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Chapter 1

Introduction

Total population size estimation is an important problem in many social and biological sciences where data
collection is a challenge. This task is performed using a special data collection procedure called capture-
recapture. Capture-recapture was first used by Graunt (Krebs et al., 2014) to estimate the total population
of England. Petersen (1896) was the first to apply this method on animal population. The basic set-up
involves capturing a subset of animals from the population of interest, tagging and releasing them back into
the population. This is followed by another round of capture, and hence, the term ‘capture-recapture’. The
two sets of capture are referred to as lists. This set-up is applicable to any total population size estimation
problem where data is obtained from at least two different lists. Some of the well known instances of this
problem include estimation of plague prevalence in England by Graunt (Hald, 2003), estimation of size fish
(plaice) population (Petersen, 1896), estimation of number of pages on the world wide web (Fienberg et al.,
1999) and estimation of number of victims of war (Ball et al., 2003; Lum and Ball, 2015; Manrique-Vallier
et al., 2019). Over the years there have been several advancements and variations in this method to more
accurately model the real data, which potentially increasing the complexities. Continuation to be added...
In this thesis, we focus on the closed population set-up, i.e., where there are no additions or deletions in the
population during the course of the data collection. Further, the capture occasions are discrete.

Total population size estimation is a missing data problem, where it is a challenge to appropriately
infer about the size of the unobserved portion of the data from only the observed fraction. One has to
use additional assumptions to ensure parameter identifiability. One has to be cautious when employing an
assumption since, an invalid assumption will result in wrong inference. Using a strong assumption can give
consistent estimates, however, if it is not valid for the data, then risk is higher. On the other hand using mild
assumptions have lower risks of producing wrong estimates, but at the cost of higher uncertainty. Following
this, one has to appropriately model the capture pattern in the data. Parametric models if correct can

achieve good estimates with fast convergence rates. Similar to the the issue of identifiability, parametric



assumptions can be too strong, especially when the data is complex. Use of flexible nonparametric models
has gained popularity in recent literate, but it lacks some of the desirable properties of parametric models,
like fast convergence rates and asymptotic normality. A detailed discussion of the existing approaches in the
capture-recapture literature is available in chapter 2. Our work takes the nonparametric perspective, but
uses advances in efficiency theory to characterize optimality and improve simple plug-in estimators (Bickel
et al., 1993; van der Laan and Robins, 2003; Kennedy, 2016).

In chapter 2, under an identifying assumption that two lists are conditionally independent given measured
covariates, we make several contributions. First, we derive the nonparametric efficiency bound for estimating
the capture probability, which indicates the best possible performance of any estimator, and sheds light on
the statistical limits of capture-recapture methods. Then we present a new estimator, that has a double
robustness property new to capture-recapture, and is near-optimal in a non-asymptotic sense, under relatively
mild nonparametric conditions. Next, we give a confidence interval construction method for total population
size from generic capture probability estimators, and prove non-asymptotic near-validity. Finally, we apply
them to estimate the number of killings and disappearances in Peru during its internal armed conflict between
1980 and 2000.

In chapter 3, we discuss a new R package drpop that implements the proposed method of chapter 2 on
real data. drpop provides the user with the flexibility to choose the model for estimation of intermediate
parameters and returns the estimated population size, confidence interval and some other related quantities.
In this chapter, we illustrate the applications of drpop in different scenarios and we also present some
performance summaries.

In chapter 4, we discuss a more relaxed set-up where we deviate from the conditional independence
assumption. Under this-set-up, the target parameters are no longer point identified. Instead, we focus
on estimating the identifiable range of these parameters. We used a sensitivity approach based on the
conditional risk ratio between two lists in the presence of covariates and proposed confidence intervals using
the formula of Imbens and Manski (2004). We have also evaluated the finite sample coverage guarantees
of the general Imbens and Manski (2004) confidence interval. Finally, we present the performance results
against the baseline plug-in approach in a simulated set-up and apply it to the Peru Internal Armed Conflict

Data 1980-2000.



Chapter 2

Doubly robust capture-recapture
methods for estimating total

population size

2.1 Introduction

Capture-recapture is a study design for estimating population size when only a fraction of the population
is observed. This setup arises frequently, for example in studying ecological abundance, disease prevalence,
and casualties in armed conflicts. Capture-recapture has a long history, dating back to at least Graunt in
the 1600s (Hald, 2003), who used it to estimate plague prevalence in England. Similarly, in 1802 Laplace
estimated the total population of France (Goudie and Goudie, 2007), and Petersen (1896) the abundance of
plaice fish. More recently, it has been used in diverse settings ranging from estimating the number of pages
on the web (Fienberg et al., 1999) to the total number of victims in a war (Ball et al., 2003), among many
others.

The simplest capture-recapture setup, credited to Petersen (1896); Lincoln (1930), consists of two
independent lists with partial captures from the population of interest. There have been many generalizations
over time. For our purposes, much of the previous work in capture-recapture can be viewed as falling within
one of three streams. The first and oldest stream includes relatively simple data structures, e.g., involving no
covariate information and relatively few lists (Petersen, 1896; Schnabel, 1938; Darroch, 1958). More recent
advances in this stream include Burnham and Overton (1979) and Lee and Chao (1994). A second stream
emerged to handle more intricate data structures, e.g., complex covariate information to help account for

heterogeneity /dependence, largely using model-based approaches (Link, 2003; Carothers, 1973; Fienberg,



1972; Tilling and Sterne, 1999; Pollock, 2002; Huggins, 1989; Alho, 1990; Yip et al., 2001). However, the
advantages of this second stream typically come at the expense of potentially restrictive parametric modeling
assumptions, which when violated would induce bias. A third more recent stream addresses similar data
structures as the second, but using more flexible nonparametric tools, e.g., local kernel or nonparametric
Bayes or spline methods (Huggins and Hwang, 2007, 2011; Chen and Lloyd, 2000; Manrique-Vallier, 2016;
Kurtz, 2018; Zwane and van der Heijden, 2005; Stoklosa and Huggins, 2012; Yee et al., 2015). However, the
work in this third stream has so far relied on interpretable but typically suboptimal plug-in estimators, which
can suffer from nonparametric smoothing bias and slow rates of convergence (van der Laan and Robins, 2003;
van der Vaart, 2014; Robins et al., 2008). We refer to Kurtz (2018) for a more detailed review of this stream.

Our work takes the nonparametric perspective, but uses advances in efficiency theory to characterize

optimality and improve simple plug-in estimators (Bickel et al., 1993; van der Laan and Robins, 2003;

Kennedy, 2016). Under an identifying assumption that two lists are conditionally independent given

measured covariate information (described in Section 2.2), we make several contributions.

e In Section 2.3 we derive the nonparametric efficiency bound for estimating the capture probability, which
indicates the best possible performance of any estimator, and sheds light on the statistical limits of
capture-recapture methods.

e In Section 2.4 we present a new doubly robust estimator, and study its finite-sample error, showing it is
near-optimal in a non-asymptotic sense, under mild nonparametric conditions.

e In Section 2.5 we give a general method for constructing confidence intervals for population size from
generic capture probability estimators, and prove non-asymptotic near-validity.

e In Section 2.6 we study our methods in simulations, and apply them to estimate the number of killings and
disappearances attributable to different groups in Peru during its internal armed conflict between 1980

and 2000.

2.2 Preliminaries

2.2.1 Setup

Consider a finite population of n individuals, where the size n is unknown and to be estimated. We suppose
there are K different lists of individuals from this population, yielding indicators Y;, € {0,1} of whether
individual ¢ € {1,...,n} appeared on list £ € {1,...., K}. We let Y, = (Yj1,...,Yix)" denote the vector
indicating list membership (i.e., capture profile) information for individual i. For example, in the K = 2
case, a profile Y; = (1,0)T would mean that individual i appears on list 1 but not list 2. We consider the
case where covariates X; € R? are also available for each individual i = 1,...,n. We assume an individual’s

chances of appearing on any given lists (and their covariates) do not depend on what happens with any other



individuals, and also that the covariate and (conditional) list membership distributions are the same across
individuals ¢ = 1, ..., n. This implies that the random vectors Z; = (X;,Y;) are independent and identically

distributed according to some distribution P.

Remark 1. The setup above is commonly referred to as “heterogeneous” (Huggins, 1989; Tilling and Sterne,
1999; Pollock, 2002) since list membership Y can vary with covariates X. In other words, individuals with

different covariates can have different chances of list membership.

Remark 2. In what follows we use the following standard notation. We let Eq denote an expectation under
distribution Q, and let || f||3, = [ f(2)? dQ(x) denote the corresponding squared La(Q) norm; we let Qn
denote the empirical measure under distribution Q. Finally we let a < b mean a < Cb for some universal

constant C'.

If every individual in the population appeared on at least one list (and could be uniquely identified),
then the population size would of course be known without error; however in practice a possibly substantial
fraction of individuals do not appear on any list. In other words, there are some individuals with Y = 0 that
we do not observe. This means that, although the distribution P governs the capture profiles, we cannot
sample from P directly. Instead we only see the N =Y  1(Y; # 0) individuals for whom Y;;, = 1 for some
k. This is illustrated in Figure 2.1.

Unobserved
(Y = 0)

Figure 2.1: Schematic of data structure for K = 3 lists. Observed data (i.e., those with Y # 0 in the union
of the three lists) are represented with dark gray, while unobserved individuals with Y = 0 are in light gray.
Individuals appearing in all three lists have Y = (1,1,1).

Hence the capture-recapture design is an example of biased sampling (Vardi, 1985; Breslow et al., 2000;

Qin, 2017). In particular, the observed data Z; = (X;,Y;),i = 1,...,N are actually iid draws from a



conditional distribution Q defined as

QY =y, X=x)=P(Y=y,X=x|Y #0)

=97 'P(Y =y, X =x) 1(y #0) (2.1)
where 1 is the (marginal) capture probability defined as
¥ =P(Y #0). (2.2)

Remark 3. Some authors use N to denote the total population size and n for the observed number of
captures; in contrast, we use N for the observed number and n for the total size, following the convention of
saving upper case for random variables. Note the observed number of captures N is random since it depends
on the random selection indicators, while the total population size n is fized; specifically N ~ Bin(n,).

Nonetheless much of our analysis will be conditional on the observed sample size N.

Recall our overall goal is to estimate the total population size n = N + Y. 1(Y; = 0). Since N ~

Bin(n, 1), the population size can be viewed as a fixed population parameter
n=E(N)/y. (2.3)

Intuitively, the lower the capture probability, the more the observed number N must be inflated to reflect the
total population size. The quantity E(N) in (2.3) can of course be unbiasedly estimated with the observed
number of captures N; therefore estimating population size essentially boils down to estimating the capture

probability, which can then be used to inflate the observed IV via the estimator
n=N/P. (2.4)

Thus we turn towards the crucial question of how to efficiently estimate the capture probability (specifically,
in the presence of high-dimensional and/or complex covariates X), before coming back to inference about n in
Section 2.5. In the next section we discuss identification of ¥ from the distribution Q from which we sample;
this will require extra assumptions, since if lists are irreparably dependent we will have no information about

those who are unobserved.

Remark 4. For the upcoming sections, we will only use the information of lists 1 and 2. Hence, for any
captured individual, we only use the information Z; = (Y;1,Yia,X;). The captured individuals, that appear

in neither list] nor 2, have information vector Z; = (0,0,X;). More discussion follows in the next section.



2.2.2 Identification

As mentioned in the previous section, without additional assumptions, the observed data distribution Q of
list membership among those on at least one list is completely uninformative about the capture probability
1 =P(Y # 0). A variety of assumptions have been used to identify this and related quantities in previous
literature; broadly, there must be some lack of dependence across lists in order to identify and estimate the
odds and thus the overall population size. The popular Lincoln-Petersen estimator (Petersen, 1896; Lincoln,
1930) assumed independence between K = 2 lists and Darroch (1958) extended it to assume independence
across K > 2 lists. Fienberg (1972) assumed a log-linear model for the expected number of observations with
each capture profile, with one parameter necessarily set to zero (typically the highest-order interaction term
across lists). You et al. (2021) have presented a generalizable framework adaptable to various identification
assumptions including log-linear model assumption and independence between two lists conditional on the
remaining list(s) for K > 2 case.

When one has access to not only list membership but also covariate information, conditional versions
of these assumptions can be used (Sekar and Deming, 1949; Chao, 1987; Tilling and Sterne, 1999; Huggins
and Hwang, 2007). Importantly, this allows heterogeneous capture probabilities that vary across units, and
thus relaxes identifying assumptions; this is conceptually similar to how measured confounders are exploited
in observational studies for causal inference (Hernan and Robins, 2019). Sekar and Deming (1949) studied
the conditional case in the discrete and low-dimensional setup; the continuous case has been studied using
parametric models by Pledger (2000); Pollock et al. (1990); Tilling and Sterne (1999); Huggins (1989);
Chao (1987); Alho (1990). Burnham and Overton (1979); Huggins and Hwang (2007) used non-parametric
jackknife estimator and bandwidth selection respectively. Analogous to the assumption of Tilling and Sterne
(1999) for the two list case, our main identifying assumption for the K list case is that there is a known pair
among the K lists which are conditionally independent. Without loss of generality, we order the lists so the

first two are conditionally independent:

Assumption 1. P(Y1 =1 | X =x,Y2=1) =P(Y; =1 | X = x,Y2 = 0), where Y;, denotes the capture
indicator variable for list k fork=1,... K.

Assumption 1 says that the chance of appearing on list 1 is the same regardless of list 2 membership,
among those with the same measured covariate values, i.e., that the list indicators Y7 and Y5 are conditionally
independent given X. This assumption can be viewed as an important relaxation of a more standard
assumption of marginal independence, particularly when lists cover different parts of a population.

For example, consider a toy setup where there are two regions, equally populous. Suppose people who
live in region A have a 90% chance of appearing on list 1 and a 10% chance of appearing on list 2, while
people who live in region B have the reverse: a 10% chance of appearing on list 1 and a 90% chance on list

2. Thus list 1 tends to capture region A people, and list 2 tends to capture region B people. In this case,

7



even if conditional independence holds (i.e., the chance of appearing on list 1, within each region, is the
same regardless of whether you appear on list 2), the lists will not be marginally independent. Intuitively,
the reasoning behind this is straightforward. Once we know you are on list 2, we have some additional
information about your chances of appearing on list 1: you are more likely to live in region B, and so less
likely to be on list 1. More specifically, the chances of appearing on either list are both 50% marginally, but
the chance of appearing on list 1 given that you are on list 2 is only 18%.

The conditional independence in Assumption 1 has been used relatively extensively in the capture-
recapture literature; we refer to Alho et al. (1993); Tilling and Sterne (1999); Tilling (2001); Brenner (1995);
Pollock et al. (1990); Huggins (1989) for more details and discussions of when this assumption may hold and
when it may fail. This assumption is violated for example when not all the covariates are measured. For
example suppose the capture probabilities are influenced by location, age and gender of the individuals. If
we measure only gender and age, we cannot assume conditional independence between lists 1 and 2. One
can use tools like sensitivity analysis in this case. There is more discussion on this in section 2.7.

It is known (e.g., as in Tilling and Sterne, 1999) that under Assumption 1 the capture probability
1 = P(Y # 0) can be identified from the biased observed data distribution Q. Specifically, let

¢(x)=QY1=1|X=x)

@(x)=QY=1|X=x)

q2(x)=QV1 =1,Y, =1 | X =x)

denote the observational probability (under Q) of appearing on list 1, 2, and both, respectively. These
probabilities will be referred to as the g-probabilities throughout.

Remark 5. Note that when there are only K = 2 lists, it must be that q1(x) + g2(x) — q12(x) = 1 since
each observed unit must appear on list 1, list 2, or both, according to the sampling distribution Q. In general
when K > 2 it only holds that 0 < ¢1(X) + g2(x) — q12(x) < 1, since some individuals may only appear on
lists j > 3 other than 1 and 2.

Remark 6. Note that when there are more than two lists and without loss of generality the conditionally
independent list pair is 1 and 2, the remaining lists aid the estimation by potentially increasing the number
of observed individuals. We include the information of such individuals as shown in remark 4. Our method
does not discard any row if they are captured neither in list 1 nor 2. This in turn leads to variance reduction

as discussed in appendiz A.1.1.

For posterity we give the identification result for ¢ in the following proposition (with a proof given in

the Appendix).



Proposition 1. Under Assumption 1 and the positivity condition Q{q12(X) > 0} = 1, the conditional and

marginal capture probabilities are identified from Q by

Yx)=P(Y #£0| X =x) = Q12(x)

= n e (25)

wzmv¢m={/ww*dww}q. (2.6)

In the following sections we give three main contributions. First we derive the efficiency bound for
estimating the capture probability ¢ under a nonparametric model that puts no parametric restrictions on
the ‘nuisance’ functions (g1, g2, g12); second, we construct novel estimators that attain the efficiency bound
under weak nonparametric conditions (e.g., allowing the use of flexible machine learning tools); and third,
we give a general method for building corresponding confidence intervals for the total population size n,

given any asymptotically linear estimate 12 of the capture probability.

Remark 7. All subsequent results apply to the statistical parameter 1, which we define from here on as the
harmonic mean on the right-hand-side of (2.6). Under the identifying Assumption 1 (and positivity), ¥ also
represents the capture probability on the left-hand-side of (2.6), but our statistical results do not require this

link, and apply to the harmonic mean in (2.6) regardless.

Remark 8. When there are more than two lists, it is possible that multiple list pairs satisfy assumption 1.
Assumption 1 is agnostic about the presence/absence of additional structure in the data. In the presence of
extra structure, our approach, perhaps not the most efficient, is still valid. This presents multiple different
opportunities to identify and estimate the capture probability, and so yields a semiparametric model with

testable implications. We leave exploration of this setup for potential future work.

2.3 Efficiency Bound

In this section, we derive the nonparametric efficiency bound for estimating the capture probability ¢ using
an iid sample from distribution QQ. This gives a crucial benchmark against which one can compare candidate
estimators: once an estimator is shown to attain this bound, no further improvements can be made (at least
asymptotically) without adding extra assumptions. To the best of our knowledge, the only previous efficiency
bounds in the capture-recapture literature are for low-dimensional parametric models, where standard results
from maximum likelihood theory apply (Fienberg, 1972; Gimenez et al., 2005).

In order to derive the efficiency bound, we use tools from semiparametric theory (Bickel et al., 1993). A
fundamental goal here is to characterize influence functions, and the efficient influence function in particular.
The efficient influence function of a parameter acts as the derivative term in a distributional Taylor expansion

of the parameter, viewed as a map on distributions; thus it can represent the change in the parameter after
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perturbing the distribution it takes as input. Practically, the efficient influence function for a parameter has
several critical implications. First, as mentioned above, it leads to a minimax efficiency bound (van der Vaart,
2002a) and thus provides a benchmark for efficient estimation in flexible nonparametric models. Further,
it can be used to construct efficient estimators that attain the bound under weak assumptions, and sheds
light on the regularity conditions necessary for said efficiency, as will be shown in Section 2.4. More details
on nonparametric efficiency theory can be found in Bickel et al. (1993), van der Vaart (2002a), and van der
Laan and Robins (2003), among others; reviews can be found in Tsiatis (2006) and Kennedy (2016), for
example.

Our first result gives the form of the efficient influence function for the capture probability, in an

unrestricted nonparametric model.

Lemma 2.0.1. Let g : R — R be any function differentiable at the true capture probability v defined in
(2.6). Under a nonparametric model, the efficient influence function for the parameter g(¢) is given by

fo(0)p(Z; Q) where fy(v) = —g' (¢)? and

?(Z;Q) =

1 {Yl Y5 Y1Y2} 1
q1

YN\ a® T X XS 27)

The proof is presented in the Appendix. Note that the first term in the efficient influence function is a

product of the inverse conditional capture probability ~~*

with a term whose conditional expectation given
X (under Q) equals 1. The efficient influence function will be bounded for example if ¢12(x) > € for some
e > 0 and all x (note that ¢1(x) A g2(x) > ¢q12(x) so ¢12(x) > € implies all the g-probabilities are bounded
below by e).

The variance of the efficient influence function acts as a nonparametric efficiency bound, in that no
estimator can achieve a better mean squared error in a local minimax sense (van der Vaart, 2002b).

The following theorem and corollary give the form of this bound and formalize the minimax result. All

expectations and variances are under distribution Q unless noted otherwise.

Theorem 2.1. Let g : R — R be any function differentiable at 1. The nonparametric efficiency bound for
estimation of g(1) is given by var{f,(V)p(Z; Q)} = f,(¥)%02, where f,(1) is defined in Lemma 2.0.1,

=2 (g {55 e ) eel)) i)

and qo(x) =1 — q1(x) — q2(x) + q12(x) is the chance of appearing on neither list 1 nor 2.

The magnitude of the efficiency bound in Theorem 2.1 is driven by three main factors:

(i) the magnitude of the conditional capture probabilities,

(ii) the chance of appearing on both lists, and
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(iii) the heterogeneity in the conditional capture probabilities.

Remark 9. The efficiency bound for any function g(-) is always proportional to o2, with a scaling fq(1)?

depending on g; for example, f,(¥) = —1 when g(¢) = 1/v, and fy () = /(1 — ) when g(y) = logit(y).

Therefore we focus our discussion on the quantity o>.

The dependence on (i) in the bound in Theorem 2.1 occurs through the term (1 —~)/~+2, i.e., the odds of
capture divided by the capture probability. The dependence on (ii) occurs through the odds (1 — ¢12)/q12 as
well as the probability ratio ¢p/q12. The dependence on the heterogeneity (iii) occurs through the var(1/7)
term. Note that the probabilities v and ¢15 in (i) and (ii) are related, but ¢12 can be small even when the
capture probability 7 is not, depending on the size of ¢; and ¢s.

More specifically, all else equal, the variance bound increases with: (i) smaller capture probabilities =,
(ii) smaller chances of appearing on both lists g12, and (iii) greater heterogeneity in the capture probabilities
~. Therefore capture probabilities can be estimated most efficiently when capture is likely, when there is

substantial overlap across lists, and when capture probabilities are more homogeneous.

Remark 10. For K = 2, the quantity qo(x) is ezactly zero, but when K > 2 it can be positive.

Remark 11. When K = 2 and in the absence of covariates, the quantity o2 reduces to (Z;")(%)

In addition to informing what factors yield more or less efficient capture probability estimation, the

variance in Theorem 2.1 also acts as a local minimax lower bound, as formalized in the following corollary.

Corollary 2.1.1. For any estimator g(&)\), it follows that

N Eg |{9(¥) — ()} -
1n 1m in su
550 Nevas TV(@,g)<6 f,)2(02/N)  ~

where TV(Q, Q) is the total variation between Q and Q, v = (Q) and 1 = )(Q) are the capture probabilities
under Q and Q, respectively, and f,(¢) and 0 = 0*(Q) are defined as in Theorem 2.1.

Corollary 2.1.1 shows that the worst-case mean squared error of any estimator of v, locally near the true
Q, cannot be smaller than the efficiency bound, asymptotically and after scaling by N. This local minimax
result gives an important benchmark for efficient estimation of the inverse capture probability: no estimator
can have mean squared error uniformly better than the variance of the efficient influence function divided

by N, without adding extra assumptions and/or structure to the nonparametric model we consider.

Remark 12. The local minimax result in Corollary 2.1.1 holds for any subconvez loss function £ : R — [0, 00)
applied to \/N{g(zz;) —g(¥)}, not just squared error loss £(t) = t2; the denominator lower bound in the general
case is E{{(fq0Z)} where Z ~ N (0,1) is a standard normal random variable (van der Vaart, 2002b).
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Importantly, in the next section we construct estimators that can achieve the nonparametric efficiency
bound under weak conditions that allow for flexible estimation of the g-probabilities, e.g., using machine

learning tools.

2.4 Efficient Estimation

2.4.1 Setup

Recall we let Qn denote the empirical measure under Q, so that sample averages can be written with the
short-hand Qn (f) = Qn{f(Z)} = & Zf\il f(Z;). The simplest estimator of the capture probability v is

just a plug-in

~ 1 -1

B = |ov { =55 }] (28)
which replaces unknown quantities in the definition of v with estimates, i.e., by estimating the conditional
capture probability (X) = % for every unit, and computing the harmonic mean of the values
across the sample. This estimator has been used relatively extensively in previous work (Huggins and
Hwang, 2007; Darroch, 1958; Fienberg, 1972; Tilling and Sterne, 1999). When the g-probabilities are
estimated with correctly specified parametric models, the plug-in estimator @Zpi will be /n-consistent and
asymptotically normal under standard regularity conditions. However, when the covariates contain any
continuous components and/or are high-dimensional, it is usually very unlikely an analyst would have enough
a priori knowledge to be able to correctly specify a low-dimensional parametric model, let alone three (one
for each g-probability nuisance function).

This difficulty of correct model specification suggests trying to flexibly estimate the g-probabilities, e.g.,
using logistic regression with model selection, or lasso, or nonparametric tools like random forests, neural
nets, RKHS regression, etc. Unfortunately, when the plug-in estimator 121\1,1- is constructed from these kinds
of data-adaptive methods, it in general loses the nice properties it has in the parametric setup. Specifically,
without special tuning of particular methods, it in general would suffer from slower than \/n-convergence
rates, and have an unknown limiting distribution, making it not only inefficient but also leaving no tractable
way to do inference. This deficiency of plug-in estimators is by now relatively well-known in functional
estimation problems (van der Laan and Robins, 2003; Chernozhukov et al., 2018; Wu et al., 2019); however
we have not seen it highlighted in the capture-recapture setting. (We show these issues via simulations in
Section 2.6.1.)

Luckily, the plug-in can be improved upon using tools from semiparametric efficiency theory (Bickel et al.,
1993; van der Vaart, 2002a; van der Laan and Robins, 2003; Tsiatis, 2006; Kennedy, 2016). In what follows,
we will present and study a novel doubly robust estimator, which can attain the efficiency bound from the

previous section even when built from flexible data-adaptive regression tools.
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2.4.2 Doubly Robust Estimator

As mentioned above, the plug-in estimator (2.8) has some important deficiencies in semi- and non-parametric
settings. The plug-in estimator can be debiased by adding an estimate of the mean of the efficient influence
function (Bickel et al., 1993; van der Vaart, 2002a; van der Laan and Robins, 2003; Tsiatis, 2006; Kennedy,
2016). This leads to our proposed doubly robust estimator

i = 0 [y {0 * 200~ 700} %)

where g; are estimates of the g-probabilities (e.g., via regression predictions).

Remark 13. In order to avoid potentially restrictive empirical process conditions, we estimate Qn and gj
from separate independent samples. Specifically, we estimate the q-probability nuisance functions by fitting
regressions in a training sample, independent of a test sample Qn. With iid data, one can always obtain
such samples by splitting at random in half, or folds. This yields a loss in efficiency, but that can be
fized by swapping the samples/folds, computing the estimate on each, and averaging. This is referred to as
cross-fitting, and has been used for example by Bickel and Ritov (1988); Robins et al. (2008); Zheng and
van der Laan (2010); Chernozhukov et al. (2017). Here we analyze a single split procedure, merely to simplify

notation; extending to averages across independent splits is straightforward.

In the following sub-section, we derive finite-sample error bounds and distributional approximations for

our doubly robust estimator, which are valid for any sample size.

Non-asymptotic Error Bounds and Approximate Normality

In this section, we provide our three main theoretical results regarding error bounds for our proposed method.
In particular we show that our estimator is nearly efficient, doubly robust, and approximately normal.
Importantly, we show all these properties hold in finite samples, without resorting to asymptotics.

In the previous section, we derived the efficient influence function, which is the crucial component of the
local minimax lower bound we gave in Corollary 2.1.1. This corollary shows the minimax optimal estimator
has mean squared error that scales like the variance of the efficient influence function divided by N, so that
an optimal estimator would be one that behaves like a sample average of the efficient influence function. Our
first result shows that our proposed estimator does in fact behave like an average of the efficient influence
function, depending on the size of nuisance error. In what follows, we use ¢ and QAS to denote the efficient

influence function ¢(Z;Q) and its estimate ¢(Z; @) respectively.

Theorem 2.2. For any sample size N and error tolerance § > 0, we have

(W3t =™ — Quol <6
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with probability at least
1 E ARQ ||¢A ¢||2
1-— ( 52) ( 2 N

where Ry is a second-order error term given by

1§2=/(£2{(%-@1)(52-%)+<Q12—@\12) (i—%>} dQ

1\, . - 1 ~ ~
< (3) 18- a1 - el + (5 ) 112 = el 1

with the latter bound on R, holding as long as (q12 A q12) > €.

Theorem 2.2 shows that our proposed estimator is within § of a sample average of the efficient influence
function, centered at the true (inverse) capture probability, with high probability, at every sample size. For a
given observed number of captures N and error d, this probability depends on two factors: (i) a second-order
error term ]/%27 which is driven by the error in estimating the nuisance g-probabilities; and (ii) the Lo error
in estimating the efficient influence function itself, divided by N, which also depends on estimation error of
the g-probabilities, but in a weaker way due to the division by N. When EQ goes to 0 as N increases, the
probability above goes to 1 for any fixed 6. Hence, Theorem 2.2 implies usual asymptotic convergence in
probability, but in addition it gives an error bound that is valid for any finite N.

For example, if the g-probabilities are estimated with errors upper bounded by ¢N~1/4, then with at least
95% probability, our proposed estimator will be within 402\/W of the average efficient influence function.
More generally, if E|Ry| < 1/v/N, then our proposed estimator will be within 1/v/N (up to constants) of
this efficient average, with high probability. For example, if ¢1, g2, ¢12 and + belong to Holder classes H(/51),
H(B2), H(B12) and H(By) respectively, where H(s) is a Holder class with smoothness index s (Gyorfi et al.,
2006; Tsybakov, 2008), then a sufficient condition for this kind of result, if the g-probabilities are estimated
at minimax optimal rates, would be that the minimum smoothness is at least half the dimension of the
covariates, i.e., min{Bo, f12, 51, P2} > d/2. Similarly, if the g-probabilities were s-sparse, then a sufficient
condition would be that s < y/n with lasso-style methods (Farrell, 2015). However, such N~/ nuisance
errors are only sufficient conditions for 1/ V/N capture probability errors; one only needs the remainder error
Eg to be small enough, which could also be achieved if some combinations of g-probabilities are estimated
well, even if others are not. We give more detail on this phenomenon in our next result.

Namely, beyond being close to an optimally efficient estimator, in the next result we show that our
proposed estimator enjoys a finite-sample multiple robustness phenomenon, never before shown in capture-
recapture problems. This phenomenon indicates that the overall estimation error can be small as long as

some, but not all, nuisance probabilities are estimated with small error.
Corollary 2.2.1. Suppose (q12 A G12) > €. Assume one of the following holds:
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Ll — a1l V@2 — qazll < éw, or
2. g —aull VI =l <&n, or
3. @2 — a2l V |12 — qr2]] < &n, or

4- @2 — @l VIF =l <&~
Then |(¢,F —~1) — Qn¢| < & with probability at least

-(6) (e

where C' is a constant independent of sample size N.

As a consequence of Corollary 2.2.1, the proposed estimator is doubly robust, i.e., if either estimator of g;
or gs has small error, and either estimator of ¢;2 and «y has small error, then the overall error of our proposed
estimator (given by ﬁg) will be just as small, up to constants, even if the other estimators have large errors
or are misspecified. (We note that, although this kind of robustness is sometimes called multiple robustness
(Vansteelandt et al., 2008), we use the term doubly robust since the error structure is still second-order,
i.e., involving products of errors, albeit with more terms). This property is very useful when one of the lists
is difficult to estimate, for example, due to high-dimensional covariates, or g-probabilities that are complex

functions of continuous covariates.

Remark 14. Note that when there are only K = 2 lists, then we have the relation g1(x) + g2(x) — q12(x) =1
for all x. Hence, small bias for any two estimators of q12, q1 and q2 automatically implies small bias for the
third. One might expect then that double robustness does not arise in the K = 2 list setting; however this is
not quite true. To see why, note that it could be possible to estimate v with small error, for example, even
when some of the q-probability estimators are misspecified. These and other issues related to estimation of

the conditional capture probability ~v will be important to explore in future work.

When the remainder error ﬁg is sufficiently small, Theorem 2.2 and Corollary 2.2.1 tell us we can
approximate zZ;rl with a sample average of the efficient influence function. For the purposes of inference,

this suggests a confidence interval of the form
ClL =[5, + 21-a/25/VN), (2.10)

where ¢ is a variance term defined in Theorem 2.3. In the next Berry-Esseen-type result, we exploit
this closeness with a sample average and further show that our proposed estimator, properly scaled, is
approximately Gaussian. This will show that the above confidence interval gives nearly-valid finite-sample

coverage guarantees.
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Theorem 2.3. Let 52 = v/a\r(g) be the unbiased empirical variance of the estimated efficient influence

function. Then zZ;rl — 71 follows an approzimately Gaussian distribution, with the difference in cumulative
distribution functions uniformly bounded above by

|P <W < t) — (1) < \/%E (&) + \/% {\/NE (”}') + [tE < g - ID} (2.11)

G/vVN
where & = var(¢|Z™), p = E{|¢ — (@(EMZ”} and C < 1/2 is the Berry-Esseen constant.

The above result shows that the estimation error scaled by 7/ VN is approximately standard normal.
The first term on the right hand side of (2.11) is the usual Berry-Esseen bound. The second term captures
the effect of the nuisance estimation error ﬁg. The third term is the estimation error in the variance. Since
E|5—5] is bounded above by ¢N —1/2 (proof in the appendix), the overall error in the Gaussian approximation
is driven by the second term, involving nuisance error R,. This will be the main driver of whether the interval
has approximately correct coverage. We note that the above theorem implies convergence in distribution
whenever E|§2| = 0(1/+/N) (which can hold for a wide variety of flexible nonparametric estimators of the
g-probabilities, as discussed after Theorem 2.2), but in addition gives a more precise error bound that holds
for any finite sample size.

Note that Theorem 2.3 immediately implies that the error in coverage
‘]P’ (Ciav)-a- a)‘

for the proposed confidence interval defined in (2.10) is no more than twice the error bound on the right-
hand-side of (2.11), with ¢ = z, s2- Further, a Berry-Esseen-style bound similar to that of Theorem 2.3
(along with subsequent coverage guarantees and corollaries) can be obtained for any function g(-) of 1@#
satisfying the conditions from Friedrich (1989). This implies the same kind of coverage guarantees for ¢, for

example, using the confidence interval
wdr + Zl—a/2a¢(21r/ VN

which can be motivated via the delta method. The error in the coverage of this estimated interval is twice
the bound in Theorem 2.3, modulo some extra dependence on g.

2 is a consistent estimator of the efficiency bound o2 =

Importantly, the unbiased empirical variance &
var(¢) in the sense that E|o — o] < EHQAS — ¢|| + N~=1/2. This shows the crucial result that our estimator is
approximately minimax optimal in the sense of Corollary 2.1.1, if the nuisance error is small enough.

A natural consequence of the above theorem is the following corollary, which presents a simple bound on

the error of the normal approximation, under some natural conditions on the nuisance error Ry and variance.
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Corollary 2.3.1. Assume g 2 1, E|]§2| < N726 and a > § for some § > 0. Then the coverage error for

the proposed (1 — ) confidence interval defined in (2.10) is upper bounded by

— 1
P(Cla —1) —(l-a ‘ < NO-18)/2 4
B(Crov) ~(-a) i
Therefore if 8 > 1/4 there exists some sample size N at which the coverage error is never more than e, for

any N > N..

Since this corollary is a special case of Theorem 2.3, mainly aimed at presenting the result in a simple form,
we refer to the above discussion for more details. However we note that the condition that E|§2\ SN2
would hold for example if the g-probabilities were estimated optimally when contained in Holder classes with
smoothness index s, where 8 = 7% (or under some conditions on sparsity, as discussed after Theorem 2.2).
Then 8 > 1/4 would mean s > d/2, aligning with our earlier results.

In this section, we have given finite-sample error bounds and distributional approximations for our
proposed estimator, which are valid for any sample size, allowing accurate estimation and approximately
valid confidence guarantees, even in complex nonparametric models where the g-probabilities are estimated
with flexible machine learning tools. In the next section, we consider a slightly modified version of the

estimator which could further improve finite-sample properties.

2.4.3 Targeted Maximum Likelihood Estimator

We have seen that our proposed doubly robust estimator (2.9) is close in a finite-sample sense to an optimal
sample average, and possesses crucial double robustness properties. However it is possible this estimator
may not respect the bounds on the parameter space; for example der may fall outside [0, 1] if some of the
estimates of the g-probabilities are small. A simple fix is to truncate the estimator @dT to always lie in [0, 1].
Here for completeness we discuss an alternative approach using targeted maximum likelihood estimation
(TMLE) (van der Laan and Rubin, 2006; van der Laan and Rose, 2011), which is an iterative procedure
that fluctuates nuisance estimates so that a plug-in estimator built from them also approximately solves
an efficient influence function estimating equation. TMLE thus leads to estimators that are asymptotically
equivalent to one-step bias-corrected estimators, but which could bring some finite-sample advantages.

In Appendix A.2; we present an algorithm (Algorithm 1) detailing the computation of a TMLE for ¢. At
a high level, the procedure involves bias correction via iterative updating of initial nuisance estimates, based
on quantities called clever covariates in the TMLE literature. Interestingly, in addition to being somewhat
more computationally intensive, TMLE estimators are not sample averages like our main proposed estimator
from the previous subsection; this makes it less clear how to derive finite-sample error bounds. Since the

estimates g} (x) obtained after convergence satisfy Qn{$(Z; @*)} ~ 0, the asymptotic behavior matches the
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doubly robust estimator in (2.9), but for describing finite-sample behavior we resort to simulations, detailed

in Section 2.6.1.

2.5 Inference for Population Size

In the previous section we gave doubly robust estimators for the capture probability and studied finite-sample
properties. In this section we give a crucial result that shows how to obtain an approximate confidence interval
for the population size, given a generic initial estimator of the (inverse) capture probability. Importantly,
our results only require this initial estimator to be weakly approximated by a sample average, and otherwise
are completely agnostic to how the capture probability is estimated. This appears in stark contrast to
most of the literature on this topic, where the inferential procedures are very closely tied to specific model
assumptions and estimator constructions.

This main inferential result is given in the following theorem.

Theorem 2.4. Suppose we are given an initial estimator zZ that satisfies
P - v = Qv (@) - [ F@dae) + B

for ¢ a generic influence function with mean zero and Ry an error term. Let 72 = 126\2 + % and 7% =
1/)5’24—%(1/)]?22—1—1)2, where <2 = var(P) is the unbiased empirical variance of the estimated influence function

and < = var(p | Z™) the true conditional variance. Then the (1 — «) confidence interval given by

Cl, = [ﬁ + za/g?\/ﬁ} (2.12)

) e

has coverage error upper bounded as

(O o)~ (- < ZE(£) + \E{\/WE <|§;|> + Jza/2lE (‘iﬁ !

where C' is the Berry-Esseen constant and
zn] |

[ N 3
p=E|[1(Y #0) {5~ QB} + {L(Y #0) - ¢} Bo + v~ {L(Y #0) - v}
Theorem 2.4 gives a non-asymptotic upper bound on how much the coverage P(an > n) of our proposed

interval

gizam (@?Jr 11;1#) ‘g
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can deviate from its nominal (1 — «) level. Before describing the coverage guarantee, we first describe the
proposed interval. The length of this interval is driven by three factors: (i) the estimated odds of not being
captured (1 — 121\) / 12)\, (i) the variance of the inverse capture probability estimator ¢2, and (iii) the sample size
N. As one would expect, higher odds of capture yield more precise inference about population size, all else
equal, as does more efficient estimation of 15 Specifically, the length of the interval shrinks to zero when the
capture probability is very large, regardless of the sample size N. Also note that even if ¢ were known, one
would still have an interval of the form
L SN

based on the fact that n = N/y/n is approximately normal. Although sample size N appears in the numerator
of the interval width (contrary to standard intervals), it only appears through its square root, showing that in
an asymptotic regime where N — oo, the width still grows at a slower rate than the sample size. Intuitively,

this interval takes n = N/ zZ and multiplies by 14z, /2/ V7, which does tend to zero as sample size N grows.

Remark 15. For K = 2 lists and in the absence of covariates, the confidence interval reduces to n £

2o /2 ﬁg;’ , which approximately resembles the Wald-type confidence interval for the Lincoln-Petersen
12

estimator (Evans et al., 1996).

Now we describe the coverage guarantee of Theorem 2.4. Importantly, the bound on the coverage error
depends on a number of factors, as shown above appearing the sum of the three terms in (2.13). Under
typical boundedness assumptions, the first and third terms would be of smaller order, and the second term
would dominate. This second term is driven by the size of Eg in terms of its mean absolute value, i.e.,
how well the initial estimator 1Z is approximated by a sample average. If ﬁg is not substantially smaller
than 1/y/n, then the confidence interval would not be guaranteed to cover the true population size n at
its nominal level. This points to the importance of efficient estimation of ; for example, as shown in the
previous section, our proposed estimator @dr can be approximated by a sample average up to smaller than

1/4/n error, even in a nonparametric model when g-probabilities are estimated flexibly.

Remark 16. A unique feature of Theorem 2./ is that it is valid for any estimator approximated by a sample
average, regardless of what underlying identification or estimation assumptions were used in its construction.
This means if another analyst did not believe the independent lists condition in Assumption 1, and instead
constructed an estimate of the capture probability under a different identifying assumption, they could also

use the above theorem to construct a confidence interval and assess its finite-sample coverage.

A natural consequence of Theorem 2.4 is the following corollary, which parallels Corollary 2.3.1 in giving

a simple bound on normal approximation error, under natural conditions.
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Corollary 2.4.1. AssumeT 2 1, ]E|§2| SN2 and a > § for some § > 0. Then the coverage error for the

proposed (1 — «) confidence interval defined in (2.10) is upper bounded by

a7 1
[ (Ch5n) —(1-a)| < w4724 >

Therefore if B > 1/4 there exists some population size n. at which the coverage error is never more than e,

for any n > ne.

Since the result in Corollary 2.4.1 is similar to that of Corollary 2.3.1, we refer there for related discussion.
The main point is that, as long as our initial estimator is well-approximated by a sample average, no matter
how it was constructed or what assumptions it relies on, our proposed confidence interval (2.12) will be

approximately valid.

2.6 Simulation & Application

So far we have proposed doubly robust estimators for the capture probability, and a general approach for
constructing confidence intervals for the total population size, all with non-asymptotic error guarantees. In
this section we study the performance of our methods in simulated data, and apply them to estimate the
total number of killings in the internal armed conflict in Peru during 1980-2000. The code used to generate

the results is available on github at mqnjqrid/capture_recapture.

2.6.1 Simulation

Here we use simulations similar to Tilling and Sterne (1999), taking n = 5000 samples from

X ~ Uniform(2,3)
P(Y; =1| X = z) = expit(a + 0.4x)

P(Ys =1 ] X = x) = expit(a + 0.3x).

where a takes values {—2.513, —0.66} to ensure that the capture probability ¢ takes values {0.3, 0.8},
respectively. This gives sample sizes N approximately equal to {1500, 4000}. Recall that under P, list

membership Y7 and Y, are conditionally independent, so the conditional capture probability is
~v(z) =1 — {1 — expit(a + 0.4z) }{1 — expit(a + 0.32)}

and g-probabilities are equal to ¢;(z) =P(Y; =1| X = z)/v(z).
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We construct estimates of the g-probabilities via g;(z) = expit[logit{g;(z)} + ¢;], where we simulate the

errors in estimation by € ~ N (n=%, n=2%)

. This allows us to carefully control the error of the g-probability
estimators; since the root mean squared error scales like n~%, this can be viewed as the rate of convergence.
We run 500 simulations for each o € {0.1, 0.2, 0.25, 0.3, 0.4, 0.5}. Note a values 0.5 and 0.25 correspond to
the parametric (n_l/ 2) and nonparametric (n~'/4) rates, respectively. Figure 2.2 shows the estimated bias

and the root mean square error (RMSE) of 12, along with the coverage proportion for the confidence interval

of the total population size.

Remark 17. For plug-in estimators, there is no well-defined variance formula (this is a main motivation
for our doubly robust construction). Therefore to construct confidence intervals with the plug-in estimator,

we used the estimated variance of the doubly robust estimator.

Overall, the simulations illustrate the phenomena expected from our theoretical results: when the ¢-
probabilities are estimated with low error (i.e., a large), all the methods do well, whereas when the ¢-
probabilities are difficult to estimate (i.e., a smaller) the proposed methods do substantially better in terms
of bias, error, and coverage. For example, when the true capture probability is 50%, the simple plug-in
estimator gives substantial bias as soon as @ < 0.4 (i.e., when the g-probabilities are estimated at slower

than n=2/5

rates). However, the bias of the proposed doubly robust estimator is relatively unaffected until
a < 0.2, with the TMLE somewhere in between. The story is similar for the RMSE, which is largely driven
by the bias in this problem. The coverage is approximately at the nominal 95% level as soon as a > 0.2 (i.e.,

when the g-probabilities are estimated at faster than n—1/5

rates), whereas the plug-in estimator substantially
under-covers (e.g., nearly zero at a = 0.2) until o > 0.4. Using simulated data with capture probability 0.5,
one will get results similar those of ¥ = 0.3. We note that when population size or capture probability is
small (e.g., capture probability substantially less than 50%), estimation becomes more challenging and the

story is less clear about which method does better. For reference, results for population sizes varying from

n = 200 to n = 1000 (in the a = 0.25 case) are given in the Appendix in Figure A.1.

2.6.2 Data Analysis

We apply our proposed methods to estimate the number of killings and disappearances attributable to
different groups in Peru during its internal armed conflict between 1980 and 2000. We use data collected
by the Truth and Reconciliation commission of Peru (Ball et al., 2003), as well as detailed geographic
information, following Rendon (2019a).

There is an ongoing debate regarding the total number of killings and disappearances in the conflict,
as well as about which groups are most responsible, e.g., the PCP-Shining Path versus the State or other
groups. Ball et al. (2003) estimated approximately 69,000 total killings and disappearences, finding the
Shining Path responsible for the majority. In contrast, Rendon (2019a) estimated approximately 48,000
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killings and disappearances, with the State responsible for the majority, though many geographic strata
were excluded. Most recently, Manrique-Vallier et al. (2019) included a newly available list and estimated
approximately 58,000-65,000 killings and disappearances, depending on choices of priors, with the Shining
Path responsible for the majority. Before describing our specific approach, we first describe the data and
give some summary statistics. As explained in Ball et al. (2003), the data come from a few main sources:
the Truth and Reconciliation Commission (CVR), the Public Defender Office (DP), and 4-5 other human
rights groups and NGOs (ODH). We use the CVR as our first list and construct the second list by combining
the remaining lists, i.e., DP and ODH since they have similar demographics. The data contains identifiers
of people who have been killed or disappeared, as well as which of the source lists they appeared on, and
covariates including age, gender, and geographic location of the killing or disappearance (measured via 58
geographic strata as in Ball et al. (2003), as well as bivariate latitude/longitude as in Rendon (2019a)). To
avoid missing completely at random assumptions, we also included missingness indicators for victims with
missing age (28% missing), gender (j1% missing), or location (11% missing). The lists of all the covariates
is available in the appendix A.4. The total number of killings and disappearances across all lists was 24,692.
Importantly, the lists capture different demographics, which points to the necessity of relaxing classical
marginal independence via the conditional independence in Assumption 1. For example, the CVR list mostly
includes victims who were killed, while the DP and ODH lists mostly include victims who disappeared, as
shown in Figure 2.3. Similarly, geographic diversity varies across lists, as shown in Figure 2.4. For example,
almost 60% of Shining Path victims in the DP and ODH lists come from two smaller districts (Chungui
and Luis Carranzo) of Ayacucho, while in the CVR list the Shining Path victims are more uniformly spread
across the country. More details on the data are available in Appendix A.4.

Now we move to our analysis. Our goal was to estimate the number of killings and disappearances
attributable to the State and Shining Path, as well as those that were not identified as either. We used our
proposed doubly robust estimator (2.9) with five-fold cross-fitting, and we estimated the g-probabilities via
random forests (using the ranger package in R). We truncated all ¢g-probability estimates at 0.01. Figure
2.5 shows the estimated number of killings and disappearances along with 95% confidence intervals obtained
using the interval (2.12). We estimate the total number of killings and disappearances across groups to
be 68,874 (95% CI: 58,543-79,204), close to the estimates in Ball et al. (2003) and the diffuse prior-based
estimate in Manrique-Vallier and Ball (2019) (which used an additional list). Overall we find the State
responsible for more disappearances, and Shining Path responsible for more killings; however we estimate
the number of killings and disappearances by unidentified perpetrators to be larger than that for either
group. In terms of the overall killings and disappearances, the estimate for the State are higher compared to
the estimate for the Shining Path. We present some more details of the analysis and a location wise estimate

comparison for the State and the Shining Path in Appendix A.4.
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2.7 Discussion

In this chapter, we study estimation of population size and capture probability in the capture-recapture set-up
where two lists are conditionally independent given measured covariates. We make four main contributions
to the literature. First, we derive the nonparametric efficiency bound for estimating the capture probability,
which indicates the best possible performance of any estimator, in a local asymptotic minimax sense. As far as
we know this kind of lower bound result has not appeared in the literature, even in simple settings without
covariates. Second, we present a new doubly robust estimator, and study its finite-sample properties; in
addition to double robustness, we show that it is near-optimal in a non-asymptotic sense, under relatively mild
nonparametric conditions. Third, we give a method for constructing confidence intervals for total population
size from generic capture probability estimators, and prove non-asymptotic near-validity. And fourth, we
study our methods in simulations, and apply them to estimate the number of killings and disappearances
attributable to different groups in Peru during its internal armed conflict between 1980 and 2000.

There are many ways one could extend and build on the work in this chapter. For example, rather than
assuming a known pair of lists are conditionally independent given the covariates, one could instead take
a sensitivity analysis and/or partial identification approach. For example, one could assume that a pair of
lists is only nearly conditionally independent, up to some deviation §, and estimate bounds on the capture
probability and population size accordingly. This relies on weaker assumptions, with the trade-off of yielding
less precise inferences. Another extension would be to flexibly estimate conditional capture probability or
population size, given a continuous covariate such as age or time. For example, for the internal armed conflict
in Peru it might be of interest to estimate the number of victims by age. This would require a non-trivial

extension of the current methods, but would be important future work.
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Figure 2.2: Estimated bias, RMSE, and population size coverage, for simulated data with population size
n = 5000, across true capture probability ¢» € {0.8, ()3}, g-probability error rate n=< for a € [0.1, 0.5], and
for three different estimators: the plug-in and two proposed doubly robust estimators.
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Figure 2.3: This figure shows the observed number of victims for the three lists (CVR, DP, ODH) across
the State, the Shining Path and the victims with unidentified perpetrator. Most of the victims are males.
The Truth and Reconciliation Commission (CVR) has documented the highest number of victims for the
PCP-Shining Path compared to the defender of the People (DP) and the combined NGO’s (ODH), whereas
the later two sources documented most of the victims for the State and very few (j70 by DP and {400 by
ODH) for the Shining Path. Majority of the victims of the State disappeared whereas, most of the victims
of the Shining Path were killed.
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Figure 2.4: Geographic diversity of Shining Path victims at strata level, for CVR list (left) and DP and
ODH lists (right). The color of each stratum reflects the proportion of all Shining Path victims in the list
who were killed or disappeared in that stratum.
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Figure 2.5: Estimated numbers of disappearances and killings (and both together) by perpetrator, as
well as total (combined across perpetrators), using the proposed doubly robust method. Bars indicate 95%
confidence intervals.
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Chapter 3

drpop: Efficient and Doubly Robust

Population Size Estimation in R

3.1 Introduction

One crucial step in working with capture-recapture or population size estimation problem, is applying the
appropriate identification assumption. Population size estimation is inherently a missing data problem, and
hence, one requires some kind of assumption to ensure that the population size is identifiable from the
observed data. One should maintain caution while making identifying assumptions, since it can induce bias
if not valid for the data (You et al., 2021; Tilling, 2001; Hook and Regal, 1999; Link, 2003; Huggins, 2001). To
ensure identifiability, in general, all approaches use some lack of dependence assumption among the lists. The
simplest approach works with two lists assuming marginal independence (Petersen, 1896). Some advances in
this stream include Schnabel (1938); Darroch (1958); Burnham and Overton (1979) and Lee and Chao (1994).
In the presence of covariates, one can use mild assumptions to ensure identifiability. Tilling and Sterne (1999);
Huggins (1989); Das et al. (2021) among others assumed that two lists are independent conditional on the
covariate and presented non-parametric estimators. This conditional independence assumption is milder than
the marginal independence assumption. This assumption can be used for a wide range of data collection
scenarios.

And following that, the next step is to account for any heterogeneity present in the data. Real data is often
far from homogeneous. Unmodelled or wrongly modelled heterogeneity can also lead to misleading inference
(Link, 2003; Carothers, 1973). To account for heterogeneity and/or list dependence, some of the literature
used intricate data structures, e.g., complex covariate information. These approaches are mostly model-

based. To name a few, there are Link (2003); Carothers (1973); Fienberg (1972); Tilling and Sterne (1999);
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Pollock (2002); Huggins (1989); Alho et al. (1993); Yip et al. (2001). Capture probabilities of individuals,
i.e., probability of being observed, are often non-linear or complex functions of the covariates (Huggins and
Hwang, 2007; Stoklosa and Huggins, 2012) and estimation using linear or strong parametric models might
lead to bias. Stoklosa and Huggins (2012) has presented a generalized additive model approach to address
this issue.

drpop implements the doubly robust estimators of capture probability and population size from Das et al.
(2021), which rely on assuming two lists are only conditionally rather than marginally independent. These
methods are flexible yet efficient, with small mean squared error even in non-parametric models involving

continuous or high-dimensional covariates.

3.1.1 Existing packages and softwares

There are several R packages and other softwares available for capture-recapture data. Table 3.1 shows a list
of some of the existing R packages along with the new drpop. Some of the existing packages are designed for
improving estimation and runtime for the classical set-up whereas, others are primarily designed for open
population and/or continuous time captures. In the open population set-up, the population is not fixed.
There can be addition or deletion. When the population is fixed over the duration of data collection, then it
is called a closed population set-up. For this paper, we will focus only on the closed population set-up with
discrete capture times. Discrete capture times is the same as a finite number of lists. This set-up generally
holds for data collected over a shorter time period.

One of the oldest softwares is MARK (White and Burnham, 1999; White et al., 2001) (extended to
R with package RMark by Laake and Rexstad (2008)) and it works on both closed and open population
set-ups. For the closed population, it uses the conditional likelihood approach of Huggins (1989, 1991)
incorporating individual covariate information. Rcapture (Baillargeon and Rivest, 2007) uses log-linear
approach for closed population set-ups implementing the work of Cormack (1989); Rivest and Daigle (2004);
Rivest and Baillargeon (2007); Rivest and Lévesque (2001); Cormack (1985); Cormack and Jupp (1991);
Frischer et al. (1993). It does not use covariate information but models heterogeneity using lists information.
Chao (2014); Chao et al. (2001) presented the R package CARE1 that is designed mainly for closed human
populations and uses sample coverage approach. It does not use covariate information either. One of the
most recent packages is VGAM (Yee et al., 2015). Tt is designed for closed population and uses conditional
likelihood method while also using covariate information to model heterogeneity. One of the main advantages
of VGAM is the ability to model the heterogeneity as non-linear functions of the covariates using vector
generalized linear and additive models.

There are other existing softwares and packages, for example, software M-Surge Choquet et al. (2004),

and packages like mra (McDonald et al., 2018), marked (Laake et al., 2013), multimark (McClintock, 2015).
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These mainly focus on a broader variety of capture-recapture problems, like open population and continuous
time captures which are beyond the scope of this paper. For a detailed review and performance comparison,

we refer to Bunge (2013) and Yee et al. (2015).

R package cont. covariate | variance formula | populn. type | param. | nonparam. | eff. & DR
Rcapture 2007 closed/open v

RMark 2008 v v closed/open v

CARE1 2014 closed v

VGAM 2015 v v closed v

drpop v v closed v v v

Table 3.1: This table lists some R packages for population size estimation. This list is not exhaustive. Our
main focus is on the closed population set-up with discrete capture times. We have listed some properties
like whether the package can incorporate individual level continuous covariate, has a closed form variance
formula, population type it is applicable to, whether it can fit parametric/nonparametric model, and whether
it is efficient and doubly robust.

3.1.2 Advantages of drpop

The main goal of drpop is to improve estimation while using complex covariate information to model the
heterogeneity. Unlike existing software, the methods in drpop are fully nonparametric, doubly robust, and
optimally efficient under weak nonparametric conditions (Das et al., 2021). drpop also lets the user apply
their choice of flexible model(s) to capture the heterogeneity in the data. Moreover, it is applicable for data
with any number of lists and works with arbitrary discrete or continuous covariates.

In terms of usability, one of the attractions of drpop is that it comes with a lot of options for customization,
starting from the model to the level of precision in the estimation. The user can select one or more model(s)
for the covariates. The package comes with six in-built models, and is also capable of accepting user-provided
model estimates. Further, drpop provides the user with the option to return a baseline estimator and an
alternate targeted maximum likelihood estimator (van der Laan and Rubin, 2006) in addition to the proposed
doubly robust estimator. In the presence of categorical or numeric discrete covariates, one can also obtain
estimates for sub-populations. Other than estimates, there is also an in-built function to simulate data to

test models and a plot function for easy inference.

3.1.3 Overview of paper

In this paper, we present the package and some of its applications. Starting in section 3.2, we discuss the
data structure for capture-recapture problems and introduce the necessary notations and the identification
assumption. In section 3.3, we briefly present the estimation method from Das et al. (2021) to obtain a
doubly robust efficient estimator and the formula to obtain a confidence interval. Following this in section

3.4, we present some examples on how to use the drpop for different data types or problems and interpretation
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of the results. Section 3.5 presents some error rates and performance comparison with some commonly used

existing packages to motivate the use of drpop.

3.2 Set-up

In this section, we will discuss the data structure for the capture-recapture data we use. Depending on the
approach, there are multiple ways to structure capture-recapture data. In the first subsection, we present
our data structure and introduce some of the important notations. In the next subsection, we will discuss

the identifiability assumption that the data must satisfy for valid estimates.

3.2.1 Data structure

For a typical capture-recapture problem, the data is a collection of multiple lists. The lists contain
information of the capture history of the observed/capture individuals/units. We use K to denote the
number of lists. We denote the unknown total population size by n and the number of observed individuals
by N. For observed individual 4, i« € {1,..., N}, the capture history is a K-length vector of indicators
Y; = (Yi1,...,Yik). Vi is 1 if individual ¢ is captured/observed in list k¥ and 0 otherwise. One individual
can appear in multiple lists simultaneously, but an observed individual must appear in at least one of the
lists i.e. Y; #0.

In addition to capture profile i.e., lists, we consider the case where we also have covariate information for
the observed individuals. We denote the covariate (or covariate vector) for individual ¢ by X;, which can be
used to model the individual-level heterogeneity. We thus denote all data for individual ¢ by Z; = (Y, X;),
and we assume Z; ~ P independently.

The observed data size N is a random draw from the binomial distribution Binomial(n,), where v is

the capture probability defined by
Y=PY1 VYV - VY =1)=P(Y #0).

The capture probability ¢ is the probability of being observed in at least one of the K lists. By the property

of binomial distribution, any estimator for @ can be transformed to obtain an estimator for n as follows
n=N/P.

However, since we only observe the individuals who satisfy Y # 0, we cannot estimate P, and hence, 1 and

n directly. Instead, we can estimate the observed data distribution Q, where Q at a point z = (y,x) is
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defined as

Q(Y:y7X=X)=P(Y:y’X:X|Y?gO)ZP(Y:y,Xw:x)l(y;éO).

If we have d (> 1) dimensional covariates, then the data matrix is of dimension N x (K +d); each unique

individual in its own row. In table 3.2, we present a typical capture-recapture data. The first K columns

denote the K lists i.e., data source. The remaining d columns contain the covariate information.

observed individuals | list 1 list 2 ... list K covariate(s)
1 Yi1 Yio Yik X171 de
2 Y21 YQQ Ce YQK X21 Ce ng
N Yn1 Yno Yni Xn1 XNd

Table 3.2: A typical capture recapture data set from a population with N observed individuals. The data
is collected over K sessions or using K sources (lists). Each individual has one or more covariates (d in this
example).

3.2.2 Identifiability

As discussed in the previous section, for capture-recapture data, we cannot directly estimate the
unconstrained underlying distribution P. Instead, we can estimate the observed data distribution Q. Further,
to shift from Q to P, we need additional assumptions to ensure identifiability. In general, we assume some
lack of dependence among the K lists.

The simplest and oldest capture-recapture problems considered only K = 2 lists and had no covariates.
One can assume that the two lists are independent i.e., Y7 1L Y5 to ensure identifiability. This set-up has
been used in Petersen (1896). However, the earliest known instance of this approach is by Graunt in the
1600s (Hald, 2003) followed by Laplace (Goudie and Goudie, 2007). It has been further extended to the
more than three list case by Darroch (1958) and Schnabel (1938). There have been other modifications to
this approach over the years (Jolly and Dickson, 1983; Seber et al., 1982; Bailey, 1952). For more discussion,
we refer to Krebs et al. (2014).

Note that it is important that the lists are not completely dependent, i.e., they must have some overlap
and they must not be identical, to say the least. Both these cases are uninformative of the unobserved
population, and contain the same amount information as the case when we observe only one list. Thus, to
ensure identifiability of the total population size, we need some lack of dependence assumption among the
lists.

Das et al. (2021) assumes that two lists out of the K lists are collected independently conditioned on
the covariate(s). Without loss of generality one can assume that lists 1 and 2 are conditionally independent.

One can always reorder the columns to have the two conditionally independent list pair at position 1 and 2.
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This assumption has been used very often in past work (Tilling and Sterne, 1999; Sekar and Deming, 1949;
Alho et al., 1993; Huggins, 1989; Chao, 1987; Pledger, 2000; Burnham and Overton, 1979; Pollock et al.,
1990; Huggins and Hwang, 2007).

Assumption 2. P(Y; =1 | X =x,Y,=1) =P(Y; =1 | X = x,Y2 = 0), where Y, denotes the capture
indicator variable for list k fork=1,... K.

This conditional independence assumption is more flexible compared to the conventional marginal
independence assumption and accommodates a wide scenario of data collection procedure including the
case when the lists have some kind of interaction. For example, when one is collecting data on documented
patients at say two different hospitals. Then patients who have already been observed at hospital 1 might
have a low probability of being observed again at hospital 2 and vice versa. Hence, the lists of the hospitals
are not behaving independently. Now, if we have access to say the location information of the patients,
we can describe the behavior of the patients conditioned on that i.e., patients are more likely to visit the
hospitals nearer to them. Hence, conditioning on the location, one can assume independence between the
two lists.

Another very common identifiability assumption in the capture-recapture literature is the log-linear
model introduced by Fienberg (1972). There identifiability is ensured by assuming that the highest order
interaction term among all the lists is zero. We refer to Tilling and Sterne (1999); Huggins and Hwang
(2011) for more discussion on the differences between identifying assumptions like conditional independence
versus log-linear model-based dependence. In particular we refer to You et al. (2021), who give discussion
and present methods in a general identification framework without covariates.

In the presence of covariates, we can define the conditional capture probability of an individual by
v(x) =P(Y #0 | X = x). It is known (e.g., as in Tilling and Sterne, 1999) that under Assumption 2 the
capture probability ¥ can be identified from the biased observed data distribution Q. Specifically, let

QY1 =1[X=x)
2x) =QY,=1|X=x)

q2(x)=QYV1 =1, =1| X =x)

<
S
~
»
Na¥
Il

denote the observational probability (under Q) of appearing on list 1, 2, and both, respectively. These
probabilities will be referred to as the g-probabilities at various points throughout. They are also called the

nuisance functions or nuisance parameters in this problem set-up and, are crucial in the estimation process.
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Now, under Assumption 2, we can define the conditional capture probability and the marginal capture

probability as follows

Q12(X)

1 (%)g2(x) -
b= B(Y £0) = { [ d@<x>} . (32)

YX)=P(Y #0| X =x) = (3.1)

Using the expression on the right hand side above, we can directly estimate the capture probability
and hence, the total population size by using N/¢ from the observed data. We present the baseline and the

proposed method in the following section.

3.3 Methodology

In this section, we discuss a simple plug-in estimator and some of its disadvantages. Following that we
discuss our new proposed method in Das et al. (2021) and the ways in which it improves upon the plug-in.
Under assumption 2, Das et al. (2021) presents two different estimators for ¢ and n: (i) a doubly robust
(DR) estimator and (ii) a targeted maximum likelihood estimator (TMLE).

The simplest estimator we can obtain from the expression of v in the previous section is based on the
plug-in principle, i.e., taking the identifying expression and constructing an estimator by replacing unknown
quantities with estimates. The plug-in estimators for the capture-probability ) and the total population size

n are therefore

1
X; X; - N

wPI _ Q1 i Q2 z and Tip; = ——,

=1 q12 X’L ’L/Jp[

where §; is the estimated probability value of ¢; for j € {1, 2, 12} and x; is the covariate value for the
observed individual ¢. In principle, the g; can be estimated with any parametric (logistic, multinomial
logistic) or nonparametric (random forest, gradient boosting) models, though the performance of the plug-in
can vary greatly depending on what kind of model is used.

In particular, plug-in estimators typically inherit mean squared errors of the same order as their nuisance
parameter estimates g;. This means that when using a plug-in the problem of estimating the one-dimensional
capture probability /population size is often made as difficult as estimating the d-dimensional ¢g-probabilities.
If one has correct parametric models for these probabilities, this is of little concern, but correct parametric
models are hard to come by in practice. When using more flexible methods like random forests or gradient
boosting, one would inherit the larger mean squared errors necessarily obtained in nonparametric regression
problems.

Beyond the issue of plug-ins having potentially large mean squared errors, in general they also do not come

with closed-form variance formulas, which is important for constructing confidence intervals. The bootstrap
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can be used when parametric models are used to estimate the g-probabilities Tilling and Sterne (1999),
but in general the bootstrap fails when more flexible methods are used (e.g., ensembles of high-dimensional
regressions).

The proposed doubly robust estimator in Das et al. (2021) uses elements from semiparametric theory
(Tsiatis, 2006; Bickel and Ritov, 1988; Kennedy, 2016; van der Laan and Rubin, 2006; van der Vaart, 2002b)
to tackle some of the deficiencies of the plug-in estimator discussed above. We discuss more about these

properties in the following section.

3.3.1 Proposed Estimators

Das et al. (2021) proposed a doubly robust estimator using semiparametric theory and influence functions.
More details on general efficiency theory can be found in Bickel et al. (1993), van der Vaart (2002a), and
van der Laan and Robins (2003); reviews can be found in Tsiatis (2006) and Kennedy (2016) among others.

Das et al. (2021) showed that the (uncentered) efficient influence function of the capture probability

is given by
4 — 1 { Yii Yo Y1:Yo; }
X)) laXs) o eXi)  qa(Xs)
where v(X;) = —012Xi) o the conditional capture probability of observation i. The efficient influence

q1(Xi)q2(X;)

function is crucial since (i) its variance acts as a minimax lower bound in nonparametric models (van der
Vaart, 2002a), and (ii) it can be used to construct efficient estimators that attain the minimax lower bound.
Since the expected value of the efficient influence function is the inverse capture probability 1~!, Das et al.
(2021) proposed the following doubly robust estimators for the capture probability and the total population

size n

PLIUA N

YpR = ( Z@) and Tipr = =—,
NI Ypr

where 51 is obtained by substituting the estimates of the g-probabilities into ¢;. This estimator has some
very favorable properties such as: (i) 1/n-rate mean squared errors, even in flexible non-parametric models,
(ii) double robustness, (iii) local asymptotic minimaxity, and (iv) asymptotic normality with finite-sample
guarantees. We briefly discuss these properties in this paper, and for more details refer to Das et al. (2021).
As a consequence of efficiency theory, the error in estimation using the proposed estimator is of the

order of 1/4/n even when all three nuisance parameters are estimated flexibly. The formal result states

that for any sample size N and error tolerance 6 > 0, |(QZJT1 — 1) — Qn¢| < & with probability at least
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The bound on Eg holds as long as (qi2 A q12) > e. If all the nuisance parameters are estimated with error
~n~Y4 ie., arate commonly found in nonparametric regression problems, then the error is still bounded
above by C/+/n for some constant C' with probability converging to 1 as n and therefore N increases. The
plugin estimator however, does not possess this property and in general inherits the slower rate (e.g., n='/4)
from the nonparametric estimation of the g-probabilities.

Another important property of the proposed estimator is the double robustness property presented in
corollary 2 in Das et al. (2021). This result follows directly from the formula of the second order error term
above EQ. This result states that if two out of the four quantities v, g1, g2, and ¢12 have small estimation
error, then LZD r and hence, also npgr will have small estimation error. More specifically, we need one of ¢
and v to be estimated with small error and, one of ¢; and ¢o to be estimated with small error. This property
is useful when one of the two lists is difficult to estimate or is a complex function of the covariates. More
details can be found in Das et al. (2021).

Since the proposed estimator zZD r is a sample average of the estimated efficient influence functions, it

has variance nearly equal to the variance of the estimated efficient influence function divided by N, i.e.,

~

var(d)

var(@f,}%) =~

If 62 denotes the population variance of ¢, then one can estimate var(ﬁj\l—)}%) by 52/N where & denotes the
estimator of o. The variance of the efficient influence function divided by N, i.e., 02/N, acts as a minimax
lower bound in the sense that it is the lowest possible mean squared error any estimator can achieve in a
local neighbourhood. The mean squared error of the proposed estimator is close to this bound for a large
sample size, e.g., when the nuisance parameters are estimated with errors converging to zero. Das et al.
(2021) further presented finite sample analogs of the usual asymptotic minimax arguments and error bounds,
including finite-sample distance from a Gaussian distribution.

All the properties we discussed for the capture probability estimate also apply to the total population
size estimate. In population size estimation problems, the main interest is often in a confidence interval for

n. In the next section, we discuss the properties of the estimated confidence interval.

35



Confidence interval estimation

One of the main motivations behind using the proposed estimator is that it has a well defined variance
formula, as discussed in the previous section. One can estimate var(&;}g) by using the unbiased sample
variance of gg scaled by N. This can be used to obtain the variance estimator for the estimated total
population size npgr which is given by

f@r(Apr) = Nar(@) + L ¥or)
VbR

)
where v/a\r(a) is the unbiased variance estimate of ¢. For the derivation, we refer to Das et al. (2021). This
variance formula for the estimated total population size can be applied more generally to any estimator that

can be approximated by a sample average. The estimated (1 — «) x 100% confidence interval is

Cl,=n=+ Za 20/ Var(NpR).

The finite sample validity /coverage error for this interval is presented in Das et al. (2021). In particular they

show the coverage error is bounded above as

’IP’ (61; 5 n) (- a)’ < p1-49)/2 4 %
if the nuisance estimators have mean squared errors of order O(n~2%). Hence, if 3 > 1/4, then for any € > 0,
there exists an N, such that the coverage error is less than € for any N > N..

The availability of a closed form formula for the variance and hence, the confidence interval allows for
simple inference. Moreover, this also can be used to study the effect of the constituent elements on the
variance of the estimate. This eliminates the need to use methods like bootstrap, for example, which can be
computationally intensive or not guaranteed to provide valid coverage.

Das et al. (2021) also presented an alternate targeted maximum likelihood estimator ¢rape and the
associated nryre = N /@TMLE. This estimator has the same properties as zZDR, but the method of
calculation uses clever covariates in the targeted maximum likelihood algorithm (van der Laan and Rubin,
2006; van der Laan and Rose, 2011). This estimator does not have a closed form expression. For simplicity,

we focus on the original doubly robust estimator in this paper.

3.4 Implementation using drpop

In this section, we illustrate the various functions available in drpop and their implementation in detail. The

main goal of drpop is to easily evaluate a doubly robust efficient estimate of the total population size and
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Figure 3.1: The above figure depicts the estimation procedure followed by the estimation function in the
package. For simplicity, we show only two lists, and only one train and one test sample. The functions in
the package however, uses cross-fitting to utilize the whole observed data.

an associated confidence interval from any capture-recapture data with covariate information. The package
is capable of handling high-dimensional and/or complex covariates, both discrete and continuous. It also
contains some additional functions that aid in method design, model testing, and inference.

Before diving into the implementation, we discuss the estimation process for a given dataset. In the
previous section, we discussed three possible estimators: the plug-in (PI), the proposed doubly robust (DR)
and the targeted maximum likelihood estimator (TMLE). drpop has the option to return all three of these
estimators, though the default is just to return the doubly robust estimator. To illustrate the steps in
the estimation process, we present a flow chart in Figure 3.1 that evaluates the estimates for the capture
probability ¢ and the total population size n for a capture-recapture dataset with two lists. For the case
of more than two lists (K > 2), drpop returns the estimates for every possible list-pair unless specified
otherwise. Moreover, drpop uses cross-fitting to achieve complete efficiency (Zheng and van der Laan, 2010;
Robins et al., 2008; Chetverikov et al., 2021). But, for simplicity, we only present a simple sample-splitting
in the flow chart.

Following is the list of functions available in the package along with their brief descriptions.
1. simuldata: Generate two or three list toy data with desired features

2. informat: Check if data is in format

3. reformat: Reorder columns to put data in format

4. ghat_logit, ghat_ mlogit, ghat_gam, ghat_ranger, ghat_sl, ghat_rangerlogit: Estimate nuisance

parameters qi, 2, ¢i2

37



5. tmle: Obtain targeted maximum likelihood estimates of nuisance parameters

6. popsize: Estimate population size from raw data or with user provided nuisance estimates
7. popsize_cond: Estimate population size from raw data conditional on a discrete covariate
8. plotci: Plot the results of popsize, or popsize_cond.

For a given dataset, one only needs to call either popsize or popsize_cond to get the estimates of the
capture probabilities, total population size, and the confidence intervals.

In this section we briefly describe some data types one can come across and the interpretation of the
results. To illustrate the use, we will use toy data examples. A typical dataset in the capture-recapture
format has at least two binary columns (corresponding to two or more lists) indicating list-wise capture

profiles and one or more covariate column(s). Each observed or captured individual has their own row.

3.4.1 Choice of models for nuisance parameters

The estimation of the population size and the capture probability requires modelling the capture profiles

conditional on the covariates. drpop provides six modelling choices listed as follows.
1. logit: Fits logistic regression using R function glm.
2. mlogit: Fits multinomial logistic regression using R function multinom in package nnet.
3. gam: Fits simple generalized additive model from the R package gam.
4. ranger: Fits random forest model from the R package ranger. Suitable for high dimensional covariates.
5. rangerlogit: Fits an ensemble of random forest and logistic model.

6. sl: Fits different SuperLearner algorithm from the library provided by the user from the R package
SuperLearner. Returns estimates using a combination of the fitted models. The user can specify the

library of models via s1.1ib.

The computation time varies based on the above models. The parametric models logit and mlogit are
generally the fastest. However, they can lack flexibility, making resulting estimates biased if the nuisance
parameters are more complex functions of the covariates. gam is slightly slower than the parametric models,
but is still comparably fast enough for practical purposes. The flexible nonparametric models ranger and
rangerlogit can be slower to run than these previous models. However, being flexible, these methods
can accommodate more complex nuisance functions. rangerlogit is the default model in drpop and the
performance statistics are presented in section 3.5. sl is the slowest depending on the models passed

into s1.1ib. This is because it aggregates multiple models, returning the best estimator combining the
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individual models using cross-validation. drpop provides the user with the option to parallelize s1 using
snowSuperLearner from the R package SuperLearner, which is supported on all three of Windows, MacOS
and Linux.

For simplicity, we apply some of these models on a toy dataset, listdata as shown below. The true
population size is 2000 and there are N = 1610 rows in the data. The columns y1, y2 and x1 show list
1 captures, list 2 captures and a continuous covariate. The empirical capture probability is approximately

0.85.

> head(listdata, 3)
yl y2 x1

1 1 1 2.159287

2 0 1 2.654734

3 1 1 5.338062

The function popsize returns the estimates via nuis for the observed data probabilities g1, g2 and ¢12
which are often called the nuisance estimates. It also returns the fold assignment for each row. For simplicity,

we use two folds and plot the estimated nuisance parameters.
> ghat = popsize(data = listdata, funcname = c("rangerlogit", "logit", "gam", "mlogit", "sl"), nfolds =

The dataframe ghat$nuis contains the estimates for g1, g2 and g12 for each model supplied by the user
for each row of the data. ghat$idfold shows the fold assigned to each row. Figure 3.2 shows the estimated
probabilities along with the capture profiles of list 1, list 2 and the two lists simultaneously. One also has the
option of using models outside the drpop package and obtain estimates which we will present later in section
3.4.5. Next, we illustrate some examples of application of the package starting from the simplest case.

To ensure that the estimator is valid, we required that all the nuisance parameter estimates, which are
probabilities, are bounded away from zero. The default bound is 0.005. One can change this using the

argument margin in popsize or popsize_cond.

3.4.2 Two-list case with covariates

The simplest capture-recapture data has two lists with one or more covariates. We present the toy data,

listdata with true population size 5000 and two continuous covariates.

> head(listdata, 3)
yl y2 x1 x2
1 1 1 5.342829 0.4682059
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Figure 3.2: The plot shows the smoothed estimated q1, g2 and q12 for five different models against the
scalar covariate x1. The points at 0 and 1 show the capture profiles of the individuals i.e., Y7, Y5 and Y1Y5
respectively.

3 1 0 3.700239 2.0279143

4 1 1 4.279882 3.3915513

> result = popsize(data = listdata, funcname = c("logit", "gam", "mlogit", "s1"))

To obtain the total population size estimate, we call the function popsize. This function accepts the
data frame listdata as data and list of model names, funcname which are to be used to estimate the
nuisance parameters (g1, g2, q12). popsize returns a list of objects which include the estimated population
size, estimated capture probability, estimated variance and the 95% confidence intervals. Above we print
only the estimated capture probabilities psi, estimated population sizes n, estimated o sigma, estimate
standard deviation of 7 sigman and the 95% confidence intervals cin.l, cin.u for the total population
size. The columns listpair, model and method indicate the list pairs (lists 1 and 2 in this case), model
used to estimate heterogeneity from covariates, and the formula for estimation of the target parameters i

and n respectively.

Remark 18. Setting arguments PLUGIN and TMLE to FALSE will return only the DR (proposed doubly robust)

estimates. We also plot the confidence intervals using the plotct function.

> result = popsize(data = listdata, funcname = c("gam", "logit",
"mlogit", "s1"), PLUGIN = TRUE, TMLE = TRUE)

> print(result)

listpair model method psi sigma n sigman cin.l cin.u
1 1,2 gam DR 0.910 0.440 4978 37.032 4905 5051
2 1,2 gam PI 0.917 0.440 4941 36.433 4870 5012
3 1,2 gam TMLE 0.912 0.595 4968 45.649 4878 5057
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Figure 3.3: The above plot shows the estimated confidence interval for n for different models. The true
population size is 5000. The term list-pair specifies the two lists used for the estimation.

4 1,2 logit DR 0.910 0.478 4978 39.073 4901 5054
5 1,2 logit PI 0.918 0.478 4936 38.423 4860 5011
6 1,2 logit TMLE 0.900 1.670 5034 114.852 4809 5259
7 1,2 mlogit DR 0.910 0.498 4978 40.184 4899 5056
8 1,2 mlogit PI 0.908 0.498 4986 40.311 4907 5065
9 1,2 mlogit TMLE 0.897 1.875 5052 128.443 4800 5304
10 1,2 sl DR 0.910 0.452 4979 37.689 4905 5053
11 1,2 sl PI 0.917 0.452 4938 37.034 4865 5010
12 1,2 sl TMLE 0.896 1.954 5054 133.735 4792 5316

> plotci(result)

Remark 19. Since the plug-in estimator has no known variance formula, we use the same variance formula

as the proposed estimator for the calculation of the variance of the plug-in estimators.

3.4.3 Two-list case with conditional estimates

When one has a discrete or categorical covariate in addition to other covariates, it is often of interest to
estimate the total population size conditioned on that categorical covariate, i.e., for sub-populations. For
example, suppose one has a population of patients in a city and their age, demographic information, and
ethnicity as the covariates. Then it can be of interest to obtain the estimated population size for the different

ethnicities separately.
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We again use a simulated toy dataset to illustrate the implementation. The data has three continuous
covariates (x1, x2, x3) and one categorical covariate column called catcov. catcov takes three possible
values ‘a’, ‘b’, ‘¢’ with equal probability. Total population size is 6000 and each of ‘a’; ‘b’ and ‘c’ appear

roughly 2000 times in the whole population. We present the first three rows below.

> head(listdata, 3)

yl y2 x1 x2 x3 catcov
1 1 1 2.159287 5.897364 3.4173336 b
2 1 0 2.654734 2.075288 0.5961934 a
3 1 0 5.338062 2.156149 2.5186507 c

The interest here is to obtain population size estimates conditioned on the categorical variable catcov,
i.e., for sub-populations with catcov value ‘a’, ‘b’ and ‘c’ separately. The function popsize_cond is similar
to the function popsize but returns the result separately for each level of the categorical variable. We
specify the categorical covariate to be used for conditioning using the argument condvar. To obtain an

overall estimate one can use popsize as in the previous example.

> result = popsize_cond(data = listdata, condvar = ’catcov’, funcname = c("mlogit", "gam"), PLUGIN = TR

> print(result)

listpair model method psi sigma n sigman cin.l cin.u condvar
1,2 mlogit DR 0.560 4.821 3040 204.818 2639 3442 b
1,2 mlogit PI 0.575 4.821 2960 204.323 2560 3361 b
1,2 mlogit TMLE 0.541 7.050 3147 295.398 2568 3726 b
1,2 sl DR 0.627 5.501 2715 230.476 2263 3167 b
1,2 sl PI 0.606 5.501 2808 230.926 2355 3260 b
1,2 sl TMLE 0.637 3.296 2670 141.464 2393 2948 b
1,2 mlogit DR 0.596 4.683 3306 213.115 2888 3724 a
1,2 mlogit PI 0.590 4.683 3338 213.290 2920 3756 a
1,2 mlogit TMLE 0.630 3.401 3126 156.890 2818 3433 a
1,2 sl DR 0.612 3.731 3216 171.610 2880 3553 a
1,2 sl PI 0.630 3.731 3125 171.019 2790 3460 a
1,2 sl TMLE 0.594 5.777 3313 260.696 2802 3824 a
1,2 mlogit DR 0.533 7.068 3082 291.147 2511 3652 c
1,2 mlogit PI 0.558 7.068 2946 290.526 2377 3516 c
1,2 mlogit TMLE 0.489 10.859 3359 444.129 2488 4229 c
1,2 sl DR 0.524 6.486 3138 268.283 2612 3664 c
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Figure 3.4: The above figure shows the confidence interval for n for three sub-populations and models gam,
logit and sl. The sub-populations are obtained from the original population using the values of the catcov
covariate.

1,2 sl PI 0.585 6.486 2807 266.666 2285 3330 c
1,2 sl TMLE 0.476 11.535 3453 471.596 2529 4377 c

> plotci(result)

The result of popsize_cond is in a similar format to popsize, but it specifies the level of the categorical

covariate i.e., the sub-population in a separate column.

3.4.4 Three or more lists

The approach used by drpop assumes that there are two lists which are known to be conditionally
independent. However, capture-recapture datasets can often consist of more than two lists. If the analyzer
knows the list-pair that is conditionally independent, they can use the functions popsize and popsize_cond
by removing the remaining list columns or by specifying the two list columns to be used for estimation.
However, when the analyzer is not aware of the list-pair, the entire dataset can be passed into the estimation
functions. drpop returns an estimate for each possible list-pair.

The toy dataset has three list columns as shown below. Now, since we pass more than two list columns

into the functions, the output will have the result for the different list-pairs (1,2), (1,3) and (2,3).

> head(listdata,3)
yl y2 y3 x1 x2 x3 x4
1 0 0 1 1.189401 6.737728 0.8531169 1.508898
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2 1 0 1 3.416144 3.079832 3.1891693 4.082209
3 1 0 0 4.626662 3.684374 3.6552886 2.694606

For more than two lists, we need to specify the number of list columns using K in popsize. For simplicity,
we evaluate only the doubly robust estimators in this example and exclude the TMLE and the plug-in
estimates. The listpair column in the result below specifies the list-pair used for the estimation. For
example, assuming Y7 1l Y5 under the rangerlogit, we get npr = 29,711, and assuming Y7 1L Y3 under

the rangerlogit model, we get npr = 30, 423.

> result = popsize(data = listdata, K = 3, funcname = c("mlogit", "gam", "rangerlogit"), nfolds = 2)
> result

listpair model method psi sigma n sigman cin.l cin.u
1 1,2 gam DR 0.872 0.983 29752 171.595 29416 30089
4 1,2 mlogit DR 0.873 1.497 29723 249.911 29233 30213
7 1,2 rangerlogit DR 0.874 1.453 29711 243.040 29235 30187
10 1,3 gam DR 0.860 1.565 30192 261.799 29679 30705
13 1,3 mlogit DR 0.851 2.271 30502 373.116 29771 31233
16 1,3 rangerlogit DR 0.853 2.137 30423 351.831 29734 31113
19 2,3 gam DR 0.859 2.467 30236 403.749 29445 31027
22 2,3 mlogit DR 0.859 3.452 30234 560.642 29135 31333
25 2,3 rangerlogit DR 0.853 2.871 30449 468.210 29531 31367

> plotci(result)

The plot function in the package shows the estimated confidence interval for n in Figure 3.5. We note
that confidence intervals are relatively shorter for list-pair (1,2) and (1,3). The reason being that the overlap
between the lists is larger for (1,2) and (1,3) compared to (2,3). As already discussed previously in section
3.2, the overlap between the conditionally independent lists must be bounded away from 0 and N for better
estimation.

If the analyzer is aware of the list pair, then the dataset can be passed into the estimation functions by
removing all other list columns or by specifying the list pair. Suppose that the two conditionally independent
list columns are y1 and y2. Then the user can either remove column y3 and pass the data into popsize, or

he can specify the pair. We illustrate both these approaches below.

> result = popsize(data = subset(listdata, select = -c(y3)))

> result = popsize(data = listdata, j =1, k = 2, K = 3)
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Figure 3.5: The above plot shows the estimated confidence interval for n for three different possible list-
pairs under different models. The result for list-pair (1,2) produces narrower intervals closer to the true
value 30,000.

3.4.5 Estimation with user provided nuisance estimates

The main purpose of this example is to illustrate how to pass nuisance parameter estimates into popsize.
This is useful when the user has some background information that suggests modelling the heterogeneity
differently than what is available in the package. For simplicity, we illustrate this by passing the nuisance
parameter estimates, nuis from the output of popsize with the default model rangerlogit. The toy
dataset used has total population size 5000 with two continuous covariates. We show the first few rows
of the estimated nuisance parameters in estim$nuis. The columns specify the model name (rangerlogit
in this case) and also the g-probabilities. For more than one model, estim$nuis will contain additional
columns in the same format. estim$idfold specifies the fold assignment for each row. Rows 1 and 2 are

assigned to folds 5 and 1 respectively in this example. There are total five folds because nfolds = 5.

> listdata = simuldata(n = 5000, 1 = 2, ep = -3)$%data
> head(listdata, 3)
yl y2 x1 x2
1 1 0 2.159287 2.258739
1 2.654734 4.691390

w N

0
0 1 5.338062 1.279576
> estim = popsize(data = listdata, funcname = c("rangerlogit"), nfolds = 5)
> head(estim$nuis)

listpair rangerlogit.ql2 rangerlogit.ql rangerlogit.q2
1 1,2 0.1284399 0.7116891 0.4167508
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1,2
1,2
1,2
1,2

D O W N

1,2

0.2425309
0.2012161
0.2832612
0.4362669
0.2755165

> head(estim$idfold)

[11 512233

0.7532815
0.8156479
0.8827187
0.8679311
0.8208690

0.4892493
0.3855682
0.4005426
0.5683358
0.4546476

Once we have the nuisance parameter estimates, we can pass it into popsize. As mentioned above,

there are multiple ways of executing this. We illustrate the most straightforward approach below by passing

estim$nuis and estim$idfold directly. The result is shown below and presented in Figure 3.6.

> result = popsize(data =

>result

listpair

1 1,2 rangerlogit

2 1,2 rangerlogit

3 1,2 rangerlogit

> plotci(result)

TMLE 0.402

listdata, getnuis

model method psi sigma

estim$nuis, idfold = estim$idfold)

n

sigman cin.l cin.u

DR 0.500 3.355 5045 182.890

PI 0.593 3.355 4255 176.999

12.549 6284 637.844

4686 5403
3908 4602
5034 7535

Remark 20. In the current version of the package, one can pass nuisance parameter estimates only for one

list-pair at a time. The lists can be specified using 7 and k. The default is 7 = 1 and k = 2.

Remark 21. All the datasets used in the examples in this section are simulated data.

The package has an in-built function simuldata to generate a toy dataset with two or three lists. It

can be used to test models by comparing against the true value. The simuldata function takes in the

number of lists (K, default value 2), the number of continuous covariates (1), the logical option to include

one categorical column (categorical, default value FALSE) and a numeric parameter to control the capture

probabilities (ep, default value 0). It returns the empirical capture probability (psi0), the simulated dataset

(data), the simulated dataset with transformed continuous covariates (data_xstar) and the list wise capture

probability functions (pil, pi2, pi3) depending on K. For example, the function pil returns the probability

of being observed in list 1 for the covariate vector passed into it. The dataset with transformed covariates,

data_xstar can be used to study the robustness of a model.
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Figure 3.6: The plot above, generated by plotci, shows the estimated confidence interval for n for the
user provided nuisance estimates under two models, gam and logit. The variable list-pair (1,2) presents the
conditionally independent lists. popsize returns results for only one list-pair which is the first list pair unless
specified otherwise by the user.

3.5 Performance

To motivate the use of the doubly-robust estimators of drpop for closed population, we present some summary
statistics of its performance in a simulated set-up. The main focus of drpop is to flexibly estimate the
total population size and at the same time to achieve optimal 1/n mean squared errors. The identifiability
assumption used in drpop requires just two lists which are independent conditional on the covariates. We use
simulated data that roughly satisfies this assumption to measure the performance of the proposed method.
First, we present a comparison of the proposed doubly robust estimator in drpop against the baseline plug-
in estimator under the flexible nonparametric set-up and also when any of the covariates are not correctly
specified. Following that, we present some performance comparison of the closed population set-ups of the

packages Rcapture, CARE1, VGAM and drpop.

3.5.1 Performance in simulated set-up

In this section, we evaluate the performance of the proposed method in the package over a 100 iterations and
different simulation set-ups. Our simulation set-up ensures that the two lists are independent conditional on
the covariates. The goal is to compare the performance against the baseline plug-in estimator. Moreover,
we also compare the robustness of the estimators when the covariates are not correctly specified or are
transformed. For the later case, flexible non-parametric models would prove useful. drpop has the choice of
several such models. But for this section, we only use the default model rangerlogit which is an ensemble

of logit and random forest models.
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We simulate a data-frame using the simuldata function for two lists. The true population size is 5000
for each iteration. We generate data with true capture probabilities 0.36 and 0.75 separately. One can set

the parameter ep equal to -2.5 and -1 respectively for the same. The code used to generate the data is
> datalist = simuldata(n = 5000, 1 = 1, ep = -2.5)

where n is the true population size and 1 is the number of continuous covariates. The default number of
lists in two. One can access the simulated data using datalist$data and listdata$data_xstar where the
later data-frame contains transformed (misspecified covariates).

We evaluated the bias, the RMSE (root-mean-square-error) and the empirical coverage by

100 100

o 1 ~ 2 VIS ~ 2
bias = — P — , MSE = | — P )
ias = T ; |A; — 50001*, RMS o0 ; (A — 5000)

w00 .
and coverage = 100 Z 1 (cm.li < 5000 < cmul) ,

1=

where ¢ is the iteration, n; is the estimated population size at iteration ¢, and cﬁli (CTTEL) denote the
estimated lower (upper) limit of the 95% confidence interval. At each iteration, we generate a dataset
independently of the other iterations. We evaluate these three quantities for both the capture probabilities,
and also under the correct covariate data and misspecified covariate data. The results are shown in Figure 3.7.
Overall, both methods perform better when we have a higher capture probability or the correct covariates.
The proposed method (DR) has lower bias, lower RMSE and a higher empirical coverage compared to the

plug-in PI estimator under both correct covariates and mis-specified covariates.

3.5.2 Comparison to other packages

We present some comparisons with existing R packages that can work for closed populations. We use the
functions closedp, estN and vglm from the packages Rcapture, CARE1 and VGAM respectively. We have
considered two set-ups: two list case and three list case. CARE1 requires more than two lists for its sample
coverage approach and hence, we drop this package in the two list case. Rcapture uses log-linear models
as discussed in Baillargeon and Rivest (2007) and does not use covariate information. It is designed to
use information from many lists to model the heterogeneity. VGAM uses log-likelihood approach and can
incorporate continuous covariate information using generalized linear/additive models. We used simulated
data to compare the performance of drpop against the models in the packages Rcapture, CARE1, and VGAM
in a closed population set-up in the following two subsections. We note that these packages are based on

assumptions different from ours. We present the comparison result for the sake of completeness.
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Figure 3.7: This figure shows the estimated average bias, root-mean-square-error (RMSE) and the empirical
coverage in the estimation of the total population size n. The two facets show the true capture probability
which is also the (x100)% of the population observed. CorX and MisX refer to estimation using data with
original covariates and transformed(mis-specified) covariates respectively. The doubly robust (DR) estimator
has better performance in the set-up shown.

Two list case

We begin with the simple case where we have only K = 2 lists with some covariate information. The
data is simulated using the simuldata function with parameters K=2, 1=1, ep=-1.5 i.e., the covariate is of
dimension one. The total population size takes values in (3,000, 6,000, 9,000, 12,000, 15,000) and the true
capture probability is approximately 0.63.

Rcapture function closedp only fits three models (MO for no henerogeneity, Mt for list heterogeneity and
Mb for heterogeneity based on first capture) when there are only two lists. For a full list of models, one can
refer to Baillargeon and Rivest (2007). For vglm from package VGAM, we used posbernoulli.t to include list
and individual heterogeneity. For drpop, we used the rangerlogit model to calculate the doubly robust
estimator. Both drpop and VGAM use covariate information. Hence, we further compare their performance
in terms of robustness of errors in covariate information i.e., transformed covariates. We applied them
on data with the correctly specified/original covariates, and then on data with transformed/mis-specified
covariates as in Figure 3.7. The results are presented in Figure 3.8.

We removed the estimates of the Mb model from the plot because, it had significantly large errors compared
to the other methods (this is expected based on the simulation set-up). In the above two list set-up, the
estimate using the drpop and VGAM packages have bias and RMSE decreasing with the total population
size at a faster rate compared to models MO and Mt. The coverage of the estimated confidence intervals is
also closer to the nominal level of 95% when the covariates are correctly specified. VGAM has slightly better

coverage when the covariates are correctly specified. This is a consequence of the simulation set-up where
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Figure 3.8: The absolute bias, root mean square error (RMSE) scaled by the true n, and empirical coverage
of n from the default model in drpop (DR rangerlogit), the MO and Mt models from Rcapture and the model
in VGAM. The true population sizes are shown on the x-axis and the the true capture probability is 0.63,
i.e., we are observing around 63% of the population. For drpop and VGAM we present results with correctly
specified covariates (Cor) and transformed/mis-specified covariates (Mis).

the actual list probabilities are additive functions of the covariates. However, for the mis-specified covariates,

drpop has slightly better performance for larger sample sizes.

Remark 22. The performance result in Figure 3.8 is not necessarily a general phenomenon. This can change

based on the simulation set-up, for example. More exploration is needed to figure out if this is general.

Three list case

In this section, we apply our method and functions from the three packages in a three list set-up (K = 3).
Our goal in this section is to show that the performance of drpop with the default parameter values, at least
matches the performance of Rcapture, CARE1 and VGAM. We again note that these packages are developed
based on assumptions different than those of package drpop. Hence, we do not expect unbiased estimates.

We use simuldata function to generate toy population with three lists and three dimensional continuous
covariates. We set ep at -5 and -3 to get true capture probability psiO equal to 0.34 and 0.80 respectively.
We set the true total population size at 15,000 and 5,000 for 0.34 and 0.80 respectively, since a low capture
probability requires a larger number of observations for good estimation. The number of observations for
the two set-ups are approximately 5,100 and 4,000 for each iteration. For the above set-up we generated a
simulated dataset 100 times and estimated the population size for each.

To compare the performance, we present the boxplot of the scaled bias (7 — n)/n of each iteration for
the different models in Figure 3.9. The estimation models from the four packages are marked by colors.
The doubly robust estimator is DR rangerlogit using only the first two lists for simplicity. For Rcapture,

we excluded the Mb and Mbh models because they have large error which is expected under the current
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Figure 3.9: Scaled bias (n—n)/n in the estimation of the total population size using four different packages:
violet (VGAM), teal (CARE1L), green (Rcapture) and red (drpop). CARE1L and Rcapture return multiple
estimates. On the left we observe 34% of the whole data, and on the right we observe 80% of the data.

simulation set-up. All the estimators display better performance (lower bias and/or lower variance) for
capture probability 0.8 compared to 0.34. For the specific set-up used with 80% observed data, the proposed
method and Mth Gamma3.5 have bias closest to 0 followed by VGAM and Sample coverage (High). Whereas,
for the 34% observed data set-up, the proposed method and Sample coverage (High) have bias closest to
0 followed by VGAM and method Mth Gamma3.5.

Remark 23. The performance result in Figure 3.9 is mot necessarily a general phenomenon. More

exploration is needed to figure out if that is the case.

Summarizing the results and the advantages of drpop, it is capable of incorporating high dimensional
and complex covariates as well as interaction among the covariates. The user can choose from several
flexible modelling options that are provided in the package or also, use their own models to estimate the
nuisance parameters. Under the identification assumption of conditional independence between two lists,
the proposed estimator in drpop also handles mis-specified covariates better compared to the naive plug-in
estimator. Further, attributed to the bias-correction step, the estimation under small capture probability

(small observed sample) is also better compared to the plug-in estimator.

3.6 Discussion

In this paper, we have presented the R package drpop to implement a new doubly robust estimator of the
total population size and an associated confidence interval from incomplete lists. The package provides users
with many choices for flexibly modelling the heterogeneity which usually exists in real data. Further, the
proposed method implemented in the package (Das et al., 2021) exploits efficiency theory so that it achieves
beneficial properties such as (i) 1/n mean squared errors even in flexible nonparametric models, (ii) double

robustness, (iii) minimax optimality, and (iv) near finite-sample normality.

o1



One of the main advantages of drpop is that it can model the heterogeneity in the data as complex
functions of discrete and/or continuous covariates. This is useful when the capture probabilities (nuisance
parameters i.e. qi, g2, g12) of the individuals do not depend linearly on the covariates. More discussion on
this can be found in Yee and Mitchell (1991); Crawley (1993); Gimenez et al. (2006); Bolker (2008); Schluter
(1988), and Yee et al. (2015). Yee et al. (2015) also created an R package VGAM which addresses this issue
via vector generalized models. The availability of flexible models in drpop makes it easy for users to obtain
good estimates for such datasets as well. The users also have the option to fit their own models to estimate
nuisance parameters and pass them into the package functions to obtain total population size estimate and
confidence interval(s).

The estimation method implemented in drpop exploits modern advances in nonparametric efficiency
theory. This ensures that even when one is using flexible nonparametric methods, the rate of convergence
(i.e., mean squared error) is not compromised. Typically, plug-in estimators inherit convergence rates from
the estimators of the more complex nuisance parameters like g-probabilities. However, because of the form
of the proposed estimator, we can still achieve 1/n mean squared errors, even when the nuisance functions
are estimated flexibly at slower rates. Further, the estimate is doubly robust against errors in the estimation
of the nuisance parameters. In particular, even when either one of ¢; and ¢, is estimated with large errors,
or one of gq12 and vy is estimated with large errors, the 7; and n still have bounded errors as long as g2 and
¢12 are bounded away from zero. More details and explanation can be found in Das et al. (2021). Further, as
a consequence of efficiency theory, this estimator is near minimax optimal in finite samples and has a nearly
normal distribution, permitting simple but valid confidence interval construction.

We have presented some simulation results in section 3.5 to show the advantages of the proposed estimator
against the baseline method. We have also provided some simulation results to compare the performance of
the proposed method in drpop against some of the existing widely used R packages for the closed population
set-up. Our goal is to show that when the capture probability depends on covariates and when our mild
identifiability assumption holds, the performance of drpop is reliable and comparable to some of the existing
methods for the given set-up.

Alongside the proposed doubly robust estimator, this package also provides the user with the choice of
evaluating the baseline plug-in estimator and an alternate targeted maximum likelihood estimator (TMLE).
Some of the other functions this package can perform are (i) simulate toy data for model training and
study design, (ii) estimate total population size and other parameters and other information for sub-
populations based on a categorical covariate, and (iii) plot the results with an in-built function for easy

and fast interpretation. A full list is presented in section 3.4.

52



Chapter 4

Nonparametric estimation of
population size from conditional
capture-recapture designs under

partial identification

4.1 Introduction

Population size estimation in an important problem in many areas of sciences. Capture-recapture design
denotes data consisting of two or more lists from the population (Petersen, 1896; Chao, 1987; Otis et al., 1978).
This problem set-up requires additional assumptions on the lists to ensure identification of the parameters.
Some commonly used assumptions are list independence, log-linear models and conditional independence
between lists. You et al. (2021) has presented estimators under various identification assumption. For real
data, seldom does one know whether the assumptions are satisfied. In recent literature, estimation under
relaxed assumptions has gained traction. For example, Chan et al. (2020) presented log-likelihood models
when some sources have very little or no overlaps to reflect on the chosen assumption. This motivates us to
explore a more relaxed set-up of Das et al. (2021).

Das et al. (2021) has presented efficient and doubly robust estimators under the assumption that two
lists are independent conditioned on individual covariate information. This assumption has been extensively
studied in the capture-recapture literature, for example in Sekar and Deming (1949); Pledger (2000); Pollock
et al. (1990); Tilling and Sterne (1999); Huggins (1989); Chao (1987); Alho (1990). For real data, the
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knowledge of the data collection procedure is not always available. In such a scenario, it is hard to ensure
the validity of the assumption(s) on the lists. We extend this assumption to explore the case where only
partial identification is possible. In this paper, we extend the approach of Das et al. (2021) to a more
relaxed set-up when the two lists can deviate from the conditional independence assumption. This approach
is applicable in the presence of two or more lists, but the focus is on two lists which are chosen by the user.

In this more relaxed set-up, the target parameters are only partially identified instead of point identified,
unlike the set-up of Das et al. (2021). Estimation under only partial identification has gained interest in the
last few years (Imbens and Manski, 2004). The standard approach in this case is to estimate a range for the
parameter of interest instead of a point estimate. Imbens and Manski (2004) provides a method to calculate
confidence intervals for the parameter when the distributions of the estimated upper and lower bounds of
the parameter are available. We apply this approach in the context of this paper and further present the

finite sample error in the coverage guarantees of the proposed confidence interval.

4.1.1 Overview of the paper

In this paper, we discuss estimation of the total population size when the two lists deviate from conditional
independence assumption in the presence of covariates. Section 4.2 describes the set-up and data structure. In
section 4.3, we present the general set-up of partial identification as in Imbens and Manski (2004) and present
the finite sample coverage error in the estimated confidence interval. In section 4.4, we discuss modelling
the dependence using conditional risk ratio of the two lists and present the upper and lower bounds of the
capture probability along with variance estimators. Following this, in section 4.5, we present estimators for
the total population size and present the finite sample coverage error of the proposed confidence interval.
Section 4.6 discusses the performance of the proposed method in a simulated set-up and presents interval
estimates of the total number of victims in the Peru Internal Armed Conflict of 1980-2000 for various levels

of relaxation of the conditional independence assumption.

4.2 Preliminaries

4.2.1 Set-up

The population size estimation in this paper is in a capture-recapture set-up. We use the set-up from Das
et al. (2021). Consider a finite population of n individuals. Suppose the samples consists of data from K
lists. An individual is observed if he is captured by at least one of the K lists. Denote the number of the
observed individuals by N. For individual i, i € {1,...,n}, let Y; = (Y;1,...,Yix)? denotes the indicator
vector for the capture-history. Y € {1,0} is the indicator of whether individual i is captured in list k

or not, k € {1,...,K}. We also consider covariates X; € R? for each individual. We assume that every
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individual behaves independently of the other individuals. Hence, the vector Z; = (X;,Y;) are independent
and identically distributed according to some distribution P.

If all the individuals in the population are observed, then n = N and we do not need to estimate
anything. However, in practice there are a substantial number of individuals not captured by any of the
lists, i.e. Y = 0. We however have access to only N individuals, where N = >"" | 1(Y; # 0). The observed
data size, N follows Binomial(n,1), where 1» = P(Y # 0). We are interested in the estimation of n which
is equivalent to the estimation of . By the property of binomial distribution, any estimator of v, say 1;
gives an estimator of n by N /15 the estimation of ¢ and n are equivalent.

By structure, capture-recapture is a missing data problem where the observed data is possibly a biased-
sample from the population. Hence, we cannot estimate P directly from the observed data. The observed
data, however, follows a conditional distribution Q, i.e. Z; = (X;,Y;) ~Q, fori e {1,...,N}.

QY =y, X=x)=P(Y =y, X=x[Y #0)

vTIP(Y =y, X =x)1(y #0).

Das et al. (2021) used the assumption of conditional independence between two lists to ensure identification
of ¢ and n. In this paper, we relax this assumption and develop confidence interval estimates under partial

identification.

4.3 Estimation of target parameter using the estimated bounds

All the estimators presented in Das et al. (2021) are valid only when there are two lists that are independent
conditional on the covariates. In general, for real data this identification assumption may not hold true. For
example, the corresponding list pair may not be conditionally independent. Unless we know the extent of
dependence between the two lists, there is no point identification. We present two approaches for estimation
under this violation in section 4.4.

In case of partial identification, usually one has a range of estimates instead of a point estimate. The
standard approach is to use the range of estimates to obtain a confidence interval for the parameter of interest.
Imbens and Manski (2004) has presented a general formula for the calculation of the confidence interval of
the target parameter when we know the estimators for the upper and lower bounds of the parameter; and
further they are asymptotically normal. In this section we briefly discuss the approach of Imbens and Manski
(2004) and present the finite sample coverage error of the estimated confidence interval.

Consider a general partial identification problem with target parameter ¢ and the population upper and
lower bounds for i are 1, and ; respectively. Also, let the estimated range be (QZl,zZu) Suppose the

following is the asymptotic joint distribution of the estimated maximum and the estimated minimum. When
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there are N many observations in the data, we have the following.

JN zl)\l—wl N 0 o; cov

Py — Wy 0 cov o2

where o; and o, are the corresponding standard deviations. The covariance is not necessary for this set-up.

According to Imbens and Manski (2004), one can construct a (1 —w)% confidence interval for ¢ as follows

o, ~ = Oy
sy + On—=

— ,ll) o~ —
CIV = |y — Oy 2L :
[wl NUN VN

where Cy satisfies ® (C’N + \/NM> - P (fC’N) =1 — w. Imbens and Manski (2004) has proved

max (0, 0y)

that this estimated confidence interval contains the true target parameter with probability at least 1 — w
asymptotically.

In general, the estimated parameters need not be asymptotically normal and may not be unbiased. Hence,
we consider a general case with bias and approximate normality and present the finite sample error in the

coverage probability of the estimated interval for a given sample size V.
Theorem 4.1. Suppose the estimated lower and upper bounds 12; and @u satisfy the following.
1. E(dhy) =t + Roy
2. E(@u) =y + §2,u
3. var(y|Z") = G2 /N, war(yy) = 67 /N
4. var(u|2") = G2 /N, Gar(yh,) = 52/N.

]%271 is the bias, 02 is the population variance given the training sample, and G2 is the estimated variance for
the corresponding bound. Further, assume that @u and 121 are sample averages of i.i.d terms and uniformly
continuous. Let p; and p, be the absolute central third moment of the i.i.d terms. Moreover, E|g—a| < n=1/2.

For simplicity, define A =1, — iy and A= Ju — 1@. Suppose the following assumption holds.

Assumption 3. For a given € > 0 and a constant c, there exists Ny and v > 0 such that for all N > Ny

IP’(N”\A—A| >c> <e
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We use € < 1/+/n for a given n. Further, let o < G;,0;, 04,0, < 7 for some finite real numbers o and .

Then the finite sample lower bound on the empirical coverage is presented below.

(1= a) =P (1 = Cn&1/VN < o < o+ OnGu/VN)
1 = 3 C (p, Pu
< ]E(\/]VRz,z|+\/]V|R2,u)+]E{\/N (5?\/53>}

V2mg,
CN  ~ o~ l+eny o -
+ E| — oy, —0.] | + E oy — 0
(\/27@' ) ( i’ l)

V2mo;
+1(A¢0)E{1(1+49)—|—2602+ CINE }
VN aNztv A3 |g; VNA

+ 1(A7é0)]E< § |5uvalauval|>.

where 0 is the mazimum value of the density of \/N(z/b\u — ) /0y and \/N(il —by,)/01. By Berry-Esseen,
0 ~ 1/v/27. Moreover, Cy, cy < 21_a/2-

The above theorem says that the estimated confidence interval contains the true parameter v, with
probability at least 1 — a minus some additional error term which is bounded above. One can obtain a
similar result for the lower bound ;. Thus, since the estimated confidence interval contains both ¥, and v,
with some probability, it must also contain 1 with probability at least 1 — a with some bounded error term.
This is a general result that is applicable to any partial identification problem that follows the basic set-up
presented in Imbens and Manski (2004) and in this paper. A more precise bound is presented in the proof.

The assumption used in the above theorem says that the estimated difference A= zz;u — 1Zl is converging
to the true difference A roughly at rate o(IN~Y) for some v > 0. This is a mild assumption that is easily
satisfied in most estimation scenarios.

The primary result in Imbens and Manski (2004) shows that this interval contains the true parameter
with probability at least 1 — « for sufficiently large sample size. The theorem above quantifies that coverage
error for any sample size N. This error further decreases as N (also, equivalently n) increases under some
weak conditions on the bias terms }AEQJ and ég,u. We discuss these conditions in a later section in the context
of the proposed estimators in this paper. Below, we present the large sample error bound in the following

corollary.

Corollary 4.1.1. Assume g = 1, E|§2,l| \Y E|§2u| < N=28 and o > 0. Then the coverage error for the

proposed (1 — «) confidence interval is upper bounded by

_— 1
l—a)—P(CIayt) < p-48)/2 4 —
(1-a)-P(CI2y7") S n t o
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Therefore, if B > 1/4 there exists some sample size N, at which the coverage error is never more than €, for

any N > N..

4.4 Estimation under dependence

In this section, we consider relaxations of the conditionally independent assumption. For simplicity, we will
focus on only two lists. Without loss of generality, let the lists be list 1 and 2. As mentioned before also
stated in Das et al. (2021), for estimation of the total population size or the capture probability, we need
some lack of dependence assumption between the lists under consideration. Hence, to proceed with the
estimation, we assume that lists 1 and 2 are not completely dependent. This dependence can be measured
by either risk ratio or odds ratio. Under independence, both risk and odds ratios are 1. However, for real
data, this may not hold true. In this paper, we will focus on the risk ratio. One can derive equivalent results
for the odds ratio. When the two lists are not conditionally independent, the risk ratio can deviate from 1.
Instead of assuming a fixed value of dependence, i.e. the risk ratio, we use a weak assumption that the risk
ratio lies in a neighbourhood of 1. This relaxation does not guarantee point identification. Hence, instead
of estimating the target parameter, we estimate the upper and lower bounds of the parameter.

The mild identification assumption presented below assumes that the risk ratio lies in a neighbourhood
of 1. This is a relaxation of the conditional independence assumption used in Das et al. (2021) and is more

difficult.
Assumption 4. The risk ratio between lists 1 and 2 is bounded as follows for some finite w > 1.

PYi=1|Ys=1X=x)
P(Y;=1[Y,=0,X =x)

<w, Vx.

The ratio in the above assumption is the risk ratio between lists 1 and 2 conditional on the covariate.
When w = 1, the risk ratio is 1 for all x’s. Thus, w = 1 implies conditional independence between lists 1 and
2ie.,Y; 1 Yy | X. As w increases, the assumption becomes weaker. For meaningful implementation of this
assumption, one has to choose w not too close to co.

Under this assumption, we derive a reasonable bound for the inverse capture probability ¢ ~!. since the
total population size is a linear function of the inverse capture probability, we present all the results for
the inverse capture probability instead of the capture probability. First, we begin by expressing the inverse
capture probability as a function of the observed data and the risk ratio. The following proposition presents

the result.
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Proposition 2. For a risk ratio function 6(x) = W, the conditional capture probability is

_ q12(x)
") = [~ 41660 & q2 (g2

The capture probability 1 associated with the above vy is

1 L <) — < <) — < % q2(x) x
ot = [ Lo >—/[a< Jar(0) — a1209} + a1200)] L8 a0,

(x q12(x)

The above expression shows that the inverse capture probability increases with the risk ratio §(x). Note
that ¢1(x), ¢2(x) and ¢12(x) can be directly estimated from the observed data, d(x) cannot. Hence, one
cannot obtain a point estimate of the capture probability from the observed data without using additional
information about the risk ratio §(x). Next, we show how using assumption 4, one can obtain bounds on ),

or equivalently 1.

Remark 24. When the two lists are conditionally independent, i.e., 6(x) = 1V x, then the conditional

a1 (x)g2(x)

inverse capture probability is 1200

In the relaxed setup, depending on how list 2 affects list 1, §(x)
scales the proportion that is observed by only list 1 and not by list 2. For example, if we believe that
§(x) < 1, i.e., being on list 2 decreases the chances of being on list 1, then q1(x) — q12(x) is larger relative

to q12(x).

Assumption 4 can only ensure partial identification of 1, and hence 9!, since we do not assume point
values for the risk ratios. Let 1, L and ¥, ! denote the lowest and the highest values 1~ can attain under
assumption 4. Under this assumption, the true parameter ¢! should lie between v, L and ;! because of

the monotone nature of the identifiable expression. We present these bounds in the following theorem.

Lemma 4.1.1. Under assumption 4, the lower and upper bounds on ¥~" are as follows.

6l = /{7;@_1}1{730()() <1}dQ(x) +1

vit= [{ g -1} r0ee < paee 41

Yw (X)

q2(x)
q12(x)

where 751 (x) = [w{q(x) — q12(%X)} + q12(x)] is the inverse conditional capture probability when the

risk ratio is w. When w =1, i.e., the two lists are conditionally independent, then

gt =yt = / @I 4 ) - / Q).

q12(x) 71(x)

The final expression of the bounds are obtained by adjusting the risk ratio d(x) such that y(x) < 1 for

all x, followed by rearrangement of the terms. The bounds above are sharper in the sense that, we are
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selecting the maximum (or minimum) of the inverse capture probabilities for each x, i.e., for each individual.
Further, we ensure that the inverse capture probabilities are greater than or equal to 1. As a consequence,
the integrands are not smooth functions of the x’s. However, if 7y is sufficiently smooth, then ;- L and !
are smooth functions of w.

Moreover, it is easy to see that as w increases or, equivalently, 1/w gets closer to 0, v, 1 decreases and

;1 increases. Thus, the bounds grow further apart. Thus, these bounds are also monotone in w.

4.4.1 Efficiency bound

In this section, we derive the nonparametric efficiency bounds for estimation using i.i.d. samples from the
observed data distribution Q. This bound sets the benchmark for the best possible variance an estimator
can achieve. To evaluate the efficiency bounds, we begin by deriving the efficient influence functions for v, !
and ;! (Bickel et al., 1993).

The efficient influence function of a parameter quantifies the change in the parameter when one introduces
perturbations in the input distribution. The efficient influence function has many important properties. Its
variance gives the efficiency bound, which sets the lowest possible variance an estimator can achieve. And
once, we obtain an estimator that achieves this bound, no further improvement scan be made in terms of
the bound. The efficient influence function is used to construct an estimator that achieves this bound under
some regularity conditions (Bickel et al., 1993; van der Vaart, 2002a; van der Laan and Robins, 2003; Tsiatis,
2006; Kennedy, 2016).

Existence of the efficient influence function, requires that the parameter is sufficiently smooth. However,
identifiable expressions for ¢, L and 1,1 contain indicator terms involving the conditional capture probability.
Hence, we use the following margin assumption to ensure that 7,,(x) is sufficiently smooth around 1 for any

positive value of w.
Assumption 5. (Margin) There exists a constant v > 0, such that for allt >0, Q(|y, — 1] <t) St¥.

In the following theorem, we evaluate the efficient influence functions for v, L and 7t and further, we

have shown in the proof in the appendix that they exist under the above margin condition.
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Theorem 4.2. Given that assumption 5 holds and v > 1. Then the efficient influence functions for wfl

and ;1 respectively are

.0 — 1 (Y1 —11Y2)/w+ 1Y, Y.  WYs |
#ZQ =1 (X <1 <7;(X) O ) 0 ) 1)
+1—¢; !, and
0 — 1 (Y1 —V1Y2)w + Y1V Y, Ny
6u(Z:Q) = 1{ru(X) < 1} (%(X) {{Q1(X)—q12(X)}w+q12(X) e qu(X)] 1)

+1 -9t

The above functions are efficient influence functions of v, L and ! respectively when v > 1 in the
margin condition in assumption 5. The efficient influence functions above have zero means. Hence, they
can be used to derive alternate expressions for 1, ! and ;1. The estimated efficient influence functions are

obtained by replacing the g-probabilities with their respective estimates.

Remark 25. For simplicity, we will use ¢; and ¢, to denote ¢(Z;Q) and ¢ (Z;Q) respectively. And, g/b\l
and (;ASU denote the respective estimates (;51(2;@) and ¢U(Z;@), i.e., when one used the distribution @ when

the true distribution is Q.

The variance of the efficient influence sets the benchmark against which one can check the performance
of an estimator of ¢, Land ¥, 1. In the following corollary we present the variance expression of the efficient
influence function associated with L/Jfl. The equivalent expression for 1 ! is obtained by replacing w with

1/w.

Corollary 4.2.1. The variance of ¢; is

UGT(QSl):E(l{%(X)Sl}[ EX){vitX)_l}{am;(m_l}ﬂm(qu(;;)z(X)
’ <1_01J) o Xigzqz(X) DHW {V;EX) _1}1{%(’()“}],

WQ(J12EX
var(¢u)=E<1{7w(X) Sl}[ X) { }{qchX) _1}+ML%$(E

e ) L]

where qo(x) = 1 — q1(x) — q2(X) + q12(X) is the probability of being observed by neither list 1 nor list 2.
The variance above is influenced by five main factors:

1. the deviation from conditional independence w,

2. the conditional capture probability v1 (x) ,



3. the probability of appearing only on list 1, ¢1(x) — q12(x),

4. the probability of appearing on both list 1 and 2,

1
5. the heterogeneity in the conditional capture probabilities var [{ — 1} 1 {'y; (X) < 1}] .

4.4.2 Estimation

In lemma 4.1.1, we derived the identifiable expressions for ; ! and ;1. In this section, we will present
estimators for the bounds ;" ! and ;1. The most straight-forward estimators are the plug-in estimators,
which are obtained by the sample analogues of the identifiable expressions in lemma 4.1.1. But, plug-
in estimators typically have first-order bias, and moreover, in a nonparametric set-up, they have slow
convergence rates and no well-defined variance formula, and hence, often do not have a known asymptotic
distribution. Hence, we turn to efficiency theory to overcome these shortcomings.

The plug-in estimator for the bounds on ¢ ~! are obtained by substituting the nuisance functions with

their estimates in the expressions in lemma 4.1.1 as follows.

Qw H?}X) - 1} 1{@(){) < 1}

wri = O HMIX) - 1} 1{7.(X) < 1}} +1.

Dy +1.

As discussed above, these plug-in estimators have some disadvantages, that need to be addressed. These
can be solved by using the efficient influence functions presented in theorem 4.2. The efficient influence
functions have quite a few desirable properties: (i) They can be used to construct alternate bias-corrected

—1
u

estimators for the parameters 1), Land ¢ (ii) The second-order remainder term can be used to quantify
the error in estimation and study the robustness of the estimator, (iii) The variance of the efficient influence
functions can be used to find the lowest possible variance an estimator can achieve.

Using the efficient influence function above and efficiency theory from Tsiatis (2006); Kennedy (2016);

van der Vaart (2002b); Bickel et al. (1993), we can obtain a proposed estimators of ¢; ' and ;.

~_4 ~_4 ~
wl,proposed = wl,pi + QN(bl’

—1 -1 "
w,proposed ~ wu,pi + QN¢u7

where a are the corresponding estimated efficient influence functions. We obtain the above estimators by
using the property that efficient influence functions have mean zero. Q thl is the estimated first-order bias

in the plug-in estimator. Hence, the proposed estimators also do not have first-order bias.
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Note that as a consequence of using the efficient influence function, the error in the estimation when using
the proposed estimators can be approximated as a sample average of i.i.d. random variables. Approximation
with a sample average makes it easier to evaluate the variance. In the next result, we derive the bound on

this approximation error.

Theorem 4.3. For any sample size N and error tolerance 1 > 0, we have

~_4 1
‘¢l,praposed - ql}l - QN(bl‘ < n,

with probability at least
1 =5 1~
e {Rw S e @H] ’

where R; o is a second-order error term given by

Ror= [1{n00 <1} — [{m(x) ~ G OHRX) - (X))

+ {0 — G} {q2<x>q1<x>  2x)ak) } ] 40()

q12(x) qi2(x)
+/ [1{ii <1} -1{r 00 <1}] {wl(x) - 1} dQ(x)
< (wle) H(ﬁ = qill1g2 — g2l + (wle) H(ﬁz - CI12H ’

1 14+v
-

Q@q !
q12 Q12

where the latter bound holds as long as (q12 A q12) > € and assumption 5 holds.

The above theorem shows that the error in estimation and hence, the proposed estimator can be
approximated by a sample average of a function of the efficient influence function. In assumption 5, when
v>1, ﬁg,l is second order. This approximation falls within a tolerance i with a probability that depends
on the second order error term and the standard deviation of <$l. Further, the probability increases as the
sample size increases or the remainder term decreases.

This second order error term summarizes the estimation error in ¢;. Similarly, one can conclude for §27u.
These error terms also govern the coverage error in the estimated confidence interval presented in section 4.3.
If the risk ratio ¢(x) is s-Holder-continuous, then |71 — 7|[oc = O(n~ 1), where the nuisance parameters

_ (4w

are estimated with error rate n=%. Thus, E|_§2’l| < n=28 4 n~ 1= . The coverage error in theorem 4.1

decreases with N and equivalently n if § > 1/4 and (1 + v)s/(1 —s) > 1/2 or v > (1 — 3s)/(2s). For

second-order error and for ¢; to be valid efficient influence functions, we need that v is at least 1.
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As a consequence of the above theorem, the error in estimation is now approximated by a sample average
of the efficient influence function ¢;. Thus, one can now evaluate the variances for the estimators via the
variances of the efficient influence functions presented in corollary 4.2.1. To formally write, the variance of

1@7 ! is approximated as follows.
—~ 1 —~
—1\ o
var(y, ) = v var (@) .

Since, sz 1 and 12; I are approximately sample averages, one can show that they are approximately normal.
For more details, we refer to Das et al. (2021). This allows us to implement the Imbens and Manski (2004)
confidence interval formula to construct a confidence interval for the target parameter ¢ (equivalently ¢—1).
We have presented the general result along with the coverage guarantees in section 4.3.

In this section, we considered a weak identifying assumption that the risk ratio is bounded; which further
guarantees only partial identification. Under this assumption, we presented the identifying expressions for
the lower and upper bounds of the capture probability 1 (equivalently ¢ ~!) and derived the efficiency
bounds. Further, we presented the doubly robust estimators, i.e. estimators with second-order error terms
for the bounds that achieve the efficiency bound under a margin condition to ensure smoothness. Lastly, we
discussed how one can construct a confidence interval for 1 (equivalently 1~!) using Imbens and Manski

(2004) formula. In the following section, we discuss the inferences for the total population size.

4.5 Confidence interval for the total population size

In this section, we lay out the steps to obtain a confidence interval for the total population size n using the
results from the previous sections. Under assumption 4, n is not identifiable from the observed data. Hence,
we define the lower and upper bounds for n and present their estimators and variances, which allow us to
apply the Imbens and Manski (2004) formula. Further, we present the coverage guarantee for the proposed
estimated confidence interval for n.

Under assumption 4, we defined the identifiable range for the total population size by the interval (n;, n,,).

Suppose n; and n,, satisfy the following for consistency.

n=ngyrt, oy =gyt

Using the above identifiable expressions, one can use the derived results for 1 to infer about the bounds on
n. The results presented in this section hold for all estimators of ,, and ; that satisfy a very mild condition
presented in the theorem.

Given any estimators for the bounds of 1)~!, one can obtain the respective estimators for n; and n, by

=Nyl R, = N (4.1)
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The estimators of n; and n,, are products of two random quantities: (i) the observed data size N, and (ii)
the estimated bound on ¥~!. Hence, to derive the variance, and hence, the coverage error of the confidence
interval, it requires some non-trivial extension of the results in the previous sections. In the following

theorem, we present the variances for the estimated bounds of n.

Theorem 4.4. Let 12[1 and 1@:1 be generic estimators for ¢f and 1, respectively, that satisfy
G = = Qw(@) - [ (200 + Ra, (42)

where o, is a generic influence function and Ra, is the corresponding second order error term.y, ' has a
similar expression. Let 7 = var(@i|Z™) and 2 = var(p,|Z") be the corresponding efficiency bounds. Then

the variance of n; and N, are

var(ny) = ni {nw var(ﬁz,l) + (wlel +1)2 (?)

l

1-vp

var(fy) = n {mp var(Ra.) + E(¢y Ry +1)% + E(sﬁ)}

1-—
vy
The above theorem says that the variances of the estimated lower and upper bounds of n (i) increase
with the variance of the influence functions, which also summarize the variance of the estimators of ;! and
v, L (ii) increase with the remainder term and its variance, (iii) depend on the capture probability ¢ but the
trend is not clearly monotone, and (iv) decrease with v, and ;. Further, it is important to note that the
variances are of order n if the remainder terms and their variances are sufficiently small. The conditions for
the later are discussed in the previous section following theorem 4.3. These variance formulas hold for any
general estimators for the bounds of ¥~ !that satisfy the mild condition 4.2 presented in the above theorem.
Next, we will present the estimators of these variances which will be used in the construction of confidence
interval for n. The above variance formulas contain the true capture probability 1 and the total population
size n. One can approximate niy by the number of observations N using the Binomial assumption discussed
in section 4.2. As for the 1 — 1 in the second term, we substitute it by 1 — Ju to ensure maximum coverage
by the confidence interval. By our definition, v, < 1, since they are respectively the upper and the lower

bounds of the inverse capture probability. We estimate 612 and ¢2 as follows.

~ o~ A~ ~ 1- Au
var(ng) = N2 = N <§12+ A¢ ),

o~ i~ A~ A~ 1- Au
and var(n,) = N72 = N (gﬁ + Aw ) )
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where 7; denotes 57 + % Similarly, we have 7,,. Note that these variance estimates are positively biased.
L

We further define the true variances for n; and n, conditional on the training sample as follows.

var(m|Z") = n7? = nySt + HW(MQM +1)%,
i

(1 — )

¢2 (wuﬁzu + 1)2

and var(iy|Z™) = np72 = nah<> +n
The above expressions follow from the fact that ]’%2) ; and Eg,u are constants when conditioning on the training
sample Z™. We use these expressions, to calculate the finite sample coverage guarantees of the proposed
confidence interval.
To construct the (1 — a)% confidence interval for n, we use the Imbens and Manski (2004) formula as
follows.

[ — CNTi, Ty + C’N"/:u}v (4.3)

where @ (C’N + %) — ®(—Cy) = 1 — a. The length of this interval increases with the estimated
efficiency bounds ¢; and ¢,, and the estimated bounds @f L and 12; 1. Moreover, this length increases with
the sample size (equivalently the population size) at a rate V'N.

Tmbens and Manski (2004) have shown in the coverage of their general proposed confidence interval is
not too small compared to the nominal coverage. In the following, theorem, we evaluate the actual error.
We present the result for the general case in theorem 4.1. In this section, the bounds and the estimated

bounds are linear functions of n and N respectively, and hence, the error for this set-up is slightly different

from the one in theorem 4.1.

Theorem 4.5. Let ¢; and p, be any generic influence functions for the estimation of 1/)1_1 and ;1 as in
theorem 4.4. Let A =t — 1,/};1 and A = 12;1 — @;1 Let 7, T, Tu and 7; be defined as above. Further, for
a givenn, let 0 <17 < T, Ty, 71, T < T < 00 where T and T are constants. Suppose the following assumption

holds.

Assumption 6. For a given € > 0 and a constant c, there exists Ny and v > 0 such that for all N > Ny

P (|ﬁ — Al > cnf“) <e.
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Then the finite sample coverage error of the confidence interval in equation 4.3 of containing n,, is bounded

as follows

(1= ) =P (7 — CwvV/N7 < ny <7+ CxV/NT)
Vv R R 2
< VWg <1R3’l| + |R27“|) N E<§§+’;’;) +1(A;A0)E{(1+29)}

V2m 7 Tu VAN vn
! m{E<l‘m>+E<l‘Ma>}

2 (NT?) V (my7?) VYN A
" \/;E{nw(A/WA—ﬁQ,ll)Q (1 Wﬁ) \/ﬁﬁ}

. ) V2(VNT A, V) }

1
* “A*M{(«mmm\/@ﬁ VA

2v/3 N — ny|A ent™v (7, vV T)?
+ 1(A #0) aﬁ¢2n1'5E [ id SR ( XS U
+ 1(A#0)amﬂ«:[ V) R X1<\/N(?uv?l) >1>],

where pp =E {|1(Y # 0)(@ - Q(gl) +{1(Y #0) - w}(ﬁll + wl_l)‘glzn} ’
pu = E [|1(Y £ 0)(dy — Q) + {1(Y #0) — w}(ﬁg,u + 1/);1)|3|Z”} , and 0 is the mazimum value of the
density of (i, —n4)/(V'N7y) and (i; —n;)/(V'NT,), and C is the Berry-Esseen constant.

The above theorem says that the proposed confidence interval in 4.3 contains the true upper bound n,
with probability at least as large as 1 —a minus some error terms. A similar result follows for the lower bound
ny. Hence, the proposed confidence interval contains the true population size n with the same guarantee.
The first term in the error bound above summarizes the second order error term. The second term comes
from the Berry-Esseen normal approximation. The fourth and the fifth terms summarizes the bias in the
estimated variance and/or standard deviation. These terms are large if the estimated standard deviations
are smaller than the true standard deviations. The third and the remaining terms are all of order ﬁ

This error is sufficiently small when E|R\2,l| and E|§2u| are small. The details can be found in the

discussion following theorem 4.3 in section 4.4.2.

Remark 26. The coverage error presented in the above theorem is valid as long as A and A are bounded

away from zero and depend on neither n nor N.

The simplified large sample coverage error is presented in the following corollary.
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Corollary 4.5.1. The error in coverage is bounded as follows for a sufficiently large n.

= = 1 - -
l—a—P (m — CyVN7 <n <y, + CN\/NTM) < o VAE(| Rt + | Ba.u])-

The above error decreases and n increases if the second order remainder terms are sufficiently small.

4.6 Simulation & Application

In this section, we check the performance of the proposed method in a simulated set-up and then apply it

to real data.

4.6.1 Estimation in a simulated set-up

We have used a simulation set-up similar to the one in Das et al. (2021), but we added some dependence

between the two lists. The true risk ratio function is approximately 1.2. Below is the simulation set-up.

X ~ Normal(2,1)

P(Y1 =1]Y2 =1, X =) = expit(—3.214 4+ 0.5x)

expit(—3.214 + 0.5z)
1.2

P(Yo =1| X =x) = expit(—3.214 + 0.3z).

PYi=1|Y2=0 X =2)=

In this set-up, the true capture probability 1 is approximately 0.5. One can change the intercept term to
obtain a different capture probability. Also, instead of estimating the nuisance functions, we simulate the

estimates by perturbing the true nuisance functions with controlled as follows.
¢;(x) = expit[logit{g;(x)} + ;]

where the errors €; are simulated from N(n=% n=2%), where a € {0.1,0.25,0.5} is the error rate. This
set-up allows us to study the robustness of our estimator against the error in the estimation of the nuisance
functions. Figure 4.1 shows the empirical coverage of the estimated 95% confidence intervals for n from 500
iterations. The true population size is 5000.

We see in figure 4.1, that the estimate confidence intervals have coverage close to the target level for a
wider range of w when one uses the proposed method for slower error rates. The coverage of the plug-in and

the proposed methods are comparable for the parametric error rate which is n =22,
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Figure 4.1: Performance plot of capture probability and total population size as a function of the risk
ratio bound w. The plots show the empirical coverage of n for different error rates in the estimation of the
g-probabilities. The true risk ratio is approximately 1.2 across all the covariates. The red and the yellow
lines mark the plug-in and the proposed methods. The horizontal line is the target coverage, i.e., 0.95 and
the vertical line marks the true risk ratio.

4.6.2 Application on real data

For the real data application, we apply our method on the Peru Internal Armed Conflict Data from 1980-2000
(Ball et al., 2003). This dataset mainly consists of 24,692 documented victims of the war, along with some
demographic and geographic covariate information. The data comes from three sources, i.e., three lists. We
combined two of these lists after comparing their demographic distribution. More details are available in
Das et al. (2021). In this section, we are interested in estimating the confidence interval for various levels of
deviation w from the conditional independence assumption. Figure 4.2 shows the estimates lower and upper
bounds and the 95% confidence intervals for deviation upto 1.25. The exact true risk ratio is usually not
known. One can use calibration on the observed data to get an approximate range for the risk ratio and

select w accordingly.

4.7 Discussion

In this paper, we have considered a sensitivity analysis approach to estimate population size in the capture-
recapture set-up. Das et al. (2021) presented inference when two lists are independent conditional on
covariate information. We consider a relaxation of this assumption and the degree of relaxation is the
sensitivity parameter. We quantify the dependence using the risk ratio between the two lists. One can also
obtain equivalent results using the odds ratio in a similar manner. We present flexible bound parameter
estimates for the target parameters under a margin condition. We also present the efficient influence
functions, the efficiency bounds and discuss that the proposed estimators achieve these bounds. We further

construct confidence intervals using Imbens and Manski (2004) formula and present the finite sample coverage
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Figure 4.2: The 95% confidence interval for the total number of victims in the Peru Internal Armed Conflict
of 1980-2000 as a function of the risk ratio bound w.

guarantees for a general case. Finally, we apply the proposed approach to construct confidence intervals for

the number of victims of the Peru Internal Armed Conflict 1980-2000.
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Chapter 5

Conclusions

Population size estimation has applications in many areas. Hence, it is crucial to use reliable methods to
avoid oversight. Existing methods often have to choose between flexible estimation and achieving the fast
\/n-rates. Moreover, selecting a set-up that is not too restrictive for real data is crucial.

In this thesis, we have presented a nonparametric approach for population size estimation in a capture-
recapture set-up. We have discussed three problem set-ups, (i) estimation under conditional independence,
(ii) user-friendly software for real data implementation, and (iii) estimation under a relaxed assumption that
guarantees only partial identification for the target parameters.

In chapter 2, we have presented an estimator under a conditional independence identifiability assumption,
and we have shown that the proposed approach is efficient even under a flexible set-up. Further, the proposed
approach is doubly robust against errors in the estimation and is approximately normal. We also presented
a general formula to construct confidence intervals and evaluated the finite sample coverage error. Finally,
we estimated the size of the victim population and sub-populations on the Peru Internal Armed Conflict of
1980-2000.

In chapter 3, we presented the R package drpop that calculates the doubly robust population size
estimated from the input data. We illustrated the use of the package under various set-ups with examples.
Also, we presented some comparison against existing packages to demonstrate that the drpop package works.

In chapter 4, we considered a milder (in comparison to the assumption used in the previous chapters)
assumption that the dependence between two lists conditioned on the covariates is bounded. We appointed
a sensitivity approach for this and presented flexible estimators. We further presented confidence interval
formulas for the population size and evaluated the finite sample coverage guarantees for a general confidence
interval. We applied this method on the Peru data to evaluate the 95% interval as a function of the sensitivity

parameter.
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This thesis focuses on flexible and efficient estimation under a given lack of dependence assumption using
a pair of lists. When there are more than two lists, it is often of interest to utilize the extra structure of
the lists, if any. One immediate extension is when the conditional independent list pair is not known. One
can use a partial identification approach in this case to construct a confidence interval, as in chapter 4.
Another extension is when more than one list pair satisfies the conditional independence assumption. It can
be an important future work to study the advantages of this set-up and potentially improve the proposed
estimator. Considering the lack of dependence assumption in chapter 4 on the risk ratio, a variation of this

assumption can be to bound the risk ratio more flexibly than with strict point-wise bounds.

72



Bibliography

Alho, J. M. (1990). Logistic regression in capture-recapture models. Biometrics, pages 623-635. 4, 7, 53

Alho, J. M., Mulry, M. H., Wurdeman, K., and Kim, J. (1993). Estimating heterogeneity in the probabilities
of enumeration for dual-system estimation. Journal of the American Statistical Association, 88(423):1130—

1136. 8, 28, 32

Bailey, N. T. (1952). Improvements in the interpretation of recapture data. The Journal of Animal Ecology,
pages 120-127. 31

Baillargeon, S. and Rivest, L.-P. (2007). Rcapture: Loglinear models for capture-recapture in r. Journal of

Statistical Software, Articles, 19(5):1-31. 28, 48, 49

Ball, P., Asher, J., Sulmont, D., and Manrique, D. (2003). How many peruvians have died. Washington,
DC: American Association for the Advancement of Science. xvii, 1, 3, 21, 22, 69, 98, 100, 101

Bickel, P. J., Klaassen, C. A., Bickel, P. J., Ritov, Y., Klaassen, J., Wellner, J. A., and Ritov, Y. (1993).
Efficient and Adaptive Estimation for Semiparametric Models, volume 4. Johns Hopkins University Press

Baltimore. 2, 4, 9, 10, 12, 13, 34, 60, 62, 86

Bickel, P. J. and Ritov, Y. (1988). Estimating integrated squared density derivatives: Sharp best order of
convergence estimates. Sankhya: The Indian Journal of Statistics, Series A, pages 381-393. 13, 34

Bolker, B. M. (2008). Ecological Models and Data in R. Princeton University Press. 52

Bonvini, M. and Kennedy, E. H. (2020). Sensitivity analysis via the proportion of unmeasured confounding.

Journal of the American Statistical Association, pages 1-31. 116

Brenner, H. (1995). Use and limitations of the capture-recapture method in disease monitoring with two

dependent sources. Epidemiology, pages 42—48. 8

Breslow, N. E., Robins, J. M., and Wellner, J. A. (2000). On the semi-parametric efficiency of logistic

regression under case-control sampling. Bernoulli, 6(3):447-455. 5

73



Bunge, J. A. (2013). A survey of software for fitting capture-recapture models. Wiley Interdisciplinary
Reviews: Computational Statistics, 5(2):114-120. 29

Burnham, K. P. and Overton, W. S. (1979). Robust estimation of population size when capture probabilities
vary among animals. Ecology, 60(5):927-936. 3, 7, 27, 32

Carothers, A. (1973). The effects of unequal catchability on jolly-seber estimates. Biometrics, pages 79-100.
3, 27

Chan, L., Silverman, B. W., and Vincent, K. (2020). Multiple systems estimation for sparse capture data:
Inferential challenges when there are nonoverlapping lists. Journal of the American Statistical Association,

pages 1-10. 53

Chao, A. (1987). Estimating the population size for capture-recapture data with unequal catchability.
Biometrics, pages 783-791. 7, 32, 53

Chao, A. (2014). Capture-recapture for human populations. Wiley StatsRef: Statistics Reference Online,
pages 1-16. 28

Chao, A., Tsay, P., Lin, S.-H., Shau, W.-Y., and Chao, D.-Y. (2001). The applications of capture-recapture
models to epidemiological data. Statistics in medicine, 20(20):3123-3157. 28

Chen, S. X. and Lloyd, C. J. (2000). A nonparametric approach to the analysis of two-stage mark-recapture
experiments. Biometrika, 87(3):633-649. 4

Chernozhukov, V., Chetverikov, D., Demirer, M., Duflo, E., Hansen, C., and Newey, W. (2017).
Double/debiased /neyman machine learning of treatment effects. American Economic Review, 107(5):261—

65. 13

Chernozhukov, V., Chetverikov, D., Demirer, M., Duflo, E., Hansen, C., Newey, W., and Robins, J. (2018).

Double/debiased machine learning for treatment and structural parameters. 12

Chetverikov, D., Liao, Z., and Chernozhukov, V. (2021). On cross-validated lasso in high dimensions. The
Annals of Statistics, 49(3):1300-1317. 37

Choquet, R., Reboulet, A.-M., Pradel, R., Gimenez, O., and Lebreton, J.-D. (2004). M-surge: New software
specifically designed for multistate capture-recapture models. Animal biodiversity and conservation, pages

207-215. 28

Cormack, R. (1985). Examples of the use of glim to analyse capture-recapture studies. In Statistics in

ornithology, pages 243-273. Springer. 28

74



Cormack, R. and Jupp, P. (1991). Inference for poisson and multinomial models for capture-recapture

experiments. Biometrika, 78(4):911-916. 28
Cormack, R. M. (1989). Log-linear models for capture-recapture. Biometrics, pages 395-413. 28
Crawley, M. J. (1993). Glim for ecologists. 52

Darroch, J. N. (1958). The multiple-recapture census, i. estimation of a closed population. Biometrika,

45:343-349. 3, 7, 12, 27, 31

Das, M., Kennedy, E. H., and Jewell, N. P. (2021). Doubly robust capture-recapture methods for estimating
population size. arXiv preprint arXw:2104.14091. 27, 28, 29, 31, 33, 34, 35, 36, 51, 52, 53, 54, 55, 58, 64,
68, 69, 109, 119

Evans, M. A., Kim, H.-M., and O’Brien, T. E. (1996). An application of profile-likelihood based confidence
interval to capture: recapture estimators. Journal of Agricultural, Biological, and Environmental Statistics,

pages 131-140. 19

Farrell, M. H. (2015). Robust inference on average treatment effects with possibly more covariates than

observations. Journal of Econometrics, 189(1):1-23. 14

Fienberg, S. E. (1972). The multiple recapture census for closed popu- lations and incomplete 2* contingency

tables. Biometrika, 59:591-603. 3, 7, 9, 12, 27, 32

Fienberg, S. E., Johnson, M. S., and Junker, B. W. (1999). Classical multilevel and bayesian approaches to
population size estimation using multiple lists. Journal of the Royal Statistical Society: Series A (Statistics

in Society), 162(3):383-405. 1, 3

Friedrich, K. O. (1989). A berry-esseen bound for functions of independent random variables. The Annals
of Statistics, pages 170-183. 16

Frischer, M., Leyland, A., Cormack, R., Goldberg, D. J., Bloor, M., Green, S. T., Taylor, A., Covell, R.,
McKeganey, N., and Platt, S. (1993). Estimating the population prevalence of injection drug use and
infection with human immunodeficiency virus among injection drug users in glasgow, scotland. American

Journal of Epidemiology, 138(3):170-181. 28

Gimenez, O., Choquet, R., Lamor, L., Scofield, P., Fletcher, D., Lebreton, J.-D., and Pradel, R. (2005).
Efficient profile-likelihood confidence intervals for capture-recapture models. Journal of Agricultural,

Biological, and Environmental Statistics, 10(2):184-196. 9

75



Gimenez, O., Covas, R., Brown, C. R., Anderson, M. D., Brown, M. B., and Lenormand, T. (2006).
Nonparametric estimation of natural selection on a quantitative trait using mark-recapture data. Evolution,

60(3):460-466. 52

Goudie, I. B. and Goudie, M. (2007). Who captures the marks for the petersen estimator? Journal of the
Royal Statistical Society: Series A (Statistics in Society), 170(3):825-839. 3, 31

Gyorfi, L., Kohler, M., Krzyzak, A., and Walk, H. (2006). A Distribution-free Theory of Nonparametric

Regression. Springer Science & Business Media. 14

Hald, A. (2003). A History of Probability and Statistics and Their Applications Before 1750, volume 501.
John Wiley & Sons. 1, 3, 31

Hampel, F. R. (1974). The influence curve and its role in robust estimation. Journal of the american

statistical association, 69(346):383-393. 84, 114
Hernan, M. A. and Robins, J. M. (2019). Causal Inference. CRC Boca Raton, FL. 7

Hook, E. B. and Regal, R. R. (1999). Recommendations for presentation and evaluation of capture-recapture

estimates in epidemiology. Journal of clinical epidemiology, 52(10):917-26. 27

Huggins, R. (1989). On the statistical analysis of capture experiments. Biometrika, 76(1):133-140. 4, 5, 7,
8, 27, 28, 32, 53

Huggins, R. (1991). Some practical aspects of a conditional likelihood approach to capture experiments.

Biometrics, pages 725-732. 28

Huggins, R. (2001). A note on the difficulties associated with the analysis of capture-recapture experiments

with heterogeneous capture probabilities. Statistics € probability letters, 54(2):147-152. 27

Huggins, R. and Hwang, W.-H. (2007). Non-parametric estimation of population size from capture-recapture
data when the capture probability depends on a covariate. Journal of the Royal Statistical Society: Series

C (Applied Statistics), 56(4):429-443. 4, 7, 12, 28, 32

Huggins, R. and Hwang, W.-H. (2011). A review of the use of conditional likelihood in capture-recapture
experiments. International Statistical Review, 79(3):385-400. 4, 32

Imbens, G. W. and Manski, C. F. (2004). Confidence intervals for partially identified parameters.
Econometrica, 72(6):1845-1857. 2, 54, 55, 56, 57, 64, 66, 69, 103, 106, 121, 128

Jolly, G. and Dickson, J. (1983). The problem of unequal catchability in mark-recapture estimation of small
mammal populations. Canadian Journal of Zoology, 61(4):922-927. 31

76



Kennedy, E. H. (2016). Semiparametric theory and empirical processes in causal inference. In Statistical
causal inferences and their applications in public health research, pages 141-167. Springer. 2, 4, 10, 12, 13,
34, 60, 62

Kennedy, E. H. (2020). Efficient nonparametric causal inference with missing exposure information. The

International Journal of Biostatistics, 16(1). 86

Kennedy, E. H., Balakrishnan, S., G’Sell, M., et al. (2020). Sharp instruments for classifying compliers and
generalizing causal effects. Annals of Statistics, 48(4):2008-2030. 116

Krebs, C. J. et al. (2014). Ecological methodology. Technical report, Harper & Row New York. 1, 31
Kurtz, Z. T. (2018). Local log-linear models for capture-recapture. 4

Laake, J. and Rexstad, E. (2008). Rmark—an alternative approach to building linear models in mark. Program

MARK: a gentle introduction, pages C1-C113. 28

Laake, J. L., Johnson, D. S., and Conn, P. B. (2013). marked: an r package for maximum likelihood
and markov chain monte carlo analysis of capture-recapture data. Methods in Ecology and Evolution,

4(9):885-890. 28

Lee, S.-M. and Chao, A. (1994). Estimating population size via sample coverage for closed capture-recapture

models. Biometrics, pages 88-97. 3, 27

Lincoln, F. C. (1930). Calculating waterfowl abundance on the basis of banding returns. Number 118. US
Department of Agriculture. 3, 7

Link, W. A. (2003). Nonidentifiability of population size from capture-recapture data with heterogeneous
detection probabilities. Biometrics, 59(4):1123-1130. 3, 27

Lum, K. and Ball, P. (2015). Estimating undocumented homicides with two lists and list dependence. Human

Rights Data Analysis Group. 1

Manrique-Vallier, D. (2016). Bayesian population size estimation using dirichlet process mixtures.

Biometrics, 72(4):1246-1254. 4

Manrique-Vallier, D. and Ball, P. (2019). Reality and risk: A refutation of s. rendon’s analysis of
the peruvian truth and reconciliation commission’s conflict mortality study. Research & Politics,

6(1):2053168019835628. 22

Manrique-Vallier, D., Ball, P., and Sulmont, D. (2019). Estimating the number of fatal victims of the peruvian
internal armed conflict, 1980-2000: an application of modern multi-list capture-recapture techniques. arXiv

preprint arXiv:1906.04763. 1, 22

7



McClintock, B. T. (2015). multimark: an r package for analysis of capture-recapture data consisting of

multiple “noninvasive” marks. Ecology and evolution, 5(21):4920-4931. 28
McDonald, T., Regehr, E., Manly, B., Bromaghin, J., and McDonald, M. T. (2018). Package ‘mra’. 28

Mises, R. v. (1947). On the asymptotic distribution of differentiable statistical functions. The annals of
mathematical statistics, 18(3):309-348. 84, 114

Otis, D. L., Burnham, K. P., White, G. C., and Anderson, D. R. (1978). Statistical inference from capture
data on closed animal populations. Wildlife monographs, (62):3-135. 53

PERU, G. (2014). Geo gps pert: Base de datos peri—shapefile—*. shp—minam—ign-limites politicos. 98

Petersen, C. G. J. (1896). The yearly immigration of young plaice in the limfjord from the german sea. Rept.
Danish Biol. Sta., 6:1-48. 1, 3, 7, 27, 31, 53

Pledger, S. (2000). Unified maximum likelihood estimates for closed capture-recapture models using mixtures.

Biometrics, 56(2):434-442. 7, 32, 53

Pollock, K. H. (2002). The use of auxiliary variables in capture-recapture modelling: an overview. Journal

of Applied Statistics, 29(1-4):85-102. 4, 5, 28

Pollock, K. H., Nichols, J. D., Brownie, C., and Hines, J. E. (1990). Statistical inference for capture-recapture

experiments. Wildlife monographs, pages 3-97. 7, 8, 32, 53
Qin, J. (2017). Biased Sampling, Over-identified Parameter Problems and Beyond. Springer. 5

Rendon, S. (2019a). Capturing correctly: a reanalysis of the indirect capture-recapture methods in the

peruvian truth and reconciliation commission. Research € Politics, 6(1):2053168018820375. 21, 22, 98

Rendon, S. (2019b). Replication Data for: “Capturing Correctly: A Reanalysis of the Indirect Capture-

recapture Methods in the Peruvian Truth and Reconciliation Commission”. Harvard Dataverse. 98

Rivest, L.-P. and Baillargeon, S. (2007). Applications and extensions of chao’s moment estimator for the

size of a closed population. Biometrics, 63(4):999-1006. 28

Rivest, L.-P. and Daigle, G. (2004). Loglinear models for the robust design in mark-recapture experiments.

Biometrics, 60(1):100-107. 28

Rivest, L.-P. and Lévesque, T. (2001). Improved log-linear model estimators of abundance in capture-

recapture experiments. Canadian Journal of Statistics, 29(4):555-572. 28

78



Robins, J., Li, L., Tchetgen, E., van der Vaart, A., et al. (2008). Higher order influence functions and
minimax estimation of nonlinear functionals. In Probability and statistics: essays in honor of David A.

Freedman, pages 335-421. Institute of Mathematical Statistics. 4, 13, 37

Schluter, D. (1988). Estimating the form of natural selection on a quantitative trait. Fvolution, 42(5):849—
861. 52

Schnabel, Z. E. (1938). The estimation of the total fish population of a lake. The American Mathematical
Monthly, 45(6):348-352. 3, 27, 31

Seber, G. A. F. et al. (1982). The Estimation of Animal Abundance and Related Parameters, volume 8.

Blackburn press Caldwell, New Jersey. 31

Sekar, C. C. and Deming, W. E. (1949). On a method of estimating birth and death rates and the extent of
registration. Journal of the American Statistical Association, 44(245):101-115. 7, 32, 53

Stoklosa, J. and Huggins, R. M. (2012). A robust p-spline approach to closed population capture-recapture
models with time dependence and heterogeneity. Computational Statistics € Data Analysis, 56(2):408-417.
4, 28

Tilling, K. (2001). Capture-recapture methods- useful or misleading? 8, 27

Tilling, K. and Sterne, J. A. (1999). Capture-recapture models including covariate effects. American journal

of epidemiology, 149(4):392-400. 4, 5, 7, 8, 12, 20, 27, 32, 34, 53
Tsiatis, A. (2006). Semiparametric theory and missing data. New York. 10, 12, 13, 34, 60, 62, 86
Tsybakov, A. B. (2008). Introduction to Nonparametric Estimation. Springer Science & Business Media. 14

van der Laan, M. J. and Robins, J. M. (2003). Unified Methods for Censored Longitudinal Data and Causality.
Springer Science & Business Media. 2, 4, 10, 12, 13, 34, 60, 86

van der Laan, M. J. and Rose, S. (2011). Targeted Learning: Causal Inference for Observational and
Experimental Data. Springer Science & Business Media. 17, 36

van der Laan, M. J. and Rubin, D. (2006). Targeted maximum likelihood learning. The International Journal
of Biostatistics, 2(1). 17, 29, 34, 36

van der Vaart, A. (2002a). Part iii: Semiparameric statistics. Lectures on Probability Theory and Statistics,

pages 331-457. 10, 12, 13, 34, 60

van der Vaart, A. (2014). Higher order tangent spaces and influence functions. Statistical Science, pages

679-686. 4

79



van der Vaart, A. W. (2002b). Semiparametric statistics. Lecture Notes in Math., (1781). 10, 11, 34, 62, 86

Vansteelandt, S., VanderWeele, T. J., Tchetgen, E. J., and Robins, J. M. (2008). Multiply robust inference
for statistical interactions. Journal of the American Statistical Association, 103(484):1693-1704. 15

Vardi, Y. (1985). Empirical distributions in selection bias models. The Annals of Statistics, 13(1):178-203.
5

White, G. C. and Burnham, K. P. (1999). Program mark: Survival estimation from populations of marked
animals. Bird study, 46(supl):5120-S139. 28

White, G. C., Burnham, K. P., and Anderson, D. R. (2001). Advanced features of program mark. In
Wildlife, land, and people: priorities for the 21st century. Proceedings of the second international wildlife

management congress. The Wildlife Society, Bethesda, Maryland, USA, pages 368-377. 28

Wu, Y., Yang, P., et al. (2019). Chebyshev polynomials, moment matching, and optimal estimation of the
unseen. The Annals of Statistics, 47(2):857-883. 12

Yee, T. W. and Mitchell, N. D. (1991). Generalized additive models in plant ecology. Journal of vegetation
science, 2(5):587-602. 52

Yee, T. W., Stoklosa, J., and Huggins, R. M. (2015). The vgam package for capture-recapture data using
the conditional likelihood. Journal of Statistical Software, 65(1):1-33. 4, 28, 29, 52

Yip, P. S., Wan, E. C., and Chan, K. S. (2001). A unified approach for estimating population size in capture-
recapture studies with arbitrary removals. Journal of agricultural, biological, and environmental statistics,

6(2):183-194. 4, 28

You, Y., van der Laan, M., Collender, P., Cheng, Q., Hubbard, A., Jewell, N. P., Hu, Z. T., Mejia, R., and
Remais, J. (2021). Estimation of population size based on capture recapture designs and evaluation of the

estimation reliability. arXiv preprint arXw:2105.05373. 7, 27, 32, 53

Zheng, W. and van der Laan, M. (2010). Asymptotic theory for cross-validated targeted maximum likelihood

estimation, uc berkeley division of biostatistics working paper series. 13, 37

Zwane, E. and van der Heijden, P. (2005). Population estimation using the multiple system estimator in the

presence of continuous covariates. Statistical Modelling, 5(1):39-52. 4

80



Appendix

81






Appendix A

Appendix for chapter 1

A.1 Proofs of theorems and results

Proof of proposition 1. The goal is to express @ in terms of the observed data distribution Q. By
definition ¢ = P(Y # 0) and v(x) = P(Y # 0|X = x).

First we show that ¢ is the harmonic mean of v(x). It is easy to see that

y(x)  P(Y #0|X =x) P(Y#0,X=x) PX=x|Y #0)

¢ P(Y#0)  P(X=x)P(Y #£0) P(X = x)

Thus,

IF’(X:X)X: P(X:X\Y#O)X
[ = [P

L_ Q(LZX) X, since =
_/ o Q(Z) = P(Z|Y #0).

or, —
(0

We have shown a that the capture probability ¢ is the harmonic mean of the conditional capture probabilities
~(x) under the observed data distribution Q.

Next, we express v(x) in terms of the g-probabilities. Under assumption 1, for any fixed covariate value

P(Y;=1,Y,=1X=x)=PY; = 1|X =x)P(Ys = 1|X = x).
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For a capture history y # 0,

P(Y =y X =x)P(Y #0|X =x)
P(Y # 0|X = x)

=P(Y =y[X=xY #0)y(x)

= QY =y|X =x)y(x).

P(Y =ylX=x) =

Substituting the above relation in the assumption statement and using the notation of the g-probabilities,

we get

or, QY1 = 1, Ya = 1|X = x)7(x) = Q(¥i = 1[X = x)Q(¥z = 1|X = x)1(x)*

X) = Q12(X)
o) = e

O

Proof of lemma 2.0.1. There are several ways one can derive an efficient influence function and
corresponding efficiency bound. Here, we first find a putative influence function in the discrete case using a
standard Gateaux derivative argument. Then we show that this influence function is actually the efficient
one in a general nonparametric model (continuous or discrete or mixed), by checking that the corresponding
remainder term in a von Mises expansion is second-order.

To find a candidate influence function, we consider a special parametric submodel (i.e., deviation from

Q) given by Q. with density g. = (1 — €)q(z) + €G(z) where ¢ = g(z) = 1(z = z) is a point mass at Z = z,

e

actually equals the influence function (in the discrete case) Mises (1947); Hampel (1974). We also let ¢, (x)

and for which the pathwise derivative

denote the analog of ¢5(x) under the submodel for s € {1,2,12}, e.g., the marginal density for X under Q.
is

ge(x) =Y q(2z) = (1 - €)g(x) + €l(x = X).
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Now the above pathwise derivative equals

a{ ! }‘ 0 [l >q16<x>qe(x)dx
e=0

e | ¢¥(Qe) ~ e q12,e(x)

8 q2 e( ql 5 }
= dx
/86 { q12, e

_ /QQ,E(X)ng(X) () {fh egx) QQ,E(X)  q12(%) (Jé(x)}dx

412, (%) 01000 T 2@ 012 | 2.)

e=0
where the last line follows by the product rule. For the discrete case, we use the notation of the integral to
denote summation over x.

For the derivatives appearing above, by the definition of g, we have ¢.(x) = %qe(x) =1(x =%) — q(x).
Similarly, by using derivative of product rule for ¢; .(x), we get

, ) 9 Q% =1,X =x)
ql,e(x) = EQLG( ) e q ( )

0 (1-—e)Q(Y1 =1,X=x)+el(Y; =

Oe (1 —-e€)q(x) +el(x =x)

—Q(lel,X:x)—l—l(f/l:l,x:x)
(1—-e€)g(x) +el(x=x)

_(1—€)Q(Y1—1X—X)+61(~1 1,x =X)
{(1 = e)g(x) + el(x = x)}?

Lx= X), where Y1 = 1(, = 1)

qe(x).

The last step follows from the product rule of derivatives. Finally, setting € = 0, we get ¢}.(X)|e=0 =

1(x=x%)
q(x)

Thus, combining the above results and using the discrete nature of the distribution, we get

{}\

q(x Q2 - Yl_(h(x) %—QQ(X) Y/1{/2—‘112(3()
T R S )

N a® 0x) 12(%)

q(x QQ -
+Z i (x {1x =x%) —q(x)}

Y, Y: V1Y 1
- { — = 2 } using the definition of v(x).

{)71 — ¢1(x)}. The derivatives for gz . and ¢12 follow similarly.

Y(X) | X)) @) qAx) Y’

Now that we have a candidate influence function that is valid in a discrete model, we evaluate the
remainder term Ry in a general submodel, to show that it is actually the efficient influence function in the

general case as well.
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Letting ¢ = (Q) for a generic distribution Q, the remainder of the so-called von Mises expansion (Bickel
et al., 1993; van der Laan and Robins, 2003) is then given by:

Ry(Q,Q) = = — % + /¢(Z;Q)d(@
_ 1 Y, Yo _ YiYo 3 l l B l N
) {‘71(") AR le(x)} T Jd(@( )
a(x) | @) q0x)] 1 N
ARG qm(x)} 5o | 4Q)

Il
+o— — — — e

—
'S
Q[
ke
Niv
X

( (
) q12(x) ¥(x)qi2(x) (%)
_ 01(x)2(x) Lo (X)e2(x) a(x)@Rx)  qx)gex)
q12(x) q12(x) q12(x) q12(x)
@1 (x)02(x) | q1(x)g2(x) q12(x) 1
) T e A@me @ ) e
1

- [ =5 [{m(x)—ql( THE() - 200}

+ {q12(x) — q12(x)} {fy(lx) - fy(lx)} 1 dQ(x).

The above shows that the remainder of the von Mises expansion is second-order, i.e., involving products

of differences between components of Q and Q. This fact implies the more general pathwise differentiability

{75 } /¢ log a.()|__ a0

for any smooth parametric submodel Q. (Kennedy, 2020). Thus, the candidate influence function satisfies

condition that

the above pathwise differentiability condition and hence, is an efficient influence function. Moreover, since
the model is non-parametric, ¢ is the only efficient influence function (Bickel et al., 1993; Tsiatis, 2006;

van der Vaart, 2002b). O
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Proof of Theorem 2.1. We will evaluate the variance of the efficient influence function ¢ = ¢(Z;Q).

Recall, Z = (Y, X). Hence, we use the law of total variance by conditioning on X.
1 { Yi . Y,  ¥iY } 1
X)) lan(X) (X)) q12(X)

]. Y1 YQ Y1Y—2
- var(E 7(X) {fh(X) N ©(X) @2X ‘ ])

1 Y Y- Y1Y.
+E (varl X) { L . |X]> by the law of total variance
v a1

var(¢) = var

(X) Q2(X) Q12

1 1 1—q@ (X 1—g(X) 1- X
_ Uar{ }+IE 5 71(X) 72(X) q12(X)
7(X) 7(X) a1(X) q2(X) q12(X)
n 2912(X) —1(X)g2(X) 9 712(X) — 1 (X)q12(X) 9 712(X) — ¢2(X)q12(X)
q1(X)g2(X) q1(X)q12(X) g2(X)q12(X)
1 1 1 1 1
= var +E| —<51< 27(X) — — + —13].
) v(XP{ X X T wm® H
The last two equalities follow by evaluating the conditional expectation and the variance the two terms
respectively and the relation that v(x) = #{g’;zx). By simple algebra, we can further simplify the variance
as follows

var(¢) = W{l} +E

1 1 1 1
7(X)? {QV(X) - 71(X) - 72(X) * q12(X) B 1H
1 14+ q12(X) — go(X) 1
- v(xw{h(x)‘ 01 (X)a(X) +q12<x>‘1H
Y G U U O U O S ! a0(X)
- {w )}HE(v( )me 1}{Q12(X) 1}+q12<X>D'

Recall: ¢o(X) =Q(Y1 =0,Y2=0]|Y #0,X = X). O

Proof of Theorem 2.2. Let En = 12;} — ! —Qn¢. We can expand it as follows.

1 1
5 - =< — - —
N " Qno

1 ~ 1
= 77;7 + QN — J — Qn¢, using the definition in equation 2.9
pt

— /gg(z)d(@(z) + Ry + QNaf Qn¢, using von Mises expansion of 1271.

The last step follows usmg =— o = — f d) )+ R2 from the proof of lemma 2.0.1. The formula of R2

is presented in the proof of lemma 2.0.1.
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For simplicity of notation in the proof we will use Q(-) = E(:[Y # 0,Z") = [(-)dQ(z) to denote the
observed population average function conditioned on the training sample Z™. Using that fact that Q¢ = 0,

we get

En = Ry + (Qn — Q)(¢ — ¢).

We want to bound £y by presenting a bound on E(£%). We will show that the expected value of £ is

expected value of the error term ﬁz.

E(En) = E{E (Ex|Z™)}
—FE [E {ﬁfg +(Qn — Q)(¢ - ¢>)|ZnH

~

= E(R2) +E [E{ Qv - Q¢ - 0)|2" }].

Next, we will show that the second quantity is 0.

EE{@v-Q@-0)|2"}] =EE{Qn(é~0) - Q@ - 9)|2"}]
~E{E(3-0/2") ~E(5-o|z")}

= 0.

The second equality follows because Q is evaluated on i.i.d. terms and Q(QAS —¢) = E(QAS —@|Z"™) by definition.

Next, we evaluate the variance of Ey.

var(En) = E{var(En|Z")} + var{E(EN|Z™)}, by the law of total variance
= E{var(Ex|Z™)} + var(Ry)
=E {var{ﬁg +(Qn - Q)(¢— 9) Z”H + var(Ry)

=E [var{QN(a— ®) Z"H + var(Ry).

The last equality follows because ﬁg and Q(-) are constants when conditioned on Z™. Now,

~ 1 ~
var{QN((/b — ¢)‘Z"} = Nvar(qb — @|Z™), property of variance of sample average

1~ 2
< <l -l

Thus, combining the above results we get E(£2,) < E(R2) + =l )
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Hence, by using Markov’s inequality combined with the above inequality gives the required result.

1
FEER):

P([0a! v —Quo|<6) 215

O

Proof of Theorem 2.3. The error in the estimation of ¢~ is h—! — 11, Following the proof of Theorem

2.2, it can be expressed as

v =y = Qv - Q)é + R,
where Q¢ denotes J g/b\(z)dQ(z) as mentioned in the proof of Theorem 2.2.
Let 62 = var($ | Z™), and note 12*1 — 7t — Ry = (Qn — Q)QAS is a sample average of a fixed function

given the training sample Z". Therefore by Berry-Esseen we have for any ¢ and N that

Cp

Cp
<P
F3VN

N

(1) <t

(12_1 ¢ = Ry

N Z”> < P(t') +

Taking t' = 2t — &,/E\;N for 52 = var(¢) and p = E <|¢AS— Qé|3
@ (

Now note by the mean value theorem, for some t,, between ¢ and t + (

¢><t+<g—1)t—&/§\;ﬁ> —®(t)

Z") , this implies

SHASY

R\ Oy Pl -yt n G, R Cp
t 5/m> 53\/N<P< VN <t‘z><q’<at &/\/N>+53¢N

— 1) t— Uﬁ"‘ , we have that

Q)

where the second inequality used the fact that sup, ®’(¢) < 1/+/27 and the triangle inequality.

Therefore

Cp il Cp
—A, — <P <t|ZM) —0(t) <AL+
VN ( vkl © =N
This implies by iterated expectation that
et 1 |Ro| G C (p
Pl ——— < - o <4/ — NE | — E{l=—1 —FE (==
‘ ( SUN St T S5 (YNES  HE( + 58 (%)
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Therefore if & > 1 with probability one, E(p) < ¢ for some ¢ > 0, E|[5 — 5| < n~/2 and E|Ry| < n=28

1Z71 711)71
P (W < t> —®(t)

If B > 1/4, then there exists an N = N, guaranteeing that the LHS is no more than e.

then
< p—1/2 4 p(1-48)/2

Bound on E|g — 7|

We will show that this bound is n~/2. For &5, we have defined the quantities 72 = var((g | Z™) and

52 = war(¢). We can further expand &2 as follows

52 = var(d | Z") = E ($2|z") - {IE ($|zn)}2.

2

The second quantity o“ is the unbiased estimator of the variance of qAﬁ given the test sample i.e.

Ll {QNQAS2 — (QNQAS)Q}. Then by iterated expectation
E(c?) = E{E(¢? | Z")} = E(7°),

where the second equality follows from the unbiasedness property.
We need the bound on |6 — &| which can be expressed as a linear function of the absolute difference of

the respective squares.

R

+
+

Q)

o —o| =|o -7 <eMg? -5, ifG+T>e>0.

»
&?

Hence, it is enough to show the bound on |6 — 52|. Equivalently, we can show that E[o? — 52> < n~!

Evaluating this quantity by the law of iterated expectation
{ 5% — 52 ’Z”H

=E[E
B{E(+5t - 2|2
B{E(|2") -5},

E(U - 52
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where the last equality follows from E(52|Z") = 52. Next, we evaluate .

2

N (2&)2

(N —1)2 N N
N2 [T+, 0000 L0t Ty 00250, 600, + Tty 92050
_ i i 175]1]_2 i Vi i#j Y1y i£j Y1) i#£j#Ek Y1 YITR
(N —1)2 N2 N3
n DO 3D BT H AL Bl 6D BFOOK + D isjsnps PiDi DR }
N4 '

Let pm, = E((Zm | Z"). Thus, E(62 | Z") = 62 = pg — pl.

N2 Npg+ N(N —1)u3
E ~4 Zn _ 2
012" = e |
o Nua+ NN = 1)p5 +2N(N = Dpgpn + N(N = 1)(N = 2)piop
NS
L P H 3 = D + AN = Dy + 6(V = DN = 2)pan
N3
LV 1)(N2)(N3)u‘1‘}
N3

2! 1 Ha 3 M3 4
=M N9y N-2+2 B Wi
(N—1)2{ +N}+N— { +N}+N—1{ TN

2 _ 4 _ _

P (g MEAN, o (o2
i p3(N? 2N 43)  pain(N—2)  2papd(N = 2)(N = 3)
- N N(N —1) N(N —1) N(N —1)

L MO =V - 3)

NN -1)

Thus, combining the results

E (5'[2") - &

_pa (N —2N43)  pan(N—2)  2uud(N —2)(N =3)  pi(N—2)(N —3)
N N(N —1) NN —1) NN 1) N(N —1)

— (p2 — pi)?, since E(6* | Z") = 6% = po — pij
_ s p3(N —3) n Apop(2N —3)  2u{(2N —3) 2#3/11(1\7— 2)

N N(N-1) N(N —1) N(N -1) N(N =1

SN P<nTh

Thus,

52 -2 S

1
NGR
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Proof of Theorem 2.4. The estimate of population size, n = N/ zz depends on two random quantities (i)
the number of observations N and (ii) the estimate of the capture probability ).

Calculation of mean and variance of n
First, we re-write % as a sample average for ease of calculation. As mentioned in the proof of Theorem 2.2,

we use QP to denote the population average conditioned on training sample Z" i.e., [ $(z)dQ(z).

R—n= N/G—N/p+N/w—n
=N {(QN -Q)p+ ﬁg} + N/v —n, (follows from proof of Theorem 2.2)

= nP,1(Y # 0)

/N

»—Qp+ Ry + w_l) —n, since N =nP,1(Y # 0)

nBy [L(Y #0) (5 = QF) + {1(Y #0) = ¢} (Bo +v7 ) | +niRs.

¢

Thus, n —n — mpﬁg is a sample average nlP,,(. Moreover, when we condition on the training sample Z", the

(’s are i.i.d. We present the conditional mean and variance of ¢ below.

E(¢|2") = E{E(([Y #0,2")[Z"} = 0.

var(C|Z") = var{E((]Y # 0,Z")} + E{var(¢|Y # 0,Z")}
— var [{1(Y £0)— ) (Ro + @zfl){zn} +E [1(Y # 0)var (3]2") |2"]
= (1 — 9)(Re + ¢~ 12+ var(3|2Z")
1—-49

= T(wﬁz +1)? + <2, defining <% = var(P|Z").

The population expectation of n — n is mpE(}A%g). And the population variance is presented below.

var(n — n) = var{E(n — n|Z™)} + E{var(n — n|Z")}
= var{E(nPy( + nyRy|Z™)} + E{var(nP,( 4+ nRy|Z™)}
= var(nyRy) + E{n var(¢|Z")}

= anzvar(ﬁg) + nyYE (EQ) +n E(zﬁf{z +1)%

1-9
(G

Thus, E(f — n)? = n2¢2E(R2) + n)E (%) + n%E(ﬂJEQ +1)2.
If ]E|§2| is sufficiently small, then 7 — n has expectation approximately 0 and variance approximately

nYe? +n(1 — 1) /1, where ¢2 = var(p).

Approximate normality
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We define the estimated variance of n — n — mpsz conditioned on the training sample as N7, where
= 2 + ﬂ and <% = var(p|Z™) is the unbiased estimator of ¢2

conditioned on the training data. Let
7= var(CIZ") W+ (U Ry + 12

3
|
3

We ultimately want to see the error in normal approximation for 2

)
3

By Berry-Esseen we have for any ¢’ and n that

<t

B(t') — ~3C\pf P(ﬁ—v;;gwl%z

Zn) < O(t) + ~3C\pf

Taking t' = ;ﬁt — Fdﬁ/% and p=E (|C\3|Z”), this implies

() (i) oo (5 sB)-

A T

or equivalently

VA PR Cp ( - )
) PRSI —B(t) - L <P <t‘Z" o(t
( T/n T/ﬁ) ®) 3y/n NG ®)
VA YR, Cp
<Pt — — Ot .
= < 7 ?/ﬁ) O+ w5 /m
Now note by the mean value theorem, for some t,, between ¢ and PIVR VR

NN have that
g (1IVR _ VR —o(t)| =
TVn  T/\n

)

Nf T/Vn
where the second inequality used the fact that sup, ®'(¢) < 1/v/27 and the triangle inequality.
Therefore

n—n

Cp Cp
— - < < ny - < R —
An ;3\/5_P(Tf t‘Z) B(t) < Ap + =

This implies by iterated expectation that

‘IP’ (Z\_/g < t) —(b(t)‘ < \/g{\/ﬁ%“f@ﬂ n |t|E<

Vi

VR
TV/n
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Bound on E

VE
F/n 1‘

It is easy to see that

‘T\f—ﬁ-T\f‘ _ 72,

[7va - Tf\ —= [PV - Fval ]M+M\ —;

\FN

By simple algebra, we can bound the quantity on the right hand side above as follows.

1 | ,N 1 [~oN  1-¢N R
— T2 = — §27+ /\wT—wEZ”_J(wRQ—Fl)Qn
nrT ) nt Y v ¥
1 1 1 1 1
< ~2 ~2 - — — = -
< =P g el + I w+¢‘

S +
S0 (VB3 + 2Rl

The last inequality follows using the definition of 7 and triangle inequality. To evaluate the third term, we

will use the relation 12 Lyl =(Qn — Q)7 + Ro. Thus,

1 1 1 1

PwTTY
= (v @y - F+ B} v - (@ - Qw)E - By
{(@v - Q@Y + B3+ (207" + 2R~ 1)(Qn ~ Q) + (207" ~ DR,

Similar to the proof of Theorem 2.2,

A 2} < (2]{(

The last bound follows by the relation between 7 and ¢. Thus,

1 1
E - =
{5-3-1+ )

<E[{(@x —@)@}2|z"] PR \w-l + 2R~ 1|E{[@v - @l[z }+ 2o - )[Ry
~2

—sz;

1/2 c =
n - < .
=) = Jx < v

YRy ‘w 2R, — 1‘ 2yt - ‘EQ‘.
2 \/7 )
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Combining the results above, we get the following bound.

N 1 R
<E<n7_~2§2 |)+E|N—mﬁ|+¢+]E<m_22>
VN . N|Ry| VRS + 2|Ry|
ﬂ;>+(2¢ ~1)E (W +1-PE | ).

. . . 21 1/? 1/2
Next, using the inequality that N < n and E|N — ny| < {]E (N — ny) } ={nY(1 —)} ', we get

Vi

]Ei
7/n

-1

+E (’21!11 +2R,

Vi @y viw 1 () [ (et 1eR)
25 <5 () ++E< )*E Vi

=
+ (297 )<Z|>+(1—¢)E<W>

(I |>+ nw¢+—¢+{w (1—v )+1}E<§§>+E<%>
E{R'(mw H_w)}
() o) ()
+E{ﬁfl(;@m H%)}_

Next, we obtain the asymptotic bound on the absolute difference in the cumulative functions.

Let E\1§2| < n~28. Following the proof of Theorem 2.3 we have E|¢? — ¢2| < n~1/2. Thus, if 7 > 1 with

’Lé

E
+

N

\]

probability 1 and ¥ > € > 0 then

VA
o

—1|<n 2472

Further, if E (£) < ¢ for some finite constant c,

n
P <t O(t)| < p=48)/2 4 p-1/2,
’ (T\f ) ()’N

Coverage error
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The (1 — )% estimated CI for n is il & 2, 27V 7.

P (= 2027V < 0 <0+ 20/97Vi) - (1 a)|
n—n n—n
= |P < 24 — < —z4 —DP(zy/2) + P(—2,
(?—\/ﬁ /2) ( o /2) (2a/2) ( /2)
n—n
P (/\\/: S Za/2> — (ZQ/Q) < _ZQ/Q) - ¢(_ZO¢/2)

P(1E <
\/;{\leERzl " WlE(

2C
) } MV (%)
< p(=18)/2 =172,

IN

VA
/n

IA

-1

A.1.1 Two lists vs multiple lists

The data-set under consideration has K lists. The proposed method focuses on the conditional independence
assumption of two lists (Y7 L Y5 | X). The question is, when there are more than two lists, whether one
should ignore the other K — 2 lists (i.e. delete all rows that appear in neither list 1 nor list 2, but only in
one or more of the remaining lists), or keep them. To answer this question, we evaluate the variance under

these two cases. Below we present the variance of the estimated population size when 1 is known.
~ N np(l — ) ( 1 >
var(n) =var| — | = ————~=n|——-1]).
) ( G ) P2 G
1. Only two lists used

P =P(Y1 #0or Yz #0).
v(x) =P((Y1,Y2) # (0,0) | X =x).

2. All lists used
Yv=PY1#0o0rYs#0or ...Yg #0).
2(x) = P(Y £ 0] X = x).

The 1) and the y(x) for this case are larger than the ones for the two list case above.

It is easy to see that var(n) is smaller when all K lists are used since we observe more individuals.
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A.2 TMLE

In this section we present the targeted maximum likelihood algorithm to estimate the capture probability

1. We iteratively obtain estimate for the nuisance functions i.e., the g-probabilities. These estimates, §*’s

are used to obtain Yyme.

Algorithm 1: TMLE algorithm for estimating v

1. Obtain initial estimates of ¢12(x), ¢1(x) and g2(x), denoted Gi2,0(x), g1,0(x) and gz,0(x). Set t = 0.
2. At step t, construct clever covariates:

(a) H12t _ 31,t(X)§2,t(X) _ "I\l,t(x) _ E]\2,t(x)

- q12,:(X)? q12,+(X) q12,:(X)
_ Bu(X)
(b) Hy = qgi,t(x)
-~
(c) Hyy = ;1;7}(,3).

3. Regress Y1Y3 on Hyo ¢ using a no-intercept logistic model with logit{gi2 :(X)} as offset, obtaining
estimated coefficient 312’,5. Set Gi2,¢+1(X) = expit {logit{qug’t(X)} + 312H12,t}-

4. Regress Y1(1 —Y>) on H; ; using a no-intercept logistic model with logit{gi +(X) — qi2,1+1(X)} as
offset, obtaining estimated coefficient 3; ;. Set

Q1 +1(X) = min{Z]\m,t-&-l(X) + expit [IOgit{Zl\l,t(X) — Qi2,+1(X)} + Bl,tHl,t} ,

1- qA12,t+1(X)}~

5. Regress Y2(1 — Y1) on Hy; using a no-intercept logistic model with logit{g +(x) — Gi2,1+1(x)} as
offset, obtaining estimated coefficient 82 ;. Set

32,04+1(X) = min{allt—&-l(x) + expit [logit{@,t(x) — Qi2,011(X)} + B2,tH2,t} ;
L+ qi2,e41(X) — El\l,t+1(X)}~
6. Update t — ¢+ 1. Repeat Steps 2 to 6 until convergence (e.g., until max; |3j7t+1| <e).

~ PUPNE —1
Finally, set ¥tmie = [QN {%&SX)H , with Ef; estimates obtained after convergence.
12

Remark 27. Step 5 in the algorithm can be modified so that for K = 2, g9 is evaluated by Go441(x) =
14 Gi2441 — Gue41(x). This step uses the relation that for K =2, ¢1 + ¢2 — q12 = 1.
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A.3 Simulated data for varying total population size

The plug-in, the doubly robust and the TMLE are applied on the simulated data from section 2.6.1 total
population size varying from 5000 to 25000. We focus on the case o = 0.25 since it is the non-parametric
convergence rate. The plots are presented in figure A.1. For each combination of (i, n), we simulated a
dataset 500 times. The bias and RMSE of all three estimators decrease with the true total population size
n and hence with the sample size N. However, the doubly robust and the targeted maximum likelihood
estimators have smaller bias and RMSE. Similarly, the coverage of the total population size estimate for
the plug-in estimator is much lower than the nominal coverage of 0.95 compared to the proposed methods’

coverage.

A.4 Peru Internal Conflict Data 1980-2000

The data is collected by the Truth and Reconciliation Commission of Peru (Ball et al., 2003). It was further
expanded by Rendon (2019a) with the addition of geographical parameters (Rendon, 2019b). The original
dataset contains the geographic location in the form of Peru’s UBIGEO codes. Rendon (2019a) added the
continuous geographical coordinates for each region.

Ball et al. (2003) divided Peru into 58 stratas using the UBIGEO codes. We used the approach of Rendon
(2019a) and calculated the latitude, longitude and area for a region (department or strata) using shape files
from PERU (2014). For the latitude and longitude of a region, we averaged the latitude and longitude of
the border of that region as in Rendon (2019a).

The victims that have no assigned strata are discarded by Ball et al. (2003). We present the statistics of

these victims in table A.1.

Department | State PCP-Shining Path  Others Unidentified

No department available 396 137 11 369
Ayacucho | 1257 21 102 38

Huancavelica 79 0 2 0

Junin 73 1 0 10

Lima 56 3 0 4

San Martin 76 0 3 1

Total | 1937 162 118 422

Table A.1: This table shows the count of the victims with missing strata information by perpetrator and
department. 75% of these victims have been captured by lists DP and ODH. 73% of the victims belong to
the State.

List of covariates used to model the nuisance functions are as follows:

e age: numeric variable and takes 0 for missing age.
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e indicator for non-missing age: takes value 1 if age is present and 0 otherwise.
e gender: has levels male, female and others (including missing).
e situation: whether the victim was killed or disappeared.

e perpetrator: four levels indicating whether the individual is a victim of the State, Shining Path, others,

or unidentified groups.

e indicator for non-missing department information: takes value 1 if department information is available

for the individual and 0 otherwise.

e department latitude, longitude and area in hectares. For the individuals with missing department code,

we use the average latitude, average longitude and median area of all the departments.

e strata code: 59 possible levels. Details and construction of the 58 strata are available in Ball et al.

(2003)). Those with missing strata take value 59.

e strata latitude, longitude and area in hectares. For the individuals with missing strata code, we use

the average latitude, average longitude and median area of all the strata.

e indicator of non-missing strata code.

A.4.1 Results

We present the exact estimated number of victims using our proposed doubly robust estimation in Table A.2.
The difference in the estimated number of victims of the State and the Shining Path for the 25 departments
and the seven geographic regions (Ball et al., 2003, see) are presented in Figure A.2. The State has a
significantly higher estimated number of victims in department Ayacucho and the Northern region. The

Shining Path has higher estimated number of victims in departments Junin and Puno.

Total 24692  68874.00

Perpetrator N n 95% CI
State 11564  20756.00 [13775, 27737]
PCP-Shining Path 9243 13313.00 [10333, 16293]
Unidentified 3399 25749.00 [13384, 38114]
[ ]

58543, 79204

Table A.2: Observed and estimated numbers of killings and disappearances by perpetrator, using the
proposed doubly robust method, with 95% confidence intervals.
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Difference in the estimated number of victims between the PCP-Shining Path and the State

Departments

difference _
-2070

-500 -100 -20 0 20 100 500 1678

Regions

Figure A.2: Difference in the estimated number of killings by the PCP-Shining Path and the State in the
25 departments and the seven regions of Peru (Ball et al., 2003) from 1980-2000. The departments with
comparatively higher number of victims for the State are in a darker shade and the ones with higher number
of killings for the Shining Path are in a lighter shade.
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Appendix B

Appendix for chapter 3

Proof of Theorem 4.1. We present the finite-sample error in the coverage guarantee that the proposed
confidence interval contains the lower limit of ¢). The proof for v, follows similarly.
We ultimately want to see the error in the coverage of the following Imbens and Manski (2004) (1 —«) x

100% confidence interval

[~ O/ VN, G+ Cwau/VN] .

Below we evaluate the finite sample coverage error of this estimated confidence interval. The error in coverage
is

(1= @) = P (41— Cnai/VN < < G+ Cnu/VN) .
The quantity Cy is a stochastic quantity that depends on 1@, @u, o, and 7,. Hence, to apply Berry-Esseen

bound, we use a non-stochastic approximation of C'y, which is c¢y. ¢y is a constant for a given n (also V)

and training data Z" unlike Cy, and satisfies

o <CN+\/N¢"_1”1) —®(—cn)=1—a.

oy V oy

We also define an intermediate quantity GN which satisfies

o <5N+m1§u‘iﬂl> o) =1-a.

u V Oy

Remark 28. In the context of this paper, the difference 1, — v, is zero implies that the o, = o; and also
@u = 121- Thus, when the difference is zero, Cy = 51\[ =CN = Z1—q/2-
Next, following the approach of Imbens and Manski (2004), we show that the estimated confidence interval

contains 1, with probability 1 — a and some additional error. The proof for v; follows similarly. Since, i
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lies between 1, and 1, the estimated interval will contain ¢ with probability 1 — a and some additional
error which is the maximum of the errors of v, and ;.

Below we evaluate the error is coverage of i, by the estimated confidence interval.

(1-a)—-P (Jz —~ CnG/VN <y, < Gu + CN51L/\/N)
= (1-0) =B ($1 — exdi/VN < gy < D+ endu/VN)
+ P (= endi/VN < bu < bu+ enGu/VN) =P (1 = Cnei/VN < o < bu+ Cnau/VN)
+ P (%~ Cnor/VN < ¢ < by + CnGu/VN) =P (6 = Cnd1/VN < vy < by + Cndu/VN)
We need to show that following:
1. the first difference can be bounded above in the absolute sense, and

2. the second and the third differences are either positive or close to zero with probability close to 1.

Proof for the first difference

For the first difference
P (- cNal/\F<¢u<wu+cNau/f)—(1—a)‘
(ki o) ()0
(S soe i) oo )

( —cN> — B (—cy)

+@(N+‘i/ﬁ> o VW)

since ® (cN + \qu 1Z)Z) —P(—cy)=1-q.

w VO

IN
=

IN
~

The first two terms are bounded above by Berry-Esseen and for the third term, we can use mean value

theorem as follows,

1 1

=

] ou Vo’

‘«p (CN#Q/‘J%) (CN+fw“vfj>’ (= Y1) (ta)VN

for some t3 between cy + Twi and cy + V Iﬁ“ v;/); .

104



Since ¢y > 0,

¢(t3)<¢(f Yu — Y >—\/Lexp{ NM}

o Vo,V 2(0, Vo, Vop)?

By Berry-Esseen we have for any ¢ and N that

gpvVN

(I)(t/) o Cpl < P T/)l iwl - RQ,Z < t/
O'l3 N Jl/\/ﬁ

where p = E(|W;| | Z")? when ¢ — 1 = Qn'W;.
Taking t' = f’t @ and p; = E (|1Zl - — Ez,lmzn), this implies

¢<zzt\/ﬁ~Rz,z> Spl <]P’<m <t’Z")<®<zlt\/ﬁ~R2’l>+ Cpi

oy oy opVN oy 0 o o} N’

Therefore, by the mean value theorem and the fact that ¥(z) <

ﬁ\

‘P(nlAnlgt’Z”>®(t)’§ o t——\/ﬁfbl _ ()| + |2
o oy 0y o}
| Ry Cpi
t+ =]
|\/27T < ’| | o ) 5;’\/N

This implies by iterated expectation that

di— T [E(VNIR)
P(mw )“I’“)< e

A similar result follows for zl)\u

2-1) +CE< ?f)

Proof for the second bound

The second difference can be re-written as

CN<CN ]P)( l CNO'l/\/7<wu<wl CNal/\/N|6N<CN)
P(Cy < cn) ]P’( CNUu/\/><¢u<wu+cNUu/\/>|CN<CN>
CN>CN IP( P — NUl/\/><¢u<wl—CNUl/f|CN>CN>

CN>CN]P

CN(/T\u/\/NS Uy < $u+5N3u/\/ﬁ | éN > CN).
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The probabilities are bounded above by 1. Assuming that zZ and ¢ have continuous densities (to avoid high
mass in a small area), it is sufficient to show that the positive terms are not too positive. We will show the

following
P(eny — éN > 1)

is bounded above. Define A = 1, — 1; and A= Ju — 1//;1.

To prove the same, we will show that the following

P<@<5~N+~\/ﬁé>¢<@v+~\/ﬁ%> >n>
ou VvV oy oy V Oy

is bounded for a given n > 0. This however requires as additional assumption. We use the following finite

sample assumption modifying the assumption in Imbens and Manski (2004) (assumption 1 (iii)).

Assumption 7. For a given € > 0 and a constant c, there exists No and v > 0 such that for all N > Ny
IP’(N”\A—A| > c) <e.

Notice that we can break the event above into the following three terms.

<I><5N+~W§)—<I><5N+Q/N%>>n

oy Vo o, Vo
- ~ NA ~ VNA
:1(A§A)X1{CI)<CN+N\/7~>—(I)<CN+~ ~>>77}
o, Vo o, Vo

_|_
=
>
Vv
B
>
|
b
A
o
=
=
X
-

A A < {@<5N+~\/ﬁé>_@<@v+~ﬁ\7§>>n}
0.V 0y oy V 0oy

+ 1A > A, |3A>0N“)><1{<I><5N+~\/N%>¢><C~'N+~\FN%> >n}.

oy V oy o, Vo

The goal is to show that the probability of this event is not too large. So we start by maximizing this
probability and show that it is bounded. The first term has zero probability and hence, can be dropped. For
the second term, notice the following

N N ~ NA ~ NA
1{A>A, |A—A|ch—'U,<1><CN+)ﬁ~>—@(CNJF)FN) >n}

Oy V 0] Oy V O]

WA) VN|A = A }
X >0

oy V Oy o, V Oy

< 1{|E—A|<cN‘“,¢><
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where the second bound follows by mean value theorem and the properties of the normal density ¢. Now
by Markov’s inequality we get the following bound

Lo VNA cN%—v ¢Nz7v { NA? }
- = = P = ex = o ~5 (-
n Oy V 0y qual 7]\/27T(O’u\/0'l)2 p 2(O'u\/01)2

For the third term, it is easy to see that it is bounded above by

~ 1
P(|A—-A|>cN7Y) < —,
(B-a]>eN™) < —
when N is sufficiently large and c¢ is a constant chosen appropriately.
Thus,

(rleain) o3 ) )

oy Vo

_ eNz—v { NA? } . 1
———— €T - T~ ..~ .0 Y —

= WarGava)? P\ 2@ va? S T VN

Next to show that P(cy —Cpn > 1) is bounded above, we use mean value theorem. We will use the previously
proved result and show that it is equivalent to P(cy — Cy > 1)

(o 22) (o 23

oy Vo
(CN + jﬁé ) —®(—Cy) — <0N + NfA ) + ®(—Cy)
oy Vo oy Vo
:@(CN-F,}/»%)—@(—CN) <CN+fA>+¢(—6N)
o, Vo o, Vo

The third equality follows from the definitions of C~'1v and cy. By mean value theorem

o <0N + 5@2) — ®(—cy) - @ <5N + Q/N% ) +®(—Cy)

ou Vo
= ¢(t1)(cxy — Cn) +

o(ta)(eny — éN),for some numbers t; and ¢,

Also, if VNA/(G,V5;), Cy and cy are bounded above, then ¢(t1) 4+ é(t) is bounded away from zero. Note
that ¢(t1) + ¢(t2) > ¢(24/2) = /2. Hence, we have the following equivalence for any given 1 > 0

P(CN—6N>77> ( (CN"F&\/:%l)—(I)(éN—‘r \/NA>>77>

P(t1) + (t2) o

o, V oy
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Thus,
2cNz—v

{ NAZ? } N 1
exr — = =<5 =
na V2w (o, V a7)? P 2(o, Vay)? VvN

P(CN—5N>77)§

Thus, the second difference
P ($1— exdi/VN <t < Dot exdu/VR) B (1~ Cndi/VN <t < b + O/ V)
is bounded above by
P(CN—5N>n) —2n 6,

where 6 is the maximum value of the density of VN (tby — ¥ /5w and VN (¢ — 0,) /5.

Proof for the third difference

The third difference can be re-written as

P(Cy < Cy) P( | — COnG1/VN < by < 4y — CNal/\/N|éN<5N)
P(Ci < Cn)P (u + CnGu/VN <ty < by + Cndu/VN | O < )
P(Cy > Cy) IP( Uy — CnG VN <ty <ty — 5N8l/\/N|C'N>C~'N)
B(Cx > On)P ( + CnGu/VN < ¢y <D+ Cndu/VN | O > Oy ).

The probabilities are bounded above by 1. We just need to show that this difference is not too positive.
Assuming that ¢ and & have uniformly continuous densities (to avoid high mass in a small area), it is

sufficient to show the following
P(aN - Cn>n)

is bounded above. Define A = &u — 1@.

To prove the same, we will show that the following

( <CN+ \/7A> ®<6N+~\/N§>>n>
\/O'l oy V oy

is bounded for a given n > 0.
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Notice that we can break the event above into the following terms.
~  VNA ~  VNA
‘I><CN+A A> _(I)<CN+~ ~> >
oy V0o oy V 0oy
Gy VG -~ VNA ~  VNA
SNETIRN I G A
oy, Vo o,V oy oy V oy
Gu V3 ~  V/NA ~  +V/NA
+ 1<f o >1) x1{<I><CN+A A) q><cN+~ ~> >n}-
oy Vo oy V oy oy Vo

The goal is to show that the probability of this event is not too large. So we start by maximizing this

probability and show that it is bounded. The first term has zero probability and hence, can be safely

dropped. For the second term, notice the following

GV G ~ VNA - VNA
1{? T>1,¢><0N+A A>—<I><0N+~ ~>>n}
o, V oy oy V 0y

o,V oy
5V 3 _1‘ >n}
)

< 1<¢9 \/Nﬁ X \/]Vﬁ
- oy V oy

ou VO 0wV 0y

where the second bound follows by mean value theorem and the properties of the normal density ¢. Now,

by Markov’s inequality we get the following bound for the expectation of the above term

VN A |6,V 5, — 5y V3 o d NA2 No-—3
W2m(G, vV 51)2(3, V 51) 2(G, V 01)2

E{l(b(\/ﬁA) " A\/N|0u\/al—au\/ol|}_E

n oy V0l (5u\/5l)(auval) B
Also, notice that (see Das et al. (2021) for a detailed proof)

_ I =N . - N 1
E\ou\/ol—au\/aﬂ§E|al—al\\/E|au—au|§ﬁ.

Thus,

~ NA ~ NA
oV oy oy V 0oy
VN A |5, V& — 5, V5 e d NA?
T 2r (6, V5)2(5, V&) 2. Vo)? |

Next to show that lP’(éN —Cy > 1) is bounded above, we can use mean value theorem similar to what we

did for the second difference.
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Hence, we have that the following for any given n > 0

- VNA ~  VNA
]P(CN—CN>77) < (CN+ ) (I)<CN+~ >>17a>
0.V 0y o,V Oy 2

Thus, the third difference

P ({b\l — CnG1/VN <ty < by + C'NCATu/\/N> -P (721 ~ CnG1/VN <ty <t + éNau/\/N)
is bounded above by
P(éN—CN >7]> +2n 0,

where 6 is the maximum value of the density of \/]V(@Zu —y,) /0, and \/N(@Zl — ) /0.

Combining the bounds
Now, we can show that the estimated confidence internal contains v, with probability 1 — a and some error
term that is not too negative. Similarly, one can show for ;. And hence, the result follows for the target

parameter . For simplicity, we substitute A for ,, — .

(1_04)_]P(1Z)\l_C'Nal/\/ﬁgwug&;u"'éNau/\/ﬁ)

<' (il/f& N*mf) ®<CN+81/A¢N>‘

PP (G o) e
1 1 |1 =
« 88 [N | e N v )

+ P(CN—6N>77)+2n9+P(5N—C_’N>n)+2nH.

Now, if A = 0, then in the context of this paper, this condition indicates that A=0. Thus, Cy = @V =

CN = Z1_q/2- Thus, the second and the third differences are zero when A = 0. To incorporate this property
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here, we will use indicator terms.

1 (VN|Ra VNA ( A ) & ‘ P
<\/%E< 5 >+E{¢<alv&l> 6\_[/\/N+CN 5, 1| ¢ +CE VN
P ]E(WN'RQ’“|>+ N ]E(A

Oy Pu
— — 1|+ CE
V 2T Oy V 21 Oy ’) (53 V N)

+ AE (VN i ! Leaj —]\/vA—2
0 o, Vo | Vor P 2(3[ V oy \/51)2
2cNz—v NA? 1
(&7#0) nav2n (o, V op)? exp{ Q(Ou\/al)Z} (8#90) <VN)

+ 1(A £0)E

na V2 (G, V 51)2(5, V 31) 2Gavaz (|t 1(A # 0)E(47 0).

2VN A |5, V& — 5y V5 { NA? }
exr —

We assume that 0 < o < 7;,0,,0;,0, < 7 < 0.
If n = N~% for some k > 0, then the first two bounds (i.e., the first two differences computed at the
beginning) decrease as N increases if the following holds

2(1/2 — v+ k) (G, V 71)?

N > X2

1
and /~e—|—(5<§.

To simplify the bound, let k = 1/2. Also, by definition v > 0. Then the bound becomes

fll' +CE [
] 013 N

Ou Pu
— — 1| | + CE
Ou D <5;°;\/N)

(1~ ) ~ B (i~ Onor/VN <ty < T+ O/ VR

1 [ VN|Rs,| VNA A
SmE< 5 >+E{¢<ava> (a/\/N“N>

+ E(‘/NlRQ’“|>+ ey ]E<

V2T Oy V2T

1 1 1 A?
+ AR [\/N 5 5o \/ﬁexp{_NQ(c?l\/&uv&l)QH
2cNt—v NA? 1
a0 | v o amevan | e £ 02 ()
V2N A |G, VG, — 5y V& NA? 46
R R T {_wva)?} raa o ( o).

111



Further, using the inequality e™" < 1/w and e~ % < /3!/w3 ¥V w > 0 all the exponential terms, and some

rearrangement, we obtain the following simplified form.
(1 - Oé) —P ('(Zl - ONal/\/N S wu S ?Zu + CNau/\/N)
1 N|R N|R
< E \/>,‘VR2J| + \/7,|VR2’U + CF. - Pl + - Pu
VN FVN

- \/271' o)) Oy
1 o1V oy ) oy ‘} CN <5u D
+E{— (—=—4en]|= -1+ —E(|=%-1
{\/27r ( o1 N ol V2T Oy
1 1 206,V G, V)2
FEETINER IS Y | \f(al\/o Vo)
o, 0y Vo VNTA

(1 +49)}

==

V2 V6 (G, V)2
+ 1(A#£0) ]E{ a\/TrN%“J A3 } +1(A £ O)E{
2\@|5u\/51—8u\/8l|
1(A #£0)E — .
T UAAD) { a7 A (0, V 0y) }

Further, let 0 < o < 6y,0,04,04 < 0 < 00. Now using the bound E|g — 7| < N—% for both the lower and
the upper bound, we get the large sample bound as follows.

1 ~ ~
NG + VnE(|Ry,| + VN|Ra|).

112



Proof of Proposition 2. One can rewrite the conditional risk ratio between lists 1 and 2 as follows:

PYi=1]Y=1,X=x) _ p12(%)(1 — p2(x)) _ qi2(x) {1 — q2(x)v(x)}
PYi=1|Y2=0,X=%) (p1(x) —pr2(x)p2(x)  (q1(x%) — q12(%))q2(x)7(x)’

where we use the property that

Risk ratio =

QY =y|X=x)
7(x)

P(Y =yl X=x) =

for y # 0 and y(x) = P(Y # 0|X = x) is the conditional capture probability.
Let §(x) denote the risk ratio function. Rearrangement of the expression of the risk ratio on the right
gives us an expression for the conditional capture probability as follows.
1 0{an(x) — 12(%) }g2(x)

v(x) - q12(x) ).

O

Proof of Lemma 4.1.1. We derive the lower bound 7/11_1 for 1p~! in this proof. The steps for ;! are similar.

We have seen before that

. / {{m(x) — 1200} (x)5(x) | qz(x)] dQ(x) = / - dQ(x).

Q12(X)

Further, we need that v(X) <1 for all x.
Note that we can obtain 1, ! by substituting the lowest possible value for 4(x) i.e., 1/w for each x so
that «(x) is a valid probability. We ensure that it is a valid probability by using an indicator term for each

x. We define the following functionals

Vil(x) _ {(h(x);qlz( )+q12( )} qq( X)
%l(x) = {W {@1(x) — q2(x)} + qua(x }

Thus, we obtain ¢, ! by integrating over 1 (x)~! and ensuring that it is a valid probability using an

indicator as follows. For ¢, 1, we substitute with 7, (x)~!.




O

Proof of theorem 4.2. We first derive the uncentered efficient influence function for ;" 1 assuming that we
know the value the indicator 1 {7 1 (x) < 1} takes for each x. Following that, we show that the derived
function is the efficient influence function of v; in general.

Note that, we can express wfl as a function of the observed data distribution Q, i.e., 1/)[1(@). We use

the notation v, 1(@Q,Q) to denote the following functional

¥ (QQ = /{iql(;g?“)x)wt(l—l)qz( ) - 1}1{7

1 1 q1(x)32(x) A
wherer_y()—w () +(1 w) 2(x) + 1.

1
w

(x) < 1} g(x)dx + 1,

€=

We assume that, we know 1 {7 1(x) < 1} and derive the efficient influence function for 1, 1((@, Q).
To find a candidate influence function, we consider a special parametric submodel (i.e., deviation from

Q) given by Q. with density g. = (1 — €)q(z) + €G(z) where ¢ = g(z) = 1(z = z) is a point mass at Z = z,

o)

actually equals the influence function (in the discrete case) Mises (1947); Hampel (1974). We also let ¢ (x)

and for which the pathwise derivative
e=0

denote the analog of ¢s(x) under the submodel for s € {1,2,12}, e.g., the marginal density for X under Q.
is

qu =(1—-¢)q(x) + el(x =x).
Now the above pathwise derivative equals

ol | o (5o (- B 1 frseo < o

e=0 e=0
= [r{nm s g e (1] monto o
(X)q1e(x Le®) | @ x) g (x)  gl(x

= [afureo st} o (T L e e »

+/1{7

where the last equality follows by the product rule. For the discrete case, we use the notation of the integral

€=

Q2,5(X) Ge (X>

09 <1} (1 1) o) () { 252 209 dx|

e=0

to denote summation over x.
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For the derivatives appearing above, by the definition of g, we have ¢/(x) = £¢.(x) = 1(x = %) — ¢(x).

Similarly, by using derivative of product rule for ¢; .(x), we get

4 (9 8 € Y = 1,X =

o) = o) = 5 LS
9 (1-9QYi =1,X=x)+el(Y; =1,x=%) o
0 (1—€)q(x) +el(x =x) , where Y1 =1(1 = 1)

QY1 =1,X=x)+1(Y1 =1,x=%)
(1 —e)g(x) + el(x = %)
(1-eQ(Y1=1,X=x)+el(Y; =1,x = %)
{(1—€)a(x) + el(x = x)}?

U=

qe(x).

The last step follows from the product rule of derivatives. Finally, setting e = 0, we get ¢}.(X)|c=0 =

1(x=x%)
q(x)

Thus, combining the above results and using the discrete nature of the distribution, we get

{}71 —¢q1(x)}. The derivatives for g2 . and ¢i2, follow similarly.

¢l(iv?;Q):§e{M}’

_ X 72(%)q1 (%) X=X Y1 - qi(x) ?2*(]2(3()7}71?2*(112(3()
= 2 1{n 6o <10 e X ){ E ey ey }

e=0

+ 100 <1} 2R 5y

w Q12(X)

Y 1{nw <) (1 - 1) 42 (x) {1<x=>~<> Bo6bd) g g —q<x>}

w q2(x)
eEa® [ i | Y, N
waqe(X) | ax) @) q2Ax)

X

—1{n® =<1}

Y100 < 1} ZEI0 g - S oy 09 <1} (1 1) el

w Q12(X)

v @<t} (1_(1)172

_ % q2(X)q1(X) Y, Ya 7 V1Y, 1\ 1
N 1{75( )< 1} [ w q12(X) {%(i) * q2(X) (Ilz(i)}Jr <1 w) Yz v (i)] :

1
w

The third equality follows from the definition of 71 and rearrangement of the terms.
Next, we will show that under the margin condition in assumption 5, the above function ¢; is also the
efficient influence function of 1;(Q., Q)™ !, i.e., when the indicator is also not known and is subject to

fluctuations. To show the same, we will evaluate the remainder term below and show that it is of second
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order under assumption 5. First, note that ¢; can be expressed as follows

¢l()~(,Y;Q)= 1{7%(§) < 1} [QQ(i)qlgi){ }71~ " )N/QN B }71?2 }+ (1—>Y2 1

waq2X) |a®X) @) q2Ax)

+1-y

The remainder term for distribution Q and some other distribution Q is as follows:

Rou(Q,Q) = /@(z ()+wl — !

WASEE
/<{ <

yi(x) 1}) Q)

@<x>ql<>{g:+2§§§ 312’3}+m Joes
(x) <

w qi2(x)

|
[iny

— =
=2l
€=

| —~ gl=

e X
IN
—_

——

—_ —

:/1{n<x)g1}wq_é()[{ql<> 0 (x

+ {0 — G} {q2<x>q1<x> ERACIAC } ] 40)

Haz(x) —

q12(x) q12(x)
+/ (170 <1}-1{nm <1} {Wl(x) - 1} d0(x).

The first term is in a multiplicative form and easy to bound above. For the second term, we follow the

approaches from Bonvini and Kennedy (2020) and Kennedy et al. (2020). Below is the bound.

Jl{me<t}-1{um <1} ﬁ(x)—l 4Q(x)
<1 {00 1] <5260 =2 60|} | 1~ 1] 000
<l
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since g12 A 12 > € implies v1 (x) > g12(x) > e. This shows that E|R\2’l| is of second-order when v = 1 in the
margin condition. Hence, v; is the efficient influence function of 9, 1

Similarly, the corresponding efficient influence function for ¢! is

}+(1w)Y21

h1(x,Y;Q) = 1{,(x) <1} {w q2(x)q1(x) { Y; Yy Y,Y,

q12(x) a(x) @) g
+1-yt

O

Proof of corollary 4.2.1. We derive the variance of ¢;, which is also the efficiency bound. First, note that

the efficient influence function can be represented as follows

Q) = % 1 (Y1 —-Y1Ys)/w+ Y1Ys Y, vyl
»(Z;Q) = 1{75( ) < 1} (7 X {{q1(X) (X1 T 912X - (%) q12(X)] 1)

1
w

+1—9
Then we use the formula for total variance by conditioning on the covariates X as follows.

var (¢1) = E {var (¢ X)} + var {E (¢1X)} .

We use following the variance and covariance formulas for the indicator terms Y; and Y5.

var(Yr — Y12 | X) = {q1(X) = q12(X) H{1 = q1(X) + q12(X) }.
var{(Y1 = Y1Y2) /w + 1Yz | X} = {q1(X) = q12(X)H1 = 1(X) + q12(X) } /?
+ q2(X){1 = q12(X)} = 2{q1(X) — q12(X) }q12(X) /w
= {01 (X) = q2(X)}/w® + q12(X) — {1 (X) = 2(X)} /o + q12(X)]*.

cov(Y1 = V1Yo, 1Ys [ X) = — {q1(X) — q12(X) }q12(X).

cov(Y1 =Y1Y2, Y3 | X) = —{q1(X) — q12(X) }q2(X).

Using conditional variance, we get

1 Y1 -YY2)/w+ 1Y, Y, nY
thﬂmgﬁxvmﬁm&mm—mmmwmmm+@m>qmm

1{75()() < 1} - EX) - 1}] .
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After further simplification we get the following.

1 L Ll X))
E<1{7i(x)<l}[ (X){ 1 (X) 1}{WQ12(X) 1}+w71(X)q12(X)

N <1i) {n(x )—qlg )Y (X )D”“’”

w2q12 )

Proof of theorem 2.2. The error in estimation for the proposed estimator is approximated by a sample

average as follows.

En = @f,,}mposed — 47— Qnér = Quer + @fplz — ;' —Qnay
= Qn(dr — &) — Qdy + ﬁz,z
= (Qv — Q)(¢1 — ¢1) + Rz, since Qg = 0.

The second equality follows using the property of efficient influence function as follows
Gt =t = [ B@)d0e) + Ras = Q61 + R

The first term is converging to 0 since it is a sample average minus the population average of i.i.d. terms.

Nest, we will show that E(£%) is bounded. By the law of conditional expectation,

2}

The first term has expectation because it is the difference of sample average and population average. Further,

B(ew) = B{E(EN|Z") = |B{ @y - Q) (3 - 1) + R,

EQJ is a function is the training sample, and thus
E(En) = E(Ra,).
Next, the variance of £y is

var(En) = var{E(En|Z™)} + E{var(En|Z™)}

= var(Roy) +E [W{(QN ~Q) (4-a) Z”H

var (ﬁfz,z) +E (;f Hcgz - ¢1H2) ;

IN
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where the second step follows via simple triangle inequality. For a more detailed discussion, we refer to Das

et al. (2021). Finally, we have that
2 H2 L= 2
E(Ex) = E(R3;) +E v H¢l - ¢lH -

O

Proof of Theorem /4.5. We present the proof for the estimated lower bound of n i.e., n;. The proof for
n,, follows similarly. We have defined n; = N 7:[1\; !, which depends on two random quantities (i) the number

of observations N and (ii) the estimator of the lower bound of the inverse capture probability 1@7 !

Calculation of mean and variance of n

First, we re-write NV 12[ 1 as a sample average for ease of calculation. As mentioned in the proof of Theorem
2.2, we useQ[goll{ 1
ie., [P(z)1 {’y (X) <

(X) < H + 1 to denote the population average conditioned on training sample Z"
1

} Q@) +

A= Nyt — Nyt + N¢l—1

n; =
_ N((@N —Q) [@1{ H +R21) + Nyt
= Py [LUY £0) (21 {7 (X) <1} - [@t {72 (X) < 1}]) +20Y £ 0) (Raa +v77) ],
¢

where the last equality follows using N = nlP,1(Y # 0). Thus, n; is a sample average nlP,,(. Moreover, when
we condition on the training sample Z", the (’s are i.i.d. We present the conditional mean and variance of

¢ below.
E(¢|Z") = B{E((|Y # 0,2")|Z"} = ¢(Ray + ;).
var(C|Z") = var{E((]Y # 0,Z")} + E{var(([Y #0,2")}

1
w

(x) <1}

g
z].

)

= var [1(Y # 0)(Ray + ¢;1)|z”] +E <1(Y £ 0)var {@1 {a
= (1 — ) (Ray + ;)2 + ¢ var [@1 {ﬁ% (X) < 1}

zn}
- R [~
= W(MRQ,I +1)? + 4, defining G = var [Wl {7
i

(X) < 1}

1
w
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The population expectation of 7 is TL’Q/JE(EQJ) + napp,” ! And the population variance is presented below.

var(n;) = var{E(m;|Z")} + E{var(n;|Z™)}
= var{E(nP,(|Z™)} + E{var(nP,(|Z™)}

= var(nyRoy + nypp; t) + E{n var(¢|Z™)}

ME(MEM +1)%

= n2¢2var(1§2,l) +nyE () +n m
i

Thus, using the definition n; = m/ﬂpfl, we get E(n;—n;)? = HQQ/JQE(E% ) +nyE (Ef) +nwﬂi(wl§2,l+l)2.
’ l

If E|I§27l| is sufficiently small, then n; — n; has expectation approximately 0 and variance approximately

nibs? +nip(1 — ) /Y2, where ¢ = var {cpll {C(X) < iH O
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Proof of Theorem 4.5. We present the proof for the estimated lower limit of v i.e., n,. The proof for n;
follows similarly. We ultimately want to see the error in the coverage of the following Imbens and Manski

(2004) (1 — &) x 100% confidence interval
[ﬁl — OnVN7, Tiu + CNVN?“] .
Below we evaluate the finite sample coverage error of this estimated confidence interval. The error in coverage

is

’(1—a)—JP’(ﬁl—C'N\/Nﬁ gngﬁu—l—C_’N\/N?u) .

Note that Cy satisfies

(0] <C‘N+:FN§> —CI)(—CN)Zl—Oc.

Tu VT

The quantity C'y is a stochastic quantity that depends on 7, 7, VN7, and v N7,. Hence, to apply Berry-
Esseen bound, we use a non-stochastic approximation of C, which is c¢y. ¢y is a constant for a given n

(also N) and training data Z" unlike Cly, and satisfies

Tu VT

o <CN+W> —B(—cy)=1—a.

We also define an intermediate quantity @v which satisfies

~ ___VNA -
P (CN+\/W> —@(—CN) =1-a.

Remark 29. In the context of this paper, the difference n, — n; is zero implies that the T, = 7, and also

~

Ny = ;. Thus, when the difference is zero, Cy = Cy = ey = 21—a)2-

Next, following the approach of Imbens and Manski (2004), we show that the estimated confidence interval
contains n, with probability 1 — a and some additional error. The proof for n; follows similarly. Since, ¥
lies between n, and n;, the estimated interval will contain 1 with probability 1 — a and some additional

error which is the maximum of the errors of n, and n;.
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Below we evaluate the error in coverage of n, by the estimated confidence interval.

1-a)—P (ﬁl — CnVNT < iy < g + C*N\Wa)

=(1-a) —P(ﬁl — enVNF <y gﬁu+cN\/N?u) (B.1)
4P (ﬁl — enVNT < iy < Ty + cN\/N?u) P (m — CnVNT <y < Tiu + 6N¢N?u) (B.2)
+P (m — OV N < ny < Tiu + C*N\/N?u) _P (ﬁl — OV NT < ny < Tig + CN\/N?U) . (B.3)

We need to show that the three differences are either positive or close to zero with probability close to 1.

Before showing the above, we first derive the bounds on the differences between the estimated and the

population variances. We want to show that v N7, — v/ny7 and vV N7, — \/ni7, are not too negative.

Bound on the differences among the variance terms

In this part, we will derive upper bounds on the following quantities

1. E (1— VN zn>

2. E (1 - /T\u\/]v
/i Z”)'

Tuv/nt
These bounds are required when we evaluate the bounds on differences B.1 and B.3 in the later parts of the

vnyg
zn>
3. E (1 _ N

proof. Below are the derivations.

1. We expand the following difference using the previously stated definitions:

RN — R = 7N — T + G+ ;Af" mp—giPn — " ;gw (iRz + 1)’
1 l
= TN — np) + np(G — G) — np(1 — ) (B3, + 2R2, /1)
N 0 S S U STV Yt
o) (@; w?) " (w? ¢?> (- 5)
N—————

>0
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We need to show that m/ﬁ'l2 - N ?12 is not too large. Hence we can use the following bound by triangle

inequality and ignoring the negative terms

E(l— i Zn) . (Fivad - 7VN) (ﬁmm\/ﬁ)‘zn
Vel ) AVt (/b + VN
< HZ;ZNWI + B (Kf %EIQHZR) + %lﬁf) (w;ﬁ;l +2|§2J|)

We have the following bounds

o EIN —nip| < /nyp(1 - o)

o E[G -3l S1/VN.

1 1

02 Y7

Further notice that by triangle inequality we have
1 1

E{(l—wu) Z”}<]E{w12—wl2 Z”}

<E[{(@Q~-Q)&}*Z"] + ég,z +2 (¢f1 + \§2,1|) E{’(QN - Q)i

Z"} + 207 Ry,

- _ ~
Si n2 -1 5 St |R2,]
<L —L .
<L+ RS +2 (v +|RQ,Z)\/N+2 b
Also,
1~ vpt — vy
—5E[py, — u| = E|—% H
vp " ba gt
1 (QN _Q)(ﬁu +§2u E/u ‘}/%2 ul . -~
= —<E = —| < + — . (since ¥, /1, 1, < 1).
U7 ‘ bt TRV w/ ¥ Yo < 1)
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Combining the above results together, we get the following

mﬁ 2N B2 (1-4)/, 2 .=
E(1- 2 SR e B _ _ ( B2, +2|R )
< ) 77 |ny ‘+ s - (ks Vil 21 el
1 S 52 gl 1D &vu ‘-Z/%Q u|
+ 5 L B 2 (v Baal) S + 207 Baul + + 12
Tf{N 2.1 Yt Rl ~ T2 | Ra,1] awm
72 | N E|2 — &2 - 2+ P VN
32‘1‘+|<l~2 L M e ek T
T T ¢l7_l
1 (& 20+3 | [Reul) |, 2=%) 5
+ =L+ 42l 2 TR
Tl2 (N 1/)l\/ﬁ ¢z 7—12 2!

Hence, in the large sample case, we have the following simplified bound (analogously for 7,)

E<1 ;;g) ]E{]E <1 T“F )}5\}5+Eﬁz,zl.

. Similarly for the upper limit,

2N — 720 = 2N — ) + np(S2 — 2) — np(1 — ) (RS, + 2Ro.u /)

2 n 4y, Yu

!

+ (20" = 1| Roul.

+R2u+‘2w +2R2u

N
Thus,
TuVIN 72| N IE|§ - | (1—1) =5 ~
E|1l- 7" | < = |— -1 L = ulR 2|Ro 4
< Tur/ 0 ) 72 |nyp ‘ T * u T (¢ 2t 2R |>

1[G
o B+ 20+ 2R -

' 1||1§2,u|}

7__2 N IE|’;u7<u| 2|R2l| qzzju;:u
SFTQL W1‘+ = + % <1¢+1¢u/2|+\/ﬁ
L1 (B ety B

rWTTw )T R
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Hence, in the large sample case, we have the following simplified bound (analogously for 7,)

VN \ _ 7N
EGW@) E{E (1 Znv |

. For the last difference, we follow similarly as we did for the first one.

‘R2,u‘

2N — P2ngp = 72(N — map) + nap(S2 — 32) — nap(1 — o)) (ﬁg,u +2m

+ A% 42—

(B.5)

A
i

~ (1 1 Yu Y v 1 1
1-0) = - — Yu  Yu Pu — =
o W(w? w?) ‘/’(wl w)* d’(wl wl> <smce Ve +¢z)

l
>0

The expected difference is bounded as follows
1 1 T2np — T2
E({———= Z" | <E Z”
(ﬁ\/ﬁ Tuv/ntp ) ( TzTQ\an )
N

B -3 (-9 (7, JReul | 12, A
— — 1|+ ==+ Ry, +2—— + A +2—
ni ‘ 72rV/N  721y/N = (2 ]

-

<

T 2VN
1

7__
72N [ 727N 720/N \ 727V N

1 S 25+€u 52 N D2 (1_¢)< 2 A)
+~27\ﬁ{N+ IN + R3 (1 w)+R2J}+FgT\/N A +2¢l

IN

For the large sample case,

S R2u|
—|—R2 +2 +|R + 24 Y Ry | + + 1B,
T2V N { ! (% | 2l|) vN vl 21' 1/Jz\/ (o

N E|G -3 | [Roul <22w 1> 2| Ro.y| <a 1)
-1+ S : + =]+ = (—=+—
‘ Uy VN U

}

E{E (ﬁﬁ‘wlw AN Evmg) SR N
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Proof for the first difference B.1
For the first difference

(1= ) =P (7 — ex VN7 <y < 7y + ex VN7 )

ny—n; _ ny—ny Ty — My
=1-a)—-P < +c + P < —c
(=2 <¢ N7~ VNR N> ( N7 N>

\% Tu
nu ny nl*nl nu*nl
< ® P
N < \/NT1> (\/ N7 VN Tl)

- IP’( \F_Tu < CN) — & (—cp)

VAL A w — Ny
P - o
+ ( cN + EVES CN + N7
since ® (CN + = é) O(—cy)=1—a.
Tu VT

The first two terms are bounded above by Berry-Esseen and for the third term, we can use mean value
theorem as follows,

—ny Vv A) ( 1 1 )
O (en+ i} + —— | = nvAo(t: - —— |
(vt omgt) o (v + 295 ) = oot (3 - Vs
for some t3 between cy +

\FA and ¢y —|—‘/7

RVl where n, —n; = nypA. We can show that this term is not
too positive using results from bounds B.4 and B.6

1 . 1, L,
E{nf (anw ‘Z} (a\/ﬁ ﬁfnwz)m(a\/ﬁ afnﬂ)
1 "
< ____

~ VN VN

Since ¢y > 0, we can bound the ¢(t3) term as follows

npA YA B n2P2 A2
adll) < nud <\/Na TRy \/nT/)ﬁ) = Ve { 2NV ViR, V) }

- \ﬁ(ma V VDTV g’
-V npA ’

since e < 1/w ¥V w > 0.
Thus,

B{ (ov+ ) < (ov+ 202

Ty V T
n -~ -~ (B.7)
I 1 z(\/NTl\/\/n’L/JTu\/\/n’L/)TZ)Z
SE{(\/N?; o) Vs A }
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By Berry-Esseen, we have for any ¢ that

Cp f; —ny — nip R Cp
Ot - ——= <P <2 <) + ———,
(") — N ( /b, = ) <o)+ N R
where pr = B [|1(Y # 0)(d1 — Qdr) + {1(Y #0) — 6} (Ro, +v; |27
Taking t' = \/‘/:TTllt %2;’;, this implies
® Wﬁt_\/niﬁRz,z _ Cfl = SP(n <t‘Zn>
VYT i Vnyls VN7
\ﬁTl vmﬁég,z L Cp
\ﬁﬁ il VTR

Therefore, by the mean value theorem and the fact that ¢(w) < \/% Y w

A — . VN7 /Ry, Cpu
@(t)—IP(\/Nﬁ <t’Z)< @(t)—@(rﬁ 7 >+\/W1.5;13

VN7 V1| Ra | Cp
< ¢(0) { <1 - Wﬁ) t+ 7 + NCIRECk

for some 0 between t and t\\/;” VnpRai
7' Tl

Further by substituting t = cy + %ﬁl, we see that 6 > %ﬁ F‘i Raul _ ?%L:S‘\/A(\/Rilr!)) Thus

using the inequality e < 1/w V w > 0, we get

/2 (N7P)V (ny7?) 1
0 - L :
) < Tn2y2(A A |A — Roy|)2’ V2r

Substituting these bounds in the above inequality, we get the following.

T B VN7 /npRa, Cpu
@(t)—IP(\/Nﬁ <t‘Z>< ¢(t)_¢<WTz 7 >+x/ﬁw1'5ﬁ3

T VRV ([, VER) A
: \/;mp(AMA—}ABQ,zI)Q (1 \/@~>\/NA (B5)

n (1 B VN7 ) CN Vn¢|§2,l| Cpi

— + + —,
/anl /27.r /27T7’:’l \/ﬁwl.STlE}
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A similar result follows for 7.

Ny — N
o “<t’Z”><I>t
(s =

IN

\/N?u MEQ U Cpu
¢<t¢wa a >¢(”+WWMﬁ

R ~ (B.9)
L N \/NTN“ p oy Yl +O(p“~>.
V2r VT, Tu Vo7

IN

Proof for the second bound B.2

The second difference can be re-written as

]P(CN < CN)P n; — CN\/Nﬁ <n, <n— 5N\/ﬁﬁ | éN < CN)

The probabilities are bounded above by 1. Assuming that ¢, v/N7 and v/ N7, have continuous densities (to
avoid high mass in a small area), it is sufficient to show that the positive terms are not too positive. This

difference is bounded above by

QP(CN - éN > ’17) —|—2P(0 < CcN — éN < ’17)
_ (B.lO)
< 2]P(CN —Cy > 77) + 210,

where 6 is the maximum value of the density of (7, — n,)/V N7, and (7; — n,)/VN7.

We will show the following is bounded above.
Plen — Cn > n)

To prove the same, we will show that the following is bounded for any given n > 0.

~ NA ~ VYA
P<¢<CN+\/W>_¢<CN+%V%> >")'

This however requires as additional assumption. We use the following finite sample assumption modifying

the assumption in Imbens and Manski (2004) (assumption 1 (iii)).
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Assumption 8. For a given € > 0 and a constant ¢, there exists Ny and v > 0 such that for all N > Ny
P (|£ —Al > cn_”) <e.
Notice that we can break the event above into the following three terms.
~ NA ~ /agA
PO+ ————=|-Q(Cn+=—=| >
( N \/m/)(Tu\/Tl)> ( N Tu\/n> K
~ ~ NA ~ J/npA
= 1(NA<npA)x 1| C — | -9 C — | >
( <A { ( N+\/@(ﬁ\/ﬁ)) ( N+Tu\/7—l> TI}

+ L(NA > ngpA, |A — A] < en?) x 1{q> <5N+NA)> _ 3 <5N+ \/WA> >n}

V(T V T Tu VTl
A N —v ~ Nﬁ _ ~ \/@A
+ L(NA > nypA, |[A— Al >cen )xl{@(C’N—FW(%\/ﬂ)) (I)<CN+?u Fl>>77}.

The goal is to show that the probability of this event is not too large. So we start by maximizing this

probability and show that it is bounded. The first term has zero probability and hence, can be dropped. For
the second term, notice the following

1{Nﬁ>mpA, |£—A|<mv,<1><6*N+NA)) —@(5N+i"f§> >n}
T.

\/@(;u\/:f_l u Tl
. Y NG AN = nop| + np|A — A
< 1{|AAs«m ’¢’<ma>x . >n},

where the second bound follows by mean value theorem and triangle inequality.Now, by Markov’s inequality
we get the following bound on the second term.

1 VA IN — nip| A + napen ™
E{n < ($3%) U }

g | 1N = ndlA +yen' {mm}
eGP 2F VR

For the third term, it is easy to see that it is bounded above by

S
o

when N is sufficiently large and c¢ is a constant chosen appropriately.

P(A = Al > en™v) <
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Thus,

Ty VT

~ NA ~ VYA
P(‘I’<CN+W>“I’<CN+~ v~)>">

<E

|N—m/1|£+1/)cn1*” or { np A2 } Jri
V2 (T, V 71) 2(7u vV T1)? vn'

Next, to show that P(cy —éN > 1) is bounded above, we use mean value theorem. We will use the previously
proved result and show that it is equivalent to P(cy — C N > 7).

~ NA (A VpA
¢<CN+\/W> o(+357)

Tu VTl

(= NA P N SRV TN A
¢<CN+\/@(?U\/?[)> (I)( CN) ¢(CN+FuVﬂ>+®( ON)
) (cN + %) — B(—cy)— D (51\; + ﬁ%) + ®(—Cy).

The third equality follows from the definitions of Cy and cy. By mean value theorem,

(ot T2 g (04 8
Tu V T T, VT

= ¢(t1)(en — Cn) + ¢(t2)(cn — Cy), for some numbers t; and .

Also, if v/npA/(7,V7), Cx and cy are bounded above, then ¢(t1) 4 ¢(t2) is bounded away from zero. Note

that ¢(t1) + @(t2) > P(24/2) = /2 since cy, Cn < Zo/2- Hence, we have the following equivalence for any
given n > 0.

Tu V Ty

~ 7 B ~ NA B ~ VA
]P<CN_CN > ¢(t1>+¢><t2)> _P<q> (CN+ \/W(mm) ® (CN+ 7 ) >">'

Thus, the second difference B.2 is bounded above by

QP(CN—GN >77) +2n 0.
Thus,

P (ﬁl — enVNF <y < Ty + cN\/N?u) P (m — OnVNF < ny <7y + éN\/N?u)

IN — np|A + pent v {_ npA? } 2 (B.11)
= [n(aﬂ)\/@\/ﬂ(a VI RRARPCATEYS § IV
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Proof for the third difference B.3

The third difference can be re-written as

We will approach in a similar way as we did for the second difference B.11. The probabilities are bounded
above by 1. We just need to show that this difference is not too positive. Assuming that {b\ and v NT have

uniformly continuous densities (to avoid high mass in a small area), it is sufficient to show the following
P(Cn — Cn > )

is bounded above.

To prove the same, we will show that the following

-~ JNA - NA
P(‘I) <CN+?u\/?l> - (CN—’_\/TW(;U\/?'[)) >7}>

is bounded for a given n > 0.

Notice that we can break the event above into the following terms.

~ VNA ~ NA
) — |- _
(Cf”@va CN*m(avﬁ) >

(VA V) ~ VNA\ [ NA

= 1(\/N(ﬁ—\u\/ﬁ—\l) <1> Xl{q) (CN—’_?u\/?l) @(CN-i-Tw(Fqul)) >77}
Vb (T, V ) y ~ VNA\ [~ NA

(TR (e P8 afa B )L

The goal is to show that the probability of this event is not too large. So we start by maximizing this

probability and show that it is bounded. The first term has zero probability and hence, can be safely
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dropped. For the second term, notice the following

Vnp(T, vV T1) VNA B ~ NA
1{¢W>1‘I’<0N+TM> @<CN+m?uvﬁ>>>”}

Vnp(7u V 71) VNA\  VNA VN (7, vV 7i)
Sl{\/ﬁ(ava) ’¢’<7an> mM(l \/@(Fuvﬁ)>>"}’

where the second bound follows by mean value theorem and the properties of the normal density ¢. Now

by Markov’s inequality we get the following bound for the expectation of the above term
E|ls VNA y VNA {Vnd(7 VF) — VNG,V 7))} 1 (,ﬁmpmvﬁ) - 1)
N \TuVT Vi (T, V) (Tu V T1) VN (T V) ’

since E{(A - C)1(A—-C > 0)} < E{A1(A — C > 0)} < E|4|, for variables A& C

This quantity can be bounded above using the results of B.4 and B.5. Also, notice that

\/W;u \ \/WTl \/77—11, \ \/777 \/777 \/N?l v \/@?u - \/N?u
\/@(Tu VTl) o \/@(Tuvﬁ) \/@(Fu\/a:l) ’

Thus,

VNA ~ NA
(2o 235) -2 (0o o) )
<

g | VNA (Vnd(E, v T) - VNGE VR { NAZ H

NV 2mn)(Ty V7)) (T V T1) 2(Ty V T1)?

Next to show that ]P’(C~'N — Cn > 1) is bounded above, we can use mean value theorem similar to what we

did for the second difference.

Hence, we have the following for any given n > 0

]P’(é]\/*é]\/>77> < (CNJr;i;él) <I)<5N+\/7Tw](\;f\/7~_l)>>772@>.

Thus, the third difference B.3 is bounded above by

2P<5N—CN>77)+2779,

where 6 is the maximum value of the density of (1

fw — 1) /VNT, and (7 — ny)/VNT.
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26 {P (1 — Ox VA < ny, < i+ OnVAR,) — B (71— OnV/N <y < i+ On VIR, )}

VNA (Va7 v R) - VNG VR [ NA® V(7. v )
=B e/ 2VE R R v ) ”{ 2(?uv?z)2}X1(W(?uva> >1> et
(B.12)

Combining the bounds
Now, we can show that the estimated confidence internal contains n, with probability 1 — « and some error

term that is not too negative. Similarly, one can show for n;. And hence, the result follows for the target

parameter ).
—a)— IP( CN\Frl<nu§nu+CNfru>
{‘I)(CN”@ (V= 7w}
IEJ{IP’( fm —CN) —@(—CN)}
- e {e (o ) - (v 7))

+ 2]1”(01\/751\;>n>+2n0+2]P’(CNfCN>n)+2179.

Now, if A = 0, then in the context of this paper, this condition indicates that A=0. Thus, Cy = 6’N =
CN = Z1—q/2. Thus, the third term above along with the second B.2 and the third differences B.3 are zero
when A = 0. To incorporate this property here, we will use indicator terms. Next, we use the results from

B.7, B.8, B.9, B.11 and B.12 to obtain the following bound.
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1 \/W‘§2,l| CN _\/Nﬁ < i )
mE< 7 )W%E(l ma)*CE VT

2 ONRIvewR) ([ VER) A
™ nP(AN|A - ﬁz,l‘y VT \/N?l
1 V| Ro | o ~ VNA, ( Pu )
* mE< 3 ) N (1 ma) TR VR
B 1 1 2 (VN7 V VT v Vi)
*1(A°)E{<¢Na ) Ve A }
+ 21(A £ O0)E [N —n9]A + pen™™

__nwA? )1
NN D e“’{ 27, szP} *

Vn
VNA (Vg v ) - VNG VA NA? l(ﬂ(avﬁ) )
(0 /2) VIR (7 v 7) (7 V )

+1(A £ 0)dn 0

+ 21(A #0)E

——— >1

2(7y vV 71)? VN7, VT)

If n = n=" for some k > 0, to simplify the bound, let kK = 1/2. We choose 1 = n~1/2 since the rate is not
faster than 1/4/n as can be seen from the Berry-Esseen bounds. Also, by definition v > 0.

Further, to simplify the exponential terms, we use the inequality e=% < /3!/w3 ¥ w > 0, and some
rearrangement to obtain the following simplified form.

(1-a)—E {IP (ﬁl — CnVNF <y < Tiu + C*N\/N?u)
< vm/)E <|§~2,l|

|Ra.u] C (P
i\ m T om ) Tt R ) THAFOE

u

CN VN7, VN7
i o ) ()

\/25(1+29)}

VT
+\/ZE{ (N7) V (mi7?) (1 Wﬁ) A }

n(ANA = Roy))> | ViUm ) VN7

1 1 V2AVNTLY VT, Vi)’
+1(A¢0)E{<\/m‘\/@av\/@ﬁ> }

NZ LA
2V/3 N —np|A 4+ pen'=v (7, V7)?
+ 1A+ O)aﬁ¢2n1.5E [ d L ( A3 U
+ 1(A#0)amEl EvE) R xl(ﬁ(avm >1>1.

Now, using the upper bounds on the variance differences, we get the large sample bound as follows

1 ~ ~
— E(|R u]).
\/ﬁ-f—\/ﬁ (|R2,| + |R2,ul)
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