nontrivial problems that neither of the two solvers can
solve to global optimality within the time limit (974 instances). As both figures indicate,
BARONqp2 performs significantly better than CPLEX. For nearly 90% of the instances
considered in Figure 4.5a, BARONqp2 is at least 1.1 times faster than CPLEX, whereas for

more than 98% of the instances considered in Figure 4.5b, BARONqp2 reports significantly

4. SDP-QUALITY BOUNDS VIA CONVEX QUADRATIC RELAXATIONS FOR GLOBAL 128
OPTIMIZATION OF MIXED-INTEGER QUADRATIC PROGRAMS



4.5 COMPUTATIONAL RESULTS

100

Percent of models

=
o
o

=]
o

o
o

Percent of models
ey
o

10 100 500 0 25 50 75 100 10 100 500 0 25 50 75 100
Time [s] Remaining gap at 500 seconds Time [s] Remaining gap at 500 seconds
ANTIGONE ~—— COUENNE - GUROBI — SCIP ANTIGONE ~—— COUENNE - GUROBI — SCIP
—— BARONgp2 ----- CPLEX ——- LINDOGLOBAL —— BARON@p2  ----- CPLEX ——- LINDOGLOBAL
(a) 960 CBQP instances. (b) 30 QSAP instances.

Percent of models

=
o =] o
o o o

N
o

Percent of models

20

10 100 500 O 25 50 75

10 100 500 0 25 50 75 100 100
Time [s] Remaining gap at 500 seconds Time [s] Remaining gap at 500 seconds
ANTIGONE ~—— COUENNE - GUROBI — SCIP ANTIGONE ~—— COUENNE = GUROBI — SCIP
—— BARONqgp2 ----- CPLEX —==- LINDOGLOBAL —— BARONgp2 ----- CPLEX LINDOGLOBAL
(c) 246 BoxQP instances. (d) 315 EIQP instances.

Figure 4.4: Comparison between global optimization solvers.

smaller gaps than CPLEX.

Finally, we present a one-to-one comparison between BARONqp2 and GUROBI. Once

again, we eliminate from the test set all the problems that can be solved trivially by both

solvers (183 instances), which leads to a new test set with 1368 instances. In Figure 4.6a,

we consider the nontrivial problems that are solved to global optimality by at least one of

the two solvers (391 instances), whereas in Figure 4.6b, we consider nontrivial problems

that neither of the two solvers are able to solve to global optimality within the time limit

(977 instances). For more than 80% of the instances considered in Figure 4.6a, BARONqp2
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Figure 4.5: One-to-one comparison between BARONqp2 and CPLEX.

is at least 1.1 faster than GUROBI, whereas for nearly 90% of the instances considered in

Figure 4.6b, BARONqp2 terminates with considerably smaller gaps than GUROBL
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Figure 4.6: One-to-one comparison between BARONqp2 and GUROBIL.

4.6 Conclusions

In this chapter, we introduced a family of convex quadratic relaxations for nonconvex
MIQPs which are constructed via convex quadratic cuts. In order to derive these quadratic

cuts, we proposed a smooth regularized separation problem which is solved by using a
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variant of a coordinate minimization algorithm recently introduced in [29]. Moreover, we
studied the theoretical properties of the resulting relaxations and provided conditions un-
der which they are equivalent to certain SDPs. To assess the benefits of our approach,
we incorporated the proposed relaxation techniques into the global optimization solver
BARON, and tested our implementation on a large collection of problems. Results demon-
strated that, for our test problems, our implementation leads to a very significant improve-

ment in the performance of BARON.
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Chapter 5

Conclusions and future work

In this chapter, we summarize the main contributions of this thesis and provide directions

for future work.

5.1 Key contributions

In the following, we highlight the major contributions of this thesis:

Global optimization of problems with convex-transformable intermediates

e We proposed algorithms for the recognition of convex-transformable functions in
general nonconvex problems.

e We introduced a new class of cutting planes based on recently developed relaxations
for convex-transformable functions.

e We integrated the proposed recognition and cutting plane generation algorithms into
the global solver BARON. We demonstrated the computational benefits of this imple-
mentation by conducting numerical experiments on a large collection of nonconvex

problems involving convex-transformable functions.

Spectral relaxations and branching strategies for global optimization of MIQPs

e We introduced a family of convex quadratic relaxations for nonconvex QPs and

MIQPs. We demonstrated that these relaxations can be constructed through pertur-
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bations of the quadratic matrix and used information from the equality constraints
in order to improve the resulting bounds.

e We investigated the theoretical properties of the proposed relaxations and proved
that they are equivalent to certain SDPs.

e We devised novel eigenvalue-based variable selection branching strategies which
can be used with nonconvex binary quadratic programs. These strategies are in-
spired by strong branching and involve an effective approximation of the impact of
branching decisions on the quality of the corresponding relaxations.

e We integrated the proposed relaxation and branching strategies into the global solver
BARON. We demonstrated the computational benefits of this implementation by
conducting an extensive computational study on a variety of nonconvex QPs and

MIQPs.

SDP-approximating convex quadratic relaxations for global optimization of MIQPs

e We proposed a new class of convex QCP relaxations for nonconvex QPs and MIQPs.
These relaxations are constructed via convex quadratic cuts which can be obtained
from a semidefinite separation problem with a special structure that allows the use
of specialized solution algorithms.

e We showed that the proposed relaxations are an outer-approximation of a semi-
infinite convex program which generalizes a semi-infinite formulation that had been
previously considered in the literature. Moreover, we proved that under certain con-
ditions our semi-infinite formulation is equivalent to a well-known semidefinite pro-
gram relaxation.

e We devised a novel regularization approach for the above-mentioned separation
problem and showed its benefits through numerical experiments.

e We implemented the proposed relaxations in the global solver BARON. We investi-
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gated the impact of this implementation by performing an extensive computational

study on a variety of nonconvex QPs and MIQPs.

5.2 Future work

In the following, we outline directions for future work:

Global optimization of problems with convex-transformable intermediates

e Future research might investigate the impact of the implementation described in

Chapter 2 in the context of solving applications concerning convex-transformable
functions. An important application in economics involves the construction of math-
ematical models which describe the relationship between product attributes and
consumer choices. These models rely on parameters that are typically determined
from data thorugh maximum likelihood estimation methods [94]. In some cases,
the resulting parameter estimation problems are nonconvex and involve concave-
transformable expressions which fall into the class of functions discussed in §2.2.3.
An interesting question is whether the cutting planes proposed in Chapter 2 can lead
to tighter relaxations for these classes of nonconvex problems and enable global op-

timization solvers to solve practically relevant instances to global optimality.

Spectral relaxations and branching strategies for global optimization of MIQPs

e Future work might extend the convexification techniques proposed in Chapter 3
to more general classes of problems such as nonconvex quadratically-constrained
quadratic programs (QCQPs). Given a nonconvex QCQP, each nonconvex quadratic
constraint can be relaxed in the same way in which the objective function was relaxed

in Chapter 3, leading to a convex QCQP relaxation. A key question in this context is
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how tight the resulting QCPQP relaxations would be in comparison with the polyhe-
dral and SDP relaxations which are typically used for bounding nonconvex QCQPs.
e Another important issue is related to the scalability of the methods used for solving
the eigenvalue and generalized eigenvalue problems that arise during the construc-
tion of the relaxations proposed in Chapter 3. The implementation described in §3.5
makes use of LAPACK subroutines in order to solve these problems. In the numer-
ical experiments described in §3.6, we considered problems containing up to 400
variables. For these instances, the LAPACK subroutines are very efficient. However,
these subroutines rely on direct eigenvalue methods which may not scale well as the
corresponding matrices increase in size. As a result, an implementation capable of
handling larger problems might have to make use of iterative procedures such as

Krylov Subspace eigenvalue methods.

SDP-approximating convex quadratic relaxations for global optimization of MIQPs

e The convex QCP relaxations proposed in Chapter 4 can be cast as linearly-constrained
problems where the objective is given by the maximum of a set of convex quadratic
functions. An interesting question in this context is whether it is possible to solve this
formulation through specialized first-order algorithms such as the ones used in [43]
for solving the Constrained Lasso problem.

e Future research might also investigate whether it is possible to construct convex
quadratic relaxations which approximate the bounds given by SDP relaxations dif-
ferent from those considered in Chapter 4. An approximation of this type might also
rely on convex quadratic cuts which are derived from a semidefinite separation prob-
lem. In order for these relaxations to be useful in a branch-and-bound setting, it is

crucial to design algorithms capable of solving this separation problem efficiently.
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