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Abstract

As large-scale neural recordings become common, many neuroscientific inves-
tigations are focused on identifying functional connectivity from spatio-temporal
measurements in two or more brain areas. Spatio-temporal data in neural recordings
can be viewed as matrix-variate data, where the first dimension is time and the sec-
ond dimension is space. A matrix-variate Gaussian Graphical model (MGGM) can
be applied to study the conditional dependence between different nodes under the
assumption that the overall covariance is the tensor product of the spatial covariance
and temporal covariance. This provides a way to study functional connectivity via
the spatial component of the precision matrix. We develop and study penalized
regression methods that enable us to do statistical inference and simultaneous hy-
pothesis testing for multi-session local field potential data. Our approach includes
four innovations. First, we provide a simultaneous testing framework for MGGM
with a high-dimensional bootstrap technique, which enables us to test the strength of
neural connectivity between two brain areas. Second, because estimation of spatial
dependence also relies on an accurate estimate for temporal covariance structure,
we assume autoregressive temporal dependence and thereby provide estimation of
the temporal precision matrix based on a Cholesky factor decomposition. Third,
for spatial precision matrix estimation and inference, we implement group Lasso to
jointly estimate multi-graphs and study a new statistic to aggregate information from
multiple sessions to improve inference. Finally, using our matrix-variate assumption
for high-dimensional data, we develop a novel cross-region dynamic factor analysis
model to estimate dynamic neural connectivity across multiple brain regions.
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Chapter 1

Background

Neurons communicate with each other via action potentials, which are rapid electrical events
and discharges. As large neural recordings become common, many neuroscientific investigations
are focused on identifying associations from spatio-temporal measurements within one area
and across different brain areas [62]. These studies attempt to answer the question whether the
neural activity changes across different time stages and experimental conditions. Local Field
Potentials (LFPs) are electrical signals generated by the synchronous electrical activity of the
neurons near the electrodes, and LFP is believed to be correlated with subthreshold membrane
potential fluctuations [45][11][29]]. Past work reveals that LFP is also highly correlated with
network fluctuations in single neuron spiking activity, and decodes spike—stimulus relationship
[33]. As recent progress in technology enables neural measurements with finer resolution and
larger volumes [56], it also poses new challenges to develop tools to analyze the data with high-
dimensional statistics. LFP data usually consists of multi-electrode measurements spanning over
a certain time range. For example, we have a three-dimensional dataset with 3000 trials, 192
electrodes and 800 timeticks (800ms). The problem is to characterize statistical associations
which we call connectivity, examine and test changes in connectivity within brain areas and
across brain areas. To make it even more challenging, the same experiment may be repeated
over multiple sessions (days) for one subject, which we call the multi-session data. To solve
this problem, we analyze spatial-temporal data under Matrix-variate Gaussian Graphical Model,
from both inference-focused side and estimation-focused side. For inference part, we develop a
Matrix-variate Gaussian Graphical Model and fit it using the regression-based approach [38]][51],
and provide a simultaneous testing based on Gaussian approximation bootstrap method proposed
by [17]. We further formulated the multi-session data inference into a multi-graph inference
problem, and provide a novel estimator for multiple Matrix-variate Gaussian Graphical Model.
For estimation part, we propose a novel Latent Dynamic Factor Analysis for High-dimensional
(LDFA-H) data combining flavors of both canonical correlation analysis and factor analysis to
improve the estimation of cross-region dynamic connectivity, which not only recovers dynamic
cross-region connectivity, but also retrieves low-dimensional temporal factors and spatial factor
loadings for neural population.



1.1 Experiment

In our thesis, we analyze data from multiple LFP recordings in visual cortex area V4 (V4)
and prefrontal cortex (PFC) which are believed to involved in visual processing. V4 is a mid-
level visual region in visual-processing where inputs from earlier regions are further processed
and transmitted to later regions. Effects of attention on neuronal responses of visual cortex
are highlighted by several electrophysiological studies [46][4]. Moreover, PFC has long been
considered to be involved with control of attention and response modulation in posterior visual
areas. The dataset was collected by the Smith Lab at Carnegie Mellon Neuroscience Institute
during an experiment on the neurophysiology of attention [32]. During the experiment, a monkey
is asked to perform a memory-guided saccade task. The timeline of the experiment is stated as
follows:

¢ The animal fixated on a point at the center of the screen for 200ms.
e A circular target appeared at one of eight randomly chose locations of the screen for 50ms.

¢ The animal had to remember the location of the target while maintaining fixation for a delay
period of 500ms.

e After the delay period, the fixation point was turned off, and the monkey had to make a
saccade to remember the location of the target.

Local field potentials were measured simultaneously from multiple electrodes in PFC and V4
while monkey was performing the task. After data preprocessing, only successful trials are kept
in the dataset. There are 2000 trials, 192 electrodes (96 in PFC and 96 in V4) and 750 timeticks
(750ms long) in total. There is also the location information for the electrodes in each area. A
subset of the data containing the first trial is shown in Figure The measurement covered all
experimental stages described as above and an additional 50ms after the delay period. The color
in the heatmap corresponds to the intensity of LFP signal, and V4 seems to be more active than
PEC.

The same experiment session might be repeated by multiple times as well, which results in
multi-session LFP recordings. In this thesis, we obtain multi-session dataset from the Smith Lab,
where during each session the animal is performing the same saccade task as before. The complete
dataset contains 5 consecutive sessions, 2000 trials, 192 electrodes and 750 timeticks.

1.2 Data Analysis Goals

For this dataset, we are interested in the following questions:

¢ Q1. How should we characterize the connectivity among large number of LFPs while taking
advantage of their spatio-temporal structures?

® 2. How strong is the connectivity among electrodes within PFC and V4? How does
connectivity change when the animal is under different conditions?

¢ Q3. How strong is the connectivity across these two areas?

2
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Figure 1.1: Experimental data from monkey saccade task. (a) Primate cortical areas of the
attention network [53)]. Pink areas are the approximate locations of attention control areas while
blue areas are the approximate locations of visual areas. (b) Utah array with 10x10 recording
electrodes with 400um interval [43]]. For each region, one Utah array with 96 electrodes is
implanted. (c) LFPs were recorded simultaneously from V4 and PFC. The X axis is time in
millisecond, while Y is the electrode. Time is aligned at t = 0 for each trial when the circular
target just appeared. The total length is 750ms covering all experimental stages.

1.3 Gaussian Graphical Model

The vector-variate Gaussian Graphical model has been widely applied to high dimensional data in
scientific studies to explore the conditional dependence relationship among entries of a random
vector, including the neural data [25! |60]. For a random vector Z € RP, we can define a
undirected graph G = (V, F) associated with Z, where the set V' contains p nodes each of which
corresponds to an entry in Z, and the set £ consists of all edges among V. Specifically, there is
no edge between two nodes in V' if and only if the corresponding two variables are conditionally
independent given the rest of variables in Z. For a Gaussian vector, one can assess the graph
structure, i.e., the set £, in terms of the precision matrix, the inverse of covariance matrix of Z
[34] because two variables are conditionally independent if and only if their partial correlation is
zero. Now consider that we have n samples {7}, where (") ~ N (0, X); the log-likelihood
can be written as

() = %bg det(€2) — %tr(SQ), (1.1)

!

where the sample covariance matrix § = 1 37" | () (z®)

3



To answer substantive scientific questions Q2-Q3, estimation and inference for the entry in
the precision matrix are required. Methods to estimate the sparse precision matrix for normal
distribution are well-studied in recent years [44/][66]. There are two main categories of method for
sparse precision matrix estimation: penalized likelihood method [1]] and regression based method
[38][S1].

The penalized likelihood method is a popular method for Gaussian Graphical Model estimation
and inference. This method adds a penalty term in addition to Equation (1.1l For example, in
Graphical Lasso [26], the goal is to maximize the following likelihood function

[(Q2) = logdet(Q2) — tr(SQ) + p|| 2|1,

where p is the tuning parameter. For statistical inference, [31] proposed a method to estimate
confidence band for entries in sparse precision matrices, which guaranteed asymptotic normality
for each edge. However, since the objective function is non-convex, the optimization approach
is theoretically less appealing; moreover, methods based on optimization will usually require
the irrepresentability condition, which is difficult to validate. We adapted the regression-based
approach in our work [38][51]. Assuming 1 <7 < p, 1 < 5 < p, we consider the regression
model as follows,
Xi=X_ifi+e = ZXjﬁi,j + &i,
JF

where 3;; = —% It follows from the linear regression theory that Cov(e;,&;) = QQS;
Therefore, we can estimate the entries in precision matrix with the regression residuals. FOHOWil’Jng
this regression approach, the work of [49] studied the estimation of c-level partial correlation
graphs in ordinary graphical models where partial correlations are larger than a pre-specified
constant c. Moreover, the work of [[15] studied the construction for simultaneous confidence
regions for the precision matrix in a Gaussian graphical model.

Because LFP data involve both space (electrodes on an array) and time, we replace the
Gaussian graphical model by a Matrix-variate Graphical Model (MGGM). Here, the recordings
from each trial form a p X ¢ matrix, where p is the number of time points and q is the number
of electrodes. MGGM has become popular in analyzing spatio-temporal data from biomedical
imaging and financial markets [68][16].

1.4 Matrix-variate Graphical Model

We let vec(X) € RP?*! denote the vectorization of matrix X, ® as the Kronecker product. It
follows that
X ~NpUxV)

if and only if
vee(X') ~ N(vec(p), U @ V), (1.2)

with mean p € RP*9 row covariance matrix U € RP*P_ and column covariance matrix V' € R7*9,
By fitting our data with MGGM, we assume that the trials are repeated under the same condition,
the LFP temporal correlation is consistent across space and the spatial correlation is consistent
across time.



We can design our hypothesis testing for each edge (Q2) by deriving the corresponding
asymptotic distribution for the entry in spatial precision matrix. Testing a set of edges is more
theoretically challenging. However, there are many pioneer works focusing on the graph estimation
[37][64][67][68], and interesting recent works on inference for Matrix-variate Gaussian graphical
model using the regression based approach.

The work of [16] developed a multiple testing framework for support recovery in MGGM, and
provided theoretical analysis for asymptotic normality and false discovery rate (FDR) control. The
work of [63]] developed a paired test of matrix graphs to infer brain connectivity with correlated
samples, and similarly, their testing procedure was based on multiple testing and FDR control.
We are interested, however, in deriving a single statistic to simultaneously test the conditional
dependence between subgroups of nodes.

The most relevant work is [61]. The authors proposing a multiple testing framework to identify
conditionally independent pairs, and developed another global test to examine whether all spatial
locations are conditionally dependent. The major limitation is that the limiting distribution of test
statistic is Gumbel distribution, which has a notoriously slow rate of convergence approximation
[39]. Besides, the global test included the tests of all off-diagonal edges in the graph, while in our
design the subset of edges can be of arbitrary size. Finally, most of the previous works will either
assume that the temporal covariance is known, or only estimate them with sparsity assumption,
while neglecting the decaying autocorrelation structure of the temporal signals.

Therefore, to handle Q2, we formulate the simultaneous testing procedure using Gaussian
approximation bootstrap method proposed by [17]. We can test the strength of neural connectivity
between two brain areas by testing the corresponding subset of edges in precision matrix. With
testing a single edge and testing a group of edges solved under MGGM model, we will be able
to identify the change of connectivity by deriving the asymptotic distribution of the difference
between test statistics. We noticed that previous methods analyzing LFP signals such as Granger
Causality model the temporal data as an vector auto-regressive model [55], and accordingly, we
propose a Cholesky factor decomposition approach [5] which imposes a non-stationary condition
for temporal precision matrix estimation, while still assuming sparsity for spatial precision matrix
estimation.

For multi-session data, each session can be viewed as a single matrix-variate graph. However,
naively applying the method developed for single graph to multi-session data may lose information
about the common structures shared across different graphs. Especially, since the task and the
subject are the same across all sessions, we can assume that the structure of the connectivity (the
sign of edge between two particular electrodes in spatial precision matrices) remains the same,
while the amplitude might vary across different graphs. Therefore, to fully address Q2 in such
dataset, a novel multiple MGGM estimation and inference method is needed.

Inference under multiple matrix-variate graphs is missing in literature. The most relevant
work is by [68], where the main focus is on multiple matrix-variate graph estimation. The
authors established a non-convex optimization method with sparse and group Lasso penalization
to estimate multiple matrix-variate Gaussian graphs for matrix-normal distributed data. They
further designed an efficient optimization algorithm, and established the asymptotic properties
of the estimator under special scenarios with sparse penalty or group penalty only. However,
since this work was based on non-convex optimization method, stronger assumptions are needed
to guarantee convergence of estimation, and inference remains to be unknown under such a

5



formulation. Besides, estimation of multiple ordinary Gaussian graphical models based on
optimization method was studied by [12, 20, [36]]. On the other hand, [48] proposed Bayesian
inference on multiple Gaussian graphical models. A Markov random field prior is implemented to
encourages common edges across graphs, and a spike-and-slab prior is placed on the parameters
to learn the groups which have a shared structure. Therefore, this model can learn the information
between sample groups, and measure the relative network similarity across groups effectively. In
contrast, our new inference framework is motivated by inference with regression based method
in multiple ordinary networks. [S0] proposed a large-scale tuning-free heterogeneous inference
framework with on chi-based and linear functional-based tests under ordinary Gaussian graphical
models. Especially, the linear functional-based test is optimal in achieving testable region
boundary, and the sample size requirement for the linear functional-based test is minimal. With
regression method based on Group Lasso, we adapt linear functional-based test into Matrix-variate
graph setting, and extend the simultaneous testing under single-graph case to multiple-graph
case. We show that in both theory and simulation, our method outperforms baseline methods
(12136, 50, 68] with better estimation accuracy and test power.

However, when moving from Q2 to Q3 and considering cross-region inference, one single
matrix-variate graphical model applying to all regions may be too stringent. The Kronecker
product assumption indicates that all electrodes share the same autocorrelation structure, which
barely holds for multiple brain regions. Therefore, to solve Q3, we move on with a more
complicated factor model which can capture cross-region dynamic connectivity.

1.5 Latent Dynamic Factor Analysis of High-Dimensional Neu-
ral Recordings

Estimating dynamic connectivity structure across regions, which is a major concern of Q3, can
be challenging due to the high dimensionality in spatial and temporal domain. Moreover, the
auto-correlation of noise in the measurements is usually strong, which may contaminate the cross-
region connectivity structure and make it difficult to detect. One simple yet popular approach is a
two-step approach, where researchers take averages over signals in each area and apply Granger
causality [S3]] to study information flow between regions[10]. However, taking simple averages
means losing information from each unique signal inside one area, especially considering the
scenario where a subset of signals in one region are positively correlated with those in the other
region, while the correlation between another subset of signals might be negative. In recent
years, people developed new method based on canonical correlation analysis (CCA) to handle
dynamic connectivity. Dynamic kernel-CCA (DKCCA) extends traditional CCA by implementing
a more flexible and computationally efficient kernel-based approach and allowing the correlation
structure dynamically changing over time [52]]. Compared with other common cross-correlation
analysis method, DKCCA discovers a dynamic switch in the lead-lag relationship between
the hippocampus (HPC) and prefrontal cortex (PFC). [7] extended a parametric approach on
CCA to develop a model-based cross-region connectivity estimate DynaMICCS. Adopting a
Gaussian graphical model, the authors recapitulated cross-region connectivity in terms of partial-
correlation graphs. The most serious issue with CCA-based approach is that it fails to account
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for the contribution of the correlation structure from auto-correlated noise inside each region.
Without properly denoising the signal and smoothing the data, it is questionable whether the
cross-connectivity is contaminated or even obscured by the noise.

On the other hand, to study cross-connectivity, factor analysis model, and its dynamical
generalization, state space model draw more and more attention in neuroscience community over
recent years. Such models are shown to provide explainable low-dimensional representation, and
generate better characterization of the population activity than traditional two-stage approaches.
Gaussian Process Factor Analysis (GPFA) offers a flexible and stable framework for extracting
smooth low-dimensional latent factors [[65]. Despite its popularity in neuroscience community,
GPFA fails to address the cross-region connectivity and lead-lag issues, thus becomes inappropri-
ate for analyzing large neural recordings containing measurements from multiple brain regions.
On the other hand, a state space model was proposed to tackle with cross-region dynamic connec-
tivity in magnetoencephalography (MEG) and electroencephalography (EEG) [[62]]. This model
characterizes the non-stationary dynamic dependence across regions of interest (ROIs) using
time-varying auto-regression, and the mean response of each ROI is encoded as the space variable.
While it addresses the cross-region dynamic connectivity to some extent, it remains to have several
serious issues. First, both auto-regressive assumption for factors and independent assumption for
noises appear to be rigid and limited, which barely hold under any realistic scenario. Second, the
model does not include sparsity-inducing regularization, therefore the number of parameters can
be large and the model can be under-determined under high-dimensional settings.

In this thesis, we propose a new model which uses probabilistic CCA to carry out an extension
of factor models, but the framework allows far richer spatiotemporal dependencies than is typically
assumed in GPFA, and it has been built to handle high-dimensional problems. Here, “spatial”
dependence refers to dependence among the various observational time series and, in the neural
context, this results from the spatial arrangement of the electrodes, each of which records one of
the time series. In the usual setup of GPFA, two reasonable simplifications are made: first, the
observation noise is assumed to be white and, second, the latent Gaussian processes are stationary.
Our approach relaxes these assumptions: We allow the observation noise to have spatiotemporal
dependence, which we have found more realistic, and we let the latent processes be non-stationary,
so their dependence can evolve dynamically, which is important in our applications because
cross-process dependence describes the sudden flow of information from one brain region to
another during short epochs. We thus call our method LDFA-H. These generalizations come at
a cost: we now have a high-dimensional time series problem within each brain region together
with a high-dimensional covariance structure. We solve these high-dimensional problems by
imposing sparsity of the dominant effects, building on related, but as yet unpublished work [7]]
that treats the high-dimensional covariance structure in the context of observational white noise,
and by incorporating banded covariance structure as in [S)]. In a simulation study, based on
realistic synthetic time series, we verify recovery of cross-region structure even when some of our
assumptions are violated, and even in the presence of high noise. We then apply the method to
our experimental data and find time-varying cross-region dependencies.
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1.6 Organization of this Document

My thesis focus is on developing new inference and estimation method for spatial-temporal
neural data under the framework of matrix-variate Gaussian graphical models to study the neural
connectivity within area and cross area. In Chapter 2, I provide a procedure for multiple matrix-
variate graph estimation and inference based on regression method, which effectively addresses
Q1-Q2. In Chapter 3, for cross-area dynamic connectivity analysis, an estimation-focused factor
analysis model is designed to answer Q3.



Chapter 2

Inference and Estimation in Multiple
Matrix-Variate Graphical Models

This chapter is taken from work submitted to Journal of the American Statistical Association in
2020 aside from minor changes for style consistency. I collaborated with Zhao Ren and Robert E.
Kass.

The primary goal of this chapter is to address Q2 — how strong the connectivity and change
of connectivity are within each brain area. We fit the spatio-temporal LFPs in each session with
a Matrix-variate Gaussian Graphical Model, as the spatial connectivity can be characterized by
spatial precision matrix. The multiple Matrix-variate Graphs are then estimated using Group
Lasso and we developed a new statistic which aggregates information across all sessions. Based
on the test statistic, the hypothesis testing framework for both single edge case and multiple edge
case are studied under multiple MGGMs. We further formulate Q2 into three types of hypothesis
tests as in Equation (2.1)-(2.3).

We consider d matrix-variate Gaussian graphs which encode neural connectivity patterns
among p time ticks and ¢ spatial locations during d different experimental sessions. For each
dataset on session ¢, we have n independent and identically distributed (i.i.d) p X ¢ matrix-
variate samples, Xt(l),...,Xt(nt), following matrix-variate Gaussian distribution which is defined in
Equation (I.2). For any ¢t € [d] and i € [n,],

X"~ NO,U & V).

Furthermore, let A, = U[l denote the row precision matrix, and B; = Vfl denote column
precision matrix. It is easy to see that X" ~ N (0, (A; ® By)™'), which implies that the graph
structure is encoded by A; ® B,. In particular, the spatial connectivity structure is the support of
the column precision matrix B;. Comparing with precision matrix, partial correlation is preferred
to characterize the magnitude of neural connectivity since it is invariant to scaling of variables.
For column precision matrix, we define the corresponding partial correlation for each entry (i, )
at session t as py;; = —W We define D = {{Xfi)}?:ll, o {Xc(li)}?;ll} as the collection of
the full observations over these sessions.



In neural data, as is shown later in our data analysis (Figure [2.5)), usually all sessions share a
similar neural connectivity structure but the distributions of edge for each session may not be the
same. Therefore, it is reasonable to assume B;’s may be different but share a similar support for
1 <t < d. Equivalently, denoting the joint spatial partial correlation vector of the pair (i, j) by
P% = (p1ij P2ijs* "+ » sz’j)', we expect that either p% = 0 or it can be different from zero with
distinct nonzero entries. We are commonly interested in testing whether the connectivity between
a fixed pair of nodes or different regions exists across multiple sessions. In the single-edge test
scenario, for a pair (4, j), we are interested in testing the following null hypothesis,

Hoygj : pY; = 0. (2.1)

In the multiple edge test scenario, for a cross-region set S, we aim to test whether there is no edge
at all in §, which is stated as the following null hypothesis,

Hos: pj; =0, Y(i,j) €. (2.2)

Notice that the single edge test can be treated as a special case of multiple edge test when
S = {(i,7)}. Moreover, we notice that partial correlation is considered to be closely related to
effective connectivity and can be viewed as a graphical representation for interactions in biological
system, such as neurons and genes [23} 41, 49]. Therefore, to study the strength of connectivity, a
more interesting and practical hypothesis test is proposed,

d
1 o
(/)75 : a ;:1 ’ptz]’ S ¢, \V/(Z,j) € 87 (23)

To address the above hypothesis tests effectively, our approach is based on the observation
that using the d-session data collectively can achieve better accuracy than estimating each graph
separately and combining the results naively. In this spirit, we assume that spatial precision
matrices share similar sparsity structure and temporal precision matrices are banded following
similar parametric space. Especially, for the spatial precision matrix, we also assume that the sign
of spatial connectivity does not change across d sessions, which is reasonable since the locations
of spatial nodes are fixed and the tasks the animal performs in each session are the same. The
precise definition can be found in Section [2.2.2]

Our new inference framework is motivated by the following works targeting to three different
aspects of our main goal. For testing the strength of conditional dependence, the work of [49]
studied the estimation of c-level partial correlation graphs in ordinary graphical models where
partial correlations are larger than a pre-specified constant c. For inference in multiple networks,
[SO] proposed a large-scale tuning-free heterogeneous inference framework with on chi-based
and linear functional-based tests under ordinary Gaussian graphical models. Especially, the
linear functional-based test is optimal in achieving testable region boundary, and the sample size
requirement for the linear functional-based test is minimal. For simultaneous testing under MGGM,
the most relevant work is [61]]. The authors proposed a multiple testing framework to identify
conditionally independent pairs, and developed another global test to examine whether all spatial
locations are conditionally dependent. The major limitation is that the limiting distribution of test
statistic is Gumbel distribution, which has a notoriously slow rate of convergence approximation
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[39]. Besides, the global test includes the tests of all off-diagonal edges in the graph, while in our
design the subset of edges can be of arbitrary size.

In our work, we propose a three-step procedure targeting to the hypothesis tests in Equa-
tion (2.1)-(2.3). First, we estimate our spatial correlation matrix using residuals and coefficients
from group Lasso using data from all sessions, and reconstruct the spatial precision matrix and
partial correlation matrix. Second, we follow the modified Cholesky factor decomposition to
estimate the Frobenius norm of temporal covariance matrix for each graph separately. Finally,
based on the results from the previous two steps, we construct a new linear-functional test statistic,
which effectively address both single edge test and multiple edge test. The main contributions of
the paper are summarized as follows:

¢ For spatial partial correlation, by assuming the sign of connectivity invariant across multiple
graphs, we establish the theoretical guarantee of group Lasso to estimate multiple matrix-
variate graphs with high-dimensional multi-response regression. Such a joint-estimation
approach enjoys more efficiency and fewer samples when comparing with naive approach
which applies single matrix-variate graph method on each graph.

¢ For temporal covariance, most of the previous works will either assume that the temporal
covariance is known, or only estimate them with sparsity assumption, while neglecting
the decaying autocorrelation structure of the temporal signals. We noticed that previous
methods analyzing LFP signals such as Granger Causality fit the temporal data with an vector
auto-regressive model [53]], and accordingly, we propose a Cholesky factor decomposition
approach [5] which imposes a non-stationary condition for temporal precision matrix
estimation.

¢ We formulate the simultaneous testing procedure using Gaussian approximation bootstrap
method proposed by [[17]]. This framework enables us to test the strength of neural connec-
tivity between two brain areas by testing the corresponding subset of edges over multiple
partial correlation matrices simultaneously, thus address the issue of simultaneous test in
multiple MGGMs for the first time.

2.1 Simultaneous Inference in Multiple Matrix-variate Net-
works

In this section, we develop our inference framework aiming to hypothesis testing problems
stated in (2.I)-(2.3), and leave all theoretical studies in Section The full procedure is
summarized in Algorithm 1| at the end of this section. For each dataset on session 1 < ¢ < d,
we have n; i.i.d p X ¢ matrix-variate samples, Xt(l), ey X t("t), following matrix-variate Gaussian
distribution N(0,U,; ® V;), where n; can vary among different sessions. We further define

D={{X fi) e {Xg) 4.} as the collection of the full observations over these sessions.

2.1.1 Notations and Preliminaries

We use bold notation for all matrices and vectors. We adopt the following notation throughout this
paper. For a p-dimensional vector &, we write ;. for its sub-vector (z;, z;41, - - - , ;). Moreover,
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let |||, denote the vector {,—norm of x, and J(x) = {1 < k < p: z; # 0}. Assume that X
is a p x ¢ matrix, let X . denote the ¢-th row of X, X ; denote the j-th column of X, X _;
denote the i-th row of X with j-th column removed, X _; ; denote the j-th column of X with
1-th row removed, and X _; denote the original matrix with ¢-th row and ¢-th column removed.
Let || X ||, denote the matrix p-norm of X, while notice that || X ||, is also the spectral norm or
operator norm. We use || X || to denote its Frobenius norm and | X |, to denote the entry-wise
sup-norm. For any set J we denote its cardinality by |J|. Finally, for the spatial graphs, we denote
the non-zero spatial edge set in the graphs by & = {(i,j) : 1 < i # j < g and p}; # 0}.

2.2 Simultaneous Inference Framework

In this section, we develop our inference framework aiming to hypothesis testing problems
stated in (2.I)-(2.3), and leave all theoretical studies in Section [2.3] The full procedure is
summarized in Algorithm (1 at the end of this section. For each dataset on session 1 < ¢ < d,
we have n; i.i.d p X ¢ matrix-variate samples, X t(1)7 - Xt(”t), following matrix-variate Gaussian

distribution N(0,U; ® V;), where n; can vary among different sessions. We further define

D={{X fi)}?:ll, X C(;)}?:‘il} as the collection of the full observations over these sessions.

2.2.1 Estimation of Spatial Precision Matrix

We first discuss the model X; ~ N(0,(A; ® B;)™!) for each graph/session 1 < t < d as
a motivation for our approach. Node-wise regression ([38, 44]) has been a popular approach
for graphical model analysis. Indeed, it is well-known that the conditional distribution of Xy;
(i.e., electrode 7 at time /) against remaining variables X _; at the same time [ follows a linear
regression,
Xui = Xy —iBui + cui = Z X;Beij + €ui
J#i

where it follows from the linear regression theory that 3,;; = —l;’t—] and E(ey;) = 0. Due to this
connection between the coefficient 3;; and the column precision matrix By, a certain sparsity
assumption on B; naturally implies a sparse linear regression model. On the one hand, given the
values of 3y; for each time 1 < [ < p, it is easy to obtain that the covariance matrix among all
residuals across 1 < i < ¢, i.e., ey := (cu1, ..., up)’ is R = Cov(ey) = (1 )gxq = (Z:”lf;j)qxq
Therefore, testing whether p;;; = 0 (or 8;;; = 0) is equivalent to testing whether riij = 0. On the
other hand, we note that the coefficient 3;; remains the same across all 1 < [ < p. In addition,
pri; = 0if and only if all riz-j = (O at all time tick 1 <[ < p. These two facts together suggest us to
treat each row X . of the matrix-variate X, as a g-dimensional sample and consider all p samples
together. By doing this, we have p correlated vector-variate samples for a sparse linear regression
model, where the covariance among these “row samples” is characterized by U;. Finally, we
define the average of the covariance matrices of residuals from these correlated p samples as
R; = (1iij)qxq = 3 21y B with

tr(Ut) btij _ btij
b btiibtjj btiibtjj '

(2.4)

Ttij =

12



To facilitate our analysis, we have assumed tr(U;) = p for each session in Equation to
avoid any identifiability issue, which is formally stated in Assumption [2|of Section Note that
Ptij = —\/::—J—bm = —T4j+\/ briibejj. In what follows, we build our test statistics based on some
accurate estimation of r;; and the equivalence between p;;; = 0 and r4;; = 0.

Having discussed the model for each session above, we are in a position to consider all d
sessions together to improve the estimation accuracy of each py;;. The fact that all sessions tend
to share the same support among the column precision matrices R;’s implies the d coefficient
vectors By;’s share the same support as well. To this end, we natural treat /31,5, ..., 34;; as a group
for each pair (i, 7), and stack linear models from d sessions together to take the advantage of
this group structure. With certain assumption on the joint sparsity structure of d graphs, which
is formally stated in Assumptiond]in Section[2.3] the group Lasso ([66]) or other group sparse
regression approaches can be adopted to fit our data. We introduce a few more notations before
formally stating our procedure. Let By = (B, Briti-1), Bri(i+1)s -+ ,ﬂtiq) € R?!. The

stacked coefficient from d sessions is denoted as 3) = (ﬂli,, Boi -+, Bui ) € Re=1d4 By the

construction of (37, we have group sparsity structure in the sense that all but at most s subvectors
6?(1) are none-zero where the [th group subvector of 3) is defined as ﬁ?(z) = (B, -, Bair)' € R4,
From the definition, we observe that :610(1) = 0 forall (,1) € £, where £ is the compliment set
of &,.

We are ready to state our regression-based approach with all data D. Let the stacked row
samples for each session Z;, = (Xt(l) ,Xt@) o ,Xt(”t) ) € R™P*4 and its ith column

!

Z.; = (Xt( ?1 ,Xt@)z o ,Xt(ffi) ) € R™P. For each session/graph ¢ and each node 7, the

residuals of the kth sample is denoted as r-:gk)z = Xt(k)- — Xt(’]i)fiﬁti. By combining all d graphs,

't
we estimate the coefficient 37 using group Lasso,

d
~ L. — 2. oy
B~ argmin ZmilZt Fieill Sy g ) 25)
a?ER(q’l)d 2n0p l#1

where the relationship among ay;, a? and o i) is similar to that among 3, 3 and Bt ) o =

minj<;<qn; is the smallest sample size among d sessions (see Assumption [I} l in Sectlon

on sample sizes), Dy; € R@-Dx@=1 i5 defined as the diagonal matrix of 2-==2==' P, &

ntp

R(=Ddx(@=Dd 5 the block diagonal matrix with element (D1, Do, - - - , Dy;), and D;y € R4
is the submatrix of D; corresponding to the [th group. The parameter )\; can be tuned using
cross-validation or other model selection methods. In our theoretical analysis, a data-driven
yet conservative choice of each \; can be picked. Although group Lasso is not new, our group
Lasso regression is applied to, instead of i.i.d. samples, correlated samples since all rows of each
matrix X t(k) are treated as distinct samples. Therefore, in Section we provide a self-contained
analysis and derive the rates of convergence of estimation as well as prediction, which might be
of independent interest for dealing with high-dimensional correlated data.
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With estimated regression coefficients, the fitted residuals can be calculated as
k) _ xr (k) k) 3
i = X — X1, ~iBu, (2.6)
where 52? is the fitted residual for row [ of the kth sample for graph ¢. In order to estimate the
population covariance among residuals, the simple empirical covariance using fitted residuals has
larger bias compared to the expected root n;p rate due to the Lasso penalty, as demonstrated in a

simpler vector-Gaussian graphical model [38]. To address this bias issue, the covariance of the
residuals 7;; can be estimated with a bias-correction term as

1N p A(k)/ﬂf) 27

k) ~(k) k) 2 o .

Ttij = { S o 2okt 2 (éﬁll)él? + 5”3 (élj) + ﬂtﬂ(gtlz)) ) , i # g,
tzj N . . .
nep 2ek=1 221=1E1li Eulj > ifi = 3.

In view of the relationship between our goal p;; and b;;; in Equation (2.4), we can estimate by;;
via

-~ ?tz'j
brij = ———. (2.8)
TtiiTt 4

Finally, the partial correlation p;;; can be constructed via

/b\ti j
(briibejj) '/

Our estimator for partial correlation resembles the form proposed by [16]] for a single matrix-
variate Gaussian graphical model. However, in contrast with [16], we borrow the information from
multiple sessions and apply a group Lasso in Equation (2.5]) to obtain a faster rate of convergence
for estimating the coefficient of each session/graph, which is summarized in Theorem [l| and
Remark 3] More importantly, as we introduce the final form of test statistic in Equation (2.10),
the testing accuracy for our goals can be further improved with a factor of root d, thanks to the
similar graph structures among multiple sessions.

Prij = — (2.9)

2.2.2 Simultaneous Test by Parametric Bootstrap
Single Edge Test

The way of stacking correlated rows of each matrix-variate sample and combining multiple graphs
in Equation not only enables us to estimate d graphs efficiently through a group Lasso
regression, but also allows us to construct new tests that are more powerful than the single graph
scenario by borrowing information from different graphs. We first focus on the single edge test
Hoij - p?j = 0 in Equation . Due to the group sparsity structure, it is natural to construct
a test statistic using certain function of all estimators py;; for 1 <t < d. In our application, we
assume that the sign does not change across all sessions, which corresponds to a sign vector of
length d where all elements equal to the same value one. More generally, an additional sign
information on elements of the alternative p% may be available. With this additional knowledge,
we present a test statistic based on a linear combination of those py;; for 1 < ¢ < d, which is
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closely related to its ¢; norm. More specifically, with a sign vector &;; = (&5, - - -, €aij) € RY,
we propose the following test statistic for our hypothesis testing problem in Equation (2.1J),

d d
1 [~ ~ 1 .
Pn,d,(z’,j) (5) = _Wl Z ftz‘j ntpbtiibtjjrtij = Wl Z ftz‘j\/ NP Ptig - (2.10)
t=1 t=1

Intuitively, this test statistic should be close to its population counterpart P % j)(E) =

\/Lg Zle &tijr/MiPpPrij» Which is equal to zero under null. On the other hand, when alternative
is true, with the sign vector &;;; = sign(py;;) for 1 <t < d, Py i j)(ﬁ) should be significantly
larger than zero as it represents the aggregated signal across d graphs in terms of the /; norm of
p?j. Indeed, as we formally show in Proposition of Section the difference py;; — py;; under
certain sample size requirement can be well approximated by a leading term

5n'j _ Ttij 5tj j _ Ttij Otii
)
TtiiTtjj 27"tjj\/7”tiﬂ”tjj QTtii\/Ttiithj
(k) (k)

<~ . . ~ 1 nt P
where 0;;; = 745 — 145 is the error of the oracle estimator of 7, 7;; = e Yo D 1 € Iz

Although residuals eg?’s from individual rows 1 < [ < p are correlated, by certain version of

central limit theorem it is well expected that the following difference AP, ; is asymptotically close
to a normal distribution with a finite variance,

Orij =

2.11)

d
* 1 -~
AP j = Poaij(&) — Prauné) = NG me‘j\/ntp(mij — Prij)- (2.12)
t=1

Once the asymptotic variance can be consistently estimated, it is straightforward to construct
the confidence interval for P ; (id) (&) and the p-value for our single edge test in Equation 1D
We do not pursue this direction immediately here. Instead, as we move to the more challenging
multiple edge test scenario in Equation (2.2)), one can easily obtain the testing procedure for the
single edge test as it is just a special case of multiple edge test.

Simultaneous Test

We consider the multiple edge test for a general pre-defined set S with the null hypothesis stated

in Equation (2.2),
HO,S : p?j = 07 V(l,]) €S.

In high-dimensional setting, the cardinality of S can be as large as ¢(¢ — 1)/2. In practice, S
can be a collection of edges between different brain areas. Therefore, even if we have asymptotic
normality for each AP, ;, (i,7) € S, the multivariate central limit theorem, which is valid for
fixed |S|, cannot be applied to test Hy s directly with growing |S|. Simultaneous testing for Hy s
has been considered in other context earlier via Bonferroni correction, which leads to conservative
procedures. In this paper, due to the sparsity structure on the entire graphs, we consider a test
statistic using the maximum among all AP, ;’s in magnitude. More specifically, for a given edge
set S C {(i,j) : 1 <i # j < q} with size e = |S|, denote the e-dimensional vector by A Ps
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whose elements correspond to the test statistics for the subset of edges of interest. Now we can
define a bijective mapping x(-) = {x1(), x2(-)} from {1,...,e} to S such that we can write
APs = {AP,, (1) x2(1)s -+ APy, () xa(e) }- Then our test statistic is defined as

|APs||lo = (maX AP ;| = maX thu V1D (Prig = Prig)] (2.13)

where the sign vector is edge-specific, i.e., &; = (145, - - -, Eaij) € RY for each pair (4, j) € S.

The key idea is that although one do not have asymptotic normal for the entire vector A Ps,
following the idea of [[17], it can be shown that the limiting behavior of | A Ps|| can be approxi-
mated by that of the supnorm of a certain multivariate normal vector. We will elucidate this idea
later. Based on our test statistic, a 1 — o confidence region for partial correlation vector can be
constructed as

d —~
Cs(1 - a) = {e € R - max 2tz Stidy %(p W i) | e o)), (2.14)

with some well estimated critical value g¢ (). Given the test level « for H s, we reject the null
hypothesis if 0 ¢ Cs(1 — «). In other words, we reject null hypothesis if ¥, = 1 where

U, =1(0 ¢ Cs(1 — ). (2.15)

It remains to provide a critical value g¢(«) for our testing procedure. As we discussed
for single edge test, the leading term of the difference p;;; — pi;; under certain sample size
requirement is denoted by 6;;; in Equation . Similar to the way we defined x(-), we
represent Os = {01, (1),x2(1)s - Orxa(e)ne(e)} A0 &b = {&a()oa1)s - St ()} At a
high level, the distribution of || A Ps||, should be close to that of || Zf 1 W&s 0 O¢5||00s Which
is further close to the supnorm of a multivariate normal with the same covariance matrix of
Zf 1 Wgt s © ®,s, where o is the Hadamard product. This is formally stated and shown in
Proposmon I 2| In order to use this approximation to obtain critical value ¢ (), we need to know
the covariance matrix W ¥, which is defined as

d d
Wr = E{% ; JBtss o @tsx% g s 0 ©4s) ). (2.16)

An analytical form for W = (wP )exe 18 provided in Lemma as

ij

1 U]

P tlF

Wi =5 Z ( D (Ptx1 (1) Ptoxa () xz() F Peixa (6),x2 () Peoxa () oxa 0)
t=1

1
+ 2Pt x1(1),x2(1) Pt x1 (5), xz(a)ﬂt,xl(l) xa) T §Pt,><1(z‘)m(z’)ﬂt,m(j),m(j)/)tz,xz(i),xg(j)

1 1
+ 2101‘/7)(1(1)»9(2( ) Pt,x1(j ),Xz(J)lOt x1(2),x2(4) + 2pth1(l) x2(1) Pt.x1(5), Xz(J)pt,x1(J) x2(4)

= Ptxa(E),x1(5) Ptxa (3)x2 () Ptixa(3)x2 (i) — Pexa(@),x1 () Pex(E),x2() Pex(i),x2(j)
— Proxs (i) x2() Pl (Do () Poxs (02 () = Ploxai) oo ()Pt (1) ox2 ()P (1) xa () ) - (2.17)
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Due to the temporal structure, W depends on the temporal convariance matrices U,’s via their
Frobenius norms. In next subsection, we develop a procedure based on modified Cholesky
decomposmon of A, to obtain a consistent estimator U* in Equation (2.24)) under the Frobenius
norm. With U* s and py;;’s obtained in Equation li we can construct a plug—ln estimator W7
using Equatlon (2.17).

Now let Cl, . C p be i.i.d random vector with each sample Cl ~ N(O0, wr ), we can ap-
proximate the distribution of HC || using the empirical distribution of B bootstrap samples,
ﬁg B(z) =% P 1{||C:||oc < z}. Finally, the critical value gs(c) used in our testing procedure
Equations — can be estimated by the quantile function of }?C, p(x) as,

gs(a) = inf{z e R: Fep(z) > 1 —a}.

The validity of our Gaussian approximation is formally provided in Theorem 2] 2]in terms of

the Kolmogorov distance between the distributions of || A Ps||, and HC ||oo- In addition, we also
provide a complementary power analysis in Theorem [3|to further demonstrate the advantage of
our procedure with multiple graphs.
Remark 1. With matrix-variate data, we have correlated samples in the leading term 0y;; of
our test statistic, where the correlation is characterized by the temporal covariance matrix Uj.
Thanks to the Kronecker product structure, we can consistently estimate W' with a plug-in
estimator. It is worthwhile to mention that under other dependence structures among samples,
one may construct different procedures for a vector-variate Gaussian graph. For instance, [15]
implemented a kernel estimator for estimation of W' in multi-variate time series data.

We point out that the proposed multiple edge test can be extended straightforwardly to a
general simultaneous testing Hos : pY; = ¢, V(i,j) € S where ¢; = (145, ..., Cai)' is a
pre-specified vector for each edge (i, j) € S. The interpretation of the sign vector should be the
sign of the difference between c?j and alternative p?j, ie., &uj = sign(ptij — cm'j) when alternative
is true. Denote ¢ = {cy; : (i,7) € S,1 <t < d}. One only need to replace the construction of
confidence region in Equation by ¥, = 1(c ¢ Cs(1 — a)). We present our theoretical
justifications in Section [2.3|based on this more general procedure.

Finally, we extend our current simultaneous testing to a c-level test as earlier discussed in
Equation (2.3), we are interested in testing

1
His ool < cforall (i.j) € 5.

Under our assumption that all py;;, ..., p4i; share the same sign, the null can be equivalently
written as H{ g : 4| S puijl < cand sign(pyy;) = ... = sign(pg;) for all (4, §) € S. One can
still obtain a confidence region from Equation with &;; = 1forall 1 <t < dand (i,j) € S.
However, since the null hypothesis is composite now, we should modify the rejection region
accordingly. To this end, define Cijevel = {c € RUS1 : 1] S0 | < candsign(ey;) = ... =
sign(cg;;) for all (4, 75) € S}

Then we reject null hypothesis if U/ = 1 where

\1/:1 = 1<Cc—level N Cgv(]_ - Oz)) 7é @) (218)
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2.2.3 Estimation of Temporal Covariance Matrix

Our testing framework developed in Section requires the knowledge of the temporal co-
variance Uy in terms of its Frobenius norm ||Uy|| . In this subsection, we propose an estimation
procedure based on modified Cholesky decomposition. Motivated by our data, unlike the way we
estimate the spatial precision matrices borrowing the information across all sessions in Section
[2.2.1] here we will estimate U, for each graph/session individually only based on certain bandable
structure imposed on the Cholesky factor of each A, = U, '. Indeed, despite that the experimental
stages are properly aligned, the temporal alignment of neural response is still an open research
question due to the existence of response latencies of neurons to stimulus [S8]. Especially, the
neural response time for saccade tasks might depend on a variety of factors in previous studies
[2, 21} 47]], such as saccade amplitude, direction and change in luminance. As the neural reaction
time to stimulus may be impacted by even more complicated factors across experimental sessions,
we do not assume U,’s are identical or very close to each other, but rather simply assume all
temporal precision matrices A,’s demonstrate certain structure, which would be introduced below.

Our procedure is motivated by the temporal dependence structure of neural time series and
based on modified Cholesky decomposition [3, 40]]. Neural time series such as the Local Field
Potential have been widely modeled as an autoregression problem with a limited order [8, 9} 155]].
Assume that Y; = (Y, ..., Ytp)' is a centered p-variate random vector with temporal covariance
U,, Y}; can be predicted using the measurements from a few previous timeticks. Now assume that
ci; = (cu, ..., Cyi—1y)" is the coefficient for the following population regression,

i—1

Y= ciiy =Y, 1cu (2.19)

j=1

where Y; 1.1 = (Yi1,Yi2, -+, Y1) . Lete =Y, — Y, denote the residual, d;; = Var(e;)
denote variance of residual, D, = diag(d;) denote the diagonal matrix of residual, C; denote the
lower triangular matrix with zeros on the diagonal and the coefficients ¢;; arranged in row 7. Then
the Cholesky decomposition of A, = U, ' can be written as

A, =(I-C)D/\(I-C). (2.20)

In high-dimensional neural time series setting, the dependence of Y}; on its history Y;,(j < )
grows weaker and exhibits natural decay as ¢ — j becomes larger, which indicates that c;;; becomes
smaller accordingly. In this paper, we consider a parameter space for each A; as formally stated
in Assumption [0] later,

Qu, (M) = { Ayt eny| < M(i— j) ™" 1<j<i—1},

where the value «; specifying the rate of decay is assumed to be known. In fact, the popular AR (k)
model corresponds to the k-banded Cholesky factor decomposition where cy;; = 0if 7 — 5 > k.
The above model focuses on the standard vector-variate distributions. For our matrix-variate
Gaussian graphical model, we can apply each column of X; € RP*? to obtain the Cholesky
decomposition for the corresponding node. Similar to the observation we made on node-wise
regression for each row of X, in Section due to the Kronecker product structure, the
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population Cholesky factor C; remains the same while the diagonal matrices D,’s are proportional
to each other for regression models across all ¢ columns of X;. This motivates us to treat all
columns of X, as individual samples. By doing this, the actual number of samples can be
significantly increased, thanks to the matrix-variate data structure. Of note, those samples
obtained from individual columns of X, are no longer independent and their covariance is
characterized by the spatial covariance matrix V;. To formally introduce our estimation procedure,

for each session t, we denote Z, ;. = (Xt(?, Xt(f), cee Xff,)) € R" and Z;;_p.i—1. =
(Ztih s Zii—hir, - s Zyio,.) € R™P. We follow the procedure proposed in [40] for i.i.d
samples and apply it to our correlated samples. The first step is to find the empirical regression
coefficients c;; by least squares for the sth variable only against its previous h; number of variables
instead of all variables shown in the true regression model in Equation (2.19). The idea is that
by ignoring many weak signals far away from variables 7, the estimation of ¢;; can be achieved

optimally with the bias-variance trade-off. Specifically, define bandwidth h;, = [(n.q) TR 1, we
have

& = (Cutionys - Cuii) = (Zoinir, Zeini) Zoini,. Zii.. (2.21)

Let ¢;; be a vector of length ¢« — 1 with the first i — 1 — h elements padded as - Zer0, and other
entries filled with €. Then C; can be estimated by the lower triangular matrix C; with zeros on
the dlagonal and the coefficients ¢;; arranged in row . Having obtained the empirical regression
coefficients €7, the second step is to estimate the noise variance given by

~ L N2
dii = _Z Z ( tim t]j) h:i— 1m> EZ) : (2.22)

neq 3

Let ﬁt = diag(c@) € RP*P, where Jt = (c?ﬂ, s c/l;p)/. The final estimator of U, is defined as

1

U =A'=(I-C)D;\(I-C)) . (2.23)

As shown in Theorem {4 I of Section 2.3] our estimator U, actually aims to the normalized
temporal covariance matrix Vt \U, rather than U,;. In view of Assumption [2| to avoid the

identifiability issue, finally we deﬁne T, = TT;Ut

covariance matrix is given by

and the normalized estimator for temporal

A~

U = f] (2.24)

m

The theoretical properties of our estimator ﬁt* under correlated samples for each session are
deferred to Theorem [ and Corollary

2.3 Theoretical Properties

Before formally presenting our procedure and main results, we make the following assumptions
for our model.
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Algorithm 1 Simultaneous Testing for Multiple MGGMs

1

e e e e T

—
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e

Input: Multi-session data D, edge set S, test level a.

Output: Test result V,,.

Spatial precision matrix estimation:

for i =1:qdo R
Estimate the regression coefficient 3 and residual using Equation (2.3).
Estimate the regression residual éﬂ? using Equation (2.6).

end for

for t=1:d,i=1:q,5=1:qdo
Estimate the de-biased residual variance 7;; using Equation (2.7).
Estimate the spatial precision Btij and partial correlation p;; using

Equation (2.8) and (2.9).

: end for
: Temporal precision matrix estimation:
:for t=1:ddo

Estimate temporal regression coefficient and residual in Equations (2.21)), (2.22).

: end for
: Hypothesis testing based on bootstrap:
. Calculate the plug-into estimator W ¥ for bootstrap covariance in Equation (2.17).

: Sample {a}
: Test result W, is given by Equation (2.15).
: return test results ¥,,.

B —_~
-~ N(0,W?") and calculate the confidence region by Equation (2.14).

1=
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Assumption 1. It holds that n, < ... < n; with < meaning asymptotically the same order, and
that maxi<i<q Z—é < My, ng = minj<;<q ny, where M is a positive constant.

Assumption 2. We assume that @ =1foralll <t <d.

Assumption 3. Define {\;}}_, as the eigenvalues of U with Ay < Mg - -+ < Ay, and {\;}1_,
as the eigenvalues of V; with Xy < My -+ < X ; there exists a constant c., so that
;' <A< Ap<ceandc;' <Ny < N, < cforalll <t <d.

Assumption 4. The [-th group structure of { B;}o_, is defined as biwy = (biits - bair) € RY; the
group sparsity s is defined as the maximum node degree, i.e., s = max; Zz#{bi(l) # 0} with s
satisfying
max (s%log q(log ¢ + d)?, log” q)
nopd

=o0(1).

Assumption 5. There are some constants 6, = o(1), with log(d/d,) = O(s%qu).
Assumption 6. We assume the temporal precision matrix A; for each 1 <t < d belongs to the

following parameter space
Qo (M) = {A; : |ews| < M(i—j)™™ 1 1<j <i—1},

where C is defined in Equation (2.20) through the Cholesky decomposition. We further assume
that 0emexpreg) o(1).
(niq) >t 1

Assumption [I] suggests that the sample size from each graph is balanced and we use ng to
represent the common level; Assumption[2]is simply for identifiability; Assumption [3]is a standard
eigenvalue assumption in covariance estimation [13]]; Assumption [ indicates that the column
precision matrix is sparse, and limits the spatial dimension of the matrix variable given the number
of samples, the temporal dimension and the number of graphs; Assumption [5]limits the number of
graphs with respect to the spatial dimension and sparsity; the first part of Assumption [f]is a fair
assumption for neural time series, since neural data, especially LFPs, are usually modeled as an
auto-regressive process with limited order, which is also widely considered in literature [5, 40];
the second part of Assumption [6]is similar to Assumption [ and limits the temporal dimension.

We first provide a theoretical justification for our group Lasso procedure proposed in Section
Although with correlated rows, our results below demonstrate that the optimal rates of
convergence for estimation and prediction can be still obtained compared to the case with i.i.d.

samples. Define A\, = 4/ %g’fq; we have the following theorem for our regression coefficients in
Equation (2.5),

Theorem 1. Let \; = c% dt}% = cgf—i)\* as in Equation (2.5)), with positive constants ¢ > 0

and & > 1. With probability at least 1 — q=°, for all 1 < i < q, there is a constant C' which
depends on 6, c. and My only, we have that

1 1+ (lo d
> 7P — Bl < 05[%@/1“, (2.25)
1<i<q,l#i
1~ 1+ (lo d
ﬁ\lﬂ? — B2 < C[s%}“, (2.26)
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d
1 ~ 1+ (lo d
—_— Z 12, (B — B3 < CS(—gq)/. (2.27)
nopd nop

Remark 2. In Lemma|3| we provide a data-driven yet conservative method to pick the proper \;,
so that the major conclusions in this paper still hold under this tuning parameter. In practice, we
can also implement the cross-validation method to pick )\; in group Lasso regression. Moreover,
we found that the performance of our method is much better than baseline methods regardless
of tuning parameters, especially under the condition which favors our method, i.e., under high
temporal and spatial dimensions, as demonstrate in the simulation in Section

We now turn to theoretical results from Section [2.2.2] Based on Theorem [I] the following

proposition provides an upper bound for the remainder term of each py;; — pyi; — 65, where the
gtz‘j . Ttijgtjj o Ttijgtii

VTtiiTtjj 2r¢5i\/TtiiTts5 2r¢ii/TtiiTts)

Proposition 1. we have for any > 0, and 6, as in Assumption|5| there exists a constant C' which

depends on o, c. and My only, such that

estimator py;; is proposed in Equation 1b and 0;;; =

d
P (Z |Pij = prij = Ol = CS)\E) <q 46

t=1

n
&is 0 Oys), with || Zle —Vn\/ép&g 0 Oys|| being a smaller term as shown in Proposition

Remark 3. For single edge test, we need to make Zle ‘/%Tpﬁts o Oys an 0,(1) term, which

s2(d+log q)?
d

It then immediately follows that APs = P, 45(§) — Py ;5(§) = \/La S b (€s 0 Os +

= o(ngp); for multiple edge test (simultaneous test), in order

. . . 2 2
to make HZ?ZI —m\/g)&g 0 Osslloo an 0,(1) term, the sample size requirement is > log q(ii;rlog 9% _

imposes the condition that

o(nop), as stated in Assumption 4, In comparison, one can also naively apply the estimation
procedure for each graph separately as in [16], and compute a similar test statistic to perform
single edge and multiple edge test following our procedure. However, such a naive method will
require a much stronger sample size assumption, which is s*d(log q)* = o(ngp) in single edge
test and s*d(log q)® = o(ngp) in simultaneous test.

Built upon the idea from [17], we establish the Gaussian approximation result for our test
statistic || A Ps||.. Recall the covariance from the leading term W' is defined in Equation (2.16).
Proposition 2. Let ¢ ~ N(0, WT) where W7 is defined in Equation [2.16), it holds that

sup [P(|APs o > ) = B¢l > )] 0.
Remark 4. Proposition 2| indicates that the Kolmogorov distance between the distributions of
|APs||o and ||| converges to zero with rate O ((nopd)~°) for ¢ > 0 as shown in the proof.
However, while increasing d shrinks the distance, without proper adjustment of nop, naively
changing d will break Assumption | and fail sample size requirement as stated in Remark 3}
The following theorem parallels to the previous proposition except that we replace the popula-
tion covariance W by its plug-in estimator WP, Ata high level, as long as the covariance W7

can be estimated well under the supnorm, the Gaussian approximation results remains valid. The
proof of Theorem [2]relies on Propositions
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Theorem 2. Let E ~ N(0, wr ) where WP is the plug-in estimator for W', with @5 following
the same form in Equation (2.17), p;;; given in Equation (2.9) and ﬁt* given in Equation (2.24), it
holds that with probability going to 1,

sup P(|APs|w > z) — P(||¢]|oe > #|D)| — 0.
x>

The above theorem establishes the theoretical foundation for simultaneous testing over multiple
graphs. Next we formally state the validity of our testing procedure as well as a power analysis
under a general testing Hys : p}; = ¢}, ¥(i,7) € S.

Theorem 3. Under the null, we have that Py, (V,) — «. On the other hand, in the alternative
case, if max jecs |Zgl:1 Srig @(pti"_ct”) | > C+/logq maxlgjgr(wz)lﬂ and C is a large enough
constant, then we have Py, (V,,) — 1.

With ¢;;; being zero for all 1 < ¢ < d and (¢,j) € S, it implies that as long as the largest
(, norm of the partial correction vector ||p;||1 is above the order of \/dlog q/(n,p), the power
would be close to 1. Assuming the same order py;; across all graphs 1 <t < d, i.e., p1;; X pgij <

. X paij, the power of the test is close to 1 if max; j)es |14 is far larger than \/log q/(dn.p).
In contrast, the corresponding detection boundary becomes +/log ¢/(n,p) for a single graph.
Therefore, by borrowing the information from multiple graphs/sessions, we are able to reduce the
detection accuracy by a factor of root d.

The validity of our c-level test in Equation is summarized below before we move to the
theoretical properties for Section[2.2.3]

Corollary 1. Under the null Hj s, the test is an « level test, i.e., Py (V,) < . On the other

d o e
hand, in the alternative case, if max; j)es Liz n\%‘p“]‘ ) > Cy/logq maxléjg,,(wg.)lm and C
is a large enough constant, we have Py (V) — 1.

In the end, we summarize the estimation bounds under the Frobenius norm for individual
temporal covariance and precision matrices obtained in Section[2.2.3] Although exiting results for
i.i.d. sample are available in [40], there is no result for correlated samples as derived in our model.
We thus provide a self-contained analysis, which might be of independent interest.

Theorem 4. For our estimation for the temporal covariance matrix U, and precision matrix Ay,
we have that for any 6 > 0, there exists a constant C which depends on 6 and c. only, such that

Tr(V;)

1, ~ log p _
P(-|U; — ——Ul; > C——) <p~°,
p q (ntq)2a2+2

Lo~ q log p _
P(=[|A; — Wl“t”% >C—— 1) <p™°.

(neq)?+2

Consequently, their scaled Frobenius norms can be consistently estimated, which is sufficient
for our main result Theorem 2L

: : : Uy 13— ||U: 12
Corollary 2. For our normalized temporal covariance estimator, we have maxi<;<q |M | =

op(1).
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Random Hub Chain

Figure 2.1: Three types of spatial graphs in simulation: random graph, hub graph and band
graph.

2.4 Numerical Studies

2.4.1 Simulation Studies

We study the performance of our method via multiple different simulation scenarios. Since
simultaneous testing in multiple matrix graphs is largely missing in literature, we demonstrate the
effectiveness of our method (MO) via comparison with multiple matrix-variate graph estimation
method by [68] (M1) and several multi-graph estimation methods for ordinary Gaussian Graphical
Model (M2-M4) , as is shown in Section [2.4.1] We further show that in real-data driven simulation,
our method (MO) is still better than the state-of-art method (M1). Finally, in Section [2.4.1] we
show that in simultaneous testing, our proposed bootstrap procedure can accurately approximate
the || APs|| as theoretically shown in Theorem 2}

We generate our temporal precision matrix A; following our the parameter space defined in
Assumption @: Recall Equation (2.20), we set ¢;;; = M (i — j)~* ' for 1 < j < i < ¢ with
M = 0.2, oy = 1, and Dy is simply an identity matrix, for ¢ € [d]. We generate our spatial
precision matrix B, with three different popular structures as in Figure 2.1} a random graph,
where the edges between each nodes are randomly generated, with probability of having an edge

between i and j as \/g ; a hub graph, where all the nodes are divided into several groups, with the

number of hub centers as [ 5| and all the rest of nodes divided evenly into each group; a chain
graph, which is a special case of banded graph with bandwidth equal to 1. Once the common
graph structure is fixed, for each sub-graph ¢, the strength of the non-zero edge b;; is generated
randomly with uniform distribution Unif(0, 0.3/2¢71).

As an evaluation, we show the receiver operating characteristic (ROC) curve by varying the
test levels for our method. In a typical ROC curve, the y-axis is the true positive rate (TPR), and
the x-axis is the false positive rate (FPR), which, in our case, are defined as

LY ciccicq Wbiij # 0,byij #0)
—1 Zl§i<§j§q Il(btz‘j 7é 0) 7

1
TPR = -
=3
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FPR — Z Zl<’b<<]<q (btij = 0, by # 0)'
d 21§i<§qu ]l<btij = 0)

Edge-wise Estimation Comparison

We compare our method with several multiple Gaussian Graph estimation methods, which contains
the following two categories: (1) the most recent matrix-variate Gaussian multi-graph estimation
method proposed by [68] (M1), and (2) multi-graph estimation methods for ordinary Gaussian
Graphical Model, such as regression based method by [50] (M2), and optimization based methods
by [12] (M3) and [36] (M4). For the baseline methods, the ROC curve can be retrieved by
changing tuning parameters, such as the group penalty and sparsity penalty. For methods in the
second category, we pre-process the data with whitening over temporal dimension and treat signal
at each time point as i.i.d sample. For our method, under different regression tuning parameters,
by varying test level «, we get different ROC curves. We discovered that our method is much
better than baseline regardless of the tuning parameter, and one example is shown in Figure [A.T]
The results with A = le — 4 are shown in Figure Based on ROC curve, our method recovers
the underlying graph structure accurately, and outperforms the baseline methods. Moreover,
comparing methods designing for ordinary Gaussian graph, our method is much better when
temporal dimension p is large, thanks to the temporal precision estimation based on Cholesky
decomposition in Section[2.2.3]

We further modify our method to make precision matrix estimation, which contains two steps:
first, by setting a test level «, for an edge (7, j), we can test whether Hy : b;; = 0 fort € [d]
is rejected or not; next, for all edges in precision matrix, based on the test results, we estimate
the non-significant edges to be 0, and significant edges following Equation (2.8). Therefore, we
can calculate the precision matrix for a particular test level o. The proper choice of o remains
to be determined, and we adapt a cross-validation approach. Specifically, we tune the test level
a through a grid search of 10 values by estimating the precision matrix on a training set and
testing its performance on a validation set through 5-fold cross validation. The training and
validation datasets are split with a 80:20 ratio. For [-th fold, denote by our spatial precision matrix
estimation based on the training data {B (o)} _1> and denote by the sample spatial precision
matrix estimation based on the validation data {Vl}t ,- To make a fair comparison, we obtain
precision matrix estimates of both methods on the same training set, and calculate the loss function
on the same validation set, where the loss function is given by

=503 o [aen (B (@0)] - (9B )}

=1 t=1

Of all baseline methods, M1 is the only method that aims for multiple matrix-variate estimation,
and recovers the best ROC curve when temporal dimension p is reasonably large. Therefore, we
compare our method with M1 especially. We tune group penalty and sparse penalty following
the procedure in [68]. Under optimal tuning parameters, to evaluate the accuracy of estimation,
we calculate the three different types of loss functions, the matrix 1-norm [, the spectral norm [
and the Frobenius norm /. By fixing number of samples n and temporal dimension p, we vary
number of graphs d and spatial dimension ¢, the comparison between our method M0 and baseline
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Figure 2.2: Simulation results under different graph configurations and temporal dimensions. We
fixn =5, ¢ = 30 and d = 5. Rows change with types of graphs, and columns correspond to
different temporal dimensions. Blue curve corresponds to our method (MO) while other colors
correspond to baseline methods. Our method is consistently better than baselines while our
advantage is very obvious for large p, thanks to our temporal covariance estimation procedure.

M1 is shown in Table 2.1 We observe that over all settings, MO outperforms M1 and achieve
lower estimation error than M1. Besides, our method is faster in computation than non-convex
optimization method, which is slow and not guaranteed to converge.

Simultaneous Test

In this section, we evaluate the performance of propose statistic in Equation (2.12)) and verify
the correctness of Theorem [2in finite samples. To set up the simultaneous test, we consider
two different index sets: Sorr = {(4,7) : ¢ # j} and S,ero = {(4,7) : byij = 0, Vt € d}. Due
to the limiting computational resources, we consider fixed temporal dimension p = 50 and
spatial dimension ¢ = 30. Then we examine the accuracy of our approximation ||{%/7||, and
1€77]| oo to |APs,, |l and ||APs,,,,||o, Where ¢°f7 and ¢**° are Gaussian random variables
with covariance calculated based on plug-in estimators in Equation for each index set. The
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I I r
Graph d q MO MI MO MI MO M1
s 30 7.84(0.86) 7.92(1.98) 2.950027) 450(0.58) 775(0.42) 10.30(0.85)
Random 50 8.56(1.27) 11.0900.70) | 3.44(0.22) 4.80(0.73) 11.43(047) | 12.40(1.49)
0 30 11.05(2.09) | 13.47(2.60) | 6.12(0.87) 782(1.17) 14.90(1.14) | 18.58(1.55)
50 12.072.47) | 14.63(3.64) | 651(0.52) 821(0.85) 2047(1.16) | 24.96(1.33)
s 30 1034085 | 1638(2.12) | 3.08(0.23) 5.26(0.73) 6.95(0.28) 8.83(0.96)
Hub 350 11.55(051) | 17.94(1.03) | 3.23(0.10) 573(0.23) 8.71(0.26) 11.00(0.50)
o 30 19.152.10) | 25.58(3.12) | 6.20(0.51) 824(0.91) 11.70(1.03) | 14.62(1.65)
50 30.72(323) | 34.634.58) | 8.08(0.57) 1030(1.28) | 20.47(0.94) | 22.01(1.98)
s 30 4.65(0.12) 6.74(0.13) 2.74(0.06) 3.88(0.08) 7.71(0.09) 10.63(0.12)
Band 50 9.72(0.20) 10.00(0.10) | 3.23(0.06) 3.94(0.07) 11.35(0.10) | 13.78(0.13)
0 30 1458(0.15) | 15.42(0.20) | 6.35(0.05) 6.78(0.07) 17.69(0.11) | 18.97(0.14)
350 1833(021) | 18.66(021) | 6.97(0.08) 7.07(0.10) 2430(0.08) | 24.83(0.10)

Table 2.1: Mean and standard deviation of spatial precision estimation for n = 20, p = 50.

simulation steps are stated as follows:

¢ For each type of graph (random, hub, chain), we generate one set of corresponding temporal
precision matrix { A, }¢, and spatial precision matrices { B, }{_,.

¢ Given the precision matrices, for - = 1, ..., 1000, we generate one data realization, which
we can apply our estimation procedure and calculate [|APs,; ||« and ||APs.,,, |- Since
their true distributions are unknown, the empirical distributions based on 1000 realizations
are denoted by Fi,f(-) and Fle0(+).

¢ For each data realization ¢, we can apply our simultaneous testing procedure and estimate
the W7 corresponding to S,;; and S..,,. By sampling Z’ ~ N(0, wPr ), we approximate
|APs,, |l and || A Ps,.,, ||« based on the distribution of 3000 bootstrap samples at quantile
a = 0.925, a = 0.950, o = 0.975, denoted by Gy ,a.; and Grero.a,i-

e Finally, we can calculate the mean and standard deviation for {F,¢(Goff,a,i)

{erro(zjzero,a,é) 112%0

The results are shown in Table[2.2]and Table[2.3|for d = 3 and d = 5, respectively. We observe
that the difference between the empirical coverages decreases as the number of sample increases,
and the value becomes very small starting from n = 5, which demonstrates that our procedure
approximates the distribution well and Theorem [2] still holds for finite samples. Comparing
Table [2.2| and Table we observe that for fixed number of sample, our method performs better
for smaller number of graphs, which agrees with our theory that larger number of graphs requires

larger number of samples given log ¢ is small.

1000

;27 and

" Quantile Random Hub Band
sample Soff S:ero Soff Szero Soff Szero

0.925 0.945(0.006) 0.948(0.004) 0.952(0.003) 0.951(0.004) 0.952(0.006) 0.952(0.007)

5 0.95 0.964(0.003) 0.967(0.003) 0.965(0.003) 0.964(0.003) 0.973(0.003) 0.972(0.003)
0.975 0.979(0.004) 0.981(0.003) 0.987(0.004) 0.985(0.004) 0.985(0.002) 0.985(0.002)
0.925 0.931(0.005) 0.933(0.004) 0.915(0.005) 0.917(0.004) 0.930(0.005) 0.925(0.007)

10 0.95 0.947(0.003) 0.952(0.003) 0.942(0.004) 0.942(0.004) 0.959(0.004) 0.957(0.004)
0.975 0.971(0.004) 0.973(0.004) 0.976(0.003) 0.976(0.004) 0.978(0.002) 0.977(0.002)
0.925 0.929(0.005) 0.929(0.006) 0.921(0.005) 0.921(0.004) 0.922(0.005) 0.923(0.005)

20 0.95 0.950(0.002) 0.951(0.003) 0.949(0.005) 0.948(0.005) 0.950(0.006) 0.950(0.006)
0.975 0.973(0.003) 0.971(0.004) 0.975(0.001) 0.975(0.001) 0.978(0.004) 0.977(0.004)

Table 2.2: Average of empirical coverages and their standard deviations for d = 3, p = 50, ¢ = 30.
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n Quantile Random Hub Band
sample Soff Szero Soff Szero Soff SZE’V‘O

0.925 0.954(0.005) 0.953(0.006) | 0.952(0.005) 0.952(0.005) | 0.963(0.004) | 0.961(0.004)

5 0.95 0.965(0.003) 0.967(0.002) | 0.972(0.003) 0.972(0.003) | 0.979(0.003) | 0.977(0.003)
0.975 0.982(0.002) 0.983(0.002) | 0.990(0.002) 0.989(0.002) | 0.995(0.002) | 0.994(0.002)
0.925 0.936(0.005) 0.939(0.003) | 0.945(0.005) 0.942(0.005) | 0.927(0.004) | 0.930(0.003)

10 0.95 0.958(0.004) 0.958(0.004) | 0.968(0.004) 0.965(0.002) | 0.947(0.004) | 0.947(0.004)
0.975 0.973(0.002) 0.976(0.001) | 0.979(0.001) 0.979(0.001) | 0.972(0.004) | 0.972(0.003)
0.925 0.930(0.005) 0.931(0.007) | 0.918(0.005) 0.917(0.006) | 0.926(0.006) | 0.927(0.006)

20 0.95 0.947(0.005) 0.949(0.005) | 0.944(0.004) 0.944(0.004) | 0.954(0.004) | 0.956(0.003)
0.975 0.976(0.004) 0.976(0.004) | 0.973(0.004) 0.974(0.004) | 0.981(0.002) | 0.982(0.003)

Table 2.3: Average of empirical coverages and their standard deviations for d = 5, p = 50, ¢ = 30.

Experimental Data Driven Simulation

The details of the experiment can be found in Section[2.4.2] We apply our method to V4 LFPs
during the cue stage, and estimate the spatial and temporal precision matrix. For spatial precision,
we pick alpha level @ = 0.01 with Bonferroni correction to generate a sparse spatial precision
matrix. With these spatio-temporal estimation, we re-generate simulation data, which share the
same dimension as real data with n = 1000, p = 50, ¢ = 96. We set the number of sessions
d = 3 since M1 is slow on high-dimensional data. As is shown in Figure our method (MO)
outperforms the multiple matrix graph estimation method (M1) regardless of tuning parameter.
We also notice that under this setting with a reasonable lambda, we almost recover ROC curve
perfectly. While our data-driven procedure prefers larger tuning parameter to guarantee the
correctness of theory, we further notice that in practice, the optimal lambda can be determined by
cross-validation.
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Figure 2.3: Simulation results using real data estimates under different tuning parameter \ values.
The dataset is of the same dimension as real data, n = 1000, p = 50, ¢ = 96, but only keep
d = 3 for fast computation of M1. Our method (MO) is always better than M1 regardless of
tuning parameter. As the number of sample is large, M2 is similar to our method, thus the curve is
omitted here.

Since our real data has a relatively smaller dimension, ¢ = 96, the difference between our
method (MO) and modified inference method (M2) is not obvious especially when number of
sample is large. By setting n = 10, we compare the ROC curve between our method (MO)
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and M2, which is shown in Figure Our method (MO) is better than M2 when processing
high-dimensional data with small sample size.
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Figure 2.4: Simulation results using real data estimates under different tuning parameters. The
dataset is of the same spatial and temporal dimension as real data, but only keep n = 10 to make
it a high dimensional inference problem. Our method (MO0) is always better than M2 regardless of
tuning parameter.

2.4.2 Experimental Data Analysis

The details of the data can be found in Section|I.1] and we are focused on the complete dataset
which contains 5 different experimental sessions. Before applying our method to the data, we
need to verify that for a pair of edge (i, 7), the sign of p;;; remains the same forall 1 <t < d. We
calculate the sample partial correlation estimate p;“""” for each sub-graph separately, and plot the
edge values in sub-graph against each other in Figure [2.5] We also provide the sample estimate
Bsamp for precision matrix in Figure in the appendix. We observe that across different
sessions, the sample estimates for a ﬁxed edge are strongly correlated (correlation coefficient
> 0.94 for all sessions pairs in Figure [2.5), and the signs are mostly the same, thus our assumption
holds.

We further define four different experimental stages: fixation stage (200ms), cue stage (50ms),
early delay stage (the first 250ms of delay stage) and late delay stage (the last 250ms of delay
stage). We leave 100 trials as cross-validation data for tuning parameter A in group Lasso following
similar procedure as in Section [2.4.1]

Within-area Inference

We apply our method in PFC and V4 separately, each with 96 electrodes located in a 10 x 10 utah
array. Since the spatial location for electrodes is known, we are particularly interested in inferring
the relationship between neural connectivity and physical distance. Notice the significance of the
edge is encoded in our test statistic, which can also be interpreted as sum of partial correlation
for each edge over multiple graphs. Therefore, we can calculate the average test statistic over
all edges for a particular physical distance, which will reflect how the connectivity is related to
edge distance in physical space. As in Figure we discover that the test statistic declines as the
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Figure 2.5: Sample estimate of p; for each session plotting against each other. For each panel,
we plot vec(p;""™) vs. vec(p;{1?), for 1 <t < 4. Each blue dot corresponds to an edge value
in partial correlation matrix. The sample estimate shows that edges in each sub-graph are

strongly correlated, and the signs keep the same for most edges, especially the edges with strong
connectivity.

physical distance increases for all experimental stages in both area, which echos with the fact that
the correlation of neuron activity depends strongly on physical distances from previous studies

[28L160]. This serves as a side proof that our test statistic is intepretable and reasonable in real
data.

Next, for each area and each experimental stage, we apply our method on the corresponding
data segments. Define the connectivity strength of node ¢ as é ij(m‘)e s, Zle |\prij|, where S, is
the set of significant edges at level o = 0.05 for each stage, then we can investigate the distribution
of connectivity strength changing with area and experimental stages. In Figure we observe
that the within area connectivity are strongest during fixation and cue stage, while it declines
during delay stage. We also observe that PFC seems to be more connected than V4. Especially, at
the delay stage, when animal needs to proceed the visual signals, connectivity in both PFC and
V4 decreases; the connectivity in V4 dies down quickly while connectivity in PFC remains on a
high level during delay stage. To further test our observation, we define the change of connectivity

fornodeias 3. e S (|pk;] — |p2;1). where p;. is the partial correlation between i and
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Figure 2.6: The average test statistic vs physical distance during late delay period in V4. Notice
that the test statistic declines as the physical distance increase. This phenomenon is consistently
identified over all experimental stages, both in PFC and V4

j for graph ¢ at late delay stage, pZ ; 18 the partial correlation between ¢ and j for graph ¢ at cue
stage, S is the set of significantly changed edges between cue stage and late delay stage at level
a = 0.05. The spatial distribution of change of connectivity is shown in Figure We observe
negative changes in connectivity strength for both PFC and V4 when switching from cue stage to
delay stage.

Finally, as the cue appears at one of eight random directions, we analyze the connectivity
distribution with respect to each area, time stage and cue type. For V4, during fixation, there
are no significant differences in connectivity respect to each cue. However, starting from the
cue stage, we observe that in V4, the connectivity peaks at 225°. The connectivity figures for
eight different cues are shown in Figure [2.8] This gives evidence that V4 neurons do have a
preferred direction, not only in terms of firing rate/tuning curve of single neuron, but also in terms
of the connectivity strength which is defined by sum of partial correlation of bulk activity. To
confirm our finding with evidence from statistical test, for V4 at cue stage, we collect one dataset
containing 210 trials with cue appearing at 225°, and the other dataset containing same number of
trials with cue uniformly appearing at 7 other direction. We test if the change of connectivity is
significant at level o = 0.05, and plot the change of connectivity strength in Figure following
similar procedure in Figure Indeed, we see a striking increase in connectivity and verified
that V4 gains a stronger connectivity for cue at 225°. For PFC, there is no clear sign of a preferred
direction, which is reasonable as it’s not a visual area as V4. However, when compare the figure of
PFC during cue stage (Figure [A.5)) with the one during late delay stage (Figure [A.6), we observe
that PFC seems to gradually “shift” to attend stimulus at angle 225° as well. In Figure |A.5| cues
at 45°/135°/180° all show stronger connectivity than 225°; however, in Figure 225° seems
to be the strongest. This indicates that the cross communication between PFC and V4 leads PFC
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Figure 2.7: Connectivity strength distribution over 2D array for PFC and V4 over various
experimental stages. The connectivity in both area decays during the delay stage, but V4 seems to
be more influenced and less active than PFC.

to respond similarly as V4, but a more careful inference needs to be carried out later.

Cross-area Inference

The declining connectivity for within area drives us to investigate the cross-area connectivity.
Now combining the electrodes in both area and applying our procedure, we are capable to identify
significant cross-area edges. We sub-sample the electrodes in each area by taking every other
node along the physical dimension, making it 5 x 5 = 25 electrodes for each region, and 625
cross-area edges in total. The electrode subsampling can be justified by the fact that adjacent
nodes are usually strongly connected, thus skipping one neighbour will not negatively impact
our results, but ensures numerical stability. Besides, it saves computational resources and make
visualization of cross-region edges cleaner. Testing at « = .05, the significant cross-area edges
are shown in Figure 2.9] We identify least number of edges during cue stage, when the animal is
supposed to observe the cue. The cross-area edges seem to be recovering during early delay stage,
and reach to the same number as fixation stage. At late delay stage, when the animal is about to
make a choice, the most number of cross-edges are identified.

To characterize the overall cross-region connectivity, we implemented the simultaneous test
for the set of cross-area edges at test level & = 0.05. In Table [2.4] we show the test results
at different c-levels. Specifically, we identify that the two area are most strongly connected
during late delay period, and there is few connectivity between two areas during cue period. The
cross-area connectivity appears to be on the same level for fixation stage and early delay stage.

Combining with the results from within-area inference, we identify that cross-area connectivity
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Figure 2.8: Connectivity strength distribution over 2D array for V4 for eight different cues during
cue stage. Eight different panel corresponds to eight different cues appearing at different angles.
The connectivity at 225° shows a much stronger amplitude than other directions. Similar figure
for PFC is shown in appendix.

gets enhanced during the delay stage, when the animal has to process the visual signal and prepare
to make a choice, while within-area connectivity is suppressed. On the other hand, during cue
stage, while the animal is focused on seeing the cue, both areas seem to function on its own
and there is little communication. The early delay stage seems to be a transition stage, during
which the within-area connectivity decays while cross-area connectivity recovers to the level of
fixation stage and continues to increase. These observations echo with previous studies that neural
variability in the spiking of neurons declines during the stimulus onset [19]], and visual stimuli
causes a substantial decrease in correlation of cortical neurons [57]. We also discover that PFC is
more active than V4 especially during delay stage, while V4 is mainly involved during fixation
and cue stage. As is shown by [35]], robust sustained activity in PFC is found during delay stage,
which is further supported by our result. We also identify that the bulk neuron activity in V4
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Figure 2.9: Significant cross-region edges for PFC and V4 over various experimental stages. X

and Y axis are electrode numbering along each dimension. Lower left shows electrodes in PFC,
while upper right shows electrodes in V4. Red lines are the significant cross-area edges.

shows a preferred direction for cue at 225°.

c-level Fixation Cue Early Delay | Late Delay
O * * *
0.01 * * *
0.02 *

Table 2.4: Simultaneous test results for cross-area edges at different c-levels with test level
a = 0.05. Entry with * represents significant test result.

2.5 Conclusion

In this paper, we propose a linear-functional based test using partial correlation estimator to detect
sparse edges and infer existence and strength of connectivity between two groups of nodes in
multiple matrix-variate Gaussian Graphical Models. The spatial dimension, temporal dimension
and number of graphs are allowed to diverge and even exceed the number of samples.

Both our model and our assumptions are driven by the practical concerns in neural data
analysis. In real data, we observe the within-area connectivity and cross-area connectivity
changes accordingly, as the animal entered different experimental stages. Especially, within-area
connectivity peaks during early experimental stages, while cross-are connectivity grows when the
animal processes the visual signal during late delay stage. Our inference results are illuminating
for scientists to understand the activity and connectivity of PFC and V4 during visual tasks.

Our method is the first attempt to address the simultaneous c-level test problem in multiple
matrix-variate Gaussian graphs. It would be interesting to extend our method to other popular yet
non-Gaussian type of graphs such as Poisson networks. Besides, we currently implemented group
Lasso for our regression model which involves one tuning parameter; in the future, a tuning-free
or scale-free method such as self-tuned Dantzig selector and scaled Lasso is desirable to handle
the issue of heterogeneity and correlation in regression with data from multiple matrix-variate
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Gaussian graphical models. These directions are beyond the scope of this work and will be
interesting for future directions.

Discussion on Significant Result

Throughout Figure 2.6|- Figure [2.8] we draw our conclusions based on significance test. However,
non-significant results may due to either weak signals or large uncertainty. In our case, the
analytical form in Equation with Assumption [3| guarantees that the variance of all edges are
asymptotically on the same level, thus specific edges are unlikely to be dropped from our graphs
due solely to the magnitude of uncertainty.

To investigate this further, we analyzed the variance of the test statistic for all the figures
we generated, and discovered that the variance is on a constant level indeed for all the figures
we have in the thesis. Two examples, corresponding to line plot as Figure [2.6] and heatmap
plot as Figure are shown here. In Figure [2.10] we show the averaged standard deviation
of our test statistic for each physical distance, and we observe no dramatic change over the
physical distance. In Figure[2.11] we calculate the square root of averaged variance of test statistic

for each node i (\/ é -1 1Var(P j))]), and show the heatmap. For each stage and each area,

the spatial distribution of the variance is uniform across all spatial nodes, which indicates that
spatial distribution of connectivity is indeed determined by our signal strength, and is not heavily
influenced by the variance of test statistic.

Standard Deviation
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Figure 2.10: The averaged variance of test statistic vs physical distance during late delay period
in V4. Notice that different from test statistic, the variance seems to be stable over the physical
distance, thus ruling out the possibility of having larger variance for larger physical distance.
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Figure 2.11: The square root of averaged variance of test statistic distribution over 2D array for
PFC and V4 over various experimental stages. There are no obvious spatial patterns for all areas
and experimental stages.
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Chapter 3

Latent Dynamic Factor Analysis of
High-Dimensional Neural Recordings

This chapter is taken from work submitted to NeurIPS 2020, the Thirty-fourth Conference on Neu-
ral Information Processing Systems aside from minor changes for style consistency. I collaborated
with co-author Heejong Bong, Zhao Ren, Matthew A. Smith, Valerie Ventura, and Robert E. Kass.

In this chapter, we would like to investigate Q3, that is, how strong the connectivity is across
area. From the study in Chapter [2] imposing one single matrix-variate graph to multiple brain
areas might be too rigid, as 1) there might be multiple factors and it’s inappropriate to assume the
autocorrelation to be the same over all spatial nodes, as is discussion in Section @ and 2) we
would like to investigate bi-directional dynamic cross-area connectivity (the lead-lag dependency)
which changes over time and characterizes the information flow in both directions.

Therefore, we introduce a factor model to estimate dynamic spatio-temporal dependence
between PFC and V4 from LFP data. By adding a noise component to CCA and extending it
into multiple components, our model can be interpreted as a general model of dynamic CCA;
by special design for factor covariance and noise covariance, our model can also be viewed as a
cross-region generalization of factor models such as GPFA. We assume that the observed data
consists of two parts, (i) the factor part and (ii) the noise part, as in a typical factor model, and the
novelties of our model comes from two folds: (1) For the factor part, motivated by CCA, we design
a joint latent factor which combines latent components from all brain areas and directly samples
from a full covariance matrix. We further notice that, while having a full covariance for joint
factors enables more flexibility, we have large number of parameters to be estimated. To handle
this situation, we impose the constraint that each in-region and cross-region sub-precision matrix
block are banded. Furthermore, even for the non-zero entries, an ¢; penalty is added to impose
sparsity constraint. (ii) For the noise part, we assume that the auto-covariance of noise is the
Kronecker product of spatial covariance and temporal covariance, which is a common assumption
in Matrix-variate Graphical Model designed for processing spatio-temporal data [67]. The spatial
precision matrix can be estimated with Graphical Lasso to impose sparsity structure [26]], while
the temporal precision matrix can be estimated with modified Cholesky decomposition to impose
banded structure[d, 40]]. Finally, by putting all parts together, we optimize the model parameters
with Expectation-Maximization (EM) algorithm, and the parameter tuning is based on K-fold
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cross-validation.

3.1 Latent Dynamic Factor Analysis of High-dimensional Time
Series

Our notations are slightly different than the notations in previous two chapters, since we assume
different factors in different brain areas. We denote the area by the superscript k, i.e., X! is the
observation data from the first area. As a consequence, we denote the ¢-th sample in region % by
X*[i]. For practical reason, we only consider two areas in model description, while our model
can be easily extended to three or more areas.

We treat the case of two groups of time series observed, repeatedly, /V times. Let X t{. SN
and Xf € R be p; and p, recordings at time ¢ in each of the two groups, fort =1,...,7T. As
in [65]], we assume that a ¢g-dimensional latent factor Zt’f, € R? drives each group, here, each brain
region, according to the linear relationship

XP 1 ZE =p + 8" Zf +er, (3.1)

for brain region k = 1, 2, where u,’; . € RP* are mean vectors, 3* € RP**9 are matrices of constant
factor loadings, and eﬁ . € RP* are errors centered at zero (independently of the latent vectors Z).
We are interested in the pairwise cross-group dependencies of the latent vectors Z_17 pand Z 2 s, for
f=1,...,q. As in our related work [6], we assume that the time series of these latent vectors
follows a multivariate normal distribution

Zl
(Zﬁf) NN(O,Zf), f=1,...,q, (3.2)

where X, describes all of their simultaneous and lagged dependencies, both within and between
the two vectors. We assume the IV sets of random vectors (€, Z) are independent and identically
distributed. We let P; be the correlation matrix corresponding to 3¢, and write its inverse as

(3.3)

where IT;" and IT} are the scaled auto-precision matrices and IT}” is the scaled cross-precision
matrix. We now assume finite-range partial autocorrelation and cross-correlation for (Zt1 5 Zt% f),
so that IT}', TT7* and IT}? in Equation (3.3) have a banded structure. Specifically, for k,[ = 1,2,
we assume there is a value /%' such that IT} is a (2h%! 4 1)-diagonal matrix. Because our goal is
to address the cross-region connectivity and lead-lag relationship, we are particularly interested in
the estimation of IT}* for each latent factor f = 1, ..., ¢. Note that the non-zero elements H}?( £

determine associations between the latent pair ZA17 f and Zf o which are simultaneous when ¢t = s
and lagged when t # s. Finally, we model the noise in Eq. (3.1)) as a Gaussian random vector

(€f ;€5;...;€f) ~ N(0,®"), k=12, (3.4)
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where we allow ®* to have non-zero off-diagonal elements to account for within-group spatiotem-
poral dependence. We assume ®* can be written in Kronecker product form

P =dr p ®L k=1,2, (3.5)

where ®% and ®% are the spatial and temporal components of ®, as is often assumed for
spatiotemporal matrix-normal distributions, e.g., [22]]. Although this is a strong approximation,
implying, for instance, that the auto-correlation of every X kz is proportional to ®%, we regard
&, as a nuisance parameter: our primary interest is 3 in Eq. (3.2). We also assume an auto-

regressive process of order at most 1¥, so that T'%- = (‘I’Er) “lisa (2h* + 1)-diagonal matrix. In
our simulation we show that we can recover X, accurately even when the Kronecker product and
bandedness assumptions fail to hold.

The model in Equations (1)-(5) generalizes other known models. First, when ¢ = 1, and
Z' = Z” remains constant over time, in the noiseless case (€, = 0), it reduces to the probabilistic
CCA model of [3]. Thus, model (1)-(5) can be viewed as a denoising, multi-level and dynamic
version of probabilistic CCA. Second, when k£ = 1, the Gaussian processes are stationary, and the
€ vectors are white noise, (1)-(5) reduces to GPFA [65]]. Thus, (1)-(5) is a two-group, nonstationary

extension of GPFA that allows for within-group spatio-temporal dependence.

3.1.1 Identifiability and Sparsity Constraints

Despite the structure imposed on ®;, in Eq. (3.5)), parameter identifiability issues remain. Our
model in Eqgs. (3.1), (3.2) and (3.4) induces the marginal distribution of the observed data
(X1 X?):

(X15X505. i X2) ~ N ((ph spds.. 562 ), S) (3.6)
where S is the marginal covariance matrix given by:
o [Bresr 0 } . Xq: { i eB87) TPe (5}5?)] RNEY)
0 " erewl) LS e @a) BPe e

The family of parameters

q q
{ad,a2} {ag,a2} T T
S R WU S
=1

1 Oéz
gle et — =

;o (3.8)
@’17’7 @27 /817 1627 l~'l'17 /‘1’2

1

{a},a%} ap®r 0 . . .
where 3, =3+ 0 a? o2 [ induce the same marginal distribution in Eq. (3.6)),

forall o', o? € R (notice that @ = 6100 = (%, ... |5, &L &% &L ®2 B B2 ul p?}
is the original parameter). Preliminary analysis of LFP data indicated that strong cross-region
dependence occurs relatively rarely. We therefore resolve this lack of identifiability by choosing
the solution given by maximizing the likelihood with an L1 penalty, under the assumption that the
inverse cross-correlation matrix IT}* is a sparse (2h}* + 1)-diagonal matrix.
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3.1.2 Latent Dynamic Factor Analysis of High-dimensional Time Series
(LDFA-H)

Given N simultaneously recorded pairs of neural time series { X '[n], X?[n]},—1. . ~, the max-
imum penalized likelihood estimator (MPLE) of the inverse correlation matrix of the latent
variables solves

(ﬁl,...,ﬁq> =argmin — —Zl (0; X'[n +Z ZHAM 1;1”1 (3.9)

F=1 k=1
s.t. T is (2h* + 1)-diagonal,

where the log-likelihood is

[(0; X', X?) = —logdet 8§ — (X| —py 5...; X7 —pf ) STHX] —py 5. X7 — i),
(3.10)
with S defined in Eq. (3.7)), and the constraints are

0o, (t,s):|t—s|>hnY,
Af(ts =N, (s):0<|t—s| <hE k#£1 (3.11)

0, otherwise.

for factor f = 1,...,q and brain region £ = 1, 2. The first constraint forces the corresponding
1T}, .y to zero and thus imposes a banded structure for IT%, and the second assigns the same
sparsity constraint \; on the off-diagonal elements of H}?. Finally, to make calibration of tuning
parameters computationally feasible, we use the same bandwidth to latent precision and noise
precision within a region and to latent precision across regions, respectively, and the same sparsity

parameter:
hiE = h]: = Nauto; h}2 = heross and Ag = Across,

for each factor f = 1,...,¢gand region k = 1, 2.

The remaining hyperparameters become the temporal bandwidths 7,y and A the sparsity
penalty Ao and the number of latent factors g. The bandwidths are chosen using domain
knowledge and preliminary data analyses. We determine the remaining parameters by 5-fold
cross-validation (CV).

Solving Eq. . ) requires S~!. Because it is not avallable analytically and a numerical approx-
imation is computationally prohibitive, we solve Eq. (3.9) using an EM algorlthm [24]. Let 6
be the parameter estimate at the r-th iteration. We con51der the data { X [n], X?[n]},-1..,
incomplete observations of { X' [n], Z'[n], X?|n], Z*[n]|},=1.. ~. In the E-step, we estimate the
conditional mean and covariance matrix of each { Z'[n], Z%[n|} with respect to { X '[n], X?[n]}
and 0", Given these sufficient statistics, the MPLE decomposes into two separate minimizations
of

1. the negative log-likelihood of X, w.r.t. the latent factor model (Eq. ) and

2. the negative log -likelihood of ®5, ®%, @I, ®3., B, B2, u', p? w.rt. the observation

model (Egs. (3.1) and (3.4)).
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With the noise correlation and latent factor correlation disentangled, the M-step reduces to easy
sub-problems. For example, the minimization with respect to X is a graphical Lasso problem
[26] and the minimization with respect to <I>"§ and <I>kT is a maximum likelihood estimation of a
matrix-variate distribution [22]. We thus obtain an affordable M-step, and alternating E and M-
steps produces a solution to the MPLE problem. We derive the full formulations in Appendix B.1
Code is provided at https://github.com/AutoAnonymous/1ldfa_anon.

3.2 Results

One major novelty of our method is its accounting of auto-correlated noise in neural time series to
better estimate cross-region associations in CCA type analysis. This is illustrated in Section[3.2.1]
based on simulated data. Then in Section [3.2.2] we apply LDFA-H to experimental data to
examine the lead-lag relationships across two brain areas and the spatial distribution of factor
loadings.

3.2.1 Real-data Based Simulation

We simulated N = 1000 i.i.d. neural time series X* of duration 7' = 50 from Eq. for
brain regions k = 1, 2. The latent time series Z* were generated from Eq. with ¢ = 1 pair
of factors and correlation matrix P, depicted in Fig. a). The noise €* was taken to be the
N = 1000 trials of the experimental data analyzed in Section first permuted to remove
cross-region correlations, then contaminated with white noise to modulate the strength of noise
correlation relative to cross-region correlations. The resulting temporal noise correlation matrices,
found by averaging correlations over all pairs of simulated time series, are shown in Fig.[3.1(b),
for four levels of white noise contamination. The magnitudes of cross-region correlation and
within-region noise auto-correlation are quantified by the determinant of each matrix, known as
the generalized variance [54]; their logarithms are provided atop the panels in Fig.[3.1(a) and
Fig. [3.1[b). Generalized variance ranges from 0 (identical signals) to 1 (independent signals).
Other simulation details are in Appendix B.

We note that the simulation does not satisfy some of the model assumptions in Section [3.1]
The noise vectors €* are not matrix-variate distributed as in Eqs. and and the derived
% does not satisfy a banded structure as in Eq. . Also, the latent auto-correlations (Fig.
are not banded as assumed in Eq. (3.9).

We applied LDFA-H with ¢ = 1 factor, hcoss = 10, hayo €qual to the maximum order of the
auto-correlations in the 2000 observed simulated time series, and A determined by 5-fold CV.
Fig. shows LDFA-H cross-precision matrix estimates corresponding to the four level of noise
correlation shown in Fig. b). They closely match the true I1}? shown in the right most panel
of Fig.[3.1a).

We also applied five other methods to estimate cross-region connections in the simulated
data. They include the popular averaged pairwise correlation (APC); correlation of averaged
signals (CAS); and CCA [30], applied to the N1 observed pairs of multivariate random vectors
{Xt{,, th,-}mte[ N]x[7) to estimate the cross-correlation matrix between the canonical variables;
as well as DKCCA [52] and Method A ([6]). The first four methods do not explicitly provide
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logdet = —15.4 logdet = —24.3 logdet = —81.0 logdet = —168.5
) 0

0 50 0 50 0 50 0 50

Figure 3.1: Simulation settings. (a) True correlation matrix P for latent factors Z,171 and Z_Z,1
from model in Eq. (3.2); close-up of the cross-correlation matrix; corresponding precision matrix
I1, = P;'; and close-up of cross-precision matrix T1\% (Eq. ). Matrix axes represent the
duration, T = 50 ms, of the time series. Factors Z' and Z* are associated in two epochs: Z*
precedes Z' by Tms from t = 13 to 19ms, and Z* precedes Z* by Tms from t = 33 to 42ms. (b)
Noise auto-correlation matrices (Eq. (3.3) for pairs of simulated time series at four strength
levels. log det in (a) and (b) measure correlation strengths.

cross-precision matrix estimates, so we display their cross-correlation matrix estimates in Fig.
along with LDFA-H cross-correlation estimates in the last row. It is clear that only LDFA-H
successfully recovered the true cross-correlations shown in the second panel of Fig. [3.1)(a), at all
auto-correlated noise levels.

3.2.2 Experimental Data Analysis from Monkey Saccade Task

We now report the analysis of LFP data in areas PFC and V4 of a monkey during an eye saccade
task. One trial of the experiment consisted of four stages: (i) fixation: the animal fixated at the
center of the screen; (ii) cue: a cue appeared on the screen randomly at one of eight locations; (iii)
delay: the animal had to remember the cue location while maintaining eye fixation; (iv) choice:
the monkey made a saccade to the remembered cue location. We focused our analysis on the 500
ms delay period, when the animal both processed cue information and prepared a saccade. LFP
data were recorded for N = 1000 trials by two 96-electrode Utah arrays each implanted in PFC
and V4, 3 band-passed filtered, and down-sampled from 1 kHz to 100 Hz.

We applied LDFA-H using h,u = heross = 10, corresponding to 100 ms (at 100 Hz); the LFP
[B-power envelops have frequencies between 12.5H z to 30H z, and h,,, = 10 just enables the
slowest filtered signal to complete one full oscillation period. The other tuning parameters were
determined by 5-fold CV over A\ € {0.0001,0.001,0.01,0.1} and ¢ € {5, 10, 15, 20, 25, 30},
yielding optimal values A, = 0.01 and ¢ = 10. The fitted factors were ranked based on the
Frobenius norms of their covariance matrices || X ¢||%; norms are plotted versus f in decreasing

42



=,

1]

10

20

30

10

(1]

0

20

30

10

L

30 50 30 30
0 20 10 0 20 10 0 20 10 0 20 10
Figure 3.2: Simulation results: LDFA-H cross-precision matrix estimates. Estimates of 1112,
shown in the right-most panel of Fig.[3.1{a), using LDFA-H, for the four noise auto-correlation
strengths shown in Fig.[3.1(b). LDFA-H identified the true cross-area connections at all noise
strengths.

order in Fig. and log,, || X ]| of the four most dominant factors are provided atop each panel
in Fig. [3.4(a). Factor loadings (slightly smoothed over space) for the 96 V4 electrodes are shown
in Fig. a) for the top four factors (first four columns of the estimate of 5* in Eq. , with
area k = 1 being V4), arranged spatially according to electrode positions on the Utah array. The
factors have different spatial modes over the physical space of the Utah array. For example, the
dominant first factor has positive weights concentrated along a vertical strip on the left of the
array, especially in the mid-to-upper left, and negative weights along a vertical strip to the right,
separated by roughly 2000 microns.

We also summarized, for each factor f, the temporal information flow at time ¢ from V4

to PFC and to V4 from PFC with I, (t) = 3, H}?(t | and Ipi(t) = =3, H}? "

respectively, where Il ¢ 1s the inverse correlation matrix estimate in Eq. ( . Figure (3 lb)
displays smoothed I ,,:(t) and I,(t) as functions of ¢ € [100,400]ms for the top four factors.
Lead-lag relationships between V4 and PFC change dynamically over time, and the information
flow tends to peak either at the beginning of the delay period, when the animal must remember the
cue, or at the end, when it must make a saccade decision. We observe the strongest information
flow from V4 to PFC in the dominant first factor, when the animal needs to process the visual
signal from V4 during the delay period. We also observe different information flow patterns: (1)
asymmetric (first factor): information in and out avoid conflicting with each other and peak at
different times; (2) parallel (second factor): information in and out are parallel and oscillate over
time; (3) symmetric (third and fourth factors): information in and out are symmetric, meaning
they are activated and suppressed simultaneously.

3.3 Conclusion

To identify dynamic interactions across brain regions we have developed LDFA-H, a nonstationary,
multi-group extension of GPFA that allows for within-group spatio-temporal dependence among
high-dimensional neural recordings. Although we treated the two-group case, and applied
it to interactions across two brain regions, several groups can be handled with obvious, and
straightforward modifications. The approach could, in principle, be applied to many different
types of time series, but it has some special features: first, like all methods based on sparsity,
it assumes a small number of large effects are of primary interest; second, it uses repetitions,
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here, repeated trials, to identify time-varying dependence; third, because the within-group spatio-
temporal structure is not of interest, the method can remain useful even with some modest
within-group model misspecification.

We applied LDFA-H to LFP data, while GPFA has been applied mainly to neural spike count
data. In the analysis of spike counts, we have been struck by the strong attenuation of effects due
to Poisson-like noise, as discussed in [60] and references therein. A version of LDFA-H built for
Poisson-like counts, or for point processes, could be the subject of additional research. It may also
be advantageous to model spatial dependence explicitly, perhaps based on physical distance be-
tween electrodes, analogously to what was done in [60], and there may be important simplifications
available in the temporal structure as well. In addition, it would be helpful to include statistical
inferences for assessing effects. In the future, we hope to pursue these possible directions, and
refine the application of this promising approach to the analysis of high-dimensional neural data.
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Figure 3.3: Simulation results: cross-correlation matrix estimates. Estimates of ¥:1* using (a)
averaged pairwise correlation (APC), (b) correlation of averaged signal (CAS), (c) canonical
correlation analysis (CCA, [30]), (d) dynamic kernel CCA (DKCCA, [52]), (e) Method A ([6l]),
and (f) LDFA-H under four noise correlation levels. Only LDFA-H successfully recovered the
true cross-correlation at all noise auto-correlation strengths.
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Figure 3.4: Experimental data results for the top 4 factors. (a) Factor loadings, rescaled between
-1 and 1, plotted against the electrode coordinates (um) of the V4 Utah array. Factors have
different spatial modes over the physical space of the Utah array. log,, |2 ¢||%, written atop the
panels, measures the strength of each factor. Notice that the strength of the first factor is over 100
order larger than the second largest factor. (b) Dynamic information flow from V4 — PFC (blue)
and PFC — V4 (orange). In and out flows seem to peak either at the beginning or at the end of
the delay period, and different couplings of the two flows may indicate different communication
modes between V4 and PFC.
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Appendix A
Appendix to Chapter 2

A.1 Additional Figures
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Figure A.1: ROC curve under random graph withn = 5, p = 100, ¢ = 30 and d = 5. Each
column corresponds to different tuning parameter value for our method (MO). Our method is
consistently better regardless of tuning parameters.

A.2 Proofs

A.2.1 Technical Details

Here we introduced several lemmas that will help us prove propositions and theorems later.
Lemma 1. Forany 1 <i < j < q, the sample estimate for (i, j) entry in column covariance of

/ .
Zt,~,iZth
nip

~samp __

the t-th graph vy;; ™ = can be written as

~sam 1 LA k k
Vtig P = Kp Z Z )‘tht(li)Wt(lj)>
k=1 =1
where \y is the Ith eigenvalue of U, (Wt(ll;), Wt(l’;.)) ~ N(0, V, i) and are independent for all
1<I<p1<k<m.

33



2 2
' ’ l32) '
c c
i) i)
w 0 ]
0 ()]
) )
w w

2

-2 0 2 -2 0 2
Session1 103 Session2 10

Session4
Session5

-2 0 2 -2 0 2
Session3 103 Sessiond 103

Figure A.2: Sample estimate of B, for each session plotting against each other. For each panel,
we plot vec(B;"™) vs. vec(BfiTp ), for 1 <t < 4. Each blue dot corresponds to an edge value

in precision matrix. The observation is similar to Figure[2.5|and the signs of connectivity should
be consistent across sessions.

Proof. Let ;") = U; "2 X" € R?, it immediately follows that Y;*) ~ N (0, I, ® V;), thus
in particular,

k k
(Y( ) Y(,_])) ~Y N(O, Ip)(p ® ‘/ty[laj])

Assuming that we can decompose U; = Pt' D, P,, where P, is an orthogonal matrix and D), is
a diagonal matrix with eigenvalues of U, as its diagonal elements, we can define VVt(kz = PtYl;(kz) .

Since P, is orthogonal, we also have (Wt o W ) ~ N(0,Ix, ® Vi), and (Wm ,thj )
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Figure A.3: Change of connectivity strength distribution over 2D array for PFC and V4 between
late delay stage and cue at stage. X and Y axis are in micrometers. Black dots are the locations
of electrodes in 2D array. Kernel smoother with 400 micrometer bandwidth is implemented to
smooth out the signal with a resolution of 40x40 micrometer pixel. Values for 4 missing nodes on
the array are interpolated with a Nadaraya-Watson normalization of the kernel. We can observe
that most of the spatial changes are negative, meaning connectivity within region decreases during
delay stage. Comparing V4 with PFC, we observe a dark blue region for V4 on the top left, which
indicates that the negative change is larger for V4.

are independent V1 < [ < p. Thus we have

~samp __ (k) v (k) —-1/2 (k —1/2 v~ (k)
—n—mszmxm—sz X O X )
k=1 l=1 k=1

. Z (PY,")) D,(PY,")
mp ntp

= _ZZ)\tl tlz

n
Qi

ZWfZDW’”

]

Lemma 2. For any § > 0, there exists a constant C' which depends on c. and § only, such that

log dq

~samp

P( max |vtm V;»Ul Z C
1<t<d,1<i<j<q wp

) < (dg)~°

Proof. From Lemma L it’s easy to see that Wt(l':)Wt(l Vis sub-exponential variable. From Assump-

tion 2] Assumption [3] and Theorem 2.8.2 in [59], we prove our main claim. O
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Figure A.4: Change of connectivity strength distribution over 2D array for V4 during cue stage
between cue at 225° and the rests. X and Y axis are in micrometers. Black dots are the locations
of electrodes in 2D array. Kernel smoother with 400 micrometer bandwidth is implemented to
smooth out the signal with a resolution of 40x40 micrometer pixel. Values for 4 missing nodes on
the array are interpolated with a Nadaraya-Watson normalization of the kernel. We can observe
that most of the spatial changes are positive, meaning a net increase of connectivity for cue at at
225° than the rests.

E+1 d—Hog q
£—1

on d, c. and My only. Then wzth probability 1 — q~° that event E; holds where

Lemma 3. Let \; = c3 = for constant £ > 1 and a large enough constant ¢ depending

1/2
B — [Zt 1( lEtz) ] 5—
e e

A}

Moreover, define ZtZD; 12— Zt,-,i; with the same probability that event E; holds where

. = 1/2
N SLE.E2
Ei = {max S )\z}
1<i<q nop E+1

Proof. Note that
ZZ 1
(Xt(k)P er Z) dN (0 U, ® diag(vy, b )>
tii
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Figure A.5: Connectivity strength distribution over 2D array for PFC for eight different cues

during cue stage. Eight different panel corresponds to eight different cues appearing at different
angles. Notice that 45°/135° /180° all show stronger connectivity than 225°.

for 1 < k < n,. Hence

- _ i 1
(U, 1/2Xt(,l~€,)l7 U, 1/2€§f?i) Z’Z\(’i N (O,I ® diag(vur, b_)> .
tii
Condition on Z; . ;, we obtain that
N
' —-1/2 —-1/2 k 1/247-1/2 _(k
Zt,-,lEti = Dti,ll/ Zt/,-,lEti = th’,ll/ Z(Xt(,-,)l)lUt/ U, / 575,-,)1'
k=1

1/2 k
St o2 x )13
k
S xR

where g = ( ) - n¢p. In addition, due to the independence of d graphs, condition
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Figure A.6: Connectivity strength distribution over 2D array for PFC for eight different cues
during late delay stage. Eight different panel corresponds to eight different cues appearing at
different angles. The connectivity at 225° is strongest among eight directions, which indicates
that PFC may be impacted by V4.

on{Z; ;},forl <t <d, 7/17,71E1i, .- Zd E; are independent. Consequently, Zt zEtm /o

gt l
are i.i.d. N(0,1), fort € d given {Z;_.,} for 1 <t < d. By applying the concentration inequality

of x? distribution (Lemma E.1 in [50] with y = §, log q),

P(x?3 > d + 250 log g + 21/dpdlog q) < ¢~°

we obtain that

Z,. lEtz > mtax% (d + 20 10gq+2\/50dlogq> < g%, (A.1)

tit

”M?

t=1
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Now we bound

gl 1 1 n
——— < — — A\ Vi, (A.2)
bui (nop)? — nopng

where A, is the largest eigenvalue of U,. Finally we apply a union bound argument to Equa-
tion (A.1)) over 1 <[ < g with the help of Equation (A.2) to obtain that

1/2

d —/

[Etzl(zt,-,iEti)Q NeMpUsii | d + 200 log q + 2+/dpd log q P

P | max > max( ) <gq :
1£i nop t no nop

(A.3)

Let § = &y — 1, this immediately implies that ; holds with probability at least 1 — ¢~ with
constant C' depending on ¢, ¢, and M, only. In addition, the explicit formula of the bound can be
useful for us to provide a data-driven procedure.

The second claim on £; holds with the similar procedure by noticing that

i v — 1 1
(Xt(,]i)_iﬂtia Et(vk,)z) d (O U, ® dia (%7 b_))
til tis

forl < k < n,. [l
Lemma 4. Define the event

Zt/ zZt ) 1

FEiio = {|——— \E(%,QCe)foralllgtgd,lgigq},

then E g, holds with probability 1 — q~°, where § is a positive constant.
Proof. By Lemmal(l|with i = j, we have

Zt/ zZt ) 1 -

= _ZZ)\H tlz ’

n
Qi

w® N(0,V;;) and are independent forall 1 < < p,1 < k < n;. Hence E ZiiZui

tlz nep
Vi & o= = Vi by Assumptlon By Assumption [3|and sub-exponential concentration inequality
(e.g. Theorem 2.8.2 in [59]), combining with union bound and Assumption (1} we obtain that

1<t<d,1<igq np nop

Z 7, 1
IP( max |t”—t”—VZu‘|ZC ogdq)§<dq)_57

where C depends on M, § and ¢, only. The desired result follows by noting that V};; € (Ci, Ce)
and C % is sufficiently small from Assumption and@respectively. U
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Lemma S. Define the event

log(dq)
Eeom = {| max||Mj,;, [ < C H
l1,l2 nop
zZ, , Z.
where M, ;, € R™ is a diagonal matrix with the t-th entry on the diagnal My, 1; = —- ’Zopt’ &

Eztll—ifb then E.,,, holds with probability 1 — (dq)~°, where § is a positive constant and C
only depends on My, § and c,.

Proof. Since M;,;, is a diagnal matrix,

! !

L Z, , Z;.,

max|| M, |2 = max | M, +| = max| tl 2 gl 3
1,02 I1,l2,t l1,l2,t nop nop

; Zy,. 0 n k) k) (k)
By Lemma fnl—tZ = nt nip Z Atht(lz th_] ’ with (Wt(lz 7th] ) N(O ‘/; [%J])

and are 1ndependent for alll1 <[l <p,1 < k < n¢. By Assumption [I]and 3 and sub-exponential
concentration inequality (Theorem 2.8.2 in [59]]), we have

[log(qd) n [log(qd
max||Mlll2||2 < C g C] ~ , M
mp no nop

where the last inequality is due to n;, < Myng by Assumption [I} Note that constant C’ only
depends on 0, M, and c.. O

Lemma 6. For any 6 > 0, there exists a constant C which depends on 0, c. only, such that

/log s
—_— > <q-
IP(1H<12a<>2 1<£g%>2¢z Z Z Etl] tlh | ¢ ep ) q

L
and
P(max | —ZZE Bl > C log g )<q_5.
1<Z<qntpk1l1tl1 tlz ? nep —
Proof. Let sgk) = (si’ff, e 675;) )'; with h # i, it’s obvious that agf ) is orthogonal to Xt(k)h
Therefore

cov((en),xgkh)) U, @ diag((byii) ™", venn)-

Following similar arguments in Lemma 2] we prove the first claim.
Let Xt(k)Z = (X t 1 By Xt(’; _.Bu),and sm) is orthogonal to X;; X Notice that Xt(fi)_i ~
NO,U;®V,_,_;) and By = tluBt’_“, therefore we have

¥ (k)

beiivei — 1
Cov(Xt(f_C tii Ut

1
)= 5 tr(By—iiBii—iVi—i,—i)Uy = ————U,.
’ b

tie

,’L
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Then we have

~ . 1 brv — 1
Cov((er, X,")) = Us @ diag((bui) ™", =)
tii
Following similar arguments in Lemma |2} we prove the second claim. O]
Lemma 7. Define
2 k) (k)
5tij = Z Z E?Elz)gilj Z Z gtlz Etl]
- P
1 ntg P
__ZZ ﬁtz] Btz] gtl]) 7&] __ZZ ﬂt]z Btjl 5tlz)ﬂ-(l7éj)
PiDa P S

We conclude that

Proof. Let vy = (Bti,la -~-75m‘,i—1, _1aﬁti,i+17 e ﬁn‘,q)l; we have 5,2;? = th )’)’z and éﬂkz) =

Xt(l ~zi. It follows that

p

R R P R B S N
Z Z SuiCuj T Z Cui €114
=1 <ntp k=1 I=1 P 14
d 1 nt P . .
=3 (=20 =) (X el (A4)
—1 NPT
1 n p -
+— 3" vy = A) (X)) el (A.5)
2
1 nt p . R
il > (v — Fu) (XY X0 (s — %j))- (A.6)
k=1 [l=1
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For the first and second term (Equation (A.4)- (A.5)), we have

‘ —

> (10

t=1

n¢ p .
Z 7752 ’Ytz ( )) 5;2)

k=1 =1

’E

d
~ B) (k)
= Z ('Yti,j - Vtz,j Z Zth] 8tlj )
t=1 L
+ Z Yeih — Veish) —— ZZ tlhgtl])
heti hj WP =
1 nt p
S (CIR P B CHEIER
I S~ v ® g
+ (Vi — Veij) — th —j tJEtz] 1(i # j)
Uz
k=1 1=
. 1 & k) (k
+ Z (Vei,n — %zh — ZZXt(m)gilj))
heti,hetj L —

Thus

d d ng
~ . 1
Z‘gtij - Z <(%z‘,j - %i,j)— ZZ tl _Jﬁtﬁtl 1(i # j)
t=1 t=1 ntpk =1
n p
—~ (k) (k)
+ Z (/Yti,h - Vtzh ZZ tlh)glgl]
htihj PiD =
+ (’Ytj,i - ﬁt; [ Z Z th zIBtlgtlZ (Z 7é ])
k 1 1=1
(k) _(k)
+ Z Yeih — %zh ZZthh)gilj
h;ézh;é] k 11=1
p
k)N _(k
+ — Z Z Yei — ’Ytz ( )> gglz)
k 11=1
- k
L33 o — ) (X X s — ) A7)
k 11=1
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Now noticing that

d nt p
N 1
Z (’Yti,j—’Yti,j)—ZZth ]’Btjgtlj (i # )
wp
=1 k=1 I=1
) 51 1/2
. .
[ tl( t, ]5ty> ]
< A ma 1(: # 4 A.8
SR = (i#9) (*A8)

IR IR
Z '(’Yti,h - ’Yti,h)Ep kz Zl tih Etlj

— i (Z, en)?)
< D 1Al max = (A9)
hoti Tt #i,h#j ngp

klll

( Z Z Yei — Vi) X(k)) Xt(l’,g-) (25 — 'T’tj)) |

< lg%£q2| i — i) Vi1 — Aij)]

+ Inax Z (Vi = Fu) (Vi — Vi) (v — )|
0 A0 3 2
<c 1H<1a<X||5 - B3+ 1S5, | M 5] - (;Hﬁi(l) —Biwll2), (A.10)

where the last inequality follows from that Zfil (Y —s) Vi(vi;—e)| < maxi<i<g Amar(V2)||BY—
3?]|3 and Assumption |3 and that the proof in norm compression inequality (Theorem 3.4 of
[14]) and a simple fact that for any vector v € R? and M € R?*?, v' Mwv < ||v||?| M |o. Here

z, z,

Z Z
dxd o e TN S e IR t1,,l1 “t2,l2
Mll,lz e R and Ml1,lz = (mlhl%thtz), where MYy ot ,ts = ! riop —E= éop .
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Combining Equation (A.7), (A.8), (A.9) and Equation (A.10), we finally have,

d
; |0i5] < ce fg?é“ﬁ? = B3+ max ||M;;ll2- (O 1Bioy — Biwyll2)”

1<i<j<q
1£i
/ 7 1/2
d
[Zt:l ( ,,]Eta> ]
+ Zi i - max
1A 2 - ma: e
— S0 (Z,, hen))
+ D il max ==
heti,hj ’ tP
» 57 1/2
[Zf:l (Zt,-,isti) ]
+ Z~i - max
1A ll2 na: "
- [Zt 1( t, hetj> ]1/2
A, . 2 . A1l
+ Z | Aimll2 hg}%i nep ( )

h#i,h#j

We can bound the first term and second term with O(sA2 + s?\3) = O(s\?) by Lemma
and Theorem (1}, the rest terms with sA? by Lemma [3| and Theorem [1| Therefore we finish our

proof. -
Lemma 8. Deﬁne ﬁij ep Z f 1 8”1)6;] s

which depends on 6, c., My only, such that

b 1
IP’( max [ — —2—| > C qu) <q”,

then for any M > 0, there exists a constant C

1<i<j<q briibyi; — mwp )
and
d
brij dlogq 5
max Tiii — >C < )
<1<7,<j<q | Z g btiibtjj)| - nop =9

Proof. From basic regression theory, it’s immediate to see that Cov (') = 34 and Cov(e!F), EEZ))

By Lemmal we can write

D) SETEID 9 EVErL

btij
tll btllbtj]

k=1 1=1 k=1 I=1
d ng p
YD) IPIETETED 3) 9) SERT]
t=1 k=1 I=1 t=1 k=1 I=1
() (k) : L (k) _(k) beij
where ¢, and ¢;;; are independent over k and [. Noticing that E(e;; €,;) = u B b , with
Assumption [T] and following the same proof as in Lemma 2] we prove the two claims.
]
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Lemma 9. Assuming that Y; ~ N(0,U,), X, ~ NO,U, ® V;), A, = U;"!

with a predefined integer h, we define that

h . ' hy\2
c;; = argmin E(Yy; — Y;,i—h:i—llgti) )

Bl
d?@ = Var(gilz) Var(nl - Y)éz hii— 107?1)

~h ’ B2
Cy = argmln E E(Xim — Xt,i—h:i—l,mIBti) )
ﬁtz m=1

~ 1 <
d?z = g Z Var(g?l.m) =~ Z Var thm - tz hii—1 mch)
m=1

we have
~h h
Cyi = Cyy,
~n 7 (V) h
dy; p dy;-

Proof. From regression theory, it immediately follows that
h thyiy—1 g thyi
Ciyy = _(ah,h ) A—h,h?

dy; = (a3) ™"

~h t,hyiy—1 pt,h,i
Cy — —<ah,h ) A—h,ha
1 < Tr(V,
h thiy—1 t thiy—1
g (atiiyt = TV oy
ti — T Vtmm\Qp p, = Ap.h
m=1 q
here At = U} R"*h Th laim hold
where =U,  hiti-ni-1 € . Thus our claim holds.

and B,

-1
=V,

(A.12)

(A.13)

O

Lemma 10. Following the procedure defined in Section|2.2.3| for any § > 0, there exists constants

C which depends on 0, c. only, such that

lo _
P ({gax lct — cull2 > C %) <p”?®

(ntq) 204 +2

2a4+1
(ntq) 2c04+2

r(V; 1
P (max |dtz Ir( t)dm\ >C &> <p°
1<i<p q

Proof. For clarity of notation, in this proof we use h instead of h;, and recall that h; =

{(ntq) 2atl+ﬂ . Denote by

ZZXt]:)hz lm t(f;zu

n
tqk 1 m=1
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From the fact that
1 A k k
/C\?i = n q(Utz hii—1,i—hyi— 1) - Z Z Xt(,z‘)—h:i—l,ngz‘n)w
k=1 m=1

it immediately follows that R
az’ == Ut,i—h:i—l,i—h:i—l/c\?i' (A14)

Recall the sample estimate for cfm is defined as

. 1 nt q .
di=—> "> (Em)
(L e
where gw(fizl - Xt(zkn)l Xt(]j) hii—1 mctz Denote by 8t7,721 = Xt(zliZL - (Xt(j)fh:ifl,m)gftli; fOHOWiIlg

Lemmal6] we have for any 0 > 0, there exists a constant C' such that

<1ngza<>§)|ntqzz tsztZ hii— lmHOO _C <p .

n
k=1 m=1 tq

Combining with Equation (A.14), we have for any § > 0, there exists a constant C' such that

1<i< g

lo
]P<maX”Utz hii—1,i—hii— 1(6?1 ctl)Hoo Z C gp) Spié- (AlS)

_oh _h
Denote Acy; = ¢, — ¢, we have

||Ac;i(Ut,i—h:i—l,i—h:i—l - Ut,z‘—h:i—l,z’—h:i—l)ActiH < HUt,i—h:i—l,i—h:i—l - Ut,i—h:i—l,i—h:i—l||oo||Acti”%

log
< C\/ ||A cull?
log p
<hey | P llaell (A.16)

with probability 1 — p~? by Lemma and Cauchy—Schwarz inequality || Acy||y < V| Acs]|s.
By Assumption 3]

1
Ac;iUt,ifh:ifl,ifh:iflActi > )\min(Ut,ifh:ifl,ifh:ifl)HActiH% > C—I!ActzH%
e

Therefore we have
’ S ;~
Ac,Uyiniti—hic1A¢i = Acy(Upi—nii—1i—hi—1 — Upizhiiot1,i—hi—1) Ay (A.17)

/
+ Ac,;Upipi1,i—hic1Acy >
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with the same probability by noticing that hC' 12% |Acy||3 < % | Acy;||3. Thus we have

|Acs|3 < 2CeAc;1;ﬁt,i—h:i—l,i—h:i—lActi < QCe||AC;¢ﬁt,i—h:i—1,i—h:i—1HooHACm’H1

1
S 2CeC ng\/EHACtiH%
nyq

with probability 1 — p~9, where the last inequality follows from Equation (A.13)) and || Ac|l; <
V'h||Acyi||o. Therefore, we have for any § > 0, there exists a constant C, such that

lo
P <{ga<x et —eill. > ¢ i) <p, (A.18)

(req)2ee s

We can similarly bound || Acy||; as for any § > 0, there exists a constant C, such that

1
P(max [[& — &l > O [—2t—) <p°.
1<i<p <ntq) ap+1

Following similar proof as in Lemma 8, we can show that for any 6 > 0, there exists constants

C, such that
(f??é; WZZ o)’ —dii| = C ) <p~°. (A.19)

nyq

Following similar proof as in Lemmal(7] it’s easy to verify that that for any ¢ > 0, there exists
constants C, such that

L A(k) b log p 5
(11121&2; ’ntq Z tlm Z Z 8t'mn | Z C 2oy +1 ) S p . (AZO)

n
k=1 m=1 9320 1 (nyq)2et?

Combining the above two inequalities in Equation (A.19) and (A.20)), and noticing that both

\/ lflﬂ and —°82 S2—T are asymptotically smaller than —logp __ we conclude that
tq (ntq) 2at+2 (neq) JW?
~ lo
P max|dy; —d| > C, | —2L ) <p=°. (A21)
1<Z< i1 2a4+1
=p (ntQ) 2o 42

As in Lemma B.3 in [40]],

2a4+1

\d dt,\Q < C(nyg) 2oet2,

204 +1
et — Cti||2 < C’(ntq)ﬁat”,

where c}; is a zero-padded vector of length ¢ — 1 with first  — A — 1 elements being zero and later

elements being cft. With Equation (A:12), Equation (A.13)), Equation (A.18) and Equation (A.2T)),
we have for any ¢ > 0, there exists constants C' depending on 9, c. only, such that

log p _
P ( max |6, — culls > C, | —2b | <p™?, (A.22)
1<i<p (ntq> 20442
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Te(V, 1
P ( max d; — TV g1 > ¢ 8P ) <p (A.23)
1<i<p q (ntq) 20442

Lemma 11. For each element W as defined in Equation (2.16)), we have

d
1 IU |17
P t F
Wy = 1 Z /)t»a(i)7x1(j)pt,xa(i),><2(j) T Ptxa (i) x2 () Proxa (7) x2(9)
t=1
1

1
+ 5Pt 002 )Pta (0)xa ) Plos (D) 5P ()Pt ()xa ) Prca(i)ca )

1 9 1
+ §pt,x1(i),X2(i)pt7X1(j)7><2(j)pt,x1(i),xz(j) + §pt7X1(i)yX2(i)pt7x1(j)7x2( )pt x1(4)x2(2)

T Ptxa(1),x1 () Pixa (3)x2 () Pixa () x2(8) — Pexa(E),x1(5) Ptxa (8),x2(8) Pt,xa (i), x2(5)
T Prxa(i),x2()Ptxa(5)x2() Ptxa(8),x2() — Plixz(d),x2(5) Ptixi(4),x2(8) Ptxi(d),x2 (i )))

Proof. First, it’s easy to observe that

QL

Wk = IE{(L Z np€is © @tS)(T Z &is o \/W(")ts) }

k=1 =

d
1

Therefore, we simply need to calculate each entry in W} = E{©,5(0,s)'}.
To proceed for the calculation of W/, we omit ¢ here since the calculation is the same for

e R0

=~ 1
each graph. Denote by 7; = 7= > 021 2 iy € €uij -

~ _ bt
Otij = Trij — Tij = — ; I (A.25)
tig tig [2%] nep ; ; tli tl] btubtj]
14
For each entry W/, s We have
n p (k) 6(lf) ol (g(k) )2 ol
npW?e = —E(Z Da@®) e — "Xm  Ta@axe@) \“ha6) x1(3)x13)
Yoonp M 0a @ e @ 2 xa6) Va0 0 xe @)
(k) 2 _ 1 n (k) ()
Tl (%z())  xeli) 2 (d) N Cha()Chel) ~ Txe)
2 (0), @) V@@ @)x20) 17 o3 V) xa )™ )x20)
(k) 2 ! (k) 2 !
_ Ma@axel) (g >) " amxal) | Txal)axel) (Ee))” ~ M) 2x20) y

20 ) () V@) e@xeG) 2 xe6)xeG) vVIxaG)xa()  xe()xe0)

Now applying Lemmal[l]
n p
ZZ 81)(1 €lX2 o X(z) - 2 :)‘l 61X1 z)elxg(z TX(i))
k=1 I=1 k=1 I=1
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n P n p

(k) 2
Z Z((gba(i)) X1(% X (i Z Aul( 6lx ~ M)
I=1

k=1 1=1 k=1
It’s easy to show that

(k) (k) (k) (k) ) —

WP _ Z Z )\12 6lX1 (8) Cix2 () Cixa () Elxa () ' ‘ '
5 Vx0T M xe@)xe @) xa@)xa ) x2 () x2 ()

k k)
P (201 )2 ) (B iy € )2 = Txa 31 )3 (o ()

4731 (3,515 Tx1 ()1 () v/ T (1)1 (0) (2 o2 (0) T (2)x (8) T xa () o ()

® ®)
T @) M Do) Bl 1y ()~ Txe@oe (T2 () xe ()

AT (1) x2 (1) Tx2(3) x2 () VT X1 (0)ox1 ()T x2 (0)x2 () T xa (1) ()T x2(7)x2 ()

(k) (k) (k)
x1(3).x2(5) (E(elm(z)elxz( )(ElX1( ))2)

250 () ( DV x1@)x1 () x2(8)x2(6) T x1 (6),x1 () Tx2 (5),x2 (7)

(k) (k) (k)
Tx1(3 ),X2(J)(E(Glm(g)elm(])(61X1(z)>2) 1 () ()T (@D ()

2731(3) 1. () v/ Tx1 0 oxa () T2 (1) x2(0) Txa () ()T x2 () x2 ()
P ) (B e o (€ (5))%) = Txa @ oxa()Txa () xa())

27 () DV Txa(@)oxa () x2 () x2 () x1 (8),x1 (0) Tx2 () x2 (5)

" ® k)
(e () B, (1 i () Elrn()) ) — Txa ()32 x2 () x2 ()

2735(1)x2 () v/ Tx1 (1) x1 () T x2(0)x2 () T xa ()1 ()T x2 () x2 ()

| (k)
1@z )M Do) BlE 1y (i) — Txa @i (T2 () xe ()

AT (3).x1 (5) x2 () X2 () )V T (@) x1 () x2(0),x2(6) Txa (0),x1 (1) x2 (), x2 (5)

" (k)
P Goxa) E(E iy e )2 = Prai) @G ()

AT (1),x20) Tx1 () x1 () v/ T (1) x1 (0) T xa (1) 2 (0) T (2 x (0) T xa () o ()
= My + My + Ms + My + Ms + Mg + M7 + Mg + Moy,

"x@ ™)

_|_

— @2 () xa () ()

where

n (k) (k) (k) (k)
i 22( B0 ) o ()€ 0xa (1) Eixe) ™ "0 "X

o Va@aa®Mxe@)xe ) a0 xe()xe ()

||UHF
p\/bX1 )oxa (i )ox2(1)Dx1 ()1 (1) Dxa (), x2 ()

_np

(Ox1 (1,1 () Ox2 (x2 ) F Oxa (952D Oxa () xa ()

(k) (k) 2
r €l (i ))

@2 () xe () B () €y

Z Z 2 — @ () xa () ()

I —— A3 ()00 () 1 ()31 () )V T (0)x1 () X2 (0),x2 ()T ()51 () Tz (5), x2 (5)

_ |U|1% bt (132 (9031 (1), x20) s (51 ()
2p\/bx1(i),X1(z‘)bx2(i),xz (i)bX1(i)7X1(i)bX2(j)7X2 (4) leU)le(i) le(j)7X1(]')

I
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n p (k) (k) 2 _ . . . .
M, = 1 %N Ty (i) 2 () Txa (7 >XQ<J>(E(61X2(Z)61X2(])) Txa()x2 () Txz () xz (7)) )

NP == AT (1) 2 () x2 ()2 () VT (0o (0T X2 (02 ()T xa (01 () 2 () x2 ()
U3 Dy (1)) xs (1) x2) D) o ()

2D/ byt (3),x1 (1) (8) 2 )P (8) o1 (1) Pxa () o2 ) Do (i), x2(5) Ox2 (5) x2 ()

CRRCINEC
(i ))”) — Tx1(>><2<z)7">a(y>>a<a)))

. Z Z )\ Tx1(5)x2(5) (E<61X1(1)EZX2(1) Ix1
= 1
P o 2750 () () vV Txa 01 () Txa(@)x2 ()T xa ()1 () x2 (7). x2 ()
_ U I baaeat)y
= x1(4),x1(5) Yx1(5),x2(8) 5

PV Ox (1)1 () a2 () Dx (6.1 (1) Do () oxa () Oxa () oxa ()

_ L Z i 2 Tx1 () xa( J)(E<€l(>]2(j)€l(>]2(])<€l(>]2(1))2) Tx1 () x2 () x1 (9),x1 (i )>)
P = 27 51.(8)x1 () v/ T ()1 () T x2 (D)2 (0T x1 (),x1 ()T x2 () x2 ()
B U7 Dy (3) xa( D
P/ (6,10 Oxa(@),x2 (0 Dx1 (031 ()P (1) x2 () bxﬂ )xa (i)

Xl(])bX1( )x2(4)

(k) (k) (k)
M. — ZZAQ TXl(J )x2(j (E(61X1(z)elxz()(ezxz(j))2) Tx1(i),x2() Tx2 (4 ),xz(y)))
s = —
p i = 2703 x2 () VTx1 (0)x1 ()T X2 (1) 2 ()T xa ()1 () x2 () x2 ()
_ HUHF bx1(j)7xz(j)b ) . b ) .
- x1(9)x2(5) Yx2(4),x2(4) s

P/ b (.1 Dxa ). () Dxa (1.1 (0 Dxa (1) x () Ox2 () x2 ()
®) (k) (k)
B Z Z 32 1) () B () i () Eixai)) ) — Txa ()2 2D x2 )
- - [
PSS 2730 x2(D) v/ Trx1 @1 ()T X2 (D)2 (@) T x (01 () x2 () x2 ()
B i b))
PV Ox ()31 )z )2 () Oxa (6) s (9 Do (7).xa () Dxa@)x ()

x1(5),x2 (%) bm(%’)»cz(j) )

OO
Tyt (D):x2 ()T x1 (j mm(E(em(z)ezxgm)z = Py (O x2 () x2 ()

MS:—ZZ)\2

klll

4T3 (1) 1 (1) X2 () DV 1 @)1 () x2(8)x2(0) T x1 (8)x1 () x2 (5) x2 (5)

HUHF le(i)’X2(’i)le(j)’XQ(J)bil( ),x2(5)

)

2D/ bys ()1 ) Ox (3),xa (i) D (81 () Oxa () v () byt (3),x1 () Ox2 () x2 ()

(k) (k)
My = — Z Z A( x1(8),x2 (1) Tx1 (4 )X2(J)(E(€lxg(i)€lx1(j))2 ~ Txa()ox2 (1 (1)1 ()
e — 4TX2()X2( )1 () () v/ Txa (8),x1 ()2 (1) x2 (6) Txa (8),x1 () Tx () x2 ()
| U||F by1 (5),x2 (1) Dx1 () oxe (j)bil(j),xg(i)

2D/ by (6).x1 (1) Pxa (). x20) P (1)1 (0) Pxa () ox2 ) byt ()31 (1) Oxa (1) x2.(3)
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Combing all nine terms and noticing that p; ; = we have

bi’j
\/ bi,ibj,5

1U|%
anVi?‘ = D (Px1 ()31 () Pz (i) x2() F Pxa () ix2 () Pt ()2 ()

1 1

+ 5P PR a0 T 3Pa0x0Pa0x P 0)
1 , 1

+ ipm(i),X2(i)pX1(j),X2(j)px1(i),xz(j) + ipX1(i)’X2(i)pX1(j):X2( )pXI( ),x2(4)

= Pxa(i),xa () Pxa(3):x2(5) Pxa (3),x2(6) — Pxa(i),x1(5) Pxa (d),x2 (1) Pxa (4),x2(5)

— Pxa(@)x2 () Px1 (1) x2 () Pxa (D)x2 () — Pxai).xa () Pxa (7)xa (1) Pxa (i) xa i) )

Then by Equation (A.24) we finish our proof. O

A.3 Proof of the Propositions

Proof of Proposition [1]

Proof. First, recall that r;;; = btb’—bi“, O1ij = Twij — Tuyj. Starting with ¢ = j, we have

&u‘ = Z Z 52?%;2 - Z Z 5m €m Teii — Ttii- (A.26)

klll klll

So we have

Ttii — Ttii = Otii + Otii-

. 17 ne ~k k
By Equation 27). denote by A% = LS00 5™ (B ()2 (4)2)+ B (Bl >~ (el8)?)).
we have

WAk | B ok 5k
Tiij = Tij = Tij Tt Z Z G é\glj) + Buij (étzj)) + BiiE)))
P =

1) (k
= Ttij + 5&] + At y Z Z 5tlz gtlj + Buij (Etl]) + ﬁtﬂ(gtlz)) )

k 1 1=1
tzg
- 5“] + A E : gtlz €tlj Ttij)
k 11=1
5 Blii = N, ()12
tz] tjt
ZZ 1) = )+ LSS (e = )
k=1 I=1 k=1 =1

= 5tz’j + Atlﬁ + Trig = Trig + Brij(Tejj — Tej5) + Brji(Teii — Tri)
- 61&1] + 5tzy + Atl + /Btlj(;t]j + /Bt]z(stm (A27)
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The i = j case is trivial, since py; = pyi; = 1. For i # j, we have

~ o Trij/TaiTg — Teig\/Teiilt;
Ptij — Ptij = — -
\ TtiiTtj5 i Tt55
tl] ts ts
(riij — (Ouij + Oy + AL + BL0u; + BL0u)) /T
VTt Tt
Ttij \/(Tm' + Otii + Otii) (115 + Otj5 + O1j5)
\Y% th’ﬁtjj?“tiﬁtjj

Otij/TtiiTtjj — e i Orii — mﬁm + rmdt“ 550t

- i A b /T +O0(Auy)
VT4l et

S i N s VTS
_ tig tiel tyg 2/Ttii tig Vtis PN tigYtyg " O(A )
- tig

VTt Tt tj
_ 5tij _ Ttij5tjj _ Ttij(;tii O(A’ )
VTG 2ryi/Tare;  2riie/Tiii "

where Afn] are a collection of high order terms with the same or higher order than AZ”B,
5tij/5tz-i/5tjj, and 5752U/ m/csm /5tij5tii/5tij5tjj- Therefore

d ~ ~ ~
| ,75 P 5tij i Ttig 5tj j 4 Ttig Oii |
E tij — Ptij —
- \/th'irtjj 2thj\/rtiirtjj 2Ttii\/rtiirtjj
d

Z Al + Z Ouij + Z 52.).

For the first term, notice that B\tij and @ji are bounded as in Theorem |1, with Lemma |7, we have

ZN Z ZZ Buii (BN = (65)2) + Ba((Bi)? — (€54)2)

klll

d d
= Z(ﬂtijétjj + Bjiduii) + Z ((@ezj — Brij) 0 + (Biji — 5tjz‘)5m>
t=1 t=1

d . )
< ;(/Btij&jj + BijiOri) + max, |Btij — Braj - ; |045] + max, |Bii — Buiil - ; 1613
d R d R
= 00> 10uil) + O [8451)
t=1 t=1

= 0(s)\?).
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For the second term, by Lemma(7] we have

2
tzg = S)\

IIM&

For the third term, we have

d
~ log(d/d1)
Z%j < lrg%l%jl Y ol < Cd—=—==,

n
=1 op

where the last inequality holds by further noticing that max;<;<4 |gm| < 4/C M with

probability 1 — ¢;/k by Lemma [I] and Lemma E.1 in [50], where C is a posmve constant
depending on M only, and log(d; ') = o(ng). Combining all three terms, under Assumption l we
have

d ~ ~ ~
~ Otij ij0tjj ijOtii log(d/o
E P — Puij — ——— + Tty Tt | = O(s\2 + dw) = O(s\?),
— VT 2Tej\/TailTtg;  2Tiiy/Tiil 1 op

[
Proof of Proposition 2]

Proof. Denote by @P f Zt 1 VTup&is © Oys, and 03 = \/8 Zle /n:p&ts © Oys. For any
x > 0and d > 0, we have

P(|APs|lo > 7) < P(|O5 ]l > 2 — 6) + P(|05 ]| > 0)
<P(I¢llse > 2 = 0) +d + P(|Og I > 0)
=P([¢llw > 2) + P(z = 0 < [[¢]loc < @) +d + P(| O5 | > 9),

where d = sup,. |P(||O% ]l > ) — P(||¢||l0c > z)|. Similarly,

P(|APsl|l > 2) = P(|O5 ]| > 2 +6) = P(|O5 [l > 9)
> P(|¢lloc > 2 +0) — d = P(|O5 || > )
=P([[¢llc > 2) = Pl < [|¢[loc < 2 +6) —d —P(||O5 [l > 9).

Therefore we conclude that

sup[P([|APs|loc > 2) = P([|¢]l > )]

x>0

<d+supP(z — 6§ < [[{]lec <2+ 0) +P(|OF s > 5). (A.28)

x>0

By Corollary 1 in [18], it holds that as § — 0

supP(z — 6 < |[¢]loo < +6) < C(logq)'/>.
x>0
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By Proposition and further notice that A, = O(,/ %) we have [|Of ||c = O(\/™EsA2); by
Assumptlon , we have [|O% o = of \/1?) Therefore, we can find 6 = o \/17) such that both

sup,-oP(z — 6 < [|¢]loo <+ §) and P(]|O% || > &) goes to 0. For terms in Equation (A.28)),
it’s sufficient to show

d = sup |P(||O%|lec > ) — P(||¢]|oc > 7)| — 0. (A.29)

>0

Recall that ©F = f Zt | VTub€is © Os; for each element in OF, we rewrite

@S Z VTUPSE 1 (),x2(3) @tS Z V1P gt,x1 (3),x2(7) @tS( )

p (k (k) ol
Z 5t,x1 l) xz(Z ZZ iy (5) S tixa (3) t,x1(4),x2(i)
o Va0 ()Ttxe(0)x2 )

(k) 2 l (k) 2 l
Tt x1(8) x2(d) (Etlm)) T Traa@oe® Cixe@) T Tixa@ael)

2Tt,x1(l)7><1(z VT tx(0)xa ()Tt x2(0) x2(0) 27t o (3),x2 (i) VTt (@)xa ()Tt x2 (1) x2(0) .

Denote by N = Zf_l n;, then we have

P (k)

n [
Zﬁm(z),xz(z)\/ﬁ Z th1(2 Etixa(i) — Ttx1(3)x2(3)

k=1 I=1 \/ txa (4),x1 (1) Tt x2(4) X2 (4)

NG
(k) 2 ! (k) 2 !
_ Ttal)xe6) Eni ()"~ T _ Ttxa(i)xe() (Eitno)” ~ Tat) e

2731 ()0 () VTt () xa () Exa(@)oxa () 2 txe(@)x2() VTt ()1 () 6x2(6)x2(3)

. Yoo (VN . .
By Assumption , % is bounded by constant;now applying Lemmato each term in

the bracket,

Z Z th1(Z) th2( Tt x1(1),x2 1) Z Z )\tl th1( ) th?( Tt7X1(i)7X2(i))’

k=1 I=1 k=1 I=1
SN
2 l
Z Z((gtba(i)) Tt x1 (i), x1(z - Z Z )\tl tlx1 rt,Xl@):Xl@))?
k=1 I=1 k=1 I=1

we can rewrite

. 1 LY .
O5(i) = =D > > Osuli).

i)

t=1 k=1 I=1
with
(k) (k)

0w () — Miepa o @ VN it () tixa ~ Tt 0x20)
S,tl(z) - d - - - -

V1 VT tx (@) x ()Tt x2(0) x2(0)

(k) (k) l
_ Ta@) e (i)’ = T ~ Ttxa(i)xe (i) (Cuyoiy)” —

ri,xz( ),x2 (%) )
2731 () x1 () VTt (D) ) Thxa(@)x2(@) 2Txa(@)xe2() v/TExa (D) ()T tx2(6),x2 ()
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(k) (k)

tlxa(
ngtl( ) to be sub- exponent1a1 random variable which is independent forover 1 <t <d, 1 <[ <
b, 1 S k S Nyg.

According to Corollary 2.1 in [[17]], our case can be fitted in (E.1): (1)Our random variables
are sub-exponential random variables. (2)By Assumption 4} the condition (log(nodpq))” /nodp =
O((nopd)~°) with ¢ > 0is satisfied. We conclude that Equation holds with sup,- o |P(||APs||o >
z) — P(||¢]|oc > )| = O ((nopd)~°), and we finish our proof. O

Now notice that €, i) and € ;) are Gaussian random variables; therefore we have each element

A.4 Proof of Main Theorems

Proof of Theorem [1

Proof. Let Dll(/l?,ﬁo = B 0)> Zl(/l?ﬁo = ﬁz(l Z,. _zD_l/2 = Z;._;. We immediately have

d
5 Z 1Zs.; — Z1.—iBylls — 1 Z1.i — Zy,.—iByl]3)
TP 13
—0 ~0
<\ Z(H/Bi(l)HZ —1Bipll2)
I
MO Al = Y 1A ll2), (A.30)
LeT; leTy?

’ ~ — ~0 — J—
where A; = (A}, Ay, - Ay) = B = 81 A = D!*A; = B; — ;. and A, is the I-th
group of A;; T; = {I : ﬁ?(z) # 0} = {l: B;y # 0} is the group support of vector 37, while T} is
its complement set. By the convexity of ¢, norm, we have on event F;,

d
Y W2t = ZoiBulls = 121 — Zo.—iBull3)

t=1
d
1
nop Eﬁ: t —1i =7

_ZHA 2 - max [Zt 1( lstz) 2172

) # nop

> — §+1 ZHA 2) (A.31)

2”0

v

v

where the last inequality follows from Lemma [3|on event E;. Combining Equation (A.30) and
Equation (A.3T]), we have

— — —1 _
MY Bl = Sl = -5 (Y Bl

IET; leT? I#i
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which further implies that on £,

Al <€ 1A e (A32)

IE€T; l€Ty

Now, also notice that

d
> N2ii— 2. -iBulls = 1 Z1.i — Z1.—iBll3)
=t (A33)

d
> (12, Al - 2A,Z, _Ey).
t=1

2n0p

2?10]9

In addition, by Lemmalf|l| we have on event E;,

d
1 S (Z B €1
. E E;)| < E A aoll2 - max <\ § [Ai 2,
[V S — I#i fop E+1 I#i
(A.34)

where the last inequality follows from Lemma 3| on F;. Combining Equation (A.30), Equa-
tion (A.33) and Equation (A.34)), we obtain that on F;,

ZIIZt B3 <A Al = Y 1A 1) )+ A 5+1 E:IIA i+ D 1Awll)

leT; leTy? leT; leTy?

£+ DL (A35)

leT;

On the other hand, we have

12
2n - E 1Z:,—iAulls = GT E 1Z:. Dy " Al
1 1 2 Zt —1Zt ,—1
~ 9 E Atthz (Dt

~W,)D,;'*A,
nop
+ Atszl/ U, D, *A), (A.36)

, Zt i ]EX(l) X(l) )
where U, = E i e ) ,’“ by Assumption |2, By Lemma 4] we

know that on E;,, all diagonal terms of th for all1 < t < d are bounded above and below,
where the event F;, hold with probability 1 — (dgq)~° as

Zt zZt ) 1

Egio = {|——= |6(2—,206)foralllStﬁdandlgieq}.
Ce
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Hence, by Assumption[I]and Assumption [3, we can bound the second term on the right hand side

of Equation (A.36) as

d
Z A,D,'"%, D,;'"A; > min Ammoxfn)HAHQQ A2 (A37)

_22\

To handle the first term on the right hand side of Equation (A.36]), we notice that

where the last inequality follows from the proof in norm compression inequality (Theorem 3.4 of

[14]) and a simple fact that for any vector v € R? and M € R?*?, v' Mwv < ||v|?| M |o. Here
Z, . Ziyot, B z

dxd _ Tty ty,l
Ml1 I, € R and Ml1 Iy, = (mll Io,t1, t2), where My ot te = L ﬁop 1 éop

By Lemma |5, we have on event E.,,, maxy, z i, || M, 1,12 < ¢4/ d“(’g 1, which, together
with Equation (A.38)), implies that on E.,,,, N Eg;q,

Z, . Z, i _ __ _
_1 2 t..—i 4t ) —1/2
Y n—op_lpti)Dti A < 2. llg%%;;iHMh,lgHQ'(ZHAi(Z)||2)2; (A.38)

I#i

Zt2,<,l2

Z, Z. _
A D—1/2 t —'L i
| Z ti nop

d+10gq
< 2oy [ ——= O Al + D _I[Ail2)?
IET; leTy

d+lo —_
< 2cee(l+ €[ B[R ll)?

leT;

—0,)D, Ayl

< 2cec(1+€)?

d+logq ,—
T8 A, (A.39)
No

where the last two steps follow from Equation (A.32)) and Cauchy—Schwarz inequality, respectively.
Combining Equation (A.36)-(A.39), we have on E.omng,., ,

d
1 = = 1 —
— Z.. i AGl2 > A2, A.40
o 2B Bl = 5 1A (A40)

where we have used Assumption 4| which implies s, /%g’pgq = o(1). Define Ejyinii = Ecom N
Eg4io N E;, finally combing Equation (A.33) and Equation (A.40), on Ejinz ;s

A3 < 8 ST A H2<8c2A—f||AH2,
f lET
which implies
— d+1
1A < ¢y [s2—281 (A41)
nop
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In addition, on the same event, Ejin ;

ZHZi(Z)HQ <(1+¢) ZHZi(l)HZ < (14 Vsl Al

1#1i leT;

< (s, [4F 108 (A.42)
nop

Moreover, by Equation (A.35]) and (A.42),

d
1 _ — 4 d+1 d+1
L SZ B < n sy | 108 o lorg (A43)
2nop £+1 nop nop

Finally, note that on E,, all entries of D,; are simultaneously bounded below and above by
(ﬁ, 2¢.). In addition, E,;,,:; holds with probabilty at least 1 — C; where C; = Cy + Cy + Cs, i.e,
the sum of the constants corresponding to E.,,,, Fq;, and E;. Therefore Equation -
directly imply our statement of Theorem [I] [

Proof of Theorem 4]

Proof. Our procedure for temporal covariance estimation is applied to each sub-graph separately,
therefore we omit index ¢ here for clarity. We split our proof into algebraic and probabilistic parts.

We start by discussing the probability of certain events. Firstly, we notice that I — C and
I — C are lower triangular matrix with all diagonal elements as 1, thus it holds naturally that for
some ¢ > 0,

1 _ 1 1 . 1
H=Cllz € (=, 0), [I-Cl}2 € (-,¢), (IT-C)~ |2 € (=), (IT-C)~ |2 € (=:¢)- (A44)

Ea
Next, by Lemma B.2 as in [40] and Assumption |3, we have that for some ¢’ > 0,

q 1 2 ¢, Tr(V)
1 D =z
|| e .S

2 c
TI'(V) ‘l)H2 S (_ _)‘

) -,

Notice that

Tr(V) Tr(V)

~ ~ Tr(V)
||TDH2 —||D - TDH2 <|[Dl2 < ||

~ Tr(V
Dls+|D - %DH%

by noticing that D — Disa diagonal matrix, it directly implies that,

HTr(V) Tr(V) Tr(V) Tr(V)

di| < || Dl <] d;.

D||s — max |d; —
1<i<p

DH2 + max |C/l\l —
1<i<p
By Lemmawe can bound max; <<, \d; — @dJ < 1 with probability at least 1 — ¢~°; thus
we can directly show that with at least the same probability, the event £; holds for some constant
¢, where
q 1 Tr(V)

~ 1 ~ 1
E;={||D - D! - — D! -
2= {IDll: € (G:) 1D € (2, 0), gD 7' le € (G0 |

Dl € (5,0}
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Now we proceed to algebraic part. Under event £, for D, we have

Lo Te(V) _ 1=~ Te(V)
21D — D2 =-5"1d - |2, (A.45)
1D =Dl = 3 -
~ Tr(V Tr(V Tr(V _ ~.
wD1—<q>D>uF V) oz 1 ¥ pyy By 2
Tr(V 1<~ ~ Tr(V
"Wpp-cly g - TWgp (as
q P = q
Foré,
1A 2 1 L ~x 2
“|IC-Cly=->lg - als. (A.47)
p P53

1 ~ _ 1, ~ ~ _
EMLwnl—u—m1%syw—cmwu—cwmwu—0>%
L A 2 1p/\* 2
s0ﬂ0—0M=c;§mq—qu (A.48)
=1

where the last inequality follows from Equation (A.44). Finally, as we defined, U= (-
C )t ((I C ), A= (I — C )Y D~Y(I — C ), therefore we have
1.~ Tr(V) Tr(V)

-||U -
p

——Ulfp < (II(I—C)‘1||§-II DI |[(I-C)" = (I-C)}

Tr(V)

+|(I-C) Y3 |D - D|%- (I -C)™Y3

+I(I=C) = (I = C) M- IIDIl5 - (T - 5)‘1H§)-

1, ~ q 3 q - =
VA= Al <2 (11 CIB- I DB - IC - Gl

Tr(V)

+|IIT=Cl3- ID™" = ( D)5 - 1T - Clj3

+wc—c%lemwu—c%)

Notice that under ; and by Equation (A44), || &5 D~ |12, || 52 Do, [|(T = C) |, [T = C |2,
/(I = €)Y and || I — C||, are bounded by a constant, thus we have

(V) (V) [ SN

1~ Ci A
~|lU - U\I%SfI\D— D)% +
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Lo~ q

A — —2

p | Tr(V)
With Lemma [10] Equation (A.45)- Equation (A.48), we show that for for any 6 > 0, there exists
constants C, such that

Tr(V')

Cy,Aa_ _ Cy A
Allf < jIID P ( D) 1||fv+;2||0—0||fv-

1, ~ VvV log p _
P10 - Wy > 0 8P < 0
p (nq) 2a+2
1, ~ q log p _s
P(—||A — —A —) < q°
G4~ Ty Al = 02 <
And further notice that £, holds with probability at least 1 — ¢, thus we proved the main
conclusion. n

Proof of Corollary 2|

Proof. Following the proof of Theorem@ and omitting index ¢, we denote by U = @U; we

denote by J (ﬁ), the set of non-zero indices in U by J; we denote by J¢ as its complement set.
We immediately have |.J| < p(2h + 1). By Cauchy-Schwarz inequality,

SO =Tyl | <171 Y@ )2 < p(2h+ 1)||U5 - U5|3-
(i,j)Ej (4,9) EJ

By Theorem we known that |[U — U ||2= O(p—%L:1), thus
(ng) 2a+2

log p log p
Z |Ul] U%J| = 3‘”;) =O0(/p? (n )ﬁ) (A.49)
(i.g)eT nq . 1
Therefore,
IO1=1T1F| = DD 02 -0 = | Yo @2 -0 - X
i=1 j=1 (3,5)eT (i.g)eTe
<| > @ + > U
(z',j)eJ (4,7) GJC
= | > Uy = U)Uy+Uy)|+ Y U
(ij)eT (i.j)eTe
< S (O - Uul(Ty — Tyl + 20050+ > O
(3, ])EJ (3, ])EJC
< ||U U||F—|—2max |Uw| Z |Uzy l]|
(i.9)eT
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By Assumption 3] Theorem ] and Equation (A.49),

lo lo lo
—o(p—20 yp [ 2L ) —0(p, 2L,
i (ng) (n)7

[egltoga

By Assumption[6] we have

Ull2— 0|2
p
. . _ Te(V) _ Te(O), " = .
With Assumptlon denote by T, = =~ = —.=; by definition of 7, and Equation (A.49), we
have N _
~ T —T 1
7,_q, - T -T0) _, 98P ) — o(1). (A.51)
P (nq)a-H
Finally,
U E-UIE _ WUIE-TAUNE _ IUE-IUIE+IUE-TZ U
p P13 P13
_ WUIEOE | (77 = THIUIE
pT? pI7
F7I2 T2 N
o L (IOROW , e
T2 p

Therefore, combining Equation (A.30) and (A.31)), we have w = 0(1). and we finish
our proof.
[

Proof of Theorem 2

Proof. Denote d; = sup, [P(|C]le > 2|D) — P(||¢]|os > )],
sup [P(|APs |l > 2) = P([¢]loc > (D)
< sup [P([|APs||0 > ) = P(|[¢lloc > 2)] + sup [P([Cloc > (D) = P([[¢ ]l > )|

>0

= sup [P(| APslloc > 2) = P([[Clloc > #)| + dc.

>0

From Proposition [2} the first term converges to 0, therefore we only need to prove d¢; — 0. Now
with Lemma 3.1 in [[17],

sup IP([|Clo0 > 2|D) = P(||¢ o0 > )| < CI[WT = WP||L2{1V log(q/[|[ W — W[},

Therefore it’s sufficient to show

IWE = WPy = 0,(1). (A.52)
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Proving such a claim require us to calculate each entry in W', As defined in Equation (2.16)),

Q=

W =B S (Ol (in®ls) } = 5 S W

Therefore, W follows from W/ immediately. By Lemma we have

d
1 oAy
P F
Wy = a Z ( (P (31 () Pexa () xa() F Ptxa (6),x2 () Pt () xa )
1

t=1 p
2 1 2
+ ipt,X1(i)7X2(i)pt7X1(J’):X2(j)pt,><1(i),><1(j) + 5!0757)(1(i)7X2(i)pt:X1(j)7X2(J')pt,xz(i),x2(j)
1 1

2 2
+ §Pt,><1(i),><2(z'>/?t,>a(j)m(j)ﬂt,xl(i),m(j) + §Pt,>a(z’),m(z‘)ﬂt,xl(j)m(j)ﬂt,xl(j),xm)

= Ptxa(i),xa (1) Pexa () x2 () Pexa () x2(6) — Prixa(@),x1(5) Ptxa (1),x2(8) Ptxa (i),x2(4)

- pthQ(i)u)(Q(j)pt7X1(j)7X2(j)pt’X1 (i)7X2(j) - IOt’XQ(i)7X2(j)pt’X1 (j)7X2(i)pt’X1 (Z):X2(7')))

AR
For ——"—F, we know from Corollary [2|that

(LA sl L2112
p

= o(1). (A.53)

For the plug-in estimator defined in Equation (2.9), we notice that uniformly for arbitrary
7:7 ,L'/7 i//, 2.”/7,].; jlyj”yj”/’ we have

d /~ ~
Ztl(pm]ptz’é’ ptsztz’]/) _ 0(1)7 (A54)
d ~ o~ ~
2z (Prighuy P R wi) o), (A.55)
d ~ o~ ~ -~
thl(ptijpti’j/pti”j”pti/”j;’ - ptij,ot’i/j/pti//j”pti/”jm) = 0(1)7 (A56)

from Proposition [T and Lemma [§]

From Equation (A.53), Equation (A.54), Equation (A.55)) and Equation (A.56) , we know
Equation (A.52)) holds, and we finish our proof. O

Proof of Theorem

Proof. The first claim directly follows from Theorem[2] and we know that Py, (¢ ¢ Cs(1—a)) —
a.

For the second claim, we define that yz = E(||¢]||D), according to standard theory for the
maximum of Gaussian variables, we have

U2

P([[€lloo > 11z +ulD) < exp(— =5 )-

. P
2 maxi<j<r wjj
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Furthermore, define Cy = v/2(1 + 571)

2logq/’

B < C+/log ¢ max w i

1<5<r

. 2 _ ~P
By setting u” = —2log a max; <<, w;;, we have

7s(1 — ) < (Cov/log g + v/—2log a) max wy,

1<5<r

~P
Define the event G. as G. = {max;<;<, 12,5

< €}; as is shown in the proof of Theoreml

JJ
PP
maxi<j<, |w | = o(1), which indicates that max;<;<, [ ”waﬁl = o(1). For any € > 0,

this event hold w1th probability tending to 1. Now under G, it is obvious that

Gs(1 —a) < (1+ €)(Co/logq + /—2log o) max wP (A.57)

1<5<r

k _ _
Without loss of generality, we assume that 2= S12y n\}:(p tz—cuz) _ = max( j)es \Zt 181 :}% Plpes —criy) B
it immediately follows that

Zt 1§t12\/nt (Pt12 - Ct12 1
> /2
Tr C+/logq fgfé , (A.58)
Also, we have
PHl (\I]aa Ge)
k ~
_ ]P)H1< max |Zt:1 gtlj vV TltP(Ptzg Ctz]) | > Z]\S(l . a), Ge)

(i,§)€S Vk
thl 51:12\/”15]?(@12 - Ct12)
Vk

Zle €t12\/ntp(ﬁtl2 - Ctlz)
= Py, (G.) — Py,
m (Ge) — Py ( 7
Zt 1 §t12\/nt (Ptlz - Pt12) ~ Zle &12@(%12 - Ct12)
<gs(l—a)— ,Go),
VEk VEk

By Equation (A.57)), Equation (A.38) and noticing that C'is a large enough constant and € can be
arbitrarily small, we have

> gs(1 —a),G)

IN

a\g(l —_ Oé), Ge)

= Pg, (Ge) — P, (

k ~
E _ n -
P, (Yo, Go) > Py (Go) — By, (21502 j%(” 2= 2) o fogg max (w)'/?, Go),

for some constant C’. Since the first term tends to 1 while the second term tends to 0, we have
PHl (\I/a) Z IP)Hl (\IJO“ GE) — 1

Therefore we complete the proof. [
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Proof of Corollary ]|

Proof. The proof follows similarly as in Proof of Theorem Noticing that sign(py;;) = ... =
sign(paq;;) and sign(cy;;) = ... = sign(cg;), thus we omit &;;; here. For the first claim, simply
notice that under the null, for any (4, j), we have

k ~ k —~
> i1 /1| peis| — ) Y i1 /b (|Peij — prijl)

Py > gs(l —a)) < Py > gs(1 — «
(ST s(1 — ) < P o ds(1 - )
Therefore we have

k —~
Py (V) = Py (max ==Y PUP 0 g oy

0 Nig)eS Vk

k ~
( > i1 VTuP(|Prij — prijl)
T % ges Vk

For the second claim, we follow the proof in Theorem @ to Equation (A.57). Without loss of

> gs(1—a)) — a.

k k l—c . .
generality we assume ==1v"2UPnzl—c) meg‘pw = mMax( j)es L=y VP prig] =) ”m\/%(‘p“]‘). Likewise, we have
k
VD —c
2y V1iPpua| = ©) > C'/log ¢ max (wh)1/? (A.59)

Vk 1<5<r 07

Notice that,

k —~
PHi(\I’/mGe) = Py, ( max > i1 V/Tup(|prij] — ¢)

> gs(1 —a),Ge)

(i,j)€S Vk
k —_— e~
2 PH{(ZFl nt\z;%pﬂﬂ 2 Gs(1 —a),Ge)
k ~ k
_ PHi(ZtZI Viup(|puzl — |pu2l) > _Zt:l Vup(lpus| — ©) +as(l—a),G)
vk Vk
k ~ k
Z ]P)Hi(_ZtZI V ntp(|10t12 pt12|) > _thl V ntp(|10t12| C) _|_ Z]\g(l . O[), Ge)
vk Vk

By Equation (A.57), (A.39), and notice that C' is a large enough constant, we have
]P)H{ (\I/:l, Gg) — ]_,
Therefore Pp; (V),) > Py (¥, Gc) — 1 and we complete the proof. O

A.5 Tuning-free Method for Single MGGM

In single-session data case, we omit the index ¢ here for clarity. For each fixed 1 < ¢ < ¢, the
self-tuned Dantzig-constraint is defined as follows

. B 1 <& ,
D(i) ={(8,0): fER 0 >0, |- SN X)X - X280 [ w< A},

k=1 l=1
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where A\ = 4/ W. Then the Self-tuned Dantzig estimator (B\z, 0;) is any solution to the
following optimization problem
( B,(Iyl)lélll)(i)(uﬁ |1+co), (A.60)
where c is a predefined constant which we will discuss about later.
With the regression as in Equation (A.60), following [27], we introduce a few definitions
which will be required for our proposition and proof. For a support set J C {1,..,q — 1}, we

define the cone of dominant coordinates as

CV = {A R A

1 < (T +)A]L}-

We define [, — Jy — block sensitivity as

Fogos = if || TA|,
AcCT:| Ay llg=1

with & = ‘A/li, where V is the sample estimate for spatial covariance matrix. We define the
restricted eigenvalue as

() - [A'TA
K = inf —_
RE AcRa-1\{0}:AeC A5
Proposition 3. Define AB; = B; — Bi; set A\ = lfiq, ¢ = 22— in self-tuned Dantzig

1,0(8:).7(8;)
selector; we have 3; are consistent with the following properties: for any 1,y > 0, there exists
constants C1, Cy such that

P(max ||AB|[1> C1s\) < ¢,

1<i<q

P(max|| AB 2> Cav/sh) < ¢,
1<i<q

Remark: In practice, we introduce one way to pick c. According to Proposition 4.2 in [27],
we introduce /-@&70) = tming_y, g 1{mina,—1jaj<@+)s | $A|}, which is a lower bound of
K] T(8:).J(B:)? and can be computed by solving linear programs based on the data only. If s is

unknown, we may choose an upper bound based on Assumption [

Proof. The proof can be separated into algebraic and probabilistic parts. Let’s focus on the
algebraic part on certain events. In the end we will show that the probabilities of those events are
close to 1. Define the event GG; as

R K
”n_ >N ek X)) oo < A,
Ly
log g

np

coefficients as AG; = Bz — ;. Then we have

where A\ =

, ¢; is some constant O(1). Denote the difference of our estimator and true
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hS]

1 k) k) k)\' 3
1= D (%00 X288 < H—ZZ ) (X7~ (X2 B
p k=1 I=1 k 1 1=1
+ ||_ZZEZZ le z||oo
k 1 1=1

< (07 + d)A < A2 + (77 — ¢4))-

Note on event (G;, we have

1Billi+c5: < [1B:ll1+ce, (A.61)
which further implies that
1ABs se ) 11 < 1AB g8 1 +c(di — T4). (A.62)
Therefore, we have
H— Z Z XV AB < M201 + (HAﬁi,mi) 1—1ABs sea I1)- (A.63)

klll

For every v > 0, we have the following two cases:
° cp; > ||7A51,J(Bz) 1
o ch; < ||IVABi;

For the first case, it dlrectly implies that ||AB; s,
Equation[A.62] we have

1< "’(ﬁl, for the second case, combing

1AB g8l < (1 + ) ABs8, 1 (A.64)

By the definition of /{1 180,78 W€ claim that with high probability,

Hence AG; € C’}(ﬁ

C

Y
RLa(8).0(8) = 5 (A.65)

where C'is a constant. To see this, Lemma 4.1 in [27] gives that kg s(g,) < (24 7)sk]| T8I (Be)’
and we only need to show that krp y(g,) is lower bounded by a constant. For A € C (8:)

’ ’ / 1
ATA=AVLA+A (T -V )A > —[A - ¥ - Vil Al
1
> —[ Al = 1% = Voillo (2 +7)"s| A2

By Lemmaand Assumption @, [P — V]o(2+7)%s < % with high probability. Therefore
KRE,J(8;) 18 on constant level indeed, i.e,

[A'TA| _ |A'TA|

1As@olls — IIAIE T~ 2e
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Next, continuing our calculation, Equation[A.63]implies that

1
K1 a8, 1ABsI o = AQ2¢: + —[[ABi s 1)-
With the condition that 1B I %
2¢;\
[FAVEIRTFERY IR -
,J(Bi),J(Bi) c
Combining two cases we have
1AB;. (5|11 < max {— i, — <}

Ri080.008:) ¢

I\
1< 9

For simplicity, we pick v = 1/2 and ¢ = ——2*——. Then we have ||AS; j(3.)
F1,0(8:),7(87) F1,0(8:),7(8:)

and according to Equation[A.62]

1AB: 1 = [|ABi,18,)

1+HA5¢,J6(,@-) 1

< 2[|AB;i 8 1 +cdi
10\ 100,
< e o < 5 As, (A.66)
R1,7(8:),7(8:)
where the last inequality follows from Equation Noticing that 2[|AB; s, 1
Equation [A.63|becomes
- ABillw< M26; + 211AB, < 4\, A67
||anZ 120 XD AB o< 201 + ~[|ABLsg) 1) < 40 (A6T)

k=1 =1

Therefore, combing the above equation with Equation [A.66] we have the prediction error of
Dantzig selector as

_|A/6 ZZ l z Xl(sz/61|

k=1 =1
< A8 H—ZZ D) X AB o
k 1 =1
40\,
< 1/Q—¢i- (A.68)

Ky,0(8:),7(8:)

To proceed with ||AS3;]|2, let us denote the event GG, as

H—ZZ (X)X = Vil A,

klll
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where V_; is a submatrix of V' with i-th row and column removed, and ¢} is a constant O(1).
First, we notice that

n

AB— zz ) X.AB,

k 1 =1
— AB;( ZZ WYX~ VI)AB + ABV_AB;
npk 1 l=1
1 <&
> _HAﬁz”z_Hn_ZZ D)X = Vil ABE (A.69)
pk 1 =1
Thus under G; and G/, we have
k: k
IIAﬂzII2<CeII ZX; )XY, — Vel A8

+ e[| ABil) ll—ZZ (X)X P08

k‘ 1 l=1
< (NG AB|I T4 | ABs 1), (A.70)

where the last inequality follows from Equation Since Equation indicates that [|AB; |,
is a o(1) term, we know \¢l||ABi]|3< Agi]|ABi|1. Therefore,

IABH3 < BecAdil| ABillL < C's ).
Therefore, following Equation we have
[AB;[|2< V' ¢iv/sA. (A.71)

As the probability of event G; and G/, is given in Lemma[2|and Lemma 3] from Assumption
Equation and Equation [A.71] we conclude that for any ¢, o > 0, there exists constants
C1, C5 such that

]P)(m,aXHAIBiHIZ CisA) < ¢,

P(max [[ABill2> Cav/sA) <

1<i<q

A.5.1 Evaluating Goodness of Fit

To assess the model fit, we calculate the mean log-likelihood of our model for each node along
time averaged over all trials for the first session. From Fig. [A.7(a), we observe that the top-
left sub-region has the largest log-likelihood while the bottom-right sub-region has the lowest
log-likelihood. This indicates that nodes with stronger connectivity play a more important role
when fitting the model. Notice that there is another local minimum at the top-right (location
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Figure A.7: Mean log-likelihood for each node along time averaged over all trials: left panel is
the likelihood of the original fit, and right panel is the likelihood difference between the 3 x 3
finer and original fit. Comparing two panels, log-likelihood values for sub-regions with largest
log-likelihood and lowest log-likelihood are both greatly improved by adapting a local fit.

(2800, 3200)) of the figure, which results from the fact that this area has a lower signal strength
thus a lower weight when fitting the model parameters. Next, we divide the 10 x 10 array into
nine parts: along x-axis and y-axis, we divide them into three subset (1,2,3), (4,5,6), (7,8,9,10), so
that the 2D space consists of 3 x 3 sub-regions. For each sub-region, we fit a MGGM separately,
and the mean log-likelihood difference between this fit and the original fit is in Fig. [A.7(b). Most
of the sub-regions correspond to positive values, which indicates that the fit improves; moreover,
comparing two panels, log-likelihood values for sub-regions with the largest log-likelihood and
the lowest log-likelihood are both greatly improved by this local fit model, which indicates that
different factors may exist inside each sub-region and need to be addressed differently. This
motivates us to apply a multi-factor model in the next Chapter so that each local mode can be
effectively captured.
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Appendix B
Appendix to Chapter 3

B.1 EMe-algorithm to Fit LDFA-H

Initialization Let9© = {§)§0), S 51 </I\>}5’(0), ;I;‘zs,(o)’ Ef'lr’(o), @?(O), BLO B0 GLO) 2

be the initial parameter value. Since the MPLE objective function for LDFA-H given in Eq. (3.9)
is not guaranteed convex, an EM-algorithm may find a local minimum according to a choice of
the initial value. Hence a good initialization is crucial to a successful estimation. Here we suggest
an initialization by a canonical correlation analysis (CCA).

Let {X'[n], X?[n]},=1.. ~ be N simultaneously recorded pairs of neural time series. We
can view them as N'T" recorded pairs of multivariate random vectors { X} [n], X?2.[n]} tn.t) e (v x[1)-

We obtain ,@i’(o) and ,(/3\%(0) by CCA as follows:

B%’(O) B?’(O) = argmax %TSHB% (B.1)
’ Brean gerr: /BT SVB1V/ BTS20
where
11 1 1 1 1 1 1 1 T
S NT (X;.[n] — NT ZXt[n])(Xt [n] — NT ZXt [n])
n,t n,t n,t
1 1 1
§% = NT (X?.[n] - NT > X7 ) (X7 [n] - NT P AN (B.2)
n,t n,t n,t
1 1 1
Ui NT 2 w[n] = NT > X! [n])(X7 [n] - NT > X2’
n,t n,t n,t

According to the equivalence between CCA and probablistic CCA shown by [7], it gives an
estimate of the first latent factors

Z4n] = By XH{n) B3)

forn =1,...,N and £ = 1,2. The initial second latent factors 25 ) and the corresponding

factor loading ,@5 (0 g similarly set by the second pair of canonical variables, and so on. Then we
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assign the empirical covariance matrix of {2}’(0) [n], Z?’(O) (1] } ey to the initial latent covariance
matrix 2 )for f =1,...,qand the matrix-variate normal estimate [67] on {€*©)[n] := X*[n] —
Bk Zk 0 [n]}nern to @5 and @5 for k = 1,2. Along fih(©) = Ly X*[n], the above
parameters comprises the initial parameter set §(0)

However, we cannot run an E-step on the above parameter set because PF O g not invertible.
We instead plck one of its unidentifiable parameter sets 6(0){ata®} , defined in Eq. , with all

*(0g and B ! )°s invertible. Specifically, we take

1 e 0]
ko ty 12 | @ 1/2
ay = 2/\mm (Ef { 0 (I.QJ DIy > (B.4)
for f =1,...,qand k = 1,2 where \;,(A) is the smallest eigenvalue of symmetric matrix A.
Henceforth, we notate §(0-{a"2} by 8. Fort = 1,2, ..., we iterate the following E-step and

M-step until convergence.
Another promising initialization is by finding time (t s) on which the canonical correlation
between X, and X maximizes. i.e., we initialize B and B2 by

R 1T512 /8%
BrO B2 = argmax such that [t — 5| < Aeross.  (B.5)
BiERP1,BIERP2 \/BITS(t f 51 \/BQT‘S’?s)IB%

where

Sty = v Z (XL )~ S X)X ] — - XL
%)=+ Z (X[~ XX - < X2 s
SP = Z (XL~ o S XL (X2 ]~ - 3 X2 )T

for (t,s) € [T] x [T]. Then the other parameters are initialized as above. We can even take an
ensemble approach in which we fit LDFA-H on different initialized values and pick the estimate
with the minimum cost function (Eq. (3.9)).

Now, for r = 1,2, ..., we alternate an E-step and an M-step until the target parameter 11,
convergences.
E-step Given 0 := 60 from the previous iteration, the conditional distribution of latent

factors Z'[n| and Z?[n] with respect to observed data X'[n] and X?[n] ontrialn =1,..., N
follows

(Z!,[n]; Z%\[n];. . .; Z2,[n]) | X'[n], X?[n] ~ MVN (m(“)

DnLvi). B
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where

(r) (r) (r) (r)
Vzl,Zl‘X tee VZ1,Zq|X WZ1 Z1|X tet Wzl,Zq‘X
(r) . ) . _ . .
DO S N ol IV . oY
Zg 20X qu,zq|x qu,zlp( e qu,zq\x
and
(r) _ (ry ., . (r)
mZ|X[”] = <m21|X’ My m22|X> B.9)
=V (BUTSX By BTTAXC TS L B TAX TS
given
(r) (B} 'TLBl) It 0 5 1, f=yg
= e ey Qp, Ty =
Z5.Zg|X ( 0 (IBJ%TF?Sﬁ;) I‘%— {f=g} 24f {f=g} 0, ow.
(B.10)

for f,g=1,...,q.

M-step We find 6") which maximize the conditional expectation of the penalized likelihood
under the same constraints in Eq. (3.9), i.e.

~

0") = argmin — ZE | X [n] Fr-D [logp(Xl[n], X?2[n], Z'[n], Z*[n); 60~ 1))]
(B.11)
+ Z Z HA'}Z ©) H"}l”1 s.t. Th is (2nF 4 1)-diagonal
f=1 k=1
where p is the probability density function of our model in Egs. 3.4) and (3.5)) and the
expectation [, Z[n]| X [n] 8D follows the conditional distribution in Eq 1i Taking a block
coordinate descent approach, we solve the optimization problem by alternating M1 - M4.

M1: With respect to latent precision matrices {27, Eq. (B.11)) reduces to a graphical Lasso
problem,

ﬁ; = argmm {—log det(Qy) +tr <Qf (V(T|X —|—]E[me‘XmZ X >) Z HAM HMH }
Q k=1
(B.12)

for each f = 1,...,q where E[mz |Xm(ZT)|X] =+ S m(ZTf)lx[ ] m(zf)p([ |. The graphical
Lasso problem is solved by the P- GLASSO algorithm by [42].

M2: With respect to I'*, Eq. reduces to an estimation of matrix-variate normal model
[67]]. The estimation problem can be formulated as

Nk(r 1 r T 1 T
11’2( ) = T (E [mikixmik)\;} + Z at z(k)z’wakaT) (B.13)

f9=1
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and

— log det(T%)

rH = argmin 1 I -~
T k KTk gky v/ (1) (M Tk, (1)
I p—ktr<I‘T<fZ (8758 Vi +E mek‘XI‘Smek‘XD> (B.14)
9=1
s.t. I‘T is (2h% + 1)-diagonal
for each k = 1,2 where mg)p( = X* — BFm Zle
random matrix A. The estimation of I'*- under the bandedness constraint is tractable with modified
Cholesky factor decomposition approach with bandwidth h* using the procedure by [3].
M3: With respect to 3%, Eq. (B.11) reduces to a quadratic program

Z Fl;',(t,S) tr <BkTF§'Bk <VZ(7’;) ZE X + COV[ Z’2 1x m(ZT;Z\X])>

— p* and E[A] is the empirical mean of a

B\k(r) = arg maxg

23 Tt (D58 Cov (XL m) )
t,s

- (B.15)
where F’}j (t,5) 1S the (t,s) entry in I'4 and Cov (A, B) is the empirical covariance matrix between
random vectors A and B. The analytic form of the solution is given by

-1
(Z FT (t,s) VZ(Z) ZE X + COV[ ZT’2 1x mgx])> (Z FkT,(t,S)COV[m(Z?JX’ Xf])
t,s
(B.16)

M4: With resepct to p¥, it is straight-forward that Eq. (B.11) yields

S

ptt =

B.2 Simulation Details

We simulated realistic data with known cross-region connectivity as follows. Simulating ¢ = 1
pair of latent time-series Z* from Equation (3.2)), we introduced an exact ground-truth for the
inverse cross-correlation matrix IT}? by setting:

_ [P0 D' 1y
II, = 0 (P2)! + 27T p? (B.17)
where D' and D? are diagonal matrices with elements D = > 12 (1,s) and D(QS’S) =

o H%Q(t 5 which ensures that the matrix on the right hand s1de is posmve definite. The matrix on
the left hand side contains the auto-precision matrices of the two latent time series, with elements
simulated from the squared exponential function:

P = [exp (—c"(t — 5)°)],, + Mr, (B.18)
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Figure B.1: Squared Frobenius norms of covariance matrix estimates, ¥, for all factors f =
1,...,10. Notice that the amplitudes of the top four factors dominate the others.

with ¢! = 0.105 and ¢ = 0.142, chosen to match the observed LFPs autocorrelations in the
experimental dataset (Section . We added the regularizer A\Ir, A = 1, to render PFE
invertible. We designed the true inverse cross-correlation matrix IT'? to induce lead-lag relationship
between Z! and Z? in two epochs as depicted in the right-most panel of Fig. a). Specifically,
the elements of IT'? were set:

(B.19)
elsewhere,

19 {—r, where Z{, and Z3 , partially correlate,
s =930 | |
Y
where the association intensity » = 0.6 was chosen to match our cross-correlation estimate in
the experimental data (Section . Finally, we rescaled P, = IT; ' to have diagonal elements
equal to one. The corresponding factor loading vector 3} was randomly generated from standard
multivariate normal distribution and then scaled to have || 3}, = 1.

We generated the noise €* from the N = 1000 trials of the experimental data analyzed in
Section First, we permuted the trials in one region to remove cross-region correlations. Let
{Y'[n], Y?[n]},=1..n be the permuted dataset. Then we contaminated the dataset with white
noise to modulate the strength of noise correlation relative to cross-region correlations. i.e.

e, =Y} —uf +mb, nf M MVN (00 Cov[YE), and pf, =E[Y)]  (B20)

where IAE[Ytk] and @/[Ytk] wer the empirical mean and covariance matrix of Y;*, respectively, for
k=1,2,t=1,...,T. The noise auto-correlation level was modulated by \. € {2.78,1.78,0.44,0.11}.
We also obtained 3; by scaling P, so that 3%, = BT SfB/. Putting all the pieces together,

we generated observed time series by Eq. (3.1).

B.3 Experimental Data Analysis Details
We investigated the strength of each factor, which is characterized by 3, in Fig. Notice that

the strength decreases fast initially and becomes relatively slower starting from the fifth factor.
Therefore, we pick the top 4 factors in our result section.
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Figure B.2: Information flow by partial R? for the top four factors. In this figure, we characterize
dynamic information flow in terms of partial R*>. We show dynamic information flow from
V4 — PFC (blue) and PFC — V4 (orange). In and out flows seem to peak at either the
beginning or the end of the delay period, stronger V4 — PFC is identified, and different
couplings of the two flows are also observed under this new definition. This figure echos with

Fig.B.A4D).

We also re-formulate the definition of information flow in the context of vector auto-regressive
model. For the latent factor f in V4 at time ¢, consider the full regression model using the full
history of latent variables in both area,

1 1 2
Zyy~Ziy st Ly g
vs. the reduced model using history of latent variables in V4 only,
1 1
Zt,f ~ Zl:t—l,f‘

The partial R? summarizes the contribution of PFC history to V4, thus can be viewed as infor-
mation flow from V4 to PFC at time ¢. Dynamic information flow from V4 to PFC is defined
similarly. The results are shown in Fig.[B.2] Even from a different perspective, we reach to a
similar conclusion as Fig. [3.4(b).
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