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Abstract

Bragg coherent diffraction imaging (BCDI) has the potential to provide significant in-

sight into the structure-properties relationship for crystalline materials by imaging, with

nanoscale resolution, three-dimensional (3D) strain fields within individual grains and nanopar-

ticles. Recent methods for coupling reconstructions from several peaks to determine the full

elastic strain tensor have been developed and applied to synthetic data, but have not been

applied to experimental data. Using a coupled genetic reconstruction algorithm, this work

presents reconstructions of an experimental data set and demonstrates improvements in the

ability to resolve vector-valued displacement fields internal to the particle. For experimen-

tal data, reconstructions from the coupled Bragg peak algorithm show improvements over

the non-coupled independent reconstruction method of 5% in terms of accuracy and 53% in

terms of consistency. Additionally, this work presents the ability of this genetic algorithm

to accurately reconstruct displacement fields about dislocations, showing a success rate of

90%. Finally, this work demonstrates a method for reconstructing neighboring grains si-

multaneously, improving the reconstructions by 13.5% in terms of reconstruction accuracy,

and laying the foundation for polycrystal BCDI.
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CHAPTER I

Introduction

1.1 Motivation and Introduction

There has been a recent push in Materials Science, outlined in several DOE reports, for

lightweight, high-strength structural materials for applications such as energy and aerospace

[1–4]. Initiatives such as the Materials Genome Initiative focus on illuminating in greater

detail the structure-property relationship in such materials through the use of first-principles

and ab-initio calculations, as well as mesoscale simulations. This work seeks to address these

goals through the development of x-ray diffraction tools for high-resolution strain imaging.

In particular, we propose the study of slip transmission across grain boundaries through a

novel multi-grain Bragg coherent diffraction imaging (BCDI) experiment and a multi-grain

reconstruction routine for the handling of complicated BCDI datasets.

Bragg coherent diffraction imaging is an experimental tool for non-destructive imaging

of the shape and displacement fields of a 3D crystal from a coherent Bragg peak [5]. Recent

work has demonstrated its viability for the study of dislocation dynamics, stacking faults,

and twinning at the nanoscale through reconstruction of a single Bragg peak [6–13]. Tools

such as Laue diffraction [14] and High Energy Diffraction Microscopy (HEDM) [15,16] have

demonstrated the potential to locate neighboring grains and nanoparticles of interest on the

length scales required for BCDI, opening the door for multi-grain experiments, where grain

boundary phenomena can be studied in 3D with unrivaled resolution. With the enhanced x-

ray brightness and coherence from upcoming fourth-generation synchrotrons, this technique

will be capable of achieving significant improvements in throughput and spatial resolution,

with the potential to help validate theoretical models on atomistic and mesoscopic length

1



1.2. HYPOTHESES 2

scales [17–19].

The phase retrieval process applied to a BCDI dataset measured at a single Bragg re-

flection returns a three-dimensional image sensitive to a single component of the lattice

distortion field, from which the corresponding strain projection can be calculated [20, 21].

Three or more BCDI datasets from non-colinear Bragg reflections contain enough infor-

mation to determine the entire displacement vector field, and by extension, the full six-

component strain tensor [22, 23]. Though this has typically been accomplished through

independent reconstruction of each Bragg Peak, recently developed phase retrieval methods

propose coupling multiple BCDI datasets [24–26], sharing information among peaks within

the image reconstruction algorithm. While reconstructing Bragg peaks independently is

more straightforward in practice, coupling reconstructions from multiple Bragg peaks from

the same crystal has the potential to significantly reduce the error of the retrieved strain

field and crystal shape by increasing the number of constraints on the reconstructed ob-

ject. These methods have proven effective in the reconstruction of simulated datasets, but

as yet, none have been used on experimental data, which typically present more challenges

than simulated data [27]. Demonstration of such a method on experimental data is vital for

turning these coupled reconstruction algorithms into robust experimental tools which can,

in turn be used to characterize grain boundary strain.

Once this has been accomplished, an extension can be made to simultaneous recon-

struction of neighboring grains, where phase retrieval on each grain is constrained at the

interface. Grain boundary voxels are typically the lowest fidelity voxels in a BCDI recon-

struction, due to imprecise nature of shape-function definition during phase retrieval. While

this issue has not been an issue during the study of internal defects, it becomes an essential

problem during the the study of grain boundaries. To get the most accurate reconstruction

of the grain boundary, a new approach must be defined. In this work, new approaches are

detailed based on the following hypotheses.

1.2 Hypotheses

1. It is hypothesized that coupling the reconstructions of multiple Bragg datasets from

the same grain, with the help of a genetic algorithm, will improve the reconstruction
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accuracy of experimental data by 10% and reconstruction consistency by 20%.

2. It is hypothesized that the same routine, when applied to datasets with dislocations,

will improve the success rate for dislocation reconstruction by 20%

3. It is hypothesized that coupling the reconstructions of two neighboring grains and

applying shape and displacement continuity conditions at the grain boundary will im-

prove the reconstructions of both by 10% in all confidence metrics, including accuracy

in Fourier Space, accuracy in Real space, and consistency between reflections.

1.3 Contribution to Field

This work will represent a significant contribution to the coherent x-ray diffraction field in

the form of tools which provide higher fidelity data analysis than any in current use. The

implementation of genetic algorithms for coupled phase retrieval will provide higher multi-

peak reconstruction confidence and represent a significant step forward from independent

reconstruction. The reconstruction of the full displacement field in two neighboring crystals

has not been attempted until now, and the proposed algorithm here is the first of its kind.

It is expected that this work will provide a foundation on which to build for others in the

community and will mark an important first step toward the realization of BCDI as a true

polycrystal characterization tool. BCDI experiments have focused on isolated nanocrystals

to this point and have not been used to study interactions at grain boundaries. The tools

developed herein promise to make such studies a reality, allowing for experimental validation

of theoretical plasticity models for atomistic simulation tools.

Computational Methods for Multi-Grain BCDI M.J. Wilkin



CHAPTER II

Background

2.1 Need for 3D Validation of Plasticity Models

Structural materials tend to be crystalline, meaning they plastically deform by the move-

ment of dislocations through slip. Thus, any discussion of material strength must include

a discussion of dislocation dynamics [28,29]. A dislocation is a half-plane of atoms inserted

into a crystalline volume. Dislocations can be characterized by two vectors, the dislocation

line vector: l and the Burgers vector b. l is the line along the half plane of atoms from the

surface of the crystal to the edge of the half plance. In Fig. 2.1, l would be perpendicular

to the plane of atoms in the diagram. The Burgers vector b is defined as the displacement

caused by a dislocation in a closed loop within the crystal volume about the dislocation

center. Dislocations exist in three types: edge, screw, and mixed. In edge dislocations, l

is perpendicular to b. In screw dislocations, l is parallel to b. Most dislocations, however

exhibit a mixed character, containing parts of both edge and screw dislocations.

Dislocations were first postulated to account for plastic deformation in crystals. Crystals

deform plastically as atomic planes slide past each other in a process known as “slip.” Slip in

a perfect crystal requires the simultaneous and coordinated motion of all atoms in a lattice

plane. This means that all bonds must be broken for a plane to slip by a single lattice

spacing. The predicted shear strength of such slip is, however, several orders of magnitude

larger than the experimentally observed shear strength, leading scientists to seek another

answer. Independently, Orowan, Polanyi, and Taylor accounted for the discrepancy in

theoretical and measured displacement by the presence of dislocations [28, 30–32]. Today,

we know that slip occurs as a dislocation travels along a slip plane throughout a crystal

4
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Figure 2.1: Schematic of an edge dislocation

volume. It can be seen in 2.1 that the number of bonds which must be broken for a

dislocation to travel one Burger’s vector length is one per unit length l, a number several

orders of magnitude smaller than what would need to be broken in the coordinated slip

case, where all atoms shift at once.

Slip occurs on specific sets of planes in specific materials. In order for slip to occur on

a particular plane, the Burger’s vector must be in the plane, according to:

b · n = 0 (2.1)

where n is the plane normal. Together, a Burger’s vector and crystallographic plane normal

make up a slip system. For slip to occur on a particular slip system, a characteristic shear

stress is required, called the critical resolved shear stress (CRSS). The shear stress, resolved

on a slip plane in the slip direction can be found by the following relation

τ =
F

A
cosϕ cosλ, (2.2)

where F is an applied force, A is the cross-sectional area of the sample orthogonal to F ,

ϕ is the angle between F and the slip plane normal, and λ is the angle between F and

the slip direction. cosϕ cosλ is known as the Schmid factor and can be used to determine

which slip systems are active, given an applied load. When the resolved shear stress (τ)

exceeds the CRSS for a slip system, slip occurs. In each crystal structure, slip is preferred

on a specific family of slip systems, corresponding to those with the lowest CRSS. Under a

uniform stress, the slip system which will be activated first is the one for which the resolved
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shear stress is the highest.

While the movement of dislocations is fairly well understood individually and within

crystal volumes, gaps remain where dislocations interact with grain boundaries. There are

numerous discrepancies in the literature as to the nature and energy requirements of slip

transmission. The classical understanding of slip transmission across grain boundaries is

presented by Livingstone and Chalmers [33] and elaborated on by Shen [34]. These efforts

propose that slip transmission can be characterized by the following formalism:

τb21 ≥ τpassb
2
1 = ωEgbb1 + αG(∆b)2, (2.3)

where τ is the resolved shear stress, τpass is the critical stress for transmission of a dislocation

through a grain boundary, b1 is the Burgers vector of the incoming dislocation, Egb is the

grain boundary energy, G is the shear modulus, ∆b is the difference in Burgers vector

across the grain boundary, ω captures the energy lost in the interaction of the dislocation

with the grain boundary, and α is a material dependent coefficient. There is a significant

amount of disagreement, however, as to which terms are the most important. Some suggest

that grain boundary geometry predicts slip transmission while others cite grain boundary

energy and type as the determining factors [17, 34, 35]. Still others insist that the first

term dominates and that transmission depends primarily upon grain boundary energy and

character. Molecular Dynamics simulations [36], [37] have been performed to predict the

motion of dislocations at grain boundaries, but discrepancies still exist. Given the state of

uncertainty surrounding slip transmission, the need for true 3D experimental validation of

dislocation movement at grain boundaries is crucial. In order to validate these models, it is

necessary to observe the movement of dislocations in three dimensions at grain boundaries

and we believe that Bragg coherent diffraction imaging is in a unique place to provide such

data.
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Figure 2.2: Bragg’s Law. Diffraction occurs when waves scattering at different planes in a crystalline lattice
remain in phase, constructively interfering with one another to produce a diffraction pattern in
the far field.

2.2 Bragg Coherent Diffraction Imaging

2.2.1 Bragg’s Law and Crystalline Diffraction

A common tool for characterizing crystalline materials is x-ray diffraction, wherein x-rays

interacting with an ordered lattice constructively interfere in certain crystal directions to

produce a diffraction peak. When an incident monochromatic x-ray beam illuminates a

crystal, the scattering waves will constructively interfere only when scattering off crystallo-

graphic planes in the Bragg condition, which is depicted in Fig. 2.2.

Bragg’s Law is defined as

nλ = 2d sin θ, (2.4)

where λ is the x-ray wavelength, θ is the angle seen in Fig. 2.2, n is an integer and d is

the lattice spacing. Thus, if the wavelength of the incoming beam is known, as well as

the lattice parameter, the Bragg condition is determined merely by the angle of diffraction

θ. Assuming a monochromatic, coherent incoming plane-wave and detection in the optical

far-field limit, this scattering can be described by

Q = kf − ki (2.5)

Computational Methods for Multi-Grain BCDI M.J. Wilkin



2.2. BRAGG COHERENT DIFFRACTION IMAGING 8

Figure 2.3: Pictorial derivation of the scattering vector Q

where Q is the scattering vector, ki the incident beam direction, and kf the exit beam

direction, with magnitude 2π
λ . When the Bragg condition is met, Q is equal to a crys-

tallographic plane-normal Ghkl. Constructive interference necessary for diffraction only

occurs when interacting waves are in phase, meaning the wave functions are shifted from

one another by an integer multiple of 2π. To calculate the phase difference between waves

scattering off different lattice planes (same Q) at points x1 and x2 we find the path length

difference along Q between the two waves. A diagram of two such scattering events can be

seen in Fig. 2.4.

Figure 2.4: Diagram of two neighboring scattering events.

The difference between the path length to a far-away detector through point 1 and that

through point 2, according to the diagram, is given as

∆p = δpa + δpb (2.6)

The phase shift is thus

∆ϕ = 2π
∆p

λ
= ϕ2 − ϕ1 = Q · (x2 − x1), (2.7)
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where ϕ1 and ϕ2 are the respective phases of waves 1 and 2, and x1 and x2 are the spatial

positions of the two scattering events. It can be seen that, for scattering events on crystal

planes in the Bragg condition, ∆p will be an integer multiple of λ, causing them to remain

in phase with each other and allowing their amplitudes to add. On any planes not in the

Bragg condition, ∆p is not an integer multiple of the wavelength, and the waves destructively

interfere, resulting in no diffraction.

The Born approximation can be used to define the amplitude of a scattered wave off a

finite crystal, and is given as

ψ̂(Q) =

∫
Vc

d3x ρ(x) eiQ·x. (2.8)

where Vc is the coherence volume, and ρ(x) is the electron density at position x. It can be

seen that ψ̂(Q) is the Fourier transform (FT) of ρ(x). It is this relationship between the

amplitude and electron density which is of greatest interest to those conducting coherent

diffraction experiments. If we can find this complex Fourier-space amplitude, we can know

the electron density distribution in a crystal, and thus its defect structure.

The coherence volume Vc determines the maximum volume of the incident beam in which

diffraction can be considered coherent. The coherence length in the longitudinal direction

(parallel to Q) is the propagation distance over which the wave can be assumed coherent

and is typically estimated by

Lc =
λ2

∆λ
, (2.9)

where λ and ∆λ are the wavelength and bandwidth of the source. The calculation of the

horizontal and vertical transverse coherence lengths is more complicated and is out the

scope of this work. For now it is sufficient to assume that scattering occurring in a crystal

smaller than Lc in all dimensions will be considered coherent.

2.2.2 Bragg Coherent Diffraction Imaging and Phase Retrieval

Bragg Coherent Diffraction Imaging (BCDI) is a non-destructive three-dimensional x-ray

imaging tool first demonstrated in 2001 by Robinson et al. [38]. In BCDI, a compact single

crystal is illuminated by a nominally monochromatic and spatially coherent x-ray beam
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Figure 2.5: Diagram of general BCDI setup

such that Vc in E1. 2.8 is larger than the crystal volume. As the crystal is rotated through

one of its Bragg conditions, corresponding to reciprocal lattice vector Ghkl, the 3D coherent

diffraction pattern is sampled in a series of detector images with the detector in the optical

far-field or Fraunhofer regime , as seen in Fig. 2.5 [21].

In this limit, the scattered amplitude, ψ̂(q), with q = Q − Ghkl being the deviation

from the nominal Bragg condition in reciprocal space, can be approximated as the Fourier

Transform (FT) of the exit wave field at the location of the particle.

The real-to-reciprocal space relationship can be denoted in shorthand as:

ψ̂(q) = FT [ψ(x)] (2.10)

Given that BCDI measurements consist of pixelated detector images measured at regular

angular intervals, the fields ψ(x) and ψ̂(x) are discrete and span a finite range in x and q,

and we designate this discretization (or voxelization) of these spaces with the subscript n,

(i.e. xn). Thus, we define the discrete complex-valued sample exit field corresponding to a

given Bragg peak as
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ψ(xn) = ρ(xn) e
2πiϕ(xn). (2.11)

Due to limits in x-ray flux, it is not possible to measure large enough q to achieve atomic

resolution, meaning voxel dimensions are typically on the order of tens of nanometers. Thus,

ψ(xn) in Eq. 2.10 is a continuum approximation of ρ(x) in Eq. 2.8 with each position xn

representing a box in the crystal containing thousands of atoms. The amplitude ρ(xn)

corresponds to the material density at xn, and the phase, ϕ(xn), is a projection along the

scattering vector Ghkl of the mean displacement u(xn) of all atoms in the volume with

respect to the unperturbed lattice :

ϕhkl(xn) = u(xn) ·Ghkl. (2.12)

The measured intensity of a Bragg peak is related to ψ̂(q) by eq. 2.13.

I(q) = |ψ̂(q)|2. (2.13)

Though ψ̂(q) is complex, the phase information is lost during the measurement, and ψ(x)

cannot be recovered from I(q). This is known as the phase problem. To find the phase

and amplitude of ψ(x), it is necessary to recover the lost phases of ψ̂(q) via iterative phase

retrieval.

Phase retrieval was conceived by an observation from David Sayre [39], when he ac-

knowledged that the Nyquist-Shannon sampling theorem [40] could be applied to x-ray

scattering. He proposed that, by oversampling a coherent diffraction pattern at twice the

Nyquist frequency ( fN = 1
D , where D is the crystal size), the phase can be recovered. To

fully understand this, it is helpful to think of the phase problem as a set of nonlinearly cou-

pled equations relating ψ̂(q) to ψ̂(x). We will rewrite Eq. 2.10 as a DFT sampled at the

Nyquist frequency:

ψ̂(q) =
N∑

x=1

ψ(x) eiqx/N q = 1, ..., N, (2.14)

where x and q are pixel coordinates in real space and Fourier space, discretized from 1 to N .
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It can be seen that while there are N equations, there are 2N unknowns because neither the

phase nor amplitude of ψ(x) is known. Thus, the system of equations is underdetermined

by a factor of 2 and cannot be uniquely solved. To fully determine the system, we sample

ψ̂(q) at twice the Nyquist frequency, such that

ψ̂(q) =
N∑

x=1

ψ(x) eiqx/(2N) q = 1, ..., 2N. (2.15)

Because the real space array must contain the same number of pixels as the Fourier space

one, we introduce a function g(x), given as

g(x) =


ψ(x), 0 < x ≤ N/2,

0, N/2 < x ≤ N,

(2.16)

and insert it into Eq. 2.15 as

ψ̂(q) =
2N∑
x=1

g(x) eiqx/(2N) q = 1, ..., 2N. (2.17)

It can be seen that oversampling introduces a zero-density region in real space such that

ψ(x) only spans half the array. This zero-density requirement is known as the support and

determines the bounds of the crystal volume in the reconstruction [41, 42]. By setting half

the pixels in g(x) to zero, we eliminate half of the unknowns, fully determining the system of

equations. There are now 2N equations, N unknown phases, and N unknown amplitudes,

so Eq. 2.17 can be solved. A 2D schematic of this oversampling phenomenon can be seen

in Fig. 2.6
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Figure 2.6: Diagram showing the effect of oversampling on the size of the object in the real-space array.
Oversampling by a factor of 2 in Fourier space introduces a zero-density region on either side of
the object in real space.

Gerchberg and Saxton developed the first phase retrieval algorithm from Sayre’s obser-

vation, known as the Gerchberg-Saxton algorithm [43]. In this algorithm, an initial guess

is made for ψ̂(q) and the object is iteratively tansformed between real space and Fourier

space enforcing constraints in both domains until convergence.

The Gerchberg-Saxton algorithm was the basis for two of the most important phase

retrieval algorithms, developed by James Fienup: error reduction (ER) [44] and hybrid

input-output (HIO) [45]. The ER algorithm can be seen in Fig. 2.7 and consists of the

following steps:

1. Make an initial guess for the phase and amplitude of ψi(x)

2. FT the ψi(x) to get ψ̂i(q)

3. Reset the amplitude of ψ̂i(q) to the measured amplitude
√
I(q)

4. IFT ψ̂i(q) to get ψ′
i(x)

Computational Methods for Multi-Grain BCDI M.J. Wilkin



2.2. BRAGG COHERENT DIFFRACTION IMAGING 14

Figure 2.7: Schematic of Fienup’s Error Reduction algorithm.

5. Apply support to ψ′
i(x) give new object guess ψi+1(x)

We define a support function which constrains the crystal volume in the sample domain

such that

ψi+1(x) =


0 x /∈ S

ψ′
i(x) x ∈ S

(2.18)

Over the course of many ER iterations, the support function is allowed to shrink by a process

called ‘shrinkwrap’ [46], wherein the object amplitude in real space, |ψ(x)| is convolved with

a Gaussian f ,

ξ(x) = (f ∗ |ψ(x)|), (2.19)

and thresholded, according to

S =


1, if ξ(x) > (th ∗ ξmax),

0, otherwise,

(2.20)

where th is the threshold value as a fraction of the maximum value in ξ(x). ER is repeated
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until the solution converges with respect to the error metric χ2, given as

χ2 =
∑
q

(√
I(q)− |ψ̂(q)|

)2
, (2.21)

which is a measure of the difference between the forward-modeled modulus and the measured

modulus. ER is equivalent to a steepest descent method and necessarily converges, but it

has a strong tendency to become trapped in local minima [47]. To deal with these local

minima issues, Fienup [48] developed the hybrid input-output algorithm, which consists of

the following steps:

1. Make an initial guess for the phase and amplitude of ψi(x)

2. FT the ψi(x) to get ψ̂i(q)

3. Reset the amplitude of ψ̂i(q) to the measured amplitude
√
I(q)

4. IFT ψ̂i(q) to get ψ′
i(x)

5. Initialize next iteration ψi+1(x) according to

ψi+1(x) =


ψ′
i(x), if ψ(x) ∈ S,

ψi(x)− βψ′
i(x), otherwise,

(2.22)

where β is a constant typically set to 0.9. In HIO, every output ψ′
i(x) satisfies the Fourier

space constraints, but there is no requirement that it satisfies the real space constraints.

HIO allows pixels outside the support to evolve over several iterations, moving the solution

parallel to the gradient and potentially jogging the solution out of local minima. Using HIO

in conjunction with ER is a powerful tool for phase retrieval, as ER converges toward a local

minimum and HIO increases the likelihood that the final solution is the global minimum.

Together, HIO, ER, and shrinkwrap make up the foundation of the methods presented

here, together with a strategy for coupling information from multiple Bragg peaks during

the reconstruction process.

BCDI has been used to measure dislocation movement in battery particles, phase tran-

sitions, twin boundary evolution, catalysis, and FIB damage fields [49–55]. In these cases,
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BCDI has mainly served as an imaging tool. By measuring only one Bragg reflection,

thereby showing only a projection of the lattice displacement, single-reflection BCDI does

not tell the whole story. The eventual goal is to push BCDI to be a true polycrystal char-

acterization tool and to image neighboring grains to address issues such as those discussed

in section 2.1. To truly answer the questions of interest, it will be necessary to retrieve not

just a projection of the lattice displacement, but all components.

2.2.3 Multi-Peak BCDI

While reconstructing a single Bragg peak can provide a projection of the lattice displacement

along the scattering vector, collecting three or more non-colinear Bragg reflections allows

for the recovery of the full six-component elastic strain tensor in the crystal. For each peak,

the phase value ϕhkl(xn), is related to the displacement field u(xn) by Eq. 2.12. As seen in

Fig. 2.9, as the spacing between two lattice planes shifts relative to the reference position

(corresponding to the unstrained crystal), the path length difference (∆p) between waves

diffracting off consecutive planes is no longer an integer multiple of the wavelength. This

results in a phase shift in the exit wave-front.

Figure 2.8: Diagram showing diffraction patterns of multiple reflections in Multi-peak BCDI

Because the distance between atoms within each plane does not affect ∆p, BCDI is only
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Figure 2.9: Diagram showing the path-length difference between waves scattering at two points along Ghkl

sensitive to displacements along Ghkl. To recover the full displacement vector at each voxel,

multiple Bragg peaks are needed. As there are three components of u, three phases from

non-colinear reflections are required to fully constrain the problem. An example of this can

be seen in Eq. 2.23.


G111

G11̄1

G1̄11

un =


ϕn,111

ϕn,11̄1

ϕn,1̄11

 , (2.23)

where the subscript n denotes a voxel in the reconstructed array and the reflections

[111],[11̄1], and [1̄11] were used. Hofmann and Newton [56,57] demonstrated the benefit of

using more than three Bragg peaks to over-constrain the crystal shape and displacement

fields. After all Bragg peaks are reconstructed independently, un is found using a least-

squares optimization,

Ln =

J∑
j=1

(un ·Gj,hkl − ϕj,hkl,n)
2, (2.24)
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where j denotes a particular Bragg reflection, and J is the total number of Bragg

reflections. While this method works well if the datasets from each Bragg reflection are

of good quality, problems may arise when this is not the case. Issues such as particle

drift and an imperfect beam can make datasets difficult to reconstruct. When the results

are combined at the end, it is likely that artifacts from the dataset will propagate to the

final solution. Because the datasets contain overlapping information, it should be possible

to couple them during the reconstruction process, allowing the reconstructions to pass

information between each other.

Newton et al. proposed the first such coupling algorithm by interleaving a series of HIO

steps between separate crystals and combining the results after each step. In this algorithm,

each peak is put through one iteration of HIO. After all peaks have completed this step, the

least-squares routine described in 2.24 is used to calculate un. This un is then projected

along the Ghkl vectors to give an updated guess for ϕhkl,n. This method was demonstrated

on a simulated dataset, which was simplified to be a cube with a symmetric strain field.

Additionally, this method requires that the support be known a priori, as no shrinkwrap

is applied. While this demonstrated an important first step, these simplifications make it

unwieldy for experimental datasets, where the support is not known. Additionally, this

algorithm required thousands of iterations to converge. The least-squares calculation is

computationally costly on large 3D arrays, so repeating this step after every HIO step

makes the method functionally difficult to handle.

To address these issues, Gao et al. demonstrated an approach for reconstructing mul-

tiple peaks based on the bisection method. This method combines the results from several

Bragg reflections intermittently throughout the phase retrieval process and showed the effec-

tiveness of doing so for reconstructing highly strained crystals. Their approach the electron

density and the displacement separately and updates them by combining the amplitudes

and phases respectively at specified iterations. They found that coupling reconstructions of

multiple peaks from a grain containing a dislocation could improve the rate at which the

phase was successfully reconstructed for each peak.

These works have been limited to simulated data, which is simpler to reconstruct than

experimental data. To fully trust the efficacy of such methods, it is necessary to demonstrate
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them on experimental data. This work demonstrates the first reconstruction algorithm to

be used on experimental data and shows its advantages over the current state of the art for

multi-peak BCDI.

2.2.4 Multi-Grain BCDI

Multi-Grain BCDI is a nascent technique in the BCDI community. Several groups have

reconstructed twins using single peak BCDI but none, to our knowledge, have collected

multiple peaks from neighboring grains and assembled the corresponding displacement and

strain fields. Many challenges exist in the implementation of Multi-Grain BCDI. The first

is the required grain size for BCDI beamlines. The size of crystal that can be measured

using BCDI is determined primarily by a value called coherence length from Eq. 2.9, which

is the maximum distance between the furthest scattering events in a crystal where the exit

wave-field can be considered coherent scattering.

The coherence length is ∼ 235 nm at 1-ID and ∼ 1µm at 34-ID-C. Few functional

materials have grain sizes on this scale [23] and collecting high-fidelity EBSD patterns

of such samples can be challenging. If EBSD is successfully captured, preserving these

orientations and transforming them into the beamline reference frame is not trivial and

has never been successfully accomplished at 34-ID-C. If one were able to orient the crystals,

problems remain with aligning them after reconstruction. BCDI diffraction patterns contain

only information from a single grain, and though the orientation of each grain can be known,

the relative position of one grain with respect to the other cannot be determined with the

resolution required for particles smaller than 1µm.

Nevertheless, the potential to study 3D strain and stress fields at grain boundaries

is enticing and the resolution provided by BCDI unparalleled. In this work, we present

techniques for locating, reconstructing, and aligning neighboring grains such that multi-

grain BCDI becomes imminently feasible.
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CHAPTER III

Experimental Methods

Before the novel reconstruction methods are presented, we must take stock of the experi-

mental methods required for the collection of multi-peak and multi-grain BCDI datasets.

In order to collect such datasets, it is necessary to be able to orient crystals at the beam-

line. The two beamlines where multi-peak BCDI has been demonstrated are 1-ID-E and

34-ID-C at the Advanced Photon Source. The 1-ID-E beamline is capable of both High

Energy Diffraction Microscopy measurements and high-energy BCDI. The 34-ID-C end sta-

tion has the capability to switch between monchromatic mode for BCDI and polychromatic

“pink-beam” mode for Laue diffraction microscopy. Both HEDM and Laue diffraction mi-

croscopy can be used to orient crystals in a sample and give approximate locations of their

position in the sample.

3.0.1 Far-Field High Energy diffraction Microscopy

Far-field high energy diffraction microscopy (ff-HEDM) is a bulk polycrystal characteri-

zation tool in use at synchrotrons such as the Cornell High Energy Synchrotron Source

(CHESS) and the Advanced Photon Source (APS). [15, 58, 59]. At the APS, ff-HEDM is

typically conducted at the 1-ID-E beamline. Samples up to 1 µm thick are placed into a

≥ 50 keV monochromatic beam and a section illuminated in a line scan. These samples are

mounted on high-precision stages, and the beam can be focused down to a 1 micron beam

height, allowing a specific portion of the sample to be illuminated. Because the x-rays are

≥ 50 keV, they are capable of penetrating through the entire thickness of the sample, al-

lowing diffraction to occur on all grains throughout the sample’s thickness. The sample is

then rotated 360 degrees in ω (as shown in Fig. 3.1) with a step size δω ≥ 0.05. ff-HEDM
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typically uses large area detectors (2048 × 2048 pixels) with a 200 µm pixel pitch. These

detectors are placed approximately 1 m from the sample. A diagram of the HEDM set-up

at 1-ID-E can be seen in Fig. 3.1. As the sample is rotated, various planes from the grains

in the illuminated portion of the sample enter the Bragg condition and diffract. The 360◦

scan range allows all possible reflections to be measured on a detector in the far-field. De-

pending on the lattice parameter of the material being measured, several Debye Scherrer

rings may be captured on the far-field detector. At the end of the scan, diffraction data

has been collected for a number of ω steps along in a 360◦ range. Reciprocal lattice vec-

tors (RLVs) are computed for every diffraction spot collected and used to determine crystal

orientations. In crystalline materials, peaks from the same crystal will be related to one

another via symmetry, and comparison of RLVs allows them to be grouped and their ori-

entations indexed. The center of mass for each grain is determined by accounting for the

precession of diffraction spots as the sample is rotated.

If a grain is strained, its peaks will deviate from the expected scattering angle by a small

amount. These distances for each diffraction spot can be fit to a strain tensor, giving the

average strain in each grain. These tools are extremely helpful for BCDI, given that the grain

size necessary for BCDI makes samples typically difficult to characterize using conventional

tools such as electron back-scatter diffraction (EBSD). ff-HEDM at 1-ID-E allows us to

bring a fairly unknown sample to the beamline, quickly determine the orientations and

grain-averaged strains in every grain in the sample, and select the most interesting grain

from a list to measure in BCDI.

After a grain is selected, the far-field detector is moved back, allowing the diffracted

beams to propagate to the back wall of the beamline hutch, where a BCDI detector sits.

This is necessary because of the compression of Fourier Space at high energies. The energy

used for BCDI at 1-ID-E is 52 keV, a value which was optimized to ensure maximum

coherence from the x-ray source [60,61]. In order to fully resolve a BCDI diffraction pattern

at 52 keV, it is necessary to sample the pattern further downstream than the far-field HEDM

detector, so the BCDI detector is placed ∼ 7 m from the sample. This BCDI detector is

attached to an arm which extends radially from the incoming beam axis, allowing us to

gather BCDI data from several Debye-Scherrer rings. Because ff-HEDM provides a list of
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Figure 3.1: Diagram of the HEDM/BCDI configuration at 1-ID-E

grains and their orientations, it is trivial to search for and measure peaks from twin-related

grains. This will be described in greater detail in the next section. The set-up at 1-ID-E

also allows for a furnace to be inserted over the top of the sample. This furnace is typically

used for HEDM experiments, but is also adaptable for HE-BCDI experiments, as will be

described in Chapter IV.

3.0.2 Laue Diffraction Microscopy

The 34-ID-C beamline at the APS is the premier beamline in the world for BCDI. Its

experimental geometry allows for a large portion of reciprocal space to be measured and

its confocal microscope makes locating grains of interest straightforward. A diagram of the

experimental geometry at 34-ID-C can be seen in Fig. 3.2

At the 34-ID-C beamline at the APS, ff-HEDM is not possible, given the configuration

of the beamline and the relatively low energy of the x-rays. While it is possible to make an

orientation map of a sample using the micro-Laue setup at the 34-ID-E, there are difficulties

with ensuring that the reference frames are the same between the beamlines. Additionally,
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Figure 3.2: Diagram of the Laue/BCDI configuration at 34-ID-C. The monochromater can be switched
between polychromatic mode and monochromatic mode to accommodate Laue Diffraction Mi-
croscopy and BCDI respectively.

taking a sample to the 34-ID-E beamline takes up valuable beam time and is not feasible

for an experiment containing many samples.

To remedy this, a movable monochromater was installed in the hutch in 2020, allowing

the beamline to operate in two modes: monochromatic and polychromatic. In monochro-

matic mode, x-rays are a single energy (usually 9 keV for BCDI), and coherent diffraction

measurements can be conducted. In polychrmatic mode, the beam contains a spectrum

of energies from 6 keV to 24 keV, enabling Laue Diffraction microscopy. While ff-HEDM

fixes λ by using a monochromatic beam and exploits Bragg’s law by rotating the sample

360◦, effectively changing θ in Eq. 2.4, Laue diffraction fixes θ, and provides a continuous

wavelength spectrum for λ. Because of this continuous energy range, when a crystal is il-

luminated, many reflections will be in the Bragg condition at the same time, producing a

diffraction dataset like the one seen in Fig. 4.8. The locations of these peaks can be used

to determine the orientation of the diffracting crystal and allow us to orient crystals at

34-ID-C in the same experimental configuration that will be used for BCDI.

Typically, orientations are found by “twiddling” the beam on and off a crystal of interest

and visually checking the diffraction data to see which peaks appear and disappear with

with the grain. These peaks are hand-selected and fed as input to a software package called

LaueGo [62,63], which is supported by the 34-ID-E beamline staff. LaueGo takes an input
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list of energy ranges and a list of q̂ unit vectors for all peaks which are found on the detector,

and returns a list of orientations by measuring the angular distances between all peaks and

determining if any pairs match what would be expected for a certain crystal orientation. A

list of all peaks indexed for a particular Laue pattern as well as the crystal orientation is

returned. This technique was used to collect the dataset used in Chapter V.

While this method is suitable if a crystal has been pre-selected for measurement and

is sufficiently isolated so that all the Bragg peaks on the Laue detector belong to it, it

is not useful when there are many unknown crystals on a sample, or if there are many

crystals in the beam at the same time. Thus, it was necessary to develop an automatic

peak selection tool to accurately locate peaks and index them. Yueheng Zhang, a member

of our research group, collaborated with me to make this tool. The first step was background

subtraction and thresholding of the Laue dataset, to lower the likelihood that a noisy pixel

was chosen as a Laue peak. Then the python package “scipy.ndimage” [64] was used to

locate centro-symmetric objects in the dataset, returning a list of peaks and their positions

on the detector. These peaks were then converted to q̂ unit vectors in reciprocal space,

based on the detector position and orientation with respect to the sample.

When dealing with polycrytstals or small grains, it is also a surety that there will be

many peaks on a single detector image due to the size of the incident x-ray beam. The

Laue beam at 34-ID-C is 0.8 µm× 10 µm, meaning with a ∼ 1 µm grain size, tens of grains

could be illuminated at the same time, resulting in hundreds of peaks from overlapping

Laue patterns on the same detector frame. An example of such a dataset can be seen in

Fig. 4.8, which is a Laue pattern from a Pt sample with sub-micron grain sizes.
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Figure 3.3: Pt Laue diffraction dataset. The many grains illuminated by the beam results in many overlap-
ping Laue patterns, making it impossible to select peaks corresponding to the same Laue pattern
by hand.

A brief study of the robustness of LaueGo was conducted to test this by adding randomly

placed peaks to a known dataset. A Laue pattern of known orientation was chosen as the

baseline for the study. These peaks were inputted to LaueGo along with a number of

randomly placed peaks, and the results were logged. The number of noise peaks added

was increased from 10 to 100, with steps of 10 peaks. For each of these steps, 100 sets

of randomly placed peaks were generated and LaueGo called for each. The hit frequency,

corresponding the number of times the known orientation was returned, was tracked over

the course of this study. Additionally, the number of incorrect orientations, resulting from

false positives as noise peaks were indexed, was tracked. Plots of these metrics can be seen

in fig. 3.4.

It is clear that the number of peaks on the detector limits the likelihood that an ori-

entation will be found. To remedy this, a colleague and I have built an automatic Laue

indexing software, which repeatedly calls LaueGo for different frames of data. I wrote a
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Figure 3.4: Plot of the average “hit rate” for LaueGo with increasing numbers of randomly placed “noise
peaks” (Left). Plot of the average number of “false positives,” where an orientation was returned
from some of the peaks denoted as “noise”.

package which locates all peaks on a detector image and divides them into random groups

of a certain input size (usually < 30). These groups are then inputted to LaueGo for in-

dexation, and orientations are saved based on a certain threshold in the confidence metric.

This process is repeated for successive steps in the raster scan. With a step size of 100 nm

and a beam width of 800 nm, it is expected that grains of the desired size ( 1 µm) should

exist in 10-15 consecutive frames. This method has been used successfully to determine

high confidence orientations at recent beamruns and will be explained in more depth in

Chapter IV.

Unlike ff-HEDM, Laue scanning microscopy only returns orientation from grains on the

surface of a sample. This is because the mean free path of 9 keV x-rays in metals is on

the order of ∼ 1 µm. After a list of orientations is returned, the misorientation must be

calculated between each orientation in order to look for twin-related grains.

3.0.3 Finding Twin-related grains

Finding neighboring grains is difficult at the length-scales involved in BCDI. Neither of

the above methods has the resolution to say with certainty that any two grains share

a boundary. Unless known beforehand, finding neighboring grains is nearly impossible.

Fortunately, annealing twins are readily found in FCC metals. Twin density is highest
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for small grains in FCC metals [65–67] and have been measured several times with BCDI.

Twins are, by definition, neighboring grains, and we can exploit the twin-misorientation

relationship in FCC metals to locate pairs of these grains throughout the scanned volume

of a sample.

For cubic materials, misorientations can be easily calculated using quaternion multipli-

cation. A quaternion is an ordered set of four real numbers (q0, q1, q2, q3) making up a

vector component and an angular component.

q = q1 + iq2 + jq3 + kq4 (3.1)

Their usefulness for misorientation calculation relies on the simplicity of quaternion multi-

plication.

pq = [p1q1 − p · q] + [p1q+ q1p+ p× q] (3.2)

Using quaternion multiplication, the following procedure is followed to find the misorienta-

tion α between quaternions p1 and p2.

1. Compute q as the quaternion product of p1 and the conjugate of p2, p
∗
2

2. Arrange q so that q4 ≥ q3 ≥ q2 ≥ q1

3. Choose the maximum value of the fourth component from these three variants

(a) (q1, q2, q3, q4)

(b) (q1 − q2, q1 + q2, q3 − q4, q3 + q4)/
√
2

(c) (q1 − q2 + q3 − q4, q1 + q2 − q3 − q4,−q1 + q2 + q3 − q4, q1 + q2 + q3 + q4)/2

4. For unit quaternions, q = cos(α/2) + r sin(α/2), so α = 2 cos−1(q0)

FCC twins share a Σ3 grain boundary, constituting a 60◦ rotation about the (111)

crystal plane, seen in Fig. 3.5. Once the misorientation is calculated between all grains, we

can locate grains which are 60◦ misoriented from one another. From this much smaller list,

the orientations can be compared to see if the misorientation is about a (111) plane.
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Figure 3.5: Σ3 twin boundary found in FCC metals. The twin and parent domains are misoriented by a 60
degree rotation about (111).

Once the orientations have been found, the BCDI measurements on each Bragg peak

can be carried out easily, as the sample goniometer and detector can be driven to the correct

motor positions to bring up the Bragg Peak. Because of the known misorientation of FCC

twins, they present the most feasible multi-grain BCDI samples.
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CHAPTER IV

Experiments

The goal of this work is to image strain fields around grain boundaries. Accomplishing this

requires measuring BCDI datasets from at least three non-colinear reflections. Very few

successful experiments with multiple reflections from the same grain have been conducted

[23,56, 68], so a learning curve was expected in sample design and experimental technique.

To build up from single grain, single Bragg peak BCDI to multi-grain, multi-peak BCDI,

the following experiments were proposed (in order of importance from least important to

most important):

1. Measure multiple Bragg peaks from a single grain

2. Measure multiple Bragg peaks from neighboring grains

3. Measure multiple Bragg peaks from neighboring grains where a known event of interest

has occurred

4. Measure multiple Bragg peaks from neighboring grains under load to map strain fields

To meet these experimental goals, the following samples were designed. When possible,

samples were designed to meet the requirements of both the 1-ID and 34-ID-C beamlines

at the APS.

4.1 Samples

4.1.1 De-wetted Au nanocrystals

The first two experiment designs have little utility from a materials science standpoint but

are crucial for development of our algorithms and experimental techniques at the 34-ID-C
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Figure 4.1: Confocal microscope image of section of Au patterned gold sample. The black spots are Au
nanocrystals.

and 1-ID beamlines. The vast majority of phase retrieval work (and all of the existing

literature on multi-peak phase retrieval) [24,25] is validated on simulated data, which typi-

cally fails to capture the complexities involved in a real experiment. Collecting high-quality

datasets to use for the CPR algorithm, as well as the forthcoming multi-grain reconstruc-

tion algorithm, was vital. De-wetted Au nanocrystals have been shown to give excellent

diffraction patterns [38, 69] for BCDI, given their relatively low lattice strain. A patterned

Au nano-crystal sample was prepared by sputtering Au onto Si and Al2O3 substrates and

annealing until the Au de-wetted and coarsened into nano-crystals [70]. During the deposi-

tion process, Au atoms stack in the (111) crystal direction, given that the (111) plane is the

closest-packed plane. This lends itself to Au twin formation as irregularities in the deposi-

tion process can lead to stacking faults, which form twin boundaries on annealing. Because

of this, these samples are also ideal for collecting quality BCDI data from twinned grains.

A microscope image of the patterned-Au on Al2O3 sample can be seen in Fig. 4.1

Recently, an AFM tip has been installed at the 34-ID-C beamline. With this in place,

there is now the potential to find a twinned grain with Laue microscopy, locate it in the

beamline microscope and load it, making these samples feasible for experiment goal 4. This

will be discussed in Chapter VII.
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4.1.2 Platinum Trench Samples

A significant challenge for experiment 4 is to load a grain without destroying it and be

able to measure multiple peaks from it during loading. In an AFM tip experiment like the

one described above, only one Bragg peak could be measured during one loading attempt.

Because the AFM tip is not connected to the rotation stage at the 34-ID-C beamline, the

grain is effectively pinned when it is being loaded by the AFM tip. This means that only

one peak can be measured during loading, via a scan in energy, rather than a scan in θ.

Because of this, it would be beneficial to have a sample which could be loaded in a controlled

manner, but without the use of a loading stage. We have designed a sample which consists

of a line of Pt deposited into a channel which has a width and depth on the order of the

coherence length of the beamline (800 nm × 800 nm). A schematic of this sample can be

seen in 4.2. The trench serves two purposes. First, it provides a single line of Pt crystals,

allowing for certainty as to the spatial location of crystals in the sample. Additionally, the

coefficient of thermal expansion in Si is significantly smaller than that of Pt (2.6×10−6 ◦C−1

to 8.8 × 10−6 ◦C−1) [71, 72]. Thus, upon heating, the Pt should expand more than the Si,

inducing a compressive stress on the Pt grains. This allows us to strain only the Pt crystals

in the sample without destroying them so that BCDI diffraction patterns can be captured

from multiple peaks. To test this theory, a simulated trench sample was made, containing

20 cube grains with side lengths of 800 nm. The heating of the sample was simulated using

an analysis code (MASSIF) [73], which uses the FFT method to calculate local micro-

mechanical response to applied loads, ensuring that constitutive relations are satisfied at

every voxel. The heating experiment was simulated by applying a uniform eigenstrain in

each Pt grain (based on the coefficient of thermal expansion differential between the two

materials) and allowing the stresses to equilibrate. The eigenstrain applied was calculated

according to:

ε = (αSi − αPt)×∆T (4.1)

where αSi is the coefficient of thermal expansion for Si, αPt is the coefficient of thermal

expansion, and ∆T is the temperature difference between the furnace temperature and room

Computational Methods for Multi-Grain BCDI M.J. Wilkin



4.1. SAMPLES 32

Figure 4.2: MASSIF simulation of the compressive stress imposed on the Pt trench by the Si substrate, as
a result of the CTE difference between the two materials.
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Figure 4.3: SEM image of Pt-trench sample. The goal is to create a line of grains which are within the
coherence length of the beamlines at 34-ID and 1-ID.

temperature. This simulation shows that it is conceivable to generate a sizeable compressive

stress on the sample ( 300 MPa) by heating only to 400 deg C.

The samples were created using a FEI Plasma Dual Beam FIB SEM with a Xe+ plasma

focused ion beam (PFIB) on a < 100 > Si wafer. Three trenches were FIBed into the Si,

with width and depths of 800 × 1000 nm, 600 × 800 nm, and 400 × 600 nm and length of

100 µm. Pt was FIB-deposited into the trenches, and the trenches were FIB-polished down

so that the cross sections were 800× 800 nm, 600× 600 nm, and 400× 400 nm respectively.

This was to ensure a relatively flat surface at the top of the trench. The samples were

annealed for 12 hours at 600 C, potentially providing many grains within the coherence

length of both the 1-ID and 34-ID beamlines. A micrograph of a trench can be seen in 4.3.

The hope of this sample was to create a sample which has a “bamboo” structure, with a

line of grains side-by-side in a trench.

It can be seen that the Pt is confined to the trench with slight variations due to the

limits of FIB polishing at this scale. Because the substrate is single-crystal Si, there will

one set of peaks on the detector other than those from the Pt grains in the sample. If a

polycrystalline substrate was used, Laue diffraction microscopy would be extremely difficult

Computational Methods for Multi-Grain BCDI M.J. Wilkin



4.2. EXPERIMENTS COMPLETED 34

Figure 4.4: Example Diffraction Pattern with Pt and Si peaks. Example Pt peaks are circled in red and
example Si peaks in yellow. It can be seen that the Pt peaks are significantly dimmer than the
Si peaks. This makes it simpler to remove the Si peaks from the peak list for the automatic
Laue indexing routine.

because it would be impossible to tell which peaks belonged to Pt and which peaks belonged

to the substrate. As is, it is quite easy to differentiate the Si peaks from the Pt peaks,

because the Si substrate, being a large single-crystal, is a strong scatterer, resulting in Laue

peaks many orders of magnitude brighter than the Pt. An example can be seen in 4.4. At

34-ID, using a trench sample limits the number of Pt peaks on the detector at a given time,

making indexation of Laue patterns more straightforward.

4.2 Experiments completed

4.2.1 Goal 1: Measure multiple Bragg peaks from a single grain

The first experimental goal serves as an important step in the process of combining Laue

Diffraction and BCDI at the 34-ID-C beamline. A partner user proposal between our

colleagues, CMU, and the 34-ID-C beamline staff worked to integrate these two techniques
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at the beamline for the first time. In December 2019, an experiment was conducted on a

patterned Au sample described above. Because the automatic laue indexing routine had not

yet been developed, the confocal microscope was used to locate an isolated Au nanoparticle

in the beam, and the beam was “twiddled” on and off of this location so that the peaks

corresponding to the Laue pattern from this crystal could be found. These peaks were

selected by hand and inputted to LaueGo, providing the orientation of the crystal. From

this orientation, it was determined that four reflections were reachable by the detector,

given the current beamline configuration. These reflections were (111), (111), (111) and

(200). The data was collected with angular steps from −0.5◦ to 0.5◦ with a step size of

0.01◦. This scan was repeated four times on each peak, with the Bragg peak being re-

centered on the detector after each scan. All scans were then aligned and added together to

be used for phase retrieval. The central slice of the diffraction patterns for each reflection

can be seen in 4.5. This data was used to validate the CPR method. Results and analysis

of this result can be found in chapter V.

4.2.2 Goal 2: Measure multiple Bragg peaks from neighboring grains to
look at internal stress and strain fields

The second experimental goal exists for two purposes: proving that multi-grain experiments

are possible at 34-ID-C by validating the Laue orientation mapping tool that has been de-

veloped, and providing a dataset for development of the multi-grain reconstruction code,

which will likely be necessary for high-fidelity reconstructions in future multi-grain BCDI

experiments. In September 2021, the first multi-grain experiment was successfully con-

ducted at 34-ID-C. The Laue microscopy tool described in III was used to locate a twinned

Au nanocrystal on the patterned Au sample. The two grains were located at the same po-

sition on the sample and had orientations of [011][111] and [101][111], which constitute an

exact FCC twin relationship by a 60◦ rotation about a [111] axis. Six Bragg peaks were

measured from each crystal. They can be seen in Figs. 4.6 and 4.7. The data was collected

with angular steps from −0.5◦ to 0.5◦ with a step size of 0.01◦. This scan was repeated four

times on each peak, with the Bragg peak being re-centered on the detector after each scan.

All scans were then aligned and added together to be used for phase retrieval.
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Figure 4.5: Central slice of diffraction patterns from 4 Au reflections. Intensity plotted on log scale, with
peak max set to 107 for all peaks.
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Figure 4.6: Central Frame of six Bragg peaks from Grain 1 of the twin dataset. Intensity plotted on log
scale, with peak max set to 107 for all peaks.

Figure 4.7: Central Frame of six Bragg peaks from Grain 2 of the twin dataset. Intensity plotted on log
scale, with peak max set to 107 for all peaks.
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Analysis of this sample is underway, but preliminary results will be used to help validate

the multi-grain reconstruction routine outlined in Chapter VI. To our knowledge, this is the

first ever BCDI experiment where multiple peaks were measured from neighboring grains.

4.2.3 Measure multiple Bragg peaks from a single grain under load

In July 2021, a HE-BCDI experiment on a Pt-trench sample was conducted at 1-ID. X-

ray tomography was used to locate the Pt trench in the sample and to align the beam.

Then a ff-HEDM scan was collected to determine the orientations of all crystals in the

sample, that one might be picked to study. A grain was selected and six Bragg peaks were

collected from the sample using BCDI at room temperature. After this, the sample was

heated to 160◦C and the six Bragg peaks were collected again. The sample was then cooled

back to room temperature so that the effect of heating on the internal structure could be

observed. Figure 4.8 shows six Bragg peaks collected at room temperature. Analysis of this

experiment is still underway and will be discussed in more detail in Chapter VII.

Figure 4.8: Central Frame of six Bragg peaks for the Pt trench sample collected at 1-ID. Diffraction patterns
were collected at room temperature
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4.2.4 Sources of Experimental Error

There are several sources of error typical to BCDI datasets. The first is partial coherence of

the beam. Particularly at high energies, the x-ray beam cannot be assumed to be perfectly

coherent. Additionally, measuring a particle larger than the coherence length (Eq. 2.9),

scattering cannot be considered coherent. Because the coherence length at 1-ID is ∼ 235

nm, many particles measured at this beamline are slightly larger than the coherence length.

This reduced coherence leads to a blurring of the diffraction pattern and reduced fringe

visibility, as can be seen if one compares the fringes in Fig. 4.5 and Fig. 4.8. The fully

coherent intensity can be estimated by optimizing a 3-D Gaussian partial-coherence function

to be convolved with the forward-modeled intensity ψ̂i(q) during phase retrieval [74,75], but

it cannot be guaranteed that the true coherent intensity will be found. Additionally, stray

scattering on the detector adds noise to the data, and is usually handled by thresholding.

Kinematic diffraction is typically assumed in BCDI, but especially for larger grains or

multi-peak datasets dynamical diffraction may begin to influence the data and a refraction

correction would be required for each Bragg peak. Other sources of experimental error

include imperfections in the beam and particle drift from the crystal shifting slightly during

measurement. All of these are common issues in BCDI and can be dealt with to some

extent.
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CHAPTER V

Multi Peak BCDI

As discussed in Chapter II, several multi-peak reconstruction algorithms have been de-

veloped and demonstrated on simulated data, but as yet, none have been deployed on

experimental data, which has historically proven more difficult to reconstruct, due to im-

perfections in the datasets. This chapter details our own multi-peak reconstruction routine,

along with the genetic algorithm in which it is used. We demonstrate its efficacy on sim-

ulated and experimental data and show improvement over independent phase retrieval in

terms of reconstruction accuracy and consistency for reconstructing both both types of data.

The work in sections 5.1 and 5.2 has been published in [76].

Additionally a brief study is made of reconstructing dislocations in multi-peak BCDI.

Studying dislocations is a major goal of BCDI work [23, 77] and it will be important for

any multi-peak phase retrieval routine to be able to handle the difficulties involved with

dislocations in BCDI datasets. We demonstrate the ability of our routine to consistently

reconstruct datasets with dislocations and the improved accuracy gained by using a genetic

algorithm over conventional multi-peak BCDI.

5.1 Multi-Peak Reconstruction Methods

5.1.1 Coupled Phase Retrieval with ER/HIO

The coupled phase retrieval (CPR) approach we developed and deployed on simulated and

experimental data is described in this chapter1. The strategy is composed of two major

1Text in sections 5.1 and 5.2 taken from Wilkin et al. [76]. Copyright © 2011 by American Physical
Society. All rights reserved.
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components: an adaptation of the BCDI ER/HIO phase retrieval strategy in which a mech-

anism of coupling information from multiple Bragg peaks is introduced; and utilization of

multiple instances of this modified ER/HIO strategy within the framework of a genetic

algorithm, which is known to provide robustness against stagnation in the context of exper-

imental data. A flow chart of the CPR algorithm utilized here is pictured in Fig. 5.1a. A

CPR reconstruction consists of J parallel constituent reconstructions (hereafter called “con-

stituents”) of J Bragg peaks which have been interpolated onto a uniform grid and rotated

into a common laboratory frame using the approach defined by Maddali et al. [21]. A se-

quence of fixed point iteration steps consisting of ER and HIO (hereafter called a “recipe”)

is used for each constituent. Every twenty iterations, the phase and amplitude values from

each constituent j, (ϕj(x) and ρj(x) from Eq. 2.11), are combined to calculate universal

values ρ(x) and u(x), which are defined below. These values are then then used to seed the

new phase and amplitude values (ϕj
′(x) and ρj

′(x)) for the next twenty iterations of each

constituent.

During the combination step, the universal amplitude ρ(x) is calculated by averaging

the ρj(x) fields returned from each peak according to

ρ(x) =

∑J
j=1 ρ̂j(x)

J
. (5.1)

where ρ̂j(x) is the real space amplitude for constituent j, normalized by its sum over all

voxels. At specified iterations, shrinkwrap (Eq. 6.15) is applied to this universal amplitude

ρ(x) (rather than to each constituent amplitude ρj(x)), and the universal support S is

updated. This new support function is then used as the new real-space constraint for

each constituent at all successive ER and HIO steps until shrinkwrap is applied again.

This support refinement process effectively selects the morphology of one of the two phase

retrieval twins [78] and enforces it on all constituents to the end.

Additionally, the universal displacement field u(x) is updated during the combination

step, using the least-squares optimization proposed by Hoffman [23]. In this approach, u(x)
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is optimized on a voxel-by-voxel basis to minimize the loss function

Ln =
J∑

j=1

(un ·Gj,hkl − ϕj,hkl,n)
2, (5.2)

where the subscript n denotes a voxel in the reconstructed array. If the phases are consistent

for a given image voxel across all constituents, L is zero. More commonly, there will be

inconsistencies in the constituent phases, and the loss function L provides a way to find the

most consistent displacement field in that pixel.

Our algorithm utilizes this strategy to reconcile inconsistencies in the constituent recon-

structions in terms of u(x) every twenty iterations throughout the reconstruction process.

5.1.2 Genetic Algorithm

Single Bragg peak experimental BCDI data sets have been found to benefit from a guided

phase-retrieval algorithm [7,79,80] approach, which improves the robustness of the solution.

Aiming to leverage the benefits of such algorithms, we have adopted a similar strategy

for the CPR approach presented here, based on the work of Ulvestad et al. [7]. Genetic

algorithms (GA) are a family of methods which use the theory of natural selection to

optimize a solution. A population of possible solutions (“individuals”), each possessing

a set of attributes (“chromosome”), are evolved over a series of generations to produce

the best possible solution. At each generation, the “fittest” individual is bred with all

others, updating their chromosomes and creating a new generation of individuals. This

process proceeds until the fittest individual sees negligible improvement from generation

to generation. The work by Ulvestad etal. describes a genetic algorithm in which each

individual is a reconstruction of the same Bragg peak, with ψ(x) being the chromosome.

The initial population of individuals in the first generation are seeded with a random-phase

starting guess and a cube support, and phase retrieval is applied to each. The individual

with the lowest χ2, Eq. 2.21, after phasing is selected as the ‘fittest’ and bred with all other

individuals according to

ψi+1
m =

√
ψi
f (x) ∗ ψi

m(x), (5.3)
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Figure 5.1: Schematic of the CPR routine (a) and CPR-GA (b). Each peak is put through a phase retrieval
recipe including iterations of ER and HIO. At designated iterations during the recipe, the uni-
versal values u(x) and ρ(x) are computed from the most recent phases and amplitudes from
each constituent. The new u(x) is projected along each Gj,hkl vector to update the phase guess
for each constituent ϕj

′(x), and the new ρ(x) is used to update the amplitude guess ρj
′(x). At

specified iterations, shrinkwrap is applied to the universal amplitude to update the universal
support S, which is used for all constituents. The CPR-GA depicted consists of three genera-
tions of three individuals. Individuals are instances of the CPR routine in (a). Individuals are
bred with the fittest individual after each generation by averaging their u(x) and ρ(x) values.
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where the subscript f denotes the fittest individual, the subscript m denotes one of the

other individual reconstructions within generation i. Then, ψi+1
m is used as the initial guess

for individual m and another round of phase retrieval is applied. This process is repeated

for a specified number of generations, after which, the fittest individual is chosen as the

final reconstruction. The state-of-the-art for independent phase retrieval (IPR) of multiple

Bragg peaks consists of reconstructing each peak using this GA and finding the common

u(x) and ρ̄(x) from the final reconstructions using Eq.5.1 and Eq. 6.7 respectively. We will

call this approach “IPR-GA.”

In this work, we modify the above GA routine so that each individual is a CPR re-

construction and breeding is performed on the quantities ρ̄(x) and u(x). We will call this

approach “CPR-GA.” A flow chart showing the CPR-GA is shown in Fig. 5.1b for three

individuals bred for three generations. For the first generation in this example, each of the

three individuals is seeded with a random phase start and a cube object support on all its

constituents. The CPR routine is executed on each individual, yielding three amplitudes

ρ̄(x) and displacement fields u(x). The individual with the lowest χ2 =
∑

j χ
2
j (summed

across all constituents) is selected as the fittest, and its amplitude and displacement are

bred with all other individuals to seed the next generation of CPR reconstructions. Thus,

the amplitudes and displacement fields of the (i+1) generation of individual m are defined

by the breeding functions:

ρ̄i+1
m (x) =

√
ρ̄im(x) ∗ ρ̄if (x) (5.4)

and

ui+1
m (x) =

ui
m(x) + ui

f (x)

2
. (5.5)

This pattern repeats for a specified number of generations until χ2 converges.

5.1.3 Confidence Metrics

When reconstructing multiple peaks, it is important that the constituents show good agree-

ment with their measured diffraction patterns (low χ2) and with each other (low L). We
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define a scalar L for a multi-peak reconstruction as

L =

∑N
n=1 ρ̄nLn∑N
n=1 Sn

, (5.6)

summing over all N voxels in the 3D array describing the sample reconstruction space.

In this expression, per-voxel Ln values were weighted by the amplitude ρ̄n (dampening

the contribution of low-fidelity voxels to the total value), and normalized by the support

volume
∑N

n=1 Sn. We also utilize the scalar value χ2 (defined in Eq. 2.21) to assess the

reconstructions. L and χ2 effectively act as fidelity metrics in real and reciprocal space

respectively, and both will be considered when analyzing results.

5.1.4 Sampling Geometry and Interpolation

In BCDI, the diffraction pattern is sampled in three directions: detector x axis, detector

y axis, and the scanning direction θ. Each of these directions correspond to a vector in

Fourier space, which we will call q1, q2, and q3 respectively. The length of each vector is

the sampling step size in that direction. In the x,y plane of the detector, the sampling step

size is determined by the pixel pitch. Thus, ||q1|| and ||q2|| are typically equal. ||q3||, on

the other hand, is derived from the step size in θ during the scan. Because the curvature

of the Ewald’s sphere is low at 9keV and the angular steps are small (typically ∼ 0.01◦),

successive detector images are assumed to be parallel to one another and orthogonal to

q3. Together, q1, q2, and q3 make up a set of sampling basis vectors which we will call B.

Typically, diffraction patterns are sampled on a non-orthogonal grid because the detector

is not perfectly orthogonal to the diffracted beam kf . It is also common for ||q3|| to be

larger than ||q1|| and ||q2|| as the detector usually oversamples the diffraction pattern at a

higher rate than is necessary. Determination of these sampling bases is different for each

BCDI beamline and out of the scope of this work. Methods for determining these bases are

detailed in work by Maddali et. al. [21].

The fact that the data is sampled on a non-uniform, non-orthogonal grid means that

any reconstruction of said data will be reconstructed on the same such frame, albeit in real

space, rather than Fourier space. Thus, for visualization of a reconstruction, it is necessary
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to represent the data on this sheared grid, rather than a regular, orthogonal one. Because

different Bragg peaks are collected at different sample stage and detector positions, combin-

ing multiple reconstructions also requires an interpolation and rotation of each reconstruc-

tion from a unique sheared grid in the detector frame to a common orthogonal grid crystal

frame. While this is perfectly feasible in the IPR method, the computational cost of inter-

polation becomes unwieldy in the CPR algorithm [25]. Interpolation post-reconstruction

would require an interpolation step for every constituent during every combination step in

the CPR algorithm, Additionally, the combined reconstruction would have to be interpo-

lated back onto the sheared detector frame grid for the next round of phase retrieval for

each constituent. This results in two interpolations per constituent for each combination

step in the CPR routine, meaning hundreds of interpolations during the course of an en-

tire routine. To remedy this, we perform the interpolation and rotation step on the raw

dataset. By doing the interpolation in Fourier space, it only has to be done once, driv-

ing down the computational cost considerably. It is possible that interpolating the dataset

itself results in artifacts in the final reconstruction, but it stands to reason that interpo-

lating the data once is better than interpolating the reconstruction twice per iteration for

thousands of CPR iterations. This will be discussed further in Chapter VII.

The rotation and interpolation step begins by selecting a voxel size for the new crystal-

frame grid. If the sampling basis for peak j is Bj , the volume of a unit cell in the raw

dataset in the detector frame is det(Bj). The new grid must be uniform, so we choose a

voxel size l which is equal to

l =

J∑
j

det(Bj)
(−1/3)

J
. (5.7)

This should ensure that the diffraction pattern sampling rate is not increased or decreased

during the interpolation step. Following the determination of the grid, the total reciprocal

space range in each sampling direction for dataset j is determined according to

rj = Bjpj (5.8)

where pj is a 3 × 1 array containing the number of pixels in each dimension of the raw
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dataset. A new orthogonal grid is constructed which spans [0, rm) (for m ∈ x, y, z) in each

dimension with a step size of l. To save computational cost, it is simpler to interpolate from

a uniform grid to a non-uniform grid. Because the known data points in the crystal-frame

exist on a non-uniform grid and the unknown points on a uniform grid, the interpolation

is best done in the detector frame, where the known points are on a uniform grid and

the unknown points on a non-uniform grid. Each unknown crystal-frame grid point xn is

transformed back to the detector-frame according to

x′
n = B−1xn (5.9)

The raw data is then interpolated onto the new points x′
n (for n ∈ [1, N ]) in the detector-

frame. This step results in J datasets in a common uniform grid, ready to be used for

CPR.

5.2 Validation of CPR algorithm

The CPR-GA was validated using both simulated and experimental data sets. For the

simulated data set, a 3D shape function of a nominally 400 nm gold nano-particle was

extracted from a grain growth simulation performed with the SPPARKS Monte Carlo Potts

Model [81] and decorated with a u(x) field. The phase fields of four Bragg reflections,

(1, 1, 1), (1, 1, 1̄), (1, 1̄, 1) and (1̄, 1, 1), were calculated and their Bragg peaks generated by

taking the DFT of the object and squaring it’s modulus (Eq. 2.13). The grain was zero-

padded so that the diffraction patterns would be oversampled by a factor of 2. The peak

intensity was scaled to a max photon count of 107, and Poisson noise was then added on a

pixel-by-pixel basis.

This data set was reconstructed using the IPR-GA and the new CPR-GA. For the IPR-

GA, five generations of eight individuals were used, with the population being culled to

the four best individuals after two generations. For each generation, all individuals were

reconstructed using the following phase retrieval recipe 2 , which consisted of:

2A customized phase retrieval software [82] was used for all reconstructions.
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1. 100 iterations of ER, update support after iterations 60 and 100

2. 60 iterations of HIO

3. 80 iterations of ER, update support every 40 iterations

4. 60 iterations of HIO

5. 100 iterations of ER, update support every 20 iterations

6. End of generation. Breed with fittest individual.

At the end of each generation, the displacement was calculated using the least-squares

approach in Eq.6.7 with the fittest individuals from each peak.

For the CPR-GA, the recipe above was used for all constituents to evolve a single gen-

eration for each individual. For each CPR reconstruction in the CPR-GA, the universal

values u(x) and ρ(x) were updated every 20 iterations during the recipe, and, at specified

iterations, the support update operation was applied to the global support S. Five gen-

erations of eight individuals were used for the CPR-GA, with the population being culled

to the four best individuals after two generations. The number of generations was deter-

mined to ensure convergence in χ2, such that the χ2 decreases by a negligible amount from

generation to generation [83].

An experimental data set was collected at the 34-ID-C beamline at the Advanced Pho-

ton Source (APS). Using Laue diffraction, four reflections, (1̄, 1̄, 1̄), (1, 1, 1̄), (1, 1̄, 1), and

(2, 0, 0), were found for a Au nano-crystal de-wetted onto a Si(100) substrate [68]. BCDI

measurements were taken for each reflection. The diffraction patterns corresponding to

each reflection were interpolated onto a regular grid and rotated into the same reference

frame [21]. The same reconstruction approach was used as for the simulated data. Six gen-

erations of eight individuals were used for both the CPR-GA and the IPR-GA, with the

populations being culled to the four best individuals after two generations. The number of

generations was chosen as the point at which the percent improvement in fitness between

the best individual from the current generation and the best individual in the previous

generation drops below 1%
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Figure 5.2: L(x) map for IPR-GA (top) and CPR-GA (bottom) for the simulated data set. The best
reconstructions were chosen for each method. Cross sections in the x-y, x-z and y-z planes are
shown. The CPR-GA reconstruction shows lower L values at nearly every voxel, suggesting good
agreement between its constituents. L values have been capped at 10−6 in order to visualize the
values in the coupled reconstruction.

5.2.1 Validation of CPR on Simulated Data

In order to assess and compare the overall efficacy of the CPR-GA approach versus the

IPR-GA approach over repeated instantiations, the simulated data sets were reconstructed

40 times using the IPR-GA and 40 times using the CPR-GA, each with different random

starting guesses. In each of the 40 reconstruction runs, five generations of the GA were

performed. A plot of confidence metrics averaged over all 40 runs is shown at each generation

(Fig. 5.5). The plotted metrics for each method are the average L and χ2 values at each

generation normalized by the sum over all generations, Ltot and χ
2
tot respectively.

By the end of five generations, the CPR-GA performed better in both χ2

χ2
tot

and L
Ltot

showing an improvement of 3.87× 10−2 in χ2

χ2
tot

and 6.66× 10−2 in L
Ltot

or 39.2% and 96.7%

respectively. An L map of the best reconstruction from each method can be seen in Fig. 5.2.

The CPR-GA reconstruction shows lower L at nearly every voxel.

Comparison of strain fields in the ground truth crystal and reconstructed crystal can be

seen in Fig. 5.3. It is clear that the CPR-GA method was able to accurately recover the

strain shape and magnitude with great accuracy.
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Figure 5.3: Comparison of strain fields in the ground truth crystal (top) and the best reconstructions using
CPR-GA (middle) and CPR (bottom). Cross sections were chosen based on the direction of
greatest strain gradient in the simulated crystal. It can be seen that CPR-GA produces more
accurate strain fields than vanilla CPR.

5.2.2 Validation of CPR on Experimental Data

The experimental data sets were also reconstructed 40 times using both algorithms. An

example CPR-GA reconstruction can be seen in Fig. 5.6. This result is physically plau-

sible, as it is expected that the Au nano-crystal would be faceted and have a flat surface

where it touches the Si substrate. The strain fields were calculated by differentiating the

displacement field with respect to the sample-frame directions x, y, and z, given as

ε =


dux
dx

1
2

(
duy

dx + dux
dy

)
1
2

(
duz
dx + dux

dz

)
1
2

(
duy

dx + dux
dy

)
duy

dy
1
2

(
duz
dy +

duy

dz

)
1
2

(
duz
dx + dux

dz

)
1
2

(
duz
dy +

duy

dz

)
duz
dz

 . (5.10)

As seen in Fig. 5.4, the CPR-GA reconstruction shows lower L values than the IPR-GA

reconstruction throughout the crystal volume. A comparison of the error for each recon-

struction method can be seen in Fig. 5.5. For the experimental data, the CPR-GA again

performed better than the independent routine in both metrics, showing improvement of

4.1× 10−3 in χ2

χ2
tot

and 5.09× 10−2 in L
Ltot

, improvements of 5.07%, and 53.23% respectively.
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Figure 5.4: L(x) map for IPR-GA (top) and CPR-GA (bottom) for the experimental data set. The best
reconstructions were chosen for each method. Cross sections in the x-y, x-z and y-z planes are
shown. The CPR-GA reconstruction shows lower L values than the IPR-GA, suggesting good
agreement between its constituents. L values have been capped at 4× 10−5 in order to compare
smaller values in the interior of the crystal.

While the χ2

χ2
tot

value converges for the IPR-GA, the L
Ltot

value actually increases gradually,

suggesting that the constituents drift further apart with each generation. Conversely, the

L
Ltot

for the CPR-GA stays constant as χ2

χ2
tot

converges. This demonstrates that, by com-

bining reconstructions every 20 iterations, the CPR-GA effectively reduces L
Ltot

by sharing

information from all Bragg peak measurements during phase retrieval, while the IPR-GA

does not. Though less pronounced than for the simulated data, the improvements in both

L
Ltot

and χ2

χ2
tot

for the experimental data demonstrate that the CPR-GA provides a more

self-consistent estimate of u(x) than the IPR-GA.
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Figure 5.5: Comparison of the average χ2

χ2
tot

and L
Ltot

over 40 reconstructions of the simulated (top) and

experimental (bottom) data sets using the independent and coupled routines. It is clear that the
coupled routine performs favourably compared to the independent routine for both data sets.
Spurious errors for the L

Ltot
values for the independent reconstruction reflect the fact that L

Ltot

is unconstrained in this method.

Figure 5.6: CPR-GA reconstruction of experimental Au nano-crystal on Si substrate. The strong facets and
existence of a flat surface on the x-z plane agree with expectations.
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5.3 Reconstructing Dislocations

Because the ultimate motivation behind our use of BCDI is the study of plasticity in poly-

crystals, we must address the reconstruction of dislocations and the difficulties introduced

by their presence. As described in Chapter II, the Burger’s vector of a dislocation represents

the magnitude and direction of the lattice distortion caused by the dislocation. Because

bonds have been broken at the core of the dislocation, there exists a local discontinuity

in the lattice displacement field there. Given that BCDI voxels are tens of nanometers in

length, the strain fields from the dislocation are only observed far from the core. Nev-

ertheless, this discontinuity creates mathematical difficulties during phase retrieval. The

displacement field around a screw dislocation can be seen in Fig. 5.7 and an edge disloca-

tion in Fig. 5.8.

It can be seen that in both dislocation types, there is a discontinuity extending radially

from the dislocation core to the edge of the crystal. This discontinuity is an artifact of

Burger’s vector construction. Because atoms about a dislocation are arranged in a helix,

instead of parallel planes, the displacement field contains a discontinuity where the 360◦

helix segment ends. The displacement at this point is exactly b, which is the lattice distortion

caused by the screw dislocation as the lattice displacement increases by b with each rotation

about the dislocation core. Locally, this displacement field is not actually discontinuous,

given that each atom is only slightly displaced from its neighbors, but when viewed from

the context of a single lattice plane, a discontinuity exists. The elastic strain is equal

to 1
2 [∇u(x) + [∇u(x)]T ] . The gradient of a discontinuous displacement has no physical

Figure 5.7: Cross section of the displacement field of a screw dislocation along the [110] axis. Because
screw dislocations only displace atoms parallel to the Burger’s vector, only one component of
the displacement is nonzero.
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Figure 5.8: Cross section of the displacement field of a edge dislocation along the [110] axis. Edge dislocations
have a component of displacement perpendicular to the burger’s vector.

meaning, so it must be removed.

Hofmann et al. demonstrated a method for handling discontinuities in elastic strain

on a reflection by reflection basis [23]. Their multi-peak reconstruction technique involved

computing the gradient of the phase along each axis and combining this information to

construct the elastic strain tensor. Because phase is the projection of the displacement

along the scattering vector, the contribution of the Burger’s vector to the phase can be

given as b ·Ghkl. Any displacement of more than one lattice spacing d will result in a phase

wrap, where the phase range exceeds 2π. Thus, the phases corresponding to reflections

sensitive to the dislocation Burger’s vector can have a range of −π to π, resulting in a

discontinuity. To correct for the discontinuity in phase gradient, two degenerate phase fields

are constructed by adding and subtracting π
2 to ϕ. This rotates the discontinuity clockwise

and counterclockwise from its original position. The gradient of these fields is taken with

respect to all axes and the final gradient array is assembled by taking the gradient of the

smallest magnitude from the three options for each voxel.

A similar technique will be used here to deal directly with the displacement field returned

from CPR. It is necessary to do this for the displacement instead of the phase because

CPR constantly transforms between phase space and displacement space, and strain is only

determined as a post processing step. Because it is impossible to correct the displacement

field discontinuity itself, we must apply it at the end.

To correct the strain fields obtained from u(x), a constant u0 is added to the displace-

ment field. The values above the original maximum are shifted by −range(u(x)), rotating

the displacement discontinuity. The same procedure is then applied using −u0 as the con-
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stant. We now have three degenerate displacement fields, which we will call u0, u+ and u−.

The gradient of each of these fields will be taken and the voxel with the lowest strain mag-

nitude in from each will be used to construct the lattice strain field. This procedure can be

seen in Fig. 5.9. Example strain fields about a screw dislocation with the discontinuity and

after the discontinuity has been reomved can be seen in Figs. 5.10) and 5.11.

Figure 5.9: schematic of strain discontinuity removal based on the technique developed by Felix Hofmann.

It can be seen that this technique adequately removes the strain discontinuity and

produces the correct strain fields about a screw dislocation. The difficulty with applying

this technique is that the phases for each constituent reflection must be aligned such that

the discontinuity is in the same position.

Because BCDI datasets are sensitive to a projection of the lattice displacement, certain

Bragg reflections will not be sensitive to the dislocation at all. Take, for example, a 1
2 [110]

screw dislocation, with b = a√
2
. The dislocation will not appear in the [002] reflection, nor

in the [111] reflection because b ·Ghkl = 0. The reflections in which it does exist, however,

contain projections of the burger’s vector along the scattering vector. This means that the

resulting phase field will contain a discontinuity where the displacement field does. For FCC
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Figure 5.10: Six components of elastic strain tensor for displacement field around screw dislocation with
discontinuity.

Figure 5.11: Six components of elastic strain tensor for displacement field around screw dislocation with
discontinuity removed.
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Figure 5.12: Multi-Peak reconstruction where the discontinuities in the phases of each constituent do not
agree.

crystals, the most likely reflections that can be measured are the [200] and [111] families.

Thus, the phases, given by ϕ(x) = Ghkl · u(x) will have an offset of 2π at the discontinuity

for each reflection that contains the dislocation. This further complicates matters because

phase-retrieval is agnostic to the location of the discontinuity. Given that lattice planes

about a dislocation are indistinguishable due to their helical nature, the location of the

phase discontinuity is not fixed and different phase retrieval results from different random

starts will not necessarily contain phase discontinuities at the same locations.

It has already been demonstrated that CPR provides better reconstructions than IPR

when reconstructing dislocations. Gao et al. [25] demonstrated that reconstructing mul-

tiple peaks simultaneously can force each constituent reconstruction to reach its global

minimum; however, they discussed the difficulty in producing a displacement field which

agrees with each reconstruction. This is because it is difficult to align the discontinuities

in phase between the multiple reflections. When combining the phases, displacement fields

with several discontinuities can be produced, as can be seen in Fig. 5.12. Because each con-

stituent reconstruction is close to its global minimum, combining them doesn’t always force

the discontinuities to agree. As mentioned previously, the location of the discontinuity is

arbitrary and has no bearing on the χ2 values for each constituent. Thus, it is possible for

each constituent to reach its global minimum and still disagree with the other constituents

with regard to the location of the phase discontinuity. Though each of the phases used to

produce this displacement field are correct, their discontinuities do not align. This result is

not physical and cannot easily be used to compute the elastic strain.
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5.3.1 Comparison of CPR-GA and CPR for Reconstructing Dislocations

It was hypothesized in I that using the CPR-GA algorithm would help force the disconti-

nuities to be consistent between each constituent reconstruction. If the least-squares error

L is used as the fitness criterion, and constituents are combined frequently during the CPR

process, the individuals with the most agreement between constituents should consistently

win. To test this, a multi-peak BCDI dataset was created with a screw dislocation and an

edge dislocation. The displacement field about the screw dislocation core is given as

uz =
b

2π
tan−1 y

x
, (5.11)

where uz is the displacement in the direction parallel to the Burger’s vector, b is the magni-

tude of the Burger’s vector b, and y and x are the coordinates of points in the plane normal

to b [28]. An FCC Cu crystal was used, so the simulated Burger’s vector is 1
2 [011] . This

displacement field was then projected along [111], [111], [111], [002] and [200], and used to

simulate Bragg peaks. The phases associated with the forward-model of each reflection can

be seen in Fig. 5.14. It can be seen that 3 of the peaks contain a phase field that spans −π

to π, because the projection of the Burger’s vector along these g vectors results in a dis-

placement of d at the discontinuity line. The other two reflections are not sensitive to the

dislocation because because b ·Ghkl = 0 for these reflections.

Figure 5.13: Cross section of [011] plane with three components of displacement shown in the crystal frame.
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Figure 5.14: Cross section of the Phases associated with each simulated dataset (top) and their corresponding
Bragg peaks (bottom) for a screw dislocation

Another simulated dataset was created for a is 1
2 [110] edge dislocation. The [110] plane

in the crystal is shown, with the displacements in the crystal frame. The displacement field

about an edge dislocation is

ux =
b

2π

[
tan−1 y

x
+

xy

2(l − ν)(x2 + y2)

]
, (5.12)

uy = − b

2π

[
1− 2ν

2(1− ν)
ln(x2 + y2) +

(x2 − y2)

4(1− ν)(x2 + y2)

]
, (5.13)

where b is the magnitude of the Burger’s vector, and ν is Poisson’s ratio for Cu [84,85].

The same four reflections that were used for the screw dislocation were used for the edge

dislocation. The displacement field in the crystal frame as well as the phases and datasets

can be seen in Fig. 5.15 and Fig. 5.16 respectively.

Figure 5.15: Cross section of [110] plane with three components of displacement shown in the crystal frame.
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Figure 5.16: Cross section of the Phases associated with each simulated dataset (top) and their corresponding
Bragg peaks (bottom) for a edge dislocation

Each dataset was scaled to a photon maximum of 106 and Poisson noise was added. The

datasets were forward modeled in a common frame so that the rotation and interpolation

described in 5.1.4 was not necessary here. To test the improvement of CPR-GA over generic

CPR, two recipes were chosen so that χ2 converged for each technique. The reconstruction

recipes were adapted from the one used in 5.2 because preliminary trials showed that a longer

recipe was required, with more frequent combination steps. The basic recipe consisted of 5

iterations of ER followed by 5 iterations of HIO, with constituents being combined every 5

iterations. Every 100 iterations, shrinkwrap was applied to ρ(x). For CPR, this procedure

was applied for 6000 iterations. For CPR-GA, this procedure was applied for 250 iterations

per generation. Eight generations were used, beginning with six individuals and culling to

three after the fourth generation.

Thirty reconstructions were completed using each method. The results are displayed

in Fig. 5.17. It can be seen that the CPR-GA outperforms the CPR in both χ2 and L

for both edge and screw dislocation cases. By using L as the fitness metric in the GA,

individuals with phase discontinuities closer together are favored, and over the course of

several generations, the discontinuities are brought to the same location.

A plot of the best reconstructions of the edge dislocation and screw dislocation can be

seen in Fig. 5.18 and Fig. 5.19. It must be noted that the best reconstructions from both

the CPR and CPR-GA method look comparable to one another. The real benefit to using

the CPR-GA is the consistency with which the correct result is returned. Though coupling
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Figure 5.17: Comparison of CPR-GA to CPR for edge and screw dislocations. The plots show the average
χ2 and L values for each method over 30 reconstructions. Recipes of different lengths were
required for both techniques to converge with respect to χ2. 6000 iterations were used for CPR
and only 2000 iterations for CPR-GA (250 per generation). For the sake of comparison, the
CPR error is recorded at eight equidistant points (every 750 iterations) and plotted next to the
CPR-GA error after each generation. Thus, a ”generation” in the CPR reconstruction is just
750 iterations of the recipe.
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Figure 5.18: Cross section of the best screw dislocation reconstruction produced by CPR-GA. It can be seen
that the discontinuity spans only one pixel, meaning each of the phases is in agreement.

Figure 5.19: Cross section of the best screw dislocation reconstruction produced by vanilla CPR. It can be
seen that the discontinuity spans only one pixel, meaning each of the phases is in agreement.

multiple peaks together helps to pull them out of local minima, the previous section showed

the benefit of using the GA to ensure that the best result is reached much more frequently.

Table 5.1 shows the χ2, L, and success rate for successful dislocation reconstruction. Vanilla

CPR returned non-realistic displacement fields, like those seen in Fig. 5.12, 37% of the time

for edge dislocations and 53% of the time for screw dislocations, while the CPR-GA only

returned non-realistic displacement fields 10% and 3% of the time respectively. It is clear

that, in addition to CPR-GA having lower χ2 and L values on average, it is also more likely

to produce the correct solution, i.e. where the discontinuity is aligned in all constituents.

For the edge dislocation reconstructions, the CPR-GA showed an improvement of 30.2%

in χ2, 59.7% in L, and 26.7% in success rate. The performance gap between the two meth-

ods was even larger for screw dislocation reconstructions, where the CPR-GA showed an

improvement of 50.8% in χ2, 59.7% in L, and 50% in success rate. This demonstrates

that CPR-GA is a clear upgrade over vanilla CPR in its ability consistently reconstruct

displacement fields about dislocations. As we move toward collecting datasets with disloca-

tions, reconstructing objects with higher strain will become the norm and techniques such
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Figure 5.20: Cross section of the best edge dislocation reconstruction produced by CPR-GA. It can be seen
that the discontinuity spans only one pixel, meaning each of the phases is in agreement.

Figure 5.21: Cross section of the best edge dislocation reconstruction produced by vanilla CPR. It can be
seen that the discontinuity spans only one pixel, meaning each of the phases is in agreement.

Dislocation Type Error metric CPR CPR-GA

Edge χ2 2.22× 106 1.55× 106

Edge L 1.76× 10−5 7.09× 10−6

Edge Success Rate 63.33% 90.00%

Scew χ2 2.18× 106 1.68× 106

Screw L 1.68× 10−5 6.79× 10−6

Screw Success Rate 46.67% 96.67%

Table 5.1: Results from 30 reconstructions of edge and screw dislocation BCDI datasets using CPR and
CPR-GA. CPR-GA shows clear improvement over vanilla CPR.
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as CPR-GA will likely be needed to accurately resolve the strain and displacement fields.

It must be noted that higher order reflections, such as the [220] family, will produce phase

fields with a double phase wrap and two discontinuities. One of these discontinuities should

be able to be removed via phase unwrapping techniques, but it is not straightforward how

this can be implemented in CPR techniques, as the early displacement fields may contain

non-physical phase jumps in certain places which may not play well with phase-unwrapping

algorithms. This is out of the scope of this work and will be discussed in Chapter VII.

5.4 Discussion

Several CPR routines already exist in the literature, and recent methods developed by

Newton et al. [24] and Gao et al. [25] have sought to design phase retrieval approaches

that utilize multiple Bragg peak data sets in different ways than the routine presented here.

Newton et al. use a sequence of HIO steps interleaved with least-squares corrections to the

displacement field u(x) similar to 6.7, and Gao et al. intermittently update u(x) using an

iterative procedure inspired by the bisection method. What has not yet been addressed

by these works is the applicability of CPR to experimental data. This is important to

consider given that experimental BCDI data of multiple Bragg peaks inevitably contains

artifacts from factors such as particle drift, imperfect beam/sample alignment, background

scattering, etc. which are not present in simulated data sets and which may adversely effect

the performance of CPR strategies.

To handle such imperfections in the data, GA approaches for independent phase-retrieval

(like the IPR-GA in this work) are typically necessary to produce the best reconstructions

[22], and as such, should be the benchmark by which any CPR approach is judged. In

performing such a comparison for simulated and experimental data, we demonstrated that

using a GA with a coupled routine is able to outperform an independent GA, contributing

to the advancement of this family of techniques.

Additionally, it was demonstrated that the CPR-GA method here is effective for recon-

structing the displacement fields of grains with dislocations. By using least-squares error

as our fitness metric, we select the individual in each generation whose phases most closely

agree with the displacement field and breed it with the others, resulting in reconstructions
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with consistent dislocation discontinuity lines throughout all constituents. This agreement

in discontinuity allowed these reconstructions to achieve lower χ2, meaning each constituent

reconstruction was more accurate. This will be beneficial for the eventual study of grain

boundary dislocations. It is well documented that reconstructing phases with dislocations

is a challenging problem and that a genetic algorithm makes this task simpler. By extend-

ing this to coupled phase retrieval, we lay the groundwork for future reconstructions of

experimental data of dislocations.

Given the nascent state of research in this field, it can be imagined that more sophisti-

cated CPR strategies will be developed, and the use of genetic algorithms as implemented

here promises to improve the robustness of such strategies in the context of experimental

reconstructions.

Finally, this algorithm lays the groundwork for a similar Multi-Grain reconstruction

algorithm which will be described in Chapter VI. Unless the full displacement field is recon-

structed, no real study of grain boundary stress and strain can be conducted. These CPR

and CPR-GA methods make it possible to accurately reconstruct the displacement fields,

so the multi-grain reconstruction routine is theoretically possible.
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CHAPTER VI

Multi-Grain BCDI

6.1 Introduction

With the ability of modern coherent x-ray facilities to orient crystals at the beamline,

potential exists for BCDI on neighboring grains within a microstructure or on isolated

bicrystals. Such experiments would allow for the study inter-granular phenomena such

as grain boundary dislocations, slip transmission, twinning, and grain boundary evolution

under load. Single-reflection BCDI has been demonstrated as a tool for 3D imaging of

dislocations and other defects, but at its best, can only provide projections of lattice strain,

making it impossible to construct a meaningful strain field between two neighboring crystals.

With the advent of multi-reflection BCDI, it is possible to retrieve the full displacement

field, and thus the strain field, from individual grains, making it possible to study grain

boundary phenomena. Typically, however, the boundary voxels of a crystal are difficult

to resolve due to difficulties constraining the crystal volume. While this is inconsequential

in single-crystal BCDI, when defects such as dislocations are studied primarily within the

grain volume, it becomes problematic when studying bi-crystals and grain boundaries. One

of the facets in each domain in a bi-crystal is necessarily a grain boundary, and inaccurate

reconstructions at grain boundary voxels will significantly complicate the study of grain

boundary strains.

To rectify this, we propose a multi-grain reconstruction method which takes advantage of

grain boundary continuity conditions to improve reconstructions of neighboring grains. Just

as the CPR algorithm took advantage of multiple Bragg peaks to further constrain single-

grain reconstruction, this algorithm uses grain boundary morphology and displacement
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field continuity to constrain the grain boundary voxels of each coupled reconstruction. In

its current state, the algorithm we propose requires a flat grain boundary and knowledge

of the grain boundary plane in each crystal. This assumption is not unreasonable for the

types of bi-crystal datasets it is feasible to collect at current synchrotron sources. Given

the coherence-length limits on grain size for BCDI at 1-ID and 34-ID at the APS (235

nm and 1 µm respectively), neither the Laue diffraction microscopy method at 34-ID nor

far-field HEDM at 1-ID have the resolution to accurately provide a spatial map of any

polycrystalline samples. This issue should be partially resolved after the APS-U, when

the coherence length of each beamline will increase, but it is likely that determination of

neighboring grain positions will remain difficult. Thus, there are currently two methods

being pursued for studying grain boundaries using BCDI: using a FIB to carve and mount

isolated bicrystals from a polycrystal with grain sizes ∼ 200µm or de-wetting nanocrystals

onto a single-crystal substrate.

In the case of the FIB-ed bi-crystal (described in chapter IV), it is relatively easy to

orient and locate the bicrystals at the beamline because only two crystals are illuminated

by the beam. Because of coherence-length requirements, the bicrystal contains only a small

part of each crystal on either side of the grain boundary. The polycrystals from which

these bicrystals are FIB-ed contain grain sizes above 200µm, so the curvature at the grain

boundary for an 800nm segment will be approximately planar and thus sufficient for our

routine.

For twinned crystals all that is needed is an orientation list of all grains in the sample,

which can be determined via HEDM or Laue diffraction. Each domain in the twin can be

determined from an orientation list by calculating the misorientation between all crystals

and searching for pairs misoriented by 60◦ about a [111] axis, as mentioned in Chapter III.

The twin boundary is necessarily planar, though their may be steps in the surface. The de-

wetted nanocrystals typically used for BCDI often contain twins with no steps and have been

measured in several previous works [86, 87]. Given these realities, it is not unreasonable to

assume a flat crystal boundary. While this is certainly an assumption which simplifies things

considerably, it will be discussed in future sections how any new method for determining

grain boundaries could easily be inserted into the described approach.
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6.1.1 Boundary Conditions

The two boundary conditions considered in this approach are the continuity of displacement

and the continuity of shape. BCDI measurements, with resolution in the tens of nanome-

ters, measure the average behavior of tens of thousands of atoms. Thus we will assume a

continuum mechanical regime for all material points within a single grain. The fundamental

assumption of continuum mechanics is that the material volume is continuous at all points.

This assumption fails at the atomic level, where atomic positions are discrete, but at the

scales represented by voxels in BCDI reconstructions, thousands of atoms are described by

a single value. According to small deformation theory, a deformation of a material point x

within a body can be described by the continuous mapping

x′ = f(x). (6.1)

det∇f represents the volume per unit cell after deformation of the body. Because the

body cannot penetrate itself and chirality must be conserved, det∇f ̸= 0 and det∇f > 0, so

f(x) must be continuous [88]. It is helpful to write f(x) as the sum of a reference position

and displacement x′ = x + u(x). From this formulation, it follows that u(x) must be

continuous. If deformations are small and displacements are continuous and single-valued,

elastic strain can be calculated from u(x) according to ε = 1
2 [∇u(x)+[∇u(x)]T]. Upon this

assumption are based all of the strain compatibility equations, and it is the fundamental

building block for the theory of linear elasticity.

At the macroscale, materials are considered homogeneous, and microstructure is only

accounted for in a statistical sense, given that a single volume element will contain many

grains. At the length scale of BCDI, however, materials points are only considered homo-

geneous within each grain. Here, polycrystalline materials must be treated as composites,

where different grains possess different elastic properties. The misorientation of lattices at

the grain boundary mean that the elastic constants along a particular axis on either side of

the grain boundary are different. Such an interface can be seen in fig. 6.1. In linear elastic-

ity theory, the boundary conditions across a perfectly-bonded, composite interface (in 2D)
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Figure 6.1: 2D composite interface, such as a grain boundary.

are as follows [89]:

u(1)n = u(2)n u(1)s = u(2)s (6.2)

σ(1)n = σ(2)n τ (1)s = τ (2)s (6.3)

Where u
(1)
n and u

(2)
n are the displacements normal to the boundary for grains 1 and 2,

u
(1)
s and u

(2)
s are the displacements tangent to the boundary, σ

(1)
n and σ

(2)
n are the stresses

normal to the boundary, and τ
(1)
s and τ

(2)
s are the shear stresses at the boundary. This

extends to 3 dimensions by enforcing both components of displacement in the boundary as

well as both shear stresses. If such an interface is perfectly bonded (no cracks, voids, or

grain boundary sliding), then both displacements and tractions must be continuous across

the grain boundary. A coherent twin boundary is one of the most perfectly bonded grain

boundaries, given the one-to-one bonding of atoms across the boundary, so these conditions

should hold. Of these two requirements, the displacement boundary condition is the simplest

to use for multi-grain BCDI because displacement is readily available from CPR. If stress

boundary conditions were used, gradients would have to be computed to find the stress, the

stress fields would be aligned, and the new displacement fields would have to be found by

numerical solving of the partial differential equations relating displacement to stress. This

would be computationally costly and would likely lead to the propagation of error from

numerical solvers. Given that we already operate in displacement space for multi-peak
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phase retrieval, we will use the displacement continuity condition in our algorithm.

6.2 Multi-Grain BCDI

The multi-grain BCDI phase reconstruction approach we developed consists of two parallel

CPR reconstructions which are intermittently brought into agreement at the grain boundary

with regard to both shape and displacement fields. A diagram of the algorithm can be seen

in Fig. 6.2. The basic steps are as follows:

1. Reconstruct both grains using CPR

2. add displacement ramp to account for grain-average strain

3. transform displacement field from crystal frame to sample frame

4. determine grain boundary and update supports

5. compute mean displacement offset to bring fields into agreement

6. Enforce local displacement continuity at each boundary voxel

7. transform displacement field from sample frame back to crystal frame

8. subtract displacement ramp

9. repeat using new u(x) and supports for CPR

The determination of the grain boundary without a priori knowledge is easily the most

difficult step in this routine. For the sake of simplicity, we present a reconstruction technique

for a coherent FCC twin, one of the most common grain boundary types in FCC metals.

The advantages of using a twin system will be discussed in 6.2.3.
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Figure 6.2: Multi-Grain BCDI algorithm

6.2.1 Correct Displacement Ramp

The first step involves adding in displacement ramps which are inherently missing from

BCDI datasets. The displacement field returned from a CPR reconstruction corresponds

to strain perturbations about the grain-average strain. Because the diffraction patterns are

centered in the array during phase retrieval, we do not know how far the Bragg peak has

shifted in 2θ from its nominal unstrained position, and the phase ramps corresponding to the

average change in lattice spacing for each reflection are lost. This results in a displacement

field which is missing a linear displacement ramp, corresponding the grain-averaged strain.

This rarely matters in the case of single grain BCDI but becomes important for multi-

grain BCDI because displacement ramps must be accounted for to reproduce the correct

displacement field across the boundary. The relationship between the actual displacement

field U(x) and the one returned during CPR u(x) is given as
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U(x) = uvol(x) + u(x) (6.4)

where uvol(x) is the linear displacement ramp. uvol(x) can be calculated by finding

the change in the diffraction angle 2θ for each measured reflection from BCDI. Bragg’s law

can be expressed as d = λ
2 sin(θ) . So ∆d, corresponding to the change in lattice parameter

projected along the scattering vector, can be found according to

∆d =
λ

2 sin(θ)
− d0 (6.5)

where d0 is the distance between lattice planes int the unstrained crystal, λ is the wavelength

of the x-ray source, and θ is the scattering angle. This ∆d results in a phase ramp for each

reflection measured in BCDI, which can be calculated on a discrete voxel-by-voxel basis as

ϕvolhkl(xn) =
∆d

d0
(xn ·Ghkl) = uvol(xn) ·Ghkl, (6.6)

where ϕvolhkl(xn) is the projection of uvol(xn) onto the scattering vector Ghkl at voxel n.

Because we have more than three reflections, we perform ordinary least-squares to determine

the best-fit uvol(xn),

uvol(xn) = (gT g)−1gT ϕ̃vol(xn) (6.7)

where ϕ̃vol(xn) is an m × 1 array of the ϕvolhkl(xn) values for all m reflections, and g is an

m × 3 matrix of all the Ghkl vectors for each reflection. This new uvol(x) field is added

to the reconstructed u(x) for each grain, giving the complete crystal-frame displacement

U(x).

6.2.2 Reorientation of grains

To compare displacement fields, both grains must be in a common frame. BCDI datasets

are not collected on a uniform grid, just as in section 5.1.4. For CPR, it was discussed that

all reconstructions must be rotated into a common crystal frame and interpolated onto a

common regular grid so that the phases can be combined to calculate u(x). Because CPR

requires a transformation between the crystal frame of the reconstructed object and the

Computational Methods for Multi-Grain BCDI M.J. Wilkin



6.2. MULTI-GRAIN BCDI 73

detector frames of the BCDI datasets each time u(x) is computed, it is simpler to rotate

and interpolate the datasets themselves onto a common grid, rather than the reconstructed

objects. In Multi-Grain BCDI, we will rotate all the datasets from each grain into a common

orthogonal sample frame.

For ease of aligning both grains in a twin reconstruction, it is beneficial to construct a

sample frame where the twin plane is normal to one of the axes of the frame, allowing us

to easily enforce boundary conditions. An FCC twin system consists of two grains related

to each other by a 60◦ twist about an axis in the [111] family. The orientation of each

crystal must already be known in order to measure multiple Bragg peaks from each (as

discussed in Chapter III), and the two orientations can be used to determine the common

twin plane. The rotation matrices which transform grain one and grain two from their

respective crystal frames to the sample frame are given as o1 and o2. In this routine the

datasets will be transformed again so that the twin-plane normal r̂twin is aligned with the

[010] direction in the sample frame. This transformation is described by a rotation θ around

the axis â given as follows:

â = [010]× r̂twin, (6.8)

θ = cos−1([010] · r̂twin). (6.9)

An orientation matrix o′ can be assembled from â and θ. Though the data has been

rotated into the sample frame, the corresponding displacement fields U1(x) and U2(x) are

necessarily given in the crystal frames of grains 1 and 2 respectively. The sample frame

displacements are related to the crystal frame displacement by the following:

Us
1(xn) = o′o1U

c
1(xn) (6.10)

Us
2(xn) = o′o2U

c
2(xn) (6.11)

where the superscript s denotes the sample frame and the superscript c denotes the crystal

frame and n is a single voxel. Us
1(xn) and Us

2(xn) are now in the same reference frame and

can be compared to one another at the boundary.
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6.2.3 Determining Twin Boundary and Aligning Grains

Now that the grains have been transformed into a common sample frame, they must be

aligned along the twin boundary. Because the orientation of each crystal is known, there

remain only three degrees of freedom for alignment: translation in sample x, sample y and

sample z. For the FCC twin case assumed here, it is known a priori that the boundary

between the two grains must be a single plane. Thus, one of the sides of each reconstructed

grain must be a plane normal to sample [0, 1, 0]. To find the possible twin boundary planes,

the nth discrete difference is taken across the reconstructed amplitudes ρ1(x) and ρ2(x) in

the [0, 1, 0] direction. This difference can be seen in Fig. 6.3.

Figure 6.3: Cross section of Grain amplitude after nth difference is taken. It can be seen that the right
boundary is clearly defined. This boundary is perfect and there are no low-amplitude voxels,
but in a real dataset, these voxels would be bypassed due to the high intensity of the amplitude
at the actual boundary.

Taking the nth difference across the twin plane normal direction provides a rough outline

of the grain volume. The voxels corresponding to the largest and smallest values correspond

to likely boundary voxels because they neighbor voxels with low amplitude. To find the

most-likely twin boundaries in each grain, the sum of this difference matrix is then taken

across the x and z dimensions of the reconstruction array, given as

hi(y) =

N∑
x=0

N∑
z=0

diffy(ρ(x, y, z)) i ∈ [1, 2] (6.12)

hi(y) is now a 1-D array of values whose maximum and minimum correspond to the y
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coordinate of the two possible boundaries for grain i. One of these boundaries will not be

the twin boundary, but both sides must be checked. By applying this technique to the am-

plitude, rather than the support, we aim to exclude low-fidelity voxels in the support near

the grain boundary. The shrinkwrap [46] approach used to shrink the object support dur-

ing phase-retrieval does not allow for precise determination of the grain boundary, and it

is common to see spurious phase and displacement values at the boundary at voxels. This

technique should avoid said voxels because of their low amplitudes and the high-amplitude

boundary will be highlighted as the boundary where the largest difference between neigh-

boring amplitudes occurs. An example of the possible boundaries in two grains can be seen

in Fig. 6.4

Figure 6.4: Example of boundary pair that does match

The two possible boundaries in each grain will be denoted by the superscripts L and

R, corresponding to the left and right sides of the grain in the sample frame. The four

possible boundaries for grains 1 and 2 will be denoted by bL1 ,b
R
1 , b

L
2 and bR2 , which can be

seen in Fig. 6.4. Because the orientation of the grains is fixed, there are only two possible

boundary pairs: bL1 − bR2 and bR1 − bL2 . These pairs can be seen in Figs. 6.5 and 6.6.
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Figure 6.5: Example of boundary pair that does match

Figure 6.6: Example of boundary pair that does not match.
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To determine which is the correct boundary pair, we make use of two interface conditions.

The first requires that the shapes of the supports on either side of the interface must match,

S1(x, b, z) ≈ S2(x, b, z), and the second requires that the displacement fields be continuous

across the boundary. To easily match both conditions, we define a complex vector field, with

the amplitude of each component being the support and the angle being the corresponding

displacement component: M(x) = [S(x)eiUx(x), S(x)eiUy(x), S(x)eiUz(x)]. Because we only

want to align the boundaries, we extract boundary objects Bb(x) = Sb(x)M(x) by multiply-

ing M(x) by a shape function containing only the boundary voxels: Sb(x) b ∈ bL1 , b
R
1 , b

L
2 , b

R
2 .

Because BCDI returns displacements which are zero-centered, displacements on opposite

sides of the boundary will not be continuous without accounting for some constant dis-

placement offset. For the purposes of alignment, the displacements in the Bb(x) fields

are centered about zero, meaning B1(x) should approximately equal B2(x) for the correct

boundary pair.

To determine the optimum boundary pair, the cross correlation of each object Bb(x) is

taken with its corresponding object for the other boundary.

Rm(ξ) = B1
m(x) ⋆ B2

m(x) m ∈ [x, y, z] (6.13)

The sum of the maximum values across each cross-correlation matrix Rm(ξ) serves as

a fitness metric for each boundary pair. This value is calculated for all of the possible

boundary pairs and the pair corresponding to the maximum fitness is selected. Using a

common DFT registration trick [90], the distance between location of the maximum voxel

in the cross-correlation array and the center of the array can be used as the translation

required to move grain boundary 1 into alignment with grain boundary 2, r⃗ given as

r⃗ =
argmax(Rx) + argmax(Ry) + argmax(Rz)

3
. (6.14)

Grain 2 is then translated by the vector r⃗ so that it is aligned with Grain 1. The bicrystal is

then centered in the array. To update the support functions of each grain, the overlapping
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regions of the object amplitudes are corrected according to

S(x) =


S1(x, y, z), if y < b1,

S2(x, y, z), otherwise.

(6.15)

This ensures that the two grain domains do not overlap and that a clean grain boundary

exists between the two crystals.

Phase retrieval twins also have to be accounted for. For each CPR reconstruction,

there are two possible solutions, corresponding to two complex-conjugate phase-retrieval

twins [78]. For every object M(x) there is a corresponding phase-retrieval twin M∗(x). It

is impossible to tell, without a priori knowledge, which of these phase retrieval twins is the

true object. In bi-crystal BCDI, it necessary to ensure that the support and displacement

from grain 1 is consistent with those from grain 2 so that the relative orientation of the

two grains is correct. In other words, M1(x) must be aligned with M2(x), and not M∗
2(x).

Because it is impossible to tell which of the phase retrieval twins is which, it is necessary to

compare the reconstruction of grain 1 with both possible phase-retrieval twins from grain 2

to see which alignment is best. This increases the possible boundary pairs from two to four

(bL1 and bR2 , b
R
1 and bL2 , b

L
1 and b∗R2 , bR1 and b∗L2 ).

6.2.4 Enforcing Displacement Field Continuity

Once the grains are aligned, the displacement continuity condition can be enforced by

bringing the two displacement fields into accord. As previously mentioned, the displacement

fields from BCDI are zero-centered. Before we can enforce displacement continuity, we must

account for a global displacement offset between the two grains by shifting the displacement

field in grain 2 by a constant ∆U such that the average displacements across the boundary

are continuous. This means that U1(x, b1+0.5∆y, z) = U2(x, b2−0.5∆y, z) where b1 and b2

are the y positions of the left and right sides of the grain boundary, and ∆y is the step size in

y. Because the displacement field is discrete-valued and cell-centered, we must extrapolate
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to find these boundary values. Therefore

U1(x, b1 + 0.5∆y, z) = 0.5∆y
U1(x, b1, z)−U1(x, b1 −∆y, z)

∆y
+U1(x, b1, z) (6.16)

U2(x, b2 − 0.5∆y, z) = 0.5∆y
U2(x, b2, z)−U2(x, b2 +∆y, z)

∆y
+U2(x, b2, z) (6.17)

∆U =

∑N
x=1

∑N
z=1U1(x, b1 + 0.5∆y, z)∑N

x=1

∑N
z=1 S1(x, b1 + 0.5∆y, z)

−
∑N

x=1

∑N
z=1U2(x, b2 − 0.5∆y, z)∑N

x=1

∑N
z=1 S2(x, b2 − 0.5∆y, z)

(6.18)

∆U is then added to every voxel in U2(x), bringing the grain displacement fields into

alignment. A plot of the displacement values for a single path across the grain boundary

can be seen in Fig. 6.7. This ensures that the average displacement is continuous across

the grain boundary, but it does not enforce continuity at every grain boundary voxel. To

enforce this condition, every boundary voxel is corrected individually according to

Figure 6.7: A single line of the Displacement Field before and after accounting for displacement offsets.

∆U(xn, zn) = U1(xn, b1 + 0.5∆y, zn)−U2(xn, b2 − 0.5∆y, zn), (6.19)

U1(xn, b1, zn) = U1(xn, b1, zn)− 0.5∆U(xn, zn), (6.20)

U2(xn, b2, zn) = U2(xn, b2, zn) + 0.5∆U(xn, zn), (6.21)
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so that continuity holds at every voxel. An alignment on simulated crystals can be seen

in Fig. 6.8. This updates the guess for the displacement field, pulling each reconstruction

closer to the true solution. It is hypothesized that over several iterations throughout the

multi-grain reconstruction algorithm, the two grains should agree more and more closely.

Figure 6.8: x-component of the displacement field in aligned crystal

After the completion of this step, U1(x) and U1(x) are transformed back into their

respective crystal frames and the displacement ramps for each uvol
1 and uvol

2 are subtracted

out. The resulting displacement fields are now used to seed the next round of CPR and the

Multi-Grain BCDI algorithm repeats.

6.3 Validation of Multi-Grain Algorithm

6.3.1 Validation on Simulated Data

It was hypothesized in Chapter II that by reconstructing the two grains simultaneously

and applying the alignment procedure at specified iterations throughout the process, recon-
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Figure 6.9: Workflow to create synthetic grain with realistic strain fields

struction fidelity can be improved by 10%. This hypothesis was tested by comparing 100

reconstructions where this alignment was applied throughout the CPR reconstruction recipe

to 100 reconstructions where alignment was only applied after CPR as a post-processing

step.

A synthetic dataset was created using Dream3D software to simulate a polycrystalline

microstructure. To simulate a twin, an 800 nm grain was selected from within the mi-

crostructure, bisected along its [1, 1, 1] plane, and the orientation of one half of the grain

was rotated 60◦ about the plane normal, giving a coherent FCC twin. A macroscopic strain

of 3× 10−4 was applied, and the MASSIF micro-mechanical analysis code [73,91] was used

to calculate the local strain field within the microstructure. The twin grains were extracted

from the microstructure and rotated so that the twin boundary was orthogonal to the [0, 1, 0]

direction in the sample frame. The elastic strain is also transformed into this sample frame

(Fig. 6.10).

MASSIF enforces stress equilibrium at every voxel in the mircrostructure volume. The

only accessible outputs from the code are stress and strain. Since displacement fields are

needed in order to forward-model a BCDI dataset, we must infer the displacement fields from
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the strain fields. As a reminder, elastic strain is related to displacement according to ε =

1
2 [∇u(x) + [∇u(x)]T]. Solving the differential equation to calculate the exact displacement

from strain is difficult due to the large number of partial derivatives contained in the elastic

strain tensor. To sidestep this, given the computational resources available, an optimization

problem was constructed and solved using the Adam optimizer in TensorFlow 2.7 [92]. The

cost function constructed is as follows:

Ω =

N∑
n=0

(
1

2
[∇un + [∇un]

T]− εn)
2 (6.22)

where n is the index of a single voxel in the array. Minimizing this cost function results in a

displacement field which produces the appropriate strain field. The optimized displacement

field can be seen in Fig. 6.10 It can be seen in Fig. 6.11 and Fig. 6.12 that the strain field

calculated from the inferred displacement field matches the MASSIF strain field well. To

determine the displacement ramp, the average strain was calculated for each grain and the

optimization routine used to calculate the corresponding displacement field for each grain.

These displacement ramps were then subtracted from each of the displacement fields. An

example displacement ramp can be seen in Fig. 6.13

Figure 6.10: Optimized displacement field inferred from MASSIF strain
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Figure 6.11: Strain field from MASSIF

Figure 6.12: Strain field from optimized displacement field. Matches well with MASSIF strain
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Figure 6.13: Displacement ramps for Grain 1 (top) and Grain 2 (bottom).

The displacement fields were then used to forward-model Bragg peaks for multi-grain

BCDI. For the sake of simplicity, the peaks were forward-modeled by taking the FT of

the grains in the sample frame, removing the requirement to rotate and interpolate each

dataset. As this is a phantom dataset, and the rotation and interpolation steps have been

well-documented, this simplification does not subtract meaningfully from the validation.

The maximum photon count in each crystal was scaled to 106 and Poisson noise was added.

The following CPR recipe was used for the validation reconstructions.

1. 20 iterations of ER

2. 20 iterations of HIO

3. 50 iterations of ER

4. 20 iterations of HIO

5. 50 iterations of ER

This recipe was repeated 5 times. Constituents were combined and shrink-wrap applied

every 20 iterations. To determine whether there is benefit to applying the twin-alignment

iteratively, two reconstruction scenarios were tested. In the first, the CPR recipe was applied
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Figure 6.14: Histograms comparing χ2,L, and strain error for 100 reconstructions using the coupled (blue)
and uncoupled (orange) techniques. Values for grain 1 are on the top and values for grain 2 are
on the bottom. The coupled technique shows marked improvement in both χ2 and strain error
for both grain 1 and grain 2, without sacrificing L.

to each grain, and the alignment routine was performed as a post-processing step. This will

be called the “uncoupled” approach. In the second, the twin alignment was enforced five

times throughout the CPR recipe (after the completion of each recipe segment listed above).

this will be called the “coupled” approach. If there is a benefit to coupling two grains during

reconstruction, it should appear over the course of 100 reconstructions.

The results of 100 reconstructions using the coupled and uncoupled methods can be

seen in Fig. 6.14. The three error metrics show the error between the simulated diffraction

pattern and the ground truth (χ2), the agreement between the u field and the phases of

all constituents in the CPR reconstruction (L), and the error between the reconstructed

strain fields and the ground truth strain fields (strain error). The strain is used due to the

difficulties in centering displacement fields because of the spurious displacement values on

the boundary of the reconstructed crystals. By computing the error in the strain fields, we

bypass this issue. It can be seen that for both grain 1 and grain 2, χ2 and the strain error

are lower than that for the uncoupled reconstruction, which is as expected. A table showing

a comparison of the three error metrics can be seen in 6.1.

The coupled approach shows an improvements of 13.1% for grain 1 and 14.0% for grain
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coupled grain 1 uncoupled grain 1 coupled grain 2 uncoupled grain 2

χ2 1.93× 106 2.22× 106 2.06× 106 2.39× 106

L 2.57× 10−6 2.59× 10−6 2.63× 10−6 2.53× 10−6

strain error 9.47× 10−5 1.46× 10−4 1.59× 10−4 2.16× 10−4

Table 6.1: Comparison of average error for the coupled and uncoupled reconstruction methods for 100 re-
constructions.

2 in χ2, demonstrating that it minimizes the Fourier space error and steers the constituents

in each CPR reconstruction closer to their global minima. It also shows improvements of

35.1% for grain 1 and 26.4% for grain 2 in strain error, demonstrating that it reconstructs

the correct real-space strain field more accurately than the uncoupled method. Interestingly,

L showed an improvement of 0.6% for grain 1 and a worsening of −3.0% for grain 2. Because

we have the ground truth to compare to, L is less interesting to us here, but it is notable

that L does not correlate with better reconstructions as it did in the CPR tests.

6.3.2 Preliminary Validation on Experimental Data

A twinned crystal experimental dataset was also collected using a combination of Laue

diffraction microscopy and Multi-Peak Bragg Coherent Diffraction Imaging, as shown in

chapter IV. The crystals share a [111] twin boundary which is parallel to the laboratory y

axis. The central frame of the rotated and interpolated datasets can be seen in Figs 4.6 and

4.7.

Due to the presence of aliens (stray peaks from other crystals which overlap with part

of a BCDI dataset), Only four peaks were used from each peak, [111], [020], [111], [111]

for grain 1 and [111], [020], [111], [200] for grain 2. While this is not ideal, four Bragg

peaks is enough to over-constrain the displacement reconstruction, and should suffice for a

preliminary reconstruction. For future reconstructions, these aliens could be removed.

The basic unit of the CPR reconstruction recipe used for each grain was as follows:

1. 20 iterations of ER

2. 10 iterations of HIO

3. 10 iterations of ER
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coupled uncoupled

χ2 1.57× 109 1.56× 109

L 7.94× 10−5 1.36× 10−4

Table 6.2: Comparison of average error between the coupled and uncoupled multi-grain reconstruction meth-
ods for 10 reconstructions of the the twin-grain experimental data.

This was repeated a total of 70 times, with CPR constituents being combined every 40

iterations (after one of these units). The datasets were reconstructed 10 times using the un-

coupled approach and the coupled approach. For the coupled approach, the twin alignment

procedure was performed after iterations 400, 800, 1200, 2000, and 2800, and boundary

conditions were enforced.

A comparison of the multi-grain reconstruction methods can be seen in Table 6.2. The

error metrics have been summed over both grains.

The coupled method decreased L by 41.5% and increased χ2 by 0.7% compared to

the uncoupled method. Ten reconstructions is hardly enough of a sample size to make

firm conclusions, and coupled multi-grain reconstruction recipes have not been optimized

at this point. Thus, all results reported here are preliminary and require further testing.

Nevertheless, the large improvement shown in L between the two methods suggests that

intermittently enforcing boundary conditions at the interface of the two grains results in

better agreement between the phases and the displacement in each grain. The best two

reconstructions from each method can be seen in Fig. 6.15 and the worst reconstructions

can be seen in Fig. 6.16. The reconstructions are viewed such that the grain boundary is

parallel to the vertical axis in the center of the array.
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Figure 6.15: Plots of the displacement fields for the best reconstructions using the coupled (top) and uncou-
pled (bottom) multi-grain reconstruction methods.

Figure 6.16: Plots of the displacement fields for the worst reconstructions using the coupled (top) and
uncoupled (bottom) multi-grain reconstruction methods.

It can be seen that while the best reconstructions contain plausible results, with smoothly

varying displacement fields, only the coupled method shows a plausible solution for the worst

reconstruction. Displacement fields with large discontinuities like the one seen in Fig. 6.16

were found in five of the ten uncoupled reconstructions.
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Figure 6.17: Plots of the grain boundary amplitudes for Grain 1 and Grain 2 from five reconstructions using
the coupled method.

Figure 6.18: Plots of the grain boundary amplitudes for Grain 1 and Grain 2 from five reconstructions using
the uncoupled method.

It is also helpful to compare continuity of shape across the grain boundary. This can

be most easily seen by looking at the amplitude in the boundary voxels for Grain 1 and

Grain 2, as in Figs 6.17 and 6.18. The coupled reconstruction shows more consistent

amplitude intensity throughout the grain volume for both grains, typically a sign of a good

reconstruction [77]. Additionally, it can be seen that the amplitudes on either side of the

boundary match better for the coupled method than the uncoupled method, engendering

higher confidence in these reconstructions, as the twin boundary should be shared between

the two grains. Finally, a 3D plot of the displacement field from the best reconstruction can

be seen in Fig. 6.19. The crystal shapes appear to match up well and there are apparent

continuities in displacement visible across the grain boundary.
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Figure 6.19: Plots of the grain boundary amplitudes for Grain 1 and Grain 2 from five reconstructions using
the uncoupled method.

Though these results are preliminary, they suggest a clear improvement in multi-grain

reconstruction quality for the coupled method over the uncoupled method.

6.4 Discussion

In this work, we demonstrated the first multi-grain alignment technique, which aligns twins

along the grain boundary and adjusts the border displacement fields so that they are contin-

uous across the grain boundary. This algorithm is the first of its kind and will hopefully be

the foundation on which other BCDI grain alignment procedures are built. We have demon-

strated the feasibility of collecting multi-grain datasets with our Au nanocrystalline twin

sample. As experimental preparation techniques improve, bi-crystal samples for multi-grain

BCDI should be cleaner and less FIB-damaged, allowing for datasets to be collected that

are not twins. These datasets will require a different grain boundary identification tech-

nique than the one proposed here, but the principle of aligning grains based on continuity

of shape and displacement should stand.

The results showed that coupling the reconstructions of multiple grains leads to more

accurate reconstructions of each grain. By enforcing a common grain boundary and displace-
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ment continuity, extra constraints are provided for phase retrieval, pulling the reconstruction

toward the true object. To the author’s knowledge, this is the first coupled two-grain recon-

struction approach and represents the first step toward a generalized approach on non-twin

grains. The method for updating the object support, as well as the method for enforcing

displacement continuity should scale to more complicated approaches.

Preliminary reconstructions of experimental data reinforce the claim that reconstruction

quality can be improved by coupling reconstruction of multiple grains. Reconstructions

using the coupled technique showed improved consistency, showing clear improvement in L

though the χ2 error is virtually indistinguishable from the uncoupled routine. This multi-

peak experimental data on twin grains is the first of its kind and work remains to optimize

coupled multi-grain reconstruction for experimental data.

For BCDI to become a true polycrystal characterization technique, it will be necessary

to reconstruct neighboring grains with high fidelity. Grain boundaries remain a source of

many unanswered questions in materials science, and 3D imaging of grain boundary dis-

placements (and thus elastic strains) will be essential to the validation of various theoretical

models. With the typical low confidence of boundary voxels in BCDI reconstructions, these

studies would be difficult. This routine presents a first step toward high-fidelity two-grain

reconstructions, and promises to legitimize BCDI as a microstructure analysis tool.

6.5 Code Availability

Both the Multi-Peak and Multi-Grain codes were written in Python and are available on

GitHub at https://github.com/mattwilkin/Phaser/tree/coupled_phaser.
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CHAPTER VII

Future Work

7.1 Experimental Methods

7.1.1 Multi-Grain BCDI at 1-ID

Future work remains in the development of multi-grain BCDI at 1-ID. Better Pt trench

samples must be produced with grains at the scale needed for BCDI. We hypothesize that

Pt should twin very readily upon annealing and that there should be a multiplicity of twins

in the sample. Using the knowledge that FCC twin misorientation, we can quickly search

through the orientation list to locate twin-related grains. We will then attempt to collect

BCDI scans from multiple peaks from a parent grain and its twin. After this, the sample

will be loaded mechanically through heating. Calculations show that we should be capable

of inducing a stress of 400 MPa at temperatures of ∼ 300◦C. This will potentially allow

us to view strain fields at grain boundaries under compression.

The Multi-Peak experiment described in Chapter IV should be a good baseline to see

the extent to which we can deliver a sufficient load to Pt grains in the trench to move

dislocations. The multi-peak reconstruction routine requires partial-coherence correction

to be able to adequately reconstruct the partially-coherent data collected at 1-ID. Multi-

peak reconstructions with partial-coherence correction have not yet been optimized and

work must be done to determine optimal reconstruction recipes for partially coherent data.

Preliminary reconstructions can be seen in Fig. 7.1.

This is a promising result and it remains to be seen if useful information can be gleaned

from reconstructions before and after heating. Nevertheless, the completion of the exper-

iment and the preliminary reconstruction of the data suggests that heating measurements
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Figure 7.1: Twinned Au nano-crystal on Si substrate. The parent and twin domains were both indexed and
measured using BCDI.

can be a success at 1-ID. After the APS-U, the 1-ID beamline should be more well-equipped

for BCDI, with significantly improved coherence, allowing for larger grains to be measured

and the potential to couple BCDI with other high energy imaging techniques such as Near-

field HEDM [93–95].

7.1.2 Multi-Grain BCDI 34-ID

Collaboration has begun with a research group at the University of Lorraine to characterize

slip transmission across grain boundaries. The group have developed a technique for iden-

tifying locations where slip traces cross grain boundaries [96]. We have proposed a novel

sample design in which a bi-crystal is cut out of the sample where a slip plane has crossed

a grain boundary using a FIB. The final sample will be a pillar with two grains within the

coherence length of the 34-ID-C beamline. Early work has been performed on a Cu bicrys-

tal, but it was found that the sample was severely damaged under the FIB. An SEM image

of the Cu bi-crystal sample can be seen in 7.2.
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Figure 7.2: FIBed Cu bicrystal sample

We have obtained access to a β-stabilized Ti sample which has been loaded under uni-

axial tension. There are several competing theories as to how β Ti behaves under load

and we intend to use BCDI to help validate these models. This sample has been examined

using a novel EBSD technique and areas of interest have been determined. We will FIB

out a pillar around the grain boundary containing the area of interest on either side of

the grain boundary. This bi-crystal sample will be placed in the pink beam at 34-ID and

the Laue patterns for each crystal will be found, giving us the grain orientations. These

orientations will be used to locate multiple Bragg peaks from each grain, and the result will

be reconstructed to examine strain fields at the grain boundary, to help validate theoretical

plasticity models about slip transmission.

7.1.3 Sample Design

Future work remains in sample preparation. Techniques for reducing FIB damage, possibly

by milling at lower energies, or performing a FIB polish to the surface of the pillars will

potentially preserve crystallinity in the β stabilized titanium samples we have received.

Additionally, better Pt deposition techniques are being explored, either through lithography

or E-beam Pt deposition. Several micrographs also seem to show that the CTE differential

between Pt and Si may be too large for proper grain growth to occur in the sample. The Pt

appears to be “squeezed” out of the trench in cases where the temperature is significantly
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higher than 600 C. Images of a sample annealed at 900 C for 10 h can be seen in 7.3 Based

on our calculations, the stress on the Pt at 900 C should be 750 MPa. Solutions are

currently being explored to find another substrate material which will reduce compression

of the Pt sample and allow for more annealing.

Figure 7.3: Pt trench after annealing at 900 C. The Pt has been pushed out of the trench due to an induced
compressive stress of 750 MPa.

7.2 Reconstruction Routines

7.2.1 Multi-Grain Algorithm Generalization

The Multi-Grain technique is currently designed to reconstruct coherent twins with a com-

pletely flat boundary. It was discussed in Chapter VI that the determination of the grain

boundary is the only portion of the routine which limits the general application to all neigh-

boring grains. Work must be done on the image registration to determine which facet of

each crystal is the grain boundary facet. After this, the DFT registration and displacement

continuity criteria can be used to align the grains, just as in the coherent twin case.

7.2.2 CPR-GA Improvements

It would also be helpful to increase the robustness of the GA by including mutation and

more complex breeding routines. More diversity could be introduced to the population

by breeding randomly, breeding with individuals from previous iterations, or randomly
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mutating the displacement fields after each generation. This could prevent the GA from

converging too early, where all individuals remain trapped in the same local minimum. The

χ2 error metric could also be normalized by accounting for Poisson noise at each voxel,

such that a perfect fit gives a χ2 = 1. This would make χ2 a real statistical function.

Alternatively, metrics such as the phase retrieval transfer function could be used.

It is possible that the use of χ2 results in over-fitting, where the reconstructed volume

is larger than the actual volume, resulting in extra parameters. Recent work has shown

that using free Poisson log likelihood [97] can help prevent over-fitting by setting aside a

’free set’ of voxels during application of the modulus constraint during error reduction and

HIO, similar to using training and validation sets in data science. Using this method should

minimize bias and provide a better estimate of error during CPR.

Partial coherence correction will also need to be accounted for. Two possible paths could

be explored: storing partial coherence functions for each data-set during CPR and coupling

the partial coherence functions to determine the common function in the lab frame. The first

path is relatively simple, requiring only that the current paramters defining the Gaussian

partial coherence convolution kernel be passed from iteration to iteration during CPR. The

second is more complicated but promises higher potential reward. Partial coherence is a

function of the incoming beam, and the 3D partial coherence function could hypothetically

be determined from each of the constituent functions during CPR. This would lead to a

more accurate partial coherence function and better reconstructions.

7.3 Analyzing the Twin-Grain dataset

As discussed in Chapter VI, the multi-grain reconstructions shown in the experimental

validation section are preliminary. For multi-peak datasets, we found that a genetic algo-

rithm was needed in order to reconstruct multi-peak datasets consistently. This may well

be the case for multi-grain datasets as well. Not enough time has been spent reconstruct-

ing the data to be sure that the reconstructions shown in chapter VI are the best possible

reconstructions, and work needs to be done to implement phase-unwrapping and partial

coherence correction into the routine.

The twin grain dataset could potentially be used to validate theoretical models for grain
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boundary stress and strain. It remains to be seen what sort of reconstruction quality can

be achieved, but such analysis would be unique, given the resolution of BCDI.
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CHAPTER VIII

Conclusions

Experimental validation is needed for theoretical models of dislocation transmission at grain

boundaries. By providing 3D strain fields with nanometer resolution, multi-grain BCDI

promises to provide a window into this phenomenon, potentially revealing accurate strain

information around dislocations at grain boundaries. In this work, significant progress, both

experimentally and computationally, has been made toward realizing multi-grain BCDI as

a viable experimental method. The conclusions of this work are as follows:

1. For multi-grain strain comparison, it is necessary to recover the full strain tensor (via

the displacement) in each grain. By adapting a genetic algorithm for reconstructing a

single Bragg peak to our coupled algorithm (CPR), we were able to achieve displace-

ment field reconstructions that were more self-consistent in terms of both simulated

and experimental data sets, showing improvements of 96.6% in L and 39.2% in χ2 for

simulated data and 53.2% in L and 5.1% in χ2. This partially supports our first hy-

pothesis, though the improvement in χ2 was below the 10% prediction. Though not

alone in the coupled reconstruction domain, by demonstrating the approach on ex-

perimental data, we establish the viability of such approaches for future of coherent

x-ray experiments.

2. Reconstructing accurate dislocation displacement fields from multi-peak datasets us-

ing coupled phase retrieval methods requires that all constituent reconstructions con-

tain a phase discontinuity in the same location. It was demonstrated that using a

genetic algorithm with CPR improved the success rate of dislocation reconstruction

by 50% for screw dislocations and 26.7% for edge dislocations, supporting hypothesis
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2.

3. It was proposed that reconstructing neighboring grains simultaneously and enforcing

boundary conditions in grain shape and displacement could improve reconstruction

accuracy and consistency by 10% in all metrics. Analysis on simulated data showed

average improvements of 13.5% in χ2 and 30.8% in strain error, while seeing a worsen-

ing of 1.2% in L. Preliminary results with experimental data saw an improvement of

41.5% in L and a worsening of 0.7% in χ2. This Hypothesis was partially supported,

with the potential to be fully supported with optimization of multi-grain reconstruc-

tion recipes. This work lays the groundwork for future multi-grain BCDI and the

study of grain boundaries through coherent x-ray imaging.
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Antoine Guitton. Electron channeling contrast imaging characterization and crystal
plasticity modelling of dislocation activity in ti21s bcc material. Materialia, 15:100996,
2021.

[97] Vincent Favre-Nicolin, Steven Leake, and Yuriy Chushkin. Free log-likelihood as an
unbiased metric for coherent diffraction imaging. Scientific reports, 10(1):1–8, 2020.

Computational Methods for Multi-Grain BCDI M.J. Wilkin


	Abstract
	Acknowledgements
	List of Publications Resulting from this Work
	List of Tables
	List of Figures
	Introduction
	Motivation and Introduction
	Hypotheses
	Contribution to Field

	Background
	Need for 3D Validation of Plasticity Models
	Bragg Coherent Diffraction Imaging
	Bragg's Law and Crystalline Diffraction
	Bragg Coherent Diffraction Imaging and Phase Retrieval
	Multi-Peak BCDI
	Multi-Grain BCDI


	Experimental Methods
	Far-Field High Energy diffraction Microscopy
	Laue Diffraction Microscopy
	Finding Twin-related grains


	Experiments
	Samples
	De-wetted Au nanocrystals
	Platinum Trench Samples

	Experiments completed
	Goal 1: Measure multiple Bragg peaks from a single grain
	Goal 2: Measure multiple Bragg peaks from neighboring grains to look at internal stress and strain fields
	Measure multiple Bragg peaks from a single grain under load
	Sources of Experimental Error


	Multi Peak BCDI
	Multi-Peak Reconstruction Methods 
	Coupled Phase Retrieval with ER/HIO
	Genetic Algorithm
	Confidence Metrics
	Sampling Geometry and Interpolation

	Validation of CPR algorithm 
	Validation of CPR on Simulated Data
	Validation of CPR on Experimental Data

	Reconstructing Dislocations
	Comparison of CPR-GA and CPR for Reconstructing Dislocations

	Discussion

	Multi-Grain BCDI
	Introduction
	Boundary Conditions

	Multi-Grain BCDI
	Correct Displacement Ramp
	Reorientation of grains
	Determining Twin Boundary and Aligning Grains
	Enforcing Displacement Field Continuity

	Validation of Multi-Grain Algorithm
	Validation on Simulated Data
	Preliminary Validation on Experimental Data

	Discussion
	Code Availability

	Future Work
	Experimental Methods
	Multi-Grain BCDI at 1-ID
	Multi-Grain BCDI 34-ID
	Sample Design

	Reconstruction Routines
	Multi-Grain Algorithm Generalization
	CPR-GA Improvements

	Analyzing the Twin-Grain dataset

	Conclusions
	Bibliography

